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Abstract

Thom-polynomials can be approached variously. From a singularity theory view-

point, they are characteristic classes representing preimages of certain singular sub-

sets in vector bundles via generic sections. However, they are also equivariant

Poincaré duals of invariant subsets of representations. A representation has the

Incidence Property if it can be detected by Thom-polynomials, that whether an or-

bit is in the closure of another one or not. That is, Tp(η)|ξ 6= 0 if and only if ξ ⊂ η

for every orbit η and ξ. Here we present a method for proving the Incidence Property

and apply it to some geometrically interesting cases.
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Chapter 1

Introduction

Orbit structures of group actions, i. e. containment hierarchies of orbit closures,

sometimes have important geometrical meanings. This usually happens, when geo-

metrical objects are realized as orbit spaces of some actions. Widely investigated ex-

amples of this phenomenon are Schubert cells of Grassmanians or singularity classes

of smooth maps. Here we present a method of determining orbit structures using

Thom-polynomials.

First we state our main result anticipating a few definitions. We consider a

representation ρ : G → GL(V ) of a complex Lie-group. We will introduce the

following objects using ρ.

• a polynomial ring Z[x1, . . . , xr], where r is the rank of G. This will be the

equivariant cohomology ring of V .

• a polynomial ring Z[xξ1 , . . . , xξs
] for every orbit ξ, where s is the rank of the

stabilizer subgroup of any point of ξ. This will be the equivariant cohomology

ring of ξ.

• a restriction map Z[x1, . . . , xr] → Z[xξ1 , . . . , xξs
], the image of which is denoted

by a|ξ for every a ∈ Z[x1, . . . , xr]. This map will be the equivariant version

of the usual restriction map between the cohomology rings of a space and a

subspace.

• an element Tp(η) of Z[x1, . . . , xr] for every orbit η. This element will be called

the Thom-polynomial of η. Roughly speaking, it is the equivariant Poincaré

dual of η.

So, Tp(η)|ξ will be an element of Z[xξ1 , . . . , xξs
] for arbitrary orbits η and ξ. It is,

by definition, the incidence class of η and ξ introduced in [Rim01]. It is zero by
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geometrical reasons, if η + ξ. We prove, that with some additional assumptions this

implication can be reversed.

Main Theorem Consider a representation ρ : G → GL(V ), and two of its orbits

η and ξ. If 0 is not in the convex hull of the weights of the induced representation

ρx : Gx → GL(Nx) of the stabilizer on the normal space of any point x of ξ, then

Tp(η)|ξ 6= 0 ⇐⇒ η ⊇ ξ (1.1)

Remark 1.1 ρx can be induced from ρ|Gx
, taking into account, that ρ|Gx

maps Txξ

into itself and that Nx
∼= V/Txξ naturally.

Remark 1.2 The question, that whether (1.1) holds for any two orbits of a repre-

sentation was originally asked in [Rim01]. More precisely, there it was asked for the

special class of representations the orbits of which correspond to singularity classes

of smooth maps. However, the question does make sense generally for any represen-

tation, the investigation of which is the main purpose of the article. If the answer is

positive for a given representation, we say, that it has the Incidence Property.

Remark 1.3 The condition of Main Theorem turns out to be provable in some

geometrically interesting cases. We present such results in Chapter 6. Particularly,

we show in Section 6.3, that (1.1) holds for every two orbits of representations of

Dynkin-quivers, examined in [FR02]. This result is a generalization of the formerly

known result presented in Section 6.2. We apply also our results to special pairs of

singularities in Section 6.4, thus giving a particular answer to the conjecture stated

in [Rim01].

Remark 1.4 The proof of Main Theorem, apart from the definitions, consists of

two main steps. First we prove in Chapter 3, that if η ⊇ ξ, then Tpη|ξ is equal to

Tp(η∩Nx) ∈ Z[xξ1 , . . . , xξs
]. That is, we reduce the computation of incidence to the

computation of Thom-polynomials. Then we show, mainly in Chapter 5, that if the

convex hull of the weights of the action of Gx on Nx does not contain 0, then there

is no non-empty invariant subvariety ζ of Nx for which Tp(ζ) = 0. The combination

of these two results yields the statement of our Main Theorem. The formal proof,

which refers to previous chapters, can be found at the beginning of Chapter 6.

Thom-polynomials and their counterparts, which are usually named differently,

are present in many areas of mathematics. They are also called equivariant Poincaré

duals, equivariant cohomology classes, equivariant cycle classes or multidegree. In
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Singularity Theory they are mainly viewed as characteristic classes representing

preimages of certain singular subsets in vector bundles via generic sections. So

as a consequence of the many existing definitions, a big part of the paper concerns

with these different approaches and the connections between them.

Without trying to determine the paper where Thom-polynomials first appeared

we mention some important articles. In Singularity Theory Thom initiated the pro-

gram of examining singularities using Thom-polynomials [Tho56]. More recently

their connection to group actions were clarified. This approach is present for ex-

ample in [Kaz97], [FR04] or [Rim01]. In Algebraic Geometry they are introduced

as equivariant cycle classes in equivariant Chow groups [EG98]. In Commutative

Algebra their special cases are called multidegree (see [KM], [KMS] and [MS04])

The paper is organized as follows. In Chapter 2 we give a few equivalent defi-

nitions of Thom-polynomials. We do this, because the several areas where Thom-

polynomials are used resulted many different definitions. We word the Incidence

Property rigorously in Chapter 3, along with some technical statements concern-

ing the notion of incidence. Then in Chapter 4 we clarify the connection between

Thom-polynomials, and the algebraic invariant called multidegree, obtaining restric-

tions on how a Thom-polynomial can look like. Using these restrictions, in Chapter

5 we characterize the situation when Thom-polynomials are not zero, which by the

results of Chapter 3 yields a sufficient condition on when the Incidence Property

holds. Finally in Chapter 6 we fit together and apply our results.



Chapter 2

Thom-polynomials

In this chapter we define Thom-polynomials. We give a few definitions, and show

the equivalence of the most of them. We do this, because although there are many

definitions of Thom-polynomials presented in the literature, equivalences between

them are not proven in many cases.

As a consequence, it is not necessary to read the whole chapter in order to

understand the following ones. Every notion is defined in Section 2.2. Apart from

that, the remarks of Section 2.5 are the most important. They are crucial for Chapter

3. We also use once in Chapter 4 the definition of Section 2.3, which is a variant of

the one of Section 2.2. The other two sections will not be used later on. Section 2.1 is

a short motivation of Thom-polynomials. There we present, why Singularity Theory

is the main user of the notion. In Section 2.4 we show the definition of Kazarian.

We do this only, because it is widely used in literature.

2.1 Singular point of view

In this section we present the Singularity Theory aspect of Thom-polynomials. We

do not define and even less prove anything precisely here. However, one can prove

the following statements as easy consequences of those of Section 2.2. We try to give

here mostly a motivation of Thom-polynomials.

As we have already mentioned, from the singular point of view, Thom-polyno-

mials are characteristic classes representing preimages of certain singular subsets in

vector bundles, via generic sections. First we specify exactly what vector bundles

and what singular subsets we examine. Consider, a representation ρ : G → GL(V ) of

a complex Lie-group G on a complex vector space V . It determines a complex vector

bundle EG ×ρ V over BG, where EG → BG is the universal G-bundle. Let η be
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a closed G-invariant subset of V , satisfying the technical assumptions of Definition

2.2.1. Roughly speaking these mean, that, modulo smaller dimensional parts, η is a

pure dimensional, closed, G-invariant submanifold of V . For example, any algebraic

subvariety of V and consequently the topological closure of any orbit satisfies these

requirements. We define Thom-polynomials in this setting. That is, the Thom-

polynomial Tp(η) of η will be the cohomology class of H∗(BG) representing {x ∈

BG|s(x) ∈ EG ×ρ η} for a section s of EG ×ρ V transversal to EG ×ρ η. Clearly,

this will be also an obstruction for the existence of a section avoiding EG ×ρ η.

If P is a smooth G-bundle over a smooth manifold M , then we can similarly

construct P ×ρ V and P ×ρ η, and also compute the cohomology class of H∗(M)

representing {x ∈ M |s(x) ∈ P ×ρ η} for a section s of P ×ρ V transversal to P ×ρ η.

Then this cohomology class will be the image of Tp(η) via H∗(f), where f : M → BG

is the classifying map of P .

For a more concrete and easy example, think of the case, when G = GL(n), ρ is

the standard representation on Cn and η = {0}. Then {x ∈ M |s(x) ∈ P ×ρ η} is

the 0-section of s, so the Thom-polynomial of η is the Euler-class of rank n.

2.2 Main definition

Here we give the precise definition of Thom-polynomials used later on in the article.

As any characteristic classes, Thom-polynomials are elements of the cohomology

ring H∗(BG) of the classifying space of the underlying symmetry group. Instead

of working with cohomology of BG, we can also work with equivariant cohomology

of vector spaces, which is nothing but a technical issue. In this language, Tp(η)

is an element of the G-equivariant cohomology ring H∗
G(V ) ∼= H∗(BG) of V . This

isomorphism holds, since for any G-space X the G- equivariant cohomology ring of

X is H∗
G(X) = H∗(EG×GX), by definition. We notice that, H∗

G(.) is a contravariant

functor of G-spaces and G-equivariant maps, thus G-equivariant maps induce ring

homomorphisms between equivariant cohomology rings.

We define Thom-polynomials, through a technical argument. Our definition will

coincide with the ones in [FR04], [FR03] and [FR02] and with the more algebro

geometric one of [EG98] in case of complex algebraic varieties, but it will work on a

larger class of subspaces. The reason for this wider definition is, that we will make at

some point a localization, where we must step out of the class of complex varieties.

First, in our next definition we define the equivariantly stratifyable subsets of

G-spaces, the largest class of subsets whose Thom-polynomials we define later.
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From now on in this section M denotes a real smooth manifold and X denotes a

subset of M . Sometimes, when indicated, it is also assumed, that there is a Lie-group

G acting on M .

Definition 2.2.1 A stratification of X is a set {Xi ⊂ M |i ∈ [k]} of submanifolds

of M for which

•
⋃k

i=1 Xi = X

• dimR Xi ≤ dimR Xk − 2 for every i ∈ [k − 1]

•
⋃j

i=1 Xi is closed in M , for every j ∈ [k]

X is stratifyable if it admits a stratification. Then dim X = dim Xk, and codimX =

codimXk.

If M is also a G-space, then a stratification {Xi ⊂ M |i ∈ [k]} of X is G-invariant,

if Xi is G-invariant, for every i ∈ [k], and X is G-invariantly stratifyable, if it has

a G-invariant stratification.

Remark 2.2.2

(i). Every closed submanifold is a stratifyable subset.

(ii). Every closed invariant submanifold is an invariantly stratifyable subset.

(iii). Every complex affine variety is a stratifyable subset of an adequate affine space.

We can take Xk to be the smooth part, Xk−1 the smooth part of the singular

part, Xk−2 the smooth part of the singular part of the singular part, etc.

(iv). Similarly, every invariant complex affine variety is an invariantly stratifyable

subset.

(v). The closure of an orbit of a complex Lie group acting on a complex manifold

is an invariantly stratifyable subset. It is the union of some orbits, which can

be chosen to be the strata (i. e. the Xi’s).

Our next step is to define the cohomology class represented by a stratifyable

subset. For doing this, first we need the following lemma.

Lemma 2.2.3 If Mm is orientable, Nn a closed orientable submanifold of M , ι the

inclusion M \ N → M and d an integer, for which 0 ≤ d ≤ (m − n) − 2, then

Hd(ι) : Hd(M) → Hd(M \ N) is an isomorphism.
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Proof Let E be the total space of the normal bundle of N . Then using Thom-

isomorphism and the assumption, that d < m − n, we obtain the following.

