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F<H${	Y<H>F<8 #�F<yZFOP{	Y<N} 'F<V'F<8BV � 9'F<8Z}F<N F<x3 £�XY<H>PGJe© F<H�J"PGJ-8 yqJ NnwR{	F<y #$VhwGLBF<yZFOP{	Y<N} 'F<V}V'F<H�#>L~#$H$H$wGL MO8 yq:ez
H>6"{�J-MBJ-H$x'6"y #$8 {BwGL+{ RV � PRYOLZY<8�YOL�F<x3 h�XF<N IKJ-8ZY<V'6"Nn Lq:-xn:-8�#>Lb2

u V'6"N"v0wRxn:-H$8sx3yqJ"P#>F<NGL�z|{	=hPRL MbF<y�v ="H+IKJ"LZMONK:-H$IKJ-8Z=�6"H$ nJ-N NKJ-x3 h{	Y<yZF<8� H$#$NGFb:-y #>LsyZF<NGPRL MbF<yZF<V
{	F<x'6"H>PG:"Ll:-yqJW�J-{	F<H$ 'F<V F<H$H$#$�R8 #$V}wGL¡�KJ-yZ;<#�:-H$#>L£P#���F<yZF<NG;<#�:-H>F<x3 'F<NRH>F<8ZF<V_P#>L MOV}yZF<8 #$M�:";<#>=-vZ:-��="HBL M�:-y�z
{�J-MONKJ-V�2 �+#$�KJ-�XFO;OLZH>YOLZF<V7YOLAV'6"Nn9'F<y x'F<NG;<#�J-yZF<NGP5#>L@#>L {	F<y 8bW :-{ {�#$NGPRF<N #$H$ 'F<N¡v F<H$H>F<x* F<yZFOP{	Y<Nn 
8ZF<y {	YOLZMbF<8ZL MbF<y�RH>F<x@6"H$ nJ-N W�IG6"x3 @H>F<x3yZ63LZLZM�J-�R��FOLZF<8ZF<8 9'FOL M SGx3 'F<H>F<{B��F3W-F<MbY<y 8 Y<yZPRF<V'FOL V'Y<yZPRYOLbW�IG6"x3 
J-M~F<H${	Y<H>F<8 # F<yZFOP{	Y<Nn �{	F<NRNn h#$yZF~8 °RH$Mb=�JBx3 nJ-V'6"y H�J-8 # L M�:-{�U$8q:"L #�F<yZFOP{	Y<Nn 'F<VhIGF<M@V'Y<�XFOLZ8b2=�~JBF<x3 
NGF<{	LZMO#${�{	F<8 y #$V}wGL�6"��F<yq:-8Z6"y�:-H$8qJ-H J"PR6"8 8�F<x3 'F<NRH>F<8ZF<8 �RyZF<V'6"NGP#>;<#>6"NK:-H$wRNRV J�L MO#${�{	F<8 y #$VhwGL yZYOL MbYTz
9'F<H|WG9"Jev 6"N J-MAF<H${	Y<H>F<8 # F<yZFOP{	Y<N} 'F<V¡{	F<NRNn h#$yZFAyZFbJ-H$#$M�:-H$IKJ-8Z='J-V J�x3 nJ-V'6"y H�J-8 # LZM�:-{�U$8q:"LZ6"V Lq6"yq:-N 2

u Vh#$#$NGPwRH�:"L #�F<x3 'F<NRH>F<8 ªRNRV 6"H$ nJ-N H>FOLZM'WiIG6"x3 �J �RyZF<V'6"NGP#>;<#>6"NK:-H$8sJ-H�J-V�6"�XF<yq:-8Z6"yqJ J-M¡#>PRF<Nz
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8 #$8q:"L®YOLBF<x3 )V'6"{��KJ-Vh8®6"��F<yq:-8Z6"y � LZL MbF<x'Y<yZF	�X6"N}8 IKJ-8Z=RW U$x3 )°RN 2 LZMOwR�XF<y H$#$NGFb:-y #>L®V'6"Nn9'F<y x'F<NG;<#�J #>L
�R#$Mb6"N} }U$8 IKJ-8Z=R2�� :-y JA{	=hPRL MbF<y #$xnJ-MO#�F<yZF0v�F~J � P#${	F<NRMO#>=3L�© F<H�J"PGJ-8Z6"V}NK:-H�{®wR8qJ-8 V'6"MO#$V�{	F<xGWhV'Y<8ZP# z
{	F<NRMO#>=3L ��Y<H>PGJe©�F<H�J"PGJ-8Z6"VhyqJBF<H$H>F<NG"y #$MO8 ªRV J-M+F<H${	Y<H>F<8 #X�XFO;OL H>YOLqF<V'F<8bW'NG6"IKJB#$H$ 'F<NRV'6"y�z © "H>F<xBIKJANGF<{
="y #�:"LZ#�{	Y<yZF<8� J V'Y<8ZP#${	F<NRMO#>=3L®�RyZ6"�RH>Y<{�Jsz�{	Y<x£J�© F<H�J"PGJ-8A{	Y<yZF<8ZF�NGF<{ #$NGPR6"V'6"H v J±F<MO8®J�© Jev�8qJ
#$8ZF<yq:";<#>=3L�{	=}PRL MbF<y 8bW-{	F<y 8�J-M�F<x3 'F<NRH>F<8�P#$yZF<Vh8i{	F<x'6"H>PG:"LqJQ#>L�9'F<yZLZF<N} }V'Y<��FOL�{�J-yqJ"P WnJ-{�#RF<H>Y<xAL�Ry�
© F<H>63L MO8q:"L�FOLqF<8ZY<N WR9"J-x3  {	Y<x3#$NRV3:-�R� � P#${	F<NRMO#>="�KJ-N£{�:-y�NR#$NG;OL U$x3 '2

�	��� �������������! #" ��� �%$&��'&"&(������*)&+ �
, �
���-��)
.0/�.1/3254*687:9;/=<?>A@CB*> : H DFE�GIH > 2 5�J-5-K 2ML A ∈ L(H) N3:�1*OQPSR=: @ 4TG 5-U?VXW8W 832

||A|| = sup
||x||=1

|〈Ax, x〉| . Y�132$1�Z
.0/\[&/3254*687:9;/=<?>A@CB*> : A ∈ L(H)

>A@TB]> :1G > 5 > 6 > :_^ 8�`�E75�acb�L 1d` 1�` ∃ m > 0 L�e�8 @TB 〈Ax, x〉 ≥ m ||x||2 U
VfW8W 832 ∀y ∈ H

> 6 > 5-K : 1�` Ax = y
>A@TB]> :gG > 5 : > W ∃! h >A@ 8CGiO�436 1]U

.0/Ijk/3254*687:9;/=<?>A@CB*> : H bTK @ 5 > G > :lOTEch > ::`�E�m 6�DFE�GIH > 2 5�J-5-K 2!L A ∈ L(H) W38Thn^ 1#W 5oN3:>1]OQP!R�: @ 4CG 5
8S^ > 2�4*5 8328U�VXW8W 8*2

Eqp A 6r^ > W 5 2!R:h�1sh >r@ 6
` 4ThtG�4TG�e�1*5rmTL σ(A) =
(⋃

k∈N
{λk}

)
∪ {0} U

EcEqpuV�` > : λk 6 1
P 4*5-K 2 5-K!W > Wsv 6 1TW�1ow#J
H�13: 5 832SGim�O#e�1*5 :>1TWTU
E�EcE�pyx%` >A@TB]> 6 6 1QP94*5-K 2 5-K!W > W > e > `zb#K @]> 6zOTEch > ::`�EAm 6 6 1QP94*5 1TG�5-K 2 5 132 5 8�`�E\W|{Ae 1 λ 6= 0 pCU
E�b
pux 6 1QP94*5�b > W 5 832 8TW_h >A@ b 4TG 1 6}`95ce�1*5rm 1#W_~ @TB L�e�8 @TB 5 > G P > 6�8*2 5 83:�832!h�4TG�5.2 > :0O36
` > 2 5!1TG�W 8 6 6913:>1#WCU

.0/���/3254*687:9F�!���g���8�S���t�8�*68�d�0�1�#�����8�]�����#�8/�<?>A@TB]> : Ω ⊂ R
n G�8TW 4TG�E 6913: 5-K @ G�1 6}` > 2S�oW 8*2!G 4*5 8 6 5 132SJ

5 8Ch 4*: B L f : Ω → C
n � 8CG B 5 83:>836 13:�OTE � > 2 > :0v�E 4TGqe 1*5rm]U�VXW�W 832

∫

Ω

div f =

∫

∂Ω

〈f, ν〉 O σ. Y�132DC*Z
.0/\�&/3254*687:9F�!���#7]7:��.0/��8/�<�>A@TB]> : Ω ⊂ R

n G�8TW 4TG�E 6913: 5-K @ G 1 6
` > 2!��W 832SG 4*5 8 6 5 132 5 8Th�43: B L p ∈
C1(Ω) L q ∈ C(Ω) U <?>A@CB*> : L 1�W#NTb > 5cW > `8� OTE � > 2 > :0v�E 4TG 8!^ > 2�4*5 8328¡ Lu = div(p · ∇u) + qu U
VfW8W 8325htE7:0O > : u ∈ C2(Ω), v ∈ C1(Ω) �S¢ @8@ b#K : B 2 > K 2Sb#K : B*> 6�¡

∫

Ω

v̄Lu =

∫

Ω

(−p 〈∇u,∇v〉 + quv̄) +

∫

∂Ω

pv̄∂νu O σ. Y�132 � Z

.0/I£k/3254*687:9F�!���#7]7:�¤[k/��8/ x � > :�5�E � > G 5-K95 > G > W_h > G�G > 5 5cL3e�1sh�8 6 5 u, v ∈ C2(Ω) L 1#W�W 832
∫

Ω

(v̄Lu− uLv̄) =

∫

∂Ω

p (v̄∂νu− u∂ν v̄) O σ. Y�132 ¯�Z
¥ 5 5kK 6 1d` > G���`8�$5-K 5 > G :¦K�G ν 1 ∂Ω ^ > 2 > h � > G ¢ G > 5 : > W 1$5 132 5 8Th�43: B H
mCG*W�E � > G�KfhtR 5 1*5rm >A@TB 68K @ :>832Sh�4TG�E 691]U
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�}MOªRVhLZY<x3ªRNRV H>FOL MsJ£P#$9'F<y x'F<NG;<#�J-8ZY<8ZF<H$8�YOL�J±8 � �R��P#${	F<NRMO#>=3L��KJ-yZ;<#�:-H$#>L�#$Nn8ZF<x3yq:-H�:"L�L M�J-�K:-H$ n:-8
V'6"{®�R#$NK:-H>=)8ZY<8ZF<H>F<V}yZF3W�{	F<H$ 'F<VhV'F<H V � NRNn 'F<N�8 wGP-v�wRV {�Jev P5V'F<MbF<H$NR#�J V'6"N}9'F<V';<#>=-z P#��X°RMO#>= 8 U$�RwGL °
F<H$H$#$�R8 #$VhwGL��KJ-yZ;<#�:-H$#>L P#���F<yZF<NG;<#�:-H z F<x3 'F<NRH>F<8ZF<#$NRV'F<8b2�4£63LZ8 #>L�YOL JBPR6"H$x'6"M�J-8 IK:-8 yqJ-H>F<9'�yZYOL MbY<��F<N�© F<H z
8ZFOLqL MOªRVXW�IG6"x3  J L Mb="�KJ-N©�6"y x'= Ω 8qJ-y 8Z6"{�:-Nn  V'F<H$H>}F<N L MbY<� W J-M�J-M)6"H$ nJ-N V'6"y H�:-8Z63Ls8qJ-y 8Z6"{�:-Nn 'W
J-{	F<H$ hNGF<V�JB�XF<yZF<{	FQF<H>Y<x�L #${�JWn��Y<H>PG:-wRHXH>F<x3 'F<N¡JB��F<yZF<{�� #$�GLq;ZIR#$8 M<z © 6"H$ }8Z6"NG63LbWh93J-x3 �L M�J-V3J"L Mb6"Nz
V'Y<N}8 © 6"H$ }8Z6"NG63LqJ-N£P#���F<yZF<NG;<#�:-H$IKJ-8Z=R2

u �KJ-yZ;<#�:-H$#>L®#$Nn8ZF<x3yq:-H�:"L IG6"M�Y H�:"LZP��$1 ��� ZQH>F<x3 'F<NGF<V�� : R
n → R

n W u : R
n → R ©�ªRx3x39'Y<Nn 'F<V�W

F<VhV'6"y ∫

Ω

u
∂ � i

∂xi
=

∫

∂Ω

u � ini −
∫

Ω

∂u

∂xi
� i.

��MO8 � LZL MbF<x'F<MO9'F i = 1 z|8Z"H n z|#$x
	
∫

Ω

udiv � =

∫

∂Ω

u 〈 � , � 〉 −
∫

Ω

〈gradu, � 〉 . Y�132Dt*Z

�~Y<x3ªRH J�L Mb6"y M�J-8�©�ªRx3x39'Y<Nn ¡x3yqJ"P#>F<NGLqY<NGF<V Vh#>L M�:-{	6"H�:"LqJ�	
.0/�0/��s9�9���6����C/

∫

Ω

(〈 � ,∇u〉 v + u 〈 � ,∇v〉) =

∫

Ω

〈∇ (uv) , � 〉 . Y�132 § Z

�}MOªRVhLZY<x3ªRNRV H>FOLZM J±LZMO#${�{	F<8 y #$V}wGL�YOL�J-M � NKJ"P-v�wRNRxn:-H$8�6"��F<yq:-8Z6"yB© 6"xnJ-H${�:-yqJ2�u�{�#$V'6"y�F<yZFOPhz
{	Y<N} 'F<#$NRV'F<8QJ-H$V3J-H${�J-MONR# L MbF<yZF<8 NGY<NRV �KJ-yZ;<#�:-H$#>L�P#�� F<yZF<NG;<#�:-H>F<x3 'F<NRH>F<8ZF<V}yZF3W�J-VhV'6"y�J�{	F<x"©�F<H>F<H>	P# © z
© F<yZF<NG;<#�:-H z 6"��F<yq:-8Z6"y NGF<{ H>FOLZM�V'6"y H�:-8Z63LbWb8Z6�9":-�R�K:+J ��F<yZF<{�©�F<H$8ZY<8ZF<H>F<V@{�#�J-8 8 :-H$8qJ-H�:-�KJ-N�J-M J"P-v�wRNRxn:-H$8
LqF<{ Y<y 8ZF<H${	F<MOIGF<8Z	{�#$NGPRF<NRIG6"H|2

u �RyZF<V'6"NGP#>;<#>6"NK:-H�:"LsLZ6"yq:-N J-M L 6"�XF<yq:-8Z6"y S L MO#${�{	F<8 y #$VhwGL	yZYOL MbY<8�V'Y<�XF<MOMOªRV�93J-H�J-{�#$H$ 'F<N
Y<y 8ZF<H>F<{®�XF<N W {�Jev P F<NRNGF<V�#$Nn9'F<y MbY<9'F<H@L Mb6"yZ6"MOMOwRV J-M£F<x3 'F<NRH>F<8ZF<8b2 � F<y {	YOL MbF<8ZFOLZF<N J-IRIG6"M'W�IG6"x3 
F<M£Y<y 8ZF<H${	FOL�H>F<x3 'F<N W�J-M #$N}9'F<y M£H>Y<8ZF<MbYOLZF {	F<H$H>F<8 8 LZMOªRVhLZY<x'FOL�H>FOL M'WiIG6"x3  J-M£#$Nn9'F<y M)Y<y 8ZF<H${	F<MbYOL #
8qJ-y 8Z6"{�:-N} nJ¡J�8ZF<H v FOLQ8ZY<y+H>F<x3 'F<N W J-M�J-M R(S) = H 2K�iy yZF�9'6"NKJ-8 V'6"Mb=sF<yZFOP{	Y<Nn h8~V'YOL MOU$8ZF<NGF<V£F<H>
J-MBJ-H�:-�R�R# PRFTSGNRU>;<#>="V±YOL�:-H$H$U$8q:"LZ6"V�2
.0/��k/��o7��3����]���/�<�>A@TB]> : A : H → H G�E7: > 432SE 6 8!^ > 2 4*5 8*2ML 1Th > G B 6!��2S�=:yO >� :gE 4TG�5cL�1�` 1�` D(A) ⊂
H 6S�=2S�oe�1TG�h�1�` H J
H�13:¦U?x%` A 8!^ > 2�4*5 832 L MO#${�{	F<8 y #$VhwGL�L3e�1

〈Ax, y〉 = 〈x,Ay〉 ∀x, y ∈ D(A).

.0/��k/��o7��3����]���/�<�>A@TB]> : A : H → H 6!��2!��:�O >�� :gE 4TG 5 8S^ > 2�4*5 8328U3x%` A J"P-v�wRNRxn:-H$8�v J 1�`�1�` A∗

8S^ > 2�4*5 832!L01Th > G B 2 > D(A∗) = {y ∈ H : ∃y∗ ∈ H L3e�8 @CB 〈Ax, y〉 = 〈x, y∗〉 ∀x ∈ D(A)} . xn` a @TB
O >� :gE 4TG�5?K 2 5 > G�h > `dK 6!E 5 132 5 8Th�43: B�> G > h > E72 > A∗y := y∗ U�xn` A 8!^ > 2�4*5 832%N*:>1*OQPSR=: @ 4TG�5cL¦e 1 A = A∗ U
.0/�.! k/���9c9���6����C/ xn` A : H → H 6!��2S�=:uO >� :gE 4CG 5 8!^ > 2�4*5 832 6
`�Echth > 5 2!E�W�R=6 ⇐⇒ A ⊂ A∗ U

�ix3 �6"�XF<yq:-8Z6"y yZ="H~:-H$8qJ-H�:-�KJ-N 8 y #$9h#�:-H$#>LqJ-N H�:-8 IKJ-8Z=RW�IG6"x3 �LZMO#${�{	F<8 y #$V}wGLbW J-M � NKJ"P-v0wRNRxn:-H$8ZLl:-x
V'Y<yZPRYOLqF�J-NRNK:-HhNGF<IGF<MbF<�R� W-IR#>L MbF<N�J-M J"P-v0wRNRxn:-H$8iY<y 8ZF<H${	F<MbYOL #h8qJ-y 8Z6"{�:-Nn nJQH>F<IGF<8iJ-V3:-y P#>L M�v�wRNRVh8#" #>L
J-M F<yZFOPRF<8 #R6"��F<yq:-8Z6"yZY<8Z="H|23u�V � 9'F<8 V'F<MbB:-H$H$U$8q:"LiF<x3 �v�=�©�F<H$8ZY<8ZF<H$8�J"P W3J-{�#$8�V'YOLZ"�R��Vh#}#>L IKJ"L MONK:-H$wRNRV$	%
&�')(*'

D(A) ∩ D(A∗) = {0} +



�����������
	�����
� �

.0/�.1.1/���9c9���6����C/ <�>A@TB]> : A : H → H 6S�=2S�=:�O >� :gE 4TG�5 6
`�E�hth > 5 2SE\W�R=6"8S^ > 2�4*5 832!L 1Th > G B >A@CB*> :gG > J
5 > 6 > :s^ 8�`�E75�acb#UkVXW�W 832 A ^ 8*:�5 8 6 1*: 1#W�W 832 6}` ¢ 2�P > W 5�acb�L�e 1sN3:�1*OQPSR=: @ 4TG 5-U
.0/�. [&/��o7��3� � ��� �?/F<�>A@TB]> : A : H → H 6
`�E @ 832!~ 13: ^ 8�`�E 5�a�b 8!^ > 2�4*5 8328UFVXW8W 8*2 1d` 〈u, v〉A :=

〈Au, v〉 N 6 6
` > �!¢ @8@ K 6�6MW 1TG 432 6
` 832
` 1*5 8*5FO >� :gE 4CG�U3xn` A 8S^ > 2�4*5 832 4TG 5 1CG�h >A@ e�1*5 4*2 8�` 8*5 5 > : > 2 @ E 1*5-K 2
HA := [D(A), 〈·, ·〉A] 5 > G P > 6 6�K�5-K 5 > G > U

�}�XFO;<#�:-H$#>L+FOLZF<8bWIKJ A F<x3 'F<NRH>F<8ZFOLqF<N ��6"MO#$8 U$9XWGJ-M�J-M ∃p > 0 WIG6"x3  〈Ax, x〉 ≥ p ||x||2 2K�iV}V'6"y
||u||2A = 〈u, u〉A = 〈Au, u〉 ≥ p ||u||2 ∀u ∈ D(A). Y�132 �CZ

.0/�.:jk/���9c9���6����C/ D 1 A >A@CB*> :gG > 5 > 6 > :o^ 8�`�E 5�acb�L 1#W8W 8*2 HA ⊂ H 1�` 83:�8 6!a 5 4 6 > 2 > P�K�E @ U
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u V � 9'F<8 V'F<Mb"Vh�XF<N�© F<H$8ZFOLZL MOªRV�W IG6"x3  H F<x3  V'6"{��RH>F � W LZMbF<�KJ-yq:-�R#$H$#>L ��#$H$��F<y 8�z|8ZY<yb2�� F<x3 'F<N J
9h#$MbL xn:-H$8�6"��F<yq:-8Z6"yZF<x3 'F<NRH>F<8~J-M

Au = b, Y C2$1�Z
J-IG6"H b ∈ H F<x3 ¡J"PR6"8 8+9'F<V}8Z6"ybW A F<x3  NGF<{	LZMO#${�{	F<8 y #$V}wGLQ6"�XF<yq:-8Z6"ybWXJ-{	F<H$ }NGF<V¡H>Y<8ZF<MO#$VsV'6"y H�:-8Z63L
#$N}9'F<y MbF32

� �
�	�� )�*"������������������g$��r��"&����� �0$g�! ]��������� �� �������:���

�ix3 �#$H$ 'F<N±J-H�J-Vh°sF<x3 'F<NRH>F<8 {	F<x'6"H>PG:"Ll:-yqJ�JAV � 9'F<8 V'F<Mb! #"$ +z � � Y @]> : > 2�1TG�EI` > O�v 83:8PSR @ 1�5 >n@ 2 1TJ
OCE > :>5XJnG > 1 6 5 6&%�R 1*2 > Z�{	=}PRL MbF<y@J-H$V3J-H${�J-MOIKJ-8Z=R2 u�M uk k 2 z|#$V±V � MbF<H$U$8ZYOL 8AJ-M�F<H>"Mb�V � MbF<H$U$8ZYOL~YOL@J-M
F<H>"Mb k PGJ-yqJ-� V'F<yZFOLqYOL #�#$yq:-Nn )H$#$NGFb:-y #>L@V'6"{®�R#$NK:";<#>=-v J-V'Y<N}8	:-H$H$U$8�v0wRV)F<H>R2 �iM�J-M�J-H$x'6"y #$8 {®wGL®F<x3 }z
LZMbF<y yZFQ:-H$H$U$8�vZJ�F<H>�J-M uk V � MbF<H$U$8Z®{	F<x'6"H>PG:"Lq6"V�LZ6"yZ6"M�J-8q:-8 YOL J dk V'F<yZFOLZYOL #�#$yq:-N} '6"V"J-8 6"H$ 	{	=hPR6"N W
IG6"x3  J-M Adk 9'F<Vh8Z6"yZ6"V5H$#$NGFb:-y #>LlJ-N ©�ªRx3x'F<8 H>F<NGF<V�YOL J-M F<H>LZ k V'F<yZFOLZYOLZ#�#$yq:-Nn  :-H$8qJ-H�Vh# © FOL MOU$8ZF<8 8
J-H$8ZY<y ��F<N Y<�R��F<N J-M uk 9'F<V}8Z6"y@H>FOL M�{	F<x'6"H>PG:"LlJ¡J min{||Av − b|| : v ∈ span{d1, d2, . . . , dk}}
{�#$NR#${®wR{�©�F<H�J"PGJ-8 NKJ-V�2!� F<x3 'F<N sk = min{k, s} WhJ-M�J-M�IKJ@F<H>Y<y 8 ªRV	J-M s V}ªGLZM � � � 8bWnJ-VhV'6"y�J-M�°"viV'FTz
yZFOLqYOL #G#$yq:-Nn 	LZM�:-{�U$8q:"Lq:-NK:-HKNGF<{ 9'FOLZL MOªRV�SGx3 'F<H>F<{B��FQJ-M � LZL MbFOL�V'6"yq:-�R�R#$8bWnPRF+J-M uk+1 °"viV � MbF<H$U$8Z
{	F<x'6"H>PG:"LZNK:-H 8Z6b93:-�R�RyqJ�#>L {�#$NGPRF<N£V'6"yq:-�R�R# #$yq:-Nn h8 SGx3 'F<H>F<{®�XFB9'FOL MOªRNRVX2







(1) � F<x3 'F<N u0 ∈ H 8ZF<8ZL Mb"H>F<x'FOL«YOL H>F<x3 'F<NGF<V r0 = Au0 − b, d0 = −r0;

� F<8ZL Mb"H>F<x'FOL k ∈ N FOLZF<8ZY<N IKJ uk, dk, rk {�:-y�{	F<x393J-N WKJ-VhV'6"y�H>F<x3 'F<NGF<V
(2a) J-M α

(k)
k−j (j = 0, . . . , k) LZM�:-{	6"VsJ-M®J-H�:-�R�R# F<x3 'F<NRH>F<8 yZF<NGPRL MbF<y�{	F<x'6"H>PG:"LqJ-#
k∑

j=0
α

(k)
k−j 〈Adk−j , Adk−l〉 = −〈rk, Adk−l〉 (0 ≤ l ≤ k);

(2b) uk+1 = uk +
k∑

j=0
α

(k)
k−jdk−j ;

(2c) rk+1 = rk +
k∑

j=0
α

(k)
k−jAdk−j ;

(2d) β
(k)
k−j = 〈Ark+1, Adk−j〉 / ||Adk−j||2 (j = 0, . . . , sk);

(2e) dk+1 = −rk+1 +
sk∑

j=0
β

(k)
k−jdk−j.

Y C2DC*Z
� Y<8ZF<MO#$V F<x3 £°RN 2 ;OLZ6"NRVhU$8Z6"8 8A9'F<y MO#>=±#>LbW J-{	F<H$ );OLlJ-V)J-M F<H>"Mb tk V'F<yZFOLZYOL # #$yq:-Nn h8AIKJ"L MONK:-H vZJW

J-IG6"HBJ"PR6"8 8±F<x3  t ∈ N
+ 8ZF<y {	YOL MbF<8ZFOL£L M�:-{?YOL 1 ≤ tk ≤ min{tk−1 + 1, t} {�#$NGPRF<N k z|yqJ2
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47F<x3{BwR8qJ-8 IKJ-8Z=RW IG6"x3 7F<VhV'6"y α(k)
k−j = 0 (1 ≤ j ≤ tk−1) Y H�:"LZP �$13W C � ZT2 ��V}V'6"yBJ-M α(k)

k−tk
dk−tk

8qJ-x Y�;O6"N}8 yZ6"HR8ZF<y {sZ NKJ-x3 hLq:-xnJ+{®wR8qJ-8�v JW"IG6"x3 A8Z6�9":-�R�R#R8qJ-x'6"V�F<H$IKJ-x3 n:"LqJ~F<H$IKJ-Nn nJ-x'6"H$IKJ-8Z=AIKJ-8q:"L °z
F®93J-x3 £LZF<{±2��QJ F<M	J�;O6"Nn8 yZ6"H�8ZF<y {¢NnwRH$H�JW J-VhV'6"y uk+1 YOL rk+1 V}#>LZM�:-{�U$8q:"Lq:-IG6"M�{�#$NGP � LZL MbF	J-M
wR8Z6"H>Lq=RW dk V'F<yZFOLZYOL # #$yq:-N} sLZMOªRVhLZY<x'FOL�2







(1) � F<x3 'F<N u0 ∈ H 8ZF<8ZL Mb"H>F<x'FOL«YOL�H>F<x3 'F<NGF<V r0 = Au0 − b, d0 = −r0;

� F<8ZL Mb"H>F<x'FOL k ∈ N FOLqF<8ZY<N±IKJ uk, dk, rk {�:-y�{	F<x393J-N WKJ-VhV'6"y H>F<x3 'F<NGF<V
(2a) γk = ||Adk||2 , αk = − 1

γk
〈Adk, rk〉 ;

(2b) uk+1 = uk + αkdk;

(2c) rk+1 = rk + αkAdk;

(2d) β
(k)
k−j = 〈Ark+1, Adk−j〉 / ||Adk−j ||2 (j = 0, . . . , sk);

(2e) dk+1 = −rk+1 +
sk∑

j=0
β

(k)
k−jdk−j.

Y C2 � Z

�iMBJ�;OLZ6"NRV}U$8Z6"8 8�J-H$x'6"y #$8 {®wGL+J-M@°"v�V'F<yZFOLZYOL # #$yq:-Nn  Vh#>L M�:-{�U$8q:"Lq:-IG6"M sk z J-{�# J k. z|#$V H>Y<��YOL 8Z"H
V'F<MbPRhPRhF<N s + 1 z|x3 'F<H F<x3 'F<NRH>¡z+V'6"yq:-�R�R#�#$yq:-Nn h8BIKJ"LZMONK:-H�© F<H J Y C"F�ZALZ6"yBL MbF<y #$N}8b2 �iNRNGF<V NGF<9'F
 "$ +z � �&Y�L!ZT2�4 #$N}8sJ-M£V'YOLZ"�R� W J V'6"NRVhyZY<8�© F<H�J"PGJ-8�9h#$MbL xn:-H�J-8qJ-V'6"y V}#>PRF<y ªRH|W J NGF<VhªRNRV L MOªRVLZYTz
x'FOL®J-H$x'6"y #$8 {BwGL�J  #"$ +z � �&Y �*ZTW J-{�#�F<x3 'F<8 H>F<N5V'F<yZFOLZYOL #�#$yq:-N} )8q:-yZ6"H�:"Lq:-8B#$x'Y<N} }H$#|2 �iV}V'6"y�J ©�F<N}8 #
J-H$x'6"y #$8 {®wGL=Y C"P1Z YOL�Y C"F�Z�LZ6"yqJ�F<x3 L MbF<y�GL � P#$VX2






(1) � F<x3 'F<N u0 ∈ H 8ZF<8ZL Mb"H>F<x'FOL_YOL�H>F<x3 'F<NGF<V r0 = Au0 − b, d0 = −r0;

� F<8ZL Mb"H>F<x'FOL k ∈ N FOLqF<8ZY<N±IKJ uk, dk, rk {�:-y�{	F<x393J-N WKJ-VhV'6"y H>F<x3 'F<NGF<V
(2a) γk = ||Adk||2 , αk = − 1

γk
〈Adk, rk〉 ;

(2b) uk+1 = uk + αkdk;

(2c) rk+1 = rk + αkAdk;

(2d) βk = 1
γk

〈Ark+1, Adk〉 ;

(2e) dk+1 = −rk+1 + βkdk.

Y C2 ¯�Z

�@Y<yZPRYOLbW'IG6"x3 	93Jev 6"N	{�#$V'6"y 8 wGP-v�wRV�J-M+F<x3 L MbF<y�R�R� W}V'F<9'FOLZF<�R�sL M�:-{	6"H�:"L 8�#$x'Y<N} }H>�;OLZ6"NRVhU$8Z6"8 8
J-H$x'6"y #$8 {®wGL 8�IKJ"LZMONK:-H$NR#|2G�iy yZF@9'6"NKJ-8 V'6"MO#$V J-MBJ-H�:-�R�R# 8ZY<8ZF<H|2
[k/�.1/3254*687:9;/��0> W�E :>576 ¢ W 1¤Y C2$1�Z >A@TB]> :gG > 5 A W 8*2!G 4*5 8 6 G�E7: > 4*2!E 6&8!^ > 2 4�5 832 4�5=K 6 5 >A@TB ¢ W � > G�Lne�8 @TB
A + A∗ > 0 L 5 8Tb 4�H8H�4 A∗ ^ 8CG�E7:>8Th P91 A J :>1#W�L 1�` 1d` GIK 5 > `�E\W >A@CB b 1CGim 6 >r@TB ¢ 5 5ce�1�5rm 6 pn :gJ > O � 8#W�~
^ 8TG�E7:>8Th=L�e�8 @TB A∗ = pn(A) U0VXW�W 832 s ≥ n− 1

> 6 > 5-K : 1 Y C2 � Z v 6 8*:�W�a 5 8*5 5! #"$ J <&% { 6;p >A@TB H >}> 6SE\W
1�5 > G P > 6 Y C2DC*Z�1TG @ 832SE75�htR=6 6 1CG�U
[k/\[&/&'�7�����7]��(��*4]�*/*) K @�> 6�OCE�h > ::`�E�m36|W 8Thn^0G >,+ > R]W�G�EAO > 6
`�E�5-K 2�H > : H > H�E�` 83: B a75ce 1*5rm�{-G�4 6�O.-	/10-pdL
e 8 @TB >A@TB

A G�E7: > 4*2!E 6�G > WTK;^ > `�K 6 1]OQP!R�: @ 4CG 5 P91�^ 8*:�5 8 6 1*: 1#W8W 8*2�^ 8TG�E7:>8Th P91 A J :>1#W�L e 1 :>832Sh�4TG�E 6�U
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) K @ 5 > G > :�OCE�h > ::`�E�m�H�13: > ` :1E :0v 6|a @TB U /�8Thn^ 1TW 5�8!^ > 2�4*5 832 > 6 > 5-K : J htEcb > G > Gi��4CG�Gnb#K @]> 6 2�13: @ ~
8S^ > 2�4*5 832�8#WsG�E�h > 6}` > WCK :�5 J > G�K @ :>1 @TB s J-2 > 1ov 6 83:�Wda75 8*5 5 1CG @ 8*2!E 5�htR 6�h�432�W#N�` > G�a 5r�TG >A@ h >A@�>A@TB]> `�E�W
1&5 > G P > 6�b > 2
`�E�mTb 1TG�U�D 136 83:gG�m�b 432!e�1*5rm 1�` E�O > :�5�E 5 4 65W 8Thn^ 1TW 5�^ > 2 5�R=28H�4*v�E�mQP9432�1]U x htE > 6 > 5 ¢ :�WTH > :
e 1 6 83:1Gim32
mTGXG > 6}`�6
`�m#L O > 6}` > 2 > :0v 6�K 2 > h�1QP�O 5rN]H8H � > G�5 > b#K 6�E 6 H�E�` 5 8 6!a 5 13:gE � 8 @ P91#L%e 8 @TB G�K 5 > `M` > : 1
� U��*U 5-K 5 > GIH > G�E pn ^ 8TG�E7:>8Th=Lfh_K @ e�8�`M` 4 > G 6�� � 8#W�~ K 6za @TB 1oh�432 > htG�a75 > 5 5  #"$ J <&% { w!p 1TG @ 832SE75�htR=6 5
5�R�OQPSR]Wte�136
` :�4TG :1EAU

� F<y {	YOL MbF<8ZFOLZF<N �RyZF<V'6"NGPU>;<#>6"NK:-H�:"LBwR8q:-N {�:-y@NGF<{ JyY C2$1�ZQF<x3 'F<NRH>F<8 yZF�© 6"x�v�wRV£J-H$V3J-H${�J-MONR# J
Y C2 ¯�Z�J-H$x'6"y #$8 {BwGL 8bW�IKJ-NGF<{ F<x3  Bu ≡ S−1Au = S−1b ≡ c J-H�J-Vh° F<x3 'F<NRH>F<8 yZF32Ku+y yqJ	J�V'Y<yZPRYOL yZF3W
IG6"x3 �{�#GF<M�J-M S 6"�XF<yq:-8Z6"y YOL�J+�KJ-HK6"H>PGJ-H>6"N	L MbF<yZF<�RH>A6"��F<yq:-8Z6"y�IG6"x3 nJ-N	Y<y 8ZF<H${	F<MOIGF<8Z®:-H$8qJ-H�:-�KJ-N W
J � 2R©�F0v F<MbF<8 �XF<N J"PwRNRVs93:-H�J"L MO8b2

� ��� ���0 ���� �&�!� ��"������ �c�F)�*" �*�&� �¦��" � �A���� �-$¦��" ��� �����F)����� ��) �	� �&� ��� ��
	������� �������

�QJ®J-MQF<x3 'F<NRH>F<8 ªRNRV�6"��F<yq:-8Z6"yqJ�L MO#${�{	F<8 y #$VhwGLbWn��6"MO#$8 U$9	PRFTSGNR#$8bWRJ-V}V'6"y JAV'6"N"v�wRxn:-H$8�x3yqJ"P#>F<NGL�z
{	=hPRL MbF<y�V'6"N}9'F<y x'F<NG;<#�:ev :-8~L MbY<H>FOL�V � y �XF<N£9}#$MbL xn:-H$8q:-V�WRV � NRN} 'F<N£H>F<IGF<8�VhªRH � Nn� � Mb�6"y 8Z6"x'6"NKJ-H$#$8q:"LZ#
8 wRH�Jev PR6"NGLq:-x'6"V3J-8bW�V'6"N}9'F<y x'F<NG;<#�:-8¡�R#$Mb6"Nn hU$8qJ-NR#QYOLsJ-M7J-H$x'6"y #$8 {®wGLs#>L�F<x3 L MbF<y�R�R� 2 u¢NGF<{	L MO#${�z
{	F<8 y #$VhwGL¡FOLZF<8ZF<8s#>Ls��F<IKJ-8Z='J-N {	F<x39}#$MbL xn:-H$8q:-V Y �RH|2 �$1'W C � ZT2 u v F<H>F<N PR6"H$x'6"M�J-8±LZMbF<{��X6"N}8�v :-��="H
H>F<x"© 6"Nn8Z63LlJ-�R�£F<yZFOP{	Y<Nn ±J�LZMOwR�XF<y H$#$NGFb:-y #>L�V'6"Nn9'F<y x'F<NG;<#�J2

�QJs8ZF<Vh#$Nn8�v�ªRV JuY C2$1�ZBJ-H�J-V}° 9'Y<x'FOLBP#${	F<NRMO#>=3L�F<x3 'F<NRH>F<8ZF<8bW J-IG6"H A F<x3  n × n z FOLANG6"y {�:-H$#>L
{�:-8 y #�� W�J-{	F<H$ }NGF<V J L MO#${�{	F<8 y #$VhwGL®yZYOLZMbF	��6"MO#$8 U$9 PRFTSGNR#$8bW J-VhV'6"y�Y<y 9'Y<Nn 'FOL�J-MsJ-H�:-�R�R#���FO;OL H>YOLb2� y�v�wRVB© F<H A z|8�J-M�#>PRF<N}8 #$8q:"L ��F<y 8 wRy �K:";<#>=-vZJ-V'Y<Nn8bWRJ-M�J-M C = A− I v F<H � H>YOLZLZF<H A = I+C 2�� F<x3 'F<NGF<V
λi ∈ C (i = 1, . . . , n) J C {�:-8 y #��¡LqJev :-8ZY<y 8ZY<V'F<# °Rx3  #$NGPRF �RF<H$9'F3WRIG6"x3  |λi| ≥ |λi+1| 2G��V}V'6"y

( ||ek||A
||e0||A

)1/k

≤ 2

k

k∑

i=1

∣
∣
∣
∣

λi

1 + λi

∣
∣
∣
∣

(k = 1, 2, . . . , n), Y C2Dt*Z

J-IG6"HiJ-M ||ek||A = 〈Aek, ek〉1/2 v�F<H � H>YOLZ8+IKJ"L MONK:-H v�wRV�WKV'6"{��RH>F �)FOLZF<8 �XF<N J�x3  � V}9'6"NK:"L@F<H � 8 8Q{	Y<x
93J-H>=3L yZYOL MO8 V'F<H$H 9'F<NRNR#|2
[k/Ijk/&'�7�����7]��(��*4]�*/ x � > :�5�E � > GIH�83:�5 436 5�~ @TB E 6 5 > W�E7:�5ce > 5 P ¢ W8Lke�8 @TB 1�` A 8!^ > 2�4*5 832 > Gi��4CG�G�1�`%EAO > :gJ
5�E 5 4 6tK 6 >A@TB W38Thn^ 1#W 5 8S^ > 2�4*5 832_N 6 6
` >r@]> WTK :>5cLfe�E 6}` > :ubTK @]> 6_OTEch > ::`�EAm]H�1*:�h=E7:0O > :uG�E7: > 4*2!E 6�G > WTKSJ
^ > `�K 6FW38Thn^ 1#W 5-U

	 8 8�YOLiJ�8Z6�9":-�R�R#�J-Vh�KJ-N�#>L ek = uk−u∗ v F<H � H$#GJ�IR#$�KJb9'F<V}8Z6"y 8bW'J-M�J-M u∗ J-M F<x3 'F<NRH>F<8i{	F<x'6"H>PG:"LqJW
J-{�# J�V'6"y H�:-8Z63L�#$Nn9'F<y M®H>Y<8ZF<MbYOLZY<NGF<V ©�F<H$8ZY<8ZF<H>F<MbYOLqF@{�#�J-8 8�F<x3 'Y<y 8ZF<H${  2

u�M�F<H>"MbRW39'Y<x'FOL�P#${	F<NRMO#>=3L�FOLZF<8iVh#$8ZF<y�v�FOLZMO8 IGF<8Z@9'Y<x38ZF<H>F<N�P#${	F<NRMO#>="�KJ2 � F<x3 'F<N�L Mb6"V3:"LZ63L�{	=-z
PR6"N H L MbF<�KJ-yq:-�R#$H$#>L ��#$H$��F<y 8�z|8ZY<ybW C F<x3  V'6"{��KJ-Vh8�H$#$NGFb:-y #>L+6"�XF<yq:-8Z6"y~J λi ∈ C (i = 1, . . . , n) W
NKJ-x3 Lq:-xAL MbF<y #$N}8iyZF<NGPRF<MbF<8 8 |λi| ≥ |λi+1| LqJevZ:-8ZY<y 8ZY<V'F<V}V'F<H|2�� F<x3 'F<N A = I+C J-M #>PRF<N}8 #$8q:"L�V'6"{�z
�KJ-Vh8@��F<y 8 wRy �K:";<#>=-v J2 �iV}V'6"y�J V'6"N"v0wRxn:-H$8®x3yqJ"P#>F<NGL�z|{	=hPRL MbF<yBIR#$�KJb9'F<V}8Z6"yq:-yqJ¡©�F<NRNK:-H$H Y C2Dt*ZTW LZ"8bW
{�#$9'F<H C V'6"{��KJ-Vh8bWKF<MbY<y 8 λi → 0 YOL�U$x3 ¡J�L MOwR{�{�Jev F<H { � x � 8 8Q:-H$H>=�8 � y 8�N}wRH$H�:-IG6"M®8qJ-y 8bW�F<{�#�J-8 8
F<MbF<N�LZ6"yZ6"M�J-8�L M�:-{®8qJ-NR# z|V � MbY<� LZ6"yZ6"M�J-8qJ£#>Lb20� 6b93:-�R�R#�YOL MOyZF<9'Y<8ZF<H|W�IG6"x3  A V'6"y H�:-8Z63L�#$N}9'F<y MbY<NGF<V
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H>Y<8ZF<MbYOLqFAz J-{�#$8+{�#$NGP#$x © F<H$8ZFOL MOªRNRVsz F<x3 'F<NGY<y 8ZY<V� J-MOM�J-H|WKIG6"x3  inf i |1 + λi| > 0 2�EKF<H$IKJ"L MONK:-H$9"J
J-MAF<�R��"H V � 9'F<8 V'F<Mb ∣∣∣∣A−1

∣
∣
∣
∣ = supi(1/|1 + λi|) F<x3 'F<NRH>3LZY<x'F<8bWXJ�L MOwR�XF<y H$#$NGFb:-y #>L�V'6"Nn9'F<y x'F<NG;<#�:-8

{®wR8qJ-8Z=�Y C2Dt*Z���FO;OL H>YOL v 6"�R� 6"H>PGJ-H�J�© F<H$ªRH$yZ"H ��FO;OL ªRH$IGF<8Z 	

2

k

k∑

i=1

∣
∣
∣
∣

λi

1 + λi

∣
∣
∣
∣
≤ 2

∣
∣
∣
∣A−1

∣
∣
∣
∣

(

1

k

k∑

i=1

|λi|
)

. Y C2 § Z
�QJ5J C 6"��F<yq:-8Z6"y V'6"{��KJ-Vh8¡YOL � NKJ"P-v0wRNRxn:-H$8bW J-VhV'6"ysJ5LqJevZ:-8 9'F<V}8Z6"yqJ-#Q8ZF<H v FOL 6"y 8Z6"NG6"y {�:-H$8
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1d`yY C2$1�Z >A@CB*> :gG > 5 2 > 1CGqW 1CG�h�1�`�b 1 >A@TB H >}> 6!E�W 1 5 > G P > 65b > 2
`�E�mTb 1TG�U
� �c�*�¦� ( �\6����*/ u+MAF<H>"Mb��R#$Mb6"Nn hU$8q:"LZ6"V¡{	F<x3#>L {	Y<8ZF<H$IGF<8Z"V�WG8ZF<8ZLZMb"H>F<x'FOL u, v ∈ D z|yZF

〈Au, v〉S = 〈u, (2I −A)v〉S .

��MB{�#$NGPRF<N u ∈ HS z|yZFB#>L+#$xnJ-M�J�L�Ry�GLZY<x {�#�J-8 8bW�F<MbY<y 8 A∗v = (2I − A)v (v ∈ D) z|yZF32K���R�X"H
V � 9'F<8 V'F<MO#$VXW�IG6"x3  A∗ = 2I −A J HS z F<N 2Xu+M�J-M®J�C2$132K8ZY<8ZF<H�J-H$V3J-H${�J-MOIKJ-8Z= J-M A 6"�XF<yq:-8Z6"y yqJ J
HS 8ZY<y �XF<N 2 �
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��&�}
�;	�����,� �S�

j�/��k/&'�7�����7]��(��*4]�*/ x%e*e�8�`�L e�8 @TB 1 � U �*U�5-K 5 > G�H > : 6}` > 2 > ^0G��=^ 8CG�E7:>8Th G�K95 > `�K 68K 5nHSEI`95 836!a 576!R�W8L > G�K @
698#W � > G�5 > b#K 6 5XW > GcG > 5 5 5 > :�: ¢ :gW8LXO > E75 5 h K @ : > h > 6 > 5 5.6}`8m 1�` > 2 > O > 5�E vMKSG�R=:�W 2QmTG�L!1�6
`�R8^ > 2!G�E7: > 432SE 6
W383:gb > 2 @]> :¦v�E 4*2QmTGIU D 1 2�43:¦K}` ¢ :�W$1�` > 2 2Q�TG 6
`�mTGim 5-K 5 > G 2 > L 1#W8W 832XG�4�5ce�1*5rm 13:zh_K @ : > h HSEI`95 836!a 5 8*5 5�R]W 1d`
S−1Q 8!^ > 2 4*5 8*2 :>832Sh�1TG�E75 4 694*5fK 6FW 8Thn^ 1#W 57694 @ 4*5-U?V�` 6
` ¢ W 68K @]> 6 G > 6}`SL�h > 2 5 1 Bu = c

>r@TB]> :gG > 5 > 5
4�5 1TG�1TW�a75�b 1 S−1Bu ≡ Au = (I + S−1Q)u = b ≡ S−1c 1TG�1TW 8*5 W 1!^#P!R�W8L 1ThtE h >A@ � > G > G 1 � U��0U
5-K95 > G�H > : 6
` > 2 > ^¦Gi� >A@CB*> :gG > 5 1TG 1#W-P943:>1TW C = S−1Q 6}` > 2 > ^ 836
`95 436 6 1CG�U�V!2 2 > 1 W#NTb > 5cW > `�� � > P > ` > 5-H > :
b�E 6 6
` 1�5-K 2 ¢ :�WTU



� ��� �B������� ��	�� 	q��� ��� �"� � � ��� � � ���®� 	 �®�
��� 	 � ����� �����@�	�
� � 	 �

�iNRNGF<V JB© F0v�F<MbF<8 NGF<VsJ®;OY<H vZJWhIG6"x3 �6"H$ nJ-Ns© F<H$8ZY<8ZF<H>F<V'F<8�J"P-v0wRNRV�{	F<x	JB9h#$MbL xn:-H�J-NGPR=�6"��F<yq:-8Z6"y�z
F<x3 'F<NRH>F<8 yZF3WiJ-{	F<H$ 'F<V F<x3 hyZYOL MO8®�R#$MO8Z63L U$8�v :-V�W IG6"x3  J � 2 ©�F0v F<MbF<8®F<yZFOP{	Y<N} 'F<#�Y<y 9'Y<Nn h�XF<N5{�J-yqJ"Phz
vZJ-NKJ-V "OW-93J-H�J-{�#$Nn8 JQL MOwR��F<y H$#$NGFb:-y #>L�V'6"N}9'F<y x'F<NG;<#�:-8��R#$MO8Z63L U$8Z=AC2 ¯G2"8ZY<8ZF<H© F<H$8ZY<8ZF<H>F<#R#>L�8ZF<H v FOL ªRH v�F<NGF<V�2

� F<Vh#$Nn8ZL ªRV±J-M
Lu = g Y ¯G2$1�Z

F<x3 'F<NRH>F<8ZF<8bW'J-IG6"H L : D → H L�Ry�RN�PRFTSGNR#�:-H$8�z :-H$8qJ-H�:-�KJ-N�NGF<{�V'6"y H�:-8Z63L z 6"��F<yq:-8Z6"y�J H V'6"{��RH>F �
�+#$H$��F<y 8�z|8ZY<yZF<N W g ∈ H 8ZF<8ZL Mb"H>F<x'FOL+J"PR6"8 8�9'F<Vh8Z6"yb2
�?/�.1/��k7�9�687 � 4]�87�� /.�¦>A@TB ¢ W � > G�L3e�8 @CB

Eqp L � > GIH�83:�5ce 1*5rm L = S +Q 1TG 1#WTH(13:�L 1#e 8TG S N*:>1*OQPSR=: @ 4TG�5 H JQH�1*:�L
EcEqp < K 5 > `�E�W p > 0 L e�8 @TB 〈Su, u〉 ≥ p ||u||2 (u ∈ D) L
E�EcE�p < K 5 > `�E�W ρ > 0 L�e�8 @TB <〈Lu, u〉 ≥ ρ 〈Su, u〉 (u ∈ D) L
E�b
pux Q 8!^ > 2 4�5 8325W�E 5 > 2cP > 6
`95ce > 5r� 1 HS 5-K 2�H > K 6 S−1Q W 8Ch%^ 1#W 5 :>832Sh�4TG�E 6 8!^ > 2�4*5 832 HS J > :¦U

�?/\[&/���� � 7]68�17����u4:� (g/ � Ecb > G�EcEqp htE 1�5 5 S >A@CB*> :gG > 5 > 6 > :=^ 8�`�E 5�a�b8L 1 �*U � ��U>5-K 5 > G 6
` > 2!E7:�5 HS ⊂ H L
b 1TG�1Ch=E7:�5 S N3:>1*OQPSR�: @ 4TG�576 4 @ 1 K 6 >A@TB]> :1G > 5 > 6t^ 8�`�E 5�Ecb8E75 436 1 >r@TB ¢ 5 5 S 6
` ¢ 2cP > W 5�Ecb8E75 436 4*5 P > G > :�5�E 1�`
�]U�� �]U05-K 5 > G�6}` > 2SE :>5cL�a @TB S−1Q K 2 5 > G�h > 6�U
�QF<H$ 'F<8 8ZFOL U$8ZL ªRV¡J-MsY ¯G2$1�Z F<x3 'F<NRH>F<8ZF<8~J��RyZF<V'6"NGP#>;<#>6"NK:-H$8~J-H�J-VhV3J-H 	

S−1Lu ≡ (I + S−1Q)
︸ ︷︷ ︸

A

u = f ≡ S−1g. Y ¯G2DC*Z

�~J®© F<H$IKJ"L MONK:-H v0wRV�WIG6"x3 
〈Au, u〉S =

〈
(I + S−1Q)u, u

〉

S
=
〈
S(I + S−1Q)u, u

〉
= 〈(S +Q)u, u〉 = 〈Lu, u〉 , Y ¯G2 � Z

YOL�J£#$#$#�ZA©�F<H$8ZF<9'YOLZ8bW�J-V}V'6"y�V3J-�v0wRV�W IG6"x3  A V'6"y H�:-8Z63L�H$#$NGFb:-y #>L�6"��F<yq:-8Z6"y�J HS 8ZY<yZF<N W�{	F<H$ }NGF<V
H>Y<8ZF<MO#$V V'6"y H�:-8Z63L�#$Nn9'F<y MbF32i�iMbF<V5L MbF<y #$Nn8	J£�RyZF<V'6"NGP#>;<#>6"NK:-H$8�F<x3 'F<NRH>F<8 NGF<V5F<x3 'Y<y 8ZF<H${ GF<N H>Y<8ZF<MO#$V
{	F<x'6"H>PG:"LlJQJ HS �+#$H$�XF<y 8�z|8ZY<y ��F<N 23� F<H v FOL ªRHR8Z6b93:-�R�K:~J~C2 ¯G2e8ZY<8ZF<H|W3J-{�#$8i°"v��X="HhVh#${	6"NGPwRNRVX2"E #$x3 'FTz
H>F<{®�XF<9'Y<9'F3WGIG6"x3  ∣∣∣∣A−1

∣
∣
∣
∣
S
≤ 1/ρ WG9"J-H�J-{�#$N}8 ||ek||2A = <〈Aek, ek〉S = <〈Lek, ek〉 = ||ek||2L WGJ

8ZY<8ZF<H V � 9'F<8 V'F<Mb�J-H�J-VevZ:-8 V"J-�v�wRV 	
%	� '�
������(������*'�������� (������������� '���� ��!�!"���#���
���$���%��!�!&� '('�)*���+',�.-0/���1�23����46587 + 9�: (�������� /;- )&<��.-=- <�>,?.<�
@��(�� '�2A'���2�/ +
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�?/Ijk/3254*687:9;/��0>r@TB ¢ W � > G�L_e 8 @TB 5 > G P > 6 ¢ G : > W 1 �0U �*U � > G�5 > b#K 6 > WTUzVXW�W 832 1 W 83:8PSR @ 4TG�5 @ 2�1*OTE > : 6!J
h m8O36
` > 2 5!1�Y ¯G2DC*Z >r@TB]> :gG > 5 2 > 1TGqW31TG�h�1�`�b 1 � > : :>4TGcG 1�`

( ||ek||L
||e0||L

)1/k

≤ 2

ρ

(

1

k

k∑

i=1

∣
∣λi(S

−1Q)
∣
∣

)

k→∞−−−→ 0 Y ¯G2 ¯�Z

H > v 6!GIK 6=h=E7:0O > : k ∈ N J-2 > L 1Te�8TG λk(S
−1Q) 1�` S−1Q 8!^ > 2�4*5 832�2 > :¦O > ` > 5 5.691QP 4�5-K 2 5-KSW > ErU

4 #$NRV'F<8 J-MQJ@L ��FO;<#�:-H$#>L�FOLqF<8 Y<yZPRF<V'F<H|W}J-{�#$V'6"y J-M S �RyZF<V'6"NGP#>;<#>6"NK:-H>=�6"��F<yq:-8Z6"y�J-M L LZMO#${�{	F<8�z
y #$VhwGL@yZYOL MbF3W {	F<y 8BF<y yZ"H�L Mb="H$8®J � 2 ©�F0v F<MbF<8b2�� F<Vh#$Nn8ZL ªRV J�Y ¯G2$1�ZAF<x3 'F<NRH>F<8ZF<8®YOL@8ZF<x3 hªRV£©�F<H|W IG6"x3 
H>Y<8ZF<MO#$V p > 0 WIG6"x3 

<〈Lu, u〉 ≥ p ||u||2 (u ∈ D := D(L) ∩D(L∗)), Y ¯G2Dt*Z
8Z6�9":-�R�K: H>F<x3 'F<N S YOL Q J-M L L MO#${�{	F<8 y #$VhwGLbW #$H$H>F<8 9'F J-Nn8 #>L MO#${�{	F<8 y #$VhwGL¡yZYOL MbF3W J-M�J-M£9'F<x3 hªRV
L = S + Q z|NKJ-V7J-MO8BJ�© F<H$�X6"N}8q:"Lq:-8bW J-IG6"H S = (L + L∗)/2 W�#$H$H>F<8 9'F Q = (L − L∗)/2 2�� F<x3 hªRV
© F<H {	Y<xGW�IG6"x3  D ⊂ H L�Ry� H z|�KJ-N W R(S) = H W Q V}#$8ZF<y�v FOL MO8 IGF<8Z HS z|yZF�YOL S−1Q V'6"{��KJ-Vh8
6"��F<yq:-8Z6"yb2
�?/���/��s9�9���6����C/ VXW8W 8*2�1 �0U��]U � > G�5 > b#K 6 > W�5 > G P > 6 ¢ G : > WTU

�iMbF<N±© F<H$8ZF<9'YOLZF<V¡8ZF<IK:-8��R#$MO8Z63LZU$8�v :-V J�L MOwR�XF<y H$#$NGFb:-y #>L+V'6"Nn9'F<y x'F<NG;<#�:-8@YOL~J-MO8�#>LbWGIG6"x3  J�V'F<9'FTz
LqF<�R�®L M�:-{	6"H�:"L 8 #$x'Y<Nn hH>  #"$ +z � �&Y �*Z J-H$x'6"y #$8 {BwGLZ8 IKJ"LZMONK:-H v0wRV�2 �~J�J-M F<x3 'F<NRH>F<8 ªRNRV}NGF<V®IG6"{	6"x'Y<N
�Q#$y #>;qIRH>F<8�z|�XF<yZF<{�© F<H$8ZY<8ZF<H>F@93J-N W}J-VhV'6"y NR#$NG;OL��RyZ6"�RH>Y<{�J D L�Ry�GLZY<x'Y<9'F<H|W}wRx3 nJ-NR#>L D(L) = D(L∗) 2
��F<x3 'FOL���F<yZF<{�©�F<H$8ZY<8ZF<H�FOLqF<8ZY<N D NGF<{�H>FOL MsL�Ry� J-M L2(Ω) 8ZY<y ��F<N 20?+H$8qJ-H�:-NG63L U$8ZL wRV5F<H>"Mb£F<yZFTz
PRF<{	Y<N} 'F<#$NRV'F<8�J-y yqJ~J-M�FOLZF<8 yZF3W-IKJ�NGF<{_8 wGPwRNRV®{�#$NGPRF<N�©�F<H$8ZF<9'YOL 8 8ZF<H v FOL U$8ZF<NR#|2"�iV}V'6"y NGF<{¬{�#$NGP#$x
H>F<IGF<8ZLqY<x'FOL�F<yZ3L�Y<y 8ZF<H>F<{®�XF<N7PRFTSGNR#�:-H$NR# J-MA6"��F<yq:-8Z6"yZ6"V"J-8b2

�+#$MbL xn:-H v�wRV7{	F<x¡#>L {	Y<8BJ-M Y ¯G2$1�Z~F<x3 'F<NRH>F<8ZF<8b2 4763L 8 S z|yZ"H�;OLqJ-V7L MO#${�{	F<8 y #�:-8B8ZFOLZMOªRNRV © F<H�J-M
� NKJ"P-v�wRNRxn:-H$8ZLq:-x IGF<H$ 'F<8 8b2��iVhV'6"y	NR#$NG;OL L MOªRy�v�F<Vh8 #$9h#$8q:"LbW�J-M�J-M R(S) 6= H 2��iVhV'6"y�NGF<{ 8 wGP-v�wRV
P#$yZF<Vh8ZF<N�Y<y 8ZF<H${	F<MONR# S−1Q z|8bWbIKJ-NGF<{¨x3 'F<NRx'F Y<y 8ZF<H>F<{®�XF<N�V'F<H$H|2 � F<x3 'F<N QS J HS z F<N�Y<y 8ZF<H${	F<MbF<8 8
6"��F<yq:-8Z6"ybWKJ-{	F<H$ 'F<8�{�#$NGPRF<N u ∈ HS z|yZFBJ

〈QSu, v〉S = 〈Qu, v〉 (∀v ∈ HS) Y ¯G2 § Z
F<x3 'F<NRH>3LqY<x�PRFTSGNR#�:-H��'2 � F<x3 'F<NGF<V S YOL Q wRx3 nJ-NKJ-Mb6"VXWG{�#$Nn8+FOPRP#$xG2
�?/\�&/��k7�9�687 � 4]�87�� /.�¦>A@TB ¢ W � > G�L3e�8 @CB

Eqp < K 5 > `�E�W p > 0 L e�8 @TB <〈Lu, u〉 ≥ p ||u||2 (u ∈ D) L
EcEqp D = D(L) ∩D(L∗) 6S�=2S� H JQH�13:gL
E�EcE�pyx Q 8!^ > 2 4�5 8325W�E 5 > 2cP > 6
`95ce > 5r� 1 HS 5-K 2�H > K 6 QS W 8Thn^ 1#W 5!8!^ > 2 4*5 8*2 HS J > :¦U
����(

R(S) = H
��(,
�
���

QS = S−1Q
� (*')(*'�$ /��%� ' (�
*(�� ?.<�
 (&
��� '�!�!�/">�����2
	���/��- +
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4 #$9'F<H S LZMO#${�{	F<8 y #$V}wGLbW Q ��FOP#$xsJ-N}8 #>L MO#${�{	F<8 y #$V}wGL@6"��F<yq:-8Z6"ybW�F<MbY<y 8 <〈Qu, u〉 = 0 W�8ZF<IK:-8
〈Su, u〉 = <〈Su, u〉 = <〈Su, u〉 + <〈Qu, u〉 = <〈Lu, u〉 ≥ p ||u||2 W J-M�J-M�J HS F<NGF<y x3#�J-8ZY<y
Y<y 8ZF<H${	F<MOIGF<8Z¡YOL~J H z|��F<H$# NG6"y {�J�© F<H$ªRH$yZ"H ��FO;OL ªRH$IGF<8Z¡J-M�F<NGF<y x3#�Jez|NG6"y {�:b9"J-H|2 ��NRNGF<V V � 9'F<8 V'F<M<z
{	Y<N} 'F3W IG6"x3  J QS 6"��F<yq:-8Z6"y±93J-H>="�KJ-N H>Y<8ZF<MO#$VXW�wRx3 nJ-NR#>L¡8ZF<8ZL Mb"H>F<x'FOL±y � x3MOU$8ZF<8 8 u ∈ H z|yqJ J
ψu : HS → C W ψuv := 〈Qu, v〉 H$#$NGFb:-y #>LBYOL@V'6"y H�:-8Z63L®6"�XF<yq:-8Z6"y 8BPRFTSGNR#�:-H HS z|��F<N W U$x3 )J ��#>FOL M
yZF<�RyZF<MbF<N}8q:";<#>=3L�8ZY<8ZF<H$��"H J"PR=hP#$V¡F<x3  QSu ∈ HS F<H>F<{ H>Y<8ZF<MbYOLZF3WKJ-{	F<H$ hyZF ψuv = 〈QSu, v〉S 2

�QJ"LZ6"NRH>='J-N7J�V'6"yq:-�R�R#�J-V}IG6"M'W�#$8 8 #>L {	F<x3{BwR8qJ-8 IKJ-8Z=sJ	C2 ¯G2R8ZY<8ZF<H {	F<x"©�F<H>F<H>-v F32G4£#$9'F<H {�#$NGPRF<N
u ∈ D z|yZF

<〈Au, u〉S = <〈(I +QS)u, u〉S = <〈(S +Q)u, u〉 = <〈Lu, u〉 = 〈Su, u〉 = ||u||2S ,

F<M¡J±L(Ry�GLZY<x£{�#�J-8 8 HS z F<N5#>L�8ZF<H v�FOLZªRH|2 �i{�#�J-8 8 A V'6"y H�:-8Z63L�H$#$NGFb:-y #>L�6"�XF<yq:-8Z6"y HS z F<N W J-{	F<H$ }z
NGF<V�93J-N V'6"y H�:-8Z63L	#$N}9'F<y MbF32 4£#$9'F<H Q J-Nn8 #>L MO#${�{	F<8 y #$VhwGL H z|�KJ-N W�F<MbY<y 8�{�#$NGPRF<N u, v ∈ HS z|yZF
〈QSu, v〉S = 〈Qu, v〉 = −〈u,Qv〉 = −〈u,QSv〉S W�8ZF<IK:-8 QS J-N}8 #>L MO#${�{	F<8 y #$VhwGL¡H>FOL M HS z
��F<N 2 �iMbF<NRVhU$9}ªRHB8ZF<H v�FOL ªRH@{	Y<xGW IG6"x3  ||u||2A = <〈Au, u〉S = <〈Lu, u〉 = ||u||2S W 9"J-H�J-{�#$N}8
∣
∣
∣
∣A−1

∣
∣
∣
∣
S

= 1 WGF<MbY<y 8QJ�¯G2 � 28ZY<8ZF<H J-H�J-Vev J�J-M®J-H�:-�R�R# H>FOL M'2
�?/I£k/3254*687:9;/��0>r@TB ¢ W � > G�L_e 8 @TB 5 > G P > 6 ¢ G : > W 1 �0U��]U � > G�5 > b#K 6 > WTUzVXW�W 832 1 W 83:8PSR @ 4TG�5 @ 2�1*OTE > : 6!J
h m8O36
` > 2 5!1 ^�2 > W383:0OTEAv�E 83:>4TG�5 >r@TB]> :gG > 5 2 > 1TG�W 1TG�h 1d`�b 1 � > : :>4TGcG 1�`

( ||ek||S
||e0||S

)1/k

≤ 2

k

k∑

i=1

|λi(QS)| k→∞−−−→ 0 Y ¯G2 �CZ
H > v 6!GIK 6=h=E7:0O > : k ∈ N J-2 > L 1Te�8TG λk(QS) 1 QS 8!^ > 2�4*5 832�2 > :¦O > ` > 5 5.691QP 4�5-K 2 5-KSW > ErU

� 8Z6"H vZ:-yqJA{�J-yqJ"P8�J-M@J-MQFOLqF<8bWhJ-{�#$V'6"y LZF<{�{�#$8 LZF<{ 8ZFOL MOªRNRV�© F<H D = D(L)∩D(L∗) z|yZ="H|2 � x3 
J-M S 6"��F<yq:-8Z6"y@NGF<{ PRFTSGNR#�:-H$IKJ-8Z= J L Mb6"V'6"8 8~{	=}PR6"N W�IKJ-NGF<{ {�:-yAF<MO8~#>L~x3 'F<NRx'Y<N 8 wGP-v�wRV£;OLqJ-V
Y<y 8ZF<H${	F<MONR#|2>	 H$ 'F<NRV'6"y+F<H>Y<x	H>FOL MBJ�x3 'F<NRx'Y<�R�

<〈Lu, u〉 > 0 (u ∈ D(L) \ {0}) Y ¯G2D�*Z
© F<H$8ZY<8ZF<H|2
�?/�0/��s9�9���6����C/ x%`

〈u, v〉S :=
1

2

(
〈Lu, v〉 + 〈u,Lv〉

)
(u, v ∈ D(L)) Y ¯G2D�*Z

� 832ShtR�G 1 6!W 1TG 432 6
` 8*2
` 1*5 8*5 O >� :gE 4TG D(L) J > :&U
�iMBN} }U$H$93:-Nn93J-H>=RWGIR#>L MbF<N)J-M®F<H>LZ�YOL�{�:"LZ6hP#$Vs9":-H$8Z6"Mb=�L MbF<y #$Nn8 # H$#$NGFbJ-y #$8q:"L+YOL�V'6"N"v0wRxn:-H$8+H$#$NGFbJez

y #$8q:"L@J PRFTSGNRU>;<#>=sV � 9'F<8 V'F<MO{	Y<N} 'F3W wRx3 nJ-NR#>L~V'Y<8@L V3J-H�:-yZL Mb6"y M�J-8 � LZL MbF<x'F32��QJ"Lq6"NRH>='J-N J�V'6"N"v�wRxn:-H$8
LZMO#${�{	F<8 y #�J #>LAJ�PRFTSGNRU>;<#>="��="H v � N W J-M	F<x3 'F<8 H>F<N PR6"H>6"xGW J-{�#$8@{	F<x¡V'F<H$Hix'6"NGPR6"H$NR#|W J �X6"MO#$8 #$9h#$8q:"Lb2
EKF<H$IKJ"L MONK:-H$9"J Y ¯G2D�*Z z F<8bW 〈u, u〉S = <〈Lu, u〉 > 0 W�IKJ u 6= 0 2K��MOMbF<H�J�L V"J-H�:-yZLZMb6"y M�J-8 8qJ-H�PRFTSGNR#�:-H z
IKJ-8�v�wRV	J HS F<NGF<y x3#�J-8ZF<yZF<8�	nH>F<x3 'F<N HS J-M [D(L), 〈·, ·〉S] 8ZF<H v FOLZLZY�8ZY<8ZF<H>F32n4763L 8�PRFTSGNR#�:-H$NnwRNRV�V'F<H$H
J-M L z|NGF<V¡{	F<x"© F<H>F<H>	�R#$H$#$NGFb:-y #>L+©�6"y {�:-8bW�IR#>L MbF<N£{�:-yQJ HS z|8ZF<yZF<8�#>L+VhªRH � N V'F<H$H>F<8 8~Y<y 8ZF<H${	F<MONnªRNRV
J-M S z LZV"J-H�:-yZL Mb6"y M�J-8 8qJ-H|2n�iIRIGF<M�8ZF<x3 hªRVB© F<H|W"IG6"x3 �J-M (u, v) 7→ 〈Lu, v〉 H>F<V'Y<��F<MbYOL S z|V'6"y H�:-8Z63LbWnJ-M�J-M
H>Y<8ZF<MO#$V M > 0 WRIG6"x3 �{�#$NGPRF<N u, v ∈ D(L) z|yZF | 〈Lu, v〉 | ≤M ||u||S ||v||S 2



�*� � �}��� �� ��� � � ��� � � ��� }�3�-	 
 �&��� � � �:� � � �i� � ��:����� �C�,� � � � � �

�?/��k/��s9�9���6����C/ V @TB K 2 5 > G�h=� > :�GIK 5 > `�E\W >A@CB 8TG B 13: W3832!G 4*5 8 6=H�E�G�E : > 432SE 6 � 832!h�1 HS J > :�L�h > G B 2 >
〈u, v〉L = 〈Lu, v〉 (u, v ∈ D(L)), Y ¯G2$1b�*Z

K 6�1d` > Gi��`�� H > v 6!GIK 6sW�E75 > 2�P > 6
` 5ce > 5r� HS J-2 > L 5 8Tb 4]H8H(4 G�K 5 > `�E�W >r@TB K 2 5 > G�ht� > : >A@TB
QS : HS → HS

8S^ > 2�4*5 832!L 1Th > G B 2 >

〈QSu, v〉S =
1

2

(
〈u, v〉L − 〈v, u〉L

)
(∀v ∈ HS). Y ¯G2$131�Z

��MbF<N�6"��F<yq:-8Z6"y�H>Y<8ZF<MbYOLZF IKJ"LZ6"NRH>='J-N J-MsFOPRP#$x3#>F<V}IGF<M J£yZF<�RyZF<MbF<N}8q:";<#>=3L	8ZY<8ZF<H V � 9'F<8 V'F<MO{	Y<N} 'F£J
ψuv = 1

2(〈u, v〉L − 〈v, u〉L) H$#$NGFb:-y #>L@YOLAJ HS z|NG6"y {�:-�KJ-N ©�6"H$ h8Z6"NG63LQ©�wRNRV';<#>6"NK:-H$yqJ¡J-H$V"J-H${�J-MO93J2� x3 �J-M�F<x3 'F<NRH>F<8 ªRNRV�°"v z x3 'F<NRx'F�z J-H�J-V�vZJ~JQV � 9'F<8 V'F<MbAH>FOLZM�	eV'F<yZFOLqL ªRV�J-MO8�J-M u ∈ HS z F<8bW'J-{	F<H$ hyZF
〈u, v〉L = 〈u, v〉S + 〈QSu, v〉S = 〈f, v〉S = 〈g, v〉 (∀v ∈ HS), Y ¯G2$1bC*Z

J-M�J-M
(I +QS)u = f. Y ¯G2$1 � Z

�?/��k/��k7�9�687 � 4]�87�� /.�¦>A@TB ¢ W � > G�L3e�8 @CB
Eqp < K 5 > `�E�W p > 0 L e�8 @TB <〈Lu, u〉 ≥ p ||u||2 (u ∈ D(L)) L
EcEqp < K 5 > `�E�W M > 0 L3e�8 @CB | 〈Lu, v〉 |2 ≤M2<〈Lu, u〉 < 〈Lv, v〉 (u, v ∈ D(L)) L
E�EcE�pyx QS 8!^ > 2�4*5 832�W 8Thn^ 1#W 5 HS J > :¦U

4£63L 8�#>L�J-M�F<H>"MbhF<V}IGF<M+8ZF<H v�FOLZF<N�IKJ"LZ6"NRH>='J-N�H�:-8 IKJ-8Z=B�XF3W3IG6"x3 �F<MbF<N�©�F<H$8ZY<8ZF<H>F<Vh�X"HKV � 9'F<8 V'F<MO#$V�W
IG6"x3  A = I +QS z|NGF<V	H>Y<8ZF<MO#$V�V'6"y H�:-8Z63L #$N}9'F<y MbF3WhH>Y<8ZF<MO#$V�8Z6b93:-�R�K:�6"H$ nJ-N f ∈ HS F<H>F<{±WRJ-{	F<H$ hyZF
〈f, v〉S = 〈g, v〉 W�J QS J-N}8 #>L MO#${�{	F<8 y #$V}wGL	z~YOL�U$x3  F<x3 h��F<N S z|NG6"y {�:-H$#>L�z~93J-H�J-{�#$Nn8�V'6"{��KJ-Vh8
HS z|�XF<N 2�u�M®J-H$x'6"y #$8 {®wGL@J-H�J-V�vZ:-8�Y<yZPRF<{	FOL�©�F<H$U$y NR#|WKIR#>L MbF<N£J��RyZF<V'6"NGP#>;<#>6"NK:-H$8@F<x3 'F<NRH>F<8+#$8ZF<yq:";<#>=3L
{	F<x'6"H>PG:"LlJB{�:-y�J HS 8ZY<y �XF<NsM�Jev�H$#$VX2E #$x3 'F<H>F<{B��F<9'Y<9'FAJ-M 〈·, ·〉S YOL 〈·, ·〉L v F<H>F<Nn8ZYOLZY<8�J-M Y ¯G2D�*Z YOL
Y ¯G2$1b�*Z F<x3 'F<NRH>F<8ZF<V}��"H|W  #"$ Qz � �&Y �*Z J-H�J-Vev J�	






(1) � F<x3 'F<N u0 ∈ HS 8ZF<8ZL Mb"H>F<x'FOL�YOL�H>F<x3 'F<N r0 ∈ HS J-M
〈r0, v〉S = 〈u0, v〉L − 〈g, v〉 (∀v ∈ HS)

F<x3 'F<NRH>F<8+{	F<x'6"H>PG:"LqJW d0 = −r0;

� F<8ZL Mb"H>F<x'FOL k ∈ N FOLZF<8ZY<N±IKJ uk, dk, rk {�:-y�{	F<x39"J-N WKJ-VhV'6"y�H>F<x3 'F<N
(2a) pk ∈ HS J 〈pk, v〉S = 〈dk, v〉L (∀v ∈ HS) F<x3 'F<NRH>F<8�{	F<x'6"H>PG:"LqJW

γk = ||pk||2S , αk = − 1
γk

〈pk, rk〉S ;

(2b) uk+1 = uk + αkdk;

(2c) rk+1 = rk + αkpk;

(2d) βk = 1
γk

〈rk+1, pk〉L ;

(2e) dk+1 = −rk+1 + βkdk.

Y ¯G2$1<¯�Z
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 �&��� � � �:� � � �i� � ��:����� �C�,� � � � � �

	0L {	Y<8 © F<NRNK:-H$H J�C2 ¯G2R8ZY<8ZF<H {	F<x"© F<H>F<H>-v F3WKJ-M�J-M
�?/�.! k/3254]687�9;/��¦>A@TB ¢ W � > GqL e�8 @TB 5 > G P > 6 ¢ G : > W 1 �0U���U � > G�5 > b#K 6 > WTUFVfW8W 832 1�W 83:�P!R @ 4TG�5 @ 2�1*OTE > : 6!J
h m8O36
` > 2 5!1 ^�2 > W383:0OTEAv�E 83:>4TG�5 Y ¯G2$1 � Z >A@TB]> :gG > 5 2 > 1TG�W 1TG�h�1�`�b 1 � > : :�4TG�G 1

( ||ek||S
||e0||S

)1/k

≤ 2

k

k∑

i=1

|λi(QS)| k→∞−−−→ 0 Y ¯G2$1bt*Z

H > v 6!GIK 6=h=E7:0O > : k ∈ N J-2 > L 1Te�8TG λk(QS) 1 QS 8!^ > 2�4*5 832�2 > :¦O > ` > 5 5.691QP 4�5-K 2 5-KSW > ErU



� � ����� ����� � 	 ��� ��	�������� 	 � �+���	�
�®��� �A���

�i�R�XF<N J®© F0v F<MbF<8 �XF<N J-MAFOPRP#$x�F<H$IKJ-NRx3Mb6"8 8+F<H${	Y<H>F<8 # F<yZFOP{	Y<Nn 'F<V'F<8@J-H$V"J-H${�J-MOMOwRVsV'6"N}9'F<V';<#>=-z
P#���°RMO#>=@F<x3 'F<NRH>F<8ZF<VhyZF3WnJ-IG6"HR8ZF<IK:-8�J H �+#$H$�XF<y 8�z|8ZY<y�F<x3 ��}Mb6"�X6"H v F<9nz|8ZY<yiH>FOLZM'2*�+6"{	6"x'Y<N��Q#$y #>;ZIRH>F<8�z
��F<yZF<{�© F<H$8ZY<8ZF<HGFOLZF<8ZY<N�J-M F<x3 'F<NRH>F<8�L MO#${�{	F<8 y #$VhwGLiyZYOL MbY<9'F<HR8 � y 8ZY<NG~�RyZF<V'6"NGP#>;<#>6"NK:-H�:"L 8 9}#$MbL xn:-H$8q:-V
� ¯ � z|��F<N WRJA9'F<x3 'FOL���F<yZF<{�©�F<H$8ZY<8ZF<H FOLqF<8ZY<8 #$H$H>F<8ZhF<NsH�:"LZP �$1b� � 2}4763L 8 F<M+wR8Z="�R�R#$8 V � 9'F0v0ªRV�Wh{	F<y 8�L ��FTz
;<#�:-H$#>LiFOLqF<8 V'Y<Nn8i{	F<x3V3J-�v0wRV�J �+#$y #>;qIRH>F<8�z|�XF<yZF<{�© F<H$8ZY<8ZF<H�FOLqF<8ZY<8 #>L�2-�@YOLq"�R��J�N}wR{	F<y #$V}wGL�V}U>LZY<y H>F<8ZF<V
8q:-y x3 nJ-H�:"Ll:-NK:-HX{�#$NGPV'Y<8�8 U$�RwGL °��XF<yZF<{�© F<H$8ZY<8ZF<H$8 {	F<x39}#$MbL xn:-H v�wRV�2n�iH>3L M � y JBV'6"NGL 8qJ-NGLZF<x3 hªR8 8 IKJ-8Z=3L
FOLqF<8±V � 9'F<8 V'F<MO#$V�W�{�Jev P wR8q:-NKJ J5©�ªRx3x39'Y<Nn 'F<x3 hªR8 8 IKJ-8Z=3Lb2~u�M F<H$9'Y<x3MbF<8 87NnwR{	F<y #$VhwGL£V}U>LZY<y H>F<8ZF<V
NKJ-x3 hyZYOL MbF7J L ��FO;<#�:-H$#>L	© F<H�J"PGJ-8 IG6"M7V"J-��;OLZ6"H>=hP#$VX2 u�M):-H$8qJ-H�:-NG63L��RyZ6"�RH>Y<{�:-IG6"M)8qJ-y 8Z6"Mb=�J-H$x'6"y #$8�z
{®wGL@�RyZ6"x3yqJ-{	6"M�:"LqJ¡LqF<{ 6"V'6"M�NGF<IGY<MbLZY<x'F<8bW PRF�©  ;OY<H$wRNRV JsL MOwR��F<y H$#$NGFb:-y #>L@V'6"Nn9'F<y x'F<NG;<#�J±{	F<x"z
{®wR8qJ-8q:"LqJ±YOL�J-M ek = uk − u∗ IR#$�KJb9'F<V}8Z6"y�L M�:-{�U$8q:"LqJ±�X6"N} '6}PGJ-H${�J-V3J-8®6"V'6"MOIKJ-8bW�J-{�#$8B;OLqJ-V J
V'6"NGLZ8qJ-NGLZF<x3 }ªR8 8 IKJ-8Z=3L+FOLZF<8 ��F<N L #$V'F<y ªRH$8�Vh#$V'F<y ªRH$NR#|2G�iy yZF@V'YOLq"�R�±9}#>LqL M�J-8ZY<y ªRNRVX2

���
�	�
	 ��� � � � � � ��� ��� �����¦��"&�r� �

� F<Vh#$Nn8ZL ªRVs8ZF<IK:-8+J�V � 9'F<8 V'F<Mb�F<x3 'F<NRH>F<8ZF<8�	






Lu ≡ −∆u+ b · ∇u+ cu = g

u|ΓD
= 0, ∂u

∂ν + φu|ΓN
= 0.

Y t2$1�Z

	 8 8 J-M@F<x3 }ªR8 8 IKJ-8Z="VhyqJ�F<x3 hL MbF<y� © F<H$8ZY<8ZF<H>F<V'F<8 8ZFOL MOªRNRVXWhV'YOLZ"�R�±J-Mb6"N}�KJ-N :-H$8qJ-H�:-NG63LqJ-�R�±FOLZF<8ZF<8
#>L�9}#$MbL xn:-H$wRNRV�2Ru¨L �XFO;<#�:-H$#>L ©�F<H�J"PGJ-8�FOLqF<8ZY<N£J�V � 9'F<8 V'F<Mb	©�F<H$8ZF<9'YOLZF<V'F<8+8ZFOLZL MOªRV$	
�k/�.1/��k7�9�687 � 4]�87��������7 ��� �g9��c�����d����9c4 �u�¦�8/��0>r@TB ¢ W � > G�L3e�8 @TB

Eqp Ω ⊂ R
d W 832SG 4*5 8 6 5 132 5 8Th�43: B L 1Th > G B : > W�^ > 2 > h > 6
` 1TW 1 6
` 83:�WTK :�5 � 8TG B 5 83:>8 6913: OCE � > 2 > :gJ

v�E 4TGqe 1*5rm#L ΓD K 6 ΓN 8TG B 13: : B acG�5cLXh_K 2!e > 5r�&2}K 6
`�e�1TG�h�1�` 1TE!1 5 132 5 8Th�43: B ^ > 2 > h_K : > W8L e 8 @TB
∂Ω = ΓD ∪∗ ΓN L

EcEqp b ∈ C1(Ω)d OTE�b > 2 @�> :0v�E 1Th > :�5 > 6!L!5 8Cb 4]H8H�4 b · ν = 0 ΓN J > :gL
E�EcE�p c, φ ≥ 0 W 83: 6 5 13: 698#W8L
E�b
p g ∈ L2(Ω) L
b
p ΓD 6= ∅ b 1 @TB c > 0 b 1 @TB φ > 0 U

�k/\[&/&'�7�����7]��(��*4]�*/ x � > G�5-K 5 > G > WuWTN�` ¢ G b 1TG�mQP94]H�13: 1 EcEqp � 83:�5 8 6!L > `�HSEI`95 8 6Sa75 P91#LFe�8 @CB D(L) =

D(L∗) � α K 6 φ G > e > 5 :¦K : > W 1#W 432 �!¢ @8@ bTK : B]> W E 6�U1x Y § 2 ¯�Z 5 > 6
` 5 >A@TB]> :gG > 5 > W 1�` 83:&H�13:oEcG B]> : 1TG 1#W�~ 1#W
G > 6}` : > W�L > `�K 2 5 K 2
O > h > 6�G > e > 5!1 � > :�5�E �]U��]U � > G�5 > b#K 6 > W :&KSG�h�132�1*O3:1EAU
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� F<x3 'F<N£J H ��#$H$��F<y 8�z|8ZY<y+J-M L2(Ω) J	L Mb6"V":"Lq63L

〈u, v〉L2 =

∫

Ω

uv P x

LZV"J-H�:-yZL Mb6"y M�J-8 8qJ-H|WG9"J-H�J-{�#$N}8�H>F<x3 'F<N

H1
D(Ω) :=

{
u ∈ H1(Ω) : u|ΓD

= 0
} Y t2DC*Z

F<H$H�:-8 93J	J-M

〈u, v〉H1
D

:=

∫

Ω

(∇u · ∇v + cuv) +

∫

ΓN

φuv P σ, Y t2 � Z

LZV"J-H�:-yZL Mb6"y M�J-8 8qJ-H|2
u�M L 6"��F<yq:-8Z6"y�H>F<x3 'F<N

Lu := −∆u+ b · ∇u+ cu,

J-{	F<H$ hNGF<V
D(L) :=

{

u ∈ H2(Ω) : u|ΓD
= 0,

∂u

∂ν
+ φu|ΓN

= 0

}

Y<y 8ZF<H${	F<MbYOLZ# 8qJ-y 8Z6"{�:-Nn nJ�L�Ry� H1
D z|��F<N 2

u�M L 6"�XF<yq:-8Z6"y�LZMO#${�{	F<8 y #$V}wGL yZYOLZMbY<NGF<V�V'6"NGL 8 y wK:-H�:"Lq:-IG6"M@IKJ"LZMONK:-H v0wRV�©�F<H J-M Y�132Dt*Z � LZL MbFT©�ªRx"z
x'YOLZ8bW�#$xnJ-M'W�V}#>LZLqY�{�:"L�LZMbF<yZF<�X63L MO8q:"LZ�KJ-N ��F<H$9'Y<x'F<MO9'F J-M u  uv YOL v  b IGF<H$ 'F<8 8ZFOLZU$8ZYOLZF<V'F<8bW
8Z6�9":-�R�K:�SGx3 'F<H>F<{B��F<9'Y<9'F�J-MO8bWRIG6"x3  V'6"{��RH>F � ��#$H$��F<y 8�z|8ZY<y ��F<N±9"J-x3 hwRNRV�WKJ-M

∫

Ω

(div
�
)uv =

∫

∂Ω

(
� · ν)uv P σ −

∫

Ω

∇(uv)
�

(u, v ∈ H1
D(Ω)) Y t2 ¯�Z

J-Mb6"NG63LqLq:-x'6"8±V3J-�v0wRV�2!��F<x3 }ªRV YOL MOyZF3W IG6"x3  J���F<yZF<{�#$Nn8ZF<x3yq:-HB93J-H>=-vZ:-�KJ-N«;OLqJ-V ΓN z F<N 93J-N W�J
©�ªRx3x39'Y<Nn 'F<V wRx3 nJ-NR#>L¡F<H$8�RNRNGF<V ΓD z|N 2�u+M F<x3 'F<NRH>F<8¡wR8Z6"H>LZ=58qJ-x�vZ:-8¡J-M Y�132 § Z	© 6"y {BwRH�J�J-H�J-�vZ:-N
Vh#$��6"Nn8 93J�J-M

∫

Ω

(b · ∇u)v = −
∫

Ω

u(b · ∇v) −
∫

Ω

(div
�
)uv +

∫

ΓN

(
� · ν)uv P σ (u, v ∈ H1

D(Ω)) Y t2Dt*Z

J-Mb6"NG63LqLq:-x'6"8 V"J-�v�wRV�WJ-{	F<H$ h��F<N£J®V'Y<8 wR8Z6"H>LZ=�8qJ-x�J®©�F<H$8ZY<8ZF<H>F<VsL MbF<y #$N}8��WGJ-M�J-MBJ�t2$132h©�F<H$8ZF<9'YOLZF<V
{	F<H$H>F<8 8QJ-MsY t2Dt*Z F<x3 'F<NRH>F<8

∫

Ω

(b · ∇u)v = −
∫

Ω

u(b · ∇v) (u, v ∈ D(L)) Y t2 § Z

J-H�J-Vh° WGJ-{�#$��"H V � 9'F<8 V'F<MO#$V�WGIG6"x3  L L MO#${�{	F<8 y #$VhwGL�YOL+J-Nn8 #>L MO#${�{	F<8 y #$VhwGL�yZYOLZMbF
Su ≡ −∆u+ cu, Qu ≡ � · ∇u (u, v ∈ D(L)).

u Y ¯G2 § Z F<x3 'F<NRH>3LqY<x�Y<y 8ZF<H${	Y<�XF<N7PRFTSGNR#�:-H v0wRV±J QS : H1
D(Ω) → H1

D(Ω) 6"��F<yq:-8Z6"y 8+J
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〈QSu, v〉H1
D

=

∫

Ω

(b · ∇u)v (u, v ∈ H1
D(Ω)) Y t2 �CZ

J-Mb6"NG63LqLq:-x3xnJ-H|2R4£63LZ8�9'F<x3 hªRV�F<H>	J Y ¯G2$1<¯�Z J-H$x'6"y #$8 {BwGLZ8�YOL F<MbF<N�© F<H$8ZY<8ZF<H>F<V {	F<H$H>F<8 8�J-H$V"J-H${�J-MOMOwRV�2







(1) � F<x3 'F<N u0 ∈ H1
D(Ω) 8ZF<8ZL Mb"H>F<x'FOL�YOL�H>F<x3 'F<N r0 ∈ H1

D(Ω) J-M






−∆r0 + cr0 = Lu0 − g

r0|ΓD
= 0, ∂r0

∂ν + φr0|ΓN
= 0

F<x3 'F<NRH>F<8�x3 'F<NRx'FA{	F<x'6"H>PG:"LqJW d0 := −r0;

� F<8ZLZMb"H>F<x'FOL k ∈ N FOLZF<8ZY<N¡IKJ uk, dk, rk {�:-y�{	F<x393J-N WKJ-VhV'6"y H>F<x3 'F<N
(2a) pk ∈ H1

D(Ω) J�V � 9'F<8 V'F<Mb�F<x3 'F<NRH>F<8�x3 'F<NRx'F@{	F<x'6"H>PG:"LqJ






−∆pk + cpk = Ldk

pk|ΓD
= 0, ∂pk

∂ν + φpk|ΓN
= 0

γk = ||pk||2H1
D

, αk = − 1
γk

〈pk, rk〉H1
D

;

(2b) uk+1 = uk + αkdk;

(2c) rk+1 = rk + αkpk;

(2d) βk = 1
γk

〈rk+1, pk〉L ;

(2e) dk+1 = −rk+1 + βkdk.

Y t2D�*Z

u�M F<x3 'F<NRH>F<8 yZF 8ZF<8 8 t2$132�© F<H$8ZF<9'YOLZF<V �R#$MO8Z63LZU$8�v :-V�W IG6"x3  8ZF<H v FOL ªRH$NGF<V J-M :-H$8qJ-H�:-NG63L ��#$H$��F<y 8�z
8ZY<y ��F<H$# ¯G2Dt2Vh#$V � 8ZYOLZF<VuY H�:"LZP��$1b� � ZTWU$x3 �©�F<NRNK:-H$H J-M
�k/Ijk/3254*687:9;/��0>r@TB ¢ W � > G�L e�8 @TB 5 > G P > 6 ¢ G : > W 1d` �]U �*U � > G�5 > b#K 6 > WTU VfW8W 832 1s^>2 > W 8*:0OTEAv�E 8*:>4TG�5FW 83:1J
PSR @ 4TG�5 @ 2�1*OTE > : 6SJ-h m8O 6}` > 2 5 1�`yY t2$1�Z >A@TB]> :gG > 5 2 > 1TG�W 1TG�h 1d`�b 1 � > : :>4CG�G 1�`

( ||ek||H1
D

||e0||H1
D

)1/k

≤ 2

k

k∑

i=1

|λi(QS)| k→∞−−−→ 0 Y t2D�*Z

H > v 6!GIK 6=h=E7:0O > : k ∈ N J-2 > L 1Te�8TG λk(QS) 1 QS 8!^ > 2�4*5 832�2 > :¦O > ` > 5 5.691QP 4�5-K 2 5-KSW > ErU
����� ��  �]���Q�]� ��" C����� �&��"¦�-� �

�i�R�XF<N�JQyZYOLZMO�XF<N�{	F<x'F<NRx'FOPªRNRV�©�ªRx3x39'Y<Nn 'F<x3 hªR8 8 IKJ-8Z="V"J-8�#>LbW-9"J-H�J-{�#$N}8�NGF<{ V � 9'F<8ZF<H v0ªRV�{	F<x
J � 9'F<Vh8Z6"y {	F<Mb£P#$9'F<y x'F<NG;<#�Jez|{	F<N}8ZFOLZLZY<x'Y<8bW�LqF<{ ��FOP#$x)J {	F<yZ"H>F<x'FOLZLZY<x'F<8	J±�QF<wR{�J-NRNz|��F<yZF<{
F<x3 LZY<x3NG6"y {�:-H$#>Lq:-yqJ2 � F<x3 'F<N±8ZF<IK:-8+J�9}#$MbL xn:-H$8�F<x3 'F<NRH>F<8~:-H$8qJ-H�:-NG63L�FOLZF<8 ��F<N







Lu ≡ −∆u+ b · ∇u+ cu = g

u|ΓD
= 0, Pu ≡ ∂u

∂ν + φu|ΓN
= 0.

Y t2$1b�*Z

J-H�J-Vh° WGJ-{	F<H$ hyZF@8ZF<H v�FOLZªRH$NGF<V¡J-MBJ-H�:-�R�R#
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�k/���/��k7�9�687 � 4]�87���� ��9�68�g9 �g���1� ���#� � 9c4"� �¦�8/ �¦>A@TB ¢ W � > GqL3e�8 @TB
Eqp Ω ⊂ R

d W 832SG 4*5 8 6 5 132 5 8Th�43: B L 1Th > G B : > W�^ > 2 > h > 6
` 1TW 1 6
` 83:�WTK :�5 � 8TG B 5 83:>8 6913: OCE � > 2 > :gJ
v�E 4TGqe 1*5rm#L ΓD K 6 ΓN 8TG B 13: : B acG�5cLXh_K 2!e > 5r�&2}K 6
`�e�1TG�h�1�` 1TE!1 5 132 5 8Th�43: B ^ > 2 > h_K : > W8L e 8 @TB
∂Ω = ΓD ∪∗ ΓN L

EcEqp b ∈ C1(Ω)d, c ∈ L∞(Ω), φ ∈ L∞(ΓN ) L K 6 c, φ ≥ 0 L
E�EcE�p ĉ := c− 1

2 divb ≥ 0 Ω J :uK 6 φ̂ := φ+ 1
2 (b · ν) ≥ 0 ΓN J > :gL

E�b
p g ∈ L2(Ω) L
b
p ΓD 6= ∅ L�b 1 @CB ĉ b 1 @TB φ̂ : > h 1d` 83:>836 13: :gR:G�G 1]U

4763L 8�JoY ¯G2D�*Z YOL Y t2Dt*Z F<x3 'F<NRH>F<8ZF<V'F<8�SGx3 'F<H>F<{®�XF<9'Y<9'F�J"PR=}P#$V�WIG6"x3 
〈u, v〉S =

1

2
(〈Lu, v〉L2 + 〈u,Lv〉L2) =

=

∫

Ω

(

∇u · ∇v +

(

c− 1

2
div

� )
uv

)

P x+

∫

ΓN

(

φ+
1

2
(
� · ν)

)

uv P σ = Y t2$131�Z

=

∫

Ω

(∇u · ∇v + ĉuv) P x+

∫

ΓN

φ̂uv P σ (u, v ∈ D(L)).

u_V'6"yq:-�R�R#�J-VhIG6"MBIKJ"LZ6"NRH>='J-N
<〈Lu, u〉 = 〈u, u〉S =

1

2
(〈Lu, u〉L2 + 〈u,Lu〉L2) =

=

∫

Ω

(

|∇u| + ĉ |u|2
)

P x+

∫

ΓN

φ̂ |u|2 P σ > 0. Y t2$1bC*Z
� x3 nJ-N}°Rx3 'WK{�#$N}8+�RyZF<V'6"NGP#>;<#>6"NK:-H�:"L NK:-H�J-M�:-H$8qJ-H�:-NG63L~FOLZF<8 �XF<N WXJ�{	63L 8+�XF<9'F<MbF<8ZF<8 8 S z L V3J-H�:-y�z

LZMb6"y M�J-8 8qJ-H�F<H$H�:-8Z6"8 8 D(L) z F<8�8ZF<H v FOLZLZY�8ZFOLZL MOªRV�W F<M H>FOL M¡J HS W J QS 6"�XF<yq:-8Z6"y 8���FOP#$x)J�Y ¯G2$131�Z
J-Mb6"NG63LqLq:-x�Y<y 8ZF<H${	Y<��F<N£J�V � 9'F<8 V'F<Mb�{	=}PR6"N V'F<H$H PRFTSGNR#�:-H$NnwRNRV$	

〈QSu, v〉S =
1

2





∫

Ω

(
� · ∇u) v P x−

∫

Ω

u (
� · ∇v) P x



 Y t2$1 � Z

J-{�#$8=Y t2Dt*Z�{�#�J-8 8+:-8qJ-H�J-VhU$8 IKJ-8 wRNRV
1

2





∫

Ω

(
� · ∇u) v P x−

∫

Ω

u (
� · ∇v) P x



 =

=

∫

Ω

(
� · ∇u) v P x− 1

2

∫

ΓN

(
� · ν)uv P σ +

1

2

∫

Ω

(div
�
)uv P x = Y t2$1<¯�Z

= −
∫

Ω

u (
� · ∇v) P x+

1

2

∫

ΓN

(
� · ν)uv P σ − 1

2

∫

Ω

(div
�
)uv P x.

	 L {	Y<8	J Y ¯G2$1<¯�Z�J-H$x'6"y #$8 {BwGLZ8�L MbF<yZF<8 NGY<NRV�J-H$V"J-H${�J-MONR#|2i�i�R��F<N J£IGF<H$ }MbF<8 ��F<N J-M 〈r0, v〉S =

〈u0, v〉L − 〈g, v〉 (∀v ∈ HS) yZYOL M<© F<H�J"PGJ-8Qz © F<H$IKJ"L MONK:-H$93J 〈·, ·〉S YOL 〈·, ·〉L #$Nn8ZF<x3yq:-H>63LBJ-H�J-Vev :-8+z
J�V � 9'F<8 V'F<Mb�© F<H�J"PGJ-8�x3 'F<NRx'FA{	F<x'6"H>PG:"Ll:O93J-H F<x3 'F<NGY<y 8ZY<V= 	
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−∆r0 + ĉr0 = Lu0 − g

r0|ΓD
= 0, ∂r0

∂ν + φ̂r0|ΓN
= ∂u0

∂ν + φu0,
Y t2$1bt*Z

J-M�J-M~NGF<{ J-M@F<yZFOPRF<8 # c YOL φ F<x3 hªR8 8 IKJ-8Z="VhV"J-H PR6"H$x'6"MO#$V J-M Y�1�Z�H>Y<��YOLbW}Lq"8 J-MQ#$8ZF<yq:";<#>=3L H>Y<��YOL LZF<{±W
IKJ-NGF<{�J�V'6"yq:-�R�KJ-N ��F<9'F<MbF<8ZF<8 8 ĉ YOL φ̂ F<x3 }ªR8 8 IKJ-8Z="VhV"J-H " 2

�iMbF<V'F<8�J�93:-H$8Z6"M�:"LZ6"V3J-8 SGx3 'F<H>F<{®�XF<9'Y<9'F3W}J Y ¯G2$1<¯�Z J-H$x'6"y #$8 {BwGL J-H�J-V�vZJ+J-M�:-H$8qJ-H�:-NG63L�V'6"N}9'F<V';<#>=-z
P#���°RMO#>=	F<x3 'F<NRH>F<8 yZF�J�V � 9'F<8 V'F<Mb�J-H�J-V'6"8 � H$8 #|2







(1) � F<x3 'F<N u0 ∈ H1
D(Ω) 8ZF<8ZLZMb"H>F<x'FOL�YOL H>F<x3 'F<N r0 ∈ H1

D(Ω) J-M






−∆r0 + ĉr0 = Lu0 − g

r0|ΓD
= 0, ∂r0

∂ν + φ̂r0|ΓN
= Pu0

F<x3 'F<NRH>F<8+x3 'F<NRx'F@{	F<x'6"H>PG:"LqJW d0 := −r0;

� F<8ZL Mb"H>F<x'FOL k ∈ N FOLZF<8ZY<N±IKJ uk, dk, rk {�:-y�{	F<x39"J-N WKJ-VhV'6"y�H>F<x3 'F<N
(2a) pk ∈ H1

D(Ω) J�V � 9'F<8 V'F<Mb�F<x3 'F<NRH>F<8�x3 'F<NRx'FB{	F<x'6"H>PG:"LqJ






−∆pk + ĉpk = Ldk

pk|ΓD
= 0, ∂pk

∂ν + φ̂pk|ΓN
= Pdk

γk = ||pk||2S , αk = − 1
γk

〈pk, rk〉S ;

(2b) uk+1 = uk + αkdk;

(2c) rk+1 = rk + αkpk;

(2d) βk = 1
γk

〈rk+1, pk〉L ;

(2e) dk+1 = −rk+1 + βkdk.

Y t2$1 § Z

	0L {	Y<8iY<y 9'Y<Nn 'FOL J~L MOwR�XF<y H$#$NGFb:-y #>L�V'6"Nn9'F<y x'F<NG;<#�:-yZ="H�LZMb="H>=+8ZY<8ZF<H|W'J-MOM�J-HKJ+VhªRH � Nn�GLZY<x3x'F<H|W'IG6"x3 �J-M ek
9'F<Vh8Z6"yZ6"VhNKJ-V®NGF<{ J H1

D z|NG6"y {�:evZJW3IKJ-NGF<{ J��|V"J-H�J-��63L � F<x3 }ªR8 8 IKJ-8Z="V3J-8i8qJ-y 8qJ-H${�J-Mb= S z|NG6"y {�:evZJ �
LZMbF<yZF<�XF<H|2
�k/\�&/3254*687:9;/��0>r@TB ¢ W � > GqL¦e�8 @TB 5 > G P > 6 ¢ G : > W 1 �]U �0U � > G�5 > b#K 6 > WTUgVfW8W 832 1f^�2 > W383:0OTEAv�E 83:>4TG�5&W 83:�P!R @ 4TG�5@ 2 1*OCE > : 6!J-h m8O36
` > 2 5 1�`yY t2$1b�*Z >A@TB]> :gG > 5 2 > 1TG�W 1TG�h�1�`�b 1 � > : :�4TG�G 1d`

( ||ek||S
||e0||S

)1/k

≤ 2

k

k∑

i=1

|λi(QS)| k→∞−−−→ 0 Y t2$1��CZ
H > v 6!GIK 6=h=E7:0O > : k ∈ N J-2 > L 1Te�8TG λk(QS) 1 QS 8!^ > 2�4*5 832�2 > :¦O > ` > 5 5.691QP 4�5-K 2 5-KSW > ErU

u �R#$Mb6"Nn hU$8q:"L IG6"M~z�J-{�# J-MAt2 ¯G2}©�F<H$8ZY<8ZF<H>F<V'F<8�IKJ"LZMONK:-H v J�J-IRIG6"M'WIG6"x3 �F<H$H>F<NG"y #$MOMbF®JB¯G2D��8 wRH�Jev0z
PR6"NGLl:-x'6"V®8ZF<H v FOL ªRH>YOLZY<8�z H�:"LZP�#>LZ{	Y<8 �$1b� � z F<8bW'J-M�F<x3 hL MbF<y�R�R� W'IG6"{	6"x'Y<N��Q#$y #>;ZIRH>F<8�z|��F<yZF<{�©�F<H$8ZY<8ZF<H>FOL
© F<H�J"PGJ-8�yZYOL MOH>F<8ZFOL�8q:-y x3 nJ-H�:"Lq:-IG6"M � � W¯ � z F<8b2
%
& � � � ��/#'���/���� ��� (�> ( -����%��- 1�2 ( ����<�� '�� ���;- 1�- ������
�� >�/�$���� ����2
��/ (,)*��23- ���%�%1�� 1�� ���,� ���%- �����2�(���/;- '��%/ - <�� ((?%>���2�� ',���

)*/ ( -%-
ĉ = c

1��
φ̂ = φ +��� /�� '���2 )*��.- ( '

S
��� ��� ',- �,� )6',�%������� 2�1)'�
 / ��)*/#23- ( � � � ��/#'���/�� ���%� -

S
�8� � � � ',- ��� ( +



�T���!��� ���,� � � ��� �������8	 � � � ���*�,���������,� � �

��� � � 	 ���¦, 
 � ����)�*"�$�� � � *" ��� �o��� ��� � ����*)

� F<y {	YOL MbF<8ZFOLZF<N LZ6"V�F<x3 'Y<� {	=}PRLZMbF<y�#>L	F<H$V'Y<�RMbF<H$IGF<8ZRW J-Mb6"N}�KJ-N F<MbF<V5NKJ-x3 }yZYOL MbF£J7H$#$NGFb:-y #>L
V'6"N}9'F<y x'F<NG;<#�:-8+8�RMO# V}# ;OY<H$wRH|WKJ-M�J-M�J�P#>L MOV}yZF<8 #$M�:-H$8+F<x3 'F<NRH>F<8�IR#$�K:evZ:-yqJ�9"J-H�J-{�#$H$ 'F<N

||ek|| ≤ rk ||e0||

F<x3 'F<NRH>"8 H>F<NGLqY<x¡8ZF<H v�FOL ªRH>YOLqY<8QL MbF<yZF<8 NGY<NRV7F<H>Y<y NR#|W J-IG6"H�J ||·|| NG6"y {�J F<x3  F<NGF<y x3#�J-NG6"y {�J±P#>L MOV}yZY<8
{	F<x"© F<H>F<H>-v F3W 0 ≤ r < 1 F<x3  J h 2 4*v 6 4TGcG�1*:0O*m*5rmTG �!¢ @8@]> 5�G > : V'6"NGL 8qJ-NGLb20	 H$ 'F<N V'Y<yZPRYOLZF<V'F<8�LZF<x3U$8
{	F<x393:-H�J"L Mb6"H$NR# J-M®F<V}9h#$9"J-H>F<NGL�6"�XF<yq:-8Z6"yZ6"V¡F<H${	Y<H>F<8ZF_Y H�:"LZP � § WG�RWG� � ZT2

	 L {	F<yZF<8ZFOL�WRIG6"x3 ±L MO#${�{	F<8 y #$VhwGL+FOLZF<8 ��F<N£J	V'6"N"v0wRxn:-H$8+x3yqJ"P#>F<NGL�z|{	=}PRLZMbF<y+IR#$�K:evZ:-yqJ	Y<y 9'Y<N} 'FOL
J�V � 9'F<8 V'F<Mb	��FO;OL H>YOL�	

||ek||A
||e0||A

≤ 2

(√
κ− 1√
κ+ 1

)k

, Y t2$1b�*Z
J-IG6"H κ J-M A L MO#${�{	F<8 y #$VhwGL�6"��F<yq:-8Z6"yiV'6"NGPU>;<#>=3L M�:-{�J2}u �RyZF<V'6"NGP#>;<#>6"NK:-H$8�F<x3 'F<NRH>F<8�FOLZF<8ZY<N�F<VhV'6"y
κ IGF<H$ 'F<8 8�{�:"LbWhPRF+L MO#$N}8ZY<N¡F<x3 �{�:-8 y #���V'6"NGPU>;<#>=3L M�:-{�JB© 6"x�:-H$H$NR#|2hu�IRIG6"M'W}IG6"x3 �F<MQV'6"y H�:-8Z63L�{�Jez
yqJ"P-v 6"N WRIKJ�SGNG6"{�U$8�v�wRV±J�© F<H>63L MO8q:"L 8bWGL MOªRVLZY<x'FOLbWIG6"x3 ±J�9'Y<x38ZF<H>F<N£P#${	F<NRMO#>=3L�8ZY<y ��F<N F<Vh9}#$93J-H>F<NGL
6"��F<yq:-8Z6"y yqJ-H � �RyZF<V'6"NGP#>;<#>6"NK:-H v�wRNRVX2�u�MBJ-H�:-�R�R# 8ZY<8ZF<H>F<V�{	F<x38qJ-H�:-H$IKJ-8Z='J-V �$1bC � z|�XF<N 2
�k/I£k/3254*687:9;/=<?>A@CB*> : > W L K 6 S E7:gb > 2 5 4TG�e�1*5rm h�4 6988O32 > :0OT�=G�E7: > 4*2!E 6 > GcG�E ^�5�E�W�R=6 8!^ > 2 4*5 8*2 8#WCU <?>A@TB]> :
{Lh} K 6 {Sh} 1d` 8!^ > 2 4�5 832 8TWub#K @]> 6 > G > h OCE 6}`SW 2 > 5�EI` 4*v�EAmQP94]H
mTG 6
` 4*2!h�1�`�m�h�4*5 2SE + 8TW�v 691TG 4*OQP91�K 6
5 >r@TB ¢ W � > GqLne�8 @TB L−1

h → L−1 Lnb 1TG 1ThtE7:�5 S−1
h → S−1 ^ 83:�5 8*:�WTK :�5 L2 JQH > :¦U �0>A@CB ¢ W � > G�Lne 8 @TB

GIK 5 > `�E\W K > 0 h J-5rmTG �!¢ @8@]> 5�G > :yW 8*: 6 5 13: 6ML3e�8 @CB
∣
∣
∣
∣S−1

h Lh

∣
∣
∣
∣
L2 ≤ K.

VfW8W 8325GIK 5 > `�E\W K ′ L3e�8 @TB
∣
∣
∣
∣S−1L

∣
∣
∣
∣
L2 ≤ K ′. Y t2$1b�*Z

�k/�0/3254*687:9;/ x%` > Gi��`�� 5-K 5 > G � > G 5-K95 > G > E¦h > GcG > 5 5cL1e�1Fh 836 5 (S∗)−1
h → (S∗)−1 K 6 (L∗)−1

h → (L∗)−1 L
5 8Cb 4]H8H�4�GIK 5 > `�E\W M > 0 L3e�8 @TB

∣
∣
∣
∣LhS

−1
h

∣
∣
∣
∣
L2 ≤M,

1TW8W 8325GIK 5 > `�E\W M ′ > 0 L�e�8 @TB
∣
∣
∣
∣LS−1

∣
∣
∣
∣
L2 ≤M ′. Y t2DC3�*Z
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Lu ≡ −∆u+ b · ∇u+ cu = g

u|∂Ω = 0.
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u«V � 9'F<8 V'F<Mb	V'Y<8 © F<H�J"PGJ-8 yqJ�V'YOL MOªRH$8ZF<VsyZYOL MOH>F<8ZFOL ©�wR8q:"L # F<yZFOP{	Y<N} 'F<V 	






Lu ≡ −∆u+ ∂u
∂x + cu = g

(a) u|∂Ω = 0.

(b) u|ΓD
= 0, ∂u

∂ν |ΓN

= 0.

Y § 2 ¯�Z
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4 #$NGPV'Y<8®©�F<H�J"PGJ-8�J-M�Y t2$1�ZAF<x3 'F<NRH>F<8�L ��FO;<#�:-H$#>L®FOLqF<8ZF�YOL®8ZF<H v�FOLZªRH$NGF<V J-MyY t2$1�Z@© F<H$8ZF<9'YOLZF<VXW wz
x3 nJ-NR#>L ΓD 6= ∅ W b = (1, 0) W}J-{�#RV'6"NGL 8qJ-NGL�H>Y<9'Y<N�P#$9'F<y x'F<NG;<#�J-{	F<Nn8ZFOL�YOLi8ZF<H v�FOLZªRHRJQ{	F<yZ"H>F<x'FOLqLZY<x3#
© F<H$8ZY<8ZF<H J¡�QF<wR{�J-NRNz|��F<yZF<{	F<V (0,±1) NG6"y {�:-H$9'F<V}8Z6"yqJ-#$yqJ #>Lb2��'F<H � H v F u∗ Js©�F<H�J"PGJ-8A��6"Nn8Z63LB{	FTz
x'6"H>PG:"Ll:-8bWGF<V}V'6"yQJ-M_Y J*Z ©�F<H�J"PGJ-8 yqJ�J-M u∗ YOL�F<�R��"H J"PR=hPR='J-N£J g v 6"�R�±6"H>PGJ-H$# © ªRx3x39'Y<N} ±Y<y 8ZY<V'F

u∗(x, y) = (x− x2)(y − y2)

g(x, y) = 2(y − y2 + x− x2) + (1 − 2x)(y − y2) + c(x− x2)(y − y2),

{�U$x JoY �0Z ©�F<H�J"PGJ-8�FOLZ8ZY<N
u∗(x, y) = (x− x2)(3y2 − 2y3)

g(x, y) = 2y2(3 − 2y) + (12y − 6)(x− x2) + (1 − 2x)(3y2 − 2y3) +

+cx(1 − x)(3y2 − 2y3).

u�M�Y t2$1 § Z�J-H$x'6"y #$8 {BwGL 8�© 6"xev0wRV J-H$V3J-H${�J-MONR#|W IG6"x3 5J-Ms#$8ZF<yq:";<#>=b93J-H�F<x3  u1, u2, . . . LZ6"yZ6"M�J-8Z6"8
N} 'F<y�v0ªRV�W3IG6"x3 �J-M+t2Dt2'8ZY<8ZF<H$�XF<N L MbF<yZF<�RH>AIR#$�KJb9'F<V}8Z6"yZ6"V�NG6"y {�:-#$8 V}#>L M�:-{	6"H v�wRV�2*��J-H>=-v :-�KJ-NsJ-Mb6"Nz
�KJ-N J § 2DC2�8ZY<8ZF<H$8±J-H$V3J-H${�J-MOMOwRVXW IR#>L MbF<N J-M7J-H$x'6"y #$8 {®wGL±F<x3  Vh 9'Y<x'FOLZF<H>F<{ J-H$8ZY<y ��F<N ©�wR8bW�U$x3 
J"PR6"8 8®© F<H>63L MO8q:"L®FOLqF<8ZY<N5F<x3  uh,1, uh,2, . . . Lq6"yZ6"M�J-8Z6"8®V3J-�RwRNRVXW�J-{�# J-M F<yZFOPRF<8 # Lu = g F<x3 'F<Nz
H>F<8~© 6"H$ h8Z6"NG63L@{	F<x'6"H>PG:"LqJsIGF<H$ 'F<8 8�J-M Lhuh = gh W J 9'Y<x'FOLqF<H>F<{ J-H$8ZY<y �XF<N ©�F<NRNK:-H$H>=±F<x3 'F<NRH>F<8 uh

{	F<x'6"H>PG:"Ll:-IG6"M 8qJ-y 8b23u�©�F<H�J"PGJ-8�9'Y<x'FOLZF<H>F<{ P#>LZMOV}yZF<8 #$M�:";<#>=-vZ:-NK:-H�J+L Mb6"V":"Lq63L IK:-yZ6"{	LZM � x"z ©�F<H>63L MO8q:"LZ8
9'F<8 8 ªRV7YOL#"�6"wRyqJ-Nn8�z F<H>F<{	F<V'F<8BIKJ"LZMONK:-H$8 wRNRVXW J-M�J-M Vh J-M�F<H>F<{	F<NRV'Y<Nn8AH$#$NGFb:-y #>LQ©�ªRx3x39'Y<Nn 'F<V):-H$8qJ-H
Vh# © FOL MOU$8ZF<8 8 8ZY<yb2

�i{�#�J-8 8 ��F<yZL MbF 9}#$x3 n:-MONR#hV'F<H$HRJ-M ek = uk−u∗ IR#$�KJO9'F<Vh8Z6"y�LZM�:-{�U$8q:"Lq:-NK:-H|W-IR#>L MbF<N�J-M uk = uh,k

V � MbF<H$U$8ZYOLsJ Vh J-H$8ZY<y �XF<N 9"J-N W�{�U$x u∗ ∈ C(Ω) ©�6"H$ h8Z6"NG63L�©�ªRx3x39'Y<Nn 'W�J-M�J-M 93J-H�J-{�#$H$ 'F<N 9'F<8 U$8Z
F<H vZ:-yq:"LZLqJ-H}H>F�V'F<H$H>F<NGF 9}#$NRNR#J���6"Nn8Z63L {	F<x'6"H>PG:"L 8 #>L Vh z|yqJ2�u+M�J-M ek,h = uk,h−u∗ IGF<H$ 'F<8 8iJ-M uk,h−
Ph(u∗) z|8�L M�:-{�U$8qJ-NK:-NRV�2 u �RyZ6-v F<V';<#>=7IR#$�K:ev J 9}#>LZMb6"Nn8�{	F<xnJ-V"J"PG:-H$ '6"MOM�JW�IG6"x3  J yq:";OL�©�ªRx3x'F<8 H>F<N
LZMOwR�XF<y H$#$NGFb:-y #>L�V'6"Nn9'F<y x'F<NG;<#�:-8Q{	F<x	8 wGP-v0wRV {BwR8qJ-8 NR#|2

�iMbY<y 8 J IR#$�KJb9'F<V}8Z6"y�L M�:-{�U$8q:"Lq:-NK:-H}NGF<{¨J-M u∗ ��6"Nn8Z63L {	F<x'6"H>PG:"LZ8 9'FOLZL MOªRVQSGx3 'F<H>F<{®�XF3WeIKJ-NGF<{
J-M Lhuh = gh Vh z|��F<H$# F<x3 'F<NRH>F<8 uh {	F<x'6"H>PG:"Lq:-8b2�u�MsJ-H$x'6"y #$8 {BwGL	:-H$8qJ-H L Mb6"H$xn:-H$8qJ-8Z6"8 8�V � MbF<H$U$8Z
Lq6"yZ6"M�J-8�#>L F<IRIGF<M@8qJ-y 8b2�iMOMbF<H J�L M�:-{�U$8q:"LZ# {	=}PRPGJ-H�Vh#>PRF<y ªRH|WIG6"x3 �#$xnJ-M�:-��="H NGF<{ V'F<H$H�6"H$ nJ-Ns© F<H�Jez
PGJ-8Z6"8 9":-H�J"LZMO8qJ-NR#KF<yZFOP{	Y<Nn 'F<#$NRV�8ZFOL MO8ZF<H>YOLZY<IGF<M'W}J-{�#$NGF<V�8 wGPNK:-NRV�J@�X6"N}8Z63L�{	F<x'6"H>PG:"Lq:-8bW}IKJ-NGF<{
8ZF<8ZLZMb"H>F<x'FOL g v 6"�R��6"H>PGJ-H$#�©�ªRx3x39'Y<Nn h8��XFbJ"PIKJ-8 wRNRV #$NR�RwR8 NKJ-VX2�u+{�# {�#�J-8 8�{	Y<x3#>L+v = H>FOL M¡J£{�#
LZMbF<{��X6"N}8 wRNRV}��="H|W IG6"x3  F<x3  y � x3MOU$8ZF<8 8 g © ªRx3x39'Y<N} }8®IKJ"L MONK:-H$wRNRV�W J-M�J-M'W IG6"x3 7Vh#�V'F<H$H�LZM�:-{	6"H z
N}wRNRV�J-MQJ-H$x'6"y #$8 {®wGL�F<H>Lq@H>Y<�XYOLqY<�XF<NsJ 〈g, wi〉L2 {	F<NRNn h#>LZY<x'F<V'F<8 �nWnJ-{�#$V'F<8 F<x3M�J-Vh8 wRH�L M�:-{	6"H$8 wRNRV
J�NKJ-x3 '6"�R�)�X6"N}8Z63LZLq:-x¡F<H>Y<yZYOLZY<IGF<M'2��@YOLZ"�R�){	F<x3NGY<MOMOªRV�W�IG6"x3 £V � MbF<H$U$8Z #$Nn8ZF<x3yq:-H�:"LZ6"V7{	F<NRNn h#$yZF
��FT© 6"H$ n:"LZ6"H v :-VsF<yZFOP{	Y<Nn 'F<#$NRV'F<8b2

u�MyY t2$1 § Z®J-H$x'6"y #$8 {®wGL 8	J"PGJ-�R8q:-H v0wRV�J¡V'6"NRVhyZY<8B© F<H�J"PGJ-8Z6"VhyqJ2��nF<H � H v�F cL J-M L 6"�XF<yq:-8Z6"y �KJ-N
LZMbF<yZF<�RH> c V'6"NGLZ8qJ-NGL 8bW cS ��FOP#$x�J-M S 6"��F<yq:-8Z6"y �KJ-N L MbF<yZF<�RH>�N}wRH$H�J"PyZF<NGP £8qJ-x�F<x3 }ªR8 8 IKJ-8Z=-vZ:-8b2
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£�/Ijk/&'�7�����7]��(��*4]�*/ D 1 S 1�` L 6}`�Ech=h > 5 2SE�W�R 6 2
K 6}` > L�1#W�W 832 cL = cS = c L�O > WdE ^>2
m]H�4CG PSR]Wth�1QP�O
1d`95 1�` > 6 > 5 > 5zE 6ML e�1 cL 6= cS UnV : : > W 6
`�R8^ > 2!G�E : > 432SE 6 W 83:gb > 2 @�> :0v�E 4QP9432QmCG 1 �]U � > P > ` > 5tb#K @ K :
b 8TG 5�6
`8mTL EcGcG > 5�b > HSEI` 83: B a 5 8*5 5 13: 5 > G P > 6 ¢ G 1�2 4*v 6 �S¢ @8@�> 5�G > : 6�K @ 1te�8Th�8 @ K : � E72!EAvSe]G > 5&^ > 2 > h � > G�5-K 5 > G��
� > G 1*O�1*5 2�1#L H�E�` 83: B 8 6f^0G�R 6}` � > G 5-K95 > G > W > 6 > 5-K :�L G 4 6�O&1��*U � U�h >r@ P >r@TB `�K 6 > Gi�*5 5�E.6 832�8#W 1*5-U

�iV}V'6"yQJ-MBJ-H$x'6"y #$8 {BwGL~J�V � 9'F<8 V'F<MbRWK{�:-y�8ZY<Nn hH>F<x'FOLZF<N±�RyZ6"x3yqJ-{	6"MOIKJ-8Z=sJ-H�J-V'6"8 � H$8 # 	







(1) � F<x3 'F<N u0 ≡ 0 YOL H>F<x3 'F<N r0 ∈ Vh J-M
∫

Ω

(∇r0 · ∇v + cSr0v) = −
∫

Ω

gv (v ∈ Vh)