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Abstract

Online Social Networks obtained from a huge popularity and represent as the most im-
portant computer and social science phenomena in these recent years. The popularity of
these sites provides us the occasion of studying of online social network graphs character-
istics at large scale. Understanding these graphs is very important to improve the current
systems, to form and design new applications of online social networks.

This thesis summarizes two signi�cant papers on the topic [2][1], which has greatly
in�uenced further research. Moreover, using the corresponding chapter in [24] it describes
the most important centrality measures, which are used to assess the importance and
in�uence of a given node of a social network.
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Chapter 1

Introduction

Social Networking is one of the most popular online activity in whole around the
world. Social networking sites such as Facebook, YouTube, Twitter and MySpace have
attracted signi�cantly interest since the people introduced them in the 1990s [23]. Online
services are those sites where users make a pro�le and link themselves to other users
whom they share some connections. They provide an opportunity for people to build
their online social relationships and also to view the social network of their friends and
family[23]. The online social networking has grown in worldwide by individuals and
became a main part of people's lives. Figure 1.1 shows the average amount of visiting
period for several popular social networking sites. People share their opinions, interests
and activity on these sites, keep up their contacts with old friends, �nd new friends and
even start romantic relationships. Social networking sites has been connected the people
like a virtual bridge in di�erent continents, introduce di�erent cultures and religions,
making people who are more informed of and politically engaged in world's events. Like
that revolutions happened in some arab countries, people used Facebook, Twitter and
other social networking sites to communicate and organize their protests, they also used
YouTube to share their movements. Social networks and social media made special awards
for their success Since social networking sites have very large user groups, because of wide
variety of information in �elds of entertainments, technology, business, sociology and
politics.

1.1 Why are we interested in networks

There are many systems of interest to scientists that are composed of individual parts
or components linked together in some way. Examples include the Internet, a collection
of computers linked by data connections, and human societies, which are collections of
people linked by acquaintance or social interaction. The pattern of connections in a given
system can be represented as a network, the components of the system being the network
vertices and the connections the edges. Upon re�ection it should come as no surprise
that the structure of such networks, the particular pattern of interactions, can have a big
e�ect on the behavior of the system. The pattern of connections between computers on the
Internet, for instance, a�ects the routes that data take over the network and the e�ciency
with which the network transports those data. The connections in a social network a�ect

8



Samira Bayat Social Networks's Mining

Figure 1.1: Average Minutes Per Visitor to Social Media Sites

how people learn, form opinions, and gather news, as well as a�ecting other less obvious
phenomena, such as the spread of disease. Unless we know something about the structure
of these networks, we cannot hope to understand fully how the corresponding systems
work.

A network is a simpli�ed representation that reduces a system to an abstract structure
capturing only the basics of connection patterns and little else. Vertices and edges in a
network can be labeled with additional information, such as names or strengths, to capture
more details of the system, but even so a lot of information is usually lost in the process
of reducing a full system to a network representation.

Scientists in a wide variety of �elds have developed an extensive set of tools�mathe-
matical, computational, and statistical�for analyzing, modeling, and understanding net-
works. Many of these tools start from a simple network representation, a set of vertices
and edges, and after suitable calculations tell you something about the network that might
will be useful to you. Other tools take the form of network models that can make mathe-
matical predictions about processes taking place on networks, such as the way tra�c will
�ow over the Internet or the way a disease will spread through a community. Hence they
work with networks in their abstract form, these tools can in theory be applied to almost
any system represented as a network. Networks are thus a general yet powerful means
representing patterns of connections or interactions between the parts of a system.

1.1.1 Some examples of networks

Nowadays the Internet as a well-known phenomenon became one of the inseparable
concept in all �elds of Human's life and is the best example of a network. It composed
of computers data connections which in the vertices locate computers and the edges are
physical data connections between them, such �ber cables or telephone lines. Figure
1.2 shows a visualization of the Internet structure, which is constructed by an exact
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observation of the taken path by traveling large amount of Internet data across the network
between di�erent sources and destinations. The fact that although the Internet is a man-
made craft and correctly engineered network no body knows exactly about its structure
, since it was built by many di�erent groups of people sometimes from everywhere joined
together with sometimes even no knowledge of each other's actions. The data about the
Internet structure are collected from numerous experimental studies, such as the data
that produced this Internet �gure.

There are wonderful practical reasons why we are interested in study the network
structure of the Internet. The main function of the Internet is data transportation between
computers (and other devices) in di�erent parts of the world, which it does by dividing
the data into small pieces and shipping them from vertex to vertex across the network
until they reach to their expected destination. Exactly the structure of the network will
have impacts on how regularly it does this function and if we know the network structure
we can address many questions. Is the shortest path always the fastest one? If not, so
what is, and how it can �nd? What happens when a vertex or an edge removes? If we
want to add new capacity to the network, where we can add it?

A more abstract example of a network is the World Wide Web. In very places the words
Web and Internet are often used interchangeably, but the two phrases are completely
distinct from each other. Exactly in the one hand the Internet is a physical network
of computers connected by cables (or radio links) running between them. On the other
hand, the Web, is an information network stored on web pages. Web pages are the World
Wide Web vertices and �hyperlinks� are the edges which we can navigate from one page to
another just as easily as you clicking on them. A hyperlink is purely a software construct.
We can link from our personal web page to another page on a computer on the other
side of the world. Because hyperlinks only run in one direction, therefor the Web is a
directed network composed of directed hyperlinks. Some web pages are connected in
both directions by hyperlinks, which can be showed by two directed edges between the
corresponding vertices like a directed graph. There is not physical structure for internet
as an image, but visualization can be such a very useful tool in the analysis of network
data that allows us to see instantly the structural features of a network that are so di�cult
to pick out information from the raw data.
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Figure 1.2: The network structure of the Internet.

Another type of network is the social network. A social network is, usually a network
of people or groups of people like companies. The people or groups together form the
vertices of the network and their connections represent the edges between them. The �eld
of sociology has perhaps the longest developed tradition of the networks empirical study
as they occur in the real world, and many of the mathematical and statistical tools that
are used in the study of networks are gained from sociologists researches.

