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1 Introduction

In this thesis I will be mainly concerned with the symmetric group acting on a
countably infinite set (Definition and its subgroups. If we equip the set these
groups are acting on with the discrete topology then these groups can be equipped
with the topology of pointwise convergence. In such a setting they can be equipped
with a compatible complete metric and they are Polish groups.

It is an interesting question to ask how a typical element of a given group looks
like. First note that it makes sense to require that if an element g € G (where G is
any group) is typical then all of its conjugates are typical because conjugate elements
in a group cannot be distinguished internally. Second, in order to make this question
mathematically precise we should specify what we mean by a typical element. There
are two common ways one can consider typicality:

1. It the sense of the Baire category theorem: typical elements shall form a comea-
ger set,

2. In a measure theoretic sense: the set of atypical elements must have measure
ZEro.

We can speak about typicality in the first sense without much problem because
the Baire category theorem holds for Polish groups. Thus we can ask the following
questions and their variants:

1. Which conjugacy classes are meager (if any)?
2. Which conjugacy classes are of second category?

3. Is there a comeager conjugacy class?

But we have a problem with the second approach: what measure shall we use? There
is an obvious choice for locally compact groups, the Haar measure but most of the
groups considered in this thesis are not locally compact. We will use a more general
notion instead due to Christensen [2]: the notion of Haar null sets. The Haar null
sets of a locally compact group in the sense of Christensen coincide with the sets of
Haar measure zero but they can be defined for non-locally compact Polish groups.
There is a terminology that calls Haar null sets shy and co-Haar null sets prevalent.
We will not use this terminology. In this setting we can ask the following questions
and their variants:

1. Which conjugacy classes are Haar null?
2. Which conjugacy classes are not Haar null?

3. Is there a co-Haar null conjugacy class?



The answers for the above questions are quite different in the two settings, for
example we will see that a large class of infinite permutation groups can be divided
into two sets where one set is meager and the other is Haar null.

We would like to highlight that the notion of the “group theoretic algebraic
closure” turned out to be especially useful in some cases and that probably other
concepts could be translated into more easily verifiable ones with its help.



2 Preliminaries and notation

In this section we will give a quick overview of the relevant definitions and theorems.

2.1 Topological groups

Definition 2.1.1 (Topological group) If a group G has a topology defined on it such

that the operations of multiplication
GxG—G:(x,y)—xy

and tnverse

G—>G:rx—ax!

are continuous then G is called a topological group (with respective to that topol-

0gy).

In this thesis the topology will always be clear from the context so it will not be
indicated.

Definition 2.1.2 (Polish group) If a topological group G as a topological space is
a Polish space: it is separable and admits a compatible complete metric then G is

called a Polish group.

Definition 2.1.3 (Group action) If G is any group and X is a set, then a group

action ¢ of G on X is a function
p:GxX =X

that satisfies the following two azioms. Usually we denote p(g,x) by g(x) if the group

action 1s obvious from the context.

1. 1(x) =z for all x € X (where 1 denotes the neutral element of the group G),

2. (gh)(z) = g(h(z)) for all g,h € G and all x € X .

We will mostly be concerned with the properties of one particular Polish group
and its closed subgroups, namely with the symmetric group acting on a countably
infinite set. Without loss of generality we can assume that the countable set being
acted on is w.



Definition 2.1.4 We will denote the group of all permutations acting on the set w
by Sym (w).

One can find an overview of the properties of Sym (w) as a topological group in
[1].

Definition 2.1.5 The group Sym (w) can be equipped with the topology of point-
wise convergence. This is the topology generated by the base consisting of the

sets:

Ugiein = {pe G :plx1) =y1,p(x2) =yo...p(x,) = yn}

It is really a topology of pointwise convergence if we consider the set w that
the permutations act on with the discrete topology. A sequence of permutations
P1,P2 - .. € Sym (w) converges to a permutation p if and only if for all = € w there is
an index N such that py(z) = p(x) for every M > N. From now on if we refer to a
subset of Sym (w) as closed we mean it as closed in this topology. This topology is
metrizable, for example by the following metric:

d(p,q) = 2LN where N = min{n € w : p(n) # q(n)}.

However, this metric is not complete. This can be fixed by the metric:

d(p,q) = max{d(p,q),6(p ", ¢ ")} = QLN where
N = min{n € w: p(n) # q(n) or p~'(n) # ¢ '(n)}.

The group Sym (w) is a complete metric space when equipped with the metric d(p, q).

Definition 2.1.6 If G is a subgroup of Sym (w) then:

1. The orbit of an element x € w is the set of all elements y € w that are of

the form g(x) =y for some g € G.

2. The stabilizer of an element x € w is the set of permutations g € G such
that g(x) = x. The stabilizer of x will be denoted by G (4.

3. The orbit of a tuple (v1,xs...1,) is the set of all tuples (y1,y2 . ..y,) that
are of the form g(x1) = y1,9(x2) = ya...g(x,) =y, for some g € G.

4. The stabilizer of the tuple (z1,xs...x,) is the set of permutations g € G
such that g(x1) = z1,9(xe) = xo...g(x,) = x,. The stabilizer of a tuple will
be denoted by Gz, 2s..0)-



5. For a set S C w the pointwise stabilizer of the set, S consisting of the
permutations g € G such that g(s) = s for every s € S, will be denoted by
G(s)-

Definition 2.1.7 (Topologically transitive group action) A group action where a
group G is acting on a topological space S is said to be topologically transitive
if for every pair of non-empty open sets U,V C S there is an element of the group
g € G such that g(U) NV # (.

In the above definition we can restrict ourselves to a given base of S without loss
of generality. If (U;);e,, is a base of S and for every U; and Uy, there is an element of
the group g € G such that g(U;) N Uy, # 0 then the action is topologically transitive.
Note that every group acts on itself by conjugation.

Definition 2.1.8 (o-ideal) Let (X,8) be a measurable space. An subset J of the
o-algebra § is called a o-1deal if it satisfies the following:
1. 0 e,

2. IfA€eJ, Be§S and B C A then B €,

3. The set J is closed under taking countable unions: {A,} . CI=J . A, €

J.

new new

If one tries to capture smallness or negligibility in some way then the resulting
definition often determines a o-ideal, as in the following examples:

1. The countable subsets of a given base set,

2. The sets of measure 0 regarding an arbitrary measure,

3. The sets of first category in the sense of Baire in an arbitrary topological space,
4. The Haar null sets in the sense of Christensen [2] in an arbitrary Polish group,
5. The openly Haar null sets in an arbitrary Polish group [13],

6. The Haar-meager sets in an arbitrary Polish group [4].

If some subset is negligible in one way that does not imply that it is negligible in
some other way:

Theorem 2.1.9 ([11, Special case of Theorem 16.5]) If we consider the set R with
the Fuclidean topology and the Lebesque measure then there exists a decomposition

R = AU B where A is meager and B has measure 0.



Section [4]is about similar decompositions.

Definition 2.1.10 (Haar null set) Let G be a Polish group. A subset A C G is called
Haar null if there exists a Borel set U D A and a Borel probability measure p on

G such that p(xUy) = 0 for every x,y € G.

Sets that are not Haar null will be called Haar positive. The complements of

Haar null sets will be called co-Haar null.

Note that for a Borel set A we can omit U from the definition and require
p(xAy) = 0 instead of u(xUy) = 0. We mention that in some literature the set U
in the definition of Haar null sets is required to be universally measurable instead
of Borel. In most practical applications this makes little difference but the resulting
notions are not the same. This is examined in [6].

Definition 2.1.11 (Openly Haar null set) Let G be a Polish group. A subset A C G
1s called openly Haar null if there exists a probability measure i on G such that
for alle > 0 exists a U D A open set such that for all pairs of elements x,y € G the
inequality u(xUy) < e holds [13].

From Definition and Definition clearly follows that every openly
Haar null set is Haar null. On the other hand there are Haar null sets that are not
openly Haar null: every openly Haar null set has a Haar null G4 hull (take a series
of e-s converging to zero then take the intersection of the corresponding open sets)
but in [6] some Haar null sets are constructed without any Haar null G5 hull. Note
that although some Haar null sets do not have a Haar null G hull all Haar null sets
have a Haar null Borel hull.

If in the definition of Haar null sets we only require the existence of a Borel
measure g such that p(zU) = 0 for every element x € G then we get a different
notion. These sets are called left Haar null, and they coincide with Haar null sets
(and thus sets with Haar measure zero) in locally compact second countable Polish
groups, coincide with Haar null sets on abelian Polish groups but are different in a
general setting. For example, they do not always form a o-ideal ([14, Theorem 3]).
Their properties are studied for example in [14].

However, for conjugacy invariant Borel subsets the two definitions will yield the
same result:

L= A for every

Lemma 2.1.12 If a Borel set A C G is conjugacy invariant: gAg~
g € G then A is Haar null if and only if there exists a Borel measure p such that
w(gA) = 0 for every element g € G. Similarly A is Haar null if and only if there

exists a Borel measure v such that v(Ag) = 0 for every element g € G.

10



Proof. This u works for the original definition. Let x,y € G be two arbitrary ele-

ments. Then
p(zAy) = p(z(yAy™)y) = playA) = 0.

The same works for the right translates as well. O

Lemma 2.1.13 Let G be a Polish group. Let S C G be a Borel subset with the
property that for any compact set F' C G there is an open set V- C G and an element
g € G such that ) 2 FNV C gS. Then S is Haar positive.

Proof. First note that changing the definition of Haar null sets in a way to require
the Borel probability measure p to have compact support yields the same notion. In
order to prove this we show that if some set X C G has a Borel probability measure
(1 with non-compact support satisfying the requirements of Definition then
there is another Borel probability measure v with compact support that satisfies the

requirements with the same U.

According to [9, 17.10] every finite Borel measure is regular. This means that the
measure of every set is the supremum of the measure of all of its compact subsets.

Thus for every Borel measure there is a compact set with positive measure.

Let Y C G be a set with u(Y) > 0. Let vy be the restriction of p to v and let v
be vy normalized to v(G) = 1. This v satisfy our requirements as a replacement for

1 in the definition.

Indirectly assume that S is Haar null, let ¢ be a Borel probability measure with
compact support as in Definition 2.1.10] Let F' denote the compact support of .
This implies that every open neighborhood N, of every point x € F has u(N,) > 0.
There is an open set V and an element ¢ € G such that ) # FNV C ¢S. So
0 < u(FNV) < u(gS) which contradicts that 1(gS) is assumed to be zero. O

Later we will need a somewhat general of a theorem proved by Christensen [2],
here we reiterate Rosendal’s proof (see [12]).

Theorem 2.1.14 (Christensen) Let A C G be a conjugacy invariant Borel set and
suppose that there exists a cover of A by Borel sets A =, ., An and a conjugacy

invariant Borel set B so that 1 € B and BN

new

A 1A, =0. Then A is Haar null.

new

Proof. We claim that there exists a sequence {g; : i € w} C B with g; — 1 and the

following properties:

11



e for every (&;)icw € 2¥ we have that the sequence (g°g5" ... 5" )new converges,

€1 €2

e the map ¢ : 2¥ — G defined by (£,,)new — 9°9795° - - - is continuous (the right

hand side expression makes sense because of the convergence).

