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Introduction

Matroids were introduced by Whitney [75] in 1935 and independently by Nakasawa [(1] as
abstract generalizations of linear independence in vector spaces. In combinatorial optimization,
they are important tools for various graph characterization and optimization problems. In many
cases matroids not only help to understand the true background of known problems, but they
are often unavoidable in solving natural optimization problems in which matroids do not appear
explicitly at all.

One of the most powerful results in matroid theory is the min-max theorem and algorithm
of Edmonds for finding a common independent set of two matroids with maximum cardinality.
Edmonds and Fulkerson gave a min-max formula and algorithm for partitioning the ground
set of a matroid into a minimal number of independent sets, and also for finding the maximal
number of disjoint bases of a matroid. These results motivate the analogous questions for two
matroids on the same ground set: (A) find a partition of the ground set into a minimal number
of common independent sets, and (B) find a maximal number of disjoint common bases of two
matroids.

The importance of these problems is underpinned by a long list of well-studied conjectures
that can be formalized as a packing common bases of matroids. Rota’s basis conjecture [35]
states that if M is a matroid of rank n whose ground set can be partitioned into n disjoint bases
By, ..., By, then it is possible to rearrange the elements of these bases into an n x n matrix
in such a way that the rows are exactly the given bases, and the columns are also bases of M.
Woodall’s conjecture [77] on packing disjoint dijoins in a directed graph is also a special case
of packing common bases, as was shown by Frank and Tardos [23]. Given a directed graph
D, a dijoin is a subset of arcs whose contraction results in a strongly connected digraph. The
conjecture states that the maximum number of pairwise disjoint dijoins equals the minimum
size of a directed cut.

In our joint work [3] with Kristéf Bérczi we showed that problems (A) and (B) are difficult
for general matroids, i.e. it requires an exponential number of independence queries in the
independence oracle model. These problems remain intractable even for matroids given by
explicit linear representations. However, these complexity results motivate the study of tractable
special cases and approximation results.

This thesis deals in more details with partitioning the ground set into common indepen-
dent sets. We denote by X(M) the minimum number of independent sets of M needed to
cover its ground set, and analogously, X(Mj, M) is used for the minimum number of common
independent sets of M; and Ms covering their common ground set. Davies and McDiarmid
[16] showed that X(Mj, M) = max{X(M;),X(M2)} holds whenever M; and M, are so-called
strongly bases orderable matroids. Aharoni and Berger [1] proved using topological tools that
X(My, M) < 2max{X(M),X(M2)} holds for general matroids M; and Mo.

Recently, in [4] we proposed a conjecture with Krist6f Bérczi and Yutaro Yamaguchi, which
strengthens the theorem of Aharoni and Berger. The conjecture states that for every loopless



matroid M = (5,Z) there exists a partition matroid N = (S, J) such that J C Z and X(N) <
2X(M). We proved the conjecture for the special case when M is a transversal matroid, a paving
matroid, a truncation of a graphic matroid or a gammoid. These special cases also provided new
results about a list colouring problem of matroids proposed by Kirdly [42]. Another interesting
aspect of this new method is that various elementary colouring problems appear naturally, such
as Gallai colourings of complete graphs or colouring the points of a projective plane with three
colours such that no line contains all three colours.

The thesis is organized as follows. Chapter 1 introduces basic definitions and notations.
Chapter 2 consists most of our complexity results [3]. Chapter 3 presents the result of Davies
and McDiarmid [16] about strongly base orderable matroids, the results of Kotlar and Ziv [47]
about matroids without (k + 1)-spanned elements and a list of famous conjectures fitting our
framework. Chapter 4 is about the theorem of Aharoni and Berger [1] with a detailed overview
of the required topological tools. Chapter 5 is a slightly extended version of our paper [4] about
reduction of matroids to partition matroids.



Chapter 1

Preliminaries

In this chapter we list some basic elements of matroid theory that will be used later. The
reader is referred to books [22, 66, 73] for more details.

1.1 Definitions

A matroid M is a pair (S,Z) where S is the ground set of the matroid and Z C 25 is the
family of independent sets that satisfies the following, so-called independence azioms: (I1) ) € Z,
I2)XCYeI=>XeZ (B)X,YeZ |X|<|Y|=3ecY — X st. X +e€Z The rank of
a set X C S is the maximum size of an independent subset of X and is denoted by 7/ (X).

The maximal independent sets of M are called bases. Alternatively, simple properties of
bases can be taken as axioms as well. In terms of bases, a matroid M is a pair (S, B) where
B C 29 satisfies the basis azioms: (B1) B # ), (B2) for any By, B € B and 21 € By — By there
exists x9 € By — By such that By — x1 + x9 € B. Property (B2) is known to be equivalent to
the so-called symmetric basis exchange property: for any B, By € B and x1 € B; — By there
exists xo9 € By — By such that By — x1 + 22 € B and By — x2 + 1 € B. The following theorem
shows that this property can be strengthened even more.

Theorem 1.1 (Greene [30]). Let By and By be two bases of matroid M. For every X; C By
there is a subset Xo C By such that both By — X1 + Xo and Bo — X9 + X1 are bases of M.

A circuit of a matroid is an inclusionwise minimal dependent subset of S. A cut is an
inclusionwise minimal subset of S that intersects every basis. The closure or span of a subset
X C Sisspan(X) = {z € S : r(X +2) = r(X)}. An element = € S is spanned by X
if z € span(X). A spanning set or a generator of the matroid is a set X C S such that
span(X) = S. A closed set or a flat is a set X C S such that span(X) = X. A hyperplane is
a closed set of rank r(S) — 1. A loop is an element that is non-independent on its own. Two
non-loop elements e, f € S are parallel if {e, f} is non-independent.

Adding a parallel copy of an element s € S results in a matroid M’ = (S’,Z") on ground set
S'=8+s whereZ/ = {X C S :either X €Z, or s ¢ X, s’ € X and X — s + s € Z}. Given
a matroid M = (S,Z), its restriction to a subset S’ C S is the matroid M|g = (S’,Z") where
I'={I€Z:1CS'}. By contracting a subset Z C S of the ground set of a matroid M, we get
the matroid M/Z on S — Z defined by the rank function v'(X) =r(XUZ)—r(Z) (X €S- 2).
The dual of M is the matroid M* = (S,Z*) where Z7* = {X C S : §— X contains a basis of M}.
The k-truncation of a matroid M = (S,Z) is a matroid (S,Z) with 7, = {X € Z : | X| < k}.
We denote the k-truncation of M by (M)g. The direct sum My @ My of matroids My = (S1,7Z)
and My = (S2,Z2) on disjoint ground sets is the matroid M = (S; U S2,Z) whose independent



sets are the disjoint unions of an independent set of M7 and an independent set of My. The sum
My + My of My = (S,Z1) and My = (S,Z2) on the same ground set is the matroid M = (S,7)
whose independent sets are the disjoint unions of an independent set of M7 and an independent
set of My. For a matroid M = (S,Z) the sum Y% ; M is denoted by kM.

For a loopless' matroid M = (S,Z), let X(M) denote the colouring number of M, that is,
the minimum number of independent sets into which the ground set can be decomposed in
M. We call a matroid k-colourable if X(M) < k. Analogously, for two matroids M; = (S,Z;),
My = (S,Z5) on the same ground set, let X(M7, Ms) denote the minimum number of common
independent sets needed to cover the ground set.

1.2 Matroid intersection and union

A central result of combinatorial optimization is Edmonds’ matroid intersection theorem.

Theorem 1.2 (Edmonds’ matroid intersection theorem [17]). Matroids My = (S,Z1) and My =
(S,Z2) have a common independent set of size k if and only if

r(X)+r2(S—X)>k forall X CS.

The following theorem can be derived from the matroid intersection theorem, and vice versa.

Theorem 1.3 (Edmonds’ and Fulkerson’s matroid union theorem [18]). Let M; = (S,Z,), ...,
My, = (S,Z) be matroids on the same ground set S. Then the rank function of My + - -+ My,

s given by
k

P (Z) = min{|Z - X[+ Y n(X)} (ZC ).
= i=1
As a corollary, we get a characterization of the partitionability of the ground set into k
independent sets.

Corollary 1.4. Let M = (S,Z) be a matroid with rank function r. Then S can be partitioned
into k independent sets if and only if | X| < k- r(X) holds for every X C S.

In other words, the colouring number of a matroid M = (S,7) is
X(M) = [max{|X|/r(X): 0 # X C S}].
Another corollary is a characterization of the existence of k disjoint bases of a matroid.

Corollary 1.5. Let M = (S,Z) be a matroid with rank function r. Then M has k pairwise
disjoint bases if and only if |S — X| > k- (r(S) — r(X)) holds for every X C S.

Edmonds and Fulkerson also provided polynomial algorithms for these results, i.e., to find
a common independent set of two matroids with maximum size, and to find independent sets
I; € Mj such that 1 U---UI, € Z and |1 U--- U | = raf4eqvm,(Z). In order to speak
about matroid algorithms and their complexity, it should be made clear how the matroids are
given. Throughout we assume that a matroid M = (S,7) is given by a so-called independence
oracle, which is an algorithm testing whether a subset of S is independent in M. A matroid
can be given by other oracles as well, for example the rank oracle tells the rank of any subset
of S. However, the independence and rank oracles are polynomially equivalent, as well as
circuit-finding, spanning, port, strong basis and certain closure oracles [63, 33, 13].

!The ground set of a matroid containing a loop cannot be decomposed into independent sets. Therefore,
every matroid considered in the thesis is assumed to be loopless without explicitly mentioning this. Nevertheless,
parallel elements might exist.



1.3 Notations from graph theory

Some of the matroids considered in this thesis arise from graphs, hence we list the required
graph theoretical definitions and notations.

For a graph G = (V, E) and a subset X C V of vertices, the set of edges spanned by X
is denoted by FE[X], while the graph spanned by X is denoted by G[X]. Given a connected
component K of G, a cut of K is a subset of edges in E[K| whose deletion disconnects K. The
component is k-edge-connected if the minimum size of a cut in K is at least k. The graphs
obtained by deleting a subset X C V of vertices or a subset F' C E of edges are denoted by
G — X and G — F, respectively. The degree of a vertex v with respect to F' C F is denoted by
dr(v). The symmetric difference of two sets P, @ is denoted by PAQ = (P — Q) U (Q — P).

Let G = (A, B; E) be a bipartite graph and F' C E be a subset of edges. For a set X C A,
the set of neighbours of X with respect to F' is denoted by Np(X), that is, Np(X) ={be€ B :
there exists an edge ab € F with a € X}. We will drop the subscript F when F' is the whole
edge set. We denote the set of vertices in X incident to edges in F' by X (F'). A forest (or tree)
F C E is a By-forest (or By-tree, respectively) if dp(b) = 2 for every b € B. The existence of a
Bs-forest was characterized by Lovész [52].

Theorem 1.6 (Lovéasz). Let G = (A, B; E) be a bipartite graph. Then there exists a Ba-forest
in G if and only if the strong Hall condition holds for every nonempty subset of B, that is,

IN(X)| > |X|4+1 forall)+#XCB.

1.4 Constructions of matroids

We list several well-known examples of matroids that will be used later.

For a set S, the matroid in which every subset of S is independent is called a free matroid
and is denoted by M éree.

A laminar matroid is a matroid M = (S,Z) = {X C S : | X NS)| < g; fori=1,...,q}
for a laminar family {S1,...,5;} of subsets of S and nonnegative integers g1,. .., gq. (A family
{S1,...,84} is called laminar, if it has now two properly intersecting members, that is, every two
members are comparable or disjoint.) An important special case arises when S = S1U---U S,
is a partition and g1 = --- = g4 = 1, such matroids are called partition matroids. (In the
literature partition matroids are usually defined for every g1,..., g4, we make the restriction
g1 =+ = gq = 1 since all partition matroids considered in this thesis are of this special form.)

A matroid M = (S,7) is called linear (or representable) if there exists a matrix A over a
field F and a bijection between the columns of A and S, so that X C S is independent in M
if and only if the corresponding columns in A are linearly independent over the field F. It is
not difficult to verify that the class of linear matroids is closed under duality, taking direct sum
(when the field F for linear representations is common), taking minors and taking k-truncation.
Moreover, if we apply any of these operations for a matroid (or a pair of matroids) given by a
linear representation over a field I, then a linear representation of the resulting matroid can be
determined by using only polynomially many operations over F. (See e.g. [51] for k-truncation.).

For a graph G = (V, E), the graphic matroid M = (E,T) of G is defined on the edge set
by considering a subset F' C E to be independent if it is a forest, that is, Z = {F C E :
F does not contain a cycle}. It is not difficult to verify that graphic matroids are linear over
any field. Nash-Williams [60] gave a characterization for G being decomposable into k forests,
or in other words, for the graphic matroid of G being k-colourable.



Theorem 1.7 (Nash-Williams). Given a graph G = (V, E), the edge set can be decomposed
into k forests if and only if |E[X]| < k(|X| — 1) for every nonempty subset X of V.

Given a bipartite graph G = (S,T; E), a set X C S is matchable if there is a matching of G
covering X. The transversal matroid of G is the matroid on S whose independent sets are the
matchable subsets of S. It is an easy exercise to show that the size of T' can be chosen to be r
where r denotes the rank of the matroid. By the Frobenius-Kénig-Hall theorem [46, 31, 24] the
rank of a subset X C S in the transversal matroid is 7(X) = min{|X|— Y|+ |N(Y)|: Y C X}.

A generalization of transversal matroids can be obtained with the help of directed graphs.
Given a directed graph D = (V, A) and two sets X, Y C V, we say that X is linked to Y
if | X| = |Y| and there exists |X| vertex-disjoint directed paths from X to Y. Let § C V
be a set of starting vertices and T C V be a set of destination vertices. Then the family
Z={Y CT:3X C S st X islinked to Y} forms the independent sets of a matroid that is
called a gammoid. The gammoid is a strict gammoid if T'= V. That is, a gammoid is obtained
by restricting a strict gammoid to a subset of its elements. Ingleton and Piff [37] showed that
strict gammoids are exactly the duals of transversal matroids, hence every gammoid is the
restriction of the dual of a transversal matroid.

A matroid M = (S,Z) of rank r is called paving if every set of size at most r — 1 is
independent, or in other words, every circuit of the matroid has size at least r. We will use the
following technical statement about paving matroids.

Theorem 1.8. Let r > 2 be an integer and S a set of size at least r. Let H = {Hy,...,Hy} be
a (possibly empty) family of proper subsets of S in which every set H; has at least r elements
and the intersection of any two of them has at most r — 2 elements. Then the set system
By ={XCS:|X|=r,X¢ZH, fori =1,...,q} forms the set of bases of a paving matroid.
Moreover, every paving matroid can be obtained in this form.

A paving matroid is called sparse paving if its dual is also paving. Note that By forms
the set of the bases of a sparse paving matroid if in addition to the previous requirements, we
require that each member of H has size r. The importance of (sparse) paving matroids comes
from their large number. It is known that there are double-exponentially many sparse paving
matroids on a ground set S, and it is conjectured that the asymptotic fraction of matroids on
n elements that are sparse paving tends to 1 as n tends to infinity [57]. A similar statement on
the asymptotic ratio of the logarithms of the numbers of matroids and sparse paving matroids
has been proven in [62].



Chapter 2

Complexity results

This chapter contains two sections of our joint work with Kristéf Bérczi [3].

2.1 Hardness in the independence oracle model

Given two matroids My = (S,Z;1) and Ms = (S,Z5), there are three different problems that
can be asked: (A) Can S be partitioned into k£ common independent sets of M; and M,? (B)
Does S contain k disjoint common bases of M7 and My? (C) Does S contain k disjoint common
spanning sets of M; and M7 These problems may seem to be closely related, and (A) and (B)
are indeed in a strong connection, but (C) is actually substantially different from the others.
We will concentrate on the following problem which is a special case of all three problems.

Definition 2.1. The PARTITIONINTOCOMMONBASES problem is the following: Given matroids
M; = (S,Z1) and Ms = (S,Z5), find a partition of S into common bases.

We show that PARTITIONINTOCOMMONBASES is difficult under the rank oracle model. This
immediately implies the all (A), (B) and (C) are intractable as well. We prove the difficulty of
PARTITIONINTOCOMMONBASES by a reduction from the so-called PARTITIONINTOMODULAR-
BASES problem.

Definition 2.2. Let M = (S,Z) be a matroid and let P be a partition of the ground set into
nonempty subsets. Members of P are called modules, and a set X C S is modular if it is the
union of modules. In the special case when every module is a pair, modular sets are called
parity sets.

The PARTITIONINTOMODULARBASES problem is as follows: Given a matroid M = (S,Z) over
a ground set S of size 2r(S) together with a partition P of S, find a partition of S into two
modular bases. In the special case when every module is a pair, we refer to the problem as
PARTITIONINTOPARITYBASES.

The latter problem is the packing counterpart of the matroid parity problem which asks
for a parity independent set of maximum size. This problem was introduced by Lawler [19] as
a common generalization of graph matching and matroid intersection. Unfortunately, matroid
parity is intractable for general matroids as it includes NP-hard problems, and requires an
exponential number of queries if the matroid is given by an independence oracle [38, 53]. On
the positive side, for linear matroids, Lovasz developed a polynomial time algorithm [53] that is
applicable if a linear representation is available. Although PARTITIONINTOPARITYBASES seems
to be closely related to matroid parity, the relationship between the two problems is unclear.