Another �eld which made the networks important in recent years is biology. In Figure
1.3 we show a picture of a �food web� an ecological network in which the vertices are species
in an ecosystem and the edges represent predator-prey relationships between them. That
is, pairs of species are connected by edges in this network if one species eats the other.
The study of food webs forms another branch of ecology and helps us to understand and
qualify many ecological systems, particularly relation between energy and carbon �ows
in ecosystems. Food webs also provide us another example of a directed network. The
edges in a food web are asymmetric and are represented pointing from the prey to the
predator, indicating the direction of the energy �ow when the prey is eaten[25].
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Figure 1.3: the collaboration graph of �lm actors.

Figure 1.4: The food web of Little Rock Lake, Wisconsin.
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Chapter 2

Small-world

We have all heard the common wisdom that every single person in the world is con-
nected through six degrees of separation, namely any two people in all around the world
are connected by six steps of connection or fewer. The concept dates back to Stanley
Milgram's 1967 �small world experiment�, which measured connections in the United
States by tracking a package in the mail sent between two randomly selected people. In
2008, Microsoft conducted research analyzing MSN electronic messages and found that
most people are connected by exactly 6.6 degrees.

The world is getting smaller and smaller. We live in a global society fueled by a
global economy. International travel has never been easier. And now, thanks to the
internet, we're all connected in new ways and with fewer barriers than ever before. The
explosion of social networks provides another interesting opportunity to test the �small-
world � phenomenon or popularly known as �six degrees of separation� hypothesis.

Networks of coupled dynamical systems have been used to model neural networks,
genetic control networks and many other self-organizing systems. The connection topology
is assumed to be either completely regular or completely random. But many biological,
technological and social networks lie somewhere between these two extremes regular and
random systems. Ordinarily they can be highly clustered, like regular lattices, while
have small characteristic path lengths, like random graphs. We call them �small-world �
networks, by analogy with the small-world phenomenon or popularly known as �six degrees
of separation�.

The small-world phenomenon�the principle that most of us are linked by short chains
of acquaintances�was �rst investigated as a question in sociology. Many real-world net-
works like collaboration graph of �lm actors, biological networks, the neural network of
the worm Caenorhabditis elegans, the power grid of the western United States, and in-
ternet exhibit the small-world phenomenon. In particular infectious diseases spread more
easily in small-world networks than in regular lattices. Therefor to understand their graph
structure is necessary.
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2.1 Algorithm

To interpolate between regular and random networks, we consider the following algo-
rithm the �random rewiring procedure�:

1. We start rewiring with a ring lattice of n vertices, where each vertex is connected
to its k nearest neighbors

2. We choose a vertex, and the edge to its nearest clockwise neighbour. With prob-
ability p, we reconnect this edge to a vertex chosen uniformly at random over the
entire ring, with duplicate edges forbidden. Otherwise, we leave the edge in place.

3. Next, we consider the edges that connect vertices to their second-nearest neighbours
clockwise. As before, we randomly rewire each of these edges with probability p.

4. We continue this process, circulating around the ring and proceeding outward to
more distant neighbours after each lap, until each original edge has been considered
once. As there are nk/2 edges in the entire graph, the rewiring process stops after
k2 laps.

Figure 2.1: Random rewiring procedure

Random rewiring procedure for interpolating between a regular ring lattice and a
random network, without altering the number of vertices or edges in the graph. Three
realizations of this process are shown in Figure , for di�erent values of p:

• For p = 0, the ring is unchanged.

• As p increases, the graph becomes increasingly disordered.

• At p = 1, all edges are rewired randomly.

This construction allows us to �tune� the graph between regularity p = 0 and disorder
p = 1, and thereby to probe the intermediate region 0 < p < 1, about which little is
known.
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Figure 2.2: L is de�ned as the number
of edges in the shortest path between
two vertices averaged over all pairs of
vertices.

Figure 2.3: C is de�ned as the average of
Cv over all vertices, where kv is the v vertex's
neighbour, kv(kv − 1)/2 the number of edges
exist between them, and Cv the fraction of
these allowable edges that actually exist

2.2 Metrics

Now we quantify the structural properties of these graphs by their characteristic path
length L(p) and clustering coe�cient C(p). L(p) measures the typical separation between
two vertices as a global property. C(p) measures the cliquishness of a typical neighbour-
hood as a local property.

We require n � k � ln(n) � 1, where k � ln(n) guarantees that a random graph
will be connected. In this system, we �nd that L ∼ n/2k � 1 and C ∼ 3/4 as p → 0,
while L ≈ Lrandom ∼ ln(n)/ln(k) and C ≈ Crandom ∼ k/n � 1 as p → 1. Thus the
regular lattice at p = 0 is a highly clustered, large world where L grows linearly with n,
whereas the random network at p = 1 is a poorly clustered, small-world where L grows
only logarithmically with n.

These limiting cases might lead one to suspect that large C is always associated with
large L in regular latices, and small C with small L in random networks. On the contrary
there is a broad interval of p over which L(p) is almost as small as Lrandom yet (p) �
Crandom.

These small-world networks result from the immediate drop in L(p) caused by the
introduction of a few long-range edges. Such `short cuts' connect vertices that would
otherwise be much farther apart than Lrandom. For small p, each short cut has a highly
nonlinear e�ect on L, contracting the distance not just between the pair of vertices that it
connects, but between their immediate neighborhoods, neighborhoods of neighborhoods
and so on. By contrast, an edge removed from a clustered neighborhood to make a short
cut has, at most a linear e�ect on C. Hence C(p) remains practically unchanged for small
p even though L(p) drops rapidly.

The important implication here is that at the local level, the transition to a small world
is almost undetectable. To check the robustness of these results, we have tested many
di�erent types of initial regular graphs, as well as di�erent algorithms for random rewiring,
and all give qualitatively similar results. The only requirement is that the rewired edges
must typically connect vertices that would otherwise be much farther apart than Lrandom.