We can choose such a sequence by induction: fix a compatible complete metric
and suppose that we have already selected go, g1, ..., g,. Now notice that for ev-
ery (go,...,8,) € 2" the set {z € G : d(g5°97" ... g5 x, 95005 ... g5m) < 271}

contains a neighbourhood of the identity. Therefore we can choose a

g €BN () {zeG:dlge ... gyw. 600 g <27

(£0,--y6n ) €27 H1L

One can easily show that for every (e,)nen € 2“ the sequence (¢5°67" - .. 95" Jnew 18

Cauchy and the function ¢ is continuous.

Let A be the usual measure on 2* and let A\, = @, A, its push forward. We claim
that A\, witnesses that A is left-Haar null which is equivalent to its Haar nullness,

by the fact that A is conjugacy invariant using Lemma [2.1.12]

Suppose not, then there exists an f € G so that A\.(fA) > 0, therefore
M (fAr) > 0 for some k € w. This is equivalent to Ao (fAx)) > 0 and if we
regard 2% as Z4 by Weil’s theorem (see e.g. [12]) we have that o1 (fAr) — o 1 (fAr)
contains a neighbourhood of (0,0,...), the identity in Zj§. Then there exists an
element in o '(fAr) — ¢ Y(fAg) that is zero at every coordinate except for one.
Thus, = '(fA;) contains two elements of the form (gg,...,&,-1,0,n41,...) and
(€0y -y En—1,1,€n41,...), 1. e. differing at exactly one place. Then taking the ¢ im-
ages of these elements we obtain that there exist hy, ho € G so that hihy € fA; and
hignho € fAg. This implies

hy 'hithignhy € ALY A,

thus
h;lgnhg € A,;lAk

but by the conjugacy invariance of B we get
h;lgnhg € BN A,;lAk,

contradicting the initial assumptions of the theorem. O]

12



2.2 Infinite permutation groups

This subsection is mostly concerned with results specific to Sym (w) and its sub-
groups. The interested reader can read more about the basics of model theory in

[3]-

Definition 2.2.1 (Structure and its automorphism group) We will call a base set
A equipped with a set of relations, a set of functions, and a set of constants a
structure: A. The automorphism group of A denoted by Aut (A) is the set of
all one-to-one functions (permutations) p : A — A that preserve all of the relations,

functions and constants of A.

All countably infinite structures mentioned in this thesis will have w as their
base set. This will simplify our arguments. Thus the automorphism groups of the
structures will be subgroups of Sym (w). All automorphism groups are closed, and
all closed subgroups G of Sym (w) can be obtained as an automorphism group of
some structure A on w. If we define an n-ary relation for each n € w and for each
finite tuple (1,25 ...1,) as

Riayoywn) = {192 Yn) : (39 € G)g(x1) = y1,9(22) = Y2 .- 9(¥0) = Yn}

then the automorphism group of the resulting relational structure will be exactly G.

We briefly mention the following two properties:

1. A countable structure A is w-categorical if it is isomorphic to all of the count-
able models of its theory.

2. A permutation group acting on w is oligomorphic if for every finite set S C w
the number of orbits under the stabilizer G'g) is finite. The Engeler-Ryll-
Nardzewski-Svenonius theorem states that a structure A is w-categorical if
and only if Aut (A) is oligomorphic ([8, Theorem 7.3.1]).

Definition 2.2.2 Let A be a structure on w, let G denote its automorphism group

and let S C w be a finite subset. The group theoretic algebraic closure of S is:
ACL(S) = {x € w: the orbit of x under the stabilizer G g is finite}

We follow the notation of [8, notation introduced before Lemma 4.1.1]. It is
known that if A is w-categorical then for finite subsets the above definition coincides
with the usual model-theoretic algebraic closure [8]. In particular in w-categorical
structures the ACL (S) is a finite set for every finite S because of the Engeler—
Ryll-Nardzewski—Svenonius theorem and ACL (ACL (S)) = ACL (S) because the
model-theoretic algebraic closure is a proper closure operator. We will now give

13



easier to check characterizations of general topological properties for subgroups of
Sym (w):

Theorem 2.2.3 (|1, Theorem 2.1]) Let G be a subgroup of Sym (w). Then:

1. G 1is open if and only if for some finite set S C w the stabilizer Sym (w)(s) s

contained in G,

2. G is closed if and only if it is the automorphism group of some first order

structure on w,

3. G s discrete if and only if for some finite S C w its pointwise stabilizer G g)

18 trivial,
4. G is compact if and only if it is closed and all its orbits are finite,

5. G 1s locally compact if and only if it is closed and all orbits of the stabilizer of

some finite set are finite.

Note that the last two items can be reworded as G is compact if and only if it
is closed and ACL (()) = G and G is locally compact if and only if it is closed and
there is a finite set S C w such that ACL (S) = G.

Definition 2.2.4 We will say that a group G has a nice algebraic closure if for

every finite set S C w its group-theoretic algebraic closure ACL (S) is finite.

It is easy to check that oligomorphic groups have a nice algebraic closure, but
the class of closed groups having a nice algebraic closure is strictly greater.

Lemma 2.2.5 If a group G has a nice algebraic closure (Definition then the

corresponding operator ACL is idempotent.

Proof. We shall show that for every finite set S C w the identity ACL (ACL (S5)) =
ACL (S) holds. Let S C w be an arbitrary finite set and let x € ACL (ACL (.5)) be
an arbitrary element. We will show that z has a finite orbit under G gy which implies

x € ACL (S) because this is the definition of the group theoretic algebraic closure.

Let Xacrs) denote the orbit of x under Gacrs)) and Xg denote the orbit
of x under G(s). Enumerate the elements of ACL(S) as (1,2 ...2)). The group
G(s) is acting on ACL (S )k coordinatewise. Under this group action the stabilizer
of the tuple (z1,22...xx) is G(acLs)). The Orbit-Stabilizer Theorem states that for

any group action the index of the stabilizer of an element in the whole group is

14



the same as the cardinality of its orbit. In our settings this yields that the index
[G(s) : G(acL(sy)] is the same as the cardinality of the orbit of (z1,25... ). This
orbit is finite because the whole space ACL (S)* is finite. So G(acL(s)) has a finite

index in Gg).

Let g1,92...9, € G(s) be a left transversal for Gacr(s)) in G(g). Since Xg =
91X acn(s) U g2 Xacrs) U - .- gnXacr(s) is a finite union of finite sets it must be
finite. ]

We will formalize the following technical statement for future use:

Lemma 2.2.6 Let G be a group that has a nice algebraic closure. Let S C w be a
finite subset such that ACL (S) =S and x € (w\ S) be an arbitrary element. Then
we can order the finite set (ACL (S U {x})\S) as (z1,22...xx) such that if 1 < a <
b <k then ACL(SU{xy,...00-1} U{xp}) L ACL(SU{x1,... 2,1} U{x,}) where
< denotes (not a proper subset of).

Proof. We can always pick the next z, by choosing it as one of the elements such
that ACL (S U {z1,...x,}) is minimal with respect to inclusion. O

Definition 2.2.7 (Partial permutation) A partial permutation is an injection
from a finite set S C w to w. A partial permutation p extends another partial
permutation q if Dom (¢) C Dom (p) and plpom(g) = ¢- A permutation p extends a

partial permutation q if plpom(q) = ¢

Definition 2.2.8 (Possible images and preimages) Let p be a partial permutation
and let x € w be an arbitrary element. We define the possible images of x under
p as the set

{y € w: (g € G)g extends p and g(x) = y}.

Stmilarly we define the possible preimages of x under p as the set
{y €w: (3g € G)g extends p and g~ *(z) = y}.

Lemma 2.2.9 Let G be a group that has a nice algebraic closure.. We define the

numbers ©¢ s () vs...ax) (@, 0) € wU {w} where the parameters are:

(a) A finite subset S C w such that ACL(S) =S,

15



(b) An ordering of (ACL (S U {x})\ S) for some arbitrary element x as described
in Lemma .' (x1,29...2),

(¢c) Two indices 1 <a<b<k
Let q be a partial permutation defined on the domain Dom (q) = SU{z1,... 241}

such that the set of permutations g extending q is non-empty. Then exactly one of

the following two possibilities hold:

(1) For every possible extension ¢ of q to (Dom (q) U {x,}) the set of still possible
images (Deﬁm’tion of xy is infinite:

Hyp € w: (Jg € G)g extends G and g(xp) = yp}| = w.

In this case we define Og s (2, 2s..2) (@, b) as 0.

(2) For every element y € w the set
W, ={z€w:(3g € G)g extends q; g(x,) = z and g(xy) = y}

is finite. For those y where W, is non-empty, it always has the same size, define

O6,5,(21,22...25) (@, b) as this size.

Proof. All of the sets
Sy =A{y» € w: (Jg € G)g extends ¢; g(z,) =y and g(zs) =y}

are translates of the orbit of z, under G (pom(q)ufz,})- Thus for every element y € w
that is a possible image for z, under ¢ the cardinality of the set S, is the same.
When these sets are infinite then the (1) holds. Assume that the sets S, are finite,
this means that 2, € ACL (Dom (q) U {x,}). Then x, € ACL (Dom (¢) U {x}}) also
holds because the two algebraic closures must coincide since we enumerated the set
(ACL (SU{z})\ S) as described in Lemma[2.2.6] Thus for every element y € w the
set

W, ={z €w: (3¢ € G)g extends ¢; g(z,) = z and g(x;) = y}

is finite because these sets are either empty or translates of the orbit of x, under
G (Dom(q)u{z,})- For those y where the set W, is non-empty it will always have the

same size because the translates of any set have the same cardinality. O

16



Lemma 2.2.10 Let G be a group that has a nice algebraic closure and S C w be a
finite subset such that ACL(S) = S and v € (w\ S) be an arbitrary element. Let
(21,22 ... 2x) be an ordering of (ACL (S U {z})\ S) as described in Lemma[2.2.6,

For everyl < d < k thereis al < ¢ < d such that if hy is any partial permutation
defined on the domain Dom (hy) = S U {xy,... 2.1} then the set of the possible
images of xq under hy is infinite and if ho is any partial permutation defined on the
domain Dom (hy) = S U {x1,...x.} then the set of the possible images of x4 under
hy s finite.

Proof. Let z, be an arbitrary element from (z1, x5 ...xx) and A’ be a partial permu-
tation with Dom (h') = S U {xy,...z.}.