(b) The graph G” corresponding to M.

Figure 2.1: The edge-labeled graphs defining M, and M/’

Theorem 2.3. The PARTITIONINTOPARITYBASES problem requires an exponential number of
independence queries.

Proof. Let S be a finite set of 4t elements and let P be an arbitrary partition of S into 2¢ pairs,
forming the modules. Let H = {X C S : |X| = 2¢, X is a parity set}. For a parity set X with
| Xo| = 2t, define Hyp = H—{ X0, S—Xo}. Both H and H satisfy the conditions of Theorem 1.8,
hence By, and By, define two matroids M and M), respectively.

Clearly, the ground set cannot be partitioned into parity bases of M, while XU (S — Xj) is
such a partition for My. For any sequence of independence queries which does not include X
or S — Xy, the result of those oracle calls are the same for M and M. That is, any sequence of
queries which does not include at least one of the parity subsets Xg or S — X cannot distinguish
between M and My, concluding the proof of the theorem. O

We will use the following technical lemma to prove the difficulty of PARTITIONINTOCOM-
MONDBASES.

Lemma 2.4. Let ¢ € Z and let S be a ground set of size 9¢. There exist two matroids M, and
M} of rank 5¢ satisfying the following conditions:

(a) S can be partitioned into two common independent sets of My and M} having sizes 5¢ and
m

(b) for every partition S = Sy U Sy into two common independent sets of M, and M, we

have {|S1],]S2|} = {5¢,4¢}, that is, one of the partition classes has size exactly 5¢ while
the other has size exactly 4¢.

¢
Proof. Let S = |J W; denote a ground set of size 9¢ where W; = {a;, b;, ¢, d;, €j, fj, g5, hj, 15}
j=1
Let M; and M/ denote the graphic matroids defined by the edge-labeled graphs G’ and G” on
Figures 2.1a and 2.1b, respectively. We first prove (a).

Claim 2.5. S can be partitioned into two common independent sets of M, and M/ having sizes
5¢ and 4¢4.

Proof. 1t is not difficult to find a partition satisfying the conditions of the claim, for example,
S = Sl @] 52 Where Sl = ngl{dja €j, fj,gj, hj} and SQ = ngl{a]‘, bj, Cj,’ij}. D



In order to verify (b), take an arbitrary partition S = S; U Sy into common independent
sets of M) and M. Let W; = W; — i;.

Claim 2.6. Foreachj=1,...,£, 51 and Ss partition Wj into common independent sets having
sizes 5 and 3. Moreover, the elements e;, fj, gj and h; are contained in the same partition class.

Proof. S1 and S5 necessarily partition the K, subgraphs spanned by Wj in G’ and G” into
two paths of length 3, so |Si N {a;,bj,¢;,d;,e;, f;}| = 3 and |Sg N {a;,bj,¢;,d;,95,h;}| =3 for
k =1,2. This implies that either |Sy N {e;, f;}| = |Sk N {g;, hj}| =1 for k = 1,2, or e, f}, g
and h; are contained in the same partition class.

In the former case, we may assume that g; € S; and h; € S3. In order to partition the Ky
subgraph spanned by Wj in G” into two paths of length 3, either {a;,b;} C S; and {¢;j,d;} C S>
or {c;,d;} C Sy and {a;j,b;} C Sy hold. However, these sets cannot be extended to two paths
of length 3 in G’, a contradiction.

Thus ej, f;,9; and h; are contained in the same partition class. Since |S, N {a;,bj,¢;,d;, e;,
fitl =3 for k = 1,2, the claim follows. O

Now we analyze how the presence of edges i; affect the sizes of the partition classes. By
Claim 2.6, we may assume that {ey, f1,91,h1} C Si, and so iy € Ss.

Claim 2.7. {ej,fj,gj,hj} C 51 and ij €Sy forj=1,...,¢.

Proof. We prove by induction on j. By assumption, the claim holds for j = 1. Assume
that the statement is true for j. As i; is parallel to fj41 in G”, fj41 € Si. By Claim 2.6,
{€j+1, fj+1,9j+1, hj+1} € Si. As ij4q is parallel to hji; in G', necessarily ij41 € S, proving
the inductive step. O

Claims 2.6 and 2.7 imply that |S;| = 5¢ while |S2| = 44, concluding the proof of the
lemma. ]

It should be emphasized that, for our purposes, any pair of matroids satisfying the conditions
of Lemma 2.4 would be suitable; we defined a specific pair, but there are several other choices
that one could work with.

We are now in the position to prove the main result of this chapter.

Theorem 2.8. The PARTITIONINTOCOMMONBASES problem requires an exponential number
of independence queries.

Proof. We prove by reduction from PARTITIONINTOMODULARBASES.! Let M = (S,Z) be a
matroid together with a partition P of its ground set into modules. Recall that |S| = 2r(S),
that is, the goal is to partition the ground set into two modular bases.

We define two matroids as follows. For every set P € P, let Mp = (Sp,Zp) and M} =
(Sp,Z}%) be copies of the matroids M |’ p and M "}‘ provided by Lemma 2.4. We denote

S’zSU(U Sp>.

PeP

!By Theorem 2.3, we could assume that every module has size 2. However, our construction in Section 2.2
for proving that the linear case is already difficult uses modules of larger sizes, hence we show reduction from the
general version of PARTITIONINTOMODULARBASES.



Note that |S’| = 10|S|, that is, the size of the new ground set is linear in that of the original.

Let
Pep 18

2

My = @ (ME* & Mp)sp).
PeP

M, is defined as the |S’|/2-truncation of the direct sum of M and the matroids M} for P € P.
For the other matroid, we first take the 5|P|-truncation of the direct sum of M}, and the free

matroid M%* on P for each P € P, and then define M, as the direct sum of these matroids.
We first determine the ranks of M7 and Ms.

Claim 2.9. Both M; and My have rank |S'|/2.

Proof. The rank of Mj is clearly at most |S’|/2 as it is obtained by taking the |S’|/2-truncation
of a matroid. Hence, it suffices to show that M & (@ pep Mp) has an independent set of size at
least |S’|/2. For each P € P, let Bp be a basis of Mp. Then Jpcp Bp is an independent set of
M, having size > pep 5| P| = 5|S| = |5'|/2 as requested.

The rank of (M5 & M3 )s|p| is 5|P| for each P € P. This implies that the rank of My is
at most > pcp 5P| = 5|S| = |S’|/2. We get an independent set of that size by taking a basis
Bp of Mp, for each P € P, and then taking their union Jpcp Bp. O

The main ingredient of the proof is the following.

Claim 2.10. If S’ = B} U B}, is a partition of S’ into two common bases of My and Ma, then
each module P € P is contained completely either in B} or in Bj.

Proof. For an arbitrary module P, let I; = Sp N B} and I = Sp N B}. Clearly, I and I
are independent in both M} and M}. By Lemma 2.4, we may assume that |I;| = 4|P| and
I = 5|P|. As the rank of (M%* @ M3 )5 p| is 5| P, we get P C B as requested. O

The next claim concludes the proof of the theorem.

Claim 2.11. S has a partition into two modular bases if and only if S’ can be partitioned into
two common bases of My and M.

Proof. For the forward direction, assume that there exists a partition S’ = B} U B4 of S’ into
two common bases of M7 and Ms. By Claim 2.10, for every module P € P, the elements of P
are all contained either in By or in By. This implies that By = SN B] and By = S N B) are
modular sets. By the definition of Mj, these sets are independent in M. As |S| = 2r(S), By
and By are modular bases of M.

To see the backward direction, let S = B; U By be a partition of S into modular bases.
For each P € P, let I}g U I]% be a partition of Sp into common independent sets of M} and
M}, having sizes 4|P| and 5| P|, respectively. Recall that such a partition exists by Lemma 2.4.
Then the sets

By =B U{Ip:PC B }U{I#:PCBy} and
By=DByU{Ip:PC B}U{I?#:PC By}

form common independent sets of M; and M, and partitions the ground set S’. By Claim 2.9,
Bj and B} are bases, concluding the proof of the claim. O

10



(a) Gadget H|[3,1]. (b) Gadget H|[3,0].

Figure 2.2: Examples for variable gadgets.

The theorem follows by Claim 2.11. O

2.2 Hardness in the linear case

The aim of this section is to show that the PARTITIONINTOMODULARBASES problem might
be difficult to solve even when the matroid is given with a concise description, namely by an
explicit linear representation over a field in which the field operations can be done efficiently. In
order to do so, we consider the PARTITIONINTOMODULARBASES problem for graphic matroids,
which can be rephrased as follows.

Definition 2.12. The PARTITIONINTOMODULARTREES problem is the following: Given a
graph G = (V| E) and a partition P of its edge set, find a partition of E into two spanning trees
consisting of partition classes.

Theorem 2.13. PARTITIONINTOMODULARTREES s NP-complete.

Proof. We prove by reduction from Not-All-Equal Satisfiability, abbreviated as NAE-SAT:
Given a CNF formula, decide if there exists a truth assignment not setting all literals equally
in any clause. It is known that NAE-SAT is NP-complete, see [64].2

Let ® = (U,C) be an instance of NAE-SAT where U = {z1,...,x,} is the set of variables
and C = {C4,...,Cp} is the set of clauses. We construct an undirected graph G = (V, E) as
follows. We may assume that no clause contains a variable and its negation simultaneously, as
for such a clause every assignment has a true value and no assignment sets all literals equally.

First we construct the variable gadget. Let H|[p, q] denote an undirected graph on node set
{s,t}U{uj,w; :i=1,...,p}U{v;,2; : j = 1,...,q} consisting of the two paths su,ujua, ..., uyt
and svy,viv2,. .., v4t, together with edges u;w; for i = 1,...,p and vjz; for j =1,...,¢q. If any
of p or ¢ is 0, then the corresponding path simplifies to a single edge st (see Figure 2.2).

We construct an undirected graph G = (V, E) as follows. With each variable z;, we associate
a copy of H[pj, q;] where the literal z; occurs p; times and the literal Z; occurs ¢; times in the
clauses. These components are connected together by identifying ¢/ with s/*! for j = 1,...,n—1.
We apply the notational convention that in the gadget corresponding to a variable z;, we add
J as an upper index for all of the nodes. For a variable x;, the ordering of the clauses naturally
induces an ordering of the occurrences of z; and z;. For every clause C;, we do the following.

In [65], Schmidt proved that NAE-SAT remains NP-complete when restricted to the class LCNF3, that
is, for monotone, linear and 3-regular formulas. Although the construction appearing in our reduction could be
slightly simplified based on this observation, we stick to the case of NAE-SAT as it appears to be a more natural
problem.
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Figure 2.3: The graph corresponding to ® = (z1 V 22 V 23) A (21 V Z3) A (Z1 V 22 V Z4). Thick
and normal edges form modular spanning trees 77 and 75, respectively. Both the assignment
r1 =23 =1, 9 = x4 = 0 corresponding to T} and the assignment x1 = x3 =0, 20 = x4 = 1
corresponding to T are solutions for NAE-SAT.

Assume that C; involves variables x;,,...,z;,. Recall that no clause contains a variable and its
negation simultaneously, hence ¢ is also the number of literals appearing in C;. If C; contains
the literal x;, and this is the rth occurrence of the literal z;, with respect to the ordering of
the clauses, let y;-k := wjk. If C; contains the literal Z;, and this is the rth occurrence of the
literal x;, with respect to the ordering of the clauses, let yjk := zJ. Then we add the edges of
the cycle ijl, e ,y;? to the graph. Finally, we close the construction by adding edges t"wi for
j=1,...,n,k=1,...,p;, and adding edges t”zi forj=1,...,n,k=1,...,¢; (see Figure 2.3).
An easy computation shows that the number of edges is |E| = 2|U| + 4> ccc |C|, while the
number of nodes is |V| = |U| + 2> ccc |C] + 1, that is, |E| = 2|V| — 2.

Now we partition the edge set of G' into modules. For every variable z;, if p; > 0 then

the path P; = {sju{,ujlug, ... ,u%jtj} form a module. Similarly, if g; > 0 then the path N; =

{s’ v{ , U{U%, e vgjtj } form a module. Finally, the pairs Mg = {'uiwi,witn} form modules of
size two for k = 1,...,pj, and similarly, the pairs Nj = {v]z], z]t,,} form modules of size two
for k=1,...,qj. All the remaining edges of G' form modules consisting of a single element.

We claim that ® has a truth assignment not setting all literals equally in any clause if and
only if G can be partitioned into two modular spanning trees. For the forward direction, let
E =T, UTs be a partition of F into two modular spanning trees. Then

1 ifpj>0ande§T1,orpj:Oandsjtj€T1,
p(zj) = .
0 otherwise.

is a truth assignment not setting all literals equally in any clause. To verify this, observe that
for a variable zj, if ; = 1 then M; C T, for k = 1,...,p,. This follows from the fact that 75 has
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to span the node ui and {uiwi, witn} form a module for £ = 1,...,p;. Similarly, if z; = 0 then
Ng CTyfor k=1,...,q;. Let now C; be a clause involving variables z;,,...,x;, and recall the
definition of yj-l, . 73/;7,' If all the literals in C; has true value then, by the above observation,
the cycle y;'-l, . ,y;'-é has to lie completely in 77, a contradiction. If all the literals in C; has false
value then, again by the above observation, the cycle y; L ,yj- , has to lie completely in T3, a
contradiction. A similar reasoning shows that 75 also defines a truth assignment not setting all
literals equally in any clause.

To see the backward direction, consider a truth assignment ¢ of ® not setting all literals
equally in any clause. We define the edges of T7 as follows. For each variable z; with ¢(z;) =1,
we add P;j and N,z for k=1,...,¢; to T1. For each variable z; with ¢(z;) =0, we add N; and
M ,g for k = 1,...,p; to T1. Finally, for each clause C; involving variables zj,,...,z;, do the
following: for k =1,...,¢, if C; contains the literal x;, and ¢(z;,) = 1 or C; contains the literal
zj, and ¢(z;,) = 0, then add the edge y;'-ky;-kil to Ty (indices are meant in a cyclic order). By
the assumption that ¢ does not set all literals equally in any clause, this last step will not form
cycles in T7. It is not difficult to see that both 77 and its complement 75 are modular spanning
trees, thus concluding the proof of the theorem. O

As a consequence, we got the following.

Theorem 2.14. PARTITIONINTOCOMMONBASES includes NP-complete problems.

Proof. The proof of Theorem 2.8 shows that PARTITIONINTOMODULARBASES can be reduced
to PARTITIONINTOCOMMONBASES. As PARTITIONINTOMODULARTREES is a special case of
the former problem, the theorem follows by Theorem 2.13. 0

As the matroids M, M, given in the proof of Lemma 2.4 are graphic, they are linear. If
we apply the reduction described in the proof of Theorem 2.8 for a graphic matroid M, then
the matroids M; and Ms can be obtained from graphic matroids by using direct sums and
truncations, hence they are linear as well and an explicit linear representation can be given in
polynomial time [51]. This in turn implies that PARTITIONINTOCOMMONBASES is difficult even
when both matroids are given by explicit linear representations.

Harvey, Kirdly and Lau [32] showed that the computational problem of common base packing
reduces to the special case where one of the matroids is a partition matroid. Their construction
involves the direct sum of M and the matroid obtained from the dual of Ms by replacing each
element by k parallel elements. This means that if both M; and My are linear, then the common
base packing problem reduces to the special case where one of the matroids is a partition matroid
and the other one is linear. Concluding these observations, we get the following.

Corollary 2.15. The PARTITIONINTOCOMMONBASES problem includes NP-complete problems
even when r(S) = 2|S|, one of the matroids is a partition matroid and the other is a linear
matroid given by an explicit linear representation.

In [3] we also showed that PARTITIONINTOPARITYBASES includes NP-complete problems
even when restricted to transversal matroids given by a bipartite graph representation. However,
one of the simplest cases when one of the matroids is a partition matroid while the other one is
graphic remains open.
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Chapter 3

Interesting special cases

Let My = (S,Z1) and My = (S,Z5) be partition matroids defined by partitions S U --- U
Sq and T3 U --- U T,s. Consider the bipartite graph G = (A, B; E) where A = {a1,...,a4},
B = {b1,...,bs} and the number of edges between a; and b; is |S; N T;|. Then an edge of G
corresponds to an element of S, and a matching of G correspond to a common independent
sets of My and My. The classical result of Kénig [46] states that the edge colouring number
of a bipartite graph equals to its maximum degree. In matroidal terms this translates to
X(My, My) = max{X(M),X(Mz)}. In this chapter we present other pairs of matroids with this

property.

3.1 Strongly base orderable matroids

The following definition requires a stronger basis exchange property than what Theorem 1.1
guarantees.

Definition 3.1. A matroid M = (S,Z) is strongly base orderable if for every two bases By, By
there is a bijection f: By — By with the property that By — X + f(X) is a basis for any X C Bj.

If f satisfies this definition, then By — f(X) + X = By — (B1 — X) + f(B1 — X) is also
a basis for every X C Bj. It also follows that f~!' : By — By is a bijection between By and
By with the required property. Notice that f is necessarily identical on By N Bs. Indeed, let
x € By N By, then By — f(x) 4+ x is a basis, in particular, |Bs — f(z) + x| = |Bz|. Since x and
f(x) are elements of By, we get that = = f(x).

