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β ∈ H ∪ {x} V >I�B2]9 24n)>I�!k#24�<;OW k /1"�9XS&Y'=)%~iZT?&'=?2?2I9I"\[

]4�
α(1) = β(1) = x
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α |[0,1) ∪β |[0,1)∈ H
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C(f, α, x) ∩ C(f, β, x) = ∅
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9)A =)"
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"U9!k �<;L S2�=)"$mI9I%

{tn} → 1, tn < 1
(�A =<&ImT"$ #0
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hzqshz�Qi�e�R]oQqsh$e<HGF\F¢i��eFQ�zrsfQp��$nso&e H]pmpgx��Ppg��o0pg����Z�����ds�Ph}isx

Ak

��ish���i�xPn]y��Prs�����Pr�`
pmxVqs��hjq�hz��i�e<R!lQ��pgx�kmfBoQy#e��4��hSF6n]o#e©qspgq�e islakgqsy�isx�is�eFQ��r]fQp��6n]o#eMn]y���ishz��isxPqso�isy=Z��crs�
���PrspgxVq���hzqshz��iae�R�pgn]y hz��rs�4�Ph km�LF\FC���PrspgxVq���hzqshz��iae�R��Phz����pmxVqs�3MC��ish���isx�fQoQ�dRakgiR��p
h��Prs�4��h km�qF\F�����r]pgxPqs��hzqshz�Qi�e�RQZ

h  �;)=)% m V kDT)i�Z e ��xPpgr]qsh kmfQy�����r���rs� x ∈ Ak

is�eFB�zr]fQpO�6n]o#eM�Bn]x�eMis�megn]xLR b�ds�Py���e ��p
eg�Py&�zo#egpg�Qy isx

Lk

�Prs�s�PoQ��pgpm�Ph�ds��eme����egpgxP��pg�6n]o#eEkgis��yai�eVZ ���Ph\eM��d]�Pp�pgx��P�m�zo#e��PxP��y0y&�K`
hdH]o�F^HsxP� �$nso&egn]y=Z � ��eM��xP��y�eM����q�e Lk

`co�n]h\�#iso��giICP��n]o�qsh��zpGysn@n]�glQ��o�q�eMqSk M��$n]o#e E ����h����h�d�qshzispgx�eEkgi�i�ys��e	�6n]o#eMn�e �Pr��K��qsp e�R]h£ZrNE^�x!�z��isr]��o�qs�m�zfQp�y�nKn]�mlQ�zoQq�e©i�����oQlQ�zr��MiVCP�\`
nso�qshz��p E ����ds�Ph}isx��P�Q�6�Po 1

k

Z P ' ��hSH]h km�	�PoQoQ��y�i��6n]o#eMo�isy�i�x�d�ishdR]p§�g�PpmxP��e�i�egn)dsqVF\FQ�\`
i�y'FQiso

q ∈ Q
Z
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� pmxP�P�m�zo#e ���zoQlQ��o�is�eFB�zr]fQpt�$nso&eg�Qn]x �Bn]xPxPqReMfQlQfBoQy�b�rs� �g�PoBlQ�Ph�oQ�¨��rs���giICP��n]o�qsh��zp
pmxVqs��nsePZ ' ��hSH]h km�Qy

Ak,q

` d�ish:isx�n]o�is�eFQ��r]fQp �6n]o#eMn]yai�e E ����h��]��y&�Q�Px��P�Q�6�Po�i q
pgxPqa`

��nse2�g�PoBlQ�Ph\eM�Qyt�Qn]xPxPqBZ e �zhjq�r]n]p E �Qn]r����n]pme:isx Ak

��ishz��isxG�Ph��P���P��e2��is� eM�SC��zn]oQqsh�egfQy
���PrspgxVq���hzqshz��iae�R�pgn]y �g��pgxP�m� E isx ��hz�GF~FQ��rsn]oQlQn]hzi�eM���PoB��eM�B�Px��Qispgn]oBhSR#iso��Phz��r]�PoBlQ�F6�LFB�zxPnso&�@b\e©isoQ� E �Bn]rs�	���zoQlQ��rs�@�zy Ak,q

hz��rs�4�Ph km�LF\F�����r]pgxPqs��hjqsh���i�e�R�pmn]y��Ph��P�eF6�]h@qsh�h Z
^�x

Ak,q

��ish���i�xLF�i!��pg��ys��e is�eFB�zr]fQp��6n]o#e§b�ds�P� yVH]xP�Qh}y���egeg� FQ��x�egn]pMiso�����egpgxP� ��rs�#`
��qsp eVZ:^ x E �Qn]r��.�Ppm��eMh��PrOe�HIF\F��zp E isx�e§��rs�]��hz�]�m��oQ�P� eMfQlakmfBy6Z ' ��hSH]h km� iOys��e��6n]o#eMn�e
x
�Pp

y E iDFQish\` E �zh�hz��emd]��kmnGF~F$n]h�l�ish���b\d]�P��ys��et�m�PoQlB�g� αx, αy

��hzh���egds�
βx, βy

*}d�ishjis���zo#e
i�x b�ds�Py

Lk

��rs�]��oQ�Ppmpg��h�d]��ege���rs�]��eMh��Po ����egpgxP��pg�6n]o#eEkgq�e¨�g��oQlQ�g�
x1, y1 E ��hzh���egds� x2, y2

Z

� y&ysns� E �Qi x < y
i	dsi�hSR]p:pmxVqs��n]yOpgx�n]yaqspgnsp��m�PoQlQ��xP��pg� pmxP�P�m�zo#e E isy&ysns� βx ∩αy 6= ∅ E����ds�PhK�MiSk egfQy!hz��d]�
x2
�zh�hz��egd]�

y1
d�ishSRsp �g��pgxP���g��eM��h km��pg�Qh E �Qn]rs� Re(y1) < q < Re(x2)N:i

q
`c�Mi!eg��ege��4��h�eg��eM��h pgx��P�g��o#eVZ P

�cr���i�����egpgx��Ppg�6n]o#e hz��eM�Px��Ppm�tyVHSds��egys�Px��zy�i b¨n]hzxPisoQn!eg��eM��hSF6�]h Z

Lk

�Pr��]�PoB�Pp

R
x y

[[ uu

x2 y2x1 y1 q

[]Z6qIFB�MiBZ�^ x
Ak,q

��ish���i�x eM��egpgx��]hz��r]�Pp
x
�Pp

y
�6n]o#eEkgqs�Bn]x�e©is� eMn]xqR�b\d]�Py.yVH]xP�Bh�h��Pr#ishzqIF\F�v

����egpgxP� ��rs�@��q�pmeVZ

� lQlB�zr hz��o&�s�Pr]��pg��o¢pg���Qn]h pg��� ��ispmxPo�qsh\eMfQy E �Qnsrs�.�zoBlQ�zyaq�egn]�m�4�Qrsrsd]��o&�@�m�]h$d�iso�pgxqR��^ �4��o#eM�&km��hSH]h��Ppm�Pys��e§����rse©i��megd�i E �Py&y�n]��oQ�P� hz���Q��e§i�x E �Qnsrs� i�x��Prs�@�zy��6n]o#eM�Qn]x�e©is��`egn]xLR�y���etb�d�����eMpgx���i���qspm�zyR�6n]o#eM�Bn]x!e©is� eMn]xqR�b�d]��yRd�ishji�����h��@�zy���e ��rs�@pgx��P�g�m�sZ�N vKZ
qVFQ�Mi4P y �zpgx��Po E ��y@y�n]� E �6�Ph�l�qsfQh}isx αy

b�ds��e ����eMpmxP�
αx

b�ds�Po¢i�x���oQlQ��y�qaeMn]�¨�4�Br]rsd]��o#�
���meg�Pys�ysn]oQp e©isoBp[ E i βx

�P� eM�Py��Oi�y�n]oQp e©isoQp u�i
k
`c�gi eg��eme��4��h�eM��eM��h�pmxP���g�zo#e E �Qnshznsemei�x

αy

b\d]�Po�i!�4�Qr]rsds�Po#���P� eM��ys���PxP��y.yIH]x��Qh�CPpgisy�isx��Pr��K��y hz���Q��ePZ

^�x�vKZ�qIFQ�Mq�oti¨dsn]o�ish��P�m�]pgpm�Pr �zhzh���emd]� i�x:b�d�����hzhz��bz� e pgxPqs��nsy:km��hzxP��y E �Bn]rs��i¨�4�Br]rsd]��o#�i�xPn]oOi�x¨b�ds�Po!���zh\�]��o�P� eM��ys��e2d]�Ppmx��4�Ph E i�F6�Pyais�m�zyaqsx�nsege��6n]o#eMn]y	�6�PlQ��r isx�e �!fBeMi�eEkgq�y E
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Lk

�Pr��]�PoB�Pp

R
x y

[[ uu

x2 y2x1y1 q

vKZ6qIFB�MiBZ�^�x
Ak,q

��ish���isx eg��egpgxP�shz�Prs�Pp �$n]o#e4kgqs�Qn]x	e©is� eMn]xqR���rs�@�zy.b\d.pg��� ����egpgx��Q��eg����rs�#`
pmxP�P�m�g�ti��Qishz��isx eg��eMpmxP�]h��Pr]��p§��qspm�zy��$nso&e4kgqs�Qn]x�eMis�megn]xLR ys��e b�d]��e �Prs�@pgx��P�m�g�sZ

�Bn]rs��ihz��bz�meMisy&o�isyO���Prs�4��hz��hz�@�Po�oQ�P� hz��eM�Px��zy
x, y ∈ Ak,q E ���Ph\�]�Py&�Q��x e©i��meMnsxLR!b\d]�Pyi�xtqVFQ�Mqso�hzq�eM��iae�RO� RKlQnso��B�Ph��s�Px�ys�PlBoQ�PoQ��y���h Z

� F\F6�]h6isx yIH)d]��eMy��PxP��y E �Qn]rs� y&�QhdH]o�F^HsxP� x
�Pp

y
�$nso&egn]y�F^Rsh6��oQlQb\eMnseme b�d]��yOyIH]x��Qh6hz�Pra`

�4��h km�qF\F�y���emeM�]oQ��y.hz���Q��e§����egpgxP��eM��Z
���Pr]�!fKe©i�e4kmfQy E �Qn]rs��iIF~F�iso0isx�Ppg��e�F6�Po E ��i�d�iso0����eMpmxP��pg�6n]o#e E isy&y�n]� oQ����h��P�Q��e
e<HGF\FOi��eFQ�zrsfQp}�$n]o#e E x ��p y

`cn]o�y&b�d@�Qh E is���&�Ph��P����i�x Ak,q

��i�hz��isxPo�i�y6Z ��r��#isoQ��p E ��idsn]hzoQi�Y �zh\�]�Po�$n]o#e E isy&ysn]� h��PoQoB��i pgx�n]yaqspgnsp:�g�PoBlQ�Px��Pp pgx��P�g��o#e:yIH]x��P�Qpm�t��p E ����h��@oQ�Py���zoBlQys��e b\d]�	����eMpmxP�PoB�!i ��qspm�zy y���e��$nso&e��Pr��K��qsp e�����egpgx���b�ds�PoQ��y.dsi�hjis���Ph\�K��ys��eVZ
^�x�b\d]��ye©ishzqshzy�n]xVq�pMi��PpGi

k
d�qshzispgx�e©qspgi����zi�ege E ����oQl�i�ys��e�b�ds�Po�i	yais�gisy#eM���g�zpmx�eg�zy&fQp�4�Br]rsd]��o#���P�meg�Py�����PrOys��hzh ��rs�]��xPxP��o E �Px�d@�zpgx�n]o#e h��P�Q��eM��eMhz��oaN YBZwqVFQ�Mi4P Z

g��P�Qq�e
Ak,q

�Ph��P��pgxVq���i�hz��rs�4�Ph km�LF\F N4�$n]o#egn]pMiso P�v E is�����6�P�mpgx���h��Prs�4��h km�LF~F ���Pr�`
pmxVqs��hjq�hz��i�e<RQZ

Lk

�Pr��]�PoB�Pp

R
x yz

z1 z2

[ [[ uu u

x2 y2x1 y1 q

f

YKZ=qIFQ�MiKZG���zoQlB�Po
Ak,q

�Qishz��isx h��Prs�4��h km�LF~FRv!��hz�P�"`+Z

� x�xP�Ph�iOeM��eM�Ph\e§�zoQlB�zyaq�eMns���4�Qr]r�d]�Po#�s�Py&�g�eF6�Phzq�egegfQy=Z
�
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F�Z ��n]pme�iOeM��eg�Ph\e qsh�eMishjqsoBn]p¨��pg��e<F$��oR��p F$��hjq�e4kmfQy=Z
^ FQ��xPn]o#�@b�eMqsp ����oQ��eg��eM��h km��pg�Po ��ispmn]oQhSR hz��pgx�i �4��o#eM�z�B�Px E ��hz�]pmxLH]� ��i��meM�dCP��n]o�qsh kmfQyi�x�i��eFQ�zrsfQp!�6n]o#eMn]y���ishz��isxPq�e E ��iSkml?i¢�4�Po#eM���Q�Px���i�pgn]oQhdR qshzh�b�eMqspme-FQ�zx�n]o#�@b�eMfBoQy E���Ph\�@oQ�Py F6�Phzq�e©q�pMi!d�ishjis����ds�Ph6ysn]���Qh��zyaqsh�eMiIF\F+Z
^ ysn]�gqIF\FQ�@km��hSH]h��Ppm�Pys��e����PrseMis�memdsi

x
is�3FQ�zr]fBp¨�6n]o#eM�Qn]x�e©is� eMn]xqR!b�ds�Pys��e

α E β km��hSH]h�� Ei�eMn]�mhSR@l�qspm�:�$n]o#egn]y0��ish���isxPq�e
C(f, α, x)

�zh�hz��egd]�
C(f, β, x)

Z.^ eM��eM�PhG�Ph��segeg�:���Pr�`
km��rs�@xP��p�pgx��P�m�zo#e E �PxP��y�oQ�P��Q�g��p�xPqs�me���ish���i�xPn]y E ����h��s�PyC����egpgxP��eM���Q�g��pPZ � y@y�n]�
i�x

R E is���}i +∞
` oQ�Ph ��p

−∞
`coB�Ph}y&�SF6�Sd@b\eM��eme§pgxPqs����rs�]��oQ�Pp E isx arctg

e©qVd]nshzpMq�r]r#ish
��rs�0eM��h km��pt����eg�g�zy&fQp�eg�P� E ���Ph��'F6�Po ����oQlQ��o xPqs�met��ish���i�x!ysn]����isy#e E ��pisx��PlBlQ�zr]�xPqs�me2��ish���isx�n]y egnSd�qIF~FQ�Mi ��p�xPqs�meMisy	��i��MislQoQisy=Z �crs�	egfQlakmfQy	�P� eM��hz���PxPoB�@eg��eMpmxP�]h��Pr]��p
��h��s�Po ys��exPqs�me	��i�hz��isxe©qVdsn]hzpgqsr#q�e	��pgxP���g��o&ei.����eM�m�zyai pgx��P�g��o#eVZ � y@y�n]�

C(f, α, x)��p
C(f, β, x)

e©qVd]n]h�pMqsr]i �$n]x���egb�d��Pp ds�Pr]��p E ���\d]��h i.����eMpmxP��eg�QyR�B�g�Pp�Z ' �PhdH]h km�By���x�e
Dx

` pgx��Ph Z

� ��rs�]��o k
isx!i�hz�Prsy@��pg�qF\F¢�Prs�PpgxpgxVq�� E ����h��@�g�isxt�4��o#eM�2b\d]��y����meg�Phz���Px�d]�d�isoBo�isy EoB�P� ����eMpgx��zy��Prs�@��qspme

Uk

` FQiso¢�Pp
∀w
`c�m�!isx

α
b\d]��o

d(f(w), C(f, α, x)) < Dx/4
Z

� rs�#i�oQ�Px ��hz��n]oQlQ�Qi�e�R
β
`c�Mi	�zpG�Pp��$���gpmxP� ��n]pme��zp�CPpgisy�it���Prs�4��hz�Ph��	�g�PpmxPb\d]�Py&�m� pgx�n�`

�mb�egysn]x�fQoQy=Z
� h\�]��o

k
FQ�zx�eMn]pgiso¢d�iso E ��i.isx!fBegn]hzp R��4�Ph\eM��eM�Ph�oQ����eM��h km��pg�Qh�oQ�pm�P������h��]��o

k
` �Mi E isxi�x�etkm��hz�Po#eg�PoQ� E �Qnsrs��i�x¢islQn�ege

α
b�d]��o�d�iso n]h��]iso

x
` �Q�PxRegn]�ghdRKl~R�pgns�gn]xPi�e E is���\`oB�Py�d�iso0nsh��#i�oReMn]�mhSR@l�qspm���6n]o#eEkgi E is����oQ��o\CPp�F6�PoBoQ� C(f, α, x)

��ishz��isxqF�iso+Z � x i
C(f, α, x)

lQ�qU�oBbSCP�dRakgi!���ji�eme�hz���Q��eg��eMh��Po+Z
� y&ysns�

|f(w1) − f(w2)| > Dx/2
eg�Ph km��pg�Qh ���zoBlQ�Po

w1 ∈ α
��p

w2 ∈ β
�$nso&eg�MiBZ e � `

x��Ppmpg�Qy]F$��ityVHSds��egys�Px�� km�PhSHshz�Pp e K � ��rs�]��o B(f, α, x) = {x ∈ R : d(x, C(f, α, x)) ≤

Dx/4}
Z � y&ysn]� �6�P�gpmxP���Px	�zp�xPqs�me§��p�b�rs� y�n]����isy#e§��ish���isx�Z

�cr�� ���Pr]��o&eCPpgisy ���zoQlQ��o.is�eFB�zr]fQp¨�$n]o#egnse F6�Ppgns�gn]h���i�eMfBoQy��6n]o#eMnspMiso.��rs�
Ak

n]pgx `
eMqsh��'F�i E pg�se�ispmxP�P�m�zo#e��zp§n]pgx�e©qsh\�]n]x�xPfQy�i �6n]o#eMn]yai�e E �Qn]rs�.���Ph\� n

` �g��eM��h km��pg�Qh E �Qn]rs�
2π
n

> Dx ≥ 2π
n+1

Z
' ��hSH]h km�QyCi�x

Ak

��pgx��P�g��o#eM�§lQ�zpmx�kmfQoBy&e��4�Ph�n]pgx�e©qspgq�e
Ak,n

`coB�Ph Z � xP��ys��e isx
(a.)

�m�Ppmx�`
�B�Px���ispmn]oQhSR]iso�eMn)d�qIF\F?��is� eM�SC��zn]oQqsh kmfQy

Ak,n,q

pmxP���g�zo#e E is�Bn]h q E isx�i�x�islQnseme�is� `FB�zr]fQp �6n]o#eM�QnsxN�m�PoQlB�Ph�e �giICP��n]o�qsh��zp¢pmxVqs� E ����h�� isxNis�eFQ��r]fQp0�6n]o#e�y���e�b�ds�PoQ��y
Lk = {x + iy ∈ H : y = 1

k
}
` d�ish�d]��ege�����eMpgx��Ppm�$n]o#e4kgq�e���h�d�qshzispgx�e�R �$nso&e d�ishdR]p

�m�PpmxP�sZ
� y&ysns�R���Pr]��o&e���hz��r]�PoQlB� F6�Phzq�eMoQ� E �Bn]rs� Ak,n,q

hz��rs�4�Ph km�LF\F ���Pr]pmxVqs��hjq�hz��i�e<R E �Q�\`pmxP��o�i�x�is�eFQ��r]fQp��$n]o#egn]y
A
��ishz��isxPq�e¨���PrspgxVq���hzqshz��iae�R�pgn]y�lQ�zpmx�kmfQoBy&e§�Qis�megbSCP�dR]�Mi



� ���������	��
����� 
�������
D����� ��������� 
���
 ���|� �

F6n]o#eMn�egeMfBy E ����h��]��y�����oQlQ��rs�@�zys��h��Prs�4��h km�LF~F ���Pr]pmxVqs��hjq�hz��i�e<R E eM����q�e A
��isr#i0��p

h��Prs�4��h km�qF\F�����r]pgxPqs��hzqshz�Qi�e�RQZ

� h��Pr�i�yVH)d]��egys��xP�.qsh�hzb\e©qsp e�F6�PhjqaeMoQ�£Z

*+��¥+�-a.FEF£L ')W�7s�
Ak,n,q

"S�@& 7 �!" S �ZKLK�0 �@&)i<;LTI0r"\TI" A~9Ik h �!"S�!03i<;LTI0��~�

� x�fBe©qsoRi!�4�Po#eM���Q�Px	��ispmn]oQhdR#iso��Ph�hz�Po#eg��n]oBl�qspg�gi kmfBeMfBoQy=Z
h  �;)=)% m V kDT)i�Z2����lakm�Qy hz�.isx��Pr]��pgx R

`c��eOhz��rs�4�Ph km�LF\F
r = π

2(n+1)

q�eM���P�m�akX`Co#�@bzh�e�zoK`
eg�P� dsi�hzhzfB��n]y&yaish^MQrs� E �Bn]rs�.y���e��zh��s�Po�o#�@bzh�e§�Qishz��isxPoQisy�i ����eMpmxP��eM��hz�Pr��4�Ph km�qF\F r/2qaeM���P�g�SkX`�h��Prs�s�Po+Z
� x��Py.pgxPqs��i h��Prs�4��h km�qF\F.����r]pgxPqs��hjqsh���i�e�R E ����ds�Ph i�x��Pr]��pgx	eM�P�����P�m��eg����p¨d]��r]�Pp E isx
arctg

����eg�g�zyai!pmxP�P�m�zo#eVZ
' ��hSH]h km�Qy���xP��ys��e

{Gs : s ∈ Z}
` d]��h Z

� y&ysns�
∀x ∈ Ak,n,q

`c�gi0i
B(f, α, x)

�Pp
B(f, β, x)

ys��e�ysn]����isy#e ��ish���i�x E bzr��Cisx��xP��ys��e¨�4�PlQ�!�m�PoQlBpgxP���<F6�]h6y@�\d�qshjispmx�eg��i�e�R	d]��r]�Pp�pgn]y ��i�hz��isx E is����pgx��zo#eM��o��4�PlB�$�]y���ePZe ��rs�@�Qy�i�hz���Q��eg��h��Pr]y���d]��pg�qF\F �Phz����pmxVqs�3MR���zoQlQy���emeM�se �4�PlQ���g��oQlQpgx��P� eVZ y i�e�HIF\F
��h��s�Po����zoB�z��qshz��p2�g��oQlQpmxP�P�¨�zp�d�iso E � H]r]xPb\eMpm�QoQyO�Pr��]��ePZ ' �PhSHsh km�Qy!��xP��ys��e i	d]��r]�Pp¨�4��lQ��m�PoQlBpgxP���g��ys��e

Gα

` d�ish���hzh���egds�
Gβ

` d�ish£Z � y@y�n]� i�x�e��zp �4�Ph�eg�P�Q��eEkm�Qy?i �4�PlQ�s�g�PoBlQpgx��P�
pm�$�qCP�zqshz��p�d�qshji�pgx�eMqspMi E iCys��e�eMn]�mhSR@l�qspg� ��ish���i�x�lQ��pgxckmfQoQy#eMpgqsr#iC�Pp�i�x x ∈ Ak,n,qd�qshzispgx�e©qspgiO���zi�ege E �Qn]r��

d(Gα, Gβ) >
π

2n
> r > 0,

i��Qn]h}i
d
i�x

arctg
����eM�m�zyaipmxP�P�m�zo#eM� eMq)dsn]hzpgqsr]nse�km�Phz��o#eM�£Z

g��Pr��K�By �4�Ph- #%xYI #�B�B2)k��]R@lQn]o E �Qn]rs� ����r]pgxPqs��hjqsh���i�e�Rso�qsh�e�HIF\F �Phz������d�iso�d�ishjia`
���Ph\�

Ak,n,q

�Qishz��isxPoQisy=Z y i����zoQlQ��rs�@�zy ��h��s�Po
x
�6n]o#eM�gi��zr]isxi��4�Po#eM��n]ysnspgysn@l�qsp Ei�y@y�n]�¨h���eg�PxP��yO����oQlQ��o��6n]o#eM�git�Pr��

Gαx

�Pp
Gβx

d]��r]�Pp¨�4��lQ��m�PoQlBpgxP���PZ � y&ysn]�¨isxPn]o@`
FQiso¢hz��eM��xP�zy����Pr]pmxVqs��hjq�hz��i�e<R]o�qsh$e�HGF\FRn]h��]iso

x ∈ Ak,n,q

�$nso&e E i�����h��@�Q�Px�e©is� eMn]xqR
B(f, α, x) E �zh�hz��egd]� B(f, β, x)

��ish���i�xPn]yai�e2fQrs�#i�o�isx i
Gα E �zhzh���emd]� Gβ

�4�PlQ�s�g�PoBlQpgx��P�
�4��l�h��sZ
e i�hSRGF�i�o E �Q�zpmxP�Poi {Gs : s ∈ Z}

` F6�]h#���zoQlQ��oth��P�Q��eMpm�Pr]��p�� RKlBn]oty&�\dsq�hjispmx�egd�i�d]��r]�Pp
pmn]y���ishz��isx�e E F$��hjq�eg��i�e�R E �Bn]rs���PxP��o.��ish���isx��g��oQlQpgx��P�m�Py�pmxVqs��i��p C�pMisy�����r]pgxPqs� `hzqshz�Qi�e�R�hz�P�B��eVZ��@�se E ��i �Px�fBe©qso ��xP�Po0ds�Pr]��p�pgn]y���ishz��isxqF^R]h}q�hzhSR���ish���isx��g��oQlQpgx��P��`��ys��e ys��e ��i��meMbdCP�dR]�Mi!pmxP�PlSkm�Qy E ���zoQlQ��o�h��P�Q��eMpm�Pr]��p � RKlQnso�i�xt��p C�pMisy����Pr]pmxVqs��hjq�h\`�Qi�e�R hz���Q��eg�]pg��rQZ
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����d]��h����zoBlQ�Po �$nso&eg�Qn]x��$nso&egn]pMi�o��Pr�� �zh��s�Po ��ish���isx��g��oQlQpgx��P� e��p��is� eMbdCP�SR�e	�g�Po@`
lB�Ph�eg�QoQy E �PxP���me ����r]�zo#e ish�y�i�hz��isxP��iaeEkmfQy�i�pmy�iaeMfQh\�#ia` �Ph�ds��e E ���Ph\�'F$�]h}i�l\RKlB�zy E �Qn]rs�d�iso�n]h\�#iso��g��oQlQpmxP�P� E ����h��@�Q�Px	���Pr]pmxVqs��hjq�hz��i�e<R]o�qsh�e<HGF\F��$n]o#e�eMis�megn]xP��y6Z^ �4��o#eM�¨�4��h�eM��eM��h�isx�e�km�Ph��Po#eM� E �Qn]rs������oQlQ�Po��zh��s�Po x

is�eFQ��r]fQpt�$n]o#eg�Qn]x.fQrs�]iso�isx�e
i�o&�@b�h�e �Qishz��isx�e �m�PoQlQ��h�eg�Qy��Bn]xPxPq E is���Ph\���4�PlQ��i B(f, αx, x)

`c��e E i�x αx

����rs�4�Ph��Phz�
d�qshzispgx�e©qspgqVdsi�h+�Pp§eM��h km�Ppm�Po���ispmn]oQhSRO��r#isx	iO���Prs�4��hz�Ph��

βx

b�d@�g����pPZ
� F\F6�]hKisx

(a.)
�g��pgx��Q�Px�eg�Ph km��pg��o!��ispmn]oQhSR]isothzq�eM�Qi�e�R E �Qn]r�� Ak,n,q

` FQisoh��Prs�4��h km�LF~Fys��e
��h��s�Po.is�3FQ�zr]fBp¨�6n]o#e�hz���Q��e E ��hzhz��o#eM��n]oQlBd�ii��4�Ph�eg��ds�PpgoB�PyfNEYBZ:qIFQ�gqs�Qn]x���ispmn]oQhSR]iso P�Zy �zpmxP�Po E ��i d]n]h�o�i�Y��6n]o#e E isy&ysns� i �g�PoBlQ�Px��Pp pmxP�P�m�zo#eM�}y���e pmxP��hzpg���$nso&eg�Qn]x	e©is� eMn]xqR����egpgx���b\d]�Py��PoR�4��h�ds��ege§�4�Qrsrsd]��o&�s�P� eM�Py���e�fBrs�#isoQisxi

Gα

��i�hz��isx �4�PlBoQ� E ����d]��h+d�iso����egpgx���eM�i�y���e�b�d@oQ�Py���p
Gα

` e MQrs�.d�qshzispgx�eMnsemeMfQy E �Qn]r��.e©is� e©ish���isx�xViOi�����rs�4�Ph��Phz�b\d]��ys�Po �4��h�ds��ege��4�Qr]rsds�Po#�]���meg�Pys��ys��e ��pPZ�g��Py&�zo#emd]� ��xP�Py fBeMqso.i�yIH]x��P�Qpm�O�$n]o#egnseG`2�Px�e
z
` d]��h km��hSH]h\d]�t` isy&y�n]��i��4��o&eg�:�zoQlBn]y&hjqsp��\ege���p��"`QyIH@lQ�zy E isxPisx �PoQoQ��y0����oQlQy���e	b�ds�����egpgx��+dsi�hjis�Qnsh isx��Ph��GF\F��P��hzb\eM��ege�y���egeg�seVZ��crs�.isx	�PxP��ys��o¢hz��d]�O�4�Qr]rsds�Po#�]���meg�Pys��ys��e
��p�fQrs�]iso�isxti

Gα

��ish���isx��4�PlQ�£Z � x	�6�PlQ��r�isx
Ak,n,q

d�qshji�pgx�eMqspMiO���ji�eme�hz���Q��eg��eghz�Po�Z
�cr��!isl~RKlQ��y E �Qn]r��i�x�is�eFB�zr]fQp��6n]o#eMn]y���ish���isxPi�i�x�qsh\e©ishzqsoQn]p}�Ppm��e<F$��o���p2h��Prs�4��h km�LF~F���PrspgxVq���hzqshz��iae�RQZ

�

*+���$�-,. /.2;�L10#132}� 8��@&Im��!%
A
9Bi

B
2B9!k�A~9I"$0 9?;

H
R KB9I% �I&Im[(|A =<&Im

A∩B = R
� 4 &Im

x ∈ R

6 =)% k � 9]9?;Lk�0 =)%xYXSQ/42?(�A =<&Ime���!%xY'�!" 24�<;L S239������	��
��� E��3;���������G�� C C>;��-�!�Q�B�W932B9!k A~9I"$0 9?;L� 9
% 9<;L>I�B(�A~9 "U9!k �<;L%��B2

α ⊂ A
9Bi

β ⊂ B V >I�B2 �G&Im?(�A =<&Im x = α(1) = β(1)
�

g���y&�zo#egds��i�xPn]o
f : R → H

�4�Qr]rsds�Po#�&e E ���Ph��Risx A
�6n]o#eEkgis�dF�iso�[ E i B

�6n]o#eEkgis�dF�iso
uN�P�meg�Py���eRds�Ppmx��4�Ph E �Pr��]�LFBys�Po#e0eg��eMpmxP�]h��Pr]��pg��e E ���Pr#qsh�hjis�Bb�eM�Qi�eEkmfQy E �Qn]rs� isxPn]o

x ∈ R�6n]o#eMn]y E is���Ph��s�Py&�g�Oeg�Ph km��pg�Qh i�vS` b�d�eMfQhziSkmlQn]oQpgqsr��Prs�'F6�Po�isx f
i��eFQ�zrsfQp �6n]o#eEkgis�:��p�ys�Ph�h

h��Prs�s�PoQ��y6Z � F~F$�]h:hzq�eM�Qi�eEkmfQy E �Qn]r�� isx A
�Pp

B
�Qishz��isx�e eM��egpgx��]hz��r]�Ppm�Po�d�qshzispgx�egd�i�i�y���e

b\d�eMfQhziSkmlQn]oBpMqsr]oQisy��Ph��Pr]��e.eM��d]� �6n]o#eMnsy���ish���isxPi
R
``F$��o h��Prs�4��h km�qF\F ����r]pgxPqs��hzqshz�Qi�e�R

��hz�P��pgxPqs�eM+Z
� xP��y�fBe©qso��P� eM�Q��eM�@�Po������g�Qh+�4��h}i�y��P�glB�Pp E �Qn]r��.�zr#i�x���is�gislK` �	isx	�Phz�IF\FQ�+��pgxP�m��ds��eM��h E ��ivKZw�KZ�� �!U�oQbdCP�SRIF�iso�pgxP���g���Qhz��ys��egeM���Q��h��]��ege ��qs�mn]�¬�Qishz��isx�e¨dK��xPpmr#qshzfBoQy f
^ yIH)ds��eMy��Px�� �4��km�Px���e<F$��o���x�e i y��P�mlQ�Pp e��4n]rVkmfQy�yIH]�m�Qh kgqs�moQ� Z
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H+�E���-,. /.2;�L10#132}� 8��@&Im��!%
A, B

9Bi
C
A TI��=)0 A~9I"$0 9?;

H
R KB9I% �G&Im?(�A =<&Im

A ∩B ∩C = R
�

4 &Im
x ∈ R 6 =)% kc� 9 9?;Lk�0 =)%xYXSQ/�2?(-A =<&Ima���!%xY'�!" 24�<;L S2a9 .��0/ � = ��
� ��E��3;���� � �kG � C C>;��

�!�Q���D9 A TI��=)0 A~9I"$0 9?;L� 9�% 9<;L>I�B(�A~9O"U9!k �<;L S2
α ⊂ A, β ⊂ B

9Bi
γ ⊂ C V >I�B2 �G&Im?(WA =<&Im

x = α(1) = β(1) = γ(1)
�

����r]�!fBeMi�eEkmfBy E �Qn]rs��i vKZ2�4�ckm�PxP��e§xVqs�gqspMi�ys�Po#e§����h�b�eM��ege�vS`cb\d eMfQhziSkmlQn]oQpgqsr]r#i�h$��hzhz��o#eM��e<F$��oi�Ya`cb\d�egfQhji)kmlQn]oQpgqsr]o�isy��Phz��r]��e�eg��ds���6n]o#eMn]y���ishz��isxPiOisyaqs�§isx	�Pr]��pgx	d�ishSR]p�pmxVqs���Pr��]�PoB�Pp
��p�h��P�Q��eVZ �K�6�LC��jqsh��zpgisoO�Px��Pys��e§it�Qishz��isxPnsy�iae:����rtxPqs�meMisy&o�isyO��p d�qshzispgx�eM��iaeEkmfQy=Z � oQoQ��y�isx
��pgxP�m��ds��eM��hzoQ��yRiOy��Ppg�IF\FQ�z��y�F$��o¢hz��pgx �4n]o#eMnsp pmxP���g�P�6�sZ
H+��*+�-a.F£FEL ')W�7s� 8c9!k �<;L S2 _ ;LTI�QkJA~9I"$0 9?;!(JA =<&Im�0r #%xY'�!%

x ∈ R 6 =)% k^�B�!%xY'�!" 24�<;L S2�9TA TI��=)0iR V >k /1"�9XS&Y'=)%~iZT?&?&49I"��

hj �;)=)% m V k T)i�Z���zoBlQ��qs�mn]� ��ishz��isxt��ispgnsoQhSR pmxP���gys��xP��e `�h��PpmxsZ21�r����4n]rVkmfQy�����r]ysnsoQpmeg�gf�qsh�oQ��i ��ish\`
��isxPnsy�iae E �Qn]rs��i [0, 1]

�zo#eM���md�ish�hzfQ��n]o lQ�qUQoQ�jqsh kmfQy!�]y���e E ��iSkml isx��Pr]��pgx [0, 1]
`c�Po�yais�$n�ege

y��P�6��e§�Ph\eMn]h kmfQyO���zoQlQ��o �Prs�Ppgx�pmxVqs����ish E bzr�� lQ�qU�oB�jqsh���i�eEkmfBy eg��egpgxP�shz�Prs�Pp [n, n + 1]
��o#eM�P��`

d�ish�hzfQ��n]ofN MQrs�@��nsoQl��6�P�m�zn@lQ�zy&fQpgiso.y&��eg�P�4km��pgx�eEkm�Qy1P�Z
^�x

A
��ishz��isx�qsh�h kmn]o�isx�n]oRpmxViIF�q�h��]nsp ��qs�mn]��pgxLHsr]�Py�F6�]h E ���Ph��s�Py�ishzis�@kgqso��4�Py#ds�{CPp<M~CPpmn]ypmxPn]��pgx��PlQn]p lQ�zislQ�zy&fQp��giICP��n]o�qsh��zp�pgxVq���n]y E isxPisx k

2n

�Pp k+1
2n ∀n ∈ N, 0 ≤ k ≤ 2n − 1

Z

1
8

u [1
4

1
2

3
8

5
8

7
8

3
4

� Z=qIFQ�giBZ:^ x	^���i�hz��isx �Ph�o�isrs�sn]h�e�qIFQ�Mq)kgi�i
[0, 1]

�zo#eM���md�ishzh�fQ��n]o
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2n

e<H]�megoQ�Py�isx�e isx.ishzisyPkgq�e E is�Qn]h k
��qs�gi�eMhziso E isxPisx ��i (k, 2n) = 1 EoQ��d]��xPxP�ByRi!eMn)d�qIF\FB�jisy�F�iso �@&Im?i<;)�!�)NO9I"�9)2)%J9)2 E ���\d]�Ph�oQ�P� h��P�Q��e�eMn)d�qIF\F��Prs�@pgx��P�X`Qpgb\eM�PoB� Z

^
5.
qIFB�Mqso�i

B
�Qishz��isx y��P�6�Ghzq�eM�Qi�e�R E ���Ph\� fQr��#isoQ��xP��ote©i�hz�Q�6n]o#eMn]y&�gi q�hzhzb\eMnseme���rs�]��oK`h��]pgxPqs�<M�lQ�P�m�Py&pgxqH]r `O��q��gn]��pgxqH]r]�Py�F6�]h&qsh�h E ���Ph��s�Py&oQ��yti§lQ���g�Py&pmxLH]r]������oQlQ��r§i ��q��gn]��pgxqH]rkmnGF~F�eMishz�Q�6n]o#eEkgqVF�iso e©i�hjqsh���i�e�RBZ

^
C
��ish���isx eM��h km��pg�Po ��i�pgn]oQhdR E C�pMisyi�F�ish@d]��r]�$nso&egn]y�F�isoOe©i�hjqsh���i�e�R i lQ���g�Py&pmxLH]r ` CPp M\CPp�ZNEªBZGqIFQ�MiGP

1
8

1
8

u [

[

1
4

1
4

1
2

1
2

3
8
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8

3
4

{KZ�qIFQ�giBZ:^ x�b ��ish���isx qIFQ�Mq)kgi�i
[0, 1]

�zo#eM���md�ish�hzfQ��n]o

� y@y�n]��i yVH)d]��egys��xP�]y���e�y��Phzh ��hzh��PoQ�]�m�zx�oQ�@K
[]Z

A ∩ B ∩ C = R� �Q�B�Px�ys��e�lQnshzr]nse�ys��hzhJF$��hjq�egoQ�@K � rs�@�g��pgx�e E ���zoQlQ��o�d�ishSRsp��6n]o#e�F6�PoQoB��d�iso ���zoQl�iY ��ish���i�xLF�iso *B�Px�eg�g��d@�zqshz��p¨i ysn]oBpmeM�mfQyIC��SRGFJR]h£Z
��qspg�m�Ppgx�e E �Bn]rs��oQ��o\CPpm�Po¢��qsp yIH]xqH]p �6n]o#eEkgi�i�Y��Qishz��isx	����eMpmxP��eg�PoQ��y E �Px�e ��p�o�iS`r��]n]o yIHsoQo#�]�Po F6�¨eMfQlSkmfQy3FQ��xPn]o#�@b�eMisoQ�£Z � �Q�B�Px�eM��y&�zo#eMpm�Qy!�Ph��]pgxqH]� i

B∩C
��ishz��isx�e

N£�KZ�qIFQ�gi4P�Z � x �Pr���nsh��#i�o�xVq��met��ishz��isx E is���Ph\�@oQ�Py0���zoQlB�Po��6n]o#eEkgi�d�isrs� R
``F$��hz�

d�isr��¢�Pr�� k
2n

lB�jislQ��y&fQp pgxPqs�eFJR]h2��oQlQb\eMnseme
H
` F6�Ph��

R
`c�m�!�����g�]h��Pr]��p E 1

2n

�Qn]pgpmxLMQpgqsrGM
pmxVisyaispmxPn]o �Q�Ph\�]��xPys��lQ�zy���h Z e ishdRGF�iso E ys��e�islQn�egeOeMb��QfQp MNlB�P�g��y&pgxLHsr ` ��q��gn]��pgxqH]r
C�pMisy MQrs������eMpgx��Q��eg�+�Pr��K��qsp e§��i E d�isr���d�ishji�����h��@�zyeF6���4nsrGRakmfQy��Prs�'F6�P�Ppm�zy E d�isrs� iy���e�q�em�4n]rGR]o�i�y	d�iso yVH]xLH]p:����egpgx��Ppg�6n]o#eEkgiKZ e �Prs�@�QyisxPn]o�F�i�o���pgx��g� E �Qnsrs�!��rs�!��h��]��o����egpgx��Pp��Pishzi�egeg��� pgxPisyaispgx�o�isyOF6�PoBoQ�!ys��hzh�hz�PoBoQ�z�ti ����eMpmxP��e<F$��o E �Q��pgx��Po isx!���Q�6�Po
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ªBZ�qIFB�MiBZ ^ x�� ��ish���isx qIFQ�Mq)kgi�i
[0, 1]

�zo#eM���md�ishzh�fQ��n]o

��rs� kmnIF\F$nshzl�ishzqs�Mi E ��hzh���egds�¨��rs�3FQishzn]h�l�ishzqs�Mi��Mi)kmxPn]h\e lQ���g�Py&pmxLH]r `���qs�mn]��pgxLHsrGF$��o!d�isoF6�PoBoQ� E ����h��]��y B
`coB�Py E ��hzh���egds� C

`coQ��yO�Phz������� E ��p�isyaqs� �Pr��KpmxP��� `.pgxPqs��n]hjqspmpMish����Pra`r��]�]x��KlQ�B��eM�BoQy.is�m�<R]h$�zp E �Qn]rs����� HshSHseme�i!��isr#ispmpMqsr� HshSHseme�pg���¬h��P�Q��e���q�p��$nso&e4kgiOi
����egpgx���eMoB�Py=Z

� x��Py?fBe©q�o�i
B ∩ C

��ishz��isx�e �Phz����egpgx��Qy?isx
A
��ishz��isx�xVish E is���Ph\�CpmxPn]��pgx��PlQn]plB�jislQ��y&fQp pgxPqs����qs�gnsy@�gi �MiSkmx�n]h�e2pgxPiIF�qsh\�]n]p:��q��gn]��pgxqH]r d]n]oQishjisy�FJR]hQq�hzh Z } ��e2eM��egpgx���`

h��Pr]��p
A
``F$��hz����qs�gns��pmxLH]r�d�isr��RlQ��pgxckmfQoQy#e E d�isrs�Risx!��rs�@�zy�e©is� e©ish���i�xPxVi�i ��q�pg�zyai�eN � Z qIFQ�MiGP�Z y i!ds�Ppgx��QoQy.��rs��eg��eMpmxP�]h��Pr]��p��4�Qr]r]�]h��Pr]��p�pgxPisyaispgx�e

B ∩ C
` F6�]h E isy&y�n]�§isxd�isr�� isxO�Ph��GF\FQ�2��qs�gns��pmxLH]r]��y¢yIHsxP�Qh d�ishzis����h��@�zy&oQ��yRi{F6�Ph�pg��km�qF$��o���i�hjisl E �Ppg��eMh��Pr��hz����egpgx�ds��isx�e E dsi�rs�¢i eMishz�Q�6n]o#ege<R]h��Ph�eg�Py&�zo#emd]� lQ�zpmx�kmfQo#eMisy E �PxOfBe<RGF\FQ�:i{FQ��xPn]o#�@b\`eMisoQl\R�qsh�hzb�eMqspGpgxP�����6n]o#eEkgqVF^R]h ���glQ��y#eM�Ph��Po+Z

� x��Py?fBe©q�o?ds�Prs�@�QyNi hz��r]y&�zpg�qF\F?n]h��]isoN��qs�gns��pmxLH]r]��e E ����h��@�g�.��r#isx E �Bn]rs�Cd�iso i
pmxVisyaispmxPo�i�y0�Prs� E i.��q��gn]��pgxqH]rGF6�O�Ppg��l�i��MiIF@kgi N �BZwqVFQ�Mi4P Z y i�isx�e6F$��hjq�e4kmfQy E �Qn]rs�i ��qs�mn]��pgxLHsr�dsn]o�ish�o�isy oQ��o\CPp ����eMpmxP��eM�ti�pmxVisyaispmpgxVi�h�N4�Ph�eg�Py&�zo#emd]�ti�pmxVisyaispmx�eMishz�K`
�6n]o#eEkgqae�R]h P E isy&ysn]���6�P�gpmxP��ys��pgxP��o�d�isrs�@fQoQy E �B�zpgx��Po E ����o&e!����r#qshzhzis�Qb\eMnsemeMfQy E ys��e��h��s�Po0��qs�mn]��pgxLHsr dsi�rs�ReMis�meMishz��isxPxPi���rs�@��qsp e E d�isrs�Ri.����eMpmxP��eg�Qy¢h��Prs�4��h km�LF~F¢�Prs�pmxVisyaispmx�eMishz�B�$n]o#e4kgiBZ
^ hz�Prsy@��pg�qF\F0�zh\�]�PoR��qs�gns��pmxLH]r]oB�Py��P�Q�6�Po i��4��hz�Px��.�����g�]h��Pr]��pg���g���pg��y¢i�pmxVisyaispmx`
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�KZ=qVFQ�MiBZ:^
B ∩ C

��ishz��isx ��hzo�i�rs�]n]h\e§qIFQ�gqSkgi

y&�QhdH]o�F$��oeMfBlQo�qsoQyti��Qqs�gn]��pgxqH]rGH]oty&�SCPpm�zo#�@b�eg�PoQ�'MQrs� E �Qn]r��i�pgxVi�y�i�pgx���rs��l�is�MiVF@kgii�y&�zpm�LF\FC�Qqs�gn]��pgxqH]r]oQ��y¢�zp�iDF$��hzpm��km�LF6�Po���ishzislakmn]o+Z � oQoQ��y�i���qs�mn]��pgxLHsr]oQ�Py¢isx
i�hjis�@kgi E is���zoB�Py it�4��hz�Px��!���P�g�shz�Prs�Ppg���g���Ppg��y�itpgxVi�y�i�pgx E hz�Pr]ishjqIF~F�y���eMpmxP���g�Ppm�i�pgxPia`yaispmx��Bn]pgpmxVqso�i�y E �Q�zpmxP�Po�i�pmxVisyaispmx�eMishz�Q�6n]o#eEkgi.��rs�@pgxP��� `�i�hjisy�M E �Px��P� ed�iso n]h��]isoy���e���qs�mn]��pgxLHsr E ����h��s�PyCi�hjis�@kgq�o�isy �Qn]pgpmxVi0���Pr]��rs�]��xP�zy�i¢pgxPisyaispgx��Qn]pmpgxPq)d�ish���p���Ph\�]��y C�pMisy�isx��rs�@�zy_CPp M\CPpmfQy�F�iso �P�g��o#eMys��xPoQ��y¢i�pmxVisyaispmpgxPish �Pp �Prs�@��qspgpgish ZeN � x
i�x����g��o&egys��xP�Ppm���6n]o#e iOpgxPisyaispgx	e©ish��Q�6n]o#eEkgiBZ P