To test the idea of small-world universality phenomenon it has computed L and C for
three di�erent networks: the collaboration graph of actors in feature �lms, the electrical
power grid of the western United States and the neural network of the nematode worm
Caenorhabditis elegans. The graph of �lm actors is a surrogate for a social network,
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Figure 2.4: The data are averages over 20 random realizations of the rewiring process, and n = 1000,
k = 10.

Figure 2.5: The regular lattice at p = 0 is a
highly clustered, large world, where L grows
linearly with n.

Figure 2.6: The random network at p = 1 is
a poorly clustered, small world, where L grows
only logarithmically with n.

16



Samira Bayat Social Networks's Mining

with the advantage of being much more easily speci�ed and is also akin to the graph
of mathematical collaborations centred. The graph of the power grid is relevant to the
e�ciency and robustness of power networks. And Caenorhabditis elegans is the sole
example of a completely mapped neural network.

Lactual Lrandom Cactual Crandom
Film actors 3.65 2.99 0.79 0.00027
Power grid 18.7 12.4 0.080 0.005
C. elegans 2.65 2.25 0.28 0.05

Table 2.1: Empirical examples of small-world networks
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Chapter 3

Measurement and Analysis of Online

Social Networks

In this chapter we will present a gather of all those useful data about measurements
and analysis of Online Social Networking sites structure that have been investigated and
examined empirically and theoretically on those selected online social networking sites
which on the one hand are the most popular sites among the others, and on the other hand
show a global property and behavior for all social networking sites which provides a global
information about visualization of social networks structure, their impacts on the network
system and the implication of these structural properties for designing based systems of
social network. They selected Flickr, YouTube, LiveJournal and Orkut networking sites
as their investigation's target.

In the process of obtaining data from sites there were some signi�cant problems.
Firstly it was unable to access data directly from the respective site's operators, further
lots of sites did not allow others to access their data. Therefor they used the method of
crawling the user graphs by accessing the public web interface provided by the respective
sites. These four social network graphs allowed to view the links out of any user among
the other sites. In the case of crawling large graphs like online social networks which have
high dynamic property and is di�cult to have a �x visualization of their structure and
size, they should prepare a biased sample of users to work with them. First used the
algorithm of breadth-�rst search (BFS) to crawl only a subset the graphs. After that they
used the snowball method [29] to determine the hidden nodes that relies on the respective
social network or will be create. In social network graphs by using the snowball method to
collect samples we can underestimate the power-law coe�cient of networks and by using
the partial BFS algorithm one we can overestimate node degree, and then underestimate
the level of the graph symmetry. By more and more crawling in these graphs they found
the other lists of friends in the networks and added them to their lists, and in such a way
they prepared the basic data which contain from over 11.3 million users and 328 million
links between them in totally from the four subject sites as shown in table 3.1.

After performing numerous measurements and analysis on the obtained data they
observed that social networks the Web are di�erent from previously studied networks in
the structural face. Social networks in particular have lots of symmetric links between
users which shows that in social networks users with high outdegree like hubs tend to
have high indegree, or in other words tend to be authors, and thus the link symmetry
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property in social networks became one of the analysis factor in their study feild. Also
these networks display much higher levels of the users local clustering properties, which
determines in the network the neighborhood of a user how densely is connected. In
ordinarily these properties can have signi�cant impacts on the structure of algorithms
and applications which particularly designed for social networks.

Flickr LiveJournal Orkut YouTube

Number of users 1, 846, 198 5, 284, 457 3, 072, 441 1, 157, 827
Number of friend links 22, 613, 981 77, 402, 652 223, 534, 301 4, 945, 382
Fraction of links symmetric 62.0% 73.5% 100.0% 79.1%
Number of user groups 103, 648 7, 489, 073 8, 730, 859 30, 087

Table 3.1: High-level statistics of our social networking site crawls.

3.1 Analysis of network structure

The analysis of networks is the most important and the key of understanding the graph
structure of online social networks, the processes that shape them, which can help us to
form and design new networked systems in the future for di�erent purposes, to predict
their behavior, to grow their advantages and detecting the spread of an in�uential disease.
In the following analysis process we will discus widely about the method of gaining those
essential structural properties of social networks which are examined in the selected four
popular sites and are like a common property for all social networks:

• The degree distributions in social networks follow a power-law behavior, and the
power-law coe�cients (α) are very similar for both indegree and outdegree. The
nodes with high indegree also tend to have high outdegree.

• Social networks appear to be composed of a large number of highly connected clus-
ters consisting of relatively low-degree nodes. These clusters connect to each other
via a relatively small number of high-degree nodes. As a consequence, the clustering
coe�cient is inversely proportional to node degree.

• The networks each contain a large, densely connected core. Overall, the network
is held together by about 10% of the nodes with highest degree. As a result, path
lengths are short, but almost all shortest paths of su�cient length traverse the highly
connected core.

3.1.1 Link symmetry

In the �eld of link symmetry the important factor is the links direction which can
be de�ned only in directed networks. The link's direction in directed networks such
information networks help us to locate contents inside the networks, and share them with
the others inside the network. Among the four social networks only the Orkut structure is
similar to an undirected graph. According the shown data in table 3.2, we observe that all
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three social networks such Flickr, LiveJournal, and YouTube with the exception of Orkut
show link symmetry property the tendency of high outdegree nodes to have high indegree.
Their high level of symmetry is regular with that of o�ine social networks. Additionally,
the symmetric nature of social links a�ects the network structure, like when we increase
the complete connectivity of the network and reduce its diameter.

3.1.2 Power-law node degrees

Researchers according their studies on networks have shown one of the interesting
property of network degree distribution called power-law property that the logarithm of
probability of a node with degree k is

pk = Ck−α, c = constant, (∀α > 1).

