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34 �J�@��
G∗ >(%&B&'�CD*(/�*(*z#�@&"Q�A*!>AV�#�8,ZFC�3� �)2Z�R�/�" 9'

i.
8,�AU�8,�A@&�('�*!���Då

Di

/,�D/,)Wê2+,�M �=�@9*(*
w
 7�AU��Då�@&'E����3Q 9J�@&�48��(U�8��(@&�A'�*X���Îå&@&"�#�+�"I*Æ �'

%��(�('�/,B
1}
j
w : V (G∗) → R+}

j
G∗ #�@�"��A*!>AV�#�8�Z"C�[ }:�'ÈVQ*!@�����C2)� �çQZD)WV�)$.&+,B&/��<�(@&# �A'E��) )- Yç�Z�)WVQ)2#�+,"�*z.&/,J�/0*!1�3�J�ZD�('�/,"L.&+,B&/��ì�A@&#

O�@�"I*!@�"H8��! �#�.&+�B&/,�~�A@&#P+����«*!>(V�#�*(U�>! WST/,��/���JQ/�*Æ)-/�B2 WST/,�Î*!+0*!/,�D"�/,#43�C�B9å>ß /�Z�/�>(�A*(>! ��A�
*(+�*(/,�D/±�('�/,>(ZD"I*� Í)� �çQZD)WV�) .9 ��FC&R� �"jST/��D.&+0*!/�*(Z�#4[
EÅùFkÅù¨ú±û�ü
ý4þ�ÿ

d(G) ≤ (1 − 1
∆2 )

A
¤ .�7 # 
$�{�/%��52 A ã|/�#IZ�"I*(�(í�#j W#I>(ZD*(Z�#IV��Ö+����(êQ>(ê��(+�B&J�/�'±*X 9>A*!@�'�CÍ/�B�åÌZ�#-@&OQ*!ZD)��9�DZÎ�M#�@&"��«*Aè>AV�#�8�Z"C�*,[���/��D*(/,J�/0*�æAí�#43IJ�@�B�åW/,RQR�/�"-)2Z�"�=�/�"�@&�A'�*!���Dåh��/,B9ST/,� æA/,R�R

∆
/,�D/,)WêÅ[J�ì���� ��('¦è

�A',V�#W#IZ�)-ZD"�=�/�"�@&�A'�*X�9�DåÌRcC&�� ���/�B&"� �B9å&@&R�R��(UQ�DåÌU28,�AU�8,�A@�*E3Ì/,'�/,"-�AU��Då&@&#h)2Z�"�=�/�B�åÌZÎè
#9/��D/,B� �����R�R 1

∆

[x:ëST/,�Î*!+0*!/,���A',/�>(Z�"�*�/,'�/,#2 ±8��(U�8��(@&#�"�/,)ÝST/��(',CÎ*!ZD#Í 
G
B&>!�YST@�*E3�/�',+,>«*

\²B



.Y ��N 9)-/��DåÌZD#
G
è»R�/���Zf+,�mJ�Z���"IåÌ'�Z�#F �'2���Î*X ��DVQ#HST/,�A',CD*(/�*A*7>(+,�A',B&>(�9STRcC&�ð3
/,'2 �'0*ÖæA/,�D/,"I*(Z 3

JQ@&B�åj �J�Z���"IåÌ'+C2+,�DJ�/�'±*! �>A*(@&'�C�+����Aê�>(ê��A+,B-�D/,B�ST/��÷æA/�R�R
(1 − 1

∆2 )
[

:
G
è£J�/�'P*X �>«*!@&'+C @&OQ*(Z�)-���DZÎ�h#�@&"Q�A*!>AV�#�8,ZFCï/�B�åÒ)-���AZ�#6*!VQ�N �æA=�@&"��(��B��9*h)ÍV�*X 9*Tæ( F 