� x��Po�y&�zpg�qF\F���qs�mn]��pmxLH]rs�Py�it�4�Ph\eM��ds�Pp�pmxP�P�m�zo#e�lQ��pgxckmfQoQy#e©isy�ipgxPisyaispgx�e�R]h+isx �Ph��GF\FQ�
eMishz�B�$n]o#eme�R]h���h�eM��y&�zo#egds� E bzrs��isx�i	��qs�gns��pmxLH]r E is���Qe©i��me©i�hz��isxPxPi�i�pgxPisyaispgx��Prs� l�iS`�giIF@kgq�e§pmxP�Qy&pm�Pr]y��P�Q�6�Po¢y��Ph�h E �Qnsrs��eMis�meMishz��isxPxPi�Px�e iOys��e§�Qqs�gn]��pgxqH]r]��e§�zp E y&�QhSH]o@`F6�Po_CPpgisy ����egpgxP��oQ�	�]ys��e E is����e¨y&�zxVq��meMfBoQy=Z�g��P�Qq�e�i h��Pr]y&��pg�LF~F�nsh��#i�o.��qs�gns��pmxLH]r Ei�����h��'F$��o�i	pmxVisyaispmx§�Prs�OlQis�MiIF&kgi6F6�PoBoQ��dsi�o E n]h��]iso E ���Ph\�KoB�Py!i�x§ishjis�&kgi hz�Pr]ishjqIF~Fy���egpgxP����isy&ysn]�gi E ���zo#e i pgxPisyaispgx¢�Bn]pgpmxViBZ �crs� E ����ds�Ph�i���q��gn]��pgxqH]r���isr#ispmpMqsr]i√

3
2

1
2n

o�isrs�@pMq�rGM E isx �Pr]��pgx pgxPisyaispgx�ey��Ph�h E �Qn]r��Re©i��me©i�hz��isxPxPi E �Px��P� ei.��q��gn]��pgxqH]rdsn]o�ish�o�isy��Pp§i!pmxVisyaispmxPo�isy E CPpgisy ieMishz�B�$n]o#e4kgqIF�iso h��P�Q��e�����eMpmxP��eM� E �P�Q�6�Po E i��Qn]rs���r#isx�n]hzoQ�$pgx��P�g��egeg�Qy d]n]h�o�iBZ
vKZ�^�x�e y��PhzhF$��hjq�egoQ� E �Qn]rs������oQlQ�Po��$n]o#eg�Qn]x.hz��eM��xPoQ��y��4n]h\�@egn]oQn]pb�d]��yCi¢y&�QhdH]o�F^H]x���Qishz��isxPnsy'FJR]h£Z � x�e��zpGys��e�hz�P�6�Pp F$��o.�zr#i�xPn]h kmfQy E �Prs�@�g��pgx�e§�!fBe©iaeMfQoQy�Yb\d]��e�iYt��ish\`��isxqF^R]h

∀x ∈ R
`c�B�Px E ��qspm�g�Ppmx�e ���Pr]�!fKe©i�e4kmfQy E �Qn]rs�.isx��4n]h��&eMnsoQn]pPZ

� ��rs�]��o isx§islBnsege:�Qishz��isxP�Bn]x�isx�b\dn]h\�#iso E �Qn]rs�!isx§islQnseme ��ish���isx ��hz��rs�4�Ph�pg� �G�$n]o#e `
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�KZ�qIFQ�giBZ ^ x
A
�Pp

B ∩ C
�Qishz��isx ��rs�@�Begeg�Pp ys�P�6�

kgqVF^R]h$y&�z�zoBlQfQh�d�i E d]��r]�zr�i!��i�hz��isxLF�i�o.��n]x�n]rsd�i���zoQlB�zr!i�xPn]o�iO�g��pgxPb\d]��o���i�hjislakmnsoegn)dsqVF\F��Pr]��pgxP��o�i!yIH)d]��eMys��xP���Phjq�r#isxVq�pg�zr E is���6yIH]x��Phz�qF\F.d@�zpgx	i�x�islQnseme x
�$nso&eg�Qn]x�Z

� x.i�x�e�km��hz�Po#eg� E �Bn]rs� fBe©q�o�iR�Pr���y&�zpm�LF\F��Qispgn]oBhSR¢��q��gn]��pgxqH]rR��iae©qs�gqsoC���Prs�@�QoQyegn)dsqVF\F+Zjg�����q�e isxPnsoR�6n]o#eMn]y E ����h��]��y&�Q�PxeMis�meMisoQ�+egfQlQfQoQy E ��qs�§��rs� ���Pr]r��]�Ph ��y&�\`
pm�LF\F���qs�mn]��pmxLH]r�ishzis�@kgqsoQisy��6n]o#eEkgis��hz�P�B��eMoB�Py{CPpgisy E ����h����$n]o#egn]y ��ish���i�xVqso�i�y x��hz������Z ����ds�Ph=isx§n]pmx�e<R]�$nso&egn]y E isxVisx i	lQ�ji�lQ�zy&fQp e<H]�meg�Py!pX`Q� `Qo�d�isoQo�isy E �Px��P� e¨��h��]��oh��P�6�Pr]��eM��pgpg��h eM��egpgx��]hz��r]�Pp �Ph��]�g��� H]r]xPb\eM��ege

x
�$n]o#eg�Mi ���Mq�xPpgfBr]n]�gn@lQ��iaeMfQoQy ��Z

b��¨ys��hzh@hjq�ego&fQoQy E �Qnsrs��i����Prs�4��hz��hz�§b�d��4n]h\�&eMn]oQnsp E ��rs�@�g��pgx�e isx�i�lQnsege�d�ishSRsp x
�6n]o#eM�gi

��xtd@�zhzqsr]n]p E ��qspm�g��pgx�e�eM��eMpgx��]hz��r]�Pp isyaqs�g�Bn]rs�#i�o¢hz���4�Phz�	���PoQ��b�d@�g�sh|F6�	�4n]r)kmfBy.hjq�egoQ� E�Bn]rs�R�4nsh��&eMn]oBn]pPZ �K�se E isx�n]o0e�MQh E �Qn]r��0i��4n]h\�@egn]oQn]pmpMqsrsnse ��r#isxPnshzo�qsoBy E ����r]�!fBeMi�em`kmfBy E �Qnsrs�NisxRb�rs�?y&��d�qshzispgx�eMnseme�b\dN�Prs� � �z�Qp C©�Q��egx�` hz�Py��P�6�Px��Pp E isxPisx E �Bn]rs�Nhz��eM�Px��zy
K E �Qn]r�� |α(x1) − α(x2)| ≤ K|x1 − x2|

eg�Ph km��pg�Qh eg��egpgxP�shz�Prs�Pp E isx b\d]�Po e©i�hjqsh���i�e�R
x1, x2

�6n]o#eMn]y&�giBZ � x ��p�o&�@��h�d�qso#d�ishSR E ��i����Prsr]n]oQlQnsh kmfQy E �Qnsrs�7F�qs�m����h��R�$n]o#e<F^R]h��oQlQb\eMnseme E i��4�Qr]r]�]h��Pr]��pgpm�Ph +45◦
`cnsp E ��hzhz��egds� −45◦

` n]p pmxLH]r]��e�F6�PxVq��<R E h����4��hz��Qishjisl~R�4��hz��rs�]��oQ�Ppm�Pytqsh�eMish]��i�eMqs�gnsh�e}pgxqH]rseMis�megn]��q�o&��eMis�meMishz��isx�xVi�isx�H]pgpmxP��p isx�islQnseme��$n]o#e `
FJR]h ��h����4��hz� � b\d]��o���hz�P�m�Q��eg���6n]o#eMn�e isx�islQnseme§��ishz��isxqF�iso+Z � x��$��lQ�zr ��y&d@�\dsi�hz�PoBp§isx
i�lQnsege§�Qishz��isxPnsysn]o�hz��d]� b�ds�Py � ���Qp<C©�Q�\eMx ` eMfBhjiSkmlQnsoQpMqsr]q)d�ish£Z

�
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,. B. ;�L 0#1 2 Z � ��rs�]��o A, B
��p

C
��qs�mn]� ��ishz��isx

H
``F�iso{MQr�� E �Qnsrs� A ∩B ∩C = R

Z � rs�
x ∈ R

�6n]o#eM�Mi�isx�e���nsoQlakmfQy E �Bn]rs���g��oQlQ�Ph�ys��xP�zy�i .��0/ �F= G��/;��>;>G�� ��E��3;���� � �kG � C C>;��
���g�g� i���qs�gns����i�hz��isxP�gi�oQ��x�d]� E ��i hz��eM��xPoQ��y α ⊂ A, β ⊂ B

�Pp
γ ⊂ C

pmxVisyaispmxPn]y MQrs� E�Qnsrs�
x = α(1) = β(1) = γ(1)

Z

H+��H+�-a.F£FEL ')W�7s� 8c9!k �<;L S2	_ A~9I"$0 9?;!(�9I0r �k �!" S �Bi V k  �9 _ R@i<;?9)2I9)i<;6kc/'"�9XS&Y'=)%~iZT?&'=)k�0r #%xY'�!% x ∈

R 6 =)% kc� 94�

hj �;)=)% m V kDT)i�ZB^ FQ��xPn]o#�@b�eMqsp¨eg�MisoQpmxqU�oB��e���oQlQfQyVCP�SR)d�ish$xViSkmh��zy E ��p§i§k R]hz�m�PoQlB�PxP��pg�+eg��eM��h�e¨��ispgx `o�q�h kmfQy=ZG¦ ��oQlQ��xPxP�By!k Rsh}iOd�ishdR]p��Pr��]�PoB�Pp �6n]o#eEkgi���e E km�PhSHsh km�Qy��Px�e {xα : α < c}
` d]��h Z��RiSkml

isx
x0
�6n]o#eM�gitd]��rs�@�QoQy �Qqs�gn]� eM��eMpmxP�]h��Pr]��p

H
``F�iso �Qishjisl~R E lB�	isx x0

` FJR]h6�zoQlBfQhSR�4��hz��rs�]� `
oQ��pme E ��p§�Px�e�i ��qs�mn]� �4��hz�Pr��]�PoB�Ppme�pgns�gn]h kmfQy F6��i �Qqs�gn]� y&�QhSH]o�FJH]xP����ish���i�xLF�iBZ

g���rs�@�Qy��4�Ph E �Qn]r���dsi�hjis���Ph\� α
�g��oQlQpgxPqs���Mi���r#isx E �Qn]r��?����oQlQ�Po β < α

`c�Mi isx
xβ�6n]o#eM�Qnsx���qs�eMishjq�h�eMfBoQy ����rs�4�Ph��Phz�R��qs�gns� �4�Ph��Prs�s�PoQ��pmePZ �KxP���g��egoQ�PoByCe©ishzqshzoQ�

xα

`c�Bn]x�Y
�4��hz�Pr��]�PoB�Ppme E �Qn]r�������oQlQ��rs�@�zys��e F$��pgn]�mn]h�d�i¢�Pr��?��ishz��isxqF�i E isx�oQ���gn]o#egpMi �Ph§i ��ishz��ia`x�n]y&�Mi����PrsyIH)d]��eM�Ph\etegfQhji)kmlQn]oQpgqsr]nsePZ�^ Ya` pgxPisyaispgx eMfQhziSkmlQn]oBpMqsrDCPpgisy7MQrs� �mn]��hz�zy��Ph E ��id�iso0��q��gn]� �4�Ph��Prs�s�PoQ��p E is���Ph\�]��y@oB�Py�d�isoRyIH]xqH]p�����eMpmxP�Ppm�$nso&e4kmfQy¢i�dsi�hSR]p eM�PoBr]�Ph\�]�Po y&b\`d@�Qh£Z¢^ x ��oQlQfQyVCP�dR]pt�4��h�eM��d]��p!pgx��P�g��o#eO�Px C�pMisy�isx ���Q�?isy#eMfQqshz��p ��h��P�6�Pp F$�]h ��i�l\RKlB��i�eMn�egeVZ
N4^ x E �Qn]rs��ys��egeg�]oQ�Py�hz��pgx E isx�isx��Ppm��eM��y���rs�	k R�g�PpmxP�qF$��o��m�PpmxP�LF6�Po�eM��h km��pg�Qh6�zp E i3FQ��xPn]o#�@b\`eMqsp§pgxP�����6n]o#eEkgqVF^R]h+isxPn]o�F�i�o�oQ��� hz��o&�s�Pr]��p�y��P�mlQ�Pp�Z P
g��P��qae�CPpgisy�isx�e�hz���Q��e E pm�se�y��Phzh��PoQ� r#is�giso#e©qsh�oQ� E �Bn]rs��hz��eM�Px��zyOn]h\�#iso �4�Ph��Prs�s�PoQ��p E i����=���zoK`lQ��o E i���qspg��yRys��e�Qishz��isx�4��hz�Pr��]�PoB�Ppg���zoQ��y ����eMpgx��Ppm�$n]o#e4kgq�e��hzy��P�g�Bhz� Z ^�x�qsh\e©ishzqsoQn]pmpMqsr���Pr]pmxPn]�mb�eMqspMi�oQ�Ph�y@�Bh �4��h�eg�P�Q��eM� E �Qn]rs� �Px�fBe�RIF\FQ� ys��e!��ish���i�x B

�Pp
C
Z � lQlQ��rR���zoQlB�Po

��i�hz��isxOys��d]�Ppm�LF\F E ����o#e	ysn]o#eM��o&fQfQ� pgnsyR�4�Ph��Prs�s�PoQ��pme�e©is� e©ish���isx�nsegePZ!^ ys��et�Qishz��isxLFJR]h
F�q��g���Ph��Rys��egeM��e�eg�Py&�zo#emd]� E isx�n]y&o�isy¢h��Prs�4��h km�qF\F?[O����eMpgx��Ppm�$n]o#e4kgi�h��P�Q��e E eM����q�e	�Px κ × κpmn]y ����eMpmxP��pg�6n]o#eMnse��P�m�PlQ���Po#�]��x E is�Qnsh κ i

α
�g��oQlQpgxPqs���zr!eM���4km��lQ���Qishz��isx pmxVqs��n]pgpgqsr#i Eis��� bzrs� y&��pg�LF~F E ����o#ety�n]o#eM��o@fBfQ��Z N � x��6�P�mpgx�� ����rR���zoQlB�zr_CPpMi�y

κ
Z P g��P��q�e�P���ji�eme E

κ
pgnsy����Mqso#�&e�y@��ys��hzh�xVqs�mo&fQoQy E is���P�m�g�isx xα

�$n]o#e<F^R]h�oQ��� ��oQlQfQh���i�e n]h\�#iso��4�Phz��rs�]��oQ�Pp Eis���Ph\��isx
A
�Qishz��isxP�Bn]x�e©is� eMn]x��zy=Z����\d]��h H]pmpgx��Ppg��o0ysn]o#eg�zo&fQfQ� pgnsy����Mqso#� d�iso E ���Ph\�1F6�]h��n]pme

κ
` e�y&�zxPqs�megfQoQy E b�rs�C��p�i ��is�MislNysnso&eg�zo&fQfQ� pmn]y=Zpg��P��q�e�hz��eM��xP�zy�n]h��]isoN�4��hz��rs�]� `

oQ��p E is��� xα

``F^Rsh��zoBlQfQh+��p§is���\e�isx
A
�Qishz��isxP�Bn]x �QnsxPxVqVds��d]�toQ�P�¬�gn]o#eEkgi!��h iO��ish���isx�n]y

Ya` pgxPisyaispgx!egfQhjiSkmlBn]oQpMq�r#q�eVZ � x�e�i �Qishz��isxPnsy�y&�QhdH]o�F^HsxP�.pgx��P�m�P�6n]pgx�e©qspgqs�Mi�����r]�zpm����eM��h�d]�
isl~RKlQ��y E �Qn]rs�hz��eg�Px��zy!Y �4��hz��rs�]��oQ�Pp�isx xα
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���P�m�Q��eg�.��is�gisl+Z �cr��¢i

g
�4��h�eM��eM��hz�LF6�Po0pmxP���g�P�Bhz�.���P�g�B��eM��pgxLR�e�hz�qCPpm�P�g��hz�Q��eEkm�Qy�eM��eMpgx��]hz� `

r]��pg�m� E i����dF$�]h�yVH)d]��egys��xP�zy E �Qnsrs��i � Z YBZ�g���eM��hSF6�]h�i�l\RKl~R g
�4�Qrsrsd]��o#�����Pr]pmxPn]�mb�eMqspMi

N
` �g�

��hz�Prs��e§eM��pgx�i � Z � Z } H)d]��egys��xP���Po#���4�Ph�eg��eg�Phz���zoQ��y=Z
�

g����g���PpmxP��eg�Ppm�Po �����g�Qh§�4�Ph��PxPfKe©qso i�y��P�mlQ�Pp E �Qn]r���i � ZwYBZ dsi�rs��i�y�q�� i � Z\[]Z g�� `
eg�PhSF6�Po�pgxP���g���Qhz�

g
�4�Br]rsd]��o#�@e oB�P� eMfQlBo�qsoQy]`c�������g�Q��eM�]oQ��y d�qshzispgx�e©i�oQ�gf «��P�mpgxP�.��y&ysn]�

�4��h�eM��pgpmxP�Qy E �Qn]rs��iRh��zoQ�Pqs�g��p�eg�P�!��p���P�g�B��eM���4�Qr]rsds�Po#�]��y'F6�]h§qsh�h Z�^ ys���glQ��pme ��rs��pm��k eg�Pp
�4n]�m��q)kgqIF�iso.�4n]r#i�hz��isxPx�fQy����Pr~K
|}�� +���+ �T�'V>K7�� 8��@&Im4�!%

L R
R 0t9!��A �!kMW 7)8 &?&I>:9!% m��B2 n

YI #0 �!%';L @h?i3"$ #%�� TI�Q Siek �!���L� 4 2?24=)�e"U9�R
k �<;L S2

g
0t9!��A �!k�W 7)8 &?&I>:9!% m?(9I0 �!"$mV��� R(f = g) ≤ n

k �!" S �Bi 8 " 0r #%xY'�!% f ∈ L
�Bi?�!k�9!%J�

�K�6�LCP�zqshz��pMiso��Px
n = 1

` �g���zr]isxsZ

hj �;)=)% m V k T)i�Z�g��Py&�zo#eMpm�QoQy��Prs�aF�qsx��zpg��hz������e!isx L
[�lQ�z���PoBxP�SRsp�eg�P�goB�Py E hz��rs�]��o��Px f E��y@y�n]� ���zoQlB�PoR��hz���

α · f
i�hjisy�F�i�bz�g�Qi�e�RQZ � �Pr��]�Po A = R(f = 0) E ��x!�6�P�gpmxP�Oi�x3H]pmpgxP��pe<HGF\FQ� �4�Br]rsd]��o#�K�m� �zp�fBrs�#isoB�Px�e�iC��i�hz��isx�e��P�m�PlQ���Po#�]��xP� E eM����q�e R \ A = R(h 6= 0)���zoQlB�Po

h ∈ L
Z � �Prs�s�Po

g(x) =

{

1
��i

x ∈ A

x · f(x)
��i

x ∈ R \ A

^�x.bzrs� d�qshji�pgx�egnseget�4�Qr]rsds�Po#�����P�m�Q��eg� E �Q�zpmxP��o A
�����g�Q��eM�0��ish���i�x E ��pO��eme!ysnsoQpmeMisoQp�[���meM��y/` E ��qspmfBege§�6�PlB�zr ys��e ���P�m�Q��eg� �4�Br]rsd]��o#��pgxPns�gxViae©iBZ�g���eMpmxP�]h��Pr]��p h ∈ L

�4�Br]rsd]��o#�&`
o#�]��h�h��Prs�4��h km�qF\F?[�����egpgxP��pg�6n]o#eEkgi�hz�P�B��e E �Q��pgxP��o�����egpgx��Ppg�6n]o#eeC�pMisy i A = {h(x) 6= 0}��i�hz��isxLF�i�o�hz���Q��e E d�ishzis����o#e�eg��eMpmxP�]h��Pr]��p.����eMpmxP�Ppm�$nso&e����Pr]nshzl�qspgiCiCyIH)ds��eMy��Px�� �4�Qr]r�`
ds�Po#�]��rs�]��oQhz��eMoQ��yJK

h(x) = α · f(x) = x · f(x) = g(x),
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is���SF6�]h=yIH)ds��eMy��Px��zy E �Qn]rs� x
�P� eM��ys��CPpgisy

α
hz���Q��e E ����ds�Ph$isx A

��ish���isx�n]o�h��P�Q��e
f(x)

` pgx��Ph
n]pmx�eMisoQ� Z

�
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� ��� � � � ��* � ��*�� &)( ��&�� !#������� ����� ��-�- ����( ��� � ��� � ��&�����������(�� � �� �� �
!#�$� (

^�eM����qVd�ish+yais�JCPpmn]hjiae�F�iso�iOyIH)ds��eMy��Px��.ys�P�mlQ�Pp e5j1;O9B24�!"$m_l TBK!=)�ds��eg��egeg���4��h@K
|}��¥+����>&�aU�>@7s� w &49?;ZR<�B( A =<&Im

R
R<�!%f0t9!��A �!k�W 7)8 &?&I>:9!% m��B2tK TI�Q0 �!"$m >:9@&'�Bi"YI #0 �!%';L @h?i6>I�B2ORk =)�Qk �!� 9BA �<;3"U9!k �<;L S2 =)"$mG9I%

g
0t9!�BA �!kMW 7)8 &?&I>:9!% m[(+A =<&Im 0r #%xY'�!% f

�!"S�!0t9!���-9]>I�B2)k =)�Qk�9!�Q%��B2
9?;

R(f = g) ≡ {x ∈ R : f(x) = g(x)}
A~9I"$0 9?;�% /'"#"$0t9!�!kM9B2ON �

^ y��P�mlQ�Ppm�g� 8	9':<;!24=)>? @:BA{5� S2)"Sh?it�Pp�*j�!k �Q/�iB2I97l�m4n)�@&Im.�fQoQyaqSkgi o&�sn]��qso¢islSkmfQy.����r
iOd�qshjispmx�ePZ
� �Q�Q��x�����oQlQ��oQ�Py��Phz��ege�pgxP�By@pm�Pr]�BoQy hz��pgx i��ish���isx �6n]�gn]x���eMqspMqsoQisy!�4n]r#ish���q��Mi E ���Ph\� pgx�n�`�mn]p§y�i��^C�pgn]hzi�e�F�i�o�q�hzh+i�xti�lQnsege§�Qishz��isx ��rs��islQn�ege§�6n]o#e�F6�Phz��p `Q�X`Qpg��r]��ds�Ph Z

|}���$�-,. /.2;�L10#132}� 8��@&Im��!%
X

k �!" S �Bi_0 �!k �Q S2)/�i{k�9!� 9Bi�S �!"Sn)" S �
Br(x)

9?;
x
24nL;O9 6B6 =)% k � ri!/I&49I� �_;LTI�!k�&'n)0<K!n)k@� 4 2?24=)� �@&Im

M ⊆ X
A~9I"$0 9?;Lk
	�� /�� �:EHG �-;�� %��!>I�<; 8 %~2?(�A~9{"U9!k �<;L S2

α ∈ (0, 1)
9Bi-"U9!k �<;L S2

ε0
(�A =<&Im]0r #%xY'�!%

0 < ε < ε0
9Bi-0r #%xY'�!%

x ∈ X
R@A �<;e"U9!k �<;L S2{=)"$mI9I%

y ∈ Bε(x)
(9I0 �!"$m)���6 �&49?;!( A =<&Im

Bαε(y) ⊆ Bε(x) \ M.