One can easily check that the graphic matroid of K4 is not strongly base orderable. However,
we show that each gammoid is strongly base orderable.

Proposition 3.2. The family of strongly base orderable matroids is closed for restrictions,
contractions and duals.

Proof. Let M = (S,Z) be a strongly base orderable matroid and X C S. First we prove that
the contraction M /X is strongly base orderable. Let By, By be bases of M/X. Let Y C X be
an independent set of M of size r(X), then B; UY and By UY are bases of M. Restricting
the bijection By UY — By UY which the strongly base orderability of M guarantees, we get a
bijection By — By proving the strongly base orderability of M.

Now we prove that the dual M* is strongly base orderable. Let B, Bs be bases of M. Then
S — Bj and S — By are bases of M, hence there exists a bijection f : S — By — S — By such that
S—B1— X+ f(X) is abasis of M for X CS—Bj. Thus, Bi+ X — f(X)=Bs— X+ f(X)isa
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basis of M* for X C Bs— Bi, hence restricting f to Bo— B; we get a bijection Bo— By — B1— By
which proves that M™* is strongly base orderable.

Finally, the strongly base orderability of the restriction M|x follows from M|x = (M*/X)*
and the two previous results. ]

One can show that the family of strongly base orderable matroids is also closed for the other
matroid operations we defined in Section 1.1: adding parallel copies of an element, k-truncations,
direct sums and sums.

The next theorem provides a large family of strongly base orderable matroids.

Theorem 3.3. [9] Every gammoid is strongly base orderable.

Proof. As gammoids are the restrictions of strict gammoids, and strict gammoids are the duals
of transversal matroids, it is enough to show that each transversal matroid is strongly base
orderable. Let M = (S,Z) be a transversal matroid and G = (5,T; E) be a bipartite graph
such that |T'| = r(S). Let B1, Ba C S be two bases of M, then there exists matchings Fy, F» C E
covering By and Bjs, respectively. Since |T'| = r(S), both matchings cover T'. Then F; U F;
consists of alternating cycles and alternating paths, and each alternating path is between a
vertex in By — By and a vertex in By — B1. These alternating paths define a bijection f between
B; — By and By — By, and (letting f be identity on By N By) it is not difficult to check that
B — X + f(X) is a basis of M for every X C Bj. O

It is worth mentioning that the class of gammoids is also closed for matroid operations such
as taking restrictions, contractions, duals, direct sums and k-truncations. Nevertheless, it is not
difficult to show that the converse of Theorem 3.3 does not hold, e.g. there exists a matroid on
seven elements which is strongly base orderable but not a gammoid [36].

As partition matroids are strongly base orderable, the next result generalizes Konig’s edge
colouring theorem to a much larger class of matroids.

Theorem 3.4 (Davies and McDiarmid [16]). Let My = (S,Z1) and My = (S,Z2) be k-colourable
strongly base orderable matroids. Then S can be partitioned into k common independent sets.

Proof [66]. Suppose for contradiction that S cannot be decomposed into k£ common independent
sets. Let S = XjU---UXg and S = Y1 U- - -UY}, be partitions of the ground set into independent
sets of M; and My, respectively, such that |X; NYy| + -+ + | X N Yg| is maximal. By our
assumption, the two partitions are different, hence there are indices ¢ # j such that X; NY;
is nonempty. Let X; C C;, X; C C; be bases of My and Y; C D;, Y; C D; bases of M>. Let
f: Ci — Cjand g: D; — D; be exchange bijections guaranteed by the strongly base orderability
of My and Ms. Consider the graph G = (C; UC; U D; U Dj, E) with edge set

E={{z fx)}:2e G\ Cij}U{{y,9(y)} 1y € Di \ D}

E is the union of two matchings, hence G is bipartite. Let A and B denote the two colour
classes of G, and consider the sets

XZ{:(XiUXj)ﬂA, XJ/:(XZUX])QB,
Y/ = (GUY)NA, Y/ = (¥;UY})NB.

We prove that Xj, X} € 7; and Y/, Y] € Z5. We have

Xl/g(CzUC])ﬁAZCZ—(Cz\CJ)ﬁB—i-(C]\CZ)ﬁA
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For z € (C; \ Cj) N B, {x, f(x)} is an edge of G, hence f(z) € (C; \ C;) N A. Similarly,
f_l(y) e (C;\ Cj) NA for y € (C] \ C;) N A, hence f((C;\ C]) NB) = (Cj \ C;) N A. Then
(CiuCj)NA=Ci—(C;\Cj)N B+ f((Ci\ Cj) N B) is a basis of My, hence X; € T;. X} €T,
and Y}/, Y] € 7, follow by symmetry.

Since Xj U X} = X; U X; and X] N X] = ), we get a partition of S into independent
sets of My by replacing X; with X/, and X; with X}. Similarly, we get a new partition of
S into independent sets of My by replacing Y; with YV}, and Y; with Y;. The maximality of
|X1 N Y1| + -+ |Xk N Yk’ implies that

X Y|+ 1% 0 Y51 2 X0 Y+ X 0] = (50 X5) /(YUY
= (X UY) N (G UY)| = [X: Y+ X, 0¥+ XN Y+ X5 N Y,

using that X; NY; =0 and X; NY; = (. This contradicts that X; NY; is nonempty. O

The proof also shows a polynomial algorithm to find a required partition given a polynomial
algorithm to find exchange bijections.

3.2 Matroids without (k + 1)-spanned elements

We present the results of Kotlar and Ziv [47] about matroids without (k + 1)-spanned
elements.

Definition 3.5. An element x € S is (k + 1)-spanned in a matroid M = (S,Z) if « has k4 1
disjoint spanning sets.

As one of the sets can be {z}, we get that the following are equivalent: (i) = is (k + 1)-
spanned; (ii) there exists k disjoint subsets of S — x that span z; (iii) there exists k circuits of
M whose pairwise intersection is {x}.

Proposition 3.6. If no element of a matroid M = (S,Z) is (k + 1)-spanned, then M is k-
colourable.

Proof. We prove by induction on |S|. If |S| > 2, then choose an arbitrary element x € S. M|g_,
is k-colourable by the induction hypothesis, that is, there exist independent sets X1, ..., X such
that X3 U---UX, =S —z. As x is not (k+ 1)-spanned in M, z is not spanned by X; for some
i. We get a k-colouring of M by adding = to X;. O

The converse of this statement is not true: every element of the graphic matroid of Ky, is
(2k — 1)-spanned and the matroid is k-colourable. However, it is easy to check that the converse
holds for partition matroids, that is, a k-colourable partition matroid does not contain any
(k+ 1)-spanned element. Therefore, the following conjecture generalizes Kénig’s edge colouring
theorem.

Conjecture 3.7. Let My = (S,7Z1) and My = (S,Zs) be two matroids on S. If no element of S
is (k + 1)-spanned in either My or Mas, then S can be partitioned into k common independent
sets.

In the following regular case the conjecture is a consequence of the theorems of Section 1.2.

Theorem 3.8. Let M; = (S,Z1) and My = (S,Zs) be matroids of common rank ri(S) =
r2(S) = r such that |S| = kr. If no element of S is (k + 1)-spanned in either My or Ma, the S
can be partitioned into k common independent sets.
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Proof. We prove by induction on k, the statement is trivial for £k = 1. M; and M, are k-
colourable by Proposition 3.6, hence assumption |S| = kr implies that S is the union of k
disjoint bases in either M; or My. Applying Corollary 1.5 to M; and Corollary 1.4 to My we
get that

r <r(S)+

|S7€‘Xv|§r1(5)+’r‘2(SX) (ng)a

hence M; and My have a common basis B by Theorem 1.2. B spans every element of S — B,
hence the restriction of matroids M; and Ms to S — B does not contain any k-spanned element.
By the induction hypothesis S — B can be partitioned into £k — 1 common bases of M; and Mo,
thus adding B to the partition we get a partition of S into £k common bases. ]

Kotlar and Ziv also proved their conjecture for the special case k = 2.

Theorem 3.9. Let My = (S,71) and My = (S,Z2) be two matroids on S. If no element of S
s 3-spanned in either My or Mo, then S can be partitioned into 2 common independent sets.

Proof. We will rely on the following lemma.

Lemma 3.10. Let A, B C S be disjoint common independent sets of My and My such that
|A U B| is mazimal. Then for every x ¢ AU B

A+$€Il\IQ,B+£UEIQ\Zl or A—F.’EEZQ\Il,B—l—JJGIl\IQ.

Proof. As |AU B| is maximal, A+ z,B + x ¢ Z; N Iy as otherwise A + = and B, or A and
B + z would be common independent sets. Suppose that A+ x ¢ Z;. Then A spans z in M;,
and since x is not 3-spanned, we get that B does not span z in Mj, that is, B +x € Z;. As
B+ x ¢ Ty NIy, we get that A+ € Z; UZy. Thus, we may assume that A+ x € Z; \ Zo, then
B + x € Iy by the previous argument. Since B ¢ 71 N Ty, we get that B+ x € Iy \ Z;. O

Let A and B as in the lemma, and suppose for contradiction that AU B # S. Let = €
S\ (AU B), then we may assume by the lemma that A+ 2 € Z; \ Zy and B+ x € Zo \ Z;. Let
a1 € A be an element such that A+ —ay € Zo. Applying the lemma to A+x—a1, B € Z1 N1
and the element a1, we get that B + a; € Zy \ Z; (using that A+ x € Z; \ Zz). We will keep
constructing different elements aq,...,a, € A and by,...,b,_1 € B such that the followings
hold. This will contradict the finiteness of A and B.

A+z—{ar,...,an—1,an} +{b1,...,0n—1} €1 NIy
A+z—{ar,...,an—1}  +{b1,...,0n1} €1\ 1o
B+{ay,...,an-1} —{b1,...,bp1} €I NT,
B+{ay,...,an-1,an} —{b1,...,bn_1} €\ Ty

For n = 1, the a; above satisfies these conditions (we define {ai,...,ap} and {b1,...,bo}
to be empty). Suppose that we have aq,...,a, and by,...,b,—1 with the required properties,
we prove the existence of b, and ap41. Let A" = A —{a1,...,an—1} +{b1,...,bp—1} and B’ =
B+{ai,...,an—1}—{b1,...,bn—1}. As B’ € 71 and B'+a,, & 71, the latter set contains exactly
one circuit C7 of M. Since {aq,...,a,} C A is independent in M, circuit C intersects B. Let
b, € C1NB, then B'+a,, —b, € I1NZ,. Applying the lemma to A'+x—a,, B'+a, —b, € T1NI,
and the element b,,, we get that A+ x — a,, + b, € 71 \ Z, (using that B’ + a, € Iy \ Z1). As
A +x—ay, €Iy and A +x —a, + b, € Iy, the latter set contains exactly one circuit Cy of M.
Since {b1,...,b,} +x C B+x is independent in My, circuit Co intersects A. Let ap41 € CoN A,
then A'+x —a,+b, —ant1 € 71 NZy. Applying the lemma to A’ +x —a, +b, —ani1, B'+a, —by
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and the element a1, we get that B'+a,, —b,+bp+1 € Zo\Z; (using that A'+x—ay,+b, € 71\ I2).
This proves that ai,...,an+1 and by, ...,b, satisfies the required conditions, concluding the
proof of the theorem. O

Note that the proofs of these two theorems also provide polynomial algorithms for parti-
tioning the ground set into k¥ common independent sets.

Recently, Takazawa and Yokoi [71] proposed a generalized-polymatroid approach, which
yields unified proofs for Theorems 3.8, 3.9 and also Theorem 3.4 in case of laminar matroids.
They also showed that if M; = (S,Z;) satisfies the conditions of either Theorem 3.8 or Theo-
rem 3.9, and My = (S,Z) is a k-colourable laminar matroid, then S can be partitioned into k
common independent sets of M and M. Later, Fujishige, Takazawa and Yokoi [25] strength-
ened these results and proved that under the same assumptions there exists a nearly uniform
partition of the ground set into k& common independent sets, that is, a partition such that
difference of the cardinalities of any two partition classes is at most 1.

3.3 Open problems

We end this chapter with a list of some well-studied conjectures that can be formulated as
X (M, My) = max{X(M),X(Mz)} for specific pairs of matroids My, M,.

3.3.1 Rota’s basis conjecture
Rota made the following conjecture in 1989, and published it with Huang in 1994 [35].

Conjecture 3.11. If M is a matroid of rank n whose ground set can be partitioned into n
disjoint bases Bi, ..., By, then it is possible to rearrange the elements of these bases into an
n X n matrix in such a way that the rows are exactly the given bases, and the columns are also
bases of M.

If N denotes the partition matroid defined by the partition By U--- U By, then M and N
are n-colourable matroids and the conjecture states that the ground set can be partitioned into
n common bases. As partition matroids are strongly base orderable, Theorem 3.4 implies that
the conjecture holds if M is strongly base orderable as well. Geelen and Humphries [28] proved
the conjecture for paving matroids. For other partial results see e.g. [29, 11, 32, 10].

3.3.2 Woodall’s conjecture on packing dijoins

A directed cut of a directed graph D = (V| A) is the set of arcs entering a set X C V with
out-degree 0. A dijoin is a set of arcs whose contraction results in a strongly connected digraph,
or equivalently, a set of arcs intersecting each directed cut. Woodall [77] made the following
conjecture.

Conjecture 3.12. In a directed graph the mazimum number of pairwise disjoint dijoins equals
the minimum size of a directed cut.

The conjecture was known to be true for kK = 2, for source-sink connected digraphs by
Schrijver [67] and independently by Feofiloff and Younger [21], for series-parallel digraphs by
Lee and Wakabayashi [50]. Recently Mészaros [58] proved that if k is a prime power, then
the conjecture holds if the underlying undirected graph is (k — 1, 1)-partition-connected. Note
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that the dual problem is the theorem of Lucchesi and Younger [56]: the maximum number of
pairwise disjoint directed cuts equals the minimum size of a dijoin.

Frank and Tardos [23] observed that Woodall’s conjecture can be formulated as packing
common bases of two matroids. Let D = (V, A) be a directed graph and k > 2 an integer. For
every arc e € A let H(e) and T'(e) be disjoint sets of size 1 and k — 1, respectively, and for a
node v € Vlet S(v) = U{H(e) : e =uv € A} UJ{T(e) : e = vw € A}. For a subset X C V
we use the notation S(X) = U,cx S(v), and we set S = S(V). Let M; = (S,Z;) denote the
partition matroid with partition classes H(e) U T'(e) for e € A. The matroid My = (S,Z2) is
defined by the following set of bases:

{BCS:|B|=|4|, |BNS(X)| >i(X)+1 for every X C V with out-degree 0},

where i(X) denotes the number of edges induced by X in D. Frank and Tardos showed that
this family forms the set of bases of a matroid indeed.

For a basis B of the partition matroid M; let us consider the subset of arcs F' = {e € A :
H(e) C B}. Notice that B is a basis of My if and only if F is a dijoin. Indeed, if B is a common
basis of M; and Ma, then |[BNS(X)| > i(X)+ 1 for every set X C V with out-degree 0. Then
H(e) C B for at least one arc e entering X, thus e € F. This proves that F intersects every
directed cut of D, that is, F' is a dijoin. The reverse direction is similar. (See Figure 3.1 for an
illustration.)

It is not difficult to see that the previous observation implies that D has k pairwise disjoint
dijoins if and only if M; and My have k pairwise disjoint common bases. (Note that |S| =
k|A| = krar, (S) = krag, (S), hence this is equivalent to saying that S can be partitioned into k
common independent sets of M; and My.) Thus, Conjecture 3.12 states that M; and My have
k pairwise disjoint common bases where k denotes the minimum size of a directed cut of D.
It is clear that S can be partitioned into k bases of M, and it can be shown using the base
polyhedron of M, given by Frank and Tardos [23] that S can be partitioned into k bases of
My if and only if k is not less than the minimum size of a directed cut [32]. This means that
Woodall’s conjecture can be formulated as X (M, Ma) = X(M1) = X(M>).

3.3.3 Equitability of matroids

The following conjecture would follow from several well-studied conjectures. [19] calls ma-
troids with the following property equitable.

Conjecture 3.13. Suppose that the ground set of a matroid M = (S,Z) can be partitioned into
two bases. Then for any set X C S the ground set can be partitioned into bases By and Ba such
that

LIXT/2] < [B:nX| < [IX]/2] (i=1,2).

Let N denote the partition matroid (M ;(ree) X1/ D M;;e_es (Here the original definition of
partition matroids is used where upper bounds different from 1 are allowed on partition classes.)

N is clearly a 2-colourable matroid, and Conjecture 3.13 states that X(M, N) = 2 whenever
X(M) = 2 and |S| = 2rp(S). Fekete and Szabd [20] showed that the conjecture holds for
graphic matroids.

A much general conjecture is due to White [74]. Let Bji,..., By, be bases of a matroid
M= (57). If1<i<j<m,z € B;—Bjand y € B; — B;, then we say that the basis sequence

(Bl)”'uBi—luBi_x—l_y?Bi-i-l;"')Bj—l)Bj_y+$)Bj+1)"'7Bm)
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(a) An example of a set X with out-degree 0. (b) The three colours show the three disjoint di-
The elements of S(X) are the coloured ones. joins and the three disjoint common bases of the
two matroids.