#9%�.&/�*(#�/,',1-��/,)2)- Q[
EÅùts
ù�×xýc�G�M��ÿv�c�:%/2�75d59"���H�,2

G
�����	)�^ # 7�%����R% # 75_b*,���:<W�:9X� G∗ #,! %e./<=��9X."2G4 # 
�2:%e�R�Z4  0:.�_£���:
cgH�:9N4Z��7�."4Ù�67,76��9W�¥%e�H9��	@+g # 
�2��6�6�Z��9N��^ # ���Ù<�./
cgH�:


G  *:�:9X.�8:9N^$��7à%����R% # 75_
de

8:9N2:���R�Z268��¹�����P�:
`9"d6�U%T�,^���%�<W���H�����P��7�."4
d(G)  S��:9 A

¤ .�7 # 
$�{�/%��52 Auµ "�=�Z�>A/,#�*!/�"FZ�B� 9',@&� æAV�#j 9'h�����DCÎ*!���«*E[Öã|/�B�åÌí�#HST/�� 34J�@&B�åj.9 �"y/,B�åH@&�Îå� �"
e ∈ E(G)

+�� 3� 9)-/��DåÌ>(/
de á )2Z�" ñ df

j
f ∈ E(G)

ò Ú d(G)
[

G∗ è»RcC&�Í/�#I#�@&>/���1&�����ÎCÎ*(V�"�#-/�B�åj@&�Îå� �"
G′ #�@&"��«*!>(VQ#�8,Z"C9*E34 �)2/,�ÎåÌ>(/�)2Z�" ñ df

j
f ∈ E(G)

ò«"� �B�å&@&RQR
)2ZD"I*

G∗ /��(/0*!+,R�/�"Å[
�ì���� ��(�A',V�"�#

G
è£R�/�"ï#�+0*È@��Då� �" +,��/0*E3�æA/,�D%&�÷æ«í�#L1�#�/�*

e
è».&/��m+��

f
è»ST/�� 3Ñ �)2/,�Îå&/,#y #�%Yè

.�/�*!#�/�',1�*<*(/,�÷æA/��(CÎ*!Z�#]j
de > df = d(G)

34*(@�.9�9R�R��
e = xy

+,�
f = xz

V�B�å� 9"� �>(>( - �'
x ∈ V (G)

8��(U�8��(>! 2Z����Î/,�('�#�/,=Q"�/,#4[
G
%&�A�('�/�STí�B&B�1&�(+�B&/È+��� ÍST/��D*!+0*!/���í�"�#�)2ZN Y*(*ÖZ��Îå&/�*

RQZ�'0*!@&�( �"2*! ��N���DVQ"�#4[V}<�D��CÎ*(�(V�#h/���1È 
G′ #�@&"��A*(>(V�#�8�Z"C�* G∗ è£RcC&��U�B9å&3ÌJ�@�B�å2 9' x

8��(U�8��
#9+,O�+,JQ/,'�)2+,BP/�B�å

x′ O�@&"�*!@�*<.&/��('�í�"�#FJ�@�','E��3Ñ �)2/,�Îå&/�*<%&�(�A',/,#9%�*!í�"Q# Γ(x) − {y}*(/,� æA/,�Æ#�+,O�+0.&/,� [
G′ è»R�/,"L Í8,�AU�8,�A@&#j�(U��Îå� �Z x #�+,O�+,"L#ICD.Ìí��Å)-/�B&/�B�å&/,'�"�/,#  

G∗ è»R�/,�DZ�AU��Då�@&#I#Y �� 3
x′ �AU��Då� h��/�B�å&/,"P/,B�å-#�+,�A1&R�Rhæ	C&��)-/�B�.9�9�N ��A'�*!@9*(* ε > 0

3
x G∗ è£R�/,�DZ�#�+,O�/8��(U�8��! 9Z�"� �#ö�AU��Då��9*WO�/�=�Z�BF�A',@&>A@&'�',V�# )2/,B

(1 − ε)
è£"� �� [FGLZD.&/��

d(G) â \ 3x/,'�+,>A* e#IZÎ.&+�*(/,��+0.&/,�� �'
x
è»>(/zZD���D/��('�#�/,=�17+,�D/,#�/�"P 9'~+����(êQ>(ê��A+,BÈ"�%�.&/�#I�(',ZD#43�)-ZD#�%&',R�/�"

de

O�@&"�è
*(@&�! 9"

ε
è£"� ��
8��(%&#I#�/�"Å[u���9�N ��A�('�V�# )2/,B

ε
è *�U�B�å�3�J�@&B9å

ε < de − d(G)
*!/��÷æA/,�Aí��÷æA%�"Å[

:�'2C�B�åF�D+�*!>A/,J�@�',@�*A*
G
è ST/,�ÎSTUYæ«*±"�å�ZD�D.9�9"ï"�/�) ST/��('�CD*!Z

G
è»*,3�J�ZD�('�/,"

G∗ è£R�/���Zx8,�(UQ8,�(@�#"Q/,) ST/,�A',CD*(/�*A*!+,#43Ö+,�
x′ �(/�) ST/,�A',CD*(J�/�*(Z 3�)-ZÎ.&/,�

y
#�+,O�+0.&/,��"�Z�"Q8,�2%&�A�(',/�#�%�*(.&/�[ë:

d(G)
+,�D�(ê�>Aê��(+�Bö#�/�.&/��(/,R�R

G
è»R�/,�DZÖ+���/�" .&+�*(/�*!ZD# ST/,�Ö)-ZD"I*

G∗ #�@&"��A*(>(V�#�8�Z"CYæ(��R� �"Å3/�)2ZN 9*A*� 6��+�O�+,�«*2.&+�B&/,�2�(@�#Ì�A',@&>�.&+�B&>(/�J� �æ«.9 ï@&�Då� 9"
G′ è *2#� �O�V�"Q#Ò.9 ��FC&R� �"Å3� �)-Z²èR�/�"L �'ì+,���Aê�>(êQ�(+,B�/,#P)-ZD"�=P)-/�B&J� ��� �=Yæ(�9#

d(G)
+�>A*!+�#�+�*,3� 9)-Z� Í#I>(ZÎ*!Z�#IV��Ö+����Aê�>(ê��A+,B

=Q/+��"QC�8,ZFCYæ(��"� �#-/,�D��/,"�*!)2@&"�=�[

\6~



EÅùF�Åùm¨�©pªfý�üQ«xý]¬P��ûc�®Æÿm���¹�����
G  ^$��7�%����R% # 75_�4 # 
�2:%e�R�Z4Z0:.�_�*,��
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x1
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(1 − xn)
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xi = 0
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x1, ..., xi
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0
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(1 − xi) = 0
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(1 − xi), ..., (1 − xn)

Z��h)2Z�"�=
0
[ :<'�@&"ÌR� 9" J� y*(1&�Dí�#
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JQ@&B�å
x1 = x2 = 0

.Y �B�å
(1−xn) = (1−xn−1) = 0
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d = 1
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x2x3...xn−1 ≤ (1−x2)(1−x3)...(1−xn−1)
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xi = (1−xn+1−i)
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(ε1, ε2, ..., εn) ε

è»�(/�>(/,B�/�*E3� �)-/��Dåj*(/,� æA/,�(CÎ*!Z� -#�%�.&/0*!#�/�',1jST/��D*!+0*!/���/0è
#9/�*?j

• εn

εn−1
= xn

(1−xn−1)[D[Î[
• ε4

ε3
= x4

(1−x3)

• ε3

ε2
= x3

(1−x2)

• ε2

ε1
= x2−ε2

(1−x1)

[
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εn

è *E3�/,�D+,>(JQ/�*!1Q3|J�@&B�å
(xi − εi) > 0
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i = xi − εi
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• X1

+,�
X2

#�%&',%9*(*
1−d = (1−x1)x2 = (1−x′

1)x
′
2

3� �', �'� �'~+,�D�(ê�>Aê��(+�Bh"�/,)
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• i
+,�

i + 1
#�%&'�%�*(*

1 < i < n
/,�A/�*(+,"

1− d = (1− xi)xi+1 > (1− xi)xi+1 +

εixi+1− εi+1(1−xi)− εiεi+1 = (1−xi)xi+1− εiεi+1 = (1−x′
i)x

′
i+1
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• Xn
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X1
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d = xn(1 − x1) ≤ x′

n(1 − x′
1) = (xn − εn)(1 − x1 + ε1)