� x
R
` F6�Po�i yIH)d]��eMy��PxP�sys�P�B�$��o oB�Px	y&� E ��rs��y&�SCPpm��e§qaeg�4n]r#i�hz��isx�d�i~K

|}��+�-,. /.2;�L10#132}� � ;
M

A~9I"$0 9?;��@&Im
x ∈ M 6 =)% kDKB9I%�	�� /�� �:EHG~(�A~9f"U9!k �<;L S2

c > 0
9Bi

In

;LTI�Qkr #% k �!�Q>)9I"#"$/10 i?=)�B=L;?9Ik#( 9I0 �!"$mV���
In → x

�I&Im[( A =<&Im
|In| ≥ c · dist(x, In)

9Bi
In ∩ M 6= ∅

�
� ;

M
A~9I"$0 9?;Lk 6 =)�BhL;L/4i!%J9)2 0 =)%xYXSQ/42?(�A~9]0r #%xY'�!% 6 =)% kbS&TBKB9I% 6 =)��hL;L/4iL�

|}��®+�-,. /.2;�L10#132}�54 &Im�A~9I"$0 9?;Lk
σ
��	�� /����:EHG��o;�� %��!>I�<; 8 %~2?(�A~9 6 =)��hL;L/�ijA~9I"$0 9?;)=?2�0 �@&:Ri<;LTI0r"\TI" A~9Ik h /'%  @h�Sq94�

g��P�m����pgxP��eM��pg�Po�isxfBoQ�SR�eMisrVkgis����pg��eM�LF6�Po y&�QhdH]o�F^H]x��
α E �zhzh���emd]� c

y�n]oQpmeMisoQpmn]yai�e����Pr]��oK`
r]��lQ�Q��eM�QoQy=Z

~� &3#TP &3�� %#>@7 Z � rs�
σ
` �$n]� R]xPfBp �Qishz��isx�ua` �����meg�Py/`��Pp	[]Z:yai�eM��rGR]�m�jqSk M+Z

e ishdRGF�iso�isx E �Qn]rs��ua` �����meM��y/`.i � �LF6�Ppmr]fQ��` p `Q�X`Qpg��r]��eg��eM��h�yVHSds��egys�Px�����o#�]� E �Pp�i�$ns�<R]x�fQp��i�hz��isx�lB�qU�oQbdCP�dRpgx��P�m�zo#e�pg���Qn]h$pg�P� p `Q�X` E b�rs���zh\�]�PoB�Py ����r]pgxPqs��hjqsh���i�e�R	fQoB�SRakgi�[sZ yai�eM� `rGRs�g�jq)k M+Z
^ yIH)ds��eMy��Px�� eM��eg�Ph}i � iICPx�ysn)d@�SC©�K`c«���eM�gfBpgyai�eM��eM��hzoQ��h+dsi�hjis����ds�Ph6�P�g�spg�LF~F$��e qsh�hzb\eVZ
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|}�E�&X}�ort>#') @F � 8|�@&Im4�!% 8
R
R 0t9!�BA �!kMW 7)8 &?&I>:9!% m4�B2a0 �@&)i<;LTI0r"\TI" A~9Ik hJYI #0 �!%';L @h?i "$ #%�� TI�Q Si

k �!���L� 4 2?24=)�{"U9!k �<;L S2a=)"$mG9I%
g
0t9!��A �!kMW 7)8 &?&I>:9!% m[(6A =<&Im R(m = g) σ

R 6 =)��hL;L/�i A~9I"$0 9?;0r #%xY'�!%
m ∈ L

�Bi?�!kM9!%J�

^ ���PoQo#�@�SF6�Po��Px�e�i�eM��eM��h�e�F$��hjq�e4kmfQy E isy&ysn]�G�Px �Pr��1F6�Po�����rsd�qshji�pgxPnsh kgi�iij1;O9B24�!"$m!qsh\e©ish�4��h�d]��eM��ege�ys���glQ��pmet�zp	isxO��hz�GF\FB� ����r)km��rs�@xP��p����meg�Phz���LF6�Po E pg�se�d�ishzis���\d]��h�e�HIF\F$��e	�zp�FQ��xPn�`o#�@b�ePZG^ eg��eg�Ph�e§e<HGF\F�qshzh�b�eMqspgn]o�ys�P�m�Ppmx�eM�Bh��4n]rVkmfQy��zr#isx�n]hzoB� Z

��n]h��&eMnsoQn]p2�4�Qrsrsd]��o&�s�Py d@�zxPpmr#qshzi�e©qVd�ishBy��Px�lakm�Qy�isx qshzh�b�eMqsp FB�zxPnso&�@b\e©qspgq�e E ds�Py#eMn]� eM���¨�Q� `h\�]��eme �6�PlQ��r ���Pr]pmxVqs��hjq�hz��i�e<R§pgn]y	�4�Qr]rsds�PoQo#�s�PhB�4n]rsfQoQy��4n]r]hzishzy�n]xPoQ� E ��iSkmlt����r]�!fBeMi�eEkmfBy E�Qnsrs�R���g�m�d@�zpgpmxViVd]��xP��eM�Q��eM��i �����g�Q��eM���4�Qrsrsd]��o&�s�PyRds�Py#eMns�meM���g��oQ�Py¢��pg��eM�sZ � xP��y�d@�zx�pgr#qS`
hzi�e©qIFQiso.�4n]o#eMn]p�pm�Pr]��lQ�PpmxPyIHsx!hz��pgx�i!�4�Qr]rsds�Po#�.�4n]h��&egn]oQn]pmpMqsr]����n@lQfQh�fQpMiBZ

|}�E�=�=�o,� B.2;�L 0#132�� 8|�@&Im4�!%
f : R → R

�@&Im��!% "S�!k �Bi?�!% 7 =)"$m)k =)%�=?i 7)8 &?&I>:9!% mI� 4 2?24=)�39?;

ω(δ) = ωf(δ)
def
= sup

|y−x|≤δ

|f(y) − f(x)| δ ≥ 0

2) 7 �3S �<;O9Bi!k 9?; f 7)8 &?&I>:9!% m�� � �����������FGOG�� C A�= ��� E��UEHG����-;��pA V > SQ/�2I�
^ yIH)d]��eMys��xP� qsh�hzb\e©qsp F�iso i �4n]h��&egn]oQn]pmpMqsr]����n@lQfQhzfBp:oQ�P��q�o&� ��hz�����QegfQhjiSkmlBn]oQpMq�r#q�e:�4n]r�`

hzish kmfQy H]pmpgxP�VK
|}�E�@* �oa.F£FEL4'VW�7s��4 &Im4�!% "S�!k �Bi?�!% 7 =)"$m)k =)%�=?i f 7)8 &?&I>:9!% m��Bi?�!kM9!% 9?;

ω
�@&Im4�!% "S�!k �Bi?�!% 7 =)"$m)k =OR%�=?iB(

ω(0) = 0
(|0 =)%�=)k =)%]%�n)>:W?(o9BiA~9

∆ > δ
( 9)2?24=)�

ω(∆) ≤ (∆
δ

+1)ω(δ) ≤ 2 · ∆
δ
·ω(δ)

(
>)9I"�9I0r #% k A~9

f
9Bi

g
�@&Im4�!% "S�!k �Bi?�!% 7 =)"$m)k =)%�=?i 7)8 &?&I>:9!% m��B2?( K ∈ R

k �!k i<;OW)"S�@&'�Bi�i<;LTI03( 9)2?24=)�
7 �!% %xTI"#"�9 ωf+g(δ) ≤ ωf (δ) + ωg(δ)

(� #"#"S�!kc>I�
ωK·f(δ) = |K| · ωf(δ).

^
+1

`c�g����eme i�xP�P� e�dsn]h�e�pgx��Qy&pg�Pr E ���P� e�oB�P� FQ�zx�eMn]p E �Qn]rs� i
∆
i

δ
��r]�PpmxPpmxVqs�eM

e<HGF\FQpmxLH]� H]pg��Z
� rs�.�4n]y&yaish+pmxP�qF\F¢ishzisy E qs� �Prs�.y&�dCPpg�\e§lQfQ� dsqVF\F F6�LC�pgh��PpLK ω(∆)

∆
≤ 2 · ω(δ)

δ

^ �4�Po#eg�+qsh�hzb�eMqspgnsy!yIH]x��Qh�eMishjqso CPpMi�y
f + g

`c�g� d]n]oQi�eMy�n]xLROpmxPn]�mfQh+oQ�����$��isr��#is�gqsxVi�eg�Mi E���Ph\�.iO��qs�mn]��pmxLH]r ��rs�]��oQhz�seghz��oQpg��rGF$�sh �Pp iOpgxPfB�Q�g���!fQ� pgx�f\F�islBlQ��eg��d�q�e©q�pMqIFJR]h isl~RKlQ��y=Z
|}�E�@H �o,� B.2;�L 0#132�� � ;

ω 7)8 &?&I>:9!% mVk�� ��������� � � G G �FC A = � �>E�� EHG �-;�� A V > SQ/42?(WA~9 �@&Im4�!%>R
"S�!k �Bi?�!% 7 =)"$mVk =)%�=?i�9 [0,∞)

R<�!%~( 0 =)%�=)k =)% %�n)>:W?(r>)9I"�9I0r #% k6k �!" S �Bi 8 " (3A =<&Im ω(0) = 0
9Bi

k �!k i<;OW)"S�@&'�Bi
δ1
(
δ2 ≥ 0

�Bi?�!kM9!% 7 �!% %xTI"#" (�A =<&Im ω(δ1) + ω(δ2) ≥ ω(δ1 + δ2)
�
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~� &3#TP &3�� %#>@7 Z e ishSRSkgqIF�iso�isx	��p��zr#isx E �Qn]r��.iO�4�Po#eM�+�4��h�eM��eM��hz�Py&oQ��y �Ph��Pr]��egeg��d]� ω
�4�Qr]r�`

ds�Po#�@�Q�Px�hz��eg�Px��zy n]h��]iso
f
�Pr��]�PoBhz��eg�Ppm�PoN�4n]h��&eMnsoQn]pt�4�Br]rsd]��o#� E ����h��@�g� ω = ωf

eM��h km�Ppm�Qh Z
NE«��Ph�l�qsfQh

f = ω
���Pr��4�Phz��h E ��i ω

`�q�e§iOoQ��r#i�egb�d pmxVqs��n]y���ishz��isxPqso�ua`coQisy����meM��hz���Px�xP�Qy=Z P

|}�E�#|��oa.F£FEL4'VW�7s� 8|�@&Im4�!%��B2
ω1, ω2, . . . 7 =)"$m)k =)%�=?iBiZT?&I �0 =ZYI/'"$/4i?=?2I� 4 2?24=)�6"U9!k �<;L S2{=)"$mG9I% g

7 =)"$m)k =)%�=?i 7)8 &?&I>:9!% m?(3A =<&Im R(f = g) 6 =)�BhL;L/4i{A~9I"$0 9?; 0r #%xY'�!% =)"$mI9I%
f
�@&Im4�!% "S�!k �Bi?�!%

7 =)"$m)k =)%�=?i 7)8 &?&I>:9!% m)�B�B(�9I0 �!"$mV���6>)9I% =)"$mI9I%
i
( A =<&Im

ωf ≤ ωi

�

hj �;)=)% m V k T)i�Z � hzh�b�egpgfQy��Ph�� g
` e§i�yVH)d]��egys��xP���4�Qrsrsd]��o&�@pmn]� i�hjisy�F�iso�K

g =
∞
∑

n=1

gn E is�Bn]h |g′
n(.)| = Kn

��i)kmlQoQ�P�¬����oQlQ�Po&�Beme§�Pp
|gn(.)| ≤ an,

�Pp
Kn

h��Prs�s�Po n]h��]iso E �Qn]rs��eM��h km�Ppm�Qh k Hso¢�Mq E �Qn]rs� Kn > 2
∑n−1

i=1 Ki

ZSN�^
Kn

` ��e � Z\[)ªBZ
� �P����qIF�iso hjq�eg��i�e<R�� R@lQn]o �4n]r)kmfBy0����rsd�qshjispmx�eMisoQ�#P Z�^ ����iSkmlQoQ��� ����oQlQ��o@�Kege �Oy&���4� `
km��xP�Pp�d�ishSRakgqVF�iso?hz��rs�4�Ph km�LF\FN����r]pgxPqs��hjqsh���i�e�RRpgn]y�y&��ds��eg�Phz��p��6n]o#eMnse km��hz�Po#e E is�Qnsh�oQ�zo\C�py���eMnshzl�ish��+lQ���g��d�qsh\eEkgi!i

gn

` oQ�Py=Z
� xPx��Ph�pgxP���eF6�Po E i�x an > 0

pmn]�gnsxVi�eg�Mi C�pMisy isx�i��4��h�eg��eM��h ys�Ph�h E �Qn]rs� eg�Ph km��pg�Qh k H]o E �Qn]r��isx
an

e©isr]nsy'FJR]h y��P�Qx���ege pgn]� hz��rs�]��oRy�n]o#d]�P�mr]�PoBpPZ � xP�P� e � H]r]xPb\eM�Q��eEkm�Qy��zp§�]ys��e E ��nsoQlakmfQyh��Prs�s�Po
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2

u [ Yv
[)uKZ�qIFQ�giBZ:^�dK��xPpmr#qsh�e¨�3`Q�g��pgx��4nsr�rGHs�<F6�

^ xPisx E i��Qn]hGi�pmxVqs���Prs�s�PoQ��pO�Prs�@pm�Pr]o#�@��eMq)dsn]hzpgqsr]n]y&�gi�d�iso��4��hzn]pmx�egd�i E �Ppi��3`Q�m�Ppgx��4n]rrGHs�<F6����iO(K���!fQ��i Kn

2

N [VuBZwqVFQ�Mi4P Z � x§�6�P�gpmxP� isoQoQisyOi �4�Ph\eM��eg�Ph�oQ�Py�oQ�P� eM�Ppmx§�Phz��r]��e E �Qn]rs�
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n(.)| = Kn

�4�Ph\eM��eM�Ph E hz��rs�4�Ph km�LF\F0i�xPn]y0i.�6n]o#eMn]y���nsxPlQfQh\e©isy��Ph E is�Qn]hoQ��o\CPp§���meM��hz���Px�d]��i�lB�P�g�\d�qsh�ePZ
^

g
�4n]h\�&eMn]oQnspgpMq�r#i�o#�@�zh\dsq�o&d�ishdR E �Q�zpmxP�Po i�ysn]o#d]���gr]��oQp	��i)kmn]�MqsoBp ���ji�eme i ∑ gn

��rs�]��oK`
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gn

�Ppm��eM��o N4�Prs�s�PoQh���eM��pg��o P§�4n]h\�&eMn]oQnsp
g
�4�Qrsrsd]��o&��i�l\RKlB�zy=Z

�

���Prs�!fBe©iaeEkmfQy E �Bn]rs� i
Kn

����rs�4�Ph��Phz��dsq�hjispmx�e©q�pMi�����hzh���ege i
hn = an

Kn
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10n·Kn��pg��eg�Po��zr]isx E �Qn]r��OeM��egpgx��]hz��r]�Pp E i � Z\[ � Z � h�hzb�eMqsp �4�Ph\eM��eM�Ph���e�y&�z�Ph��Pr]b\eM� f
�4�Br]rsd]��o#�K�m� hz��eM��xP�zy

n]h\�#iso
n0 E �Qn]r�������oQlQ��o n0 > n

` �g���PpOeM��eMpmxP�]h��Pr]��p
x ∈ R(f = g)

�Ppm��eg�Po E i�x x hn

`
pmfQr#is� M�yVH]�go#�s�PxP��eM��oQ�Py_CPpgisy FQ��xPn]o#�]nsp�U (���qso#�]isl�qIF�i�o�eMishjq�hz��i�e<Rn]h\�#iso

y
�6n]o#e E ���Ph\�K�m�

y ∈ R(f = g)
eg�Ph km��pg�Qh�oQ�sZ:^�x�e§��p�����r]�!fBeMi�eEkmfBy E �Qn]rs���Px	ieFQ��xPn]o#�sn]p§��qso#�#isl.�4�Qrsr]��eghz�Po

f
�Pp

hn

d�qshjispmx�eMqspMq�e<R]h E ���Ph��'F6�]h isx	q�hzhzb\e©qsp¨isxPnsoQo�ish yVHSds��egys�Px��zy=Z
¦ Hsr]xPb\eMpg�BoQy���rs�
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` e§�Pp�e©is� eMpmfQy ���Pr�i ysn]�gqIF\FQ�

hn = 1
10n·Kn
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x
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g
ysn]oBpmeM�mfQyIC��SRakgqVF^R]h@�Pp i���qs�mn]��pgxLHsr �Prs�s�PoQh��seMh��PoBpg�PrIF$�]h#d@�zhzqsr]n]p E �Bn]rs�JK

|g(x) − g(y)| ≥ |gn(x) − gn(y)| −
n−1
∑

i=1

|gi(x) − gi(y)| −
∞
∑

i=n+1

|gi(x) − gi(y)| ≥

≥ Kn · |x − y| −
n−1
∑

i=1

Ki · |x − y| −
∞
∑

i=n+1

2

10i
≥

Kn

2
· |x − y| −

2

9 · 10n
,

is�Bn]h2i���q�pgn@lQ�zy.��rs�]��oQhz�seghz��oQpg��r
Ki

`cy&�g��d]n]o�iaeMysnsxLR{F6�LCPpmhz��pg�
(i < n)

i
gi

lQ�P�m��d�qsh kgq�o�isy
egfQhjiSkmlBn]oQpMq�r#qIFJR]h E ��bzr�i Kn

`c�g�Odsn]o�i�egysn]xqR�F6�LCPpmhz��pi��4�Po#eM� ysnsoQpmeg�gfQyVCP�SRIF^R]hGisl~RKlQ��y E ��h\`h���egds� iIF~F^R]h E �Bn]rs��isx x
�Pp!i�x

y
�6n]o#eMn]y isx�islQnsemet�4��hzn]pmx�eMqsptpmxP���g�zo#efQrs�#i�o�isxPnso�islQnseme

hn

o�isrs�@pMq�rGMC�zo#eg�P�md�ish�hzfQ�3F�iso0d�isoQo�isyfF6�PoQoB�sZR^�x
i > n

�zoBlQ��( `�eMisr]n]yai�e��Pr��KpmxP��� `Q��o
i!�4�Qr]r�d]�Po#����iO(K�z�!fB��qsoQisy ys��egpgx��P�g��pg��d]�Ph+F$�qCPpg�Bhz�Q��eEkm�Qy E �zpm����e§iO��qs�gns��pmxLH]r �Pr��]�PoBhz�se `h��PoQpm�Pr]��e���ispmxPo�qsh\d�iBZ ^ ��qspmnKlQ��y!�Pr��]�PoBhz�seghz�PoBpg�Pr!i

Kn

`c��y@�m��eg��ege��4�Ph\eM��eg�PhdF$�]h=yVHSds��egys�Px��zy=Z
��rs�]iso�isy&y�n]�

|g(x) − g(y)| = |f(x) − f(y)| ≤ ωf (hn) ≤ ωi(hn),

d�ishzis����h��
i
` �g��i¢�4�Ph�eg��ds�Pp�pgxP���g��o&e E y��Phzh��K��o?o�isrs� n

`c��e�d�qshzispgx�egd�i0�Pp�y&�z��ispmxPo�q�h�d�i E �Qn]rs��4��h�eM���Q��e4km�Qy E �Qn]rs� hn

eMis�me uS`c�Qn]x�Z N � xPx��Ph}yais�JCPpgnshji�e<F�iso.hjq�pgl	K � Z\[)ªBZ � ������iBZ P
��eg�g�PoBlQ�Px�d]�OiOyIH)ds��eMy��Px��{F$�qCPpgh��Pp isl\R@lQ��yJK

|x − y| ≤
2

Kn

(ωi(hn) +
2

9 · 10n
) =

2 · ωi(hn)

Kn

+
4

9
hn.



� �m�����T��
���������r�o��������������
k
\� ��
 ��� �r
)�Q� ����� �u�k� �H
 � 
 �H��
 � YB[

^��Q�Qn]x E �Bn]rs�0i hn
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d�qshzispgx�e©qsp�P!K

2 · ωi(hn)

Kn

<
hn

36
,

N [?P
is��� q�eg�g��oQlQ�Px�d]�

72 · ωi(hn) < 1
10n

ishji�ysnse Hsh�eM�£Z
���Ph�eg��ds� E �Qn]rs� ��x�e¨egfQlakmfQy r#i��Miso#e©q�hzoQ�Q���zoBlQ�Po n > n0

` �Mi�dsi�hjis���Ph\�
n0
�Ppm��eM��o E isy&y�n]�eg��eMpmxP�]h��Pr]��p

x
�6n]o#e��MiSk eMi	d�iso��Prs� E i gn

�4��hzn]pmx�e©q�pMi	pgxP���g��o&e�d]��ege
hn

o�i�rs�@pMqsrGM��zo#eM���md�ish�hzfK`
��n]o+Z ^�x§�Phz�IF\FQ�z��y�F$�]h=i�x�eG�zp egfQlakmfQy E �Qn]rs� ��xP�Po�isx§�zo#eM���md�ish�hzfQ��n]o E lQ� i�x x

yIH]x��P�Q�6n]o#e�M
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+ 1

36
) · hn = (1
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− 1

36
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pmfQr#is� M�yVH]�<Hso�y&b�d@�Qh oB�P� h��P�Q��e�nsh��#i�o��6n]o#e E i�����h��]��oisx
f
�4�Qrsrsd]��o&���P� eM��ys�����Pr]��rs�]��xPoQ�
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x ∈ R(f = g)
�6n]o#eM�Bn]x��p eM��eMpgx��]hz��r]�Pp �zh��s�Po

hn

` �g�i
Bhn

(x)
` F6�Po¢h���eM��xP��y���rs��hz��r#ishjqVF\F

1
36

· hn

oQisrs�@pMqsrIM
In

�zo#eg�P�md�ish�hzfQ� E is�Qn]h:i�x (In ∩ R(f = g)) = ∅
Z-g�����q�e	y&�z��i�pgxPoQqsh�d�i E�Qnsrs�

hn → 0 E ��i n → ∞
isl\R@lQ��y E �Qnsrs��isx R(f = g)

�Qishz��isx ���zoQlB�Po��6n]o#eEkgqIF�i�o
�6n]�<RsxPfQp

α = 1
36

dsq�hjispmx�e©q�pgpMi�h Z
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1

72 · 10n
∀ i = 1, . . . , n

R ���B(
k =)>OTBKLK T{9

Ki = 1
10i·hi

i?=)��=L;?9Ikc� 9]k �!" S �Bi 8 "|9 24n)>I�!k#24�<;OW �@&Im4�!% "UW)k "S�!%~iL9@&B[

1

10n · hn

> 2

n−1
∑

i=1

Ki.

hj �;)=)% m V k T)i�Z^�hz������q�e
n
pmxP�P�m�zo#eM�+eg�Ph km�Pp§�zoQlBfQyIC��SR)d�ish	FQ��xPn]o#�@b�e4kmfQy=Z

� ��eg�Px��zy n]h\�#iso h1 > 0 E �Qnsrs� ω1(h1) < 1
72·101

Z
K1

�6�PlQ��r hz�Pr��]�Po 1
10·h1

.g��Prs�@�Qy��4�Ph E �Qn]rs� n−1
` �g����qs��hz��eM�Px��zy�i ���Prs�4��hz��hz�

hi

���zoBlQ�Po
i ≤ n−1

Z � y&ysn]� ���zoBlQ�Po
i ≤ n

�Ppm��eg�Po?hz��eM�Px�oQ�Py
δi > 0

�P� eM��ys�Py E is���Ph\�]�Py&�m� �zr#i�x E �Qnsrs� ����oQlQ�Po h ≤ hi

` �g��isx
ωi(h) < 1

72·10n

eM�Ph km�Ppm�Qh Z � h��]��o
δi

` y�d�ishdRGF�iso0h���eM��xPoQ��y E ����ds�Ph:i��4nsh��&eMn]oBn]pgpgqsr]� ��nKlBfQhzfQp��n]oQnsegn]o�o\H)d]� E i ua``F�iso�kmnGF\FB�<R]h¨�4nsh��&eMn]oBn]p!�Pp nseme�u¢�P� eM�Py���e�d]��pgx��4�Ph Z � �Prs�s�Po h′
n =���zo

i≤n(δi)
`c�m������oQlQ��o

h ≤ h′
n

y&���Phz��r]b�eg�+isx���hzpm� �4��h�eg��eM��h�ePZ
� rs�#isoQisy&ysn]��ys�Ph�hz�@�Po�y&�SC�pg�}�P� eM�Py���e d�qshjispmx�emdsi hz��eM��xP�zy�n]h��]iso