Hd(M |N) ∼= Hd(E|N) ∼= Hd−(m−n)(N) = 0 (2.1)

Similarly, since 1 + d < m − n, it also holds that

Hd+1(M |N) ∼= Hd+1(E|N) ∼= Hd+1−(m−n)(N) = 0 (2.2)

So, according to (2.1) and (2.2) the long exact sequence of the pair (M, M \N) yields

the statement of the lemma.

0 = Hd(M |N) // Hd(M)
Hd(ι)// Hd(M \ N) // Hd+1(M |N) = 0

�

From now on, we always suppose, that X is a stratifyable subset of M .

Definition 2.2.4 The cohomology class represented by X is denoted by [X] or [X ⊂

M ], and is defined via the following commutative diagram.

[X] ∈
_

��

Hd(M)

∼=
��

Hd(M \ X1)

∼=
��

Hd(M \ (X1 ∪ X2))

∼=
��
...
∼=

��
[Xk] ∈ Hd(M \ (X1 ∪ X2 ∪ · · · ∪ Xk−1))

where {Xi ⊂ M |i ∈ [k]} is a stratification of X, the maps are induced by inclusions

and are isomorphisms, because of Lemma 2.2.3, and [Xk] is the cohomology class

represented by the closed submanifold Xk of M \ (X1 ∪ X2 ∪ · · · ∪ Xk−1).

Remark 2.2.5 Recall, that [Xk] ∈ Hd(M \ (X1 ∪ X2 ∪ · · · ∪ Xk−1)) is the image of

the Thom-class of the normal bundle NMXk of Xk via the map l of the following
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commutative diagram.

Hd(NMXk|Xk)

l

++

Hd(M \ (X1 ∪ X2 ∪ · · · ∪ Xk−1)|Xk)

∼= Hd(i)

OO

Hd(j)
��

Hd(M \ (X1 ∪ X2 ∪ · · · ∪ Xk−1))

where i and j are the inclusions (M \ (X1 ∪X2 ∪ · · · ∪Xk−1), ∅) ↪→ (M \ (X1 ∪X2 ∪

· · · ∪ Xk−1), M \ (X1 ∪ X2 ∪ · · · ∪ Xk)) and (NMXk, NMXk \ Xk) ↪→ (M \ (X1 ∪

X2 ∪ · · · ∪Xk−1), M \ (X1 ∪X2 ∪ · · · ∪Xk)), respectively, and Hd(j) is isomorphism,

because of excision.

It might seem that Definition 2.2.4 is false, since it depends on the choice of

stratification. The next lemma states that it is correct.

Lemma 2.2.6 [X] does not depend on the choice of stratification.

Proof Choose two stratifications {Xi ⊂ M |i ∈ [k]} and {Yi ⊂ M |i ∈ [l]}. It can

be supposed, that k ≥ l. Define

Ỹi =

{

∅ if i ≤ k − l

Yi+k−l if i > k − l

{Yi ⊂ M |i ∈ [l]} and {Ỹi ⊂ M |i ∈ [k]} define the same [X], so it is enough to prove

the statement for the later instead of the former.

Since dim Xk = dim Ỹk, [X] is an element of Hd(M) independently of the choice

of stratification. The fact, that it is always the same element of Hd(M) follows from

the diagram on Figure 2.1, using Lemma 2.2.3 many times. �

Now we define transversality for stratifyable and invariantly stratifyable sub-

spaces. Then we prove Proposition 2.2.8, which is the equivalent of the Transversal-

ity Theorem for stratifyable spaces. Later on we also prove a similar statement for

equivariantly stratifyable subspaces.

Definition 2.2.7 Suppose, that N is a smooth manifold, and f : N → M is a

smooth map. f is transversal to X (i. e. f t X), if X has a stratification {Xi ⊂

M |i ∈ [k]}, for which f t Xi for every i ∈ [k]. If N and M are G-spaces, f is

G-equivariant and X is G-invariantly stratifyable, then this stratification of X must

be also G-invariant.
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[X ]

∈

�

//

�

oo

Hd(M)

∼=

��
∼=**VVVVVVVVVVVVVVVVVVVV

∼=tthhhhhhhhhhhhhhhhhhhh

Hd(M \ X1)

∼=

��

∼=

// Hd(M \ (X1 ∪ Ỹ1))

∼=

��

Hd(M \ Ỹ1)

∼=

��

∼=

oo

Hd(M \ (X1 ∪ X2))

∼=

��

∼=

// Hd(M \ (X1 ∪ X2 ∪ Ỹ1 ∪ Ỹ2))

∼=

��

Hd(M \ (Ỹ1 ∪ Ỹ2))

∼=

��

∼=

oo

...

∼=

��

...

∼=

��

...

∼=

��
Hd(M \ (X1 ∪ X2∪

∪ · · · ∪ Xk−1)) ∼=

// H
d(M \ (X1 ∪ X2 ∪ · · · ∪ Xk−1∪

∪Ỹ1 ∪ Ỹ2 ∪ · · · ∪ Ỹk−1))
Hd(M \ (Ỹ1 ∪ Ỹ2∪

∪ · · · ∪ Ỹk−1))∼=

oo

[Xk] � //

∈

[Xk ∩ Ỹk]

∈

[Ỹk]
�oo

∈

Figure 2.1: The diagram of the proof of Lemma 2.2.6.

Proposition 2.2.8 For every f : N → M smooth map, if f t X, then f ∗[X] =

[f−1(X)].

Proof Fix a stratification {Xi ⊂ M |i ∈ [k]} of X, for which f t Xi for every

i ∈ [k]. First, f−1(X) is stratifyable, since {f−1(Xi)|i ∈ [k]} is a stratification of

f−1(X), because

• f−1(Xi) is a submanifold of N , since f t Xi for every i ∈ [k].

•
⋃k

i=1 f−1(Xi) = f−1(X).

•
⋃l

i=1 f−1(Xi) = f−1
(

⋃l

i=1 Xi

)

is closed, since
⋃l

i=1 Xi is closed, and f is con-

tinuous.

• codimXi = codimf−1(Xi), because f t Xi for every i ∈ [k].

Second, the following commutative diagram, in which several times Lemma 2.2.3

and once the Transversality Theorem for submanifolds is used, proves the statement
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of the proposition.

[X]

∈

� //
@

��

[Xk] �

uu

∈

Hd(M)
∼= //

��

Hd(M \ X1)
∼= //

��

. . .
∼=// Hd(M \ (X1 ∪ · · · ∪ Xk−1))

��
Hd(N)

∼=// Hd(N \ f−1(X1))
∼= // . . .

∼=// Hd(N \ f−1(X1 ∪ · · · ∪ Xk−1))

[f−1(X)]

∈

� // [f−1(Xk)]

∈

�

These were the preliminary steps, and finally we arrived at the discussion of G-

invariantly stratifyable subsets. So, from now on suppose, that a Lie-group G acts

on M and η is a G-invariantly stratifyable subset of M . Denote P ×G ξ by Pξ, for

any G-invariantly stratifyable subset ξ of M , and principle bundle P . We will use

this notation later on, also in other sections and chapters, whenever it is evident

which representation or action we are talking about.

In what follows, we investigate [Pη ⊂ PM ]. This is sensible, that is, Pη is

stratifyable in PM , because if {ηi ⊂ M |i ∈ [k]} is a G-invariant stratification of η,

then {Pηi ⊂ PM |i ∈ [k]} is a stratification of Pη.

Before the definition of Thom-polynomials can be stated, we need one more

proposition, Proposition 2.2.9, which is the basis of the definition.

Proposition 2.2.9 If P and Q are smooth G-principal bundles, f : P → Q a G-

equivariant smooth map (i. e. P = f ∗Q) and g = f ×G M , then g∗([Qη ⊂ QM ]) =

[Pη ⊂ PM ].

Proof

[Pη ⊂ PM ] = [g−1(Qη) ⊂ PM ] = g∗([Qη ⊂ QM ]

where the first equation is definition, while the second one holds because g t Qη.

This follows from the local triviality, since Tg(p)(Pη) contains the horizontal and

Im(Tpg) contains the vertical tangent spaces of a local trivialization for every p ∈ P .�

Definition 2.2.10 From Proposition 2.2.9, it follows, that if M is contractible, then

η determines a G-characteristic class. This characteristic class is the Thom-polyno-

mial Tp(η). If η is not a closed set, then Tp(η) means Tp(η). (η must be G-
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invariantly stratifyable.) If we want to emphasize the G-action or the ambient space,

we write TpG(η) or Tp(η)M , respectively.

2.3 Variant of the main definition

Here we present an equivalent of Definition 2.2.10. Instead of realizing Tp(η) as a

characteristic class, i. e. a system {[Pη ⊂ PM ] | P is a smooth G-principal bundle},

we determine one bundle Q, which determines Tp(η). More precisely, for k =

codimRη, Hk(Q/G) ∼= Hk(BG) will hold, and thus [Qη ⊂ QM ] will define Tp(η) ∈

Hk(BG). From this it can be already seen, that we replace only Proposition 2.2.8,

Proposition 2.2.9 and the surrounding definitions, by another argument, but the

foregoing parts of Section 2.2 will still be used. Roughly speaking, we make a finite

dimensional approximation, of the bundle EG → BG, which is a standard trick and

can be found for example in [Tot99] and [EG97].

We use the notations fixed in the previous sections, that is, G,M and η denotes

the same thing as before.

Proposition 2.3.1 There exists a representation ρG : G → GL(U) of G on a vector

space U , for which NFρG
:= {x ∈ U |x is in a non free orbit} is a positive codimen-

sional subvariety of U .

Example 2.3.2 If G = C∗, then ρG of Proposition 2.3.1 can be taken to be the

standard representation by left multiplication on C. Similarly, if G = (C∗)r, then its

standard representation on Cr is an eligible choice.

Proposition 2.3.3 There exists a representation ρi
G : G → GL(U i), for which

codimCNFρi
G
≥ i.

Proof Take ρG of Proposition 2.3.1, and define ρi
G to be ρG ⊕ ρG ⊕ · · · ⊕ ρG : G →

U i. �

Example 2.3.4 In case of representations of Example 2.3.2 the standard represen-

tation of C∗ on Ci and of (C∗)r on (Ci)r yields a representation like in Proposition

2.3.3.

Now fix an i, and ρi
G : G → GL(U i). Denote by NF and F , NFρi

G
and U i \NF ,

respectively. Suppose also, that the bundle F → F/G is locally trivial, i. e. it

is a principal bundle. This is not a real restriction, because it holds automati-

cally for compact G, and a non-compact G can always be replaced by its maximal
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compact subgroup, without changing the equivariant cohomology rings or the Thom-

polynomials. (See Chapter 3 for the details.) Then the following lemma holds, which

states roughly speaking, that F is a finite dimensional approximation of EG. That

is, it admits a free G action and its lower homotopy groups are trivial.

Lemma 2.3.5 πj(F ) = 0 for all j ≤ 2i − 2.

Proof Consider two maps f, g : (I j, ∂Ij) → (F, pt). We prove, that f and g are

homotopy equivalent, which will prove the statement. Since U i is contractible, there

is a homotopy φ : (Ij × I, ∂Ij × I) → (U i, pt) connecting f to g in U i. φ can be

approximated by a smooth map, and then homotoped to be transveral to every strata

of NF . This means, that there exists a smooth map φ̃ : (Ij × I, ∂Ij × I) → (U i, pt),

for which φ̃0 and φ̃1 is homotopic to f and g, respectively in F , and φ̃ is transversal

to NF . But, since j + 1 + dimR NF < dimR U i, transversality here means actually

disjointness, that is Imφ̃ ⊆ F and thus f and g are homotopy equivalent in F . �

The property of a finite dimensional approximation of EG, what we really need

is, that its classifying map induces isomorphisms on lower grades of cohomology. For

F this is proved in the following lemma.

Lemma 2.3.6 For the classifying map f : F/G → BG of F and j ≤ 2i − 2, H j(f)

is an isomorphism.

Proof Fix an arbitrary 0 ≤ j ≤ 2i− 2. Then from the naturality of the long exact

sequence of the fibration we obtain the following.

0 0

. . . // πj(G) //

∼=
��

πj(F ) //

��

πj(F/G) //

πj(f)

��

πj−1(G) //

∼=
��

πj−1(F ) //

��

. . .

. . . // πj(G) // πj(EG) // πj(BG) // πj−1(G) // πj−1(EG) // . . .

0 0

Using the 5-lemma it follows, that πj(f) is an isomorphism. That is, πj(πf , F/G) = 0,

where πf is the mapping cylinder of f . So, according to the relative Hurewitz-

theorem Hj(πf , F/G) = 0, from which follows the statement of the lemma, using

the homology long exact sequence of the pair (πf , F/G) and the universal coefficient

theorem. �
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Finally, using Lemma 2.3.6, we can state the following proposition, which is

nothing else, but the promised variant of Definition 2.2.10.

Proposition 2.3.7 Tp(η) = (f ∗)−1([Fη ⊂ FM ]), if codimRη ≤ 2i − 2 and M is

contractible.

Example 2.3.8 In the special case of Example 2.3.2 and Example 2.3.4 Proposition

2.3.7 yields, that Tp(η) can be defined as [τkη ⊂ τkM ] for G = C∗ and [τ r
kη ⊂ τ r

kM ]

for G = (C∗)r, where τk and τ r
k are the tautological C∗ bundles over CPk and (CPk)r,

respectively, and k is any integer not smaller than (codimRη)/2.

2.4 Definition using Kazarian Spectral Sequence

In [Kaz97] Kazarian defines not only Thom-polynomials, but generally characteristic

classes of singularities. Here we present this definition with small modifications,

which must be made since our notion of stratification differs in some technical details

from that of Kazarian.

Like in Section 2.3, we use some notations fixed in Section 2.2, that is, G and M

means the same as there. The basic idea of the definition is, the following remark.

Remark 2.4.1 If {Xi|i ∈ [k − 1]} is a stratification of a stratifyable subset of M ,

then {Mi|i ∈ [k]} = {Xi|i ∈ [k − 1]} ∪ {M \ Xk−1} is an almost stratification of M .

That is, it fulfills every condition of Definition 2.2.1 except the dimensional gap of

the second criteria.

We will call such almost stratification, like in Remark 2.4.1, a ”stratification”.

Precisely, {Mi|i ∈ [k]} is a ”stratification” of M , if it satisfies every condition

of Definition 2.2.1 with X = M , except the second one, and dim Mk = dim M ,

dim Mk−1 < dim M and dim Mi ≤ Mk−1 − 2 for every i ∈ [k − 2].

So, according to Remark 2.4.1, we can actually restrict ourselves to ”stratifica-

tions” of M , instead of examining stratifications of subsets of M . We define, in

this manner, characteristic classes of ”stratifications” of M , which are based on the

spectral sequences of the next definition.

Definition 2.4.2 The spectral sequence of a ”stratification” of M is the cohomo-

logical spectral sequence associated to the filtration {Fi|i = 0, . . . , dimR M}, where

Fi =
⋃

codimRMj≤i Mj. It is denoted by E∗,∗
∗ (M).

Remark 2.4.3 Ep,q
1 (M) = Hp+q(Fp,Fp−1), and d1 : Ep,q

1 (M) → Ep+1,q
1 (M) is the

boundary map δ : Hp+q(Fp,Fp−1) → Hp+1+q(Fp+1,Fp) of the triple (Fp+1,Fp,Fp−1).
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Example 2.4.4

(i). If W is a d > 1 dimensional real vector space, M1 = {0} ⊆ W and M2 =

W \ {0}, then

Fi =

{

W \ {0} if 0 ≤ i < d

W if i = d

Consequently Ep,q
1 = 0, unless (p, q) = (0, 0) or (d, 0), and E0,0

1
∼= Ed,0

1
∼= Z.

So, E∗,∗
1 is already the limit page of the spectral sequence (i.e. E∗,∗

1 = E∗,∗
∞ ).

(ii). If the ”stratification” of M is also a CW-decomposition, then

Ep,q
1 =

{

0 if q 6= 0

Zdp if q = 0, where dp is the number of CW cells of dimension p

Also, the differentials of the 0-th row of the first page are the boundary maps of

the CW-cohomology. So, the 0-th row of the E∗,∗
2 page contains the cohomology

groups of M , and this page is already the limit page.

From now on in this section, we fix a ”stratification” {Mi|i ∈ [k]} of M . We

use the following notations. E∗,∗
∗ := E∗,∗

∗ (M), X := ∪k−1
i=1 Mi, p := codimRX, and

Xi := Mi for every i ∈ [k − 1]. We denote by NMXk the normal bundle of Xk in M ,

which can be identified with a tubular neighborhood of Xk in M .

We use Definition 2.4.2 for two purposes. First, we define the cohomology class

[X] represented by X, and later on through a limit process we define characteristic

classes of a ”stratification”. The next proposition does the preparation part of the

work for the Kazarian variant of [X].

Proposition 2.4.5

(i). Ep,0
1

∼= Hp(NMXk−1|Xk−1) naturally.

(ii). Ep,0
2

∼= Ep,0
1 /Imd1, and thus it is a homomorphic image of Hp(NMXk−1|Xk−1).

Proof

(i). By definition of ”stratification” hold the following equations.

Ep,0
1 = Hp(Fp,Fp−1) = Hp(Mk ∪ Xk−1, Mk) = Hp(Mk ∪ Xk−1|Xk−1)

Since Xk−1 is a closed submanifold of Mk ∪ Xk−1, excision can be used to the

triple (Mk ∪ Xk−1, Mk, Mk \NMk∪Xk−1
Xk−1). That is, Hp(Mk ∪ Xk−1|Xk−1) ∼=
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Hp(NMk∪Xk−1
Xk−1|Xk−1), from which the statement follows, since NMXk−1 =

NMk∪Xk−1
Xk−1.

(ii). Since {Mi|i ∈ [k]} is a ”stratification” of M , Fp = Fp+1. So, Ep+1,0
1 =

Hp+1(Fp+1,Fp) = 0, and thus d1 : Ep,0
1 → Ep+1,0

1 is the zero map, which

proves the statement. �

Definition 2.4.6 [X]kz = l(φ), where φ ∈ Hp(NMXk−1|Xk−1) is the Thom-class of

NMXk−1, and l is defined via the following commutative diagram, in which ι is the

natural embedding of Ep,0
2 into Hp(M), and j is the map of Proposition 2.4.5 (ii).

Hp(NMXk−1|Xk−1)
j//

l

77Ep,0
2

ι // Hp(M)

Proposition 2.4.7 [X]kz = [X].

Proof First let us recall and analyze how [X] and [X]kz is defined.

[X] is defined as the map of the Thom-class φ of NMXk−1 via l̃, where l̃ is defined

in the above commutative diagram.

Hp(NMXk−1|Xk−1)

l̃

33Hp(Mk ∪ Xk−1|Xk−1)∼=
oo // Hp(Mk ∪ Xk−1) Hp(M)

∼=oo

[X]kz is defined as the map of φ via l, where l is the map of the following commutative

diagram.

Hp(NMXk−1|Xk−1) ∼= Ep,0
1 = Ep,0

p

l

55
p// Ep,0

p+1 = Ep,0
∞

�

� q // Hp(M)

Where

• Ep,0
1 = Ep,0

p , since Ei,j
1 = 0, if i = p + 1, p − 1, p − 2, . . . , 1, and thus E i,j

s = 0

for those indices of i and every value of j and s.

• Ep,0
p+1 = Ep,0

∞ , since for i ≥ p + 1, di points from the (p, 0) square outside of the

upper right quadrant.

• p is the factorization by Im(d0,p−1
p )

• q is the usual map of inclusion Ep,0
∞ ↪→ Hp(M) belonging to spectral sequences.
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To understand the map q better, we dig a bit deeper into the definition of spec-

tral sequences. For every i there is a long exact sequence, which has the following

segment.

Im(Hp−1(Fp−i+1 ↪→ Fp)) // Im(Hp−1(Fp−i ↪→ Fp−1)) // Ep,0
i

//

(2.3)
// Im(Hp(Fp ↪→ Fp+i−1)) // Im(Hp(Fp−1 ↪→ Fp+i−2))

For i = p + 1 (2.3) looks like one of the rows in the commutative diagram of Figure

2.2. While the rest of the diagram explains the map q and how q is defined by (2.3).

If we constrict the equations in the diagram, the rows and the columns except the

middle column become exact. In the middle column, the upper and the bottom half

are exact separately. The diagram is mainly self explanatory, so we do not mention

every detail. However me make some explanation.

• The lowest row is a segment of the long exact sequence of the pair (Fp,Fp−1).

• Im(Hp(Fp ↪→ M)) = Im(Hp(Fp ↪→ F2p)), and Im(Hp(Fp−1 ↪→ M)) =

Im(Hp(Fp−1 ↪→ F2p−1)), since the map induced on p-th grade of cohomology

by the inclusion Fi ↪→ M is an isomorphism for i ≥ p. Ker(Hp(Fp ↪→ M)) = 0

and Hp(Fp−1 ↪→ M)) ∼= Hp(Fp−1 ↪→ Fp)) for the same reason.

• The line from Ker(Hp(Fp−1 ↪→ M)) to Ker(Hp(Fp−1 ↪→ Fp)) is drawn brokenly

only to enhance the visibility of the diagram.

• There are also exact sequences not ordered in one row or column. If we start

from the top of the middle column, and turn to right at Im(Hp(Fp ↪→ M)) or

if we start from the bottom of that column and turn to the right at Hp(Fp),

we obtain exact sequences.

• q is as drawn on the diagram, since this is its definition. More precisely, its

definition is word by word the composition of maps through the route from Ep,0
∞

to Hp(M), which goes to Im(Hp(Fp ↪→ M)) and then to Ker(Hp(Fp−1 ↪→ M)).

See for example [Hat] page 6-7 for the definition.

According to Proposition 2.4.5 Hp(Fp,Fp−1) = Ep.0
1

∼= Hp(NMXk|Xk). So, φ ∈

Hp(Fp,Fp−1) naturally. Both [X] and [X]kz is defined as the image of this element

of Hp(Fp,Fp−1) in Hp(M) in the diagram of Figure 2.2. The difference is only in the

way of reaching Hp(M). In the case of [X], we go from Hp−1(Fp,Fp−1) to Hp(Fp),

and then directly to Hp(M) via the isomorphism. In the case of [X]kz first we go up
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0

��
0 // Ker(Hp(Fp−1 ↪→ M)) //

∼=

%%

t
v

w
z

|
�

�




�

�
�

&

-

4

;
>

B
D

G
H

J

Hp(M)

∼=

jj

0
Ker(Hp(Fp−1 ↪→ M))/
/Ker(Hp(Fp ↪→ M))

r

��

0

��
0 // Ep,0

∞

//

OO

q

$$

Im(Hp(Fp ↪→ M)) // Im(Hp(Fp−1 ↪→ M))

0 // Ep,0
p+1

// Im(Hp(Fp ↪→ F2p)) // Im(Hp(Fp−1 ↪→ F2p−1))

��
Hp−1(Fp−1)

δ // Hp(Fp,Fp−1) //

p

OO

Hp(Fp) // Hp(Fp−1)

Hp−1(Fp−1)

dp=δ

OO

Ker(Hp(Fp−1 ↪→ Fp))

OO

0

OO

Figure 2.2: The diagram used in the proof of Proposition 2.4.7

to Ep,0
∞ and then through q to Hp(M). That is, since the diagram is commutative,

the statement is proved. �

Suppose now, that M is contractible, admits a G action and all the Mi are G-

invariant. Denote Mi by ηi for i ∈ [k − 1] and

k−1
⋃

i=1

Mi by η. Then {PMi|i ∈ [k]}

is a ”stratification” of PM for every G-principal bundle P . This fact is used in

the next definition, where a characteristic spectral sequence is made using spectral

sequences ”stratifications”. Characteristic here means, that it contains only charac-

teristic classes.

Definition 2.4.8 The projective limit of the spectral sequences E∗,∗
∗ (PM) over all

principal G-bundles P is the characteristic spectral sequence Ẽ∗,∗
∗ of the ”stratifica-

tion” {Mi|i ∈ [k]} of M .

Remark 2.4.9 The maps used to create the projective limit are the following. If

f : P → Q is a G-equivariant map of G-bundles, then there is a map f ×G M :
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PM → QM , for which (f ×G M)(PMi) ⊆ QMi. Thus, because of the naturality of

spectral sequences, there is a map from E∗,∗
∗ (QM) to E∗,∗

∗ (PM).

Remark 2.4.10 The projective limit in Definition 2.4.8 can be replaced by associ-

ating only to EG instead of every smooth G-bundle. Furthermore associating to EG

means dealing with G-equivariant cohomology. So, if we replace cohomology with

G-equivariant cohomology in Definition 2.4.2, we obtain the notion of characteristic

spectral sequences, instead of spectral sequences of ”stratifications”.

Finally, we have arrived to this section’s definition of Thom-polynomials. These

are worded in the following propositions. The proofs of the propositions are easy

consequences of the foregoing discussion, and thus we omit them from here.

Proposition 2.4.11 Tp(η) = [η]kz in the characteristic spectral sequence Ẽ∗,∗
∗ (M).

Remark 2.4.12 φ ∈ Ẽ∗,∗
∗ is defined by the compatible system {φP |P is a smooth

G-principal bundle}, where φP is the image of the Thom-class of NPMPηk−1 in

Hp(P (Mk ∪ ηk−1), P ηk−1) = Ep,0
1 (PM).

Proposition 2.4.13 Tp(η) is the element of H∗
G(M) determined by the compatible

system {[Pη]kz|P is a G-bundle}.

The difference between Proposition 2.4.11 and Proposition 2.4.13 is that in the

first one we make the projective limit and then derive a [.]kz, while in the second one

we do these steps in an opposite order. As we will shortly see, using Remark 2.4.10

the projective limit step can be omitted in the case when G is compact. Furthermore,

the compactness of G here cause no difficulty, since G can always be replaced by one

of its maximal compact subgroups. (See Chapter 3)

Remark 2.4.14 If G is compact, then a G-invariant Riemann metric can be intro-

duced on M . In this case NMηk−1 can be realized as Y = {x ∈ Mk∪ηk−1|d(x, ηk−1) <

ε} for an ε small enough. This is useful, since the invariance of ηk−1 implies the in-

variance of Y . That is, the normal bundle of ηk−1 is also invariant under G action,

so BY = BNMηk−1 exists. (BY = B ×G Y by definition) So, φ of Proposition

2.4.11 can be defined as the image of the Thom-class of the bundle BY → Bηk−1,

in Hp(B(Mk ∪ ηk−1), Bηk−1) = HG(Mk ∪ ηk−1, ηk−1) = Ẽp,0
1 .

Summarizing, the projective limit step can be totally eliminated, by building Ẽ∗,∗
∗

in the manner of Remark 2.4.10 using equivariant cohomology, and taking φ to be the

Thom-class of BY → Bηk−1 (i. e. the ”equivariant Thom-class” of NMηk−1 → ηk−1).
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2.5 Further remarks

Definitions of Section 2.2 and 2.4 are not easily computable ones. The one in Section

2.3 is a bit better from that aspect, but the really computation oriented definition

comes in Chapter 4 in the form of multidegree. However the one presented in [FR04]

also turns out to be rather usable for computations. We do not state that definition

here, but we indicate with the following proposition why it is the special case of ours.

We use here also the notations of Section 2.2 (i. e. G, M and η), and we suppose,

that M is contractible.

For an equivariant cohomology map ι∗ : H∗
G(B) → H∗

G(A) induced by a G-

equivariant inclusion ι : A ↪→ B we use the restriction sign, that is, x|A = i∗(x) for

every x ∈ H∗
G(B). Then the previously mentioned proposition is as follows.

Proposition 2.5.1 Tp(η)|M\η = 0.

Proof The statement is the consequence of the fact that the same holds if we

associate to G-principal bundles. Namely, if P is a G-principal bundle, then ([Pη ⊂

PM ])|P (M\η) = 0.

This holds, since [Pη ⊂ PM ] is the image of an element of Hp(PM, P (M \η)) in

the long exact sequence of the pair (PM, P (M \η)). That is, ([Pη ⊂ PM ])|P (M\η) is

the image of the same element through two maps in the same exact sequence, which

implies that it is 0. �

Actually more is true, Tp(η) is the generator of Hd
G(M)∩Ker(H∗

G(M \ η ↪→ M))

in many cases. This is used to define Tp(η) in [FR04].

We have one more easy corollary, which is rather important for the future.

Corollary 2.5.2 Tp(η)|A = 0 for every G-invariant subset A of M \ η.

Proof .|A can be factored through .|M\η for any A ⊆ M \ η. �



Chapter 3

Incidence

In this chapter we formulate the Incidence Property precisely. Our main objective,

throughout the whole article, is to give a usable sufficient condition on it. The result

of this endeavor is stated in Main Theorem and proved at the beginning of Chapter

6. We also prove here a key lemma, in which the notion of incidence is reduced to the

notion of Thom-polynomials. From now on until Chapter 6 we fix a representation

ρ of a complex Lie-group G on a complex vector space V of complex dimension n.

The Incidence Property ρ has the Incidence Property, if the following holds for

every orbit η and ξ.

ξ ⊂ η ⇐⇒ Tp(η)|ξ 6= 0 (3.1)

Here, as at the end of the previous chapter, Tp(η)|ξ = i∗ξ(Tp(η)) is the image of

Tp(η) by the ring homomorphism i∗ξ : H∗
G(V ) → H∗

G(ξ) induced by the G-equivariant

inclusion of ξ into V . However it can be viewed also differently, since H∗
G(ξ) =

H∗
Gx

(pt) for any x ∈ ξ. Through this correspondence i∗ξ is equal to the map H∗
G(V ) =

H∗(BG) → H∗(BGx) = H∗
G(ξ) induced by Bi : BGx → BG, where i is the inclusion

Gx ↪→ G.

We emphasize, that not every representation has the Incidence Property. So, the

question is which representations have it. However, one direction of the statement

of the Incidence Property always holds. If ξ 6⊂ η, then ξ ⊂ V \ η, thus because of

Corollary 2.5.2 Tp(η)|ξ = 0. So, during the verification of the Incidence Property

we have to prove only that if ξ ⊂ η then Tp(η)|ξ 6= 0.

From now on in this chapter, we fix ξ and η, for which ξ ⊂ η and codimC(ξ) = k.

In the long distance we would like to prove that Tp(η)|ξ 6= 0 with some assump-

tions on ρ. But, first let us translate Tp(η)|ξ to an ordinary Thom-polynomial in

a normal space of a point of ξ. For doing this we replace G by one of its maximal
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compact subgroup Gc. Since H∗
G(.) and H∗

Gc
(.) are the same functors and Gc Thom-

polynomials are also the same as the G Thom-polynomials, we are allowed to do

this. We emphasize that the orbits we are considering are still G orbits, which are

Gc-invariantly stratifyable subsets, but generally not Gc orbits.

The next step is to choose a Gc invariant scalar product 〈., .〉 on V . For such a

scalar product the normal space N = (Txξ)
⊥ of ξ at a point x of ξ is a Gc,x invariant

subset of V . Here we note, that we can choose Gc, such that Gc,x is also a maximal

compact subgroup of Gx, i. e. Gx,c = Gc,x. Then H∗
Gx

(.) and H∗
Gc,x

(.) will be the

same functors, as before in the case of H∗
G(.) and H∗

Gc
(.). Such choice of Gc can

be realized by first choosing a maximal compact subgroup of Gx,c of Gx, and then

extending this to a maximal compact subgroup Gc of G. This can be done by using

standard Lie-theory.

We also note, that when we regard subspaces or vectors of TxV as subsets or

elements of V , we usually do it through the natural identification ιx : TxV → V ,

for which ιx(0) = x. Sometimes we also want to use the other natural identification

ι0 : TxV → V , for which ι0(0) = 0, but then we denote this by underlining the

subspace or vector.

The previously mentioned translation of incidence to Thom-polynomials is phrased

in the following lemma.

Lemma 3.1 TpGc,x
(η ∩ N) = TpG(η)|ξ.

Now we can explain, why the whole machinery of maximal compact subgroups

has been used. Without exchanging G to Gc, the invariance of η ∩ N would not be

satisfied generally. In most cases even a normal space N can not be found, which

is invariant under Gx action, and the case is even worse if we want η ∩ N to be

invariant.

We also note, that there is no difference between taking η and η in Lemma 3.1.

That is, η ∩ N = η ∩ N holds. This can be proven by using the following techniques

of Lemma 3.3, i. e. localization to a neighborhood B of x, for which η ∩B t N ∩B.

For such a B it can be shown, that there is a continuous map π : B → B ∩ N , such

that b and π(b) are G-equivalent for every b ∈ B.

In order to prove Lemma 3.1, we have to deal with some other lemmas. First a

lemma, which is the equivalent of the Transversality Theorem for invariantly strati-

fyable subsets.

Lemma 3.2 If H is a Lie-group M and K are contractible smooth H spaces, ζ ⊂ M

is H-invariantly stratifyable, f : K → M an H-equivariant smooth map and f t ζ,

then Tp(f−1(ζ)) = Tp(ζ)
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Proof f−1(ζ) is H-invariantly stratifyable, since if {ζi ⊂ M |i ∈ [k]} is an H-

invariant stratification of ζ, for which f t ζi for every i ∈ [k], then {f−1(ζi) ⊂ K|i ∈

[k]} is a H-invariant stratification of f−1(ζ).

Consider a smooth H-principle bundle P . Then for Pf = P ×H f , (Pf)∗ = id,

because (Pf)∗ is homotopic equivalent to the identity map of P/H. Since f t ζ,

Pf t Pζ, that is using Proposition 2.2.8 the following equation can be obtained.

[P (f−1)(ζ) ⊂ PK] = [(Pf)−1(ζ) ⊂ PK] = (Pf)∗[Pζ ⊂ PM ] = [Pζ ⊂ PM ] (3.2)

So, from (3.2) according to Definition 2.2.10 it follows, that Tp(f−1(ζ)) = Tp(ζ),

which is the statement, we are supposed to prove. �

Second, we prove a lemma, which uses Lemma 3.2, and as it will be shown, nearly

proves Lemma 3.1.

Lemma 3.3 TpGc,x
(η)|N = TpGc,x

(η ∩ N)

Proof Let α be the map of the G × V → V action, and αz := α|G×{z} for every

z ∈ V . Then ImTeαx = Txξ = N⊥ holds. Let y1, . . . , yl ∈ TeG be vectors, for

which {Teαx(yi)|i ∈ [l]} is a base of N⊥, and let x1, . . . , xk be a base of N . If we

write the coordinates of Tαz
(y1), . . . , Tαz

(yl), x1, . . . , xk in the columns of a matrix,

we get a full rank matrix A(z) for every z ∈ V . A : N → Cn×n is a continuous

function, so there is a ball B of radius ε > 0 around x, such that A(z) is full rank

for every z ∈ B ∩N . That is, N t ImTeαz for every z ∈ B ∩N . Which means that,

N ∩ B t η ∩ B, since Tzζ = ImTeαz for every ζ orbit in η and z ∈ ζ.

So, according to Lemma 3.2, if we regard the embedding N ∩ B ↪→ B we obtain

that

Tp(η ∩ B)B = Tp(η ∩ N ∩ B)N∩B (3.3)

The inclusion B ↪→ V and N ∩ B ↪→ N are also transversal, and Gc,x-equivariant,

since 〈., .〉 is Gc,x invariant and x is a fix point of Gc,x. So, similarly we obtain that

Tp(η)V = Tp(η ∩ B)B (3.4)

and

Tp(η ∩ N ∩ B)N∩B = Tp(η ∩ N)N (3.5)

So, from (3.3), (3.4) and (3.5) it follows, the statement of the lemma. �

Proof of Lemma 3.1 It is enough to prove, that TpGc,x
(η ∩ N) = TpGc

(η)|ξ.

Because of the remarks made after stating the Incidence Property, the statement of
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our lemma is meaningful. That is, TpGc,x
(η ∩ N) and TpGc

(η)|ξ live in the same

space. We have the following commutative diagram

H∗
Gc

(V )
(BιGc,x )∗

//

.|ξ

**
H∗

Gc,x
(V )

∼=

(ιN )∗
// H∗

Gc,x
(N) ∼= H∗

Gc
(ξ)

TpGc
(η)

� 44
� //

∈

TpGc,x
(η) � //

∈

TpGc,x
(η)|N =

∈

TpGc
(η)|ξ

∈

That is, it is enough to prove, that TpGc,x
(η)|N = TpGc,x

(η ∩ N), which is the

statement of Lemma 3.3 �



Chapter 4

Multidegree

Here we present the algebraic invariant called multidegree and its connections to

Thom-polynomials. We do this, because it will yield important restrictions on the

format of Thom-polynomials. First let us examine what we can say about the action

of the subgroups of G.

If F < G, then the inclusion ι : F ↪→ G induces a map ι∗ : H∗
G(X) → H∗

F (X),

for any G-space X. Moreover ι∗ is functorial and ι∗(TpG(η)) = TpF (η). If F is a

maximal compact subgroup of G, then ι∗ is just an isomorphism. If F is a maximal

torus T r of G, then ι∗ is injective, therefore TpG(V ) can be determined regarding

just the T r action. This fact is vital, since a T r action is very special, which gives

us a possibility to translate topology to algebra and combinatorics.

If T r acts on V , then there is a decomposition of V into V1 ⊕ · · · ⊕ Vn, such that

every Vi is a one dimensional invariant subspace of V . Then T r acts on an arbitrary

xi ∈ Vi with the formula

(α1, . . . , αr) · xi = αwi1
1 αwi2

2 . . . αwir
r xi

We call the vector (wi1, . . . , wir) the i-th weight vector of our representation. Actually

these weight vectors contain every information about Thom-polynomials. Every

Thom-polynomial can be computed from them, which follows from the following

discussion. We denote by w the vector (w1, . . . , wn) of weight vectors.

Consider the dual base ε1, . . . , εn of V ∗, that is, a base, such that εi(Vj) = 0 for

every i 6= j. Then T r acts on the symmetric algebra Sym(V ∗) by

(α1, . . . , αr) ·
n
∏

i=1

εmi

i =

r
∏

j=1

α
−

n
P

i=1
miwij

j

n
∏

i=1

εmi

i
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A polynomial ring, with such an action is called a Zr-graded ring. Precisely, a

Zr-graded polynomial ring is a polynomial ring S = C[x1, . . . , xn] and a semigroup

homomorphism

deg : {
n
∏

i=1

xmi

i |mi ∈ N} → Zr (4.1)

from the multiplicative semigroup of its monomials to the r times direct power of the

additive group of integers. The similarity between the name of this homomorphism

and the word degree is not an inadvertent coincidence. In the case of r = 1, (4.1)

defines the notion of weighted degree. Define the homogeneous part Sa of degree

a in S by deg−1(a) for any a ∈ Zr. Then M is a Zr-graded S-module , if M is an

S-module, M =
⊕

a∈Zr

Ma as a vector space, and SaMb ⊆ Ma+b for every a, b ∈ Zr.

We define multidegree in this context. It is a function C from the set of Zr-graded

modules to Z[e1, . . . , er]. Moreover this function is a unique function satisfying some

criteria. We formulate these criteria here only in special cases. See [MS04] for the

details. For formulating these criteria, first we need the notion of monomial ordering.

It is an ordering on the monomials of S, such that 1 ≤ p and if p ≤ r, then qp ≤ qr

for every monomial p, q and r of S. Clearly, a monomial ordering determines a

leading term LTp for every p ∈ S, the smallest term of p according to the monomial

order.

Now let us see these criteria. We consider the special case when M = S/I for some

homogeneous ideal I � S (i. e. ideal generated by deg homogeneous polynomials).

Then V (I) is the variety defined by I, the components of which are V1, . . . , Vl. Denote

by Ii the vanishing ideal of Vi and by Iin the ideal {LTp|p ∈ I}. Every Ii is a prime

ideal, so the localization SIi
of S by Ii is meaningful. Since Ii ⊇ I, there is an ideal

Ĩ in SIi
corresponding to I. There is also a maximal ideal m corresponding to Ii in

SIi
. We define multIi

in this context. It is the largest n for which there is a chain

Ĩ = I1 ( I2 ( · · · ( In−1 ( In = m of ideals in SIi
.

Then C(M) satisfies the following criteria.

(i). C(M) =
l
∑

i=1

multIi
C(S/Ii)

(ii). C(S/〈xi1 , . . . , xit〉) =
t
∏

j=1

(

r
∑

k=1

deg(xij )kek

)

(iii). C(S/I) = C(S/Iin)

If I is a monomial ideal, then I1, . . . , Il are also monomial ideals. That is, in this

case they are of form 〈xi1, . . . , xit〉, since every monomial prime ideal has such form.
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Thus, by applying to an arbitrary ideal I 6= S first (iii), then (i) and finally (ii),

we obtain a chain of decomposition of C(S/I), the result of which is that there is a

non-zero p ∈ N[x1, . . . , xn], for which the following holds.

C(S/I) = p(
r
∑

i=1

deg(x1)iti,
r
∑

i=1

deg(x2)iti, . . . ,
r
∑

i=1

deg(xn)iti) (4.2)

There is one step left. We have to find the connection between Thom-polynomials

and multidegree. In our case S = Sym(V ∗) and deg(xi)j = wij. Denote by W ∼= Rr

the vector space where the weights live, the standard base of which is e1, . . . , er. Fix a

homogeneous, or equivalently torus invariant, radical ideal I 6= S, which determines

a non-empty invariant subvariety η = V (I) of V . In [KMS] it is shown that C(S/I)

determines the element of the equivariant chow ring C∗
T r of V which represents V (I).

Now we show that C i
T r(V ) ∼= H2i

T r(V ) naturally for 0 ≤ i ≤ n, and every invariant

subvariety represents the same element in both rings.

First of all, we notice, that although T r can mean (C∗)r and also U(1)r, in our

case the two choices are substantially the same. A U(1)r representation can be

uniquely extended to a (C∗)r representation, and a (C∗)r representation contains a

unique U(1)r subrepresentation. Even more, Tp(C∗)r(η) ∼= TpU(1)r(η) naturally, and

Thom-polynomials are also the same in this situation. Since in [KMS] a (C∗)r action

is regarded when the foregoing statement is proven, from now on in this chapter we

think of T r as (C∗)r.

After these prerequisites we start the identification of C i
T r(V ) and H2i

T r(V ). Fix

an integer 0 ≤ i ≤ n. According to the definition of [EG98], C i
T r(V ) = C i(τ r

n ×ρ V ),

where τ r
n is the tautological bundle over (CPn)r. The definition of H2i

T r(V ) is quite

the same, H2i
T r(V ) = H2i(τ r

∞×ρ V ), where τ r
∞ is the tautological bundle over (CP∞)r.

Using ideas of Section 2.3 it can be seen, that these two definitions are even more

similar. τ r
n is the finite dimensional approximation of τ r

∞, obtained from the standard

representation of T r on (Cn+1)r. That is, the map ι∗ induced on cohomology by the

inclusion τ r
n ×ρ V ↪→ τ r

∞ ×ρ V is isomorphism. So, H2i
T r(V ) can be identified with

H2i(τ r
n ×ρ V ) via ι∗.

Before proving anything let us also examine what element of these groups repre-

sents a T r-invariant subvariety of V . Denote by [Y ]C the element of the Chow-ring

C∗(X) of an algebraic variety X represented by a subvariety Y . Similarly, if an

algebraic group G acts on X and Y is G-invariant, then denote by [η]GC the element

of C∗
G(X) represented by Y (see [EG98] for the definition of the latter one).

Fix now an i complex codimensional T r-invariant subvariety η of V . By definition



CHAPTER 4. MULTIDEGREE 28

[η]T
r

C = [τ r
n ×ρ η]C , and TpT r(η) ∈ C i(τ r

n ×ρ V ) is, according to Proposition 2.3.7,

[τ r
n ×ρ η] ∈ H2i(τ r

n ×ρ V ) ∼= H2i
T r(V ).

Summarizing, we obtained, that C i
T r(V ) and H2i

T r(V ) are the ordinary Chow

groups and cohomology rings, respectively, of the same space (i. e. τ r
n ×ρ V ), and

[η]T
r

C and TpT r(η) are the elements of these two groups represented by the same

subvariety (i. e. τ r
n ×ρ η). Thus the following fact gives us the desired identification.

(See [Ful98] for the details.)

Fact 4.1 The class homomorphism cl : C∗(τ r
n ×ρ V ) → H2∗(τ r

n ×ρ V ) sending [X]C

to [X] for every irreducible subvariety is well-defined.

Remark 4.2 Actually cl in [Ful98] is defined as a map to the Borel-Moore homol-

ogy group H2n(r+1)−2i(τ
r
n ×ρ V ). However H2n(r+1)−2i(τ

r
n ×ρ V ) is naturally isomor-

phic to H2i(τ r
n ×ρ V ) via Thom-isomorphism, and moreover this identification takes

the refined class ηX of X to [X]. This latter holds, because using the identifica-

tion of H2n(r+1)−2i(τ
r
n ×ρ V ) and H2i(τ r

n ×ρ V ), ηX is the image of a generator of

Hm−2n(r+1)+2i(U, U \ X) via the map j of the following commutative diagram, for

some m-dimensional contractible U containing τ r
n ×ρ V .

Hm−2n(r+1)+2i(U, U \ X) //

j

33
Hm−2n(r+1)+2i(U, U \ τ r

n ×ρ V )
∼=// H2i(τ r

n ×ρ V )

This generator is chosen, so that if we leave out the singular part of X, it is mapped

to the Thom-class of the normal bundle of the smooth part of X. It is not difficult

to see, that this coincides with our definition of [X].

Remark 4.3 The homomorphism cl gives us the needed identification, because it

is actually an isomorphism. This holds, because both C∗(τ r
n ×ρ V ) and H2∗(τ r

n ×ρ V )

are isomorphic to the same factor of Z[e1, . . . , er], and in both cases xi is represented

by the same subvariety π−1((CPn)i−1 × CPn−1 × (CPn)r−i), where π is the bundle

projection τ r
n ×ρ V → (CPn)r.

So, we obtained, that multidegree and torus invariant Thom-polynomials actually

coincide. By (4.2) we obtain the following proposition.

Proposition 4.4 There is a non-zero p ∈ N[x1, . . . , xn], for which

TpT r(η) = p(
r
∑

i=1

w1iei,
r
∑

i=1

w2iei, . . . ,
r
∑

i=1

wniei)

using the natural identification of SymW and H∗
T r(V ).



Chapter 5

Positive action

In this chapter we investigate, that at what criterion can the non-existence of zero

Thom-polynomial be proven. We do this in order to use it later, together with Lemma

3.1, to prove the Main Theorem and as a consequence the Incidence Property for

certain types of representations.

We fix also some notations here. From now on r denotes the rank of the maximal

torus of G and W is the real r-dimensional vector space with base e1, . . . , er in which

the weights live. B is the set of weights {w1, . . . , wn}.

The center point of the chapter is Theorem 5.2.1. There we prove the following

characterization.

Main Result of the Chapter There is no non-empty T r invariant subvariety η

of V for which TpT r(η) = 0 if and only if 0 is not contained in the convex hull of

the weights.

The condition, that 0 is not in the convex hull of the weights means, that every

weight is contained in an open half space of W centered at 0. This can be imagined

as somehow all the coordinates of T r act in the same direction, that is, the action is

in a sense positive. This motivates the name of the chapter.

The chapter is organized as follows. In Section 5.1 we make some prepara-

tions to prove in Section 5.2 a characterization of the non-existence of zero Thom-

polynomials. Then in Section 5.3 we prove the statement which we will use directly

in applications. It characterizes our condition when weights are of a special form.
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5.1 Preparation

First we need some preparations about scalar products of tensor powers. Fix a scalar

product, 〈., .〉 on W . Then them map

W 2k → R

(x1, . . . , xk, y1, . . . , yk) 7→
k
∏

i=1

〈xi, yi〉

is a 2k-linear map. Thus, by the category theoretic definition of tensor product, it

induces a bilinear map

〈., .〉⊗ : W⊗k × W⊗k → R

(⊗k
i=1xi,⊗

k
i=1yi) 7→

k
∏

i=1

〈xi, yi〉

Since 〈., .〉 is a scalar product, there is a base U of W , such that 〈x, y〉 ≥ 0 and

〈x, x〉 > 0 for any x, y ∈ U . Then U⊗k is a base in W⊗k, and 〈x̃, ỹ〉⊗ ≥ 0, 〈x̃, x̃〉⊗ > 0

for any x̃, ỹ ∈ U⊗k. Therefore, 〈., .〉⊗ is a scalar product, which we denote also by

〈., .〉 form now on.

We need a statement which states, that if some vectors are in an open half space

in W , then their k-th symmetric powers are also in an open half space. Actually,

this is fairly easy to prove in the k-th tensor product, so we use the following, well

known inclusion.
ι : SymkV →

(

V ⊗K
)Sk

k
∏

i=1

vi 7→
∑

π∈Sk

⊗n
i=1vπ(i)

and we prove the desired statement in W⊗k.

Proposition 5.1.1 If for an arbitrary a ∈ W , and the set of weights B ⊂ W ,

〈a, B〉 > 0 is fulfilled, then
〈

ι
(

Bk
)

, ι
(

ak
)〉

> 0 also holds.

Proof We are supposed to show, that if x1, . . . , xk ∈ B, then

〈

ι

(

k
∏

i=1

xi

)

, ι
(

ak
)

〉

> 0
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This holds, because

〈

ι

(

k
∏

i=1

xi

)

, ι
(

ak
)

〉

=

〈

∑

π∈Sk

⊗k
i=1xπ(i),

∑

π∈Sk

a⊗k

〉

= k!

〈

∑

π∈Sk

⊗k
i=1xπ(i), a

⊗k

〉

=

= k!
∑

π∈Sk

〈

⊗k
i=1xπ(i), a

⊗k
〉

= k!
∑

π∈Sk

(

k
∏

i=1

〈

xπ(i), a
〉

)

> 0

since 〈xπ(i), a〉 > 0 for every i and π, by the assumption of the proposition. �

5.2 Positive action and Thom-polynomials

Now, we can state, our characterization. It is important, that we work with the T r

action. Our proof does not work for arbitrary group actions. However, this is enough

for our purpose, since H∗
G(V ) is embedded naturally into H∗

T r(V ). (See Chapter

4.) It also has to be mentioned, that Theorem 5.2.1 yields three more equivalent

assertions apart from the two given as main result in the introduction of the chapter.

Although statement (ii) is mainly a technical statement, statements (iv) and (v) give

interesting characterizations. Statement (v) will also be used later on in Section 6.4

and also strengthens the intuition that actions for which 0 /∈ 〈B〉conv should be called

positive. It implies, that the action is positive if and only if it determines a U(1)

action with only positive weights on V .

Theorem 5.2.1 If B is the set of weights {w1, . . . , wn}, then the following are equiv-

alent.

(i). There is a non-empty T r-invariant subvariety η ⊂ V , such that Tp(η) = 0.

(ii). There is a k ∈ Z+, such that 0 ∈ 〈Bk〉conv.

(iii). 0 ∈ 〈B〉conv.

(iv).
(

Sym(V ∗)T r

\ Sym0(V ∗)
)

6= ∅, that is, there is a non-constant, invariant poly-

nomial.

(v). There is no homomorphism U(1) → T r, such that through this homomorphism

U(1) acts with only positive weights on V .

Proof (i) ⇒ (ii) We have a non- subvariety η ⊂ V , such that Tp(η) = 0. By

Proposition 4.4 there is a non-zero polynomial p ∈ N[x1, . . . , xn], for which p(w) =

Tp(η). Since wi ∈ Sym1W , pi(w) is homogeneous of degree i, for every i. Thus,
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pi(w) = 0 for all i. As a special case p0 = p0(w) = 0, and since p 6= 0, there is a

k ∈ Z+, such that pk 6= 0, but pk(w) = 0. Therefore, if we write pk in the form

pk(x1, . . . , xn) =
∑

I∈Part(n,k)

aIx
I

we obtain that aI ∈ N for every I ∈ Part(n, k), not every aI = 0, and

0 =
∑

I∈Part(n,k)

aIw
I

Thus,
∑

I∈Part(n,k)

aI 6= 0, and consequently

0 =
∑

I∈Part(n,k)

aI
∑

I∈Part(n,k)

aI

wI

That is, 0 ∈ 〈wI|I ∈ Part(n, k)〉conv = 〈Bk〉conv.

(ii) ⇒ (iii) Suppose, that for a fixed k ∈ Z+, 0 ∈ 〈Bk〉conv, but 0 /∈ 〈B〉conv.

Then there is an a ∈ W , such that 〈a, B〉 > 0. By Proposition 5.1.1 this means, that

〈ι
(

Bk
)

, ι
(

ak
)

〉 > 0. That is, 0 /∈ 〈ι
(

Bk
)

〉conv, and as far as ι is an embedding, this

implies that 0 /∈ 〈Bk〉conv, which contradicts our assumption.

(iii) ⇒ (iv) Since 0 ∈ 〈B〉conv, 0 can be written in the form
n
∑

i=1

aiwi = 0, where

ai ≥ 0 and
n
∑

i=1

ai = 1. The coordinates of wi are integers, thus it can be supposed,

that ai ∈ Q. Therefore, if we do not require
n
∑

i=1

ai to be 1 only, that there is an

ai 6= 0, then ai ∈ N can be supposed. Then
n
∏

i=1

xai

i is constant under T r action, since

(α1, . . . , αr) ·

(

n
∏

i=1

xai

i

)

=
n
∏

i=1

((

r
∏

j=1

α
−wij

j

)

xi

)ai

=

=
r
∏

j=1

(

α
−

Pn
i=1 wijai

j

)

n
∏

i=1

xai

i =
n
∏

i=1

xai

i

This completes our proof, since we have found a non-constant, invariant polynomial.

(iv) ⇒ (i) There is a p ∈
(

(Sym(V ))T r

\ Sym0V
)

. p0 6= 0 can be supposed, since

if p is invariant under T r-action, then p + c is also invariant, for any c ∈ Z. Let η be

{v ∈ V |p(v) = 0}. Then η 6= ∅, since V is a complex vector space.

Now suppose, that Tp(η) 6= 0. Then Tp(η)|{0} = Tp(η), since the embedding of

{0} into V is a homotopy equivalence. So, Tp(η)|{0} 6= 0. Thus, 0 ∈ η according
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to Corollary 2.5.2, and as far as p is continuous p(0) ∈ p(η). But p(η) = {0}, thus

p(η) = {0} also, however p(0) = p0 6= 0. This is a contradiction. Therefore, η is an

invariant subset of V , for which Tp(η) = 0.

(i) ⇒ (v) We prove that if there is a homomorphism φ : U(1) → T r, such

that through this homomorphism U(1) acts with only positive weights on V , then

TpT r(η) 6= 0 for every non-empty invariant subvariety η. Fix such a φ and η. In the

following paragraph U(1)-equivariant cohomology and U(1) Thom-polynomials will

be meant using the action of U(1) through φ.

φ induces a homomorphism HTr
(V ) → HU(1)(V ), which takes TpT r(η) to TpU(1)(η).

So, it is enough to prove that TpU(1)(V ) 6= 0. However the equivalence of the first

four statements is already proven, which can be applied to the U(1) action. So it

is enough to prove, that the convex hull of the weights of U(1) on V does not con-

tain zero, which holds as a trivial consequence of that U(1) acts with only positive

weights on V .

(v) ⇒ (iii) We prove that if 0 /∈ 〈B〉conv, then there is a homomorphism φ :

U(1) → T r, such that through this homomorphism a U(1) acts with only positive

weights on V . If 0 /∈ 〈B〉conv, then the weights of T r are all on one side of a

hyperplane. The normal vectors of such hyperplanes form an open set in W , so

there is a hyperplane H, the equation of which is rational:

r
∑

i=1

aiei = 0 (ai ∈ Q) (5.1)

By multiplying the equation with an integer, it can also be supposed, that all the ai

are in Z, and the weights are on the positive side of H. Consider the U(1) symmetry
∑r

i=1 aiei, that is, the following homomorphism.

φ : U(1) = {α ∈ C | |α| = 1 } → T r = {(α1, α2, . . . , αr) ∈ Cr | |αi| = 1 }

α 7→ (αa1
1 , αa2

2 , . . . , αar
r )

U(1) acts through φ on xj with weight
∑r

i=1 aiwji. However this is positive, since it

is the substitution of the j-th weight vector into (5.1), which is greater than zero,

by the fact that all the weights are on the positive side of H. So, we have found a

homomorphism φ with the desired property. �
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5.3 Positive action for special weights

There are many situations where the weights are of form ei − ej. In fact, as it can

be seen from Section 6.1, this always happens, when the product of two subgroups

X and Y of GL(V ) acts on V with the formula (x, y) · v = yvx−1. We will give more

examples on situations where such weights occur, but first here we characterize in

such situations the existence of zero Thom-polynomials.

Since now it is easier to determine a weight by giving the two coordinates where

it is 1 and -1, we introduce is, js ∈ [r], for which ws = eis − ejs
. We will use this

notation also in Chapter 6.

Proposition 5.3.1 There is no non-empty T r invariant subvariety η of V for which

Tp(η) = 0 if and only if there is an ordering ” > ” on [r], such that is” > ”js for

every s ∈ [n].

Proof ⇐ We are given a non-empty invariant subvariety η of V . We should prove

that Tp(η) 6= 0. It can be supposed, by permuting the coordinates of W , that the

ordering ” > ” on [r] is the standard ordering. That is, is > js for every s ∈ [n].

Because of Proposition 4.4 Tp(η) = p(w) for a 0 6= p ∈ N[x1, . . . , xn]. Introducing

new variables yi = ei+1 − ei for every i ∈ [r − 1], we obtain that

Tp(η) = p

(

i1−1
∑

s=j1

ys, . . . ,
in−1
∑

s=jn

ys

)

(5.2)

However Tp(η) is an element of Z[e1, . . . , er], according to (5.2) it can be also viewed

as an element of Z[y1, . . . , yr−1]. It is non-zero in Z[y1, . . . , yr−1], since we obtained

it by substituting non-zero homogeneous polynomials with non-negative coefficients,

sums of yi’s, into p. Thus, it is also non-zero in Z[e1, . . . , er], since the substitution

yi = ei+1 − ei gives an inclusion of Z[y1, . . . , yr−1] into Z[e1, . . . , er]. So, Tp(η) 6= 0,

which is exactly what we were supposed to prove.

⇒ Let F be the oriented graph with vertices V (F ) = [r] and edges E(F ) =

{(is, js)|s ∈ [n]}. Suppose that there is no ordering ” > ” on [r]. Then there is an

oriented cycle in F , with vertices v1, . . . , vl in the order of orientation. But then,

l
∑

i=1

(

evi
− ev(i+1 mod l)

)

= 0

That is, 0 ∈ 〈B〉conv, from which follows according to Theorem 5.2.1, that there

is a non-empty T r invariant subvariety η of V , for which Tp(η) = 0. This is a

contradiction which proves this direction of the proposition. �



Chapter 6

Applications

Finally, we can glue together the results proven in earlier chapters. First we prove

the Main Theorem, stated in Chapter 1. Until this we have not defined precisely

what are the weights of a representation, however they were used in the statement

of the theorem. They are the weights of the induced representation of an arbitrary

maximal torus. This notion is well defined, since maximal tori are conjugate to each

other.

Proof of Main Theorem Fix two orbits η and ξ of the representation ρ, for

which η ⊇ ξ. By Corollary 2.5.2 we are supposed to prove only, that Tp(η)|ξ 6= 0.

By Lemma 3.1 TpG(η)|ξ = TpGc,x
(η ∩ N) for any x ∈ ξ and an adequate normal

space N of ξ centered at x. So, according to Theorem 5.2.1, if 0 is not in the convex

hull of the weights of the induced representation Gc,x → GL(Nx), then TpG(η)|ξ 6= 0.

In order to finish the proof we have to prove only, that the weights of the represen-

tation of Gc,x and Gx on N are the same. However, this holds by the fact that Gc,x

is a maximal compact subgroup of Gx and thus contains a maximal torus of Gx. �

Specially, if every weight w of the representation of a stabilizer torus T r on N

is of form eiw − ejw
, the criteria of the theorem can always be proven, by giving an

ordering on [r], such that for every weight w, iw” > ”jw. This method will be used in

Section 6.1, Section 6.2 and Section 6.3. For arbitrary weights the criteria can also

be proven using the fifth statement of Theorem 5.2.1, by showing a homomorphism

U(1) → Gx such that the induced representation of U(1) has only positive weights.

This will be the approach of Section 6.4.

There is only one thing left, the choice of N . We have to choose an N suitable

for determining the weights of a maximal stabilizer torus. Actually, the weights are

the same for every normal space of ξ at x, since all are equal to the weights of the
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action of T r on V/Txξ. Thus, any normal space invariant under T r action will be

eligible. Luckily in our examples, every representation will have a standard scalar

product invariant maximal torus. So, a linear subspace centered at x, perpendicular

to ξ will be a satisfactory choice. Now, in the next sections, we use this technique, to

prove the Incidence Property or its special case for some classes of representations.

6.1 The case of Giambelli-Thom-Porteous formula

First we examine the representation discussed in the Giambelli-Thom-Porteous for-

mula. See [Tho56] and [FR04] for the details. In this case the statement of Incidence

Property is not hard to prove. We present our proof here, just to show our technique

working in an easy case.

We use the notations of [FR04]. We have an action of GL(n) × GL(n + k) on

Hom(Cn, Cn+k) ∼= {(mij)
n+k,n
i=1,j=1}, by (R, L) · X = LXR−1 for any R ∈ GL(n),

L ∈ GL(n + k) and X ∈ Hom(Cn, Cn+k). Σs is the orbit of

Xs =

(

0 0

0 In−s

)

and there are no other orbits. The maximal compact stabilizer subgroup of Xs is

Gs =

{((

A 0

0 C

)

,

(

B 0

0 C

))∣

∣

∣

∣

∣

(A, B, C) ∈ U(s) × U(s + k) × U(n − s)

}

(NΣs
)Xs

can be identified with the GS invariant subspace

Ns =

{(

M 0

0 In−s

)∣

∣

∣

∣

∣

M ∈ Hom(Cs, Cs+k)

}

on which the natural action of Gs coincides with the action of the representation

ρXs
|Gs

. The maximal torus of Gs is

Ts = { (diag(a1, . . . , as, c1, . . . , cn−s),

diag(b1, . . . , bs+k, c1, . . . , cn−s)) | ai, bi, ci ∈ U(1)}

Thus, if we put the coordinates of Ts in order a1, . . . , as, b1, . . . , bs+k, c1, . . . , cn−s,

then the weight of mij is es+i − ej, that is the normal ordering of [n + s + k] proves

here the Incidence Property by Proposition 5.3.1, and the fact, that j ≤ s.
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6.2 Schubert-varieties of flag manifolds

Now we show the Incidence Property to the representation discussed in [FR03] and

[KM] the full rank orbits of which correspond to the Schubert varieties of the n-

dimensional Flag-manifold. Here we follow the notation of [FR03].

We are acting with B+ × B− on Hom(Cn, Cn) ∼= {(mij)
n
i,j=1}, where B+ and

B− are the groups of n × n upper and lower triangular matrices, respectively, and

(R, L) · M = LMR−1 for R ∈ B+, L ∈ B− and M ∈ Hom(Cn, Cn).

Then the orbits correspond to 0-1 matrices, every column and row of which

contains at most one 1. There is a method of expanding such a matrix uniquely to

the right and down to an m × m permutation matrix for any m large enough. This

expansion is obtained by adding 1’s to rows not containing 1’s starting from the top,

putting the 1 in the left-most position, where it is possible, outside of the upper-left

n × n matrix. This way we can associate a π ∈ Sm to an orbit, by setting π(i) = j,

if there is a 1 in the (i, j) position of the permutation matrix obtained. If π ′ ∈ Sm′

is another permutation associated to the same orbit, and m′ ≥ m, then π = π′|[m].

For any m, π ∈ Sm, if possible, determines an orbit, uniquely, so from now on we

denote orbits by permutations. The ambiguity of which permutation we choose will

not effect the definitions and notions we use.

The maximal torus of the stabilizer group of an orbit π is

Gπ = {(diag(α1, . . . , αn), diag(απ(1), . . . , απ(n))|αi ∈ U(1) (i ∈ [n] ∪ π([n]))}

and the fiber of the normal bundle above Mπ, the permutation matrix corresponding

to π, can be identified with the subvariety

{(mij)
n
i,j=1| mij = 0 if j ≥ π(i), or i ≥ π−1(j) }

of Hom(Cn, Cn) invariant under Gπ action. Thus, the weight of mij is eπ(i) − ej.

That is, with the standard ordering of [m] these weights fulfill the conditions of

Proposition 5.3.1, since if mij is a coordinate of Nπ, then j < π(i).

6.3 Quiver representations

Here we show that the Incidence Property holds also for quiver representations.

These are representations, the orbits of which correspond to isomorphia classes of

algebra representations, and can be regarded also as some kind of generalizations of
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the representations discussed in Section 6.1. See [FR02] for more details. Here we

introduce only the most necessary notions.

Consider an oriented graph Q of, so called, Dynkin type. Denote by Q0 the set

of its vertices and by Q1 the set of its edges. If e is an edge of Q, then let e′ and e′′

denote the starting and the ending points of e, respectively.

If there is a d : Q0 → N function given we have a group G =
⊕

i∈Q0

GL(d(i)) acting

on V =
⊕

e∈Q1

Hom(Cd(e′), Cd(e′′)), by the formula

(

⊕

i∈Q0

Ai

)

·

(

⊕

e∈Q1

φe

)

=
⊕

e∈Q1

(

Ae′′φeA
−1
e′

)

This is the representation we investigate here. The orbits correspond to the repre-

sentations of the CQ algebra, with dimension vector d. Where the CQ algebra is the

algebra, the (vector space) base of which consists of the oriented paths of Q (also

the zero length ones), and if p and q are such paths then pq = 0 if the endpoint of

p is not the starting point of q, otherwise pq is the concatenation of p and q. The

homomorphisms φe (e ∈ Q1) give how the one long paths of CQ acts on V , and this

determines the action of the whole CQ.

We investigate only graphs of Dynkin type, since this is the case when there are

only finitely many non-isomorphic indecomposable modules of CQ. Denote them by

lr (r ∈ R(Q)) Do not mind what R(Q) means, we handle it as a collection of indices

of indecomposables. That is, every module M , or with other words representation,

or orbit, has a unique form of
∑

r∈R(Q) νrlr for some integer numbers νr by the

Krull-Schmidt theorem. Then the maximal compact stabilizer subgroup of M is

GM =
⊕

r∈R(Q)

U(νr). A normal slice is NM =
⊕

r,s∈R(Q)

Hom(Cµr , Cµs)mrs, where mrs =

dim ExtCQ(lr, ls), and GM acts on NM with the rule





⊕

r∈R(Q)

Ar



 ·





⊕

r,s∈R(Q)

mrs
⊕

i=1

φi
rs



 =





⊕

r,s∈R(Q)

mrs
⊕

i=1

Asφ
i
rsA

−1
r





(Here i is an index, not the sign of the i-th power.)

The maximal torus in U(µr) is diag(αr,1, . . . , αr,µr
). Therefore, the weights of

the representation of GM on Hom(Cµr , Cµs) are es,i − er,j for any 1 ≤ i ≤ µs and

1 ≤ j ≤ µr. We prove that there is an ordering � on R(Q), such that if mrs 6= 0,

then r � s. Then define ” > ” to be any ordering for which (s, i)” > ”(r, j), if r � s,

1 ≤ i ≤ µs and 1 ≤ j ≤ µr. With such ordering the weights satisfy the conditions of
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Proposition 5.3.1, since the presence of a weight es,i−er,j imply, that (s, i)” > ”(r, j).

So, we only have to prove what we have stated about �.

There is a partial self mapping map of {lr|r ∈ R(Q)} called Auslander-Reiten

translate, denoted by τ , with the following properties.

(i). For every r ∈ R(Q), there is a unique nr ∈ N, such that τnr lr is projective.

(ii). ExtCQ(lr, ls) = ExtCQ(τ lr, τ ls) for every r, s ∈ R(Q), where both τ lr and τ ls

are defined.

Let � be any ordering on R(Q), for which if nr > ns, then r � s. Choose an r

and an s, such that mrs = dim ExtCQ(lr, ls) 6= 0. Suppose that r 6� s. Then nr ≤ ns,

and consequently mrs = dim ExtCQ(lr, ls) = dim ExtCQ(τnr lr, τ
nr ls) = 0, since τnr lr

is projective. This yields a contradiction which proves our statement about �.

6.4 Singularities

As it was mentioned in Chapter 1, the Incidence Property was asked originally for

singularity classes of smooth maps. Here we deal with representations, the orbits

of which correspond to such classes. These representations are parameterized by

an integer number k. Actually we do not prove the Incidence Property for any k.

Instead we give a criterion on ξ, which guaranties that for every η holds (3.1), that

is

Tp(η)|ξ 6= 0 ⇐⇒ η ⊇ ξ

We do not try to give an introduction to Singularity Theory. We only mention the

most necessary facts. We refer to [Rim01] and [AGZV88] for more details.

First we summarize, what representations we are dealing with. A group G acts

on M , where

• M := ε(∞,∞+ k) := lim
→

ε(n, n + k), where

– ε(n, n+k) := Hol((Cn, 0), (Cn+k, 0)) is the smooth complex function germs

from Cn to Cn+k.

– the direct limit is taken according to the unfolding maps

ua : ε(n, n + k) → ε(n + a, n + k + a)

f 7→ f ⊕ idCa
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• G := K(∞,∞ + k) := lim
→

K(n, n + k), where

– K(n, n + k) = {(φ, M)|φ ∈ BiHol(Cn, 0), M is a germ(Cn, 0) →

BiHol(Cn+k, 0)} is the contact group, where BiHol(Cl, 0) denotes the

group of biholomorphisms of (Cl, 0).

– the limit is taken according to the maps:

ua : K(n, n + k) → K(n + a, n + k + a)

(φ, M) 7→ (φ ⊕ idCa, (x, y) 7→ M(x) ⊕ idCa)

• The action of G on M is defined as the limit of the action of K(n, n + k) on

ε(n, n + k) given by the formula

((φ, M) · f)(x) = (M(x) ◦ f)(φ−1(x))

The orbits of this action are called singularities.

The space M of action in this case is in some aspects different from those of

Section 6.1, Section 6.2 and Section 6.3. Although it is a vector space, that is

contractible, it is not finite dimensional. So, there is a problem even with defining

Thom-polynomials. However, this can be surmounted for finite codimensional orbits

through a technical argument. For example, the approach of Section 2.4 can be used

word by word. So, from now on we only consider finite codimensional singularities.

If ξ is a finite codimensional singularity, then every η for which η ⊇ ξ is also finite

codimensional. Fix such orbits ξ and η. Using finite determinacy, Tp(η)|ξ can be

reduced to an incidence in the jet space, where the normal space and the stabilizer

action coincides with the normal space and stabilizer action of the singularity. Fur-

thermore the jet space is finite dimensional, so our previous results can be applied.

That is, Tp(η)|ξ 6= 0 if the weights of a stabilizer torus on the normal space are

contained in an open half space, or equivalently, if there is a stabilizer U(1) action

with positive weights.

Let us recall now, what are the normal space of ξ and its U(1) symmetries.

Consider a genotype f : Cn → Cn+k, that is, a minimal dimensional element, of

the orbit ξ. Denote by fi the i-th coordinate function of f , and by ej the function

(0, . . . , 0, 1, 0, . . . , 0) which has n + k coordinates and is non-zero only in the j-th
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coordinate. Let I be the ideal

I = ( fiej , ∂f/∂xl | i, j ∈ [n + k] , l ∈ [n] )

and let A = (C[[x1, . . . , xn]])n+k/I. If ξ is finite codimensional, then A is finite

dimensional and has a basis which is the image of a set of the form {ei|i ∈ [n+k]}∪

B, where B = {b1, . . . , bs} consists only of functions which are monomials in one

coordinate and zero elsewhere.

The following definition defines a map called miniversal unfolding, the source

space of which will be identified with the normal space of the singularity.

Definition 6.4.1 The miniversal unfolding of f is the following map

µ : Cn × Cs → Cn+k × Cs

(x, y) 7→ (f(x) +
∑s

i=1 yibi, y)

Remark 6.4.2 The miniversal unfolding could also be defined using a B which

consists not only monomials. However for the sake of simplicity, we restrict here to

the construction using only monomials.

Example 6.4.3

(i). For n ≥ 1, An is the singularity with

f : C → C

x 7→ xn+1

In that case I = ( (n + 1)xn , xn+1 ) = (xn) and thus B = {x, x2, . . . , xn−1}.

So µ in this case is the following function

µ : C × Cn−1 → C × Cn−1

(x, y) 7→ (xn+1 +
∑n−1

i=1 yix
i, y)

(ii). For a ≥ 2, Ia,a is the singularity with

f : C2 → C2

(x, y) 7→ (xy, xa + ya)
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In that case

I = ((xy, 0), (xa + ya, 0), (0, xy), (0, xa + ya), (y, axa−1), (x, aya−1)) =

= ((0, xa), (0, ya), (0, xy), (y, axa−1), (x, aya−1))

and thus

B = {(0, x), (0, x2), . . . , (0, xa−1), (0, y), (0, y2), . . . , (0, ya−1)}

So, µ is the following function

µ : C × C × Ca−1 × Ca−1 → C × C × Ca−1 × Ca−1

(x, y, z, v) 7→ (xy, xa + ya +
∑a−1

i=1 zix
i +
∑a−1

i=1 viy
i, z, v)

We would like to use the fifth statement of Theorem 5.2.1 to prove the positivity of

the stabilizer action on the normal space of ξ. We word the following proposition in

this manner. We care about the action of only one U(1).

Proposition 6.4.4 The normal space of ξ can be identified with Cn+s, thus that a

stabilizer U(1) is a U(1) acting on Cn+s, such that it has also an action on Cn+k+s,

for which

µ(y) = x · (µ(x−1 · y)) for every y ∈ Cn+s and x ∈ U(1) (6.1)

So, Tp(η)|ξ 6= 0 if there is a U(1) which acts both on Cn+s and Cn+s+k, stabi-

lizing µ, like in (6.1), and acting on Cn+s with only positive weights. The following

discussion yields us a criteria on when such a U(1) action can be chosen.

Consider a singularity, the genotype of which is a positively weighted homoge-

neous polynomial, that is a p ∈ (C[x1, . . . , xn])n+k for which the following holds.

There is a weight vector (c1, . . . , cn), such that ci > 0 for i ∈ [n] and for every

j ∈ [n+ k] and every monomial
∏n

i=1 xαi

i of the j-th coordinate of p,
∑

i=1 αici = dj,

where dj is a constant depending on j. We deal only with singularities which have

positively weighted polynomial genotypes. So, after restricting to finite codimen-

sional singularities this is a second tightening.

Then a U(1) = {α ∈ C||α| = 1} acts on µ like in (6.1) with the following formulas.

α · (x, y) = (αc1x1, . . . , α
cnxn, αe1y1, . . . , α

esys) for every (x, y) ∈ Cn × Cs (6.2)

α · (z, y) = (αd1z1, . . . , α
dn+kzn+k, α

e1y1, . . . , α
esys) for every (z, y) ∈ Cn+k × Cs
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where el is dj −
∑n

i=1 βici in case bl is a monomial
∏n

i=1 xβi

i of the j-th coordinate of

p.

Finally we can word the proposition which states, that for a class of singularities

(3.1) holds. Although this class seems to be quite small, it contains nearly every

famous singularity. More precisely, we have not found any named singularity, for

which it is not satisfied. The proposition is the immediate consequence of Proposition

6.4.4 and the fifth statement of Theorem 5.2.1.

Proposition 6.4.5 If the action of (6.2) is positive (i. e. all the ei > 0), then for

the singularity ξ determined by p and for every η :

Tp(η)|ξ 6= 0 ⇐⇒ η ⊇ ξ

Example 6.4.6

(i). If ξ = An, then (6.2) has the form

α · (x, y) = (αx, αny1, α
n−1y2, . . . , α

2yn−1)

So, the criteria of Proposition 6.4.5 are satisfied.

(ii). If ξ = Ia,a, then (6.2) has the form

α · (x, y, z, v) = (αx, αy, αa−1z1, . . . , αza−1, α
a−1v1, . . . , αva−1)

So, the criteria of Proposition 6.4.5 in this case are also satisfied.



Appendix A

Notation

Here we present the notations used in the article. Everywhere in this appendix where

they appear, n, r and k are positive integers, y is a vector (y1, . . . , yn), for which

every yi is an element of an algebra, p is a polynomial, G and H are Lie-groups,

X is a G-space, V and U are vector spaces, ρ is a G → GL(n) representation, P

is a G-principal bundle, A and B are smooth submanifolds of a smooth manifold

C, g is a D → C smooth map, for an other smooth manifold D, f is a G → H

homomorphism, Z is a set on which G acts, z is an element of Z and E and F are

topological spaces.

Notation Meaning

N natural numbers

Z+ positive integers

[n] {1, 2, . . . , n}

part(r, k) r partitions of k, i. e. r long vectors (i1, . . . , ir),

for which
∑r

j=1 ij = k and i1 ≤ i2 ≤ · · · ≤ ir

pk k-th homogeneous part of p

p(y) p(y1, y2, . . . , yn)

yI, where I ∈ part(n, k)
∏n

j=1 y
ij
j

g(A1, . . . , An), where g is an

operation of an algebraic struc-

ture A, and Ai ⊆ A,

{g(a1, . . . , an)|ai ∈ Ai}

pt topological space consisting of one point

P ×G X = PX the X-bundle obtained by associating X to P

with the G action
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Notation Meaning

P ×ρ V = PV the X-bundle obtained by associating X to P

using the representation ρ

A t B A and B are transversal

g t B g is transversal to B

U∗ the dual vector space of U

U⊗k the k-th tensor power of U

U⊗ the tensor algebra of U

Sym U the symmetric algebra of U

SymkU the k-th symmetric power of U

〈Y 〉conv, where Y ⊆ U the convex hull of Y

GL(n) linear group of Cn

U(n) unitary group of Cn

Sn the symmetric group on [n]

Gz the stabilizer of z

ZG the fixed point of G on Z

Hp(E → F ) the map induced on the p-th grade of cohomology

by a certain E → F map

Hp(E|F ), where F ⊆ E Hp(E, E \ F )

ρx the representation of Gx on the normal space of

the orbit of x at x
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Fourier, Grenoble, 6:43–87, 1955–1956.

[Tot99] Burt Totaro. The Chow ring of a classifying space. In Algebraic K-theory

(Seattle, WA, 1997), volume 67 of Proc. Sympos. Pure Math., pages 249–

281. Amer. Math. Soc., Providence, RI, 1999.



Index

Zr-graded module, 26

Zr-graded polynomial ring, 26

”stratification”, 14

Auslander-Reiten translate, 39

characteristic spectral sequence, 18

class homomorphism, 28

cohomology class represented by a strat-

ifyable subset, 8, 16

equivariant chow ring, 27

equivariant cohomology, 2, 6

equivariant cohomology of maximal tori,

25

equivariant cohomology of subgroups,

25

Euler-class, 6

finite dimensional approximation of EG,

12

genotype, 40

incidence, 2, 3, 21

Incidence Property, 3, 21

invariant stratification, 7

invariantly stratifyable subset, 7

leading term, 26

Main Theorem, 3

miniversal unfolding, 41

monomial ordering, 26

multidegree, 26

positive action, 29, 31

Proof of Main Theorem, 35

spectral sequence of a ”stratification”,

14

stratification, 7

stratifyable subset, 7

Thom-polynomial, 2, 11, 14, 19, 20

Transversality Theorem, 9, 22

weight vector, 25