Such networks that have this property are called the power-law networks and the param-
eter α is called the power-law coe�cient. Many networks exist that follow the power-law
property like the web, social networks, power grids, neural network and many other net-
works. As shown in Figure 3.2 and Table 3.2 all of the networks show such a behavior of
power-law network, lots of nodes have small degree, and a few nodes have great higher
degree and in Flickr, LiveJournal, and YouTube the power-law coe�cients very well ap-
proximate the distributions, but in the Orkut data have a deviation from normal path.
Two factors assign to this deviation for Orkut along their examining:

1. The crawl on Orkut covered only 11.3% of the network.

2. Both LiveJournal and Orkut access a user's number of outgoing links, which deform
the distribution for high degree nodes.

Figure 3.1: Log-log plot of outdegree (top) and indegree (bottom) complementary cumulative distribu-
tion. All social networks show properties consistent with power-law networks.

In table 3.2 also shows a di�erence between the structure of social networks with other
networks. {

αinβ 6∼ αoutβ , β = web
αinβ ∼ αoutβ , otherwise
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Network αin Din αout Dout

Web 2.67 - 2.09 -
Flickr 1.74 0.0575 1.78 0.0278
LiveJournal 1.59 0.0783 1.65 0.1037
Orkut 1.50 0.6319 1.50 0.6203
YouTube 1.63 0.1314 1.99 0.0094

Table 3.2: Power-law coe�cient estimates (α) and corresponding Kolmogorov-Smirnov goodness-of-�t
metrics (D). The Flickr, LiveJournal, and YouTube networks are well approximated by a power-law.

Figure 3.2: Plot of the distribution of links across nodes. Social networks show similar distributions for
outgoing and incoming links, whereas the Web links shows di�erent distributions.
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This implies that in online social networks, the distribution of outgoing links is similar
to that of incoming links, while in the Web, the incoming links are signi�cantly more
concentrated on a few high-degree nodes than the outgoing links.

As shown in the Figure 5% of the Web nodes account for 75% of all incoming links,
but for only 25% of all outgoing links, but in all social networks we considered, the
distributions of incoming and outgoing links across the nodes are very similar.

3.1.3 Correlation of indegrees and outdegrees

In social networks, the nodes with very high outdegree like active pages also tend to
have very high indegree like popular pages. In our study, for each network, the top 1% of
nodes ranked by indegree has a more than 65% overlap with the top 1% of nodes ranked
by outdegree, while in the Web is less than 20%. Hence, in social networks active users
tend to be popular.

Figure 3.3: Plot of the overlap between top x% of nodes ranked by outdegree and indegree. The
high-indegree and high-outdegree nodes are often the same in social networks, but not in the Web.

By using the cumulative distribution of the outdegree to indegree ratio for the four
social networks we observe that the social networks show a remarkable correspondence
between indegree and outdegree or high number of symmetric links. For all networks,
over 50% of nodes have an indegree within 20% of their outdegree, but in the Web most
nodes have considerably higher outdegree than indegree.

3.1.4 Path length and diameter

The path length between random nodes is very short in social networks. This property
may again result from the high degree of reciprocity within the social networks.

3.1.5 Link degree correlation

Now we discus about users tendency to connect to each other.
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Figure 3.4: CDF of outdegree to indegree ratio. The high-indegree and high-outdegree nodes are often
the same in social networks, but not in the Web.

Network Avg. Path Len. Radius Diameter
Web 16.12 475 905
Flickr 5.67 13 27
LiveJournal 5.88 12 20
Orkut 4.25 6 9
YouTube 5.10 13 21

Table 3.3: Average path length, radius, and diameter of the studied networks. The path length between
random nodes is very short in social networks.
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Joint degree distribution (JDD) and Scale-free behavior

Those networks where high-degree nodes tend to connect to other high-degree nodes
namely scale-free behavior are more likely to be subject to epidemics, as a single infected
high degree node will quickly infect other high-degree nodes.

The JDD is approximated by the degree correlation function knn, which is a mapping
between outdegree and the average indegree of all nodes connected to nodes of that
outdegree. Clearly, an increasing knn (a high scale-free metric) indicates a tendency of
higher-degree nodes to connect to other high-degree nodes and vice versa. It's metric
�0 < s < 1� and measures the extent to which the graph has a hub-like core.

In Figure 3.5 all of the networks with the exception of YouTube show a signi�cant
s. This suggests that the high-degree nodes in social networks tend to connect to other
high-degree nodes, forming a �core� of the network.

Figure 3.5: Log-log plot of the outdegree versus the average indegree of friends. The scale-free metrics,
included in the legend, suggest the presence of a well-connected core.

Assortativity

In a network that property that when nodes show their signi�cant tendency to connect
whit the similar degree nodes in such network is called high assortativity coe�cient. in
the contrary when nodes tend to connect with very di�erent degree nodes from their own
degree is called negative assortativity coe�cient and we show it with the parameter r,
which measures the nodes tendency to connect to other similar degree nodes and always
varies between −1 and 1: −1 < r < 1.

Recent investigates on networks has resulted that determining scale-free metric α is
more suitable for comparing the structure of di�erent graphs. Here are the calculated
amount of r for four social network: rFlickr = 0.202, rLiveJournal = 0.179, rOrkut = 0.072,
and rY ouTube = −0.033.

The participating of assortativity coe�cient r and scale-free metric s together suggests
that there exists a tightly-connected core of the high degree nodes which connect to each
other and the lower degree nodes on the fringes of the corresponding network.

3.1.6 Densely connected core

In the subject of network connectivity the signi�cant purpose is on a the most impor-
tant and central part of the network that named as the network's core, which is a small set
of nodes that take part in stands all the parts of network together. The exact de�nition
of an network core is as:

24



Samira Bayat Social Networks's Mining

1. the core is a necessary part of the network for its connectivity. It means that by it's
removing all the nodes in the network will break in a lot of disconnected components.

2. in the network core we can reach from any node to the other, namely the core is the
strongly connected component of network with a relatively small diameter.

To search the core of the any network, we can remove most of the highest degree
nodes within the network and examine the remaining nodes connectivity. After that by
measuring the largest remaining strongly connected component size, where is possible for
all users there to reach each other. By continuing to remove the other highest degree nodes,
the network step by step split into more smaller size of strongly connected components.
The Figure 3.6 shows the fraction of network removed 0.01% and 10% of the highest
degree nodes examined on Flickr. This result is likely similar for YouTube, Orkut and
LiveJournal.

Figure 3.6: Breakdown of network into strongly connected components (SCC) when when high-degree
nodes are removed, grouped by SCC size.

A core of a network also can provides small path lengths by measuring the path lengths
of those subgraphs which only contain the highest degree nodes. When the size of core
increases the average path length also increases proportional sub-logarithmically.

We also obtained another interesting properties of social networks structure that exist
of highly connected nodes as an author in online social networks has an important role
on information �ow process along the network, to trus on received information through
the network core.

3.1.7 Tightly clustered fringe

Here we examine the clustering property of social networks, which measures the a
speci�c node is how densely is surrounded by its neighbors and how closely are connected
together. Or in other words the number of directed links between theN neighbors, divided
by the number of possible directed links between the nodes neighbors (N(N −1)). Where
the clustering coe�cient of a node is de�ned by parameter �C� and N neighbors.
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Figure 3.7: Average path length among the most well-connected nodes. The path length increases sub
logarithmically.

The numerous investigates show another common properties of social networks struc-
ture that the nodes whit low degree have a quite high clustering coe�cient. This property
of high clustering and the small path between nodes exhibit the small-world property of
these networks, and after that represents their scale-free properties to join high-degree
nodes with the other high-degree nodes in social networks.

Figure 3.8: Clustering coe�cient of users with di�erent outdegrees. The users with few �friends� are
tightly clustered.

3.1.8 Groups

In many online social networks, users are able to create individual groups and joining
them with sharing their interests and activities. As shown in table 3.4 only 8% of YouTube
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users and in contrary 61% of LiveJournal users interest to join in di�erent groups within
the network. As a result lots of the small groups in these networks are cliques and not
to tend joining in groups or allow the others to join them and size of groups also follow a
power-law distribution.

Network Groups Usage Avg. Size Avg. C
Flickr 103,648 21% 82 0.47
LiveJournal 7,489,073 61% 15 0.81
Orkut 8,730,859 13% 37 0.52
YouTube 30,087 8% 10 0.34

Table 3.4: Table of the high-level properties of network groups including the fraction of users which use
group features, average group size, and average group clustering coe�cient.

Figure 3.9: Plot of group size and average group clustering coe�cient. Many small groups are almost
cliques.

Finally, Figure 3.10 shows outdegree variations of user participating in groups. Az a
common behavior in one hand the low-degree nodes generally show the high tendency to
join the relevant smaller groups, in other hand high-degree nodes show the tendency of
joining large size groups, that implies the scale-free property. There is a sharp decline
in group participation for Orkut users with over 500 links, which is inconsistent with the
behavior of the other networks. This result may be an artifact of our partial crawl of the
Orkut network and the resulting biased user sample.

In general, our investigation about the structure of online social networks examined
on four popular social networking sites like Orkut, LiveJournal, YouTube and Flickr give
a global social network structure that is applicable on all kinds of online social networks
that involve lots of small, tightly clustered local user communities held together by nodes
of high degree.
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Figure 3.10: Outdegree versus average number of groups joined by users. Users with more links tend
to be members of many groups.
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Chapter 4

Fundamentals

In this Chapter we introduce some fundamental concepts that will be widely adopted
throughout the Thesis. First, we recall some formal mathematical conventions used to
de�ne the terminology and notations, and a few other mathematical devices in Section
4.1. Some simple de�nitions and notations typical of the graph theory are discussed in
Section 4.2. In that Section we formalize the characteristics of a graph and its properties.
Thus, we introduce some of the metrics for measuring the characteristics of a graph.

4.1 Formal Conventions

Here we introduce the Landau notation, adopted throughout this Thesis to describe
the asymptotic behavior of functions for evaluating the computational complexity of in-
troduced algorithms. Given two functions f : N→ N and g : N→ N we say that:

• f ∈ O(g) if ∃n0 ∈ N : n ≥ 0 and ∃c ∈ R : c > 0 such that f(n) ≤ c · g(n) holds
∀n ≥ n0.

• f ∈ Ω(g) if g ∈ O(f).

• f ∈ Θ(g) if ∃n0 ∈ N : n ≥ 0 and ∃c0, c1 ∈ R : c0, c1 > 0 such that c0 · g(n) ≤ f(n) ≤
c1 · g(n) holds ∀n ≥ n0.

4.2 Graph Theory

A network is de�ned as an object composed of entities interacting each other through
some connections. The natural mean to mathematically represent a network is through a
graph model.

4.2.1 Notion of Graph and Main Properties

In graph theory we de�ne a graph G = (V ;E) as an abstract representation of a set
of objects V , namely vertices (or nodes), and a set E of edges which connect pairs of
vertices together. Thus, we denote as V (G) such set of vertices V and, similarly, as E(G)
the set of edges within the graph G.
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The amount of vertices V and of edges E, namely the cardinality of V and E, are
commonly represented by n and m or denoted by |V | and |E|. Two vertices connected by
an edge e are called endvertices for e, and they are adjacent or neighbors.

Directed and undirected graphs

Graphs can be classi�ed considering the nature of the edges: i) undirected and, ii)
directed. In undirected graphs the edges connect a pair of vertices without considering
the order of the endvertices. Given two vertices u and v, an undirected edge connecting
them is denoted by {u, v}, or, in short notation, uv or euv.

In directed graphs the edges (also called arcs) connect pairs of vertices in a meaningful
way with respect to the verse. Each edge comes out from a vertex u, namely the origin
(or tail), and reaches a destination v (or head), and is represented by the notation (u, v),
or in a short notation uv (which is di�erent from vu) or euv (which di�ers from euv).

The irreversible transformation of a directed graph G = (V,E) in its underlying undi-
rected graph G′ = (V,E ′) maintains the same set of vertices V and generates a new set of
edges E ′ which contains an undirected edge between two vertices u, v ∈ V if ∃(u, v) ∈ E
or ∃(u, v) ∈ E, for all the edges in E.

Multigraphs and loops

A set of edges E is a multiset if it contains multiple instances of a same edge. Two
identical instances of the same edge are called parallel edges. If a graph contains parallel
edges it is called a multigraphs. This may happen both for undirected and directed graphs.
On the other hand, a graph is called simple if there is only one instance of each edge, so
it does not contain parallel edges. If an edge connects a vertex to itself it is called a loop.
Because loops create some unpleasant e�ects on the behavior of the most of the algorithms
working on graphs, the standard assumption throughout this Thesis will be that graphs
would not contain loops unless otherwise speci�ed; a graph having this property is called
loop-free.

Weighted graphs

Assigning a weight to the edges of a graph can be useful for several purposes.
Let ω : E → R be a weight function calculated for each edge e ∈ E within a graph

G = (V,E), which assigns a weight to the edges. This property can be adopted to describe
particular characteristics of edges, such as costs e.g. for representing the physical distance
between two vertices in G, the monetary cost to travel through that particular connection,
the tra�c through that speci�c link, etc. Moreover, weights are often used to describe
the capacity of a connection, as in network �ow problems. Graphs which include a weight
function ω for characterizing edges are called weighted graphs. Unweighted graphs can be
considered as a special case of weighted graphs in which the weight function assumes the
value ω(e) = 1 ∀e ∈ E.
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Degrees

The notion of degree of vertices in a graph requires some distinctions among undirected
and directed graphs, weighted and unweighted graphs, and multigraphs. First of all, the
degree d(v) of a vertex v in a undirected graph G = (V,E) is equal to the number of
edges e ∈ E that have v as an endvertex. All the vertices connected to v, i.e. the
neighborhood, are denoted by N(v). For directed graphs, the concept of degree is split
into two categories: i) out-degree and, ii) in-degree. The out-degree of a vertex v in a
directed graph G = (V,E) represents the number of edges e ∈ E that have v as tail, and
its notation is d+(v). Similarly, the in-degree of the same vertex is the number of edges
that have v as head, and it is denoted by d−(v).

In weighted graphs, the notion of degree is calculated taking the weight of each consid-
ered edge, instead of just counting their number. In undirected multigraphs, the value of
parallel edges is counted according to the number of instances that appear in the graph.
In directed ones, the weight of parallel edges is counted instead.

For undirected graphs we can calculate the mean degree of the graph G as

d−(G) =
1

|V |
∑
u∈V

d(v) =
2E

V
(4.1)

We indicate with the notation ∆(G) the maximum degree of such undirected graph,
and with δ(G) the minimum degree. Thus, we de�ne a graph as regular if all the vertices
have the same degree, and k-regular if this degree is equal to k.

In the case of directed graphs we de�ne the mean in-degree�Eq.(4.2)�and the mean
out-degree�Eq.(4.3)�as

d−I (G) =
1

|V |
∑
u∈V

dI(v) (4.2)

d−O(G) =
1

|V |
∑
u∈V

dO(v) (4.3)

Density

A measure related to the degree of vertices in a graph G = (V,E) is the density, i.e.
the proportion between the actual number of edges and the maximum possible number
of edges with respect to the number of vertices. Since the maximum possible number
of edges generated by V vertices is de�ned by the Newton's binomial

(
V
2

)
= V (V−1)

2
, the

proportion is denoted as

∆ =
E(
V
2

) =
E

V (V−1)
2

=
2E

V (V − 1)
(4.4)

and is normalized in the interval [0, 1]. If all the edges are present, the graph is said to
be complete, its density is equal to 1 and all the node degrees are equal to V − 1.

There is a direct relationship between the density of a graph and the mean degree of
its vertices. The sum of the degrees is equal to 2E (this because each edge is counted
twice), thus combining Eq.(4.1) and Eq.(4.4) we obtain
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∆ =
d−(G)

V − 1
(4.5)

which de�ne the correlation between ∆ and d−(G), thus the density of a graph assumes
the meaning of the average proportion of edges incident with vertices in the graph.

subgraphs

The notion of subgraphs is de�ned taking a subset of vertices and edges of a graph
G = (V,E), say G′ = (V ′, E ′) such that V ′ ⊆ V and E ′ ⊆ E and each e ∈ E ′ has
endvertices falling in V ′.

Let W to be a proper subset of the vertices V of the graph G = (V,E); thus, G−W is
the graph obtained by deleting the vertices contained in W and all their incident edges.
Similarly, if F is a proper subset of the edges E, G−F results in the graph G′ = (V,E−F ).

Walks and paths

Walking over a graph G = (V,E) is a sequence of vertices v and edges e, in alternation,
such that the vertices and edges taken at each step are adjacent. A walk from the vertex
v0 to vn is denoted by the sequence v0, e1, v1, · · · , en, vn, where ei = {vi−1, vi} in the case
of undirected graphs and ei = (vi−1, vi) otherwise. For generic graphs, the length l(w) of
a walk ω is given by the number of edges contained, while for weighted graphs the weight
ω(w) of a walk is represented by the sum of the weights of each included edge. A walk
is de�ned as a path if all the included edges ei are distinct, and is de�ned as simple if it
does not include repeated vertices. If the starting vertex coincides with the destination
of the path, it is called a cycle. A cycle with no repeated vertex is called a simple cycle.
It always exists a path between a pair of vertices in a connected undirected graph.

Random walks and Markov chains

We recall the de�nition of discrete probability space, Markov chains and random walks
as in [3].

Let (Ω, P ) be a discrete probability space, Ω a (non empty) �nite or countably in�nite
set and P a mapping from the power set ℘(Ω) of Ω to the real numbers as follows

• P (A) ≥ 0,∀A ⊆ Ω

• P (Ω) = 1

• P (
⋃
i∈NAi) =

∑
i∈N P (Ai), ∀ sequences (Ai)i∈N of pairwise disjoint sets from ℘(Ω).