0 < h′′
n ≤ h′

n E �Qn]rs� 1
10n·h >

2
∑n−1

i=1 Ki

eg�Ph km��pg�Qh}���zoQlB�PoR�6n]x���eMb\d
h < h′′

n

��pg��eg�Po+Z e q�hjispmpgxPfBoQy��Prs�.eg��eMpmxP�]h��Pr]��p ��h��]��o
���meM��ys��e���p:�<H]rsxPb�egpg�Qy��Px�e

hn

` oQ�Py=Z2^�x�bzrs�	d�qshzispgx�eMnseme
hn

��hz�Prs��e eg�Ppgx§i �4��o#eM�B�4��h�eM��eM��hz�Py&oQ��y=Z
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` oQ�Py=Z
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f ∈ L
�Ppm��eM��oChz��eM��xP�zy

ω ∈ H E is����h��@�g���zr]isx E �Qn]r�� ωf(δ) < ω(δ)���zoQlB�Po
δ > 0

`c�MiKZ
� h\�]�Po

H
��ish���i�x�e�isx

ω
��hz�P����egfQhji)kmlQn]oQpgqsr#is��pg�Prsb�eMpm�Pr]��d]��h���rs�@pgx��P� `B�Po y��PpmxPb�eg�Q��eg�QoQy=Z

e ��rs�@�QoQy���rs� FQqsxP��pme
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` F6�Po E h��Prs�s�Po �Px
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��p eM�Py&��o&egpg�Qy isx
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�4n]h��&egn]oQn]pmpMqsr]�
��nKlBfQhzfQpmn]yai�eVZ e �Pr��K�ByC����oQlQ��o

ωbi

` �g�.i�x
n · ωbi

�4�Br]rsd]��o#�]�Py���ePZ � x��PyC��rs�@�Begeg�Ppg��o ��p
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H
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^ r]nsoQlQn]hzi�e �Q��h��s�Ppgpm�Pr]���Q�Px �Ph��Pr]��oQlQ�NiCyIH)ds��eMy��Px��seOF6�Phzq�eMoQ�£Z y i�islBnsege
αi

�zh�hz��egd]�
βi��rs�@�Begeg��i�e�Ra`cpgns�gn]xPi�eMn]y E ����h��]��y&�g� �zr#i�x E �Qn]rs� αi ≤ βi E is�Qnsh i

�zoQlB��(K�Py���rs�
I
d]��r]�Pp
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P
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∑

i∈I
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(δ) ≤

∑

i∈I

βi · ωbi
(δ) = ωj(δ),

���zoQlB�Po
δ > 0
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��hz�#qsh�h ∑
i∈I αi · bi

ishzisy�F�iso E �Qn]h I
d]�Prs�Pp E ��p���Q�Q�Px�hz��eM��xP�zyRi �4�Po#e�hz�Pb��meMisy&o�isyR��hz��r]��e�eg��d]�

βi ∈ N
�Prs�@�BemeM��iae�R�` pgn]�mn]xVi�ePZeg��P��q�e���xP�Po

ωi

` y&�g��ishzyaish���i�x�d�i!i � Z\[ � Z�� h�hzb\e©qsp e�isl\R@lQ��y�i yIH)d]��eMy��PxP���Po#�sZ
�

���z��hz�seme i	�����g�Q��eM�	�4�Qr]rsds�Po#�]��y�ds�Py#eMn]� eM���g�PoB�Py��Ppg��eM���g��dsn]o�i�egysn]xqR!qsh�hzb\e©qsp FQ�zx�n]o#�Kb\e©qa`
pgqs�Mi!�gq�eM���goQ��oQy E y&�z��n]oQlakmfQy � fQxP��o �zh�hz��egd]� g��z��eMx�� eM��eg�Ph���e E is���Ph��s�Py&oQ��y�y&fQhSC�pm�4n]o#egn]pgpgqsrGMpmxP�P�m�P�6�h��Ppgx	i�x � Z�[)uKZ g���eM��h FQ�zx�n]o#�@b�e©q�pMqIF�i�o+Z
|}�E�� �ort>#') @F � N � fQxP��o P8��@&Im4�!%

(G,M, µ)
8��ZK!�Bi<&I/ ��R j kc @�!"$kbS �Bi�R 7 9!"S�30t9!�!kM9B2)kM9!�B( f : G → R

0t9!��A �!k�WD"S�B2B9 6 �<;O9BiL�8��@&Im4�!%
H ∈ M

=)"$mG9I%~( A =<&Im
µ(H) < ∞

( k =)>OTBKLK T
ε > 0

9BY'=)k k`� 4 2?24=)�r"U9!k �<;L S2O=)"$mI9I%
A ⊂ H

;LTI�Qk A~9I"$0 9?;!(+A =<&Im
µ(H \ A) < ε

9Bi
f |A 7 =)"$m)k =)%�=?iL�
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^ eM��eM�Ph�FQ��xPn]o#�@b�eMqspMi!���Pr�e©ishzqshz��iae�R{X ª)Z ` F6�Po+Z
|}�E�@® �ort>#') @F � N g��z��eMx��?P
8��@&Im4�!%

X
%�=)�Q0<TI"$ SiTk�9!��(�@&Im�;LTI�!k

A
� 9Bi<;!A~9I"$0 9?;LTV%��@&Im

f : A → R 7 =)"$m)k =)%�=?i 7)8 &?&I>:9!% mG�4 2?24=)�
f
2) #k �!�gS �Bi<;Lk A �!kMW

X
R ���B(�>)9?&Im) Si "U9!k �<;L S2f=)"$mG9I%

F : X → R 7 =)"$m)k =)%�=?i 7)8 &?&I>:9!% m[(0 �!"$m)���
F |A = f

�
^ g��z��eMxP��eg��eM��h}�Prs�{FB�zxPnso&�@b\e©qspgi{X �VZ ` F6�Po�n]h\dsi�pg��i�e<RQZ

~� &3#TP &3�� %#>@7 Z y n]rs�
A
xVqs� e �Qishz��isx�isoQo�i�y�i��4�Po#eg��eg��eM��hSF6�PoOkm�Phz��o#eM�]p pgx��P�g���$�tdsi�o+Z ' R

�6�Ph�l�i i
(0, π

2
)
��o#eM�P� d�ishzh�fQ��nsoti§eMr

(x)
nsh��#i�ot�4n]h\�@egn]oQn]p}�4�Qr]r�d]�Po#� E ����h��	oQ����eM�P� km�Ppmx�eM�B��eM�

y&�
R → R

�4n]h��&egn]oQn]p��4�Qrsrsd]��oQo#�]� E �Q��pgxP��o���qs� [0, 1]
` �g��pm�P��Z

� xP�Py.fKe©qso.d@�zpmpgxViaeM�P�m�Q��eg�QoQy�i � Z\[)uBZ g���eg�Ph�FQ��xPn]o#�@b�eMqspMqs�gi~K
��� �g] �I�<vo9!k �!"HKL �;)=)% m V kDT)iL9e ��rs�@�QoQy �Prs�fF�q�xP�zp e!i�d]��y&egn]�meg�P� F$��o E hz��rs�]��oC�Px m1, m2, . . . E is�Qn]h:eg�P��q�e mi

���P�m�Q��eg�
�4�Qrsrsd]��o&�s�Py=Z �Kx�n]�gb\eMpmfQy����Pr �Ph��]pgxqH]�����zoQlQ��rs�@�zy��4�Qr]rsds�Po#�&e i

(0, 1)
�zo#eM���md�ishzh�fQ���MiBZ e ��`

rs�@�QyNpgns�<F�iCi�x
mi|(0,1)

���P�g�B��eM� �4�Qr]rsds�Po#�]��ys��e E ��xP��y@�m�0ish�y�i�hz��isxP��iae�R � fQxP��oK` eg��eM��hz��i
G0 = (0, 1)

�Pp
µ = λ

pgxP���g���$n]pmx�eMqsp<F�i�o E i��Qn]h λ iOpgxPqs���Prs�s�PoQ��p � �LF6�Ppmr]fQ��` �����meg�Pys��Zg��P��qae!d�qshjispmpgx�fQoQy�eg��egpgxP�shz�Prs�Ppg��o��Prs�
ε
` e E �Py&y�n]�!hz��eM��xP�zy n]h\�#iso A1

xVq��meO��i�hz��isx E �Qn]rs�
m1

�4n]h��&egn]oQn]p
A1
`c��o.�Pp

λ((0, 1) \A1) < ε
2

Z y ispmn]oQhSR]iso d]��rs�@�Qy
mi

` �g��i � fQx��zoK` eM��eg�Ph�oQ�Py���Prs�4��hz��hz�
Ai

xPqs�me§��i�hz��isx�e E is���Ph\�K�m� mi

�4n]h��&eMnsoQn]p
Ai

`co��Pp
λ((0, 1) \ Ai) < ε

2i

Z �cr��

F1 =

∞
⋂

n=1

Ai

xVq��me �Pp
λ((0, 1) \

∞
⋂

n=1

Ai) <

∞
∑

n=1

ε

2i
= ε

Z

� y&ysn]� eg�P��qae ���zoQlQ��rs�@�zy
mi

F�qsxP��p���hz��� �4nsh��&eMn]oBn]p
F1
`c��o E b�rs�	�$���gpmxP�§i ds�Py#eMns�meM��� ���zoQlQ��o��hz�P�����zp E �Q�zpmxP��o��4n]h\�&eMn]oQnspMisy�hz�zoB�Vqs�m�zp¨y�n]�eFQ��o�qIC��SRakgi!��p��4n]h��&eMnsoQn]pPZ���\d]��h�i

(0, 1)
isx

R
` �Po��zoBlQfQyaqsh�e�ish�eg�P��eMns�$n]hdR]r]�zq)d�ish=��hzhjqaegd�i!oQn]�m��qsh��zp E F1

�$��lQ�zrOxPqs�me E ig�����eMx�� eM��eM��h��P� eM��hz���LF6�Po�ds�Py#eMn]� eM����eM��egpgx��]hz��r]�Pp���hz������y@�\eM���4km�Ppmx�eg�Q��eg� i
(0, 1)

`c�Po��4n]h��&egn�`
oQnsp§�4�Br]rsd]��oQo#�]� E i����$�$���gpgx��i (0, 1)

` �Po.y&b�d@�Qh y�n]oQpmeMisoQpmo�isy d�qshji�pgx�emd�i!y@�\eM���4km�Pl
R → R��rs�]��oQhz��eM�Ppm�Po.�4n]h\�@egn]oQn]p:�4�Qrsrsd]��oQo#�]�sZG^ x��Ph��GF\FQ����pgxP�m��ds��eM��h+���ji�eme��6�PlB�zr��Phz��r]�PoBlQ�y&��eg�P��`

km��pgx�eg�PoQ��isx �P�m�PlQ��eM��F�qsx��zpm�Phz������ys��e E iIF\FJR]h isfBegn]��i�eM��y@fBpMiso0yais�@kmfBy¢eM��egpgx��]hz��r]�Pp�hz��oQ�Vqs�m�zpy�n]�eFQ��o�qICP�dR]o�isy��Prs� y@�\eM���4km�Ppmx�eg�Ppg��eVZ

� y@y�n]��ish�yaishz��isxP�Qi�e�R�i � Z�[S�@Z } HSds��egys�Px�����o#� E bzrs��h���eg�PxP��y�n]h��]iso��4n]h\�&eMn]oQnsp g1
�4�Qr]r�`

ds�Po#� E is���Ph\� �Phzy��P�m�Qhz�G����oQlQ��rs�@�zy0y&��eg�P�4km��pgx�eM��eme!�4n]h\�@egn]oQn]p	�4�Qr]r�d]�Po#�&e �Pr����6n]�<RsxPfQpt��ish\`��isx�e<R]h ��h�eg�Py&�zo#egds�sZ �K�$�qCP�zqshz��pMiso
g1|F1

����oQlQ��o
f E i�x¢�P�m�PlQ��eM� d]��y#eMn]� eM�P� F6�Phz� �����g�Q��eM��4�Qrsrsd]��o&�&e�hz��rs�4�Ph km�LF\F��6n]�<R]x�fQp§��ish���isx�n]o.����eMpmx E �6�P�mpgxP� F1

` F6�Po+Z
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� xP�Py�fBeMqsoR�m�Py&fQ�mxPb�d�iso�eM��y@��o#eMpg�By�i
k.
hz���$��p<F6�PoRi

Gk = (0, 1) \
⋃k

i=1 Fk

y&�z��is�Misl~R
o#�@bzh\e§��ishz��isx�e E ���Ph\�@�g��eMfQlSkmfQy E �Qn]rs� λ(Gk) < ε

2k E �Pp ����d]��h+o#�@bzh�e§�Qishz��isx E isx6H]�<Hsy@h��KlB�egn]�$nshSR]r]�zi�pgxP���g��o&e�oQn]�g��qsh��zpPZ|g��P��q�e�����r]�zpm����eM�Ph\d]��it�4�Po#eg��n]y�n]pgy�nKl�q�pme E hz��eg�Px��zy n]h��]iso A′
ixPqs�me��Qishz��isx E �Qnsrs� mi

�4n]h��&egn]oQn]p
A′

i

` o �Pp
λ(Gk \A′

1) < ε
2k+i

i � fQx��zo�eg��eM��h����meM��hz���LF6�Po Eis���Ph\� ��n]pme§��p§ishzyaish���i�xP��i�e<R E �Q�zpmxP��o λ(Gk)
ds�Pr]��pPZ

�crs�

Fk+1 =

∞
⋂

n=1

Ai

xVqs� e���p i
λ(Gk \

∞
⋂

n=1

A′
i) <

∞
∑

n=1

ε

2i+k
=

ε

2k

Z

g��Py&�zo#egpg�Qy CPpMi�y isx
mi|Fi

�4n]h��&egn]oQn]p �4�Qr]rsds�Po#�]��ys��e E ��y&ysn]� ��rs�@�g��pgx�e.i k = 1
��pg��eg�Q�Px

��i�pgn]oQhdR#iso E Fi

` o i�d]��y&egn]�meg�P�	���zoQlQ��oR�4�Qr]r�d]�Po#�s� �4nsh��&eMn]oBn]p E ��qspm�g�Ppmx�e	i y�n]�MqVF\FQ�ji�y@�Bn]xeg�Ph km��pg��o���ispgnsoQhSR#i�o g��z��eMx���eM��eM�Ph���pmxP�P�m�zo#eO��rs� FQqsxP��pgn]oCy&�\eM�P� km�Ppmx�egds��iR���Pr]pmxPn]�mb�e©q�pme E ids�Py#eMn]� eM��� H]pmpgx��PpG�Phz������e:�Q��h��]��egeg�Ppgb\eM�Q��eEkm�Qy
R → R

��rs�]��oQhz��eM��pg�Po��4n]h��&egn]oQn]p
f
�4�Qrsrsd]��o&�#`

��y@y��Ph E ���Ph��s�Py�i�x Fk

xVq��me���ish���isx�n]o ���Pr]��rs�]��xPoQ��y�isx:�P�m�PlQ��eM�#d]��y&egn]�meg�P�}���Prs�4��hz�Ph��
m
��hz� `

���P�\d]�Ph£Z��crs�.�4�Ph���ispgx�o�qsh\dsi isx � Z\[S�KZ } HSds��egys�Px�����o#�@e hz��eg�Px��zy n]h\�#iso��4n]h\�@egn]oQn]p
gk+1

�4�Qr]r�`
ds�Po#� E �Qn]rs�t���zoQlQ��rs�@�zy	y&��eg�P�4km��pgx�eM��eme �Prs�s�PoQh���eg�Ppg��o��4nsh��&eMn]oBn]p f

�4�Qr]rsds�Po#�@�g�
R(f = gk+1)�6n]�<RsxPfQp	��ish���i�xsZ �K�6�LC��jqsh��zpgiso isx

gk+1|Fk

�Pp�����oQlQ�Po
m|Fk

�Ppm��eM��o
R(m|Fk

= gk+1|Fk
)�6n]�<RsxPfQp§��ish���i�x E i��Qn]h m �4�Qr]rsds�Po#��isx��P�m�PlQ��eM� d]��y&egn]�meg�P� �Prs� �Phz������Z

����ds�Ph i�x
Fi ⊂ Gi

��i�hz��isxPn]y lQ��pgxckmfQoQy#e©isy E ds�Pr]�Qh}i�x ⋃∞
i=1 Fi

nsh��#i�o
Fσ

��ish���i�x hz��pgx Eis���Ph\�@�g�
λ(
⋃∞

i=1 Fi) = 1 E ���\d]�Ph}i ysnsoQpmeg�gfQyVCP�SRIF^R]h d@�zhzqsr]n]p E �Qn]rs� λ((0, 1) \
⋃n

i=1(Fi) =

λ(Gn) < ε
2n

Z g��P��q�e i iOy@����i��Misl\RO�Qishz��isx o&fQh�hz���P�meg�Py/`+Z
� rs�#isoQisy&ysn]���zpm����e�CPpgisy isx

Fi

��i�hz��isxPn]y�lQ��pgx�kmfBo&egpMqsr]qIF^Rsh yIH)d]��eMy��PxP��y E �Qn]r�� i gi+1|Fi�4n]h\�&eMn]oQnsp��4�Qr]rsds�Po#�]��ys��e �qH]pmpgxP���Misr]ispgx�egd�i � �Prs� �����g�Q��eM�O�4�Qr]rsds�Po#�&e y�i��QfQoQy ⋃∞
n=1 Fi

`co+Z
' ��hSH]h km�Qy���x�e

g
` d]��h Z

� y&ysn]�
g
n]h\�#iso������g�Q��eM���4�Qr]rsds�Po#��hz�Ppmx E is���Ph��@�m��i�x Fi

`co�isx
R(g = m)

��ishz��isx��6n]�<RsxPfQp
∀m ∈ L E N pg��e§��ege g = gi

�4nsh��&eMn]oBn]pBP E bzrs��isx R(g = m) σ
` �$n]� R]xPfBp �Qishz��isx h��PpmxsZ

g��P��qae	isl\R@lQnseme���rs��n]h��]iso
g
���P�m�Q��eg���4�Qr]r�d]�Po#� E is���Ph��@oQ��y�i (0, 1)

��o&eg�P� dsi�hzhzfB��n]o���rs�
o&fQh�hz���P�meg�Py/`¢��i�hz��isxty&�\d]��eg�Ph���d]��h:����oQlQ��o

m ∈ L
���P�m�Q��eg� �4�Qr]rsds�PoQo#�]��h d]��ege	����eMpmxP��eM�

σ
` �$ns�<R]x�fQp§��ishz��isx�Z
b¨n]o#eMpmfQy �4�Ph

R
` ��e�iOyIH)d]��eMys��xP�]y��P�Q�6�Po�K

R =
⋃

n∈N

(n, n + 1) ∪ N1 E i��Qn]h N1
o&fQh�hz���P�meg�Py/`+Z

N �K�se E d�ishdRakgqIF�i�o.����r]pgxPqs��hzqshz�Qi�e�R E �Q��pgxP��oRi�x��zo#eM���md�ishzh�fQ��n]yOd]�Prs�$n]o#e4kgis�z� R]h�d�iso�pgxLRBZ P^�x �PlBlQ�zr]�=n]y#�4�ck eM�Pp¨hz�Po#�s�Pr]��p¨d�qsh�egn]x�eMi�e©qsp oQ��hzy&�Qh$ishzyaish���i�xP��i�e<R
(0, 1)

�Q�Ph\�]��ege
(n, n+1)

`
�m�sZ � y&ysn]�	n]h\�#iso

Fi,n

xVqs� e	��ish���isx�n]yai�e ��p
gn

���P�m�Q��eg�.�4�Qr]rsds�Po#�]��ys��eyais�QfQoQy E �Qn]r�� i
gn

` oQ�Py�i�x ⋃∞
i=1 Fi,n

��i�hz��isxPn]o����zoQlB�Po
m ∈ L

�4�Qr]rsds�PoQo#�s�Ph�ds��eme ����egpgxP��eM�
σ
`c�6n]�<RsxPfQp�Z
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gn

�4�Qr]r�d]�Po#�s�Py¢���Pr]��o#eTC�pMisy �qH]pmpgx��P�Mi�y@�Qi�e�R#i�y � E �Q��pgxP��o¢lQ��pgx�kmfBoQy#e���ish���isx�n]ysnsod@�zx�pgr#q�h kmfQy��]ys��eVZ�g���y@��o#egd]�tisx
∞
⋃

n=1

∞
⋃

i=1

Fi,n

��i�hz��isx�e�eM����q�e.��rs� nsh��#i�o
Fσ

��ish���isx�e�yais�BfQoQy E ���Ph\�?�Prs� o&fQhzh������meg�Py/`��Qb kgqso�hz���4�PlQ�
R
`c��e E ��p	isxrH]pgpmxP���Misr#i�pgx�eMqsp<FJR]h pmxVqs�m��i�xLR g

�4�Qr]r�d]�Po#�@�g� ��r#isx E �Qn]rs�¢islQnseme o&fQh�hz���P�meg�Py/`��i�hz��isx�e<R]hK��h�eg�Py&�zo#egds��eM��eMpgx��]hz��r]�Pp
m ∈ L

�����g�Q��eM� �4�Qrsrsd]��o&�@�m��i�x
R(g = m) σ

` �$n]� R]xPfBpPZ
� xPxP��h���r#isx�n]h�egfQy�i0eM��eM��h�e��Prs�?o&fQh�hz���P� eM�Py/`?��ish���i�x�e�Rsh��Ph\eM�Py&��o&emd]��Z �¨pMi�y@�Bn]rs�N�Prs�

U (�o@fBhzhz���P� eM��y `��Qishz��isxPnsoC�Prs�������g�Q��eM�¢�4�Qrsrsd]��o&�?���meg�Pys��e eM��egpgx��]hz��r]�Ppm�PoN����rsd�qsh�egn]x�`
eMi�egd�i¢i��4�Qr]rsds�Po#�����P�m�Q��eg�¢��is�Misl�Z_g��P�Qq�e E �Qi�eMfQlBo�qsoQy r#is�giso#e©qsh�oQ� E �Qn]r�� d�ishdRakgqIF�i�o��xP�Po�ito@fBhzhz���P� eM��y `���ish���isx�n]o�it�4�Qr]rsds�Po#�@oQ�Py�isx ���g��lQ��eg�$�4�Qr]r�d]�Po#�s�Py&ys��h ��ys��ds�Pp � E isxPisx��pg��eg�QoQy�F6�Po hz��rs�4�Ph km�LF\F�����r]pgxPqs��hzqshz�Qi�e�RO����egpgxP��pg�6n]o#eEkgi h��Prs�s�Po E isy&ysn]� �$���gpgx��Oisx	d�ishSR�`kgqIFQisoC�Pr��

σ
` �$ns�<R]x�fQp��i�hz��isx�h��PoQoB� E bzr�� �Qn]xPxPqVd]��ds��isx �PlBlQ�zr]� σ

` �$n]� R]xPfBp��ish���i�xP�Qn]x
F6�Phzq�eM��iaeEkmfQy�eM�Ph km�Pp§�Prs�Ppgx��LF6�PoRisx�eM��eg�Ph}qsh�hzb\e©qspgq�eVZ

� x��6�PlB�zr�i � Z � Z } H)d]��eMys��xP���Po#�@ys��o&e�i�l\RKlBnsegePZ
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^ � Zw{KZ �K�ck eM�Pp e
n = 1

�Ppg��e�F6�Po �zr]isxPn]h\eMfQy E �PxPx��Ph:��hzhz��o#eM��e<F$��o n = 2
�Ppg��eM��o *jh?iL9 8 9XS =?i

�!fKe©i�egnsegeO��rs����hzhz��oQ�6�PhzlQq�eOi0yIH)ds��eMy��Px���qshzh�b�eMqspt�4��hz��ispmxPo�q�hjqspgq)d�ish E is���Ph\�]��e ��rs��y��P�glB�Pp�4n]�m��q)kgqIF�iso.�4n]r#i�hz��isxPfQoBy����Pr~K
 +�E������>&�aU�>@7s�"4 &Im

I
 #% k �!�Q>)9I"#"$/10 =)% 9BY'=)kck6k �!k i<;OW)"S�@&'�Bi _ 0t9!��A �!kMW 7)8 &?&I>:9!% mG� w &49?;ZR<�B(