Then the set of possible images of x4 under A’ is the translate of the orbit of
x4 under the stabilizer G(sufq,,..e.})- The element z. is the first element such that
g € ACL(SU{xy,...2.}). O

Lemma 2.2.11 The operator ACL is translation invariant in the following sense:

if S Cw is a finite set and g € G is an arbitrary permutation then
ACL (¢S) = g ACL(S).
Proof. Let x € w be an arbitrary element, then

x and y are in the same orbit under G gy <
dh e G : h(y) =v & 3h € Gy : gh(y) = g(x) &
g(x) and g(y) are in the same orbit under G ,g)

So an element x has a finite orbit under G(g) if and only if g(x) has a finite orbit

under G ys). ]

17



3 A random construction

In our proofs we will use the following probability measure generated by a random
process. Our process makes sense only for closed permutation groups that have a

nice algebraic closure (Definition [2.2.4)).

Our random process will define a permutation p € G in stages. We will need
a random integer sequence (k; ;)icw, jew Whose values will be determined later to be
appropriate for the given proof. It is indexed by a pair instead of a single index only
for the simplicity of notation in some later proofs. By random integer sequence we
mean that the value of £;; is only needed in the ith stage of the construction, and
although it is not fixed before the proof it can be determined at stage ¢ based on
the outcome of the random events during previous stages.

Let G be a closed permutation group with a nice algebraic closure. At stage ¢
we will choose the least element from w that either has no preimage or image, let
this element be denoted by a;. We will denote the set of those elements that have
their image defined before stage i by I; and the set of those elements that have their
preimage defined before stage ¢ by P;. We also build a sequence of partially defined
permutations (Definition p; During the process we maintain:

1. Both I; and P; will be finite sets such that ACL (I;) = I;, ACL (P;) = P,
2. The domain of p; is I; and the range of p; is P;,

3. There is a permutation g € G that extends p;.

In some stages we define the sets K;yi, L;41 and a partial permutation p;, ; in
such a way that P, C K,y C Py, I; C Liy1 C I;11, Dom (p;H) = K;y1 and
Im(p} ) = Lit1. The partial permutation p;, ; will be an extension of p; and will be
extended by p;i1.

At stage ¢ we proceed as follows:

1. We will refer to this part of the construction as the first step of stage i. If
the element a; ¢ P; then define K;;; = ACL (P; U {a;}). We will extend p; to
a partial permutation p},, such that Im(p;,,) = K;y1. This includes finding
an appropriate preimage for a; as the partial permutation p, 1'is defined only
for P;. Enumerate the elements of K;,; \ P; as in Lemma :

Ki—l—l \ Pz = (ZL’l,CL’Q .. Ik)

We will determine the preimages of (x1,23...2%) in this order. Note that
a; is amongst these elements so this procedure will define the preimage for
a;. Denote the partial permutations defined in these sub-steps by p; ;. So
Im(pio) = P,Im(p;1) = P U {x1},Im(p;a) = P U {x1, 22} .... If the first
J preimages are determined then there are two possibilities for x;,;:

18



(a) The set of possible preimages of ;,; under p; ; (Definition [2.2.8)) is finite.
Then choose one from them randomly with uniform distribution.

(b) The set of possible preimages of x;,; under p; ; (Definition is infi-
nite. Then choose one from the smallest k; ;11 many possible values uni-
formly. The value of k; j+1 might depend on the choices made in previous
stages, steps and sub-steps. Note that the exact values will be specified
in each of the proofs.

We note that for all z; its orbit under the stabilizer G (p,) is infinite because
z; ¢ P, = ACL (P;) so the possibility (b) must occur for at least z; in every
stage.

Now we have K1 as the set of elements with their preimage currently defined.
Let p},, be p; and let L; 1 be Dom (p;H). Then L; . is a strict superset of I;
containing the elements with an already defined image. The elements of K,
and I;,; are in a bijection that can be extended to a permutation g € G.
K;y1 = ACL(K;41) because Lemma states that ACL is idempotent.
Lit1 = ACL (L;;1) because of Lemma .

2. We will refer to this part of the construction as the second step of stage i.
If the element a; ¢ L;y1 then we will choose an image p(a;) similarly, starting
with defining

Ii-l—l = ACL (Li+1 U {(IZ}) .

Let p;+1 be the extension of p; , to the whole I;;; (the extension can be
carried out in the same manner as the extension of p; above). Let P,y be
the set Im(p;41). These will satisfy ACL (I;41) = I;+1, ACL (P;41) = P11 and
that p;11 is a partial permutation between them that can be extended to a
permutation g € G.

Let p be the union of the increasing chain of partial permutations py,ps.... This p
will be a permutation because every element x € w has both its preimage and image
defined. The resulting p will be in G because G is closed.

Lemma 3.0.1 Let p be a permutation generated by the previous random construc-
tion. Then the sets P;, K;, I;, L; that appeared in the different stages of the construc-

tion can be obtained as

(A) K11 = ACL (ag, p(ap), a1, p(ar) ... a;),
(B) Lit1 = ACL (p~*(ao), a0, p~*(a1), a1 ... p~ (as)),
(C) Iiy1 = ACL (p~Y(ag), ag, p~Y(a1), a1 ... p~Ha), a;),

(D) Py = ACL (ag, p(ag), a1, p(ar) ... a;, p(a;)).
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Proof. The set K is ACL (ag) so (A) holds for the index i = 0. Proceed by induction:

If (A) holds for the index ¢ then (B) also holds for the index i because of Lemma
2.2.11| using that L;y; is the translate of K;.; by p~!,

If (B) holds for the index i then (C) also holds for the index ¢ because I;;; is defined
as I’£+1 = ACL (Li+1 U {CLi}),

If (C) holds for the index 7 then (D) also holds for the index i because of Lemma
2.2.11} using that P, is the translate of I, 1 by p,

If (D) holds for the index i then (A) holds for the index (i + 1) because K5 is
defined as K;19 = ACL (P41 U {ai+1}). O
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4 Haar null-meager decompositions

In this section we are examining possible generalizations of Theorem [2.1.9] The
statement of Theorem was that R equipped with the Euclidean topology and
the Lebesgue measure can be decomposed as R = AU B where A is meager and B
has measure zero.

A proof of Theorem [2.1.94 Enumerate all rational numbers: (g;),.,,. Let U, denote
the open interval with center ¢; and length n12 Let V, =
of V,, is at most % Then the set B = () .. Vi, has measure zero. Moreover the set
A =R\ B is meager because R\ B = J _ R\ V, where all of the sets (R\ V,,) are

nowhere dense. O

icw Uin then the measure

new

new

For locally compact groups the following generalization is known:

Theorem 4.0.1 (|11, Theorem 16.5]) Every uncountable locally compact Polish
group G may be written as a disjoint union R = AU B where A is meager and
B has Haar measure zero.

There are generalizations for non-locally compact groups as well. We will state
the following theorem without proof:

Theorem 4.0.2 (]3| Proposition 2]) The following Polish groups can be decomposed
as G = AU B where A is meager and B is Haar null:

1. Any uncountable G that has a compatible two-sided invariant metric (TSI),
2. G =Sym (w),
3. G = Aut(Q) if only the ordering < of Q is considered,

4. G =U(I?) or more generally G = U(R) the unitary group of a von Neumann
algebra R on a separable infinite dimensional complex Hilbert space H with the

strong operator topology,

5. If there is a continuous surjective homomorphism from G to any of the above

groups.

Our goal is to prove the existence of a similar decomposition for a class of groups
as general as possible. Considering the diversity of groups in Theorem it is not
a big surprise that the proof given in [3] is elaborate and uses tools from topological
dynamics. Although the proof of the G = Aut (Q) case could be modified with little
additional efforts to achieve our goals we will rather go with a new shorter proof
which uses some parts of the original.
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Theorem 4.0.3 Let G be a closed subgroup of Sym (w) that has a nice algebraic
closure and satisfies the following: for every n € w there is a finite set S,, C w such
that there is no n-element subset X C w such that S,, C ACL (X).

Then G can be decomposed as G = AU B where A is meager and B is Haar null.

Proof. Let H be an arbitrary Polish group, then its openly Haar null subsets form
a translation invariant o-ideal |13|. If the singleton set {1} is openly Haar null
then every countable subset of H is openly Haar null. The group H is separable
as a topological space so there is a countable dense set X C H in it. This X is
openly Haar null so X has a Haar null Gs hull B. This hull can be obtained as an
intersection B = [|U; where the sets U are dense open sets containing X. The set
A =G\ B=(G\U,) is meager because the sets G \ U are nowhere dense.

We will prove that the singleton set {1} is openly Haar null. Let p be a ran-
dom permutation obtained using the construction described in Section 3, We will
show that for every € > 0 there is an open set U > 1 such that for every pair of

permutations g, h € G the inequality P (gUh) < € holds.

Let n € w be an arbitrary integer. Let S,, C w be a finite subset such that there
is no n-element subset X C w such that S,, C ACL (X). The pointwise stabilizer
G(s,) is an open set containing {1}. We will restrict our search for appropriate open
sets to this kind of stabilizers. Let g, h € G be an arbitrary pair of permutations.
The two-sided translate of a stabilizer G(g,) by g from the left and by h from the

right consists of the following permutations:
9Gs h=1{q€ G: (Vx € h™'S,) q(x) = gh(z)}.

From Lemma [2.2.11] follows that all translates of S, in particular h~1S, also have
the property that they are not contained in the algebraic closure of any n-element

set.

We will use the construction described in Section [3] choosing the numbers
(ki j)icw,jew as described below. If we are at stage ¢ and K1 \ P = (21, 22... %)
and we already defined the preimages for x1,z2...2;_; and let p; ;_; denote the
last partial permutation defined already. We choose k; ; as follows. Let M denote

following maximum using Lemma m (the function © is also defined there):

M = max{Oc¢ p, (21,09..2) (5, 0) : 7 < b < k where O is finite}.
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Let k;; be 2°M. We proceed similarly for the elements of L;y; \ I; when defining

their images.

Now let i denote the stage where the image of all elements of h™1S, are fi-
nally determined. Then ¢ is at least "T_l because after any stage j the set ;1 =
ACL (p~Y(ao), a0, p~*(a1), a1 ... p~*(a;), a;) as stated in Lemma [3.0.1] and the set
h~1S, cannot be covered by the algebraic closure of any set with size less than
n. Let o denote an element from h~1S, that has its image defined only at stage i
and let y denote p(z). Then at stage i exactly one of the following two possibilities

happened:

(A) The element y was amongst K; 1 \ P; = (x1,25...x%), let the index of y be
denoted by m,

(B) The element x was amongst I; 11 \ Lii1.

If possibility (A) occurred then there was an x; € (21,2 ... x)) because of Lemma
such that the number of possible preimages of y under p;, 1 was infinite and
the number of possible preimages of y under p;; was finite. The number £;; used when
defining the preimage of x; was chosen to be greater than 2i@g,pi,(zl,x2mxk)(l,m).
Define the set

W, ={z €w: (Jg € G)g extends p;ll_l;g(azl) =z and g(z,,) = x}

as in Lemma [2.2.9] (note that the names of the variables changed). So [W,| is the
number of elements that can be chosen as the preimage of x; in a way that x remains
a possible preimage of y under the resulting p;; partial permutation. Using the

definition of O¢ p, (2, ,0s...0,) ([, M) = |[W,| we obtain that the probability of choosing

Wel o~ 1
2t M S 20"

a preimage for z; without making p(z) = y impossible was at most
A similar argument works for possibility (B).