Ω is said a sample space and any subset of Ω is said an event.
Let X be a random variable, i.e., a mapping from the sample space Ω to the real

numbers, whose image is denoted by IX = X(Ω).
The expected value of a random variable X is

E(X) =
∑
ω∈Ω

·P (ω).
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Let (Xt)t∈N0 be a sequence of random variables Xt with IXt ⊆ S, where S is a set
state, and an initial distribution q0 that maps S to R+

0 and satis�es∑
s∈S

q0(s) = 1

. Such a sequence is said Markov chain if it satis�es the so-called Markov condition, that
is ∀t > 0 and ∀I ⊆ 0, 1, · · · , t− 1 and ∀i, j, sk ∈ S

P (Xt+1 = j | Xt = i, ∀k ∈ I : Xk = sk) = P (Xt+1 = j | Xt = i)

holds ture.
A random walk on a simple directed graph G = (V,E) is a Markov chain with S = V

and

P (Xt+1 = v | Xt = u) =

{ 1
d+(u)

if(u, v) ∈ E
0, otherwise

At each step, the random walk selects a random outgoing edge e from the current
vertex and moves to the destination vertex reached by means of e. In an analogous
fashion it is possible to de�ne a random walk on undirected graphs.

Connected components

An undirected graph G = (V,E) is de�ned as connected if there exists a path connect-
ing all the pairs of vertices within the graph. Otherwise, the graph is called disconnected.
It is possible to induct a connected subgraph from a disconnected graph. If the graph
G = (V,E) is disconnected, a subgraph G′ = (V ′, E ′) is de�ned as connected component
if it is a connected subgraph for G. Moreover, G′ is de�ned as the largest connected
component if it is the maximal connected subgraph inductable over G. It is possible to
evaluate if an undirected graph is connected or, otherwise, calculate the largest connected
component adopting two classical algorithms, namely the depth-�rst search (DFS) and
the breadth-�rst search (BFS) [4], with the cost O(n+m).

Directed graphs are de�ned as strongly connected if there exists a directed path con-
necting each pair of vertices. Similarly to the undirected case, it is possible to induct the
strongly connected component of a directed graph �nding a strongly connected subgraph
(that is the largest strongly connected component it is the maximal one). It is possible to
�nd the strongly connected components of a directed graph adopting the improved DFS
algorithm [5]. If the underlying undirected graph is connected, such original directed
graph is called weakly connected.

Shortest paths and single-source shortest paths

For a weighted graph, the weight ω(p) of a path p is de�ned as the sum of the weights
of the edges included in p. It is possible to �nd the path between a pair of vertices u and
v with the minimal weight, namely the shortest path with respect to the weight function
ω as the one with the smallest weight among all the paths connecting u and v. For
unweighted graphs, the shortest path assumes the mean of the path which includes the
smallest number of edges.
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Given a graph G = (V,E), a weight function ω : E → R and a source vertex s ∈ V
, the single-source shortest path problem (SSSP) is solved computing all the shortest
paths from s to any other vertex in G. SSSP can be solved with the classical Dijkstra's
algorithm [6] in O(m + n log n) time, if the graph does not contain cycles of negative
weight, otherwise the Bellman-Ford algorithm [4] can be used, with cost O(mn). For a
given unweighted graph the problem can be solved using the BFS algorithm in O(m+ n)
time [4].

Geodesic, distance and eccentricity

The geodesic is de�ned as the shortest path between two vertices u and v in a graph
G = (V,E). The geodesic distance or simply the distance between these two vertices is
de�ned as the number of edges in the geodesic connecting them [7]. If there is no path
between two vertices, the geodesic distance between them is in�nite (in a disconnected
graph there exists at least a distance between a pair of vertices which is in�nite). The
eccentricity of a vertex v is represented by the greatest geodesic distance between v and
any other vertex in G. The eccentricity can range in the interval [1, V − 1]. The diameter
and several measures of centrality are based on the concept of eccentricity, such as the
center and the centroid of a graph.

Diameter and all-pairs shortest paths

The concept of diameter of a graph is important because it quanti�es how far apart
the farthest two vertices in such a graph are. This information is fundamental for sev-
eral applications of networks (see for example [27][9][10]). The diameter D of a graph
G = (V,E) is equal to the maximum value of eccentricity among any pair of vertices of
the graph. In other words, it is the greatest distance between any pair of vertices. The
diameter can range in the interval [1, V − 1]. In a disconnected graph the diameter is
in�nite, but it is possible to �nd the diameter of its largest connected component. Simi-
larly, it is possible to �nd the diameter of a subgraph. To �nd the value of the diameter,
the so-called problem of the all-pairs shortest paths (APSP) in a graph must be solved.
The greatest value among the APSP is the diameter of the graph. The APSP problem
can be solved using classical algorithms such as the Floyd-Warshall [4] in O(n3) time, by
solving n times the SSSP problem, with a cost of O(mn+ n2log n) or, in the special case
of unweighted undirected graphs, the Seidel algorithm [12] with cost O(M(n)log n) with
M(n) the cost of multiplying two n× n matrices containing small integers (e.g. by using
the Coppersmith-Winograd algorithm [11] whose cost is O(n2.376)).

Matrix representation for graphs

The information contained in a graph G = (V,E) can be stored in several ways, for
example using the matrix form. The most common way to store a graph is using the
so-called sociomatrix and the incidence matrix form. Here we describe the matrices to
store simple unweighted undirected graphs, and then a generalization to treat directed
graphs and weighted graphs.
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The Sociomatrix

The sociomatrix, or adjacency matrix, denoted by X contains entries which indicate
whether two vertices are adjacent or not. A sociomatrix X of size n × n can e�ciently
describe an unweighted undirected graph G = (V,E) containing n vertices. Rows and
columns of the sociomatrix both represent the index of each vertex in the graph, and
are labeled as 1, 2, · · · , n. Each entry xij in the sociomatrix represents if the indicated
pair of vertices ni and nj are adjacent or not. Usually, there is a 1 in the (i, j) th cell
if there is an edge connecting ni and nj in the graph, or a 0 otherwise. Thus, if vertices
ni and nj are adjacent xij = 1, otherwise xij = 0. Because the graph is undirected,
the matrix is symmetric respect to its diagonal, thus xij = xji ∀i 6= j. Sociomatrices
are widely adopted for storing undirected network structures because of some particular
properties; for example, social networks (see further) arise to sparse sociomatrices, thus it
is convenient to adopt techniques of compact matrix decomposition [13][14] for e�ciently
storing data.