A =<&Im "U9!k �<;L S27=)"$mI9I% %��!0 7)8 &?& W)"S�@&'�Bi �@&Im4�!%��BiB(�0 �!"$mV%��B2D0r #%xY79 A TI��=)0 7)8 &?&I>:9!% m &I� 9���R24=)%+S&TI>)9I"	"S�@&49I"\TBKLK5] 0 �!k i<;O9Bi 6 =)% kbSq9]>)9I% �
 +��*+�-a.F£FEL ')W�7s� .69{9?;"u4�g]4�
	i9!�XY 9Bi!�B��9]>OTI"�9)i<;- �&'�!% "UW?(�9)2?24=)��"U9!k �<;L S2 0t9!��A �!kMW 7)8 &?&I>:9!% mOR�B2)%��B2a=)"$mG9I% 2B9!k"YI #0 �!%';L @h?i k �!�B�B(6A =<&Im7k �!k i<;OW)"S�@&'�Bi

f
0t9!��A �!kMW 7)8 &?&I>:9!% mV���  �&49?;!(�A =<&Im

|R(f = g)| ≥ 3
�

hj �;)=)% m V k T)i�Z � �Pr��]�Po L
i

h1(x) ≡ 1
��p!i

h2(x) ≡ {x}
�4�Qr]r�d]�Po#�s�Py�qsh�eMish:r]�PoB�P�Mq�h�e

h��zoQ�Pqs�g��p¨eM���PZ
e ��rs�@�QoQy0�Pr��¢eM��eMpgx��]hz��r]�Pp

f : R → R
�4�Qr]r�d]�Po#�&e E �Pp	h��Prs�s�Po lQ�qUQoQbSC��SR�pgx��P�g��o#e f1(x) =

f(x) E f2(x) = f(x + 1)
�Pp

f3(x) = f(x + 2) ∀x ∈ [0, 1]
Z � y&ysn]��i��4�Po#eM�2qshzh�b�e©q�p§���zi�ege

h���eM��xP��y��Prs�?n]h\�#iso
g
hz��oQ�Vq��g�zpt�4�Qr]rsds�Po#� E is���z�m�.�zr#i�x E �Bn]rs� g(xi) = fi(xi)

y&�QhdH]o�F^H]x��
x1, x2, x3 ∈ [0, 1)

�6n]o#eMn]y&�MiKZ:^
g
` e��zh\��� R@lQn]o�isx	�Prs�Ppgx

[0, 1)
`c��o�lQ�qU�oB�jqsh\eMfQy=Z � oQoQ��o�y&�

egfQlakmfQy eg�P�4km��pgx�eM�PoB��i!�4�Qrsrsd]��o&�&e��$���g��nKlQ��y&fQpMiso�isx���r]�Ppmx
R
`c�m�sZ

� rs�@�g��pgx�e�dK��hjqsrsn]p E �Qnsrs� g ∈ L E �Q��pgx��Po h1
���ji�eme �4��h�eg�P�Q��eM� E �Qn]rs� g

i�ua` FJR]h �zoBlQfQh E ��p![pmxP�P�m�zo#e��$���g�zn@lQ��y@fBp E �Px§d@�zpgx�n]o#eC�pMisy h2
pmxVqs��pgx�n]�gnspMith��P�Q��e E ����d]��h g i X u E [[P `c�Po�ysnsoQpmeMisoQpeMisr oQ��hzy&�Qhz�@hz��oQ�Vq��g�zp}�4�Qr]r�d]�Po#� E isxVisx a·x
ishjisy�M+Z2�Rqspm�g��pgx�eGi

g
lB�qU�oQbdCP�dRakgqIFJR]hKyVH)d]��egys��xP�zy E�Qnsrs��isx

R(f = g)
eMis�meMishz��isx�xViOisx

x1, x2 + 1
�Pp�isx

x3 + 2
�6n]o#eMn]yai�ePZ

�

� xP�PoNpgxPisyaispgx egn)dsqVF\FQ���m�Ppgx��LF6�Po * h?iL9 qshzh�b�eMqspMqVd�ish yais�^C�pgn]hzi�e�FQisoC�4�Ph������g�Qh��Rpg�ck eM��pme
�4n]rVkmfQy�yIH]�m�Qh kgqs�moQ� Z

� h\e©ishzqIF�iso0oQ��� eMfQlakmfBy E �Qn]rs� ��r#isx `c��isx�qshzh�b�e©q�p E qs�uFB�zxPnso&�sn]ppm�$�qCP�zqshz��p��Ppg��eM��y'F6�Po
���Pr]��p��zr#i�xPn]h���i�eEkmfBy6Z
� �Q�Q��x�isxPn]o�F�i�o0lQ�qU�oB�jqsh�oQ�}ys�Ph�h=k R]oB�P��qso#���4n]r#ish���i�e E ����oQlQ�PoB�Ppg��eM�m�!����rs�4n]r#i�hz��isxPx�fQy�i�4�ckm�PxP��e ��qspmnKlQ��y��4��hz�qF$��o FQ��xPn]o#�@b�eMqspg�gi!ys���g�Qh���qsh�hzb\e©qsp e K
 +��H+�-a.F£FEL ')W�7s� 8��@&Im��!% 9BY'=)k k _W0t9!��A �!kMW 7)8 &?&I>:9!% m�9?; [a, b]

 #% k �!�Q>)9I"#"$/'0 =)%~(�0 �!"$m4�B2 &I�XT 7 Sq9���@&I/'"\TI�! SirA~9I"$0 9?;!(��B2?24=)�r"U9!k �<;L S27=)"$mI9I% %��!0 7)8 &?& W)"S�@&'�Bi �@&Im��!%��BiB( 0 �!"$m)%��B2D0r #%xY)A TI��=)0
7)8 &?&I>:9!% % m��!"�>)9I%70 �!k i<;O9Bi 6 =)% kbSq94�
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s
��n<&?; V k �!kck6%��!0iR %��@&49Ik V >�>)9I"Sh?i i<;LTI0 9BiD"S�@&Im4�!%

H ⊂ Rn 9Bi
δ > 0

k �!k#i<;OW)"S�@&'�BiB( 7 � YXS 8 2 "S� H
R k�0r #%xY'�!%O"S�BA �!k#iL9@&'�Bi60 hZY'=)%O>:9@&'�Bi6>)9?&Im 0 �@&)i<;LTI0r"\TI" A~9:R

k hL9I% >:9@&Ik �!"S�!% i?=?2?(+"S�@& 7 �!" S �ZKLK δ
TIk 0t9!� W�S)N A~9I"$0 9?;B;?9I"���5� #%xY'�!%D #"$m��!%

H ∈ ∪Hn

"S� 7 � Y 9Bi!���2B9 6 �<;B; 8 2 9 ∑
(
YI 9I0

Hn)s n?iBi<;)�@&'�!kt9Bi S �!"Sn)" S 8 2 µs
δ(H)

R >)9I"6�<;)�!% n?iBi<;)�@&'�B2  #% ��0r/'0<TIk`�
4 2?24=)� 9

limδ→0+ µs
δ(H) = µs(H)

"U9!k �<;L S2 9Bi{�@&Im{2 8 " iLW�0t9!�QkM9B24�!k Y'� ��%  TI" (W9I0r #k�9Ok =OR>OTBKLKL 9)2:KB9I%O9
H

A~9I"$0 9?;
s
R YI #%��!0�;L @h?i � ;>EHG���� /�� � = � /���� ��� �����pA V >?/1%~2I�

 +�� +�-,. /.2;�L10#132}� v^�!k#i<;OW)"S�@&'�Bi
A ⊂ Rn �Bi?�!kM9!% 9?;3 #% 7 {s ≥ 0 : µs(A) = 0}

9!�QkM9B24�!k 9?; �
A~9I"$0 9?; � ;>EHG���� /�� � �>AM=���� � A � �����o;�� %��!>I�<;B; 8 2?( 9Bi dimH(A)

R >)9I":S �!"Sn)" S 8 2I�

~� &3#TP &3�� %#>@7 Z ��rs�]isoQ��x isx§���meM��y isl\R@lQ�zy E ��i {s ≥ 0 : µs(A) = ∞}
��ish���i�x�pgx�fQ�Q�g���!fK`

��isys��o#e�lB�qU�oQ�zqsh kmfBy i y isfQpmlQn]���6` lQ�z���PoQx��SRsePZ
 +��¥+�-,. /.2;�L10#132}� � ;)=)%

H
hW=)���!" R@A~9I"$0 9?;)=?2I9Ik ( 0 �!"$m��B2)%��B2j>)9I"�9I0 �!"$m

s
�Bi?�!kM9!% 9?;

s
R YI #0 �!%>R

;L @h?i�.�9I/�iZY'=)�
	 R 0t9!�QkM9B2B9!�B�
0 < µs(H) < ∞

k �!" S ��i 8 " ( s
� . ;�� =J; � � � �o;��pA V > SQ/42I�

N4^ x {KZ {@Z � �qUQoQbSC��SRGFJR]h��Pp�isx�isx�e�yIH)ds��eM�O���PrVkm�Prs�@x��Pp<F6�]h=eMfQlSkmfQy E �Qnsrs� ����oQlQ��o A
b¨n]�m�Ph `

��i�hz��isxP�Qnsx hz��rs�4�Ph km�LF\F���rs� n]h\�#iso
s
hz��eg�Px��zy E ����h��@�g� A s

` ��ish���isx E �Pp}��y@y�n]� s = dimH(A)
Z P

 +���$�-,. /.2;�L10#132}� 8��@&Im��!%
H s

R@A~9I"$0 9?;!(��B2?24=)��9?;Lk 0 =)%xYXSQ/42?(+A =<&Im 9?;
x ∈ Rn 6 =)% k KB9I%�9

H
A~9I"$0 9?;";�� G �JG���/��HG �)C�

Ds(H, x) =
"$ #0r #% 7 r→0

µs(F ∩ Br(x))

(2r)s
,

0 V &{9 �����UG��JG���/��HG �)C�

Ds(H, x) =
"$ #03i!/ 6 r→0

µs(F ∩ Br(x))

(2r)s

(

9)A =)"
Br(x)

S �!"Sn)"$ �9?;
x
24nL;O9 6B6 =)% k ��( r

i!/I&49I� � % m V "$k�&'n)0<K!n)k@�
� y&ysn]� ��r#isx�i yVHSds��egys�Px��eM��eM��h E ���Ph\�!i � �LF6�Pp��&fQ��` p `Q�X`Qpg��r]�6eg��eg�Ph\FQ��xPn]o#�sn]p �g�PpmxP��oQ�PyO���Pr�`�4��hz�Ph��akm�IK
 +��+�-rt>#') @F�� 8��@&Im��!%

H
�@&Im

s
R@A~9I"$0 9?;

Rn R K!�!%J� 4 2?24=)�
]4�

Ds(H, x) = Ds(H, x) = 0
k �!" S �Bi 8 " µs R 0 9XS&YI%��!0 0r #%xY'�!%

x /∈ H
R � 9

^'�
2−s ≤ Ds(H, x) ≤ 1

k �!" S �Bi 8 " µs R 0 9XS&YI%��!0 0r #%xY'�!%
x ∈ H

R � 94�
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^�x	eg��eg�Ph�FQ�zx�n]o#�@b�e©q�pMi!���PrseMishjqsh���i�e<R{X\[!Z\``F$��o+Z

^ x!��hz�GF~FQ��eg��eM��h
2.
�g��pgx��LF6�]h2d@�zhzqsr]n]p E �Qnsrs� 0 ≤ Ds(H, x) ≤ Ds(H, x) ≤ 1

eM��h km�Ppm�Qh
H s

`c��i�hz��isxP�gi!��iSkmlBoQ�P� ����oQlQ�PoaNEiOegn)dsqVF\FQ�ji�y'FQiso���Z ��Z P
x ∈ Rn �6n]o#eM�giBZ

 +��®+�-,. /.2;�L10#132}� � ;)=)%
x 6 =)% kc� 9)( 0 �!"$m)�B� 9BY'=)k k H

0 �!"#"S�!k kTk �!" S �Bi 8 " ( A =<&Im Ds(H, x) =

Ds(H, x) = Ds(H, x) = 1
/ �)C E�� � / AMG 	���� � �o;�� %��!>I�<;B; 8 2?(0r #%xY'�!% �@&Im/9ZK �Bi?�!k K!�!% A�/ �

/ �)CFE�� �0/:AMG 	���� ��/���� K!�Bi<;O9!" 8 %~2I�.�9_�@&Im
H s

R@A~9I"$0 9?;L%J9)2
µs R 0 9XS&YI%��!0 0r #%xY'�!% 6 =)% kbSq9]���@&I/'"\TI�! SiB(�9)2?24=)�

H
R k�/ ��C E�� �0/:AMG .H;�� =J; � �-;��pA V > SQ/�2t9Bi�0 �@& 7 �!"S�!"UW4�!%~(+A~9 µs R 0 9XS&YI%��!0 0r #%xY'�!% 6 =)% k  #�)R���@&I/'"\TI�! SiB(9)2?24=)��A�/ / �)C E�� �0/:AMG . ;�� =@; � /�� � K!�Bi<;O9!" 8 %~2I�

~� &3#TP &3�� %#>@7 Z � �Prs�s�Po H s
` ��ishz��isx E ��p h��Prs�s�Po E ⊂ H

b¨n]�m�Ph+��i�hz��isx E ����h���pgxP��o#eM�Po s
`

��i�hz��isx E �Py&ysn]�§i!eg��eM��h 1. �g��pgxP��e�ishzyaish���isx�d�i E
`c�g�	i�l\RKlB�zy E �Bn]rs� Ds(H, x) = Ds(E, x),d�ishzis����o#e

Ds(H, x) = Ds(E, x)
��iSkmlQoB�P� ���zoQlB�Po

x ∈ E
`c�g��Z g�����q�e

µs(E) > 0��pg��eg�Po E ��i H
�g��r]fQhjq��g�zp

s
` ��ishz��isx E isy&y�n]� E

�zp§isx E �zhzh���emd]� ��i H
�z�m�g�PrsfQhjqs�m�zp E isy&y�n]� E

��p
isx�Z � pgx��P�g��o#e!���zoQlQ��o

s
` ��ishz��isx�4��hSF6n]o#eM��iae�R��Prs� �m�Pr]fQhzqs�g��p��Ppt�Prs� ���g�g��r]fQhzqs�g��p ��ish���isx

fQoB�SRakgqs�gi E ds��d]�iO�g�PrsfQhjqs�m�zp���p§�z�g�m�Pr]fBhjqs�m�zp¨�6n]o#eEkgi��zo�isy�iO��ishz��isxPq�eVZ
�¨pMisy�����r)km��rs�]��xPxP�By�i�yVHSds��egys�Px�� E H]oQ��isr#qIF�i�o.�zp§�P�mlQ�Py��Pp�qshzh�b�e©q�pme K

 +�E�&X}�oa.F£FEL4'VW�7s� .69
s
%��!0Y�@& 9Bi<;!( 9)2?24=)�

s
R@A~9I"$0 9?;r:BiL9)2  #�Q�B�@&I/'"\TI�Q Si6"S�BA �!k@�

^ FQ�zx�n]o#�@b�e©q�p�����rse©ishzqshz�Qi�e�R{X v[Z ` F6�Po�Z
�KxPqs�!fQoBy@�giRisx�n]o�F�iso ��nspme��Ph�pg�@lQhz��r]�Ppm�Po �Pr]��pgx��P�meg�Py/`

s
`c��y E ��xP�PoaF$��hz�Qh2�zp	pg�6�LC��jqsh��zpMi�oisx

s = 1
�Ppm��ethz��pgxO�4n]o#eMn]p E fQrs�#i�oQ�zp	�Pr��¢d]��r]�Pp X i E F~Z ��o&eg�P� dsi�hzhzfB��n]o��P� eM�Ph�����xP��ege E d�ishdR]p���meM��y/`

g
���P�m�Q��eg�O�4�Qr]rsds�Po#��r]�Mqa�wkgq�e2km�PhdH]h�ds�

Γg

` d]��h@K
 +�E�=�=�oa.F£FEL4'VW�7s�

1 ≤
YI #0

HΓg ≤ 2
(�k =)>OTBKLK T

µ2(Γg) = 0
�

hj �;)=)% m V k T)i�Z=^ ��qspgn@lQ��y.�Prs�s�PoQh��seMh��PoQpm�Pr d@�zhzqsr]n]p E �B�zpgx��Po i�pmbzy�n]o¢d�isrs�@fQoQy=Z�^ x�Phzpm�i yIH)d]��eMy��PxP� qshzh�b�e©q�p<FJR]h�i�l\RKlB�zy=Z
 +�E�@* �oa.F£FEL4'VW�7s� .69O9BY'=)k kW�@&Im

f : X → Y
(�9)A =)"

(X, d1)
9Bi

(Y, d2)
0 �!k �! S2)/4irk �!���B2 9Bi

0r #%xY'�!%
x1, x2 ∈ X

�Bi?�!k�9!%O>)9I"�9I0 �!"$m
C > 0

9Bi
α > 0

24=)%~i!k@9I%~i?=?2 �Bi?�!k�9!% 7 �!% %xTI"#"�9

d2(f(x1), f(x2)) ≤ C · d1(x1, x2)
α,

9)2?24=)�60r #%xY'�!%
s ≥ 0

R � 9
µs(f(X)) ≤ Csµsα(X)

�
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^ FQ�zx�n]o#�@b�e©q�p�����rse©ishzqshz�Qi�e�ROiDX � Z:[)usuBZ:n]hzlQishjqso�Z

^ h�y�i�hz��isxPx�fQy isx�qsh�hzb\e©qsp e§isx
f = πx : R2 → R

�4�Br]rsd]��o#�K�m� E is�Qn]h πx

i�x
x
eM�PoBr]�Ph\�K�m�

d�ishdR �Q�mnakm�PyVCP�SR�e6km�Ph��Po#eM�£Z � y&y�n]�:i
C = 1

��p
α = 1 E ����ds�Ph |x−y| ≤ |(x, g(x))−(y, g(y))| E���Ph\�¢fBe<RGF\FQ�:�6n]o#eMn]yR�P�Q�6�Po�i

Γg

r]�Mqa�¨���Prs�4��hz��hz� �6n]o#eEkgis�£Z �crs� i�hzyaishz��isx�dsi�isx qshzh�b�eMqspme
isl~RKlQ��y E �Qnsrs� 1 =

lQ�z�
H([a, b]) =

lB�z�
H(πx(Γg)) ≤

lQ���
H(Γg) E �Q��pgxP��o µ1([a, b]) = b−a

Z

^ x�qsh�hzb�eMqspG��qspmnKlB�zy��m�PpmxP�PoB�PyDFQ�zx�n]o#�@b�e©q�pMiOi��=f~FQ�zoQ� ` eg��eM��hSF6�]h�d@�zhjq�r]n]pPZ
�

�crs��eM����q�e E ��i��m�Pr]fQhzqs�g��p��Qishz��isxPnsy@yaish pmxP���g��egoQ�PoByR�4n]r]hzishzy�n]xPoQ� E ����h��s�Py�����rs�4�Ph��PhzoB�Pyisxt{KZ YBZ���hzhzb\e©qsp F�iso�pgxP���g���Qhz�������g�Q��eM�O�4�Qr]r�d]�Po#�s�Py.rGH]� F$���zoQ��y E isy&ysn]����hz�Prs�PoQlQ��isx s = 1��pg��eg�g��pgx�n]�gb\eMysnsxPo&fQoQy=Z
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γ : [a, b] → X
k �!k#i<;OW)"S�@&'�Bi-"S�B2B9 6 �<;O9BiB(�9)A =)" X 0 �!k �Q S2)/�i-kM9!�q�

� ;
s(γ) =

i!/ 6 {
n
∑

i=1

d(γ(ti−1), γ(ti)) : a = t0 < t1 < · · · < tn}

i<;LTI0 =)k�9
γ

�%. � G G�� ���o;�� %��!>I�<;B; 8 2I� .69 �<;39ri<;LTI0 >:9@&'�BiB(�9)2?24=)�

γ
R k / ������A � ����� . ;�� ���

�o;�� A V > SQ/42I�
γ
C�� / ?�� / ����K!�Bi<;O9!" 8 %~2?(+A~9 9?;Lk� Si 7 �!"$k �BiBi<; 8 2 9 γ : [a, b] → X

"S�B2B9 6 �<;O9Bi!� W)" ( A =<&Im 7 =)"$m)k =OR%�=?ii9Bi6 #%+S �B2)k V >)�

~� &3#TP &3�� %#>@7 Z	g���egpgxP�shz�Prs�Pp
γ
rGH]� F$���g��eM�Ph km�Ppm�Qh E �Qn]rs� µ1(γ([a, b])) = s(γ)

Z N�X � Z�o �BZ�n]h\`
l�i�h#P
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�<;)�B2 hW=)���!" R � 9Bi<;!A~9I"$0 9?;?9I ~���@&I/'"\TI�! Si ]:R@A~9I"$0 9?;)=?2I���^&ImI9I%J9)2?24=)��9?;� #�Q���@&I/1"\TI�Q Si A~9I"$0 9?;)=?2)� 9
 �&49?;!( A =<&Im k �!k i<;OW)"S�@&'�Bi6���B2)k  ��2:TI" A~9Ik h�&'n)�ZK�9!>I�!"�>I�!kck�0 �!k i<;)�!k �

µ1 i<;)�!�Q #% k�% /'"#"$0t9!�!kM9B2ON~�

hj �;)=)% m V k T)i�Z ' �PhdH]h km�Qy γ
` d�ish2i �m�Py#eM��U�yaqshz�Qi�e�R�rGH]�<F6��e E ��y@y�n]� s(γ) < ∞ E d�ishjis���zo#e p

`
ds�Ph E �zhzh���emd]� q

` dsi�h�km��hSH]h\d]�!i
γ
ys��e�ds�Pr]�6n]o#eEkgqae E p, q ∈ R2 ��p s(γ) ≥ |p − q| > 0

ZWg��P�Qq�e
isx	��hz�GF\FB�+����r)km��rs�@xP��p§�4��hz��i�pgxPoQqshjqspgqVdsi�h isl\R@lQ�zy E �Bn]rs��i γ

rGH]�<F6��d�ishSRGFQiso0[�`c�Qishz��isxsZ
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 � u

� �Pr��]�Po x 6= p, q
��p

x ∈ γ E ��y&ysn]� γ
�zoSkm�Py#eMb\dK�\e©qspgqIFJR]h yIH)d]��eMys��xP��y E �Qn]rs� x

ys��e �g�PpmxP�m�
n]pmx�e4kgi�i

γ
rIH]�<F6��ePZ ' �PhSHsh km�Qy��Px��Pys��e

γx,p E ��hzhz��egds� γx,q

Z

� ��eM��xP��y nsh��#i�o��Q�dCP� r0 > 0 E �Qn]r������zoBlQ�Po r < r0
�Ppg��eM��o E i γx,q ∩ ∂(Br(x)) 6= ∅

Z
� y&ysn]��i

γx,q

rGH]�<F6�Po.ds�Pr]��r]��ishzislBd�i!hz��eM�Px��zy ��rs�
y E i�����h��@�g�

|x − y| = r
�Pp

γx,y ⊆ Br(x).

g��P��qae����g�m�isx
r
`c�m���zr#i�x E �Qnsrs�

r = |x − y| ≤ s(γx,y) = µ1(γx,y) ≤ µ1(γx,q ∩ Bx(r)).

y ispgn]oBhSR#isot�zr#i�x E �Bn]rs�	d�ishjis���Ph\� r′0 > 0
����hzhz��ege}���zoQlB�Po

r < r′0
`c�gi

r ≤ µ1(γp,x∩Bx(r)) Eb�rs�!i�y���egeg�GF6�]hQ�Pr��K�KegeM��pg��o
2 ·r ≤ µ1(γ∩Br(x))

yIH)d]��eMys��xP��y����zoBlQ�PoO��hz�Pr�y&�dCPpg�
r
�Ppm��eM��o Eis�Bn]h}iOy@�dCPpm�zo#�@pg�Pr]CPpgisy

x
` eg�]h��4�QrsrQZ � y@y�n]�

D1(γ, x) =
hz������oB�

r→0
µ1(γ ∩ Bx(r))