The probability of p(z) = y is at most Zl The permutation p cannot be in
9G sl if p(z) # gh(z) so

This proves the statement of the theorem: for every € > 0 one can choose the
stabilizer of any set S that cannot be covered by the algebraic closure of any finite

set with at most 2log, % + 1 elements as a suitable U. O]
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5 The generalization of a theorem of Dougherty

and Mycielski

In the article [5] Dougherty and Mycielski examined the group Sym (w), the group of
permutations acting on a countably infinite base set. The description of the typical
permutations in the sense of Baire category had been known before |[10], Dougherty
and Mycielski gave the description of the typical permutations in a measure theoretic
sense. The descriptions in the measure and in the category case are quite different:

Theorem 5.0.1 ([5, Theorem 1]) The set of permutations with infinitely many in-

finite cycles and only finitely many finite cycles is co-Haar null.

Theorem 5.0.2 (Trivial consequence of the theorems in [10]) There is a comeager
conjugacy class in Sym (w). The permutations in this conjugacy class have infinitely

many cycles of any given finite length and no infinite cycles.
In this section our goal is to generalize Theorem [5.0.]]

Lemma 5.0.3 Assume we are constructing a permutation p using the process de-
scribed in Section [3 and we are just entering stage i. Let w € w be an integer and

let € > 0 be any constant.

Then one can choose the numbers k; ; in such a way that for any w-element set
S C w the probability of defining a preimage at the first step of stage i as some
element from S or defining an image at the second step of stage i as some element

from S s at most €.

Proof. We use Lemma Let (z1,23...2;) denote the elements of Ky \ P
enumerated in the same order as they appear during the construction. Let x4 €
(1,22 ...x;) be an arbitrary element. There is an x. such that the set of possible
preimages of x, is infinite before defining the preimage of z. and finite after defining

the preimage of z. (z. may be equal to x;). We will denote this kind of relationship
by ®(x4) = z..

The numbers k; ; used to determine the number of elements out of the preimage

of z. will be chosen in a way that the inequality

P(After the preimage of z. is chosen there is

still a possible preimage for x4 from S) < — (5.0.1)

=95
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holds. The second possibility of Lemma holds for the pair (z.,z4) so the
number O¢ p, (z1,25..2,) (¢, d) (as defined in Lemma [2.2.9)) is finite. Denote this
Oc, P, (21,32..24) (¢, d) by N(zq) for better readability. This means that for every ele-

ment v € w the set

W, = {z €w: (g € G)g extends the partial permutation p~*
already defined; g(z.) = z and g(z4) = v}

is finite and is always empty or has the same non-zero size regardless of v: N(xz,).
The union of the W,-s for all v € S is finite because S is finite and it has at most

wN (z4) elements. If we choose the number k; . to be greater than 2wN(z4) then
Inequality holds for xz,.

For an x € (z1,...z;) let us denote the maximum of the numbers wN (z;) where

®(z;) =z by M(x). If we choose the integers k; ; in such a way that

2?]]\/[(acl) < k;; for all z; € (z1,...x;) then all of the inequalities above will hold.
We can choose the values k; ; similarly for the second step of the construction when

images are determined.

In this way the probability of having any preimage or image defined from S is at

most j= + j'55 = €. O

Definition 5.0.4 Let G < Sym (w) be a closed group. We will denote the set of
permutations p € G with finitely many finite cycles by Xprc (G).

Lemma 5.0.5 The set of permutations Xpre (G) is Borel and conjugacy invariant.

Proof. The set of permutations containing a given cycle is open for every cycle (it
is an element of the base described in Definition [2.1.5))

Utmaian ={p € G 1 p(z1) = 22, p(22) = 33 p(xn) = 21}
Thus for any finite set of finite cycles the set of permutations containing those finite
cycles in their cycle decompositions is open: it can be obtained as the intersection
of finitely many open sets. Thus for every n € w the set of permutations containing
at least n finite cycles is open: it can be obtained as the union of open sets (one
open set for each possible set of n cycles). Thus Sym (w) \ Xrpe (G) is Gy: it is the

intersection of the above open sets. Thus Xrpc (G) is Borel.
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The set Xrpe (G) is conjugacy invariant because the number of cycles of given

length is conjugacy invariant in any symmetric group. [

Theorem 5.0.6 Let G < Sym (w) be a closed group. Then G has a nice algebraic

closure if and only if Xrpco (G) is co-Haar null.

Proof. First we will prove that if G has a nice algebraic closure then Xppe (G) is
co-Haar null. We will generate a permutation p randomly using the construction

described in Section 3| Let g € GG be an arbitrary permutation. We will show that
P (pg has infinitely many finite cycles) = 0.

In this case it is sufficient to examine only translations by multiplication from the
right because of Lemma [2.1.12] and Lemma [5.0.5] It is sufficient to prove that the

expected value of the number of finite cycles is finite:

E (Number of finite cycles in pg) =
Z E (Number of finite cycles completed at stage i in pg) < oo.

S
At stage ¢ we define the image of a finite number of elements 1,2, ...2; and the
preimage of another finite number of elements ¥, y2...y; under p if not already

defined. We are interested what this means for the permutation pg.

At stage i we define the image of g7 (x,) under pg as p(x;) and the preimage of
y; under pg as g~ 'p~(y;). So at stage 7 a finite cycle is completed if p(x;) happens to
be chosen as (pg) (g~ (zx)) where h is the largest integer such that (pg)~"(g7!(x4))
is already defined, or ¢~'p~1(y;) is (pg)"(y;) where h is the largest integer such that
(pg)" (1) is already defined.

So there is a finite number of problematic elements (the [(pg)~"(g~1(x))]-s and
the [(pg)"(y;)]-s above) that can cause problems (finite cycles) if appear as newly
defined images or preimages. Denote the set of these elements by D. We will choose

the sequence (k; ;) such that the following estimate will hold:

1EW,jEW
. . 1
E (Number of finite cycles completed at stage i in pg) < 5

We will use that if for all @ € A where A is a partition of the sample space the
inequality E (X |a) < ¢ holds for some fixed ¢ then E (X) < ¢. In Equation we
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will take the conditional expectation of some value regarding P;, I;, and p;. We can
do this because P;, I; and p; can be considered as set-valued and partial permutation-
valued random variables. Note that including P; and [; is redundant. We are using
this conditional expectation to formulate that we are now working in a setting where

we consider the results of the first few stages until stage (i — 1) given. Since

E (Number of finite cycles completed at stage i in pg|P;, I;, p;) =
Z P (zy, is assigned an image from D) +
xke(xl,...zj)

Z P (yy is assigned a preimage from D) (5.0.2)

Y EW1,--y5)

it would suffice to choose the random sequence k; ; in such a way that

1
IP (some element is assigned an image or preimage from D) < i

This is exactly the setting of Lemma with w = |D| and € = - so the random

sequence k; ; can be chosen as required. We can conclude that

1
E (Number of finite cycles in pg) < 5

1EW
which is finite.

We will now prove the other direction that can be restated as: if G does not have
a nice algebraic closure then the set of permutations with infinitely many finite cycles
is not Haar null. If G does not have a nice algebraic closure then there is a finite
set S C w such that ACL (S) is infinite. This means that all of the permutations
in G(g) have infinitely many finite cycles. The stabilizer G (g is a non-empty open
set. Countably many translates of G/(g) can cover the whole GG. Thus G g) cannot be
Haar null. O

Definition 5.0.7 Let G < Sym (w) be a closed group. We will denote the set of
permutations p € G with infinitely many infinite cycles by Xirc (G).

Lemma 5.0.8 Let G be a closed subgroup of Sym (w) that has a nice algebraic
closure. Let S C w be an infinite set. Then the set of permutations that have infinitely
many cycles in their cycle decomposition, each containing at least one element from

S is co-Haar null. We will denote the set of these permutations by Ps.
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Proof. Let p be a permutation generated by a random construction that is a slightly
modified version of the construction described in Section [3] We modify the rule to
choose a; at stage i. The original rule was to choose the smallest element from w
that has undefined preimage or undefined image. We keep this rule for odd ¢, but
for even ¢ we will choose the smallest element from S that has undefined preimage

and undefined image.
Let g, h € G be two arbitrary permutations.

During the stages of the construction of p every element is contained in ei-
ther an already defined finite cycle or a partially defined cycle: a tuple of ele-
ments (21, xs...x;) such that it is already determined that p(x;) = w9, p(xs) =
x3...p(xk_1) = x) and the element x; has no preimage defined yet and the element
xr has no image defined yet. We define the length of the partially defined cycle as k.
We will refer to z; as the tail and ;. as the head of the partially defined cycle. We will
say that two partially defined cycles (21,22 ... xx) and (y1,ys ... y;) merge at the ith
stage of the construction if either p(zy) = y1, p(y;) = z1, p~ (y1) = zpor p~L(xy) =y
is defined at stage i. We will say that a partially defined cycle (z1,z5...x1) closes
at the ith stage of the construction if p(xy) = x; or p~!(z,) = w}, is defined at stage

7.

Let X and X; denote the following random variables:

X = (the number of occasions during the construction when two partially
defined cycles with length at least two merge or a partially defined cycle

with length at least two closes),

X; = (the number of occasions during stage i when two partially defined
cycles with length at least two merge or a partially defined cycle

with length at least two closes),

Y; = (a variable indicating that at stage 2i the element ay; is assigned its preimage
or image defined as the head or tail of a partially defined cycle
already of length at least two).
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In the definition of Y; “is assigned its preimage” means that as; ¢ Ps; so the definition
of the preimage of ay; happened at the first step of stage 2¢ and “is assigned its image”
means that ag; ¢ La; 11 so the definition of the image of ay; happened at the second

step of stage 2i.

Note that X = )
such a way that E (X) is finite and Y; is always small enough. More precisely, in
a way that E(X;) < 5 and P(Y;) < 5 for every i € w. Then >, P(V;) < o

2t

icw Xi- We will show that the sequence k;; can be chosen in

and the Borel-Cantelli Lemma implies that it only happens for finitely many ¢ that
we define the preimage or image of as; as the head or tail of some longer than one
partially defined cycle with probability 1. This will prove that Ps is co-Haar null
because there are only a finite number of merges between longer than one partially
defined cycles with probability 1. We will use a similar argument to that in the proof
of Theorem [5.0.61

At stage ¢ we define the image of a finite number of elements x;,z5...2; and
the preimage of another finite number of elements y;,y> . ..y; under p. For the per-
mutation hpg this means that the image of ¢g7'(x) under hpg is defined as hp(xzy)
and the preimage of h(y;) under hpg is defined as g~ 1p~1(y;).