Figure 3.1: An example of a directed graph where the minimum size of a directed cut is k = 3.
The ground set of the associated matroids is represented by circles next to the arcs.

is obtained from (Bj, ..., By) by a symmetric exchange. The conjecture states that for any two
basis sequences (B, ..., By,) and (Bj, ..., B},) such that [{i : s € B;}| = |{i : s € B.}| holds for
every element s € S, (Bj,...,B},) can be obtained from (B, ..., By,) by a series of symmetric

exchanges. Bonin [8] proved that the conjecture holds for sparse paving matroids, and observed
that it follows from the results of Blasiak [7] and Kashiwabara [41] that the conjecture holds for
graphic matroids, matroids of rank at most three, and also the duals of these. Conjecture 3.13
would follow from the m = 2 case of White’s conjecture. Indeed, let S = B{ U B denote any
partition of S into two bases and suppose that (Bj, B]) can be obtained from (B], Bj) by a series
of symmetric exchanges. Consider |B; N X| for members (Bj, Ba) of the series. This sequence
starts with |[B{NX|, ends with |[B4NX| = | X |—|B;NX]| and the difference of adjacent members
is at most one, hence there is a basis pair (B, B2) such that || X]/2] < |B1NX| < [|X]/2].
Another much general conjecture than Conjecture 3.13 is about cyclically orderable ma-
troids. A matroid M = (S,Z) is called cyclically orderable if S has a cyclic permutation
such that all sets of r(S) cyclically consecutive elements are bases of M. Kajitani, Ueno and
Miyano [40] conjectured that M is cyclically orderable if and only if |X|/r(X) < |S|/r(S)
holds for X C S. Van den Heuvel and Thomassé [34] proved the conjecture for the case when
(IS],7(S)) = 1. Bonin [8] proved the conjecture for sparse paving matroids. The inequalities
| X|/r(X) < |S|/r(S) clearly hold if |S| = kr(S), that is, a special case of the conjecture states
that every matroid is cyclically orderable whose ground set can be partitioned into k bases.
Notice that Conjecture 3.13 would easily follow from the k = 2 case. Indeed, let M = (S,7)
be a matroid of rank r such that its ground set can be partitioned into 2 bases. Suppose
that M is cyclically orderable and let By,..., B, denote the sets of r cyclically consecutive

elements (each of which is a basis of M). Since 5 71X N B = |X|r/2r = |X|/2 and
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| XNB;| —|XNBjt1|| <1fori=1,...,2r, it follows that || X|/2] < |B; N X| < [|X|/2] for
some i. Thus, B; and S — B; = By, satisfy the requirements of Conjecture 3.13.

A strengthening of the previous k = 2, |S| = 2r(S) case of the conjecture about cyclically
orderable matroids is the following: for any two disjoint bases Bi, By of a matroid there is a
cyclic permutation (b1, ...,bs,) of the elements of By U Bs such that each cyclically consecutive
r elements form a base of M, By = {b1,...,b.} and By = {by11,...,b2} [26, 12]. Cordovil
and Morerira [12] proved the conjecture for graphic matroids and Bonin [8] showed it for sparse
paving matroids. The conjecture holds for strongly base orderable matroids as well: if f: B; —
By is a bijection such that By — X + f(X) is a base for X C By, then (b1,...,b, f(b1),..., f(br))
is a good cyclic ordering for any ordering (b, ..., b,) of the elements of Bj.

21



Chapter 4

Upper bound on common
independent set cover

In this chapter we present the results of Aharoni and Berger [1]. We prove Theorem 4.20,
a generalization of the nontrivial direction of Edmond’s Theorem 1.2. As a consequence, we
obtain the upper bound X (M, Ms) < 2 max{X(M;),X(Ms)} for any pair of matroids My, My on
the same ground set. The methods used are mostly topological, thus we begin with a detailed
overview of the required topological concepts.

4.1 Topological tools

4.1.1 Simplicial complexes

We will use more general set systems than the independent sets of a matroid: the following
definition only requires property (12).

Definition 4.1. A simplicial complez (or plainly complezr) C is a hereditary family of finite
sets, that is, Y C X € C implies Y € C. The vertez set of C (denoted by V(C)) is the union of
all members of C.

In what follows we will associate a topological space to any complex.

Definition 4.2. An (n-dimensional) simplex is the convex hull of n + 1 affinely independent
points (called vertices) in some space R? (d > n). A face of the simplex is the convex hull of a
(possibly empty) subset of its vertices.

A geometric simplicial complex G is a family of simplices (in some R?) such that (1) the face
of any simplex of G is in G, and (2) the intersection of two simplices of G is a common face of
them. We write

I9l1=J AcRr?
Aeg

It is clear that the vertex sets of simplices of a geometric simplicial complex form a complex.

Conversely, for any complex C we construct a geometric simplicial complex G.

Definition 4.3. The geometric representation of a complex C is an injective mapping p: V(C) —
R? such that for every X,Y € C

conv(p(X)) Nconv(p(Y)) = conv(p(X NY)), (4.1)
where conv(S) denotes the convex hull of S C R%. We often write p, = p(v) for v € V(C).
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It is clear, that every complex C has a geometric representation: let d = |V(C)| — 1 and
choose p, (v € V(C)) to be affinely independent.

It is not difficult to show that the injectivity of p and (4.1) implies that for X € C the
points of p(X) are affinely independent, thus conv(p(X)) is an (] X| — 1)-dimensional simplex.

We write
||X|] = conv(p(X)) (X €C),

then (4.1) implies that {||X|| : X € C} is a geometric simplicial complex. We define

eIl = J conv(p(X)) S R?.
XeC

Clearly, ||C|| depends on the chosen geometric representation of C. However, we show that ||C||
as a topological space (with the subspace topology from R?) is unique up to homeomorphism.

Definition 4.4. Let A and B be complexes and f: V(A) — V(B) a mapping. f is simplicial
if f(A) € B for every A € A. A bijective simplicial mapping whose inverse is also a simplicial
is called an isomorphism.

Proposition 4.5. Let A and B be complexes with geometric representations p and q, respec-
tively. If f: V(A) — V(B) is simplicial, then

k k
I LA = 1B Y @ipe, = D cidywy)
i=1 i=1

is a well-defined continuous map where {v1,...,v} € A, 0 < ay,...,qr and Zle a; = 1.
Moreover, if f is an isomorphism, then ||f|| is a homeomorphism.

Proof. As f is simplicial, {f(v1),..., f(vx)} € Bfor {vi,...,v} € A, hence ||f|| (Zle aipvi) €
[|B||. Thus ||f]| is well-defined, and it is also clear that ||f|| is continuous, as it is continuous
on each simplex. If f is an isomorphism, then it is not difficult to check that ||B|| — ||.A]l,
Sk gy, — S, QiPg-1(y,) is the inverse of || f|| and it is continuous, hence ||f]| is a homeo-
morphism. O

Corollary 4.6. For a complex C, ||C|| is unique up to homeomorphism.

Proof. ||idy () || is a homeomorphism between any two spaces obtained from geometric repre-
sentations of C. O

It will be easier to formulate some results using the following definition.

Definition 4.7. Let C be a complex with geometric representation p. The support of x € ||C||
is the smallest set suppe(z) = {v1,..., v} € C such that x € conv{p,,,...,py,}-

4.1.2 Barycentric subdivisions

Definition 4.8. The barycentric subdivision of a complex C is the complex
BC)={{S1,.-- Sk} :51,..., Sk €C,0# 51 C S & -+ C Sk, k >0}

Clearly, 5(C) is a complex and V(B(C)) = C \ {0}. The following statement shows the
geometric meaning of this construction.
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Proposition 4.9. Let p: V(C) — R? be a geometric representation of a complex C. Then

is a geometric representation of 5(C) such that ||C|| = ||B(C)||. Moreover, for x € ||C||

suppg(c)(®) = {51, ..., Sk} for some Sy, ..., Sk C suppe(w).

Proof [76]. We prove by induction on |C|. If C consists of only singletons (and the empty set),
then the statements are trivial. Otherwise, let S € C be a set of the complex such that |S|
is maximal (then |S| > 2 by our assumption). Let A denote the simplex conv(p(S)), A its
boundary and int A its interior. We will rely on the following basic geometric fact:

VeeintA,z #qs Mt e (0,1),ycdA: z=t-gs+(1—-1)-y. (4.2)

As |S| is maximal, ¢’ = C \ {S} is a complex as well, hence ¢|cr and S(C’) satisfy the
statements above by the induction hypothesis. We have gs € int A and ¢g € ||5(C")|| = ||C']]
for S’ € C', hence the injectivity of ¢ follows from [|C'|| Nint A = § and the injectivity of
qler. To prove that g is a geometric representation of 3(C), we need to show that conv(g(X))N
conv(q(Y)) = conv(q(XNY)) for every X, Y € 5(C). As q is a geometric representation of C’, we
may assume that X € 5(C)\ 8(C’), that is, S € X. Then X is a chain with maximal element .S,
hence conv(q(X)) € A. Suppose first that S € Y. Then conv(q(Y)) C ||3(C")|| = ||C’||, hence
conv(q(Y)) Nint A = ). Thus, conv(g(X)) Nconv(q(Y)) = (conv(g(X)) N IA) Nconv(q(Y)) =
conv(q(X — 5)) N conv(q(Y)), which equals to conv(q((X — S)NY)) = conv(g(X NY)) as
the restriction of ¢ is a geometric representation of 3(C’). Assume now that S € Y. Let
F = conv(q(X —S)) and G = conv(q(Y —.9)), then (4.2) implies that conv(g(X))Nconv(g(Y)) =
conv(F, gs)Nconv(G, qs) = conv(FNG, gg). As the restriction of ¢ is a geometric representation
of B(C"), FNG = conv(q(X NY —5)), thus conv(g(X))Nconv(g(Y)) = conv(q(X NY)) follows.
This proves that ¢ is a geometric representation of 3(C).

We show that ||5(C)|| = ||C||. If S € X € B(C), then we noticed above that || X|| C A C ||C|],
hence ||3(C)|| C ||C|| follows from ||5(C")|| = ||C’||. To prove the other direction we only need
to show that int A C [|B(C')|| (using that ||[B(C")|| = ||C’||). It is clear that gs € ||B(C")|], and
for x € int A, z # qg there exists y and t as in (4.2). Asy € A C ||C’|| = ||B(C")]|, there exists
an X' € B(C’) such that y € || X'||. Then X = X’ U{S} € 5(C) and z € ||X]||, concluding the
proof of our claim.

Now we prove the last statement about suppg)(x). As the claim holds for C', we may
assume that € [[B(C)||\ [|B(C)|| = int A. If x = g, then suppg)(z) = {S} and the claim
is true. If @ # gg, then there exists y and ¢ as in (4.2), and suppg(c)() = suppge(y) U {S}
As suppgery(y) = {S1,..., 5} for some Si,..., Sy € suppe/(y) C suppe(z), it follows that
suppﬁ(c)(a:) ={51,...,8;, S} where Sy,...,S, S € suppﬂ(c)(x). This concludes the proof of
the proposition. ]

4.1.3 k-connectivity

The most important concept we will use in this chapter is the connectivity of a complex.
We denote the d-dimensional closed unit ball by B¢ and its boundary (the (d — 1)-dimensional
sphere) by S9!

Definition 4.10. A topological space X is k-connected (k, > 0), if for every 0 < r < k, every
continuous map f: S” — X extends to a continuous map f: B"t — X.
X is (—1)-connected if it is nonempty.
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In particular, 0-connectivity means path-connectivity.

We say that a complex C is k-connected if ||C|| is k-connected. (Note that k-connectivity is
homeomorphism invariant.) To handle k-connectivity, we need some more definitions.

Definition 4.11. Let X and Y be topological spaces and f,g: X — Y continuous mappings.
f and g are homotopic (f ~ g), if there exists a continuous mapping H: X x [0,1] — Y such
that H(z,0) = f(z) and H(x,1) = g(z) for every € X. f is 0-homotopic (f ~0inY), if it is
homotopic to a mapping of X onto a single point of Y.

Definition 4.12. Let X C Y be topological spaces. A continuous mapping f: Y — X is called
a retraction, if f|x =idx. X is a retract of Y if there exists a retraction ¥ — X.

It is straightforward to check that a retract of a k-connected space is k-connected.

The next definition corresponds to the truncation of matroids but the notation is slightly
different.

Definition 4.13. The k-dimensional skeleton of a complex C is C, ={X € C: | X| <k +1}.

Using these definitions one can directly prove the following characterization of k-connectivity
(see e.g. [6] for a proof).

Proposition 4.14. For any complex C and k > 0, the followings are equivalent:
(1) C is k-connected,
(2) Ciy1 is k-connected,
(3) |IChsall és a retract of ||(2V©)g1a]l,
(4) idyc, ) ~ 0 in [|C]].

The following theorem (in a more general setting) follows from algebraic topological results,
but we give here an elementary proof using only Proposition 4.14.

Theorem 4.15. If A and B are k-connected complexes and AN B is (k — 1)-connected, then
AU B is k-connected.

Proof [6]. The proof is based on the following lemma.
Lemma 4.16. Let C be a complex and U any finite set.

(a) If C is k-connected and C N2V is (k — 1)-connected, then C U2V is k-connected.

(b) IfC N2V and CU2Y are k-connected, then C is k-connected.

Proof. (a) CN2Y is (k — 1)-connected, hence there exists a retraction f: ||(2Y)x|| — |/(C N
29l = 11CkI| N 11(2Y)]|. (By Proposition 4.14, [[(C N 2Y)k41|| is a retract of ||(2Y")j41]] where
U =V(n2Y) CU. Since ||(2Y)i11]] is a retract of ||(2Y) 4], [[(C N 2Y)ks1|| is a retract of
[[(29)r41]| as well.) f can be extended to a retraction f: ||Cr|| U |[(2Y)|| = [|Ck|| by letting it
be identity on ||Cy||. Clearly, ||Ck|| U [|(2Y)x|| = ||(C U 2Y),|| and

f~idyeugry, in llcu2Y]|

(since for = € ||(2Y)4]|, points = and f(gc) are both contained in the convex set [|2V]]). Since C
is k-connected, id¢, ~ 0 in ||C||, hence f = id¢, of ~ 0 in [|C|| and so f ~ 0 in [|[CU2Y|| as well.
Then id)cugv), || ~ 0 in [|C U2Y]|, thus C U2V is k-connected.

k|
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(b) €N2Y is k-connected, which implies (as we have seen in part (a)) that ||Cx1]| is a retract
of [|(CU2Y)41]|. Since [|(CU2Y)i41]| is k-connected, its retract ||Cii1|| is k-connected as well,
thus C is k-connected. O]

Consider the barycentric subdivisions 5(A) and B(B). It is not difficult to check that
BANB) = B(A)NB(B) and B(AUB) = B(A) U B(B) (the latter follows from the hereditary
property of A and B). Hence, by Proposition 4.9 A’ := §(A) and B’ := §(B) are k-connected,
A" B is (k — 1)-connected, and it is sufficient to show that A’ U B’ is k-connected.

Let U = V(B') = B. As A’ is k-connected and A’ N2V = A’ N B is (k — 1)-connected, part
(a) of Lemma 4.16 yields that A’ U2V is k-connected. Let C = A’ UB', then CU2V = A" U2V
and CN2V = (A Nn2Y)Yu (B'Nn2Y) = (A NB')UB = B are k-connected, thus by part (b) of
Lemma 4.16, C = AU B is k-connected as well.

O

We introduce the following notation for a complex C:
n(C) = 2 + sup{k : C is k-connected},

where we define every topological space to be (—2)-connected (that is, n(C) = 0 if ||C|| = 0).
In particular, if C is k-connected for every k, then 7(C) = oco. The addition of 2 corresponds to
the number of vertices of the simplex homeomorphic to S* in the definition of k-connectivity.

Using this notation the previous theorem can be formulated as
n(AUB) = min{n(A),n(B),n(ANB) +1}. (4.3)

We shall only use this result in a special case. For a vertex x of a complex C consider the
analogue of restriction to V(C) — = and contraction of x:

C—z={XeC:x¢X},
Clr={XeC:z2¢X,X +x€C}.

For complexes C/x is usually called the link of x.

Corollary 4.17. For every vertex x of a complex C

n(C) = min{n(C — x),n(C/x) + 1}.

Proof. We may assume that {x} € C as otherwise C =C—z and n(C) =n(C—z). Let A=C—=z
and B={X : X +x € C}, then AUB =C and AN B = C/x. Notice that ||B|| is a nonempty
star-convex set (the line segment between the point corresponding to x and any point of ||5||
lies completely in ||B|]), hence n(B) = co. Using inequality (4.3) the desired result follows. [

As complexes are generalizations of matroids, it is natural to ask the relationship between
the rank function r and the connectivity parameter 1 of a matroid M = (S,Z). It can be shown
that they are more or less the same:

0, if M contains a co-loop,
n(Z) = {

r(S), otherwise.

The inequality n(Z) > r(S) can be derived from Corollary 4.17; later we will prove the more
general Proposition 4.21.
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4.1.4 The Knaster-Kuratowski-Mazurkiewicz lemma

The last geometrical tool we will need is a result equivalent to Sperner’s following classical
lemma.