2r
≥ 1,

fQr��#iso�i�y@y�n]� ysn]�gqIF\F�iso���qs�����Pr#q�hzhji��Qb�egnsegegfQy E �Qn]rs� D1(γ, x) ≤ D1(γ, x) ≤ 1
��Z ��Z

x
`

�m�sZ � F\F6�]h�i�ys��egeM�IF$�]h�yIH)d]��eMy��PxP��y E �Bn]rs��i�d]��r]�6n]o#eMn]y#e�Rsh2�Ph\eM��y@��o#egd]���iSkmlBoQ�P� ���zoQlQ��o
x ∈ γ

` �Mi�i
D1(γ, x)

h���eM��xP��y.�Pp[tys��hzh�hz�Pr��]�Po E eg�P��q�e i γ
�m�Pr]fQhzqs�g��p	[�`c��i�hz��isxsZ � x�xP�Ph�isx

qsh�hzb\e©qsp��Phzpm�O�4�Phz��ejF$��hjq�emeMfQy=Z

� �Prs�s�Po H =
⋃∞

i=1 γi E is�Qn]h γi

` y �m�Py#eM��U�yaqshz�Qi�e�R�rGH]� F$��y6Z¢���zoBlQ�Po
i
`c�m���Pp

µ1 `c��Z ��Z
x ∈ H ∩ γi

`c�m�	ishzyaish���i�xP��i�e4kmfQy�isx	�Ph��]xP�se E ���Ph\�1F6�]h i�l\RKlB�zy E �Qn]r��

1 = D1(γ, x) = D1(γ ∩ H, x) ≤ D1(H, x),

isxGfBegn]hzp R���rs�]��oQhz�seghz��oQpg��r isx
E ⊆ H

b¨n]�g��h=[�`c��i�hz��isxPn]y&�gi¨d]n]o�iaeMysnsxLR��4��h�eg��eM��hSF6�]h#isl~RKlQ��y=Z
� F\F6�]h E �6�P�mpgx�� isxR��hz�]x��]�\H]x���ispgnsoQhSR�r]n]oQlQnshji�e��!fBeMi�eEkgi E �Qn]rs� D1(H, x) = 1

N4��Z ��Z
x ∈ H ∩ γi

P E qs� ��xP��o���ishz��isx�n]y¢�Pr��
µ1 pgx��P�g��o#eOu����P� eM��y `���ishz��isx�n]o�y&b\dK�BhGh����4��lQ�zy

H
` e E b�rs� D1(H, x) = 1

NE��Z ��Z
x ∈ H

P¨��p��4�PoQo�q�hzh E isxVi�x H
�m�Pr]fQhzqs�g��pPZ

^ x qsh�hzb\e©qsp§fBegn]hzp R.�g�PpmxP��oQ�PyOF6�Phzq�e©q�pMqs�Qnsxd]��rs�@�QoQy¢��rs�
H
���g�g��r]fQhzqs�g��p���p��Prs�

γ
�m�Py]`

eg�dU�yaqsh���i�e�R.rIH]�<F6��e	��p	eg�Py&�zo#egpg�Qy isx
E = H ∩ γ

��i�hz��isx�e E �Px�isx �Ph��GF\FQ���Py�pgxP���g��o&e���pi�4��o&eg�Q���PrVkm�Prs�@xP��p �P� eM��hz���LF6�Po E ����ds�Ph E ⊆ γ E �g��r]fQhzqs�g��p E �zhzh���emd]�G�zpg����e+CPpgisy!i ���PrVkm�Pr��Kx��Pp���meM��hz���LF6�Po E ����ds�Ph E ⊆ H E �z�m�g�PrsfQhjqs�m�zp��zp��Pr��KpmxP���g�g��Z�^�xVisx µ1(H ∩ γ) = 0
Z

�^ x0q�hzhzb\e©qsp F�isoNpgx��P�g���Qhz�CegfQhji)kmlQn]oQpgqsr]n]y i�eMn)d�qIF\FB�jisy�F�iso �zp��4n]o#egn]pMisyNhz��pgx�oQ�Py E bzrs�C��PhzpmxP��� `R�sys��e y&�QhdH]o���p�lQ�qUQoQ�jqsh�oQ� Z
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µ1

i<;)�!�Q #% k�% /1"#"$0t9!�QkM9B2ON C�� / ?�� =���� � �:G ����� A V > SQ/42I�
 +�E�@¥ �oa.F£FEL4'VW�7s� ]4� 4 &Im{A~9I"$0 9?; 6 =)% k =?iL9I% 9)2?24=)�e #�Q���@&I/1"\TI�Q Si

R2 R K!�!%~(A~9 &'n)�&K!�!0 �!%>R
k �BiL�

^'� 4 &ImeA~9I"$0 9?; 6 =)% k =?iL9I%�9)2?24=)�W���@&I/1"\TI�Q Si R2 R K!�!%~( A~9{�@&Im�&'n)�&K!�Bi<;)�!�)Nm9Bi3�@&Im µ1 i<;)��R
�Q #% k � 0t9!�Qk�9B2ON_/1%  @h�Sq94�

hj �;)=)% m V kDT)i�Z
[]Z

(=⇒)� h��GF\F�hjq�emeMfQy=Z

(⇐=)y ispgx�o�qsh kmfQy.iOyIH)d]��eMy��PxP��q�hzhzb\e©qsp eVZ
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H
&'n)�ZK!�!0 �!% k �Bi ]:R@A~9I"$0 9?;

R2 R K!�!%J� � 2?24=)�
D1(H, x) ≤ 3

40 �S0 �
x ∈ H

R � 94�
� oQoB�Py.�Pr��{FQ�zx�n]o#�@b�e©q�pMiOn]h�d�ispm��i�e<R X [qZ ` F6�Po�Z
� y&ysns�G��rs�!rIH]�<F6�P���Po#eM��p�[�`c�Qishz��isxPoQisy�pgx��Qy&pg�Prsys�P�B�$��o �z�m�g�PrsfQhjqs�m�zpmo�isy	ys��hzhBh��PoQoB�z�sZ

vKZ
(⇐=)^ rGH]�<F6�PpmxP��� `���ish���isx �g��r]fQhzqs�g��p E �Py&ysn]�§i!���PrVkm�Pr��Kx��Pp����meg�Phz���LF6�Po E �PoBoQ�Py�eM��egpgx���`h��Pr]��p�[�` �g��pgxP�Qishz��isxVi��zp��g��r]fQhzqs�g��pPZ � �Q�Q�Px��Qn]xPxPqVd]��ds�.�Prs�

µ1 pgxP���g��o&eOu����P�meg�Py/`
�Qishz��isx�e E isx.oQ��� F6���4n]h\�#qspmn]h kgiR��rs�C�6n]o#e�F6�Ph��¨pX`Q� `Qpm�Pr]��e E bzrs��i¢dK��xPpmr#qsh�e��ish���isxd�ishdRGF�iso��m�Pr]fQhzqs�g��pPZ

(=⇒)y i
H
�g��r]fQhzqs�g��p E isy&y�n]�t���zoBlQ�Po E ⊆ H

b¨n]�m�Ph:�m�Ppgx���ish���isxPi.�zp	�g��r]fQhjq��g�zp E �zpm����ei.y�n]�MqIF~FQ� ���PrVkm�Prs�@xP��pg�m�O�Q��d�i�egysn]x�dsiKZ �crs�¢isx.[]Z��g��pgx ishzis�@kgqso0oQ��� h��P�Q��e�rGH]� F$� `
���Po#eg�PpPZ
�cr��0hz��eM�Px��zy

γ
�g��y#eM�dUQy�q�hz��i�e<R.rGH]� F$� E ����h��¢����egpgx�� E

` e	��rs�0�6n]xP�\eMb\dR���P� eM�Py/` ��ish `
��isx�n]o+Z

� oQoB�Py.pg��r]b�egpg��r]��ds�Ph
H
` e�y&�������gb�eg�Ppm�Pp�� RKlQpmxP���g�g��h hz� egfQlakmfQy��4��lQoQ�£Z

� ��rs�]��o δ1 = sup{µ1(H ∩ γ) : γ
�g�Py#eg�dU�yaqsh���i�e�R

}
Z � y@y�n]�

0 < δ1 < ∞
eM��h km��pg�Qh E
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����ds�Ph
H
oQ�P��rGH]�<F6�P���Po#eg�Pp��PpO[�`c��ish���i�xsZWg��P��qae�hz��eM�Px��zy�n]h��]iso

γ1
rGH]� F$� E is���z�g���r#isx E �Qn]rs� µ1(H ∩ γ1) > δ1

2

Z
� x��Py fBe©qso eM��rs�@�Qy �4��h E �Qn]rs�0d�ishzis���Ph�� k

`c�gi���qs�	y&��d�qshzispgx�eMnsemeMfQoQy
γ1, γ2, . . . , γkrIH]�<F6�Py���e E �Ppteg�Prs�@�Qy0�4��h E �Bn]rs� i Hk = H \

⋃k

i=1 γi

�Qishz��isx
µ1 pmxP���g�zo#e�$n]x���egb�d

���P� eM��y `�Z � y&ysn]�thz�Pr��]�Po
δk+1 = sup{µ1(Hk ∩ γ) : γ

�m�Py#eM��U�yaqshz�Qi�e�R
}
�Ppthz�Pr��]�Po

γk+1
n]h��]iso E �Qn]rs� µ1(H ∩ γk+1) > δk+1

2

eM�Ph km�Ppm�Qh k H]o�Z ����ds�Ph
Hk ⊂ H

pm�P� rGH]� F$� `
���Po#eg�Pp E ��h��]��oQ�Py���e§eMfBlQfQoQy d�qshzispgx�e©isoQ�£Zy i d�ishzis���Ph�� E ��n]oQlSkmfQy i k.

h��P�6�Pp F$��o���hjisyaislQfBoQy E isx�isx�e2km��hz�Po#eg� E �Qnsrs�
H \

⋃k

i=1 γi µ1 pmxP�P�m�zo#etu �����meg�Py/` E bzr�� H
h����4�PlB�Q��eg�

γ1, γ2, . . . , γk

rGH]� F$��y&ys�Ph:��p
��rs�.o&fQh�hz���P�meg�Py/`���ish���isx�xVish£Z

� rs�s�LFQy��Po#e¢��hz��r]�PoQlB� ���Pr]�fBe©i�egoQ� E �Qnsrs� N = H \
⋃∞

i=1 γi

��ish���i�x¢����eMpmxP��eg�
eg��egpgxP�shz�Prs�Pp�rIH]�<F6��ds�Ph§o&fQhzh������meM��y/` E �Q��pgx��Po ��y&ysn]�

N
�m�Pr]fBhjqs�m�zpO�Pp�rGH]� F$������o#eM�Pp Eb�rs� ��isr#i!��p�o&fQhzh������meM��y/`+Z

∞ > µ1(H) ≥
∞
∑

i=1

µ1(Hk ∩ γk+1),

�B�zpgx��Po
Hk ∩ γk+1

��ishz��isx�n]y�lB�zpgxckmfQoQy#e©i�y6Z � F\F6�]h yIH)ds��eMy��Px��zy E �Bn]rs�
µ1(Hk ∩ γk+1) → 0 E ��i k → ∞

Z
g��Pr��K�By��4�Ph E �Bn]rs��hz��eg�Px��zy n]h��]iso γ E ����h��@�g� µ1(N ∩ γ) = d

d�ishzis���Ph��!�$n]x���egb�d
d
`c�m�sZ

� rs�#i�o�isy&ysn]�	i�x�Ph��GF\FQ���Py.pmxP�P�m�zo#e�h���eM��xP��y�nsh��#i�o
k E �Qn]rs� µ1(Hk ∩ γk+1) < d

2

Z � x
i�xPn]o�F�iso��Ph�hz��o&eg��nsoQl

γk+1
dsq�hjispmx�e©q�pMqso�i�y6Z

g��P�Qq�e§dsi�hSRGF�i�o
N
o&fQh�hz���P� eM�Py/`��Pp§b�rs�

H
�Ph��#qsh�h E ����o#e§�Prs�.rIH]�<F6�PpmxP�P�X`���p�o&fQh�h\`���P� eM��y `���ish���i�x fQoQ�dRakgiBZ
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N � ��hz��ys��x�eM��eM�]�Bh�i�x

f
�4�Br]rsd]��o#�]�Py�r]�giVU�y�n]oakgq�e

Γf

` �4��hKkm�PhSHsh km�Qy=Z P
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[a, b]
 #% k �!�Q>)9I"#"$/10 =)%O0t9!��A �!kMW

f 7)8 &?&I>:9!% m-&I� 9���24=)%+Sq9]���@&I/ R"\TI�Q SiB(9)2?24=)��0 �@&49BY)A~9Ik hr0 �@&)i<;LTI0r"\TI" A~9Ik hL9I%_i?=?2
fn

8  6 i?:BA' #kS; 7)8 &?&I>:9!% m �I&Im[( A =<&Im]9?;)=)%
x ∈ [a, b] 6 =)% k =?2?(j0 �!"$m4�B2)��� (x, f(x)) /∈

⋃∞
n=1 Γfn

λ
i<;)�!�Q #% k % /'"#"$0t9!�!kM9B2ON�A~9I"$0 9?;Lk 9I" R

24=)k %J9)2I�
hj �;)=)% m V k T)i�Z6^ xO��hz�]x��.qshzh�b�eMqsp�vKZ	�g�PpmxP�OpmxP�P�m�zo#e f

r]�giVU�y�n]oakgi hz���4�PlQ�B��eM�.���PrspgxVq���hzqsh\`
��iae�R#iso�pgnsy �g��y&eg�dU�yaqsh���i�e<ROrGH]�<F6���Pp§��rs�

µ1
pgx��P�g��o#e�o&fQh�hz���P� eM�Py/`���ish���i�x fQoQ�dRakgqVdsi�h Z

g���eMpmxP�]h��Pr]��p��Qis�Mis����eg�P�m�PxP��p ����hzh���ege�����oQlQ��rs�@�zy
γ
rIH]�<F6�:ys��e}ysn@n]�glQ��o�q�eMqSkgi6N

γ1(t), γ2(t)
P

y�n]�ghzq�eMn]p�d�qsh\eMn]xPqsp<M.�4�Qr]r�d]�Po#�s�
t
` oQ�Py=Z � � ��rs�.ysns�ghjqaeMn]p�d�qsh\eMn]xPqsp<M.�4�Qr]r�d]�Po#� E ���zo#eM�Bn]rs�y���e���n]oQnsegn]o��4�Br]rsd]��o#��y&�QhdH]o�FQpg��r]�Py��Po#e qshzh=��hz� E ��isr#it��p���rs� E it��i��Mis����eg�P�G�zo#eM���md�ishzh�fQ�

� �LF6�Ppmr]fQ� `c���P�meg�Py���pgx��P�m�zo#e�o@fBhzhz���P� eM��y ` ��i�hz��isx�e<R]h ��h�eM��y&�zo#egds� lB� �$�P�g��o\CP�zqshz�Qi�e�R N Xw�?Z#P Z
g��P��qae E ��it��rs� γ

rGHs�<F6� b\d@�Qn]pgpmx�pmxP���g�zo#eg�6�Qis�Mis����eg�P�m�PxP��pg��e¨eM��y&�zo#eEkm�Qy E ����r#qsh�hjis�Qb\eM��iaeEkmfQy E�Qnsrs�
µ1 ` ��Z ��Z �$nso&e4kgqIF�iso�h���eM��xP��y7NE��rs�@pg��r]o#�K��iIFQpmxPn]hdMBeM���meg�Py/` P�lQ�P�m��d�qsh\egd]��y#eMn]�giBZ

� y&ysn]� i
5.12.

��hzhzb\e©qsp e��4�Ph���ispmxPo�qsh\d�i�i�l\RKlB�zy E �Qn]r�� λ
` ��Z ��Z

x ∈ [a, b]
`c�gi���r#isx E �Qn]rs����i

(x, f(x)) ∈ γi E i�y@y�n]� γi

`coQ��y0hz��eM�Px��zy i�oQ�P� �4�Br]r]�]h��Pr]��p�lB�P�g�\d�qsh�emd]�Py#egn]�Mi�isx
(x, f(x))

`
F6�Po E �B�zpgx��Po�i!�4�Qr]r]�shz�Prs�Pp�lQ���g�\dsq�h�egds�Py#eMns�g�Mi�h+�g��oQlQ�Ph�ys��xP���$n]o#egn]y���i�hz��isxVi��p λ

pmxP�P�m�zo#e�u
���P� eM�Py/`+Z

g���y&�zo#eMpm�Qy�i

Tn,k = {γ(t) : 0 < |u − t| <
1

k

�Ppm��eg�Po γ2(u) − γ2(t)

γ1(u) − γ1(t)
≤ n}

��i�hz��isxPn]yai�e E is�Qn]h γ �Pr�� E i Γf

�4��lQ�Ppm�LF6�PoOpmxP�P�m�P�Qh�� �g��y#eM�dUQy�q�hz��i�e<R�rIH]�<F6�sZ�^ xG�Phz�IF\FQ�z��y�F$�]h
d@�zhzqsr]n]p E �Qn]rs��i�xPn]o x ∈ [a, b]

�6n]o#eMnsyO��ishz��isxPi E ����h��@�Q��x§eMis�megn]xLR (x, f(x))
�$n]o#egnse¨oB�P�

�4��lQ�zy h��	i
Tn,k

��ishz��isx�n]y E λ pmxP�P�m�zo#e�o@fBhzhz���P� eM��y `.�Qishz��isxsZ
^�xPn]o

x
�6n]o#eMn]y���i�hz��isxVi E is���Ph\�]��y@�B�PxeMis�megn]xLR (x, f(x))

` e��Prs��islBnsege
Tn,k

�4�Pl0h�� E xVqs� e��i�hz��isx�e i�hzysn�eMo�isy E �Q��pgxP��o γ
��p

Γf

xVqs� eVZ�^
Tn,k

i lB�qU�oQbdCP�dRakgqIF�isoCeg��emeO�4�Ph�eg��eg�Phz��y�F$�]h
isl~RKl\R]iso�xVqs� e��Qishz��isx E b�rs� Tn,k ∩ Γf

xVq��me E ����h��@oQ�Py�d]��eg�Qhz��eM�tisx x
eg�PoQrs�Ph��@�m����p�xVqs� eVZ

� pgpgx��Ppm�Pr]�qF$��o?eg�P��qae!yais�@kmfQy�isx
[a, b]

�zo#eM���md�ishzh�fQ� �4��hSF6n]o#e©qspgq�e���PrspgxVq���hzqshz��iae�R#iso
pmn]y0xVqs� e	��ish���isx�Pp	�Prs�

λ
pgxP���g��o&e�o&fQh�hz���P�meg�Py/` ��ish���isxfQoQ�SRSkgqs�Mi MQr�� E �Qn]rs�¢isx �Prs�s�PpxPqs�met��ish���isx�n]ysnso�i

f � �z�Bp<C©�Q�\eMx�i����Prs�4��hz��hz� n � ���Qp<C©�Q�\eMx `cysnsoQpmeMisoQpgpgish Z � x�xP�Ph�isx�qshzh�b\`eMqspme�F$��hjq�emeMfQy E �Q�zpmxP�Po�eMfQlakmfBy E �Qn]rs��eg��eMpmxP�]h��Pr]��p H ⊂ [a, b]
��ishz��isx�n]oRi�lQnsege � �z�Bp<C©�Q�\eMx�4�Qrsrsd]��o&� y&�\eM�P� km�Ppmx�eM�B��eM�

[a, b]
`c�m�§isxPnsoQn]p � �z�Qp C©�Q��egx�ysn]oQp e©isoBp<M � ���Qp<C©�Q�\eMx��4�Qrsrsd]��oQo#�]�sZ �
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' �PhdH]h km�Qy i
H

��ish���i�xPo�isy isx.ns�g�zrIR]o�q�eg����oQ� E iRd�ishSRspeM��oQr]�Ph�h��s�Ph θ
pmxLH]rs��e F$��xVqs� R

��rs�]��oQ�Ppm�g�tds��eme �Q�mnakm�PyVCP�dRakgq�e
πθ(H) (θ ∈ (−π, π])

Z �crs�
πx = π0

Z
e ishzis���zo#e�i

πθ,0(H)
` dsi�h=km�PhdH]h�e ��ishz��isxOq�hzh kmnso0isxPnso��6n]o#eMn]y�FJR]h i.pgxPqs����rs�]��oQ�Ppm�Po E ��� `h\�]�Py�F6�]h��zoBlQb�egnsege E i0d�ishdR]p!eM��oQr]��hzh��s�Ph (π

2
− θ)

pgxLHsr]��e F6�PxVq��<R �Prs�s�PoQ��pg��y ����egpgxP��yCi
H��i�hz��isx�ePZ } H]oQo#�]��o�hzq�eM�Qi�eEkmfQy E �Qn]rs���Py&y�n]� eM��eMpgx��]hz��r]�Pp θ

�Ppm��eg�Po�i
π0(πθ(H)) = πθ,0(H)��rs�]��oQhz�]pm�Pr�qshzh6�4�PoQo+Z

 +�E�@® � �G @-C-�A�� 8|�@&Im4�!%
f
&I�XT 7 Sq9T���@&I/'"\TI�Q SiL� 4 2?24=)��0r #%xY'�!% ε > 0

9Bi
λ
R 0 �S0 �

x ∈ [a, b]
R

����"U9!k �<;L S2 =)"$mI9I%
h0 > 0

( A =<&Im-0r #%xY'�!% 6 =L;L #k V > h < h0
�Bi?�!kM9!%_"U9!k �<;L S2 =)"$mG9I%

θ0 > 0
i<;)n<&)(

0 �!"$m)����0r #%xY'�!%
θ < θ0

�Bi?�!kM9!%Ok �!" S �Bi 8 " ( A =<&Im

λ(πθ,0(Γf) \ [x − h, x + h]) ≤ 2h · ε.

hj �;)=)% m V kDT)i�Z � hz�]pmxLH]���zp ���Prs�!fBe©iaeEkmfQy E �Bn]rs� λ
` ��Z ��Z

x ∈ [a, b]
`c�m�!hz��eM��xP�zy��Pr��Rn]h\�#iso

γ

� �z�Bp<C©�Q�\eMx �4�Qrsrsd]��o&�@r]�giVU�y�n]o E �Qn]rs��i γ \ Γf

`coQ��y i!���Prs�4��hz��hz�
(x, f(x))

�$n]o#e<F�iso�i�4�Ph�pg�
pX`Q� `Qpm�Pr]�uBZ
� xeg�Ph km��pg��o�d@�zhzqsr]n]p E �B�zpgx��PoReg�Py&�zo#emd]�Oi Γf

` oQ�Py�isxt�Ph��GF\FQ�
5.18.

��hzh�b�e©q�p<F�iso�pmxP�P�m�P�Qh�� hz� `
�4��lQ�Ppm��e E λ `c��Z ��Z x

�$nso&eg�Qn]x	hz��eM��xP�zy�n]h��]iso � �z�Qp C©�Q��egx �4�Qr]rsds�Po#� E ���Ph\�KoB�Py rGHs�<F6��km��hz���4�PlQ�isx
(x, f(x))

�6n]o#eMnse§pm�se E i�x�e �zp��4��h�eM���Q��e4km�Qy E �Qn]rs� µ1
pmxP�P�m�zo#e �$nsxP��egb�d������meg�Py/`��Qishz��isx�e

����egpgxRy&�
Γf

` F6�]h E �Q�zpmxP�Po�isx���x�e�oQ�P� eM��h km��pgb�eg�
γ
�4�Br]rsd]��o#�KrIH]�<F6�Py���e.y&� �zp���isrs�VkmfQyNi

h����4�PlB�Pp<F6�]h£Z
� F\F6�]hGi

5.12.
� h�hzb�eMqsp �4��hz��ispmxPo�q�hjqspgq)d�ish i�l\RKlB�zy E �Qn]rs� λ

`c��Z ��Z��$n]o#eg�Mi�isx
[a, b]

�zo#eM��� `
d�ish�hzfQ�eFQiso?�Phz��n]oQlB��i�e�R E �Bn]rs�?i ����rs�4�Ph��Phz� (x, f(x))

�6n]o#eM�gi ��r#isx�isx��Ph��]xP� ���Pr#qsh�hjia`
�Qb\e©qsp�Z ��r��#iso�i�y@y�n]� E islQnseme x

�6n]o#eM�Qnsx¢e©is� eMn]xqR
(x, f(x))

`c��e.�4�PlQ�
γ � ���Qp<C©�Q�\eMx¢�4�Qrsr�`ds�Po#� r]�Mi)U�ysn]oB�Mi E eM��y@��o#eMpg�By�i

H = γ ∩ Γf

�Qishz��isx�ePZ � y&ysn]� i �4��h�eM��eM��hz�Py pgx��P�m�zo#e
µ1(H) = µ1(γ ∩ Γf) > 0 E eM�P�Qq�e H

[�` ��ishz��isx �Pp�����ds�Ph�i
γ
rIH]�<F6�PoQ��yR[�` �g��pgxP�Qishz��isxVi E i

H
��isr#iO�zp��m�Pr]fQhzqs�g��p E isxVisx

Ds(γ ∩ Γf , (x, f(x))) = D
s
(γ ∩ Γf , (x, f(x))) = 1,

���Ph\�1F6�]h+yVH)d]��egys��xP�zy E �Qn]rs�

D
s
(γ \ Γf , (x, f(x))) = Ds(γ \ Γf , (x, f(x))) = 0

��Z ��Z
x
`c�m�sZ

� x:eMfQhziSkmlQn]oBys�P�B�$��oisx�eQkm�Phz��o#eM� E �Bn]rs��i�x�i�lQnsege+�$n]o#e�yIHs�g�Qh#i��4�Qrsrsd]��o&�	rs�Mq��wkgi�h��Po#�]��r]�LF6�Poi
γ
` d�ish+��rs�]��xP��y ����rQZ
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r r

rr

γ
2rK

(x, f(x))

x

π
2
− ϑ

x − h x + hx − h(1 − ε
2
) x + h(1 − ε

2
)

[][sZ�qVFQ�MiBZ�^ x¨qIFQ�gqso!isx
(x, f(x))

�$n]o#egnse}�4�PlQ� � ���Qp<C©�Q�\eMx:�4�Qr]r�d]�Po#� γ
` d�ish�km�PhdH]h�e}rs�Mq��wkgi§hjq�e `

��iae�R	isx
[x−h, x+h]

��o#eM�P� d�ishzh�fQ��nso E ��hzh���egds�¨y&�z��r]�PpmxPb\eM� ��rs�]��oQ�Ppm�Py E ���Ph\�]�PytiWFQ��xPn]o#�@b�eMqspishzis�Qr]nsoQlQn]hzi�e©q�e�islakgqsy=Z

�2�\(Bqsh kmfQoQy �Prs�
x
`c��e�i��4��o&eg�#o&fQhzh������meM��y/`��Qishz��isxPnso y&b�d@�Qh E ��pQkm��hSH]h km�Qy�i�egn)dsqVF\FQ�ji�y'FQiso

Ih

` d�ish i
[x − h, x + h]

�zo#eg�P�md�ish�hzfQ��nsePZ
� y@y�n]� ���zoQlB�Po

ε > 0
`c�Qn]xGhz��eM��xP�zy	n]h\�#iso

h0 > 0 E �Qn]r��t���zoBlQ�Po!�6n]x���eMb\d h < h0
��pg��eg�Po

µ1(γ|Ih
\ Γf) < h · ε.

N£vGP
e ishdRGF�iso E �Q�zpmxP��o D

s
(γ \ Γf , (x, f(x))) = 0,

��xP���me�����oQlQ��o
ε′ > 0

`c�Qn]xhz��eg�Px��zy
r0 > 0 E�Qnsrs�.���zoQlQ��o

r < r0
�Ppm��eM��o

µ1((γ \ Γf) ∩ Br((x, f(x))) < r · ε′.

��� E is�Qnsrs� i�[][sZ�qVFQ�Mqso	��p+hjq�eg��i�e<R E i γ � ���Qp<C©�B��eMx egfQhji)kmlQn]oQpgqsr#i����ji�eme h = r(
√

1 − 1
K2 ) =

r · K ′ E d�ishjis���Ph\� K
�Pp

K ′ ysnsoQpmeMisoQp �Ppg��eM��o E i�x Ih ⊂ π0((γ \ Γf) ∩ Br((x, f(x)))
�Pp

µ1(γ|Ih
\ Γf) < ε′ · K ′ · 2h = h · ε,

ε′ = ε · 2K
` o�isy�dsq�hjispmx�e©q�pgpMi�h Z

^
γ
�4n]h\�@egn]oQn]pmpMqsr]qso�isy¢yVH)d]��egys��xP���Po#�]� E �Bn]rs� θ

pgxqH]r]��et�4n]h\�&eMn]oQnspMiso0d�qsh�egn]x�eMi�egd�i�i
πθ,0

d]��eM�Qh���eg�zo#eM���md�ishzh�fQ��d]��r]�$nso&e4kgis�Q��p��4n]h\�@egn]oQn]pgiso!d�qsh�egn]xPoQisy=Z �crs�!i![][]Z2qIFQ�Mi e©iso�MQpgqsr#i
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pmxP�P�m�zo#e E eg��eMpmxP�]h��Pr]��p ε
`c�Qnsx isxO�z���Po#e�d�qshji�pgx�egnsege

h < h0
�Ppg��eM��o E h���eg�PxP��yRn]h\�#iso0y&�dCPpg� θ0 E�Qnsrs� i��4�Qr]r]�]h��Pr]��pgpm�Ph

θ < θ0
pgxqH]r]��e F6�PxVq��<R E i γ|Ih

�6n]o#eEkgis��oOys�P�m�Ppmx�eM�Bh$���PoQ���Pr��]�PoB�Ppg��y
����egpgxP��eM�ti!dsi�hSR]p���rs�]��oQ�Ppmpg�Ph}e©i��me©i�hz��isxPxPiOisx

Ih(1− ε
2
)
�zo#eM���md�ishzh�fQ��nseVZ �RqspgpmxLR)d�ish

Ih(1− ε
2
) ⊂ πθ,0(γ|Ih) ⇒ λ(πθ,0(γ|Ih)) > 2h · (1 −

ε

2
).

N£YGP

��rs�]iso�isy&y�n]�eN£vGPc``F$�sh+isx
5.12.

� h�hzb�eMqsp��4��hz��i�pgxPoQqshjqspgqVdsi�h�yais�@kmfQy�i

λ(πθ,0(γ|Ih
\ Γf ) < h · ε

N � P
��rs�]��oQhz�seghz��oQpg��r]��ePZ

y is�m��i�lQ�g��pgx�e¨eM��egpgx��]hz��r]�Pp
A
��p

B
���P�g�B��eM�O�Qishz��isxPnsy@�git��p

π
d]��egb�eg�Ppg�m�

π(A ∪B) ⊆

π(A) ∪ π(B)
eM�Ph km�Ppm�Qh Z �crs� E ���\d]��h πθ,0

�zp�ds��egb�eM��p E i λ
��n]oQnsegn]oQ��eMqspMqVF^R]h$isl\R@lQ��y i

λ(πθ,0(γ|Ih
) ≤ λ(πθ,0(γ|Ih

\ Γf) + λ(πθ,0(γ|Ih
∩ Γf)

��rs�]��oQhz�seghz��oQpg��rQZ����Ph\�1F6�]h+�4��hz��ispmxPo�q�h�d�iDN£Y4P `c��e§�Pp-N � P `c��e§�Pp�q�eM�m�PoQlQ��x�ds�tyais�@kmfBy�i

2h · (1 − ε) ≤ λ(πθ,0(γ|Ih
∩ Γf) ≤ λ(πθ,0(Γf ) ∩ Ih)

��rs�]��oQhz�seghz��oQpg��r]��e E ���Ph\�'F$�]h$yIH]x�d]��eMhz��o¢isl~RKlQ��y irFQ��xPn]o#�@b�eMisoQl\R�qsh�hzb�eMqspPZ �

� ;�u4� _�����"#" V k T)i KL �;)=)% m V k T)iL94�2^�hzyaishz��isx�xPfQy isx�{@Z�[?oKZ � �P����q�e}����oQlQ��q��gn]� �4�Br]rsd]��o#�
r]�giVU�y�n]oakgqs�gi E ��y&ysn]�¨eg�P��qae U ( ε

` �Qn]x dsq�hjispmx�eM�Qi�e�R E ��rs��n]h��]iso�y&�dCPpg��o#��yVH]xLHsp h
�Pp��PxP��y&�Q�Px

���Prs�4��hz��hz�Oy&�SC�pg�zo#� N4yIH]xqH]pBP
θ E �Qn]rs�

λ(πθ,0(Γfi
) \ Ih) ≤ 2h · ε

eg�Ph km��pg�Qh
i = {1, 2, 3}

�Ppm��eM��o+Z � y&y�n]� i

λ(
3
⋂

i=1

πθ,0(Γfi
)) ≥ λ(Ih ∩

3
⋂

i=1

πθ,0(Γfi
)) ≥

≥ λ(Ih) − λ(
3
⋃

i=1

(Ih \ πθ,0(Γfi
))) ≥ 2h − 6h · ε > 0,

��i
ε < 1

6

Z
g��P��qae¨i�d]��eM�Qh���eg�PyO����eMpmxP��eM�§oQ�P� �Q�g��p E bzrs�hz��eg�Px��zynsh��#i�o π

2
−θ

�z�gqso#�1M��Pr��]�PoB�Pp E ����h��s�Po���zoQlB��qs�gns�¬rGH]� F$��oQ�Py�dsi�o�����egpgx���eM��Z
�

b�qs� i�yIH)ds��eMy��Px��Oqshzh�b�eMqsp2i�����egpgxP�	��rs�]��oQ�Pp�hz��eg��e:oB�P� xPqs�4kgi�y&� E ���Pr]��p �!fBeMi�eEkgi E �Qn]rs�i ���g�g��r]fQhzqs�g��pG[�`c��ish���i�xPn]y&�Mi�d]nso�i�eMy�n]xLR	��i�pgn]oQhdR�qsh�hzb�eMqsp�FQ�zx�n]o#�@b�e©q�pMi ��r]�Ppmx���qsp��z�gqso#�1FQiso
e<H]�meg�PoQ�Q��e E ��iO�Pr��#qsh\e©ishzqso.hz���Q��egpg�Prs�Pp E ���zo#e§i!�4�Po#eg���m�Pr]fBhjqs�m�zp���pg��eg�g��d]nso�i�eMy�n]xLRBZ
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H

�@&Ime #�Q���@&I/1"\TI�Q Si ]:R@A~9I"$0 9?;
R2 R K!�!%J� 4 2?24=)��9 πθ(H) λ

i<;)�!�Q #% k
% /'"#"$0t9!�Qk�9B2ON_0 9XS&YI%��!0 0r #%xY'�!%

θ ∈ [0, 2π)
 #�XTI% mV� 94�

� oQoQ��y�i FB�zxPnso&�@b\e©qspgi ���Pr�e©ishzqshz��iae�R X v)Z ` F6�Po+Z
b¨���4�ckm�Px��Ppg�Bh=isx�e i ���Prshz�P�6� ���g��lQ����o#�@e pmxP���g��egoQ�PoBy!e©qs�mrs�#ish�oQ� E ����h����Px��PoO�4��km��xP��e ys�P��`lQ��pg��e-Hspgpgx��Pyais�JCPpmn]h kgi�i.YBZ	�4��km��xP��e�y��P�glB�Ppg��d]��h Z b¨��xPn]o#�]nsp�pg�6�LCP�zqshz��p ��pg��eg�Py�F6�Po����zoBlQys��e

�Q�mnGFQh��P��qs�Mi�pm�zy��P�g�m�Ph�dsq�hjispmxPn]h\eMfQoQy E qs� eg�Ph km�Pp�qsh\e©ishzqsoQn]pmpMqsrIF�isoR���Pr�o&�@�\eMnseme©isy���i��MislK`
eMisy iRys���glQ��pg�Py=Z � x��fBe©i�e4kgiRi!km�Phz��o#eM�]pm�Pr]��e isx�ishjqIF~FQ� �Ph kgq��Mqspmo�isy E ���Ph\�KoB�Py hz��o&�s�Pr]� E�Qnsrs�OFQ� km�Py#eMb\dRyais�JCPpmn]hjiaeMnse �Qn]x!h���eM�m�!�Pr��¢��ish���i�x�6n]o#eEkgis���Pp��Pr��¢��qspg��y��Qishz��isx��rs�]� `
oQ��pg����yVH]xLH�egeVZ

 +��* �=�oa.F£FEL4'VW�7s� .69iu4�g]4� 	i9!�XY 9Bi!�B� 9->OTI"�9)i<; k@9?&49BY'h-9)2?24=)� 9BKLK!h)"124n)>I�!k#24�<;L S2?(	A =<&Im-9"_����I�
	i9!�XY 9Bi!���39]>OTI"�9)i<;- �&'�!% "UWI�

hj �;)=)% m V k T)i�Z]^ �4��o&eG����h�b�eM��ege:� R@lQpgx��P�me�i	pgxPisy&�z�gn@l�ish�n]�eF�i�othW�Bi! @:B=)>? @:BA3,6/~9I"$ #kDT)i)o�isy
�Qb\dVkgqsy=Z N � q�pgl	KdX\[ Z�dsi�rs�fX v)Z#P^�x0�Phz�IF\FQ�z��ys��e.�$nso&egn]pMiVF\F�iso��4n]r]ishz��isx�d�i E hz�Pr��]�Po e

�Pr�� ��rs�]��oQ�Pp�iCpgb�ysn]o E is���zoB�PyNi���P�m�PlQ��y@pm�Pr]��oQ��� u E km�PhdH]h km�Qy �Px�e�i0�����g�PlB�Py&pg��r]��e�i¢eMn)d�qIF\FQ�zisy�F�iso m(e)
` ds�Ph E ��hzhz��egds�km��hSH]h km�Qy

x(e)
` d]��h�i�x

e
�Prs�s�PoQ��pgoQ��y�isx

x
eM��oQr]��hzh��s�Ph�ds��eme ����egpgxP��eM��eVZ � y@y�n]�

T (e) =

{

(x(e), 1
m(e)

),
��i

m(e) 6= 0,∞ E
(x(e), 0),

��i
m(e) = ∞

^ x�bzrs� lQ�qU�oB�jqsh\e
T
FB� km�PyVCP�dRse hz��eg�Ppmb�e�i�oQ��� u����P�g��lQ�Py&pm�Pr ` N4oQ�P� d@bzx�pgx��zo#eM��pBP ��rs�]� `

oQ��pg��y��Qishz��isxVit�Pp �$n]o#egn]y ��ish���i�xViyVH]xLHseme�i�pmbzysnso+Z
�crs� ��rs� ��rs�]��oQ�Pp �6n]o#eMn]pgiso i�y@y�n]�0���Prs� ys�P�m�Ppmx�eM�Bh�i�x

(a, b) ∈ R2 �6n]o#eMn]o E ��i
x(e) = −b( 1

m(e)
) + a E is�Qn]h��4�Qr]r]�]h��Pr]��p �Pr��]�PoB�PpR��pg��eM�Po 1

m(e)

`c��e�uS`co�isy �P� eM�Ph�����xPx��Qy EisxPisxtisx
e
�Prs�s�PoQ��pme isx

x = −by + a
ishzisy�M��Prs�s�PoQh���eM��e y&���Phz��r]b�eg�

(x, y)
�6n]o#eMn]y�F�iOd@�zpgx�� Z

y i�eM��y&�zo#eEkm�Qy�isx H]pmpgxP��p�oQ��� dKb�xPpmxP�zo#eg�Pp¨��rs�]��oQ�Pp e E i�����y��P�g��pgx�eM�Qh�����rs��isx (a, b)
�6n]o#eMnso Eisy&y�n]����xP��y�y��P�6�P�6i

T
pgx��P�g��o#e¨n]h\�#iso �6n]o#eMn]yOh��PpmxPoQ��y E ���Ph��s�Py!��rs� �Pr��]�PoB�Ppg��o.�Q�Ph\�]��xPys��lK`oQ��y���h E �Pp�isx���rs�]��oQ�Pp�����egpgx���eM� isx x

eg�PoQrs�Phzh\�]��h$i�x
(a, 0)

�$nso&e E i������g�PlB�Py&pg��r]� −1
b

Z��crs�
��xP�Po¢isx	�Prs�s�PoQ��pg�Po¢ds��ds��Pr��.pgxPisyaispgx�e E i�pmxVisyaispmxt�6n]o#eEkgis��o�isy�����rs�4�Ph��Phz�O��rs�]��oQ�Ppm�Py��Prs�i yIH]xqH]p§�$nso&e<F^Rsh �zoQlQb\eMnseme�islBnsege§o#�@bzhzqspgpmxLH]r `�pgxqH]rseMis�megn]��q�o&�&e��4��lQoQ�Py.h��sZ

e �Prs�@�QoBy��Prs��eg��eMpmxP�]h��Pr]��p
f
b¨n]�m�Ph#���P�m�Q��eg� �4�Br]rsd]��o#�@e E �PpQkm�PhdH]h km� A(f) = {e : e∩f 6=

∅}
�Pp

A?(f) = {T (e) : e ∈ A(f)} ∩ H
Z�^ x��Ph��GF\FQ���Py¢pmxP���g�zo#e

A? nsh��#i�o �4��hz�Pr��]�PoB�Ppg��y



� � ��� ����
 � �M� ����� �j
����6���q�m�����W
q������� ��� �	�����L
���
 � �

fQoB�SRakgqIFJR]h6qsh�h E ����h�� fQoB�SRoB�P� e©is� e©ish���isx�d@bzx�pgx��zo#eM��p��Prs�s�PoQ��pg��ys��ePZg�n)dsqVF\F�q E isx a
�P� eM��y

isx
f
�P�meg�Ph�����xP�Ppm�KeMis�megn]��q�o&�]qso�isy��6n]o#eMn]pgiso isy&ysns�:�Phz����� E ��i h���eg�PxP��ytnsh��#i�oDN4�4�Qrsr]�]hz��r]�Pp�P�4��hz�Pr��]�PoB�Pp

A(f)
``F$��o E is���zoQ��y�i ys���$��isx (a, 0)

�6n]o#eVZ
� xP��y�fKe©qso�eM�Pr��K�By �4��h E �Qn]r�� f1, f2

�Pp
f3
n]h��]iso����P�m�Q��eg�t�4�Qr]r�d]�Po#�s�Py E ���Ph��s�PyO��rs��islQnseme

I
�zo#eM���md�ish�hzfQ��n]o��P�meg�Ph�����x�d]��dsi�oQo�isy��Pp E is���Ph��s�Py&�g� oQ�P� hz��eM�Px��zy�n]h��]iso oQ��� �4�Br]r]�]h��Pr]��p

��rs�]��oQ�Pp E �Qn]rs�����zoQlB��qs�gns�¬�4�Qr]rsds�Po#��r]�MiVUQysn]oakgq�o�isy.�Ppm�zy�isx��Prs�s�PoQ��pg�m�O�$n]o#e4kgiBZ � y@y�n]�
d@�zhzqsr]n]p E �Qn]rs���Px��Py�r]�giVU�ysnsoakgqso�isy d�iso?����eMpgx���eg��i�x I

�zo#eg�P�md�ish�hzfQ� eg��eMpmxP�]h��Pr]��p �$n]o#e `
kgqIFJR]h �zoBlQb�egnsege��4�Qrsr]�]hz��r]�Pp	��rs�]��oQ�Ppmpg�Ph E �PpiRY�r]�Mi)U�ysn]o�yIH]x��Qh����zoBlQ�Po oQ�P� �4�Br]r]�]h��Pr]��p
��rs�]��oQ�Ppmpg�Ph�hz��rs�4�Ph km�LF\F�vS` oQ�Py�dsi�o�����egpgxP��eM��Z

� y@y�n]��isx
A?(f1), A

?(f2)
�Pp

A?(f3)
�m�PoQlQ��hzy��PxP��yRi�Ya`cpmxVisyaispmxeMfBhjiSkmlQnsoQpMqsrsr#ish �Pr��

I��i�hz��isxP�gi�oQ��x�ds� E �Q��pgxP��o0i��4��h�eM��eM��hz�Py�F6�]h d@�zhjq�r]n]p E �Qnsrs� I
���zoBlQ�Po��$n]o#e4kgi��Ph��P�g�B��eM��pgxPia`

yaispmpgxVi�h6���zoBlQ�Prs�@��y��ish���i�xLFJR]h E �Q�zpmxP�Po E ���zo#e:���PrVkm�Prs�s�Px�eM�Qy E �Prs��islBnsege �6n]o#eMn]o�q�eg����oQ�oQ��� d@bzx�pgxP��o#eM�Pp���rs�]��oQ�Ppm�Py ys���$���:�Prs�R�Prs�s�PoQ��pg��o��Q��h��]��xPy��PlQoQ��y �Ph Z�^ xO��p yIH)ds��eMy��Px��zy i
�4��h�eM��eM��hz�Py�F6�]h E �Qn]rs� i���q��gn]� ��ishz��isx�o�isy�oQ�zo\C�p:yIH]xqH]p ����eMpmxP��eg� i

H
o&�@b�h�e �4��hzpg���4��hzpgb�ysn]o�Z

e �zhjq�r]n]p E �Qn]rs�.isx A?(fi)
��i�hz��isxPn]y]b¨n]�m�Ph��Py=Z

g�����q�e �P�B�$��oRi�YBZ ªBZ } �P�glB�Ppg�m�	y�i��QfQoQy.��r]�PoQh��!d�qshjispmx�ePZ
�



���?� ��
��<�j� 
�
 ��� � o

� xQ�����}�
�� y v 
��

X [LZ } Z ' Z �=ishSC�n]oQ�P� E �	� 9':!k@9I"�lT�B=)0 �!k �Qm E ' n]�Bo � ��hz���
&
�Kn]oBp � egl+Z E b¨i���oQp � isoQ� E �¨�Q� `C©�Q�Pp eM��� E [?oGo]uBZ

X v)Z } Z ' Z �=ishSC�n]oQ�P� E v	A �-lT�B=)0 �!kc�Qm]= 7 ���<9':!k@9I"Fj	�!k#i E ��i��eFQ�g��lQr]� ��oB��d]���gpm��ec��«:�g�Ppmp E ��is� `FQ�g��lQr]� E [?o �#{@Z
X YVZ � Zw���m�P�zh��zoQr E «�Z �Z y fB��y�� E ��Z � iVCPxPy�n)dK�dC©� E�� %�� � "\Y * ��=:KL"S�!03( � %��������+( � %xY v	A �! #�

4
	 /1 #>)9I"S�!%�:B� E g�i�eg�Mi���eVZ6��i�eM�+Z=«:f\FBh Z=v � N vsu]u]vGP E [)ªGoa`M[S� � Z
X � Z � iICPx�ysn)d@�SC©�0� Z E l 9I"Sh?i 7)8 &?&I>:9!% m)k`9I% E � � g � E b¨fBl�is�6�Ppme E [?oGo#{KZ
X {)Z���SC©�Qishz�qCPxPy#��� �]Z E� �!%xY)i<;)�!�B�!"$0t9!"S�!k E �#egeg�	K����������	Z CPpPZ �Ph\eM��Z �&f����B�gnGF�iVFQ�zh���ec�������SC©��ish���egxPy#���
X ªVZt«���eM�gfBpgyai�� �]Z E � %J9I" V ;L Si wXw � E � � g � �Prs�s��eM�����Bkm��rs�@xP��e E b¨fQl�i��$��pme E [?oIoGoBZ
X �)Z �KxP�sys���Ei�h�d@�\` � isrs� b Z E l 9I"Sh?i 7)8 &?&I>:9!% m��B29Bi 7)8 &?&I>:9!% m?i?=)�B=?2 E g�isoQyIHso&�&d@y&�jisl~R E b¨fQl�iS`�$��pme E [?o#�]{KZ
X �VZ �KxZ`~CPp ^Z E v^= 6 =)"Sh<&I 9 S �@&ImL;)�!k E �#egeM��K����������	Z C�pPZ �Ph�eg�sZ �&f���pgx�f\CPp��Vg�n]�+[�`�vKZ �6lB�


