
Unit 11. Differentiation of Vector Fields
----------------------------------------------------------------------------------------------------------------------------------------------------------------

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

Affine connection at a point, global affine connection, Christoffel symbols,

covariant derivation of vector fields along a curve, parallel vector fields

and parallel translation, symmetric connections, Riemannian manifolds,

compatibility with a Riemannian metric, the fundamental theorem of Riemannian

geometry, Levi-Civita connection.

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

Although there is a natural way to differentiate a smooth function defined

on a manifold with respect to a tangent vector, there is no natural way to

differentiate vector fields. In fact, there are lot of possible rules for

differentiating vector fields with respect to a tangent vector, and to choose

one of them, (the most appropriate one), the differentiable manifold

structure alone is not enough. A fixed rule for the differentiation of vector

fields is itself an additional structure on the manifold, called an affine

connection. Later we shall see that on Riemannian manifolds i.e. on manifolds

the tangent spaces of which are equipped with a dot product we can introduce

differentiation of vector fields in a natural way. A precise formulation of

this statement is the "fundamental theorem of Riemannian geometry".
nAs far as only vector fields on an open domain of R are considered, the

following definition seems to be quite natural.

Definition. The derivative of a smooth vector field X on an open subset U-------------------------------------------------- -------------------------------------------------------------------------------------------------------------------------------------------------------------------------------n nin R with respect to a tangent vector Y e T R is defined by-------------------------------------------------------------------------------------------------------------------------------------------------------------------------- p

D X = (Xqg)’(0) ,Y
where g :[-e.e]----------L U is any smooth curve such that g(0) = p and g ’(0) = Y.

We see that

n
D X = S Y(X ) d (p) , (*)Y i ii=1 nwhere d denotes the i-th coordinate vector field on R , X are thei i

components of the vector field X. In particular, the value of D X does notY
depend on the choice of g.

It is easy to check that differentiation of vector fields has the

following properties.
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D X = D X + D X (1)(Y +Y ) Y Y
1 2 1 2

D X = c D X (2)cY Y

D (X +X ) = D X + D X (3)Y 1 2 Y 1 Y 2

D ( f X ) = Y(f) X + f D X (4)Y Y

D X - D X = [X ,X ] (torsion free property) (5)X 2 X 1 1 2
1 2

Y(<X ,X >) = <D X ,X >+<X ,D X > (agreement with the metric) (6)
1 2 Y 1 2 1 Y 2

n n nwhere X ,X e X(R ), Y e T R , f e F (R ), c e R.
1 2 p

Now we shall study the general case. Let M be a smooth manifold. As we

mentioned, there is no natural rule for derivation of vector fields on M, so

we introduce such rules axiomatically, as operations satisfying some of the

properties (1-6).

Definition. An affine connection at a point p e M is a mapping which-------------------------------------------------- --------------------------------------------------------------------------------------------------------------------------------------------
assigns to each tangent vector Y e T M and each vector field X e X(M) a newp
tangent vector D X e T M called the covariant derivative of X with respect toY p ----------------------------------------------------------------------------------------------------
Y and satisfies the following identities

D X = D X + D X (1)(Y +Y ) Y Y
1 2 1 2

D X = c D X (2)cY Y

D (X +X ) = D X + D X (3)Y 1 2 Y 1 Y 2

D ( f X ) = Y(f) X + f(p) D X (4)Y Y

where X ,X e X(M), Y,Y ,Y e T M, f e F (M), c e R.
1 2 1 2 p

Definition. A global affine connection (or briefly a connection) on M is a-------------------------------------------------- ------------------------------------------------------------------------------------------------------------------------
mapping which assigns to two smooth vector fields Y and X a new one D XY
called the covariant derivative of the vector field X with respect to the

vector field Y, having the following properties

D X = D X + D X (1’)(Y +Y ) Y Y
1 2 1 2

D X = c D X (2’)cY Y

D (X +X ) = D X + D X (3’)Y 1 2 Y 1 Y 2

D ( f X ) = Y(f) X + f D X (4’)Y Y
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where X ,X ,Y,Y ,Y e X(M), f,c e F (M).
1 2 1 2

Lemma. For a global affine connection D, X,Y e X(M), p e M, the tangent-------------------------
vector (D X)(p) depends only on the behavior of X and Y in an openY
neighborhood of p.

Proof. Let us suppose that the vector fields X and X coincide on an open------------------------- 1 2
neighborhood U of p. Choose a smooth function h e F(M) which is zero outside

U and constant 1 on a neighborhood of p. Then we have h(X -X ) = 0,1 2
consequently

0 = D (h(X -X )) = hD (X -X )+Y(h)(X -X ).Y 1 2 Y 1 2 1 2

Computing the right hand side at p we get

0 = (D X )(p) - (D X )(p).Y 1 Y 2

Similarly, if the vector fields Y and Y coincide on an open neighborhood1 2
U of p and h is chosen as above, then we have

0 = h(Y -Y )X = D X = hD X - hD X ,1 2 h(Y -Y ) Y Y
1 2 1 2

which yields (D X)(p) - (D X)(p). 44444Y Y
1 2

The lemma shows that an affine connection can be restricted onto any open

subset and can be recovered from its restrictions onto the elements of an

open cover.

Let x ,...,x be local coordinates defined on an open subset U of M and1 n
d dd = ---------------, ,d = --------------- be the corresponding basis vector fields on U. Given an1 dx n dx1 n

affine connection D on M, we can express the vector field D d as a lineard ji
combination of the basis vector fields

n kD d = S G d .d j ji ki k=1

kThe components G are smooth functions called Christoffel symbols.ji -----------------------------------------------------------------------------------------------

Proposition. The restriction of an affine connection onto an open-------------------------------------------------------
coordinate neighborhood U is uniquely determined by the Christoffel symbols.

3 kAny n smooth functions G on U may be Christoffel symbols for anji
appropriate affine connection on U.

n n
Proof. Let X = S X d , Y = S Y d be two smooth vector fields on U.------------------------- i i j ji=1 j=1

Then by the properties of affine connections D X can be computed as followsY
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n n n& * & *D X = D S X d = S Y D S X d =Y n 7 i i8 j d 7 i i8& * i=1 j=1 j i=1S Y d7 j j8j=1

n n & *= S S Y d (X )d + X D d =j 7 j i i i d i8i=1 j=1 j

n n n& k *= S S Y d (X )d + X Y S G d =7 j j i i i j ij k8i=1 j=1 k=1

n n n& k *= S Y(X ) + S S X Y G d .7 k i j ij8 kk=1 i=1 j=1

This formula shows that the knowledge of the Christoffel symbols enables us

to compute the covariant derivative of any vector field with respect to any
kother one. On the other hand, if G is an arbitrary smooth function on U forij

1 < i,j,k < n, then defining the covariant derivative of a vector field by

the above formula, we obtain an affine connection on U. 44444

Observe, that in fact, the tangent vector (D X)(p) depends only on theY
vector Y(p), so a global affine connection on a manifold defines an affine

connection at each of its points. Furthermore, we do not need to know the

vector field X everywhere on U to compute (D X)(p). It is enough to know X atY
the points of a curve g [-e,e]----------L M such that g(0) = p, g ’(0)=Y(p).

Definition. Let g:[a,b]----------L M be a smooth curve in M. A smooth vector field-------------------------------------------------- ------------------------------------------------------------
X along the curve g is a smooth mapping X:[a,b]----------L TM which assigns to each---------------------------------------------------------------------------
t e [a,b] a tangent vector X(t) e T M.g(t)

Now suppose that M is provided with an affine connection. Then any vector
DXfield X along g determines a new vector field ---------- along g called thedt

covariant derivative of X. In terms of local coordinates, if d ,...,d are---------------------------------------------------------------------------------------------------- 1 n
the basis vector fields determined by a chart and the functions X :[a,b]----------L Ri
and Y :[a,b]----------L R assign to t e [a,b] the components of the vectors X(g(t))i DXand D in the basis d (g(t)),..., d (g(p)), then ---------- is defined as followsg’(t) 1 n dt

n n nDX & k *---------- (t) := S X ’(t) + S S X (t)Y (t) G (g(t)) d (g(t)).dt 7 k i j ij 8 kk=1 i=1 j=1

Definition. A vector field X along a curve g is said to be a-------------------------------------------------- DXparallel vector field if the covariant derivative ---------- is identically zero.--------------------------------------------------------------------------------------------------------- dt
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Proposition. Given a curve g and a tangent vector X at the point g(0),------------------------------------------------------- 0
there is a unique parallel vector field X along g which extends X .0
Proof. The proposition follows from results on ordinary differential------------------------- DXequations. Using local coordinates, condition ---------- = 0 yields a system ofdt
ordinary differential equations for the components of X

n n kX ’ + S S X Y G qg = 0.k i j iji=1 j=1

Since these equations are linear, the existence and uniqueness theorem for

linear differential equations guaranties that the solutions of this system of

differential equations are uniquely determined by the initial values X (0)k
and can be defined for all relevant values of t. 44444

The vector X = X(g(t)) is said to be obtained from X by parallelt 0 ----------------------------------------
translation along g.-------------------------------------------------------

Definition. A connection is called symmetric or torsion free if it-------------------------------------------------- --------------------------------------------- ------------------------------------------------------------
satisfies the identity

D Y - D X = [X,Y].X Y
Applying this identity to the case X = d , Y = d , since [d ,d ] = 0 onei j i j

obtains the relation

k kG = G .ij ji
k kConversely, if G = G then using the expression of covariant derivativeij ji

with the help of Christoffel symbols we get

D Y - D X =X Y

n n n n n n& k * & k *= S X(Y ) + S S Y X G d - S Y(X ) + S S X Y G d7 k i j ij8 k 7 k i j ij8 kk=1 i=1 j=1 k=1 i=1 j=1

n & *= S X(Y ) - Y(X ) d7 k k 8 kk=1

= [X,Y].

There is a useful characterization of symmetry. Consider a "parameterized

surface" in M that is a smooth mapping s:R----------L M from a rectangular domain R
2of the plane R into M.

By a vector field X along s is meant a mapping which assigns to each

(x,y) e R a tangent vector X(x,y) e T M.s(x,y) d dAs examples, the two standard vector fields --------------- and --------------- on the plane gived x d y
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d drise to vector fields Ts(---------------) and Ts(---------------) along s. These will be denotedd x d yds ds 2briefly by ---------- and ----------. Here Ts:TR ----------L TM denotes the derivative of s.dx dy
For any smooth vector field X along s the covariant partial derivatives-----------------------------------------------------------------------------------------------------------------------------------------------------------DX DX---------- , ---------- are new vector fields along s constructed as follows. For each fixeddx dy

y , restricting X to the curve x9-----L s(x,y ) one obtains a vector field along0 0
this curve. Its covariant derivative with respect to x is defined to be
DX DX---------- (x,y ). This defines ---------- along the entire parameterized surface s.dx 0 dx

Proposition. A connection is symmetric if and only if-------------------------------------------------------
D ds D ds--------------- ---------- = --------------- ----------d x dy d y dx

for any parameterized surface s in M.

Proof. Let us choose a local coordinate system (x ,...,x ) on M. The------------------------- 1 n
dsmapping s is given by n functions s = x qs. The vector field ---------- has the formi i dy

n dsds i---------- = S --------------- (d qs).dy d y ii=1

The partial covariant derivative of this vector field with respect to x is

equal to

2n ds n d s dsD ds D & i * & i i D *--------------- ---------- = --------------- S --------------- (d qs) = S -------------------- d qs + --------------- ---------------(d qs) =d x dy d x 7 d y i 8 7 i d y d x i 8i=1 i=1 dxdy
2n d s n n n ds dsi & i j k *= S -------------------- d qs + S S S --------------- --------------- G qs d qs.i 7 d y d x ij 8 ki=1 dxdy k=1 i=1 j=1

This formula shows that interchanging the role of x and y we obtain the same
k kvector field for any s if and only if G = G . 44444ij ji

Roughly speaking, the torsion free condition halves the degree of freedom

in the choice of Christoffel symbols, a symmetric connection is uniquely
n(n+1)determined by n ------------------------------ arbitrarily chosen functions, nevertheless, the space2

of symmetric affine connections on a manifold is still infinite dimensional.

We can reduce further the degree of freedom putting condition (6) on the

connection. This condition however does not make sense on an arbitrary

manifold, because dot product of tangent vectors at a given point is not

defined in general.

Definition. Let M be a differentiable manifold. Suppose that each tangent--------------------------------------------------
space T M of M is equipped with a positive definite symmetric bilinear formp
<,> so that for any two smooth vector fields X,Y:M----------L TM the functionp
M r p 9-----L <X(p),Y(p)> is smooth. Then M together with this structure is ap
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Riemannian manifold, the system of bilinear forms on the tangent spaces is-----------------------------------------------------------------------------------------------
the Riemannian metric on M.---------------------------------------------------------------------------------------------------- nExample. A hypersurface of R together with the first fundamental form is-----------------------------------
a Riemannian manifold.

Definition. A connection D on M is compatible with the Riemannian metric-------------------------------------------------- --------------------------------------------------
if parallel translation preserves inner products. In other words, for any

curve g and any pair X,Y of parallel vector fields along g, the inner product

<X,Y> should be constant.

Lemma. Suppose that the connection is compatible with the metric. Let V,W-------------------------
be any two vector fields along g. Then

d DV DW--------------- <V,W> = < ---------- , W > + < V , ---------- > .d t dt dt
Proof. Choose parallel vector fields X ,...,X along g which are------------------------- 1 n

orthonormal at one point of g and hence at every point of g. Then the given
n n

fields V and W can be expressed as S v X and S w X respectively (wherei i i ii=1 i=1 n
v = <V , X > is a real valued function ). It follows that <V ,W> = S v wi i i ii=1
and that

n dv n dwDV i DW i---------- = S --------------- X , ---------- = S --------------- X .dt d t i dt d t ii=1 i=1

Therefore

n dv dwDV DW & i i * d< ---------- , W > + < V , ---------- > = S --------------- w + v --------------- = --------------- <V,W>. 44444dt dt 7 d t i i d t 8 d ti=1

Corollary. An affine connection on a Riemannian manifold is compatible---------------------------------------------
with the metric if and only if for any vector fields X , X on M and any1 2
tangent vector Y e T M we havep

Y(<X ,X >) = <D X ,X > + <X ,D X >.1 2 Y 1 2 1 Y 2

Theorem. (Fundamental theorem of Riemannian geometry.) A Riemannian-----------------------------------
manifold possesses one and only one symmetric connection which is compatible

with its metric.

Proof. Applying the compatibility condition to the basis vector fields-------------------------
d ,d ,d , corresponding to a fixed chart on the manifold and settingi j k

<d ,d > = g one obtains the identityj k jk

7



d g = < D d , d > + < d , D d g>.i jk d j k j d ki i
permuting i,j and k this gives three linear equations relating the three

quantities

< D d , d > , < D d , d > , < D d , d >.d j k d k i d i ji j k
(There are only three such quantities since D d = D d .) These equationsd j d ii j
can be solved uniquely; yielding the first Christoffel identity---------------------------------------------------------------------------------------------------------------------------------------

1< D d , d > = - (d g + d g - d g ) .d j k 2 i jk j ik k iji n lThe left hand side of this identity is equal to S G g . Multiplying byij lkl=1klthe inverse (g ) of the matrix (g ) this yields the second Christoffellk -----------------------------------------------------------------------------------------------
identity---------------------------------------- nl 1 klG = S - (d g + d g - d g ) g .ij 2 i jk j ik k ijk=1

Thus the connection is uniquely determined by the metric.

lConversely, defining G by this formula, one can verify that theij
resulting connection is symmetric and compatible with the metric. This

completes the proof. 44444

The unique symmetric affine connection which is compatible with the metric

on a Riemannian manifold is called the Levi-Civita connection.--------------------------------------------------------------------------------------------------------------

nThe connection D we introduced on open subsets of R is just the
nLevi-Civita connection of R .

nConsider now a parameterized hypersurface r:W----------L R . It is a Riemannian

manifold with respect to the first fundamental form. The basis vector fields

r through suitable identifications are the same as the basis vector fieldsi -1d corresponding to the chart r . Comparing the formulaei n-1 kd r = r = S G r + h Nr j ij ij k iji k=1
and

n-1k 1 klG = ----- S g (g + g - g )ij 2 li,j lj.i ij,ll=1
proved in unit 7 with the formulae derived for the Levi-Civita connection we

may conclude that the Christoffel symbols of a hypersurface introduced

previously in unit 7 are the Christoffel symbols of the Levi-Civita
~connection of the hypersurface. Furthermore, denoting by D the Levi-Civita
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connection of the hypersurface, we see that for tangential vector fields X,Y
~D X is the tangential component of d X.Y Y

~D X = d X - < d X , N > NY Y Y

Further Exercises

~Exercise 11-1. Show that if D and D are two affine connections on a manifold
~M, then their difference S(X,Y) = D Y-D Y is an F(M)-bilinear mapping.X X

(In other words, S is a tensor field of valency (1,2)). Conversely, the sum

of a connection and an F(M)-bilinear mapping S:X(M)xX(M)----------LX(M) is a

connection. (According to these statements, affine global connections form an

affine space over the linear space of (1,2)-tensor fields.)

Exercise 11-2. Show that the torsion T:X(M)xX(M)----------LX(M) of a connection D-----------------------------------
defined by

T(X,Y) = D Y - D X - [X,Y]X Y
is an F(M)-bilinear mapping (i.e., T is a tensor field).

Exercise 11-3. Show that if T is the torsion of an affine connection D the

D-T/2 is a symmetric connection.

Exercise 11-4. Check that the connection defined by the Christoffel symbols
n-1k 1 klG = ----- S g (g + g - g )ij 2 li,j lj.i ij,ll=1

is symmetric and compatible with the metric.
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