During the construction we have partially defined cycles with two free ends.
These partially defined cycles grow during the construction either when a preimage
is defined for their tail or an image is defined for their head. At these events a
partially defined cycle can close or two of them can merge. We will denote the set
of endpoints of those partially defined cycles that contain at least two elements by
E. The set E is finite at every stage. Using Lemma with w = |E| and ¢ = %

yields that the numbers k; ; can be chosen in an appropriate way. O

Theorem 5.0.9 Let G < Sym (w) be a closed group that has a nice algebraic closure.
The set Xy1c (G) is co-Haar null.

Proof. Apply Lemma [5.0.8 with arbitrary infinite S C w. n

We hope that the following Theorem will be useful in concrete classifications of
conjugacy classes of automorphism groups (similar to Section @

Theorem 5.0.10 Let G < Sym (w) be a closed group that has a nice algebraic
closure. Let H C G denote the set of permutations p with the following property:
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1. For every finite set X C w and for every infinite orbit O under the stabilizer

G(x) the orbit O is not covered by finitely many cycles of p.

Then H is co-Haar null.

Proof. Let Hx o where X C w is a finite set and O is an infinite orbit under G/x,

denote the set of permutations p such that O is not covered by finitely many cycles

of p. Then

H= N Hyo.

(Xcw finite) (0 is an infinite orbit under G )

It is enough to show that all Hx o are co-Haar null since the countable intersection

of co-Haar null sets is co-Haar null. Apply Lemma with S = O. O
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6 A concrete example

Let Aut(Q) denote the set of automorphisms of (Q, <), that is, the set of order
preserving bijections f : Q — Q. With the topology pointwise convergence, Aut(Q)
is a Polish group. In the current section, our world is restricted to the rational
numbers, hence the interval (p, ¢) now denotes the set {r € Q : p < r < ¢}. For an
automorphism f € Aut(Q), we denote the set of fixed points of f by Fix(f). The
set of orbitals of f, Oy, consists of the convex hull (relative to Q) of the orbits of
the rational numbers, that is

Of = {conv({f"(r) :n € Z}) : r € Q}.

It is easy to see that the orbitals of f form a partition of Q, with the fixed points
determining one element orbitals, hence “being in the same orbital” is an equivalence
relation. Using this fact, we define the relation < on the set of orbitals by letting
01 < Oy for distinct Oy, Oy € Oy if p; < py for some (and hence for all) p; € Oy and
p2 € Oy. Note that < is a linear order on the set of orbitals.

It is also easy to see that if p, ¢ € Q are in the same orbital of f then f(p) > p <

@) >q, f(p) <pe flg) <qand f(p) =p & f(q) = ¢= p = g. This observation
makes it possible to define the parity function, sy : Oy — {—1,0,1}. Let s;(0) =0
if O consists of a fixed point of f, s;(O) = 1 if f(p) > p for some (and hence, for
all) p € O and s;(0) = —1 if f(p) < p for some (and hence, for all) p € O.

The main theorem of this section is the following.

Theorem 6.0.1 The conjugacy class of [ € Aut(Q) is Haar positive if and only
if Fix(f) is finite, and for distinct orbitals O1,05 € Oy with Oy < Oq such that
sf(01) = 5¢(02) =1 or s¢(O1) = s¢(O2) = —1, there exists an orbital O3 € O with
O1 < O3 < Oy and s¢(O3) # s7(01).

Remark 6.0.2 We actually prove that every Haar positive conjugacy class C is

compact biter, that is, a portion of every compact set can be translated into €.

Together with the next theorem this yields a complete description of the random
element of Aut(Q).

Theorem 6.0.3 The union of the Haar null conjugacy classes of Aut(Q) is Haar

null.

We say that an automorphism is good if it satisfies the conditions of the theorem.
In the proof of the theorem, we use the following lemma to check conjugacy between
good automorphisms.

Lemma 6.0.4 Let f and g be good automorphisms. Suppose that there exists a

function ¢ : Q — Of with the following properties: it is monotonically increasing
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(not necessarily strictly), surjective, |0~ (p)| =1 for every p € Fix(f), and for each
q€Q,

(1) 9(q) = q & sp(e(q) = 0;
(2) 9(q) > q & sp(elq) =1;

(3) 9(q) < q = s5(p(q) = —1.
Then f and g are conjugate automorphisms.

Proof. We use the characterization in [7] to check the conjugacy of automorphisms:
f and g are conjugate if and only if there exists an order preserving bijection v :
O, — Oy such that s,(0) = s£(¢(0)) for every O € Q.

We now show that it is legal to define the appropriate bijection ¢ as ¥ (0O) = O’
where O = ¢(p) for some p € O. To show that it is a well-defined map, we need
to prove that given O € O, and p,q € O, ¢(p) = ¢(q). Suppose the contrary,
then p # ¢, hence s,(0) = 1 or s,(0O) = —1. We now suppose that s,(0) = 1,
the case where s,(0) = —1 is analogous. Then g(p) > p and g(q¢) > ¢, hence
sr(e(p)) = sp(p(g)) = 1. Since f is good, and ¢p(p) # ¢(q) by our assumption, there
is an orbital O" € O such that ¢(p) < O" < p(q) and s¢(O’) # 1. Using that ¢ is
surjective and monotone increasing, there exists an r € (p, ¢) such that p(r) = O".
Then s¢(¢(r)) # 1, but 7 is in the same orbital as p and ¢, since orbitals are convex,
hence g(r) > r. This contradicts (2).

The map 1 is increasing and surjective, since ¢ is increasing and surjective.
One can easily check that conditions , and imply that for every O € O,
s4(0) = s¢(¥(0)). Hence it remains to show that 1 is injective.

Let O,0" € O, be distinct orbitals with ¢(0) = ¢(0’). Then using conditions
@, and (3)), we have s,(0) = 5,(0'). If 54(0) = 5,(O) = 0 then s;(¢(0)) =0,
hence 1¥(0) is a set consisting of a fixed point, let {¢g} = ¥(O). Then |p~!(q)] = 1
using the assumption of the lemma, contradicting the fact that O, 0" C ¢~ !(q). If
54(0) = 54(0") = 1 then using that g is good, there exists an orbital 0" € O,
between O and O’ such that s,(0O”) # 1. Then using the monotonicity of ¢ one
obtains ¢(0") = ¥(0’), hence 1 # s¢((0")) = s£(¢(0)) = 1, a contradiction. An
analogous argument shows that s,(0) = s,(0’) = —1 also leads to a contradiction,

hence the proof of the lemma is complete. n
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Now we turn to the proof of the theorems.

Proof of Theorem[6.0.1 First we show the “only if” part. Using Theorem [5.0.6] for
the co-Haar null f € Aut(Q), Fix(f) is finite. Since the cardinality of fixed points is
the same for conjugate automorphisms, it is clear that the conjugacy class of f can

only be Haar positive if Fix(f) is finite.

The property that between any two distinct orbitals 0,02 € O with either
sf(01) = s¢(02) = 1 or s4(01) = s7(03) = —1, there exists an orbital O3 € Oy
with s£(O3) # s£(0y), is also conjugacy invariant. Hence it is enough to prove the

following lemma to finish the “only if” part of the theorem.

Lemma 6.0.5 For the co-Haar null f € Aut(Q), for distinct orbitals O1,05 € Oy
with Oy < Oy such that either s¢(O1) = s¢(02) =1 or s¢(O1) = s4(02) = —1, there
exists an orbital Oz € O with O1 < O3 < Oy and s7(03) # s7(01).

Proof. Let H be the set of those automorphisms that satisfy the property in the
lemma, and let A denote the set of functions f € H¢ such that we can choose distinct
orbitals 07,0 € O; such that O < 0}, s;(0]) = 5;(0}) = 1, and between O]
and O, there is no orbital O5 € Of with s7(O3) # 1. Also, let us denote by A’
the set of functions f € H¢, such that we can choose distinct orbitals O{ , Og € Oy
such that O] < Of, 5;(0]) = 5;(0}) = —1, and between OJ and Of, there is no
orbital O3 € Oy with s;(O3) # —1. We show that A is Haar null and the same can
be proved similarly for A’. Since it is easy to see that H¢ = AU.A’, proving this will

finish the proof of the lemma.

We use Theorem [2.1.14] to show that the conjugacy invariant set A is Haar null.
Let (po,qo), (p1,¢1), ... be an enumeration of all pairs (p,q) with p < ¢, and for all
n € N, let

A, ={f € Aut(Q) : p,, and ¢, are in distinct orbitals with respect to f

and f(r) > r for every r € [pn, ¢u]}
- ﬂ ﬂ {f € Aut(Q) : f*(pn) < gn and f(r) >r}.

keZ re [pn 7qn]

Note that A =, .y An and A,, is Borel for every n € N. Using Theorem [2.1.14] it

is enough to show that there is a conjugacy invariant set B with 1 = idg € B and

neN
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BNU, enAn A, = 0. Let

neN

B={f € Aut(Q):
Fix(f) is finite, |Of| = 2| Fix(f)| + 1 and f(r) > r for every r € Q}.

Note that the condition |O¢| = 2| Fix(f)| + 1 essentially states that between neigh-
boring fixed points, every point is in the same orbital (roughly speaking, this means

that there are no “irrational fixed points”).

It is easy to see that B is a conjugacy invariant set, and also that idg € B. Let
n € N be arbitrary, it remains to show that if f, g € A, then f~'g & B. Let O
be the orbit of p, with respect to g and let I = {r € Q : r < ¢/ for some 1’ € O}.
Note that [ is convex, and since g(r) > r for every r € (p,, q,) but p, and ¢, are in

different orbitals (with respect to both f and g), ¢, & I.

There are two cases with respect to the relationship of I and the orbitals of f.
Suppose first that I does not split orbitals of f, that is, thereisnor € [ and k € Z
such that f¥(r) & I. Then the sets I and Q \ I are invariant under both f and g
(and f~! and g7'), thus I does not split any orbitals of f~'g. Moreover, I has no
greatest element, nor Q \ I has a least element, since any such element would need
to be a fixed point of g, but g does not have a fixed point in the interval (p,,¢,).
Now suppose that f~'g € B. Then it has a greatest fixed point (if any) that belongs
to I and a least fixed point (if any) that belongs to Q \ 7, hence between the two,
every point is in the same orbital. This contradicts the fact that I does not split the
orbitals of f~!g.

Now suppose that I splits any orbital of f, thus there exist r € I and k € Z
such that f*(r) € I. Since f(r) > r for every r € (pn, ¢,), it follows that there is an
7 € (pn,00)NI such that f(r) & I. Then g~ '(f(r)) € I, since I does not split orbitals
of g. By setting ' = g !(f(r)), we see that f~lg(r') = r € I, thus f~lg(r") < 1/,
hence f~'g ¢ B also in this case, finishing the proof of the lemma. O

Now we prove the “if” part of the theorem. Let f be a good automorphism, we
prove that €, the conjugacy class of f is Haar positive. We use the notation O = Oy

and s = sy.