34 �', �'
((1 − x1) + ε1)εn ≤ xnε1

[
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µ *A*  R� ��D@&��=� ��Î*-O�@�"I*!@��! �"ëZD�()2/,>TæAíQ#cjï �'
ε
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(x2 − ε2)x3...xn

(1 − x1)(1 − x2)...(1 − xn−1)
≤

(xn − εn)

(1 − x1)

��/��D*(/�*(*(í�#43�JQ@&B�å x3...xn−1

(1−x2)...(1−xn−1)
≤ 1

x2

3�/�',+,>«*�/,�D+,B�J� �R�/��N�9*TæAV�#43�J�@&B�å
(x2−ε2)xn

x2
≤ (xn − εn) ⇔ x2εn ≤ xnε2
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εn

ε2
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xnxn−1...x3

(1 − xn−1)...(1 − x3)(1 − x2)
≤ xn

1

x2
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x1xn
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x1x2
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d(Pn+1) = d(Cn)
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d(Pn+1)
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Cn

è
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Cn
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G = Pn+1
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(n + 1)
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n
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d(Cn) = d(Pn+1)
è»>(/�+,�D�(',��)-"�åÌZ

/�B�å&/�"���/0*!/�*hST/,��CD>A.9 H#IZDST/£æA/,'�',í�#  y#I>(ZÎ*!ZD#ÌVQ�h+����(êQ>(ê��(+�B&/0*E[���/���%&� æAí�#6 �'�/,B�åÌ�A',/,>Aê��(+,B
#9/,=Q.&+�+,>A*~/,'0*~ �'ì+����Aê�>(ê��A+,B&/0*

dn

è»"�/,�ð[���/,�DJ� ��A',"����Î.9 hJ�@&B9å
x1 = (1− xn+1) = 1
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(1 − dn) Ú x2

(1 − dn) Ú (1 − xi)xi+1

J� 
i = 2, ..., (n − 1)

(1 − dn) Ú (1 − xn).
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Fi(d) = xi
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ö

F1(d) = 1ö
F2(d) = (1 − d)ö
Fi(d) = 1−d

1−Fi−1(d)
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2 < i ≤ n
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$��*:d59f4�� !$# %e%=�����P�:
$9"�:%�9"���  
]�²��� # *6* !$# 7�./%'�/S����PY64Z��9"�,2�7a� dn
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d ≥ 1 ⇒ Fn(d) 6= d A

¤ .�7 # 
$�{�/%��52 A �< d > 1
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F2(d) = x2 < 0
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Fi(d) = 1−d

1−Fi−1(d)
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Fi(d) < 0 < 1 < d
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d = 1
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F2(d) = 0
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Fn(d) = 0
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d4 = 2
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d6 = 1√
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(1 − d) > 1
4
≥ (1 − h)h

 
�A'E�9)-CÎ*X �"�Z²è»)2+�>A*X 9"�ZÑ#�%&',/�O�/,#L#�%&'�*(Z|/,B�å&/�"���19*!��/�"��(+�BP)-Z� 9*(*�r4*(/,J��9*</,'W �'h/��(/�*ì"�/,)
�9���DJ� 9*2ST/�"�"Å[ DÑ+0*!/,'�Z�# *(/,J��Y*j/,B9å

N
�(',��)H3~)2/,�ÎåÌ>(/

i ≤ N
/��(/�*(+,"

Fi(d) < 1*(/,� æA/,�Aí�� 3¨ �',@�"ÌR� 9"
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 �'
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0
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1�,4��=0,2:&$0,2 # 2�7�%��w9°� # 4

X1, X2, ..., Xn
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Xn = {xn}
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�
∀x ∈ Xi \ {xi} ,∀i ∈ {1, 2, ..., (n − 1)}),

• xix ∈ E(K∗
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X2 \ {x2}
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�67b8:9N2:%'�R�P45%'&��	�¢�
Kn−1

4 # 
�2:%'�R�P4Z0:.�_T@+��2�75�:�R./
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