The incidence matrix

Another possible representation of an undirected graph G = (V,E) through a matrix
is called incidence matrix, usually denoted by I. It stores which edges are incident with
which vertices, indexing the former on the columns and the latters on the rows, thus the
dimension of the matrix I is V × E. A matrix entry Iij contains 1 if the vertex ni is
incident with the edge ej , or 0 otherwise. Both the incidence matrix and the sociomatrix
contains all the information required to describe the represented graph.

4.2.2 Centrality Measures

Within graph theory and network analysis, there are various measures of the centrality
of a vertex within a graph that determine the relative importance of a vertex within the
graph. There are four measures of centrality that are widely used in network analysis:
degree centrality, closeness, betweenness, and eigenvector centrality.

Degree centrality

The most intuitive measure of centrality of a vertex into a network is called degree
centrality. Degree is sometimes called degree centrality in the social networks literature,
to emphasize its use as a centrality measure. Given a graph G = (V,E) represented by
means of its adjacency matrix A, in which a given entry Aij = 1 if and only if i and j
are connected by an edge, and Aij = 0 otherwise, the degree centrality CD(vi) of a vertex
vi ∈ V is de�ned as

CD(vi) = d(vi) =
∑
j

Aij. (4.6)

The idea behind the degree centrality is that the importance of a vertex is determined
by the number of vertices adjacent to it, i.e., the larger the degree, the more important
the vertex is.
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Even though, in real world networks only a small number of vertices have high degrees,
the degree centrality is a rough measure but it is adopted very often because of the low
computational cost required for its computation. There exists a normalized version of the
degree centrality, de�ned as follows

C ′D(vi) =
d(vi)

n− 1

where n represents the number of vertices in the network.

Closeness centrality

more accurate measure of centrality of a vertex is represented by the closeness cen-
trality [15]. The closeness centrality relies on the concept of average distance, de�ned
as

Davg(vi) =
1

n− 1

n∑
j 6=i

g(vi, vj)

where g(vi, vj) represents the geodesic distance between vertices vi and vj.
The closeness centrality CC(vi) of a vertex vi is de�ned as

CC(vi) =

[
1

n− 1

n∑
j 6=i

g(vi, vj)

]
. (4.7)

In practice, the closeness centrality calculates the importance of a vertex on how close
the give vertex is to the other vertices. �Central� vertices, with respect to this measure,
are important as they can reach the whole network more quickly than non-central vertices.

Di�erent generalizations of this measures for weighted and disconnected graphs have
been proposed in [16].

Betweenness centrality

A more complex measure of centrality is the betweenness centrality [17][18]. It relies
on the concept of shortest paths, previously introduced. In detail, in order to compute
the betweenness centrality of a vertex, it is necessary to count the number of shortest
paths that pass across the given vertex.

The betweenness centrality CB(vi) of a vertex vi is computed as

CB(vi) =
∑

vs 6=vi 6=vt∈V

σst(vi)

σst
. (4.8)

where σst is the number of shortest paths between vertices vs and vt and σst(vi) is
the number of shortest paths between vs and vt that pass through vi. Vertices with
high values of betweenness centrality are important because maintain an e�cient way of
communication inside a network and foster the information di�usion.
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Eigenvector centrality

Another way to assign the centrality to a vertex is based of the idea that if a vertex has
many central neighbors, it should be central as well. This measure is called eigenvector
centrality and establishes that the importance of a vertex is determined by the importance
of its neighbors. The eigenvector centrality CE(vi) of a given vertex vi is

CE(vi) ∝
∑
vj∈Ni

AijCE(vj). (4.9)

where Ni is the neighborhood of the vertex vi, being x ∝ Ax that implies Ax = λx.
The centrality corresponds to the top eigenvector of the adjacency matrix A.

4.2.3 Hubs and authorities

In the case of directed networks, there is another twist to the centrality measures
called hubs and authoritites. However, in some networks it is appropriate also to accord a
vertex high centrality if it points to others with high centrality. For instance, in a citation
network a paper such as a review article may cite other articles that are authoritative
sources for information on a particular subject. The review itself may contain relatively
little information on the subject, but it tells us where to �nd the information, and this
on its own makes the review useful[24].

Thus there are really two types of important node in these networks: authorities are
nodes that contain useful information on a topic of interest; hubs are nodes that tell us
where the best authorities are to be found. An authority may also be a hub, and vice versa:
review articles often contain useful discussions of the topic at hand as well as citations to
other discussions. Clearly hubs and authorities only exist in directed networks, since in
the undirected case there is no distinction between pointing to a vertex and being pointed
to. One can imagine de�ning two di�erent types of centrality for directed networks, the
authority centrality and the hub centrality, which quantify vertices' prominence in the two
roles. This idea was �rst put forward by Kleinberg [26] and developed by him into a
centrality algorithm called hyperlink-induced topic search or HITS. The HITS algorithm
gives each vertex i in a network an authority centrality xi and a hub centrality yi. The
de�ning characteristic of a vertex with high authority centrality is that it is pointed to
by many hubs, i.e., by many other vertices with high hub centrality. And the de�ning
characteristic of a vertex with high hub centrality is that it points to many vertices with
high authority centrality.

Thus an important scienti�c paper (in the authority sense) would be one cited in
many important reviews (in the hub sense). An important review is one that cites many
important papers. Reviews, however, are not the only publications that can have high
hub centrality. Ordinary papers can have high hub centrality too if they cite many other
important papers, and papers can have both high authority and high hub centrality.
Reviews too may be cited by other hubs and hence have high authority centrality as well
as high hub centrality.
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