To show this, using Lemma [2.1.13] it is enough to prove that for any compact
set F C Aut(Q) there is an open set U C Aut(Q) and an element g € Aut(Q) such
that 0 2 FNU C ¢gC. So let F C Aut(Q) be compact. In our proof, we partition Q
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into finitely many intervals bounded by the fixed points of f, and on each interval,

we define a suitable part of g.

Let {p1,p2,...,pr—1} be the set of fixed points of f (which is necessarily finite)
with p1 < po < -++ < pr_1. We now choose ¢1,qo,...,q.—1 € Q such that if we
set U = {h € Aut(Q) : Vi(h(p;) = ¢;)} then UNF # 0. Let K = UN F, we will
construct an automorphism g with X C ¢gC to finish the proof of the theorem. Note
that U is clopen, hence X is compact. Also note that the sets {h(p) : h € K} and
{h71(p) : h € X} are finite, since X is compact.

Let us use the notation pg = gy = —o0 and p, = g, = +00. We construct g and
a function ¢ : Q x X — O separately on each interval (p;, p;11), recursively. So let
i < k be fixed for now and let r,79,... be an enumeration of (p;, p;+1) and t1, ¢, . ..
be an enumeration of (g;, g;11). Let O1,04,... be an infinite sequence of elements
of O that are subsets of (p;, pi+1), containing every such element at least once. Note
that there may be only finitely many such intervals, hence the sequence may contain
the same element more than once. We let O = {01, Os, ... }. At the nth step of the
recursive construction, we have a finite set H,, C (p;, p;r1) and functions g, and p,,.

We preserve the following properties of these sets and functions:

For everyn € N, h, hy, hy € K and p,p',p” € H,,, where p’ < p” and (p', p")NH,, =
0,

(i) HoCH C..., g0 C g1 C ... and 99 C 1 C ...;
(i) H, C (pi,pit1) is finite;
(il) gn : Hn — (qi, giy1) is strictly increasing;
(iv) ¢n : Hy x K — O, and ¢,(., h) is increasing;

(V) 1y 3 Tnt1 - H3n+17 tl, e athrl € g3n+2<H3n+2) and Ol, ceey On+1 c
©3n+3(Hzpgs, h);

(vi) it cannot happen that hq(p') < g,(p") < ha(p'), h1(p") > g, (p") > hao(p");

(vii) if h(p') > gn(p') and h(p") > g.(p") then h(r) > g,(p") for every r € [p',p"];
similarly, if h(p') < gn(p') and h(p”) < ¢.(p”) then h(r) < g,(p') for every
r € [p/,p"] (thus extending g, in any way to a strictly increasing function on

[p',p"], there is no r € [p/, p”] where the value of the extension can be equal to

h(r));
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(vili) s(¢n(p,h)) =1 gu(p) < h(p) and s(pn(p, h)) = =1 & gn(p) > h(p);
(iX> Qon(Hna hl) = QOn(Hn, h2)§

(x) the value of s is alternating on the image ¢, (H,, h), that is, either ¢, (p/, h) =
(P, h) or s(en(p', b)) # s(en(p”, h));

(xi) hi(p') > gn(p') and h;(p") < gn(p") (i = 1,2) (or similarly, h;(p’) < g.(p’) and
hi(p") > g,(p") (i = 1,2)) implies that ¢, (p', h1) = @a (P, h2) and ¢, (p”, h1) =
on(p", ha).

Remark 6.0.6 Conditions and are equivalent to the following fact: the

rectangle conv((p', gn(p)), (", 2 (9")), (", 9 (P")), (¥'s gu(p"))) has two sides that are
opposite such that no h € X intersects the interior of any of those sides.

First we prove the following.

Claim 6.0.7 On each interval (p;, pi+1), the sets and functions Hy,, g, and @, can

be constructed with the above properties.

Proof. We prove the claim by induction on n. For n = 0, let Hy = g9 = ¢o = 0.
Now suppose that H,, g, and ¢, are given with the above properties, using them,
we construct the suitable H,,1, gn+1 and ¢, 1. There are three cases according to

the remainder of n mod 3.

Case 1: n = 3m. At this step, we make sure that r,,.1 € H,,;. If already
Tmi1 € Hy then let H, .1 = H,, ghi1 = gn and ¢,11 = ,. Otherwise, there are
multiple cases according to the existence of p/ € H, with p' < r,1, p” € H,
with r,,.1 < p”, and whether g,(p') < h(p') or g.(p") > h(p'), gu(p”) < h(p") or
gn(P") > h(p").

Case la: there are neither p’ € H,, with p’ < r,,41 nor p” € H, with r,, 1 <p”
(that is, H, = 0, n = 0). If s(O1) = 1 then we find ¢ € (g;, g;i+1) With ¢ < h(r,,11)
for every h € XK, otherwise, we find ¢ € (¢;, ¢;+1) with ¢ > h(r,,41) for every h € K.
Such a ¢ exists, since K is compact, thus {h(r,,4+1) : b € K} is finite. Now we set

Hypq = {T’m+1}a gn+1(7”m+1) =4q, 80n+1<7’m+17 h) = O, for every h € X.

Case 1b: there is a p’ € H, with p’ < 7,41 but there is no p”’ € H, with
rmi1 < P’. Let p’ be the largest element in H,, clearly p’ < r,41. Let ¢ = g, (p').
Using ((ixl), @n(p/, h) is the same for every h € XK, since it is the largest element in
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the common image ¢,(Hp, h). Let O = ¢, (p/, h) for some h € K. Depending on
s(0), g.(p') < h(p') for every h € K or g,(p') > h(p') for every h € K using (viii).
In the first case, choose t € (¢;, ¢i+1) such that ¢’ <t < h(p') for every h € K. Then
set Hyy1 = H, U{rpe1} and let g, extend g, with g,.1(rme1) = ¢, and let ¢4
extend ¢,, with ¢, +1(rm11,h) = O for every h € XK.

In the second case, let h(r,,+1) < t for every h € K, also satisfying ¢t € (¢, ¢;41)-
Choose q € (¢/,t) such that ¢ > h(r,.1) for every h € XK. As h='(¢') > p’ for every
h € XK, there exists p € (p/,7my1) such that p < h71(¢') for every h € K. Now set
H,1 = H,U{rm,.1,p}, and let g,.1 and ¢, 1 extend the appropriate functions with
9nt1(Tmr1) =1, Gnr1(p) = q and @1 (Tis1, h) = pia(p, h) = O for every h € K.

Case 1c: thereisno p’ € H,, with p’ < r,,,1 but thereis ap” € H, with r,,, ;1 < p”.

This case can be handled similarly as Case 1b.

Case 1d: thereis ap’ € H, with p’ < r,,,1, thereisap” € H, withr,,;; < p”, and
for the largest such p’ and the smallest such p”, there is no h € K with g, (p") < h(p’)
and g,(p") > h(p”). In this case, let X' = {h € K : ¢,(p) > h(p') and g,(p") <
h(p”)}, where p’ € H,, is the largest with p’ < r,,,41 and p” € H,, is the smallest with
p" > rya1. Note that K’ may be the empty set. Let ¢ = g,(p') and ¢" = g,(p").
Choose t € (¢/,q") such that t > h(r,,41) for each h € K" with h(r,,4+1) < ¢”. Such a
t exists, since the compactness of X’ implies that {h(r,41) : h € K’ h(rme1) < ¢"}
is finite. We will set g,+1(rms1) = t, but we need to define the value of g, at one
more place. Choose ¢q € (¢',t) with ¢ > h(r,,41) for each h € K’ with h(rp,11) < ¢".
For every h € X' we have h(p') < ¢, hence also p’ < h™*(¢'). Therefore there is a
p € (p/,rmy1) for which p < h=1(¢') for every h € K'.

Now let Hy1 = HyU{p, Tmt1}s gngr extend g, with g,41(p) = ¢, gns1(rms1) =t
For h € X', either h(rpi1) < t or h(rpmyr) > t If h(rpg) < t then let
Oni1(Tmt1, h) = on(p'y h), if A(rpmer) > t then let @1 (rime1, h) = ©n(p”, h). In both
cases, let vn11(p, h) = @n(p', h). If h € K\ K’ then let @, 1(p, h) = ni1(Tmy1, h) =
©n(p', h). Note that using (viil), s(pn(p',h)) = s(ea(p”, b)), thus implies that
©n(P'sh) = @n(p”, h). All of the properties can be checked easily.

Case le: thereisap’ € H, with p’ < r,, 1, thereisap” € H, with r,,;1 < p”, and
for the largest such p’ and the smallest such p”, there is no h € K with g,,(p") > h(p’)
and g,(p") < h(p"). Now let X' = {h € K : gu(p) < h(p) and g.(p") > h(p")},
where again, p’ € H,, is the largest with p’ < 7,41 and p” € H,, is the smallest with
P’ > 1. Let ¢ = g,(p') and ¢ = g,(p”). The set {h(p") : h € X'} is finite, hence
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there is a t € (¢',q") with t > h(p”) for every h € K'. Let Hyy1 = Hp, U {rmi1},
Gnt1(Tme1) =t and @1 (Tmy1, h) = @n(p”, h) for every h € K. Using the fact that
for no h € K can h and any strictly increasing extension of g,.; have the same

values on [r,, 11, p"], one can easily check that every property is satisfied.
Using , these cover all sub-cases of Case 1. Now we turn to the second case.

Case 2: n = 3m+1. At this step, we make sure that t,,,11 € gni1(Hpy1). If already
tmi1 € gn(Hy) then let H, 1 = Hy,, gni1 = gn and ¢, 11 = @,. Otherwise, similarly
as in Case 1, there are multiple sub-cases according to the existence of ¢’ € g, (H,)
with ¢ < tpmi1, ¢ € gn(H,) with t,41 < ¢”, and whether there exists an h € K
such that g,(p') < h(p') or gu(p') > h(p'), ga(p”) < h(p") or ga(p") > h(p"), where
P =g, (¢") and p” = g, '(¢"). These sub-cases can be handled similarly as in Case
1, but we quickly go though them. Since r,,,,1 € H,, we do not have to deal with the
case H, = 0.

Case 2a: there is a ¢’ € g,(H,) with ¢’ < t,,41 but there is no ¢" € g¢,(H,) with
tme1 < ¢". Let ¢’ be the largest element in g,(H,), clearly ¢’ < t,,+1. As before,
gn(p') < h(p') for every h € X or g,(p') > h(p') for every h € K, where p' = ¢, '(¢).
In the first case, choose r € (p/,pir1) and r > h™'(t,,41) for every h € K. Such
an r exists, since h(p;i11) = iy for every h € X, and {h™ (t;ny1) : b € K} is
finite. Let ¢ € (¢, tna1) with ¢ < h(p') for every h € K, and choose p € (p/,r)
with p > h™(t,,11) for every h € X. Then let H,.; = H, U {r,p}, and let g,
and ¢,41 extend g, and ¢,, respectively, with ¢,41(r) = tni1, gni1(p) = g and
Pnt1(r, h) = pni1(p, h) = @u(p', h) for every h € K.

In the second case, choose r € (p/, pi1) with 7 < h™1(¢) for every h € K. Such an
r exists, since for every h € K, h(p') < ¢’ implies p’ < h™(¢') and {h7'(¢') : h € X}
is finite. Then set H, .1 = H,U{r}, and let g,,11(r) = t;ms1 and @, 1(p, h) = @, (P, h)
for every h € K.

Case 2b: there is no ¢’ € g,(H,) with ¢’ < t,,41 but there is a ¢" € g,(H,) with

tmi1 < ¢". This case can be handled similarly to Case 2a.

Case 2c: there is a ¢’ € g,(H,) with ¢ < t,, 41, there is a ¢" € H,, with ¢,,1; <

!

q", and for the largest such ¢’ and the smallest such ¢”, there is no h € X with
gn(p') < h(p') and g.(p") > h(p"), where p = g, (¢') and p" = g,"'(¢"). This is
analogous to Case le. There exists r € (p/,p”) with h='(¢') > r for every h € K such

that g,(p’) > h(p') and g,(p") < h(p’). As before, set H, 1 = H, U {r} and let g, 41
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extend 9n with gn-l—l(?n) - tm+17 and Pn+1 extend ¥n with Pn+1 (T> h) = Son(p/7 h) for
every h € X.

Case 2d: thereis a ¢’ € g,(H,,) with ¢’ < t;,11, thereis a ¢” € H,, with t,, 11 < ¢”,
and for the largest such ¢’ and the smallest such ¢”, there is no h € X with g, (p’) >
h(p') and g,(p") < h(p"), where p' = g, (¢') and p” = g, '(¢"). This is analogous
to Case 1d. Let X' = {h € K : g,(p/) < h(p') and g,(p") > h(p")}, this may again
be the empty set. Choose r € (p/,p”) such that r < h™*(¢,,41) for each h € X' with
hY(tmy1) > p'. There is a ¢ € (tmy1,¢") with ¢ > h(p”) for every h € X'. Choose
p € (r,p") with p < h™Y(t,,41) for each h € X' with h=(t,,11) > P

Now let Hy1 = H, U{p,7}, gny1 extend g, with g,1(r) = timi1, gnr1(p) = ¢.
For h € X', either h 1t 1) < P/ or h i (tyr) > p. If h i (tap) < P then let
Ony1(r,h) = @u(p', h), if A1 (tne1) > pthenlet ¢, 1 (r, h) = @, (p”, k). In both cases,
let @ni1(p, h) = n(p”, h). It h € K\ XK' then let pni1(p, h) = @ns1(r, h) = ou(p', h).

Again using (vi), these cover all sub-cases of Case 2. Now we turn to the third

case.

Case 3: n = 3m + 2. At this step, we make sure that O,,11 € @ni1(Hpi1,h)
for every h € XK. Note throughout that there is no O € O’ with s(O) = 0. If
Omi1 € ©n(Hp, h) for any (hence, by for every) h € K then let H,,; = H,,
In+1 = gn and p, 11 = @,. If this is not the case, we consider the sub-cases according
to pn(Hp, ho) for a fixed hy € K. We suppose throughout that s(O,,41) = 1. The

case $(Oy,41) = —1 is similar. Also, note that H,, # 0, as, for example, r; € H,.

Case 3a: Op,11 > O for every O € ¢,,(H,, hy), and for the largest O € ¢, (H,, ho)
(with respect to <), s(O) = —1. Let p be the largest element in H,,, ¢ = g,(p), then
O = pn(p, ho). This means, using and that ¢, (p, h) = O and g,(p) > h(p)
for every h € K. As h(pi+1) = ¢iy1 for every h € K and g, : H, — (¢, ¢i+1), We
can choose t € (q,q;+1) and as {h™(t) : h € X} is finite, there exists r € (p, pi1)
with r > h1(¢) for every h € X. Now let H,,1 = H, U{r}, let g,,1 extend g, with
gni1(r) =t and let ¢, extend @, with ¢, 11(r,h) = Op,41 for every h € K. One
can easily check that the necessary conditions still hold.

Case 3b: O,,41 > O for every O € o, (H,, hy), and for the largest O € ¢, (H,, ho)
(with respect to <), s(O) = 1. Let p be the largest element in H,, ¢ = g,(p), then
O = pu(p, ho). Using that f is good, there exists O’ € O" with O < O" < Oyuq
and s(0’) = —1. Now choose " € (p,p;+1 and choose t' € (q,gi+1) with ¢/ > h(r’)
for every h € K. Then choose t" € (', ¢;+1) and choose r" € (r',p;1) with " >
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h=1(t") for every h € K. Now let H,,; = H, U {r’,r"}, and let g, extend g, with
gnr1(r") =t and g,11(r") = t”, and let o, extend ¢, with @,1(r’',h) = O" and
Oni1(r", h) = Opyq for every h € K.

The cases where O,,4+1 < O for every O € ¢,(H,, hg) are similar to the ones

above.

Case 3¢: Oy,41 is between elements of ¢, (H,, ho), and if O’ is the largest element
of wn(H,,ho) with O < O,,11 and O” is the smallest element of ¢, (H,, hy) with
Omi1 < O" then s(O') = —1 and s(O") = 1. In this case, choose O € O’ with
Omi1 < O < O" and s(O) = —1, again, such an O exists because f is good. The
orbitals O" and O” are neighboring ones in ¢, (H,, h) for every h € XK.

Notice that for every h € XK there exists a unique pair of neighboring points
p,p" € H, with ¢,(p/,h) = O" and ¢, (p", h) = O”. Therefore, we can partition K
into finitely many compact sets according to this pair. We define g, separately on
each such interval (p/,p”), that is, where p’ and p” are neighboring points in H,, and
en(p'sh) =0, pu(p”,h) = O" for some h € XK.

So let p/,p” be such elements of H, and let X' = {h € K : ¢,(p',h) =
O’ and ¢,(p”,h) = O"}. Using the facts that s(O') = —1, s(0”) = 1 and ([viil),
we have g,(p') > h(p') and g,(p") < h(p") for every h € K'. Let ¢ = ¢,(p") and
q" = gn(p"), and choose q € (¢, q"). Let {r*,r? ..., r°} = {h'(q) : h € X'}, where
rl < r? < ... <7 Note that h(p') < g.(p)) = ¢ < ¢ < q" = g.(p") < h(p") for
every h € X', hence p/ <7l andr¢ < p”. For 1 <j<clet K ={h e X :h7 (q) =
i}

Choose t € (¢',q) with t > h(r?) for every 1 < j < ¢ and every h € X' such
that h(r?) < g. From now on, the values of gni1| ) on newly defined points will
always be at least ¢t. This will achieve that if we add new points to take care of the

functions in X’ for some j, then our choices will not interfere with the functions in
K\ K.

Choose r € (p/,p") with r < h=1(¢') for every h € X'. By setting g,,1(r) =t and
extending it to a strictly increasing function, it can be easily seen that the extension
cannot have a common value with any h € X' on the interval (p/,r). Let t] € (¢, q)
be arbitrary and choose r} € (r,r!) with ] < h(r{) for every h € X'. Then choose
ry € (r},r!) and choose t3 € (t1,q) such that tJ > h(r)) for every h € X'. Then let

ri = r! and choose t € (t3, q).
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We handle the families X7 for j > 2 similarly. Choose #] € (t}',¢) and then
choose 7 € (47", 77) such that h(r]) > ¢! for every h € X7. Then let 1 € (r],77)
and choose t} € (], q) with t} > h(r}) for every h € K/. Then let 7} = r7 and choose
tj € (t3,9)-

After recursively choosing the rational numbers above for every j < ¢, we choose
p € (15, p”) such that p > h=1(¢") for every h € X'. Now we will set H, 1N (p,p") =
(H,N(p,p"))U{r,p, TZ 11 <j<¢1<?<3}. Let gpy extend g, with g,41(r) = t,
gni1(p) = qand g, 41 (1)) = 1) forevery 1 < j < cand 1 < £ < 3. Let ¢, extend ¢,
with @, 41(r,h) = O, @uy1(p, h) = O" for every h € X'. Also, let ,41(r),h) = O’
for every ¢ if h € K" with j/ > j, and cpn+1(7‘g,h) = 0" if j/ < j. If 7/ = j then let
gonﬂ(r{, h) = Opi1, c,onﬂ(r%, h) = O and (,pnﬂ(rg, h) = O". For every h € K \ X',
let @i1(x,h) = on(p', h) = @, (p”, h), for every x € {r, p, TZ 1< <e1<0<3},
where we used @ for the last equality.

We do the same in every interval of the form (p', p”), where p’ and p” are neighbors
in H,, and ¢, (h,p") = O" and ¢, (h,p") = O” for some h € K. Extending g,, and ¢,
appropriately, one obtains H, 1, ¢g,+1 and ¢,; with the necessary conditions. We
note that the choice of ¢ ensures that condition is satisfied.

Case 3d: O,,41 is between elements of ¢,,(H,,, hg), and if O’ is the largest element
of wn(Hy, ho) with O < O,,11 and O” is the smallest element of ¢, (H,, hy) with
Om+1 < O" then s(O") = 1 and s(0O”) = —1. This case can be handled quite similarly
as Case 3c. Choose O € O’ with O’ < O < O,,,41 and s(O) = —1. Again the unique
pairs of neighboring points p',p"” € H, with ¢,(p/,h) = O" and ¢,(p",h) = O”
define a partition of X'. So let p/,p” € H, be such a pair, we set ¢ = g,(p’) and
7" = ga(p").

Let p € (p/,p") be arbitrary and let {t!,... .t} = {h(p) : h € X'}, where
K ={heX:hp)>g.p) and h(p") < g.(p")}, such that t! < --- < ¢¢. We set
K7 ={h € X' : h(p) =t'}. Now one can choose r € (p, p) with h=!(t/) < r for every
heX and 1 <j<cif A (#) < p. Let t € (¢/,t') be such that t < h(p') for every
h € X'. Now suppose that for 7/ < j and 1 < ¢ < 3 the points ril and té/ are given.
Then choose 7 arbitrarily for the set (r, p) if j = 1 and from (14", p) if j > 1. Then
choose t] from (t,#/) if j = 1 and from (t ', #/) if 5 > 1 such that h(r!) < t] for
every h € X7. Then choose t} € (#},#7) and choose 7 € (r],p) such that h(r}) >t
for every h € X7. Finally, choose 7} € (1, p) and set } = /.

After recursively choosing the points rg and t@, choose ¢ € (t¢¢") such that
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q > h(p") for every h € X'. As before, let H, 1N (p/,p") = (H, O (¢, ")) U{r,p, 7 :
1 <j<e¢l< <3}, and define g,41(1) = t, gnr1(p) = ¢ and gnﬂ(rg) = ti for
every 1 <j<cand1</{¢<3. ForheX let g, 1(r,h) =0, cpnﬂ(rgl, h) = O’ for
every j' < jand 1 < /£ <3, 0u1(r],h) = O, 0ni1(r3, h) = Omya, nia(ry, h) = O,
and gpnﬂ(rin, h) = oni1(p, h) = O” for every j” > j, 1 < £ < 3. For every h € K\ K’
we set @ni1(z, h) = pn(p, h) for every z € (H,1 N (P, 0")) \ Hy.