Theorem 4.18 (Sperner’s lemma [70]). Let A be an n-dimensional simplex with vertices
Ply---yPnt1 and G a geometric simplicial complex such that ||G|| = A. Consider a colouring
c: V(G) = {1,...,n+ 1} such that for every v € V(G)

v € conv{p;,,...,pi,} = c(v) € {i1,... i}

Then there exists an odd number of n-dimensional simplices of G, whose vertices are coloured
with all n 4+ 1 colours.

The next theorem formulates two closely related results. The first one, with Ay,..., Ayt
closed is the classical theorem of Knaster, Kuratowski and Mazurkiewicz [45] from 1929, which
we prove as a consequence of Sperner’s lemma. The second one, with Ay,..., A,41 open is a

consequence of the closed version, for this we follow the proof of [69].

Theorem 4.19 (KKM lemma). Let A be an n-dimensional simplex with vertices p1, ..., Pni1-
Suppose that Ay, ..., Any1 are closed (resp. open) subsets of A such that

conv{pi,,...,pi, } C Aiy U---UA;, (4.4)
for every subset {iy,...,ix} C{1,...,n+1}. Then Ay N---N A,4+1 is nonempty.

Proof. Suppose first that Aj,..., A,11 are closed. Let ¢ > 0, and construct a geometric sim-
plicial complex G such that ||G|| = A and the diameter of every simplex of G is at most €. (As
A is a standard n-dimensional simplex, it is not difficult to give an elementary construction
— a more general way to do this would be to consider repeated barycentric subdivisions.) For
v € V(G) let conv{p;,,...,pi,} be the smallest face of A containing v, then by (4.19) there
exists a colour c(v) € {i1,...,i} such that v € A.,). The colouring c satisfies the conditions
of Sperner’s lemma, hence there exists an n-dimensional simplex in G with vertices ¢f, ..., 5.1
such that ¢(¢f) = i, that is, ql € A;. Consider a sequence &, converging to 0, then it has a

subsequence ], such that qlm converges to a point q. As the diameter of {ql Yo ,qn’_';l} is at

most e, we get that ¢;» = gfori=1,...,n+1. As qim € A; and A; is closed, g € A; as well,
thus ¢ € A1 N---NApt1.

Assume now that Aq,..., A,y1 are open. We show that there exists closed sets A’l, e ;"H-l
satisfying (4.19) such that A, C A;, then the result will follow by § # A4j Nn---N An 41 C
A1N---NA,11. For x € A there exists an open set U, such that x € U, C U, C ﬂxeAi A;, since
Neea, Ai is open (here U, denotes the closure of U,,). For every iy, ..., the union J{U, : = €
A U---UA;, } = A, U- - -UA;, is an open cover of the compact set conv{p;,,...,p;, }, hence there
exists a finite subset X;, ;. C A; U---UA;, such that conv{p;,,...,pi, } CU{Us 12z € Xi, i}
Let X = U i, Xiy,....ip,» then X is a finite set such that

conv{pi,,...,pi,} C U{Ux rxe X, Uy CAU---UA; T (4.5)

Now let
:U{WZI‘GX,UZ gAl},

then A} is closed as it is a finite union of closed sets. By U, C Neea, Ai, Uz € A; implies
U, C A;, hence A} C A;. Moreover, if U, C A;, U...A,;,, then U, C A;; for some j, hence (4.5)

implies that Ay, ..., A4 satisfies (4.19). This concludes the proof of the theorem. O]
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4.2 The intersection of a matroid and a simplicial complex

We are ready to prove the main result of [1]. For a set X and complex C, we write C|x =
{CeC:CCX}.

Theorem 4.20. Let k > 0, C be a complex and M = (S,I) a matroid with rank function r
such that V(C) C S. If
nClx)+r(S—X) >k (X CS9), (4.6)

then there exists an independent set I € CNZI of size k.

Proof. We may assume that & = r(S) by considering the k-truncation of M. We may also
assume that V(C) = S.

Let H denote the complex whose vertices are the hyperplanes' of the matroid M and which
consists of all subsets of hyperplanes of M. Clearly, ||H|| is a simplex. In what follows, we
construct a continuous map f: |[|H|| — ||C|| with some special properties.

By Proposition 4.9, we have ||H|| = ||5(H)||. We define the flat complex of M by
F(M)={{F,...,Fx}: FiLCFC---CF,CS areclosed in M, k> 0},

then the vertices of (M) are the closed sets of M excluding S. The vertices of S(H) are of
the form {H;,..., H} for some hyperplanes Hi,..., Hy of M. We define

k

9: V(B(H)) = V(F(M)), g({Hy, ..., Hy}) = () Hi.
=1

Notice that ¢ is simplicial: the image of a chain of vertices of B(#) is a chain of vertices of
F(M) (the inclusion is reversed). Thus, by Proposition 4.5 we have a continuous mapping
gll= 1B = Il F(M)]].

Now we construct a continuous map h: ||F(M)| — ||C||. We define h for points of the
interior of each simplex ||{F1,..., Fx}|| at a time (here {F},...,F} € F(M), F1 € --- C Fy).
If & = 1, then we define h on the point |[{F1}|| to be the point corresponding to a vertex in
S\ F1 (note that we did not allow F; = S in the definition of F(M)). Assume that we defined
h on the interiors for 1,2,...,k — 1, then it is defined on the boundary of |[{Fi,..., Fx}||,
now we define it on its interior. As Fy C --- C Fj € S is a chain of closed sets, we have
r(F1) <r(Fy) —1<r(F3)—2<-..-<r(S)—k. Then by (4.6) we have

n(Cls—r) = 7(S) —r(F1) >k,

thus C|s_p is (k—2)-connected. The boundary of the (k—1)-dimensional simplex ||[{F1, ..., F}||
is homeomorphic to the sphere S¥~2, hence by the definition of (k — 2)-connectivity h extends
continuously to the interior of ||[{Fi,..., Fx}|| . This concludes the definition of h: ||F(M)|| —
[IC||. By the construction, we have the following property:

Vy € [[F(M)|| 3F € suppz() (y) : F Nsuppe(h(y)) = 0. (4.7)

Indeed, if suppr(apy(y) = {F1}, then suppe(h(y)) is a vertex in S — F, hence F' = Fy satisfies
(4.7). Otherwise, suppz(a)(y) = {F1,..., Fi} for some k > 2, then h(y) € [|C|s—r ||, hence
F = F satisfies (4.7).

1[l] considered cuts (the complement of hyperplanes) as vertices of the complex. This minor modification is
due to [59] and it will not make any difference.
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Let f = hol|gl||, then it is a continuous map ||H|| — ||C||:

llgll h
FAHI = BRI = |IFM)] — llCll-
For a hyperplane H € V(H) let

Ap ={z € [|[H]| : suppe(f(x)) £ H}.

Ay is an open subset of ||H]], as

= U {zelHll:seswpe(f(@)}= | F{yellCll:sesuppe(y)})
seS\H seS\H

is the union of open sets since f is continuous and {y € ||C|| : s € supp¢(y)} is open for every s.
We claim that the sets Ay (H € V(#H)) satisfy (4.4), which can be rephrased as follows:

Vo € ||H|| 3H € suppy(z) : x € Ag.

Let z € [|H][, then by (4.7) there exists an I € supp zap)(||9](z)) such that FNsuppe(f(x)) = 0.
By the definition of ||g||, F' € suppz(ar)(ll9]l(x)) 1mphes that 3(H) has a vertex v € suppgz) ()
such that g(v) = F. By Proposition 4.9, v is of the form v = {Hy, ..., Hy} for some hyperplanes
of H such that {H, ..., Hy} C suppy(z). As F = g(v) = NE, H; is disjoint from suppe(f(x)),
we get that suppe (f(z)) € H; for some i € {1,...,k}. Thus z € Ay, and H; € suppy(z), which
concludes the proof of our claim.

Therefore, we can apply Theorem 4.19, which yields that there exists an x € HeV(H) Ag.
This means that suppe(f(x)) € H for every hyperplane H, thus suppq(f(x)) is a generator
of M (that is, it has rank r(S)). Then suppq(f(z)) contains a basis of M which is in C by
suppe(f(z)) € C. This concludes the proof of the theorem. O

4.3 2-approximation

To apply Theorem 4.20, we need a lower bound on the connectivity parameter 7.

Proposition 4.21. For matroids My = (S,Z1), ..., My = (S,Zy) on common ground set S
T](Il N ﬂIk) > max{m el ﬂ”'ﬁIk}/k.

Proof. For a complex C we will us use the notation v(C) = max{|I|: I € C}.

We prove by induction on [S|. Let C = Z;N---NZ; and I € C a set of size v(C). Let
x € S — I be an element which is not a loop in any of the matroids (if there is no such z then
n(C) = n(2!) = oo and the inequality is trivial). Notice that v(Z;/x N ---NZ/x) > v(C) — k.
Indeed, for j = 1,...,k we can pick an element x; € I such that I —z; + z € Z; (assuming
I #0), and then I — {z1,...,2x} € Zh/xN--- NIy /x is a set of size at least |I| — k. Applying
induction to C — z and C/x we get

n(C—a) =n((Ti—2) NN (T — 2)) 2 v((Ty — 2) N0 (T — 2) [k = v(C)/k,
0C/a) = 1T/ 1\ Tufa) = V(T2 N Tufa)fk > (0(C) — )k = w(C) e — L

and 7(C) > min{n(C — z)/k,n(C/x)/k+ 1} > v(C)/k by Corollary 4.17.
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Corollary 4.22. Let My, My, M3 be matroids on the same ground set S such that

%Tl(Xl) =+ %TQ(XQ) + 7“3<X3) >k (4.8)

whenever S = X1 U Xo U X3. Then they have a common independent set of size k.

Proof. Let C = I) NIy, then by Theorem 4.20 it suffices to show that n(C|x) +r3(S —X) > k
holds for every X C S. Applying Proposition 4.21, Theorem 1.2 and assumption (4.8) we get
the desired result:

1 1
n(Clx) > §max{|l| leinNy, I C X} = §min{r1(X1) +72(X2) : X = X1 U Xo}
Zkﬁ—T’g(S—X).

Corollary 4.22 implies the following result just as Theorem 1.2 implies Theorem 1.3.

Theorem 4.23. For matroids My = (S,Z1) and My = (S,Z2)
X(MI,MQ) S QmaX{X(Ml),X(Mg)}‘

Proof. Let k = 2max{X(M;),X(My)}, Si,...,Sk be disjoint copies of S and " = J¥_,S;.
For s € S we write s; for the copy of s in S;. Consider the matroids M| = @F_, My, M} =
@F | My and M} on ground set S where M} is the partition matroid defined by the partition
{{s1,...,sk} : s € S}. We claim that S can be partitioned into k& common independent sets
of My and My if and only if M{, M) and M; have a common independent set of size |S|.
Indeed, if I’ is such a set than {{s € S :s; € I'} : i = 1,...,k} is a partition of S into k
common independent sets of M; and Ms, and conversely, if S = I; U---U I is such a partition
then U {s; : s € I;} is a common independent set of M|, M}, M} of size |S|. Hence, by
Corollary 4.22 it suffices to show that
1

Sr(X) +

5 r5(Xs) + 13(X3) > [S]

2 2
holds for any partition S’ = Xj U X3 U X3 where r; denotes the rank function of M}. We may
assume that X3 is closed in Mj, that is, it is of the form X5 = {s;,...,s, : s € X3} for a set
X3 - S. Then

k
D (FH(X] N S;) + ry(Xy N Sh)) + | X3l
=1

> —min{r (X;) + r2(X2) : X1 UXo =5 — X3} + | X3]

L\DM—~

1
r(Xy) + 57 ro(X3) 4+ r3(X3) =

N |

mn{|X1| + |X2| X1 UX9 = S—X3} + |X3| = |S|,

using that 7’1(X1) | X1| and T'Q(XQ) < | X3| for every X1, Xo C S since M; and My are

§—colourable. This concludes the proof of the theorem. O

4.4 A slightly stronger result

We prove a generalization of Proposition 4.21 for the case of two matroids. This will also
imply a generalization of Corollary 4.22.
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Proposition 4.24. Let £ > 1 and M = (S,Z) and N = (S, J) be matroids on common ground
set S. Let J¢ denote the system of independent sets of matroid {N. Then

nZNJ)>max{|I|: I €ZnNJTY}/(L+1).

Proof. We prove by induction on |S|. As in the proof of Proposition 4.21, let C = Z N J and
I € C a set of size v(C). We may assume that there is an element z € S — I which is not a
loop in M or N. We claim that v(Z/z N (J/x)*) > v(C) — £ — 1. If I # (), then there exists
an element zg € I such that I —xg +z € Z. As I € J¢, it is the union some independent sets
I,...,I; of N, and there exists elements z1,...,zp such that I —z1 +=x,..., Iy —xzy+x € J.
Then I —{x1,...,2} = (I1 —x1)U---U (I — ;) € (J/2)%, thus T —{xq,..., 2.} € Z/xN (T /z)"
is a set of size v(C) — ¢ — 1 proving our claim. Applying induction to C — z and C/x we get

(€ —2) = (T —2) N (T —2)) 2v((Z —a) N (T —2)")/(L+1) =v(C)/(L+1),

v(T/x z)t v(C) — 0 — v
and n(C) > v(C)/(¢ + 1) follows by Corollary 4.17. 0

Corollary 4.25. Let £ > 1 and My, Mo, M3 be matroids on the same ground set S such that
1 l
{+1 {+1

whenever S = X1 U Xo U X3. Then they have a common independent set of size k.

r1(X1) + r2(Xa) +73(X3) > k (4.9)

Proof. Let C = I) NIy, then by Theorem 4.20 it suffices to show that n(C|x) +r3(S —X) >k
holds for every X C S. Let r§ denote the rank function of the matroid My = (S,Z%), then
Proposition 4.24 and Theorem 1.2 yield

1 1
n(Clx) > ﬁmax{m TeiNILICX) = mmin{rl(Yl) +r5(Ya) : X = Y1 UYa}.
Let X =Y, UY5, then by Theorem 1.3 there exists a set Xo C Y5 such that rg(Yg) = lro(Xo) +
|Y2 — X2| Then
ri(V1) + r5(Y2) = r1(Y1) + £ra(Xa) + |Yz2 — Xa| > r1(X1) + £ra(Xa),

where X1 = Y7 U (Yy — X5). Combining the previous inequalities and assumption (4.9) we get
the desired result:

1
n(Clx) > 51 min{ry (X7) + r2(X2) : X = X1 U Xo} > k —r3(S — X).
O

From this we get the following result by a minor modification of the proof of Theorem 4.23.

Theorem 4.26. Let My = (S,Z;) and My = (S,I2) matroids such that X(M;) < p and
X(Ms3) < pq. Then
X(My, M) < p+ pg.

In particular, we proved the following conjecture for the case where one of X(M;) and X(Ms)
is a multiple of the other.

Conjecture 4.27. For matroids My, = (S,Z1) and My = (S, Z2)
X(Ml,MQ) < X(Ml) + X(MQ)
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4.5 The best possible upper bound

Aharoni and Berger [2] proposed the following strengthening of Conjecture 4.27.

Conjecture 4.28. For matroids My = (S,Z1) and My = (S,I3)
X(My, Mz) < max{X (M), X(Mz)} + 1.
Moreover, if X(My) # X(Mz), then X(My, My) = max{X(Mi),X(Mz)}.

The next example shows that this bound is the best possible (except for the trivial X(M;) =
X(Ms) =1 case).

Proposition 4.29. For every k > 2 there exists matroids My = (S,Z1) and May = (S,Z2) such
that X(Ml) = X(Mg) =k and X(Ml,MQ) =k—+1.

Proof [2]. Consider the complete graph on vertices v, ve,vs3,vs and replace each of the edges
v1ve, v1v3 and vivg with £ — 1 parallel edges. Let S denote the set of edges, M; the graphic
matroid of this graph and M, the partition matroid on S where a set of edges is independent
if it contains neither two parallel edges nor two disjoint edges. Clearly, r1(S) = 3 and |S| = 3k
implies that X(M;) > k, hence X(M;) = k as S can be partitioned into k — 2 stars with centre
v1 and two paths of length 3. Ms is defined by a partition where each of the three classes has
size k, hence X(My) = k.

The common independent sets of My and M, are exactly the stars of the graph. It is clear
that S can be partitioned into k + 1 stars: consider {vovs, vovs}, {vsvs} and k — 1 stars centred
at v1. Suppose that S can be partitioned into k stars, then |S| = 3k implies that each star has
3 edges. Looking at triangle vovsvg, we get that at most one of the stars is centred at ve, v or
v4. Then one of the edges of this triangle remains uncovered, a contradiction. Thus, we proved
that X(MI,MQ) :k—f—l O

The following observation of Aharoni, Berger and Ziv [2] shows that in Conjecture 4.28 we
may assume that the ground set can be partitioned into bases in both matroids.

Observation 4.30. Let My and Mo be two matroids on common ground set S. Then there exists
matroids M| and M} on common ground set S" such that X(M7) = X(My), X(M3) = X(Ma),
X(Mi, M5) = X(My, Ms) and in each of the matroids M| and M3, S’ can be partitioned into
bases.

Proof. Let n = |S|, k = X(M;), £ = X(Mz), and S’ a superset of S such that |S’| = nkl. Let

1 ={XCY: | X|<n,XNSeL}and Z) = {X C 5 :|X| < nk, X NS € Iy}, then
M = (S,Z}) and M} = (S,Z}) are matroids whose restriction to S is M; and My, respectively.
Consider a covering of S by k independent sets of Mj, then if we extend each of these sets
arbitrarily into subsets of S’ of size ¢|S|, then we get a covering of S by k independent sets
of M{. This shows that X(Mj) = X(M), and a similar reasoning yields X(M3) = X(Ms) and
X(Mj, Mj) = X(My, Ma). Moreover, |S'| = kén = kri(S") implies that S’ can be partitioned
into k bases of M], and similarly S’ can be partitioned into ¢ bases of Mj. O

Aharoni, Berger and Ziv proved Conjecture 4.28 for X(M;) = X(Mz) = 2.

Theorem 4.31. If My = (S,Z1) and My = (S,Z3) are two matroids such that X(My) =
X(Mz) =2, then X(M;, Ms) < 3.
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Proof [2]. By Observation 4.30 we may assume that S can be partitioned into two bases of M
and also into two bases of M. Let By, By be bases of My and B}, B} bases of M such that
S = By UBy = B{UBj and |B; N Bj| + |B2 N Bj| is maximal. Let X; = B; N Bj, then by
Theorem 1.1 there exists a subset Xo C By such that both B; — X7 U X5 and By — X9 U X, are
bases of Mj. As |By N Bi| + |B2 N Bj| is maximal and (B; — X1 U X2) U (B — X2 U X;) is a

partition of S into bases of M7, we have

’Bl QBH + |BQﬂBé| > |(Bl - Xy UXQ)QBH + |(B2 —XQUXl)ﬁBé|
= |B1 N B+ |By N Xa| + |Bo N By| — |Ba N By N Xo| + | X
> |By N By| + | B2 N By| — | Xa| + | X1]| = [B1 N Bj| + |B2N By,

thus |B] N X3| = 0, that is, Xo C B). Then (B N Bj) U (B} N By) C By — X3 U X7, hence
(B1 N B,) U (BN Bsg) is independent in Mj. Similarly, this set is also independent in M, thus
S = (BiNB))U (BN B) U ((By N B) U (B N By)) is a partition of S into three common
independent sets of M7 and M. O

Note that this proof can be converted into a polynomial algorithm, as Theorem 1.1 can be
proven algorithmically.

In case of X(M;) = 2 and X(M2) = 3, Aharoni, Berger and Ziv showed with a slight
generalization of this proof that X(Mj, M3) < 4. However, Conjecture 4.28 remains open even
in this special case.
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Chapter 5

Reduction to partition matroids

In this chapter we present the novel approach of reducing a matroid to a partition matroid
without increasing its colouring number too much. This method might serve as a useful tool
for problems related to packing common independent sets of two matroids. In particular, we
propose a conjecture which strengthens Theorem 4.23 and prove its first special cases. These
special cases provide new results for a question of Kiraly [43] about list colouring of two matroids.
Sections 5.1-5.5 are mainly from our joint work [4] with Krist6f Bérczi and Yutaro Yamaguchi.

5.1 Reductions of matroids

Definition 5.1. Let M = (S,Z) and N = (5, J) be two matroids on ground set S. We say
that IV is a reduction of M and use the notation N < M, if 7 C Z. The reduction is rank
preserving if rpr(S) = ry(S) holds, and is denoted by N <, M.

The idea of reducing a matroid to a simpler one goes back to the late 60’s. In [14], Crapo and
Rota introduced the notion of weak maps. Given two matroids M and N on the same ground
set, N is a weak map of M if every independent set of NV is also independent in M. Using our
terminology, N is a weak map of M if and only if N is a reduction of M. Weak maps were
further investigated by Lucas [54, 55] who characterized rank preserving weak maps for linear
matroids. However, these results did not consider the possible increase in the colouring number
of the matroid that plays a crucial role in our investigations. We find the name ‘map’ slightly
misleading as it suggests that there is a function in the background, although the ‘mapping’ in
question is simply the identity map between the ground sets of the matroids. Hence, we stick
to the term ‘reduction’ throughout the chapter.

We present results about reductions to partition matroids and prove special cases of the
following conjecture.

Conjecture 5.2. FEvery k-colourable matroid can be reduced to a 2k-colourable partition ma-
troid.

In particular, we show that matroid a M is reducible to a partition matroid N such (A)
X(N) = X(M) if M is a transversal matroid, (B) X(N) < 2X(M) — 1 if M is a graphic matroid,
(C) X(N) < [kr/(r —1)] if M is a paving matroid of rank r, and (D) X(N) < 2X(M) — 2 if M
is a gammoid. It should be emphasized that in cases (A), (B) and (D) the reduction is rank
preserving. Our main result is the proof for gammoids.

Notice that Theorem 4.23 would easily follow from Conjecture 5.2 using Theorem 3.4 for
partition matroid (that is, the classical result of Kénig about the edge colouring number of
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t1 t2 i3

Figure 5.1: An illustration of the proof of Theorem 5.3. Thick, dashed and dotted edges are
corresponding to three matchings covering S.

bipartite graphs). Indeed, if matroids M; and Ms are reducible to matroids N and N3 such that
X(Nl) S 2X(M1) and X(NQ) S X(MQ), then X(Ml,MQ) S X(Nl,NQ) = maX{X(Nl),X(NQ)} S
2max{X(My),X(Ms)}.

It is worth mentioning that every matroid M = (S,Z) has a reduction to a partition matroid
N = (S,J) of the same rank. The sketch of the proof is as follows. Fix an arbitrary basis
B = {s1,...,8} of M, and add s; to the ith partition class. Then for an arbitrary element
s € S — B, consider the fundamental circuit C(s, B) of s with respect to B, and add s to the
partition class containing the element of C(s, B) N B with the smallest index. If we pick exactly
one element from every class of the partition thus obtained, we get a basis of the matroid.
This can be verified using the circuit axioms, not discussed in this thesis. Nevertheless, this
algorithm has no control over the sizes of the partition classes. It can happen that some of the
classes have a large size compared to the colouring number of the original matroid, and such a
reduction is not suitable for our purposes.

5.2 Transversal, graphic and paving matroids

As a warm-up, we first consider three basic cases: transversal, graphic, and paving matroids.
Although the proofs are simple, they might help the reader to get familiar with the notion of
reduction. Also, we show the connection to some earlier results such as Gallai colourings of
complete graphs.

5.2.1 Transversal matroids

Theorem 5.3. Let M = (S,Z) be a k-colourable transversal matroid. Then there exists a
k-colourable partition matroid N with N <, M.

Proof. Let G = (S,T; E) a bipartite graph where T' = {t1,...,t.}, r being the rank of the
transversal matroid on S. By assumption, the transversal matroid is k-colourable, so there
exist k matchings Fi,..., F} covering every vertex in S exactly once. We may assume that
none of these matchings is empty. Let S; = U§:1 Ng;(t;) for i = 1,...,r (see Figure 5.1).
Then S;U---U S, is a partition of S with classes of size at most k. Pick an arbitrary element
sj € Sjforj=1,...,7r. The edge set {tjs;: j=1,...,r} shows that the picked elements form
a matchable set, hence the partition matroid defined by the partition is a k-colourable rank
preserving reduction of the transversal matroid. O
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5.2.2 Graphic matroids

Now we turn to graphic matroid. Notice that the colouring number of the graphic matroid
of graph G, is the smallest number of forests covering the edge set (hence the notation X might
be slightly confusing). Observe that reducing the graphic matroid of G to a partition matroid is
equivalent to colouring the edges of the graph in such a way that there is no cycle whose edges
are coloured with completely different colours.

Theorem 5.4. Let M = (S,Z) be a k-colourable graphic matroid. Then there exists a (2k —1)-
colourable partition matroid N with N <, M, and the bound for the colouring number of N is
tight.

Proof. Let G = (V, E) be a graph whose graphic matroid M = (E,Z) is k-colourable and let
K C V be a connected component of G of size at least 2. We claim that there exists a cut
in K of size at most 2k — 1. Indeed, if every cut of K contains at least 2k edges then K is a
2k-edge-connected component and so |E[K]|| > k|K| by counting the edges around each vertex
in K. By Theorem 1.7, this contradicts the k-colourability of M.

Set Sy := 0 and 7 := 0. As long as there exists a connected component K in G — U;:o S
of size at least 2, let S;1+1 C E be a minimum cut of K (see Figure 5.2), and update i :== i + 1.
By the above, [Siy1| <2k —1. Let E = S;U---US, denote the partition thus obtained. We
claim that the partition matroid corresponding to this partition is a reduction of M. In order
to see this, we have to show that every cycle of G intersects at least one of the partition classes
in at least two elements. Given a cycle C, let i be the smallest index with |S; N C| > 0. Then
C C U;]'Zi S; and S; is a cut in U?‘zz‘ Sj, hence |S; N C| > 2. As the deletion of S; increases the
number of components of G — 3-;:([) S; by exactly one for i = 1,..., ¢, the rank of the partition
matroid thus obtained is the same as the rank of the graphic matroid of GG, concluding the first
half of the theorem.

To show that the given bound is tight, let G = (V, E) be a complete graph on 2k vertices.
By Nash-Williams’ theorem, the colouring number of the graphic matroid of G is k. An edge
colouring of a complete graph is called a Gallai colouring if no triangle is coloured with three
distinct colours, which is a weaker restriction than the above. Bialostocki, Dierker and Voxman
[5] showed that every Gallai colouring contains a monochromatic spanning tree. This means
that for any reduction of the graphic matroid of G to a partition matroid, there is a partition
class of size at least 2k — 1. O

Figure 5.2: An illustration of the proof of Theorem 5.4. The graph G = (V, E) can be de-
composed into three forests. Let S1, 55,53 and Sy denote the sets of thick, dashed, dotted and
zigzag edges, respectively. Then S;41 is a minimum cut in one of the components of G — U§:1 S
for i = 0,...,3. Observe that there is no rainbow coloured cycle in G (in which any two edges
receive different colours).
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Remark 5.5. Theorem 5.4 can be proved in a similar way by observing that any graph that
can be decomposed into k forests contains a vertex of degree at most 2k — 1. The advantage
of the proof based on cuts is twofold: it provides a rank preserving reduction, and it can be
straightforwardly extended to arbitrary matroids in the following sense.

Theorem 5.6. If M = (S,Z) is a matroid so that M|s: has a cut of size at most k for any
S C S, then M can be reduced to a k-colourable partition matroid.

The proof of Theorem 5.6 is based on the fact that the intersection of a circuit and a cut in
a matroid cannot have size 1.

5.2.3 Paving matroids

The next results are about paving matroids.

Theorem 5.7. Let M = (S,Z) be a k-colourable paving matroid of rank r > 2. Then there

ezists a [-"%]-colourable partition matroid N with N < M.

Proof. Consider any partition S = S;U---US,_1 into r — 1 parts of almost equal sizes, that is,
|Si| = [|S|/(r —1)] or |Si| = [|S|/(r —1)] for i =1,...,r — 1. As M is k-colourable, we have
|S| < kr and so |S;| < [kr/(r—1)]. As M is paving, any set of size at most r — 1 is independent,
hence the partition matroid N defined by the partition S;U---US,_1 is a [kr/(r—1)]-colourable
reduction of M, as required. O

The bound on the colouring number can be improved when r = 2, and the reduction can be
chosen to be rank preserving. It is not difficult to see that every loopless matroid of rank 2 is
paving, hence the next theorem gives a tight bound on the colouring number of the reduction
of such matroids.

Theorem 5.8. Let M = (S,Z) be a k-colourable paving matroid of rank 2. Then there exists a
L%J -colourable partition matroid N with N =<, M, and the bound for the colouring number of
N s tight.

Proof. Let S = T U ---UT, denote the partition of the ground set into classes of parallel
elements, that is, for every x € T; and y € T} the set {z,y} is independent if and only if ¢ # j.
We may assume that |T7| > --- > |T;|. Note that |T1| < k as the matroid is k-colourable. Let
i denote the smallest index such that |7} U---UT;| > |S|/3 holds, and consider the partition
S =51 USy where S; =T U---UT; and Sy ZE_HU--'UT(]. If i =1, then ‘51’ = ‘Tl‘ <k,
otherwise

I8, iy < 190, g 2 2]
3 3 3 — 37
where we used that |S| < 2k holds as M is k-colourable and r = 2. By the definition of i,
we have |So| < 2|5|/3 < 4k/3 as well. Thus max{|Si],|S2|} < 4k/3 always holds, hence the
partition matroid N defined by the partition S; U Sy is a |4k/3]-colourable reduction of M.
The bound [4k/3| on the colouring number of N is tight. Let S be a set of size 2k and
take a partition S = S; U Sy U S3 where [|S|/3] = [S1| > |S2] > |S3] = [|S|/3]. Consider
the laminar matroid M = (S,Z) defined by the laminar family {S, S1, S2, S5} where X C S is
independent if and only if | X| <2 and | X NS;| <1 for i =1,2,3. It is not difficult to see that

the colouring number of M is k. Suppose that M is reducible to a partition matroid N. The
rank of N is either 1 or 2, as M has rank 2. In the former case X(N) = 2k, while in the latter

1S1] = (T + -+ |Tia) + T < =+ |Th < — + |Th] <
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case N is defined by a partition S = P, U P». Then every S; is a subset of either P; or P», as
otherwise there exists two elements x,y € S; such that z € P, and y € P, implying that {z,y}
is independent in N but dependent in M, a contradiction. Thus, P; or P» contains at least two
of the S;’s, and so has size at least |Sa| + [S3| = |S| — |S1| = 2k — [2k/3] = |4k/3], proving
X(N) > |4k/3]. O

For r = 3, we can provide rank preserving reductions at the price of increasing the colouring
number of N. For this purpose we need the following simple characterization of the colouring
number of paving matroids.

Lemma 5.9. Let H = {Hy,...,Hy} be a (possibly empty) family satisfying the conditions of
Theorem 1.8, and let M = (S,Z) be the paving matroid defined by H. Then

X(M) :maX{PSr‘ , PHﬂ ['Hq‘}}
T r—1 r—1
Proof. Corollary 1.4 implies that X(M) = max{[|X|/r(X)] : 0 # X C S}. Since 7(S) = r
and r(H;) = r — 1 (as every set of size at most r — 1 is independent), we get that X(M) >
max{[|S/r], [[H1|/(r = 1)1, ..., [[Hgl/(r = 1)T}.

To see the reverse inequality, take an arbitrary subset X C S. If | X| < r—1, then r(X) = | X|
holds as the matroid is paving, therefore | X|/r(X) = 1. If | X| > r and X C H; for some 4, then
r(X)=r—1andso |X|/r(X) < |H;|/(r —1). Finally, if | X| > r and none of the H;’s contains
X, then r(X) =r and so | X|/r(X) < |S|/r, proving our claim. O

Theorem 5.10. Let M = (S,Z) be a k-colourable paving matroid of rank 3. Then there exists
a (2k — 1)-colourable partition matroid N with N =<, M.

Proof. Let H = {Hi,...,Hy} be a (possibly empty) family satisfying the conditions of Theo-
rem 1.8 that defines M. Without loss of generality, we may assume that |Hq| > --- > |H,|. We
distinguish two cases.

Case 1. |S|/r < |Hi|/(r —1).

Consider any partition H; = S1 U --- U S,_1 into 7 — 1 parts of almost equal sizes, that
is, |Si| = [|Hil/(r — 1)) or |Si| = [|Hi|/(r —1)] for i = 1,...,7 — 1, and let S, = S — H;.
Note that none of Sy,...,S, is empty since Hj is a proper subset of S of size at least r — 1.
Taking any elements s; € Si,...,s, € S, the set X = {s1,...,s,} is independent in M as
XZH (i=1,...,9) by | XNH|=r—1and |[HHNH;| <r—-2 (i =2,...,q). Thus, the
partition matroid N = (S, J) defined by the partition S;U- - -US, is a rank preserving reduction
of M. N is clearly X(M)-colourable as |S;| < [|Hy|/(r —1)] = X(M) for i = 1,...,7r — 1 and
1,1 = IS] = | Ei| < r[Hyl/(r — 1) — [Hy] = |Hi] /(7 — 1) < X(M).

Case 2. |S|/r > |Hi|/(r —1).

Pick an arbitrary s € S, let H;,,..., H;, denote the sets of the family H containing s and
let H} = H;; — s for j =1,...,1. The sets Hj,..., Hj are disjoint as |H; N H;| <r—2=1 for
i # j. We may assume that |H{| > --- > |H/|. Note that for any set ' C S — s which does not
intersect any H]’ properly, the partition S = {s} UT U (S — T — s) defines a partition matroid
N = (S, J) which is a reduction of M.

If |[H{|+- - -+|H]| < |S]/3,1et T C S—s be aset of size [|S]/2] containing H{U- - -UH]. Then
X(N) = max{|T|,|S| — |T| — 1} < |S]/2 < 2|S|/3 < 2xX(M). If |[H{| + ---+ |H]| > |S|/3, then
let j denote the smallest index such that |Hj| + .-+ [H}| > |S|/3 and let T'= Hj U--- U Hj.
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If j = 1, then |T| = |H{| < 2|S|/3 by our assumption |S|/r > |Hi|/(r — 1) and r = 3.
Otherwise, |H1| < |S|/3 and so [T'| < [S]/3 + [H}| < [S|/3 + |Hj| < 2[S|/3. Thus X(N) =
max{|T|, |S| - |T| - 1} < 2[5]/3 < 2[|S]/3] = 2X(M). 0

Remark 5.11. Note that Case 1 of the proof does not rely on the fact that » = 3. That is, any
paving matroid satisfying the assumption of Case 1 has a rank preserving reduction N =<, M
with X(N) = X(M).

While Theorem 5.10 provides a rank preserving reduction, Theorem 5.7 gives a better bound
on the colouring number of the reduction for » = 3. The bound [3k/2] is not necessarily tight.
A computer-assisted case checking shows that the tight bound for £ = 3 is 4, an extremal
example being the Fano matroid. However, we show that [3k/2] is tight for infinitely many
values of k.

A finite projective plane is a pair (S, L), where S is a finite set of points and £ C 29 is the
family of lines that satisfies the following axioms: (P1) any two distinct points are on exactly
one line, (P2) any two distinct lines have exactly one point in common, (P3) there exists four
points, no three of which are collinear. For every projective plane there exists a number ¢ called
the order, such that (1) each line in the plane contains ¢+ 1 points, (2) ¢+ 1 lines pass through
each point of the plane, (3) the plane contains ¢? + ¢ + 1 points and ¢* + ¢ + 1 lines [73].

The family of lines satisfies the conditions of Theorem 1.8, thus every projective plane defines
a paving matroid M = (S,Z) of rank 3. A partition matroid N = (5,J) is a reduction of M
if and only if the colouring of S defined by the partition classes of IV satisfies the conditions of
the following theorem.

Theorem 5.12. Consider any 3-colouring of the points of a projective plane of order q such
that each line contains at most 2 colours. Then at least one of the following cases holds:

(i) there exists an empty colour class,
(ii) there exists a colour class of size 1,

(7ii) one of the colour classes is the complement of a line.

Proof. Let 1, 2 and 3 denote the three colours and Sy, S2, S3 the corresponding colour classes.
The proof is based on the following claim.

Claim 5.13. There exists a colour class which is a subset of a line.

Proof. Suppose indirectly that each of the three colour classes contains three non-collinear
points. Pick arbitrary points p1, p2, p3 from colour classes S1, S2, S3, respectively. Let L; denote
the line through p;41 and piyo, and set m; ;1 = |L; N Sip1| and m; 40 = |L; N Sio] (all
indices are meant in a cyclic order). As every line of the plane has ¢ + 1 points, we have
M i+1 + Mii+2 = ¢ + 1. Each line through a fixed point of S; has exactly one common point
with the line L;, hence m; ;41 of them contain colours ¢ and ¢ 4+ 1 and m; ;42 of them contain
colours 7 and 7+ 2. Since p1, p2, p3 were arbitrary, we get that each line containing colours ¢ + 1
and ¢ + 2 has m; ;11 points of colour 7 + 1 and m, ;12 points of colour i + 2.

As Sjy1 contains three non-collinear points, there exists a point pj,; € Sji1 — L;. By
changing i to i + 1 in the previous paragraph, we get that exactly m 41,42 lines through pj_
contain colours i + 1 and i + 2. As the m;; 2 lines through pj, ; and one of the points of
L; N Si42 contain colours ¢ + 1 and 7 + 2, and the number of lines through p} 41 with these
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colours is m;41,i4+2, we get that m; ;49 < M1 ,42. By symmetry, we obtain m;1 42 = m; ;42.
Therefore,

mig=m32=q+1—m31=q+1—mg1=mo3=m13=q+1—mpo,

hence m; ;41 = m; 2 = (¢+1)/2 for all i. We get that all lines through p; ;1 contain (¢ +1)/2
points of colour 7, hence |S;| = (¢+1)?/2. Therefore, |S1|+|So|+[S3| = 3(¢+1)%/2 > ¢®>+q+1,
a contradiction. O

By Claim 5.13, we may assume that S; C L for a line L. Suppose indirectly that none of
the cases (i), (ii) and (i) hold. As |Si| > 2, we can pick two distinct points p1,p] € Si. As
none of So and S5 is the complement of L, there exists po € So — L and p3 € S3 — L. The points
of the line through p; and pe have colour 1 or 2 and the points of the line through p} and ps
have colour 1 or 3, hence the intersection of these lines have colour 1. This intersection point
cannot lie on L, hence S L, a contradiction. O

Corollary 5.14. Let M = (S,7) be a paving matroid of rank 3 defined by the lines of a projective
plane of order q. Suppose that N = (S, J) is a partition matroid such that N < M. Then

X(N) > (I1S|—1)/2, ifq is odd,
— LS+ 1)/2, if q is even.

In particular, if ¢ =4 (mod 6) then X(N) > [3X(2M)W , and if equality holds then N is not a rank
preserving reduction of M.

Proof. As N < M, the colouring defined by the partition classes of N satisfies the conditions
of Theorem 5.12. If there exists an empty colour class, then one of the colour classes has size at
least []S|/2] = (]S|+1)/2. If there exists a colour class containing only one point p, then each of
the g+ 1 lines through p are monochromatic except for p, hence one of the colour classes has size
at least q[(g+1)/2], that is, ¢(¢+1)/2 = (|S|—1)/2 if ¢ is odd, and ¢(¢+2)/2 = (|S|+q—1)/2 if
q is even. If one of the colour classes is the complement of a line, then it has size ¢> > (|S|+1)/2.
In all three cases, we get a colour class of size at least (|S| —1)/2 if ¢ is odd, and (|S| +1)/2 if
q is even, proving our bound on the colouring number of N.

Assume now that ¢ = 4 (mod 6). Lemma 5.9 implies that X(M) = max{[(¢>+q+1)/3], [(¢+
1)/2]} = (¢ +q-+1)/3, and so [3X(M) /2] = [(¢+q+1)/2] = (18] +1)/2 < X(N). If equality
holds then N has rank 2, that is, one of the colour classes is empty, since we have strict
inequalities above in the other two cases. O

Corollary 5.14 implies that the bound [3k/2]| for paving matroids of rank 3 is tight for

infinitely many values of k. Indeed, consider projective planes of order ¢ = 4¢ for ¢ € Z~, and
set k = WT(JH.

The next example shows another family of paving matroids of rank three which prove that
the bound [3k/2] for some other values of k as well.

Example 5.15. Let G = (V, E) denote the complete graph on vertices V' = {wg,...,v,-1}.
Choose n to be even and consider a proper edge colouring ¢ : E — {c1,¢2,...,¢,—1} of G with
n — 1 colours (that is, adjacent edges receive different colours). Let

H = {{vi,vj, c(vivy)} :viv; € EYU{{c1,...,cn-1}}.

Then we have |Hy N Hy| < 1 for every Hy,Hy € H, Hy # Hs as two edges with a com-
mon vertex have different colours. As every set of the system H has at least 3 elements,
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Theorem 1.8 implies that H defines a paving matroid M = (S,Z) of rank 3 on ground set
S ={vo,...,Un_1,¢1,...,cn—1}. We have |S| =2n —1 and X(M) = [|S|/3] = [(2n — 1)/3] by
Lemma 5.9. Note that for n = 4 this matroid coincides with the Fano matroid (which is the
matroid defined by the projective plane of order 2). It is not difficult to prove that for n = 6 the
4-colourable matroid M is not reducible to any 5-colourable partition matroid, thus the bound
[3k/2] is tight for k = 4.

In general, it remains open for what (even) values of n there exists a proper edge colouring ¢
such that M is not reducible to any (n — 1)-colourable partition matroid. A computer-assisted
case checking shows that the edge colouring c(vivn—1) = ¢(V(i4j) mod (n—1)V(i—j) mod (n—1)) = 1
(for i =0,...,m =2, j=1,...,% — 1) has this property for n = 4,6,10, 12,14, 16 but does not
have this property for n = 8. Nevertheless, it is not difficult to check that if a good colouring
exists for an even value of n such that n # 1 (mod 3), then the bound [3k/2] is tight for
E=1[(2n-1)/3].

5.3 Gammoids

The aim of this section is to prove our main result, Theorem 5.16.

Theorem 5.16. Let M = (S,7) be a k-colourable gammoid (k > 2). Then there exists a
(2k — 2)-colourable partition matroid N with N <, M, and the bound for the colouring number
of N is tight.

Proof. Let M = (S,Z) be a k-colourable gammoid where k& > 2. By the result of Ingleton and
Piff, M can be obtained as the restriction of the dual of a transversal matroid. Let R be such
a transversal matroid, and choose R in such a way that its rank is as small as possible. Let
G = (A, B; E) be a bipartite graph defining R with S C A and |B| being the rank of R.

The high-level idea of the proof is the following. First we show that there exists a Ba-forest
F in G. Then, by using an alternating structure on the components of F', we prove that F' can
be chosen in such a way that every component contains at most 2k — 2 vertices from S. Let C
denote the set of the connected components of F', and let N = (S, 7) be the partition matroid
corresponding to partition classes S(C') for C' € C. Every component C' is a Bs-tree, hence it
contains a perfect matching between B(C) and A(C) —a for any a € A(C). That is, if we leave
out exactly one vertex from A(C) for each C' € C, the remaining vertices of A form a basis of
R, and so the set of deleted vertices form a basis in the strict gammoid that is the dual of R.
This implies that N < M with X(N) < 2k — 2, thus proving the theorem.

We start with an easy observation.
Claim 5.17. G contains k matchings of size |B| such that every vertex in S is covered by at
most k — 1 of them.

Proof. Observe that a set X C S is independent in M if and only if A — X contains a basis
of R, that is, G — X has a matching covering B. The assumption that M is k-colourable is
equivalent to the condition that S can be partitioned into k independent sets of M, and the
claim follows. O

The following claim proves an inequality that we will rely on.

Claim 5.18. k- (|A| — |B]) =[S — X| > k- -max{|]Y| — |[NY)|: Y C X} for every X C A.
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Proof. Let R be the matroid that is obtained from R by adding k& — 1 parallel copies of every
element in A — S, and adding k — 2 parallel copies of every element in S. The ground set A’ of
R has size (k — 1)|S] + k|]A — S|. Then Claim 5.17 states that R has k pairwise disjoint bases.

Let X C A be an arbitrary set and let X’ be the set consisting of all the parallel copies
of the elements of X. Then [X'| = (k—1)-|XNS|+k-[X — S| and rz(X') = rp(X) =
min{|X| - [Y|+|N(Y)|: Y C X}. Recall that |A'| = (k—1)-|S|+k-|A— S| and rp(A") = |B|,
hence

A =X =(k-=1)-|S|+k-|[A=S|—(k—1)-|XNS|—k-|X - 9]
=(k-1-[A[+|A=S]—(k—1) X[ [X -5
=(k-1)-A-X|+|A-5-X]|,

and

ra(A) = r(X") = [B| — min{|X| — [Y] + [N(Y)] : ¥ C X}
= |B| — |X|+max{|Y|—|N(Y)|: Y C X}.

By Corollary 1.5 and Claim 5.17, |[A'| — |X'| > k- (rz(A") — rp(X’)), thus we get
(k—1)-[A~X| +]A~ 8~ X| > k- (|B| - |X| + max{|Y| - [N(V)| : ¥ C X}).
After rearranging, we obtain
k- (1A= [B]) — 1S = X| > k- max{|Y] - [N(Y)| : ¥ C X}
as stated. O

Our next goal is to show that there exists a Bo-forest in G.

Claim 5.19. G = (A, B; E) contains a Ba-forest.

Proof. As G has a matching of size |B|, the Hall condition holds for every subset of B, thus
IN(U)| > |U]| for every U C B. Let us call a set U C B tight if [N(U)| = |U|. Assume that G
does not have a By-forest. Then, by Theorem 1.6, there exists a nonempty tight set in B. For
arbitrary tight sets U, W C B, we get

U+ W] = [NU)|[+ [NW)| = [NU) N NW)[+ [NU) UNW)|
>INUNW) |+ | NUUW)| > |UNW|+ |UUW|
= U]+ W],

hence equality holds throughout, and so U "W and U U W are also tight. This implies that
there is a unique maximal tight set () # Z C B.

Let X = A— N(Z). As Z is a tight set, max{|Y| — [N(Y)|: Y C X} > |X| - |N(X)| >
|A—N(Z)|—|B—-Z| = |A|—|B|, thus S— X = N(Z)NS = 0 by Claim 5.18. Furthermore, every
matching of size |B| provides a perfect matching between Z and N(Z). That is, R is the direct
sum of the transversal matroids R’ and R” defined by G[ZUN(Z)] and G[(B—Z)U(A—N(Z))],
respectively. Therefore M is the restriction of the dual of R” to S, contradicting the minimal
choice of R. O]

Take an arbitrary Bo-forest F' in G. We will need the following technical claim.

Claim 5.20. Fvery leaf of F is in S.
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Proof. Suppose to the contrary that F' has a leaf vertex a € A — S. Let b € B be the unique
neighbour of a in F, and let G’ = G — {a, b} denote the graph obtained by deleting vertices a
and b form G. Let M’ = (S,Z') denote the restriction of the dual of the transversal matroid
defined by G’ to S. As the strong Hall condition holds for G, the maximum size of a matching
of G' is |B| — 1. We claim that M = M’, contradicting the minimality of G.

Take an arbitrary set X € Z’. By definition, G’ — X has a matching P’ covering B —b. Then
P’ + ab is a matching of G — X covering B, showing that Z' C 7.

To see the opposite direction, consider any set X € Z. By definition, G— X has a matching P
covering B. Take an arbitrary matching P’ of G’ covering B—b. Now |P| = |B| =|B—b|+1 =
|P'| + 1, hence the symmetric difference PAP’ contains an alternating path @ whose first and
last edges are in P, and one of the end vertices of @ is b. Then PAQ is a matching of G’ — X
covering B — b, implying X C 7. O

We denote the difference |A| — |B| by gq. As M is the restriction of R to S, ras(S) < ¢ is
clearly satisfied. Moreover, equality holds since, by Claim 5.20, every leaf of F' is in S, and
taking an arbitrary leaf in every component of F' results a basis of M.

Let C denote the set of connected components of F. Note that the forest might have
components consisting of a single vertex of A. We have |C| = |A|—|B| = qas |A(C)| = |B(C)|+1
for each C' € C. We call a component C € C large if |S(C)| > 2k—1, normal if k < |S(C)| < 2k—
2, and small if |S(C)| < k—1. We say that a component C’ € C is reachable from a component
C" € C if there exists an alternating sequence C1,bjag, Ca,b2as, ..., by—2ap—1,Cp_1,bp_1ap,Cp
of components and edges such that C; = C”, C, = €', and b; € B((}), ait1 € A(Cit1) hold
fori=1,...,p — 1. Such an alternating sequence is called a path, the length of the path being
p — 1. The distance of C’ from C” is the minimum length of a path from C” to C".

We define a potential function on the set of Bs-forests as follows. Let v >> p1 > A1 > ug >
A2 > -+ > g1 > Ag—1 be a decreasing sequence of 2¢ — 1 positive numbers such that the
ratio between any two consecutive ones is at least |A| 4 2. Recall that |C| = ¢q. For a component
C € C, the minimum distance of C' from a large component is denoted by dist(C). We define
dist(C') to be 400 if C' is not reachable from any of the large components. The potential of the
Bsy-forest I is defined as

o(F)=v- Z max{|S(C)| — (2k — 2),0} (total violation)
ceC
q—1
— Z wi - {C € C: dist(C) =i} (number of components at distance 7)
i=1
q—1
+ Z i - Z |S(C)]. (number of S-vertices in components at distance i)

Let F' be a Bg-forest for which ¢(F) is as small as possible. The following claim concludes
the proof of the theorem.

Claim 5.21. F' has no large components.

Proof. Suppose indirectly that there exists a large component. By applying Claim 5.18 with
X =0, |S| <k-(|A] —|B|) = k- |C|, hence, by the pigeonhole principle, there exists a small
component as well.

First we show that there exists a small component that is reachable from a large component.
Suppose indirectly that this is not true, and let C' C C denote the set of components that are
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(a) A graph G = (A4, B; E') with three matchings (b) A Bs-forest F' of G. For simplicity, every
of size | B| such that every vertex in A is covered component of F' is chosen to be a path.
by at most two of them.

@)
Co CY
(c) Alternating structure on the connected (d) The Bs-forest we obtain by substituting Cy
components of F. and Cy by Cy + ab+ by + C{ and Cf.

Figure 5.3: An illustration of the proof of Theorem 5.16. In the example, k = 3 and S = A.
The only large component of F is C7, all the other components are small.

not reachable from a large component. Note that C’ consists of normal and small components.
Define X = |J{A(C) : C € C'}. By the definition of reachability, N(X) = U{B(C): C €'}
and so | X| — |[N(X)| = |C’|. As every component in C — (' is either normal or large and there
is at least one large component, |S — X| > k- |C —C’| + 1. Then

kemax{|Y] = IN(Y)]: ¥ C X} > k- (IX] - [N(X)[) =k - [C'| = k- (IC| - |c = C'])
=k- (Al = [B]) = k-|C=C| = k- (|A] = |B]) - |§ — X[ + 1,

contradicting Claim 5.18.

Let Cy be a small component with dist(Cp) being minimal. By the above, dist(Cp) <
+o00. Consider a shortest path from the set of large components to Cp, and let C; be the last
component on the path before Cy. By the definition of a path, there exists an edge ab with
a € A(Cp) and b € B(Cy). Let x,y € A(C4) denote the neighbours of b in Cy. The deletion of
b from Cj results in two connected components C{ and Cf such that € Cf and y € C{ (see
Figure 5.3).

Assume first that C; is a large component. As [S(C1)| > 2k — 1 and |S(Cp)| < k — 1, either
|S(Co + ab + bz + CT)| < |S(Ch)| or |S(Co+ ab+ by + CY)| < |S(C4)| by Claim 5.20. Hence
substituting Cy and Cj either by Cy + ab + bx + C¥ and CY or by Cy + ab + by + C{ and Cf
decreases the total violation in ¢(F'), a contradiction.

Therefore, C' is a normal component, and there is another non-small component Cy before
(7 on the shortest path from the set of large components to Cy, together with an edge 0’'a’ with
a' € A(Cy) and b’ € A(Cy). We may assume that o’ € CT. We distinguish two cases.

Case 1. [S(CT)| = |S(C1)[ = [S(Co)l

Modify F by substituting components Cy and C; by Co+ab+ by + C{ and C¥, respectively.
By the assumption, |S(Co +ab+by+ CY)| = |S(Co)| + |S(C1)| —|S(CY)| < 2-1S(Co)| < 2k —2,
thus no new large component appears. Furthermore, the set of components with distance less
than dist(C7) does not change. The distance of Cf remains dist(C1) because of the edge b'a’.
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If the distance of Cy + ab + by + CY{ is dist(C1), then the number of components at distance
dist(C1) increases. Otherwise, the distance of Cy + ab + by + C{ is at least dist(C4) + 1, hence
the number of S-vertices in components at distance dist(C7) decreases by Claim 5.20. In both
cases, ¢(F') decreases, a contradiction.

Case 2. |S(CT)| < |S(Cy)| = |S(Cy)]

Modify F by substituting components Cy and C; by Cp+ab+ bz + C¥ and CY, respectively.
By the assumption, |S(Cy + ab + bx + CT)| < |S(Co)| + |S(C1)| — |S(Co)| = |S(Ch)|. As Cy is
normal, no new large component appears. Furthermore, the set of components with distance
less than dist(C7) does not change. The distance of Cp+ ab+ bx + C{ remains dist(C1) because
of the edge b'a’. The distance of Cf is either dist(C;) or dist(Cp). In the former case, the
number of components at distance dist(C}) increases, while in the latter case, the number of
S-vertices in components at distance dist(C}) decreases as |S(CT)|+]5(Co)| < |S(C1)|. In both
cases, ¢(F') decreases, a contradiction. O

By Claim 5.21, F' has no large component. As we have seen before, the partition matroid
N = (S,J) corresponding to partition classes S(C) for C' € C is a reduction of the original
gammoid M with colouring number at most 2k — 2. By Claim 5.20, S(C) is nonempty for every
C € C and rp(S) = |C| = ¢, hence the reduction is rank preserving.

The bound on the colouring number of N is tight. Consider the laminar matroid M = (S,7)
defined by the laminar family {S,S1,..., S} where S;U---U S} is a partition of S into subsets
of size k — 1. That is, the size of the ground set S is k> — k. We define a set X C S to be
independent in M if [ X NS;| <1fori=1,...,k,and |X| <k —1. It is not difficult to see that
M is a strict gammoid with colouring number k.

We claim that if N < M is a partition matroid, then X(N) > 2k—2. Let P;U---U P, denote
the partition defining N. Then every .S; is a subset of some P;, as otherwise there exists two
elements z,y € S; such that x € P, and y € P, for a # b, implying that {z,y} is independent
in N but dependent in M, a contradiction. As the rank of M is kK — 1, we have ¢ < k — 1. By
the above, there exists a class P; that contains at least two of the S;’s, and so has size at least
2k — 2, proving X(N) > 2k — 2. O

For the first sight, the proof seems to provide a polynomial-time algorithm for determining
the partition matroid, assuming that a digraph D = (V| A) representing the gammoid is given.
A bipartite graph G = (A, B; E) representing R can be constructed from D (see e.g. [22]). The
reductions appearing in the proofs of Claims 5.19 and 5.20 can be performed in polynomial
time, hence we may assume that G contains a By-forest F'. Such a forest can be found by [52].
By using the alternating structure described in the proof of Claim 5.21, we can modify F' to
get a Bo-forest in which every component contains at most 2k — 2 vertices from S. However, it
is not clear how to bound the number of augmentation steps as the coefficients in the potential
function can be exponential. An interesting question is whether this procedure terminates after
a polynomial number of steps.

5.4 Truncation and reducibility

The following theorem provides new examples of matroids for which Conjecture 5.2 holds.
In fact, it provides new results only for truncations of graphic matroids, as the truncation of a
paving matroid is either a free matroid or itself, and the truncation of a gammoid is a gammoid
again.
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Theorem 5.22. The family of matroids M that can be reduced to a 2X(M)-colourable partition
matroid is closed for truncation.

Proof. Let M = (S,Z) denote a matroid of rank r that is reducible to a 2X(M)-colourable
partition matroid N. As every k-truncation of M can be obtained by a seriesof r—1,r—2,..., k-
truncations, it suffices to prove that the (r — 1)-truncation M’ of M is reducible to a 2X(M’)-
colourable partition matroid.

Let S = S1U---US, denote the partition that defines N. We may assume that [S| > --- >
|Sql. If ¢ <7 —1, then N is already a 2X (M )-colourable reduction of M’ and the claim follows
by X(M') > X(M). Hence, assume that ¢ = r. Consider the partition matroid N’ defined by the
partition classes S1,59,...,S5,_2,5._1US,. Then N’ is a reduction of M’, hence it is sufficient
to prove that N’ is 2X(M')-colourable.

If [Sr—1] +|Sy| < |S1], then X(N') = |S1] = X(IV) < 2X(M) < 2X(M'). Otherwise |S,_1| +
|Sy| > |S1], and so X(N') = [Sy—1|+|Sy|. Using |S| = |S1|+---+]|S| and |S;| > (|Sr—1]+]Sr])/2
fori=1,2,...,r — 2, we get

Sy—1] + 1S, r+1 r1
512 (- 1) P g s = T s+ gs = TE v,
That is,
215 5]
X(N') < 2- < 2x(M’
(V) = P A (M),
concluding the proof of the theorem. O

Remark 5.23. Note that an analogous statement holds if we replace 2X(M) by 2X(M) — 1,
as we proved X(N') < 2X(M') in the second case. As laminar matroids can be obtained from
free matroids by taking direct sums and truncations, Theorem 5.22 provides a simple proof that
every k-colourable laminar matroid is reducible to a (2k — 1)-colourable partition matroid. As
laminar matroids form a subclass of gammoids, Theorem 5.16 implies that the bound can be
improved to 2k — 2. However, it is not clear whether the analogue of Theorem 5.22 holds if we
replace 2X(M) by 2X(M) — 2.

5.5 An application: list colouring of two matroids

In this section we show how our techniques can be applied to the list colouring problem of
two matroids.

Assume that a list L, of colours is given for each edge e € F of a graph G = (V, E). A proper
list edge colouring of GG is a proper edge colouring such that every edge e receives a colour from
its list L. The list edge colouring number is the smallest integer k for which G has a proper
list edge colouring whenever |L.| > k for every e € E. The List Colouring Conjecture [39, 72]
states that for any graph, the list edge colouring number equals the edge colouring number.
The conjecture is widely open, and only partial results are known. The probably most famous
one is the celebrated result of Galvin [27] who showed that the conjecture holds for bipartite
multigraphs.

Theorem 5.24 (Galvin). The list edge colouring number of a bipartite graph is equal to its
edge colouring number, that is, to its maximum degree.

Matchings in bipartite graphs are forming the common independent sets of two matroids,
hence one might consider matroidal generalizations of list colouring. If a list Lg of colours is
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given for each element s € .S, then a proper list edge colouring of M is a colouring such that every
element s receives a colour from its list L;. The list colouring number is the smallest integer
k for which M has a proper list colouring whenever |Ls| > k for every s € S. Analogously,
we define the proper list edge colouring of the intersection of M7 and Ms, and define the list
colouring number X;(Mi, Ms) to be the smallest integer k for which the intersection of M; and
My has a proper list colouring whenever |Lg| > k for every s € S. Hence, Theorem 5.24 states
that if both M; and M, are partition matroids then Xy(M;, Ma) = max{X (M), X(M2)}.

Seymour observed [68] that the list colouring theorem holds for a single matroid.

Theorem 5.25 (Seymour). The list colouring number of a matroid is equal to its colouring
number.

Lason [418] gave a generalisation of the theorem when the sizes of the lists are not necessarily
equal. As a common generalisation of Theorems 5.24 and 5.25, it is tempting to conjecture
that X(Mj, My) = X¢(My, My) holds for every pair of matroids [43]. No pair Mj, My is known
for which the conjecture fails. Nevertheless, there are only a few matroid classes for which the
problem was settled. Kirdly and Pap [44] verified the conjecture for transversal matroids, for
matroids of rank two, and if the common bases are the arborescences of a digraph which is the
disjoint union of two spanning arborescences rooted at the same vertex.

In [12], Kirédly proposed a weakening of the problem where the aim is to find a constant ¢ such
that if the colouring number is k, then the list colouring number is at most ¢ - k. For spanning
arborescences, it was observed by Kobayashi [12] that the constructive characterization of k-
arborescences implies that lists of size Sk+1 are sufficient. As X¢(N1, N2) = max{X(N1), X(N2)}
holds for partition matroids N7 and o, lists of size 2k are sufficient whenever Conjecture 5.2
holds for matroids M7 and Ms. In particular, Theorem 5.16 implies that list of size 2k — 2 are
sufficient if M7 and My are gammoids.

5.6 Some negative results

In this section we give counterexamples to some possible conjectures about reductions of
matroids. Many of them were only checked by computer and it remains open to prove them.
For computer searches involving matroids, database [15] was a useful tool in many cases.

5.6.1 Reduction to strongly base orderable matroids

To use Galvin’s theorem in the previous list colouring problem, it was crucial that we
considered reductions only to partition matroids. In other applications, by Theorem 3.4 of
Davies and McDiarmid it would be sufficient to find a reduction to a strongly base orderable
matroid without increasing its colouring number too much.

In particular, if every k-colourable matroid were reducible to a (k + 1)-colourable strongly
base orderable matroid, then the first claim of Conjecture 4.28 would follow by Theorem 3.4.
Notice that for & = 2 this is equivalent to the conjecture that every 2-colourable matroid is
reducible to a 3-colourable partition matroid. This equivalence follows from the fact that every
2-colourable strongly base orderable matroid M = (.S,7) is reducible to a 2-colourable partition
matroid. Indeed, if S = B; U Bs for bases By, By of M and f: By — B> is a bijection guaranteed
by the definition of strongly base orderability, then {{z, f(z)} : € By} forms the classes of a
2-colourable partition matroid N such that N < M.

For k = 3, a complicated computer-assisted case checking shows that the graphic matroid of
K is not reducible to any 4-colourable strongly base orderable matroid. We outline the proof
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of the weaker statement that it is not reducible to any 3-colourable strongly base orderable
matroid, or more generally, the graphic matroid M = (S,Z) of Ky is not reducible to any k-
colourable strongly base orderable matroid. If N < M for a k-colourable matroid N = (S, J),
then |S| = krps(S) implies that there exists disjoint bases Bi, ..., By of M which are bases of
N. It can be proved that if a graph is the union of two disjoint spanning trees then its graphic
matroid is not reducible to any 2-colourable partition matroid. This implies that there is no
bijection f: By — By such that B; — X + f(X) is a spanning tree for every X C By, that is,
for every bijection f: B; — By there exists X C Bj such that By — X + f(X) ¢ Z, and so
B1— X+ f(X) ¢ J. Thus the restriction N|p,up, is not strongly base orderable, and so neither
is V.

However, the following question remains open.

Question 5.26. Is is true that the graphic matroid of Ko is not reducible to any (2k — 2)-
colourable strongly base orderable matroid?

5.6.2 Reduction of matroids without (k + 1)-spanned elements

It is natural to ask whether Conjecture 3.7 of Kotlar and Ziv can be proved by reduction
to partition matroids. In particular, if every matroid without (k 4 1)-spanned elements were
reducible to a k-colourable partition matroid, then the conjecture would follow. The following
example shows that this is not the case.

Recall that finite projective planes define paving matroids of rank three. The Fano matroid
is the matroid defined by the Fano plane, the projective plane with seven points.

Proposition 5.27. The dual of the Fano matroid is a matroid without 3-spanned elements
which is not reducible to any 2-colourable partition matroid.

Proof. Let M = (S,Z) denote the dual of the Fano matroid. M is a paving matroid of rank 4,
where the dependent sets of size 4 are the complements of the lines of the Fano plane. Suppose
that s € S is a 3-spanned element in M, that is, s is spanned by disjoint sets X, Y C S —s. As
every set of size 3 is independent in M, we have 4 < |X +s| and 4 < |Y + s/, thus | X| =|Y| =3
and S = XUY U{s}. As X + s and Y + s are dependent sets of size 4, the complement of these
sets are lines of the Fano plane, thus Y and X are disjoint lines. This is a contradiction since
X and Y are disjoint.

Suppose that N =< M for a 2-colourable partition matroid N. As |S| = 7 and M has rank 4,
N is defined by a partition S = {s}US; US2U S5 with [S1| = |S2| = |S3| = 2. Among the seven
lines of the Fano plane three contain s, and for each ¢ = 1,2, 3 exactly one contains both points
of S;, thus there is at least one line containing exactly one point from each S;. The complement
of this line is independent in M and dependent in IV, a contradiction. ]

As suggested in the previous subsection, using Theorem 3.4 of Davies and McDiarmid it
would be sufficient to find a reduction of a matroid without (k + 1)-spanned elements to a
k-colourable strongly base orderable matroid. Unfortunately, a computer-assisted case checking
shows that every 2-colourable reduction of the dual M of the Fano matroid is either equals to
M or isomorphic to the direct sum of the one element matroid and the graphic matroid of Kjy.
As neither of these two matroids is strongly base orderable, it follows that M is not reducible
to any 2-colourable strongly base orderable matroid.
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5.6.3 Reduction to matroids without (k + 2)-spanned elements

Concerning the relationship of the conjecture of Kotlar and Ziv and the conjecture of Aha-
roni and Berger, the following question arises. Is every k-colourable matroid reducible to a
matroid without (k 4 2)-spanned elements? If this were the case, then the first statement of
Conjecture 4.28 would follow from Conjecture 3.7. Unfortunately, a computer-assisted case
checking shows that the graphic matroid of Kg is a counterexample to this possible conjecture.

Let G = (V, E) denote the complete graph K, and M its graphic matroid. Clearly, every
element of M is (n—1)-spanned, as each edge of K, is contained in n — 2 triangles. Let N < M
be any reduction of M. Colour the edges of G such that two edges have the same colour if and
only if they are parallel elements in N, and let ¢ denote the colouring obtained. Suppose that
there exists an edge e = uv € F such that

Hf e E:cle)=c(f)}+{weV:cluw) # c(vw) # c(wu) # c(uv)} >n — 1. (%)

It is clear that e is spanned by {f} whenever c(e) = ¢(f), that is, e and f are parallel. Notice
that e is also spanned by {f, g} whenever ¢(f) # c(g) and e, f, g are the edges of a triangle of
G, as we have 2 <ry({f,9}) <r~n({e, f,9}) <rm({e, f,g}) = 2 in this case. Thus () implies
that n — 1 disjoint sets span e. A computer-assisted case checking shows that for n < 6 and
every (not necessarily proper) edge colouring ¢, K, has an edge e satisfying (x). This implies
that for n < 6 every reduction of M contains an (n — 1)-spanned element, in particular, the
3-colourable graphic matroid of Ky is not reducible to any matroid without 4-spanned elements.

5.7 Conclusions

In this chapter we proved Conjecture 5.2 for the case of transversal matroids, paving ma-
troids, truncations of graphic matroids and gammoids. However, there is more work to do even
in these special cases. For paving matroids of rank r > 4 our reduction is not rank preserving,
and we do not know whether the bound [%1 is tight for infinitely many values of k. For
gammoids it is not clear whether our algorithm is polynomial or not. Another class of matroids
whose reductions might be of special interest is the family of matroids appearing in Woodall’s
Conjecture 3.12.

We find it possible that our algorithm for gammoids can be extended to the general case. If
this is not the case and Conjecture 5.2 turns out to be false, a weaker conjecture might still be
true where we allow the reduction N to be any 2k-colourable strongly base orderable matroid.
As the proof of Theorem 4.23 does not provide any algorithm for partitioning the ground set
into 2max{X(M;),X(Ms)} common independent sets, a polynomial algorithm for finding such
a strongly base orderable reduction would have many applications.
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