It is straightforward to check that H, 1, g,+1 and ¢, obtained in this way
satisfy the conditions. m

Now we show the following to complete the proof of the theorem.

Claim 6.0.8 There is an automorphism g € Aut(Q) such that g7'X C €.

Proof. Suppose that H’, ¢° and ¢! are the corresponding sets and functions on the
ns 9n Pn g

interval (p;, pi+1) for i < k. Let g(p;) = ¢; for every 1 < i < k, and let g, p,,) =

U, g5 for every i < k. This makes sense, since |J, ¢, is an increasing bijection
between (p;, pir1) and (g;, ¢i41) using (i), and (v). Also, let ¢(p;, h) = {p;} for
every 1 <i < kand h € X, and let @(., 1), pira) = U, @5 (., h) for every 0 <i < k
and h € K. This also makes sense, since using (), and (v)), U, ¢%(., ) is an
increasing surjective function from (p;, p;11) to those elements of Oy that are subsets
of (i, Pis1)-

We now show that f, g7'h and o(., h) satisfy the conditions of Lemma to
prove that f and g~'h are conjugate automorphisms for every h € K. We start by
showing that ¢g=1h is good for every h € K. First of all, it only has the finitely many
fixed points that f has, since if p € QQ is not among the fixed points of f, then p is
in some interval of the form (p;, p;y1), and as covers all cases, g,(p) # h(p),
hence g~'h(p) # p. Now suppose towards a contradiction that there are distinct
orbitals O1, Oy € Og4-1y, such that either s,-1,(01) = 54-1,(02) = 1 or 5,-1,(01) =
Sg-15(02) = —1 and there is no orbital O3 € Oy-1), with s,-1,(03) # s,-1,(01)
between them. We suppose for the rest of the proof that s,-1,(01) = s4-1,(02) = 1,

the case when they equal —1 is analogous. Note that in this case,

g(p) < h(p) for every p € (O; U Oy). (6.0.1)

There is no fixed point of g~'h, or equivalently, there is no fixed point of f

between O; and O, thus O1,02 C (p;,piy1) for some i < k. Let p’ € O; and
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p" € Oy be arbitrary. Then ¢(p', h), ¢(p”,h) € Of. We consider the following two

cases separately.

Case 1: p(p/,h) = @(p”,h). Let O = p(p', h). Then, using the fact that ¢(., h)
is increasing provided by (iv), ¢(p, h) = O for every p € (p/,p"). Using and
(viil), s¢(o(p's h)) = s4(O) = 1. Hence if p € (p/,p") then g(p) < h(p) using
and the fact that p(p,h) = O. Let n be large enough such that p’,p” € H! and let
{rt,...;r™} = H' N [p,p"] where p/ = r! < --- < r™ = p”. Then applying (vii) to
each of the intervals [r7, r7*1] the facts that h(r?) > g’ (r) and h(ri*t) > g¢ (ri 1)
imply h(r) > g\ (rit1) for every r € [r?, 1. Tt follows (since g is an increasing
extension of ¢%) that ¢g~'h(r') > g~'(g(r?)) = r?. Using induction, one can show
with the same argument that (g~*h)™*(r') > r™, hence (¢g~'h)™ (p') > p”. This
fact implies that p’ and p” are in the same orbital with respect to g~ 1h, contradicting

our assumption.

Case 2: p(p/,h) # p(p”,h). Again using and twice, g(p') < h(p’)
and g(p”) < h(p”), hence s¢(o(p',h)) = s¢(¢(p”,h)) = 1. Using the fact that f
is good, there is O € Oy between ¢(p',h) and ¢(p”,h) with s;(O) = —1, since
there is no fixed point between O; and O,. Using that ¢(.,h) is increasing and
surjective provided by and (v)), there is p € (p/,p") with ¢(p, h) = O. Then
ensures that g(p) > h(p), hence g 'h(p) < p, therefore there exists O’ € O 1), with
01 < 0" < Oy and s,-1,(0") = —1, contradicting our assumptions. This completes
the proof of the fact that g~1h is good.

The function ¢(.,h) : Q — Oy is increasing and surjective using its construction
and (iv), (v). The fact that |¢(.,h) " (p)| = 1 for every p € Fix(f) readily follows
from the construction of p. Condition of Lemma follows from the fact that
(viii) covers all cases, hence there is no fixed points of ¢g~'h on any interval of the
form (p;, pit1). Now we check condition (2)). Let ¢ € Q be fixed. For both direction,
both the facts that g~ 'h(¢) > ¢ and sf(¢(g,h)) = 1 imply separately that ¢ # p;
for any i, hence q € (p;, pir1) for some 4. If n is large enough such that ¢ € H! then
implies both direction in . The proof is analogous for ((3)).

Therefore the conditions of Lemma are satisfied for f, g~'h and ¢, hence f
and g~ 'h are conjugate automorphisms for every h € K. This completes the proof

of the lemma. O

And thus the proof of the theorem is also complete. n
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Proof of Theorem [6.0.3. Using Theorem [6.0.1], the union of the Haar null conjugacy
classes is exactly the union of the automorphisms with infinitely many fixed points
and those that violate the condition of Lemma [6.0.51 The former set is Haar null
using Theorem [5.0.6 and the latter is Haar null by Lemma [6.0.5} Hence the union

of the two is also Haar null. ]
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7 Problems and questions

In this section we mention some problems and questions formulated while working
on this thesis.

Theorem characterizes compact and locally compact subgroups of Sym (w).
One might think that having a nice algebraic closure as defined in Definition [2.2.4]
is almost the exact opposite of being locally compact:

1. Being locally compact is equivalent of having a finite set S € w that has the
largest group theoretic algebraic closure possible: ACL (S) = G,

2. while having a nice group theoretic algebraic closure means that for every finite
S its algebraic closure is small: ACL (S) must be finite.

In fact there is an even stricter notion that is more like the exact opposite of
being locally compact:

Definition 7.0.1 (Having no algebraicity) A closed subgroup G of Sym (w) has no
algebraicity if for every finite set S C w its group theoretic algebraic closure is
itself: ACL (S) = S.

Note that being compact or locally compact is an intrinsic property of a Polish
group G as an abstract group (i.e., we are not considering actions of G on underlying
spaces). Similarly, having a dense conjugacy class, having a comeager conjugacy
class, having a co-Haar null conjugacy class or having a decomposition into a meager
and a Haar null set are all intrinsic properties.

On the other hand, having a nice algebraic closure or having no algebraicity also
depends on the action of G on w. These are not intrinsic properties. For example, if
G is any subgroup of Sym (w) that has no algebraicity and thus has nice algebraic
closure, then one can define an action of G on (w X w) as

g€G:g((z,y) = (9(x),y).

This group action has

ACL({(z,9)}) > {(z,2) : z e w}
so it has algebraicity and does not have nice algebraic closure.

Question 7.0.2 (Generalization of Theorem [5.0.9) For a closed subgroup G of
Sym (w) is the set of permutations with infinitely many infinite cycles co-Haar null

if and only if G is non-locally compact?

Still it is possible that being locally compact is the exact opposite of some of the
two definitions in the following sense:
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Question 7.0.3 (Asked by Juris Stepran{[) Is every non-locally compact, closed
subgroup of Sym (w) isomorphic as an abstract group to another non-locally compact,

closed subgroup of Sym (w) that has no algebraicity?
We ask the following similar question:

Question 7.0.4 Is every non-locally compact, closed subgroup of Sym (w) homeo-
morphic as a topological group to another non-locally compact, closed subgroup of

Sym (w) that has nice algebraic closure?

In the statement of Theorem [£.0.3] there is an additional criterion on G besides
having a nice algebraic closure, namely that for every n € w there is a finite set
S, C w such that there is no n-element subset X C w such that S,, C ACL (X).

Question 7.0.5 Does the additional criterion in Theorem [{.0.3 follow from having

a nice algebraic closure?

Note that if both Question [7.0.4] and Question have affirmative answers
then combining them with Theorem and Theorem yields the following
statement:

Conjecture 7.0.6 Every closed uncountable subgroup of Sym (w) can be written as

a disjoint union R = AU B where A is meager and B has Haar measure zero.

!On  mathoverflow:  http://mathoverflow.net/questions/239285 /automorphism-group-of-a-
structure-without-the-sap, we are not aware of any printed appearance of this question.

46



References

1]

2]

P. J. Cameron, Metric and topological aspects of the symmetric group of countable degree,
Europ . J . Combinatorics 17 (1996), 135-142.

J. P. R. Christensen, On sets of Haar measure zero in abelian Polish groups, Proceedings of
the International Symposium on Partial Differential Equations and the Geometry of Normed
Linear Spaces (Jerusalem, 1972), 1972, pp. 255-260 (1973).

M. P. Cohen and R. R. Kallman, Openly haar null sets and conjugacy in polish groups, Israel

Journal of Mathematics (to appear).
U. B. Darji, On Haar meager sets, Topology Appl. 160 (2013), no. 18, 2396—2400.

R. Dougherty and J. Mycielski, The prevalence of permutations with infinite cycles, Fund.
Math. 144 (1994), 89-94.

M. Elekes and Z. Vidnyénszky, Haar null sets without G5 hulls, Israel J. Math. 209 (2015),
no. 1, 199-214.

A. M. W. Glass, Ordered permutation groups, London Mathematical Society Lecture Note
Series 55 (1981).

W. Hodges, Model theory, Encyclopedia of Mathematics and its Applications, vol. 42, Cam-
bridge University Press, Cambridge, 1993.

A. Kechris, Classical descriptive set theory, Graduate Texts in Mathematics, vol. 156, Springer-
Verlag, New York, 1995.

A. S. Kechris and C. Rosendal, Turbulence, amalgamation, and generic automorphisms of
homogeneous structures, Proc. London Math. Soc. 94 (2007), no. 2, 302-350.

John C. Oxtoby, Measure and category. A survey of the analogies between topological and
measure spaces, Springer-Verlag, New York-Berlin, 1971. Graduate Texts in Mathematics,
Vol. 2.

C. Rosendal, Automatic continuity of group homomorphisms, B. Symbol. Log. 15 (2009), no. 2,
184-214.

S. Solecki, Haar null and non-dominating sets, Fund. Math. 170 (2001), no. 1-2, 197-217.
Dedicated to the memory of Jerzy Los.

, Amenability, free subgroups, and haar null sets in non-locally compact groups, Proc.
London Math. Soc. 93 (2006), no. 3, 693-722.

47



	Introduction
	Preliminaries and notation
	Topological groups
	Infinite permutation groups

	A random construction
	Haar null–meager decompositions
	The generalization of a theorem of Dougherty and Mycielski
	A concrete example
	Problems and questions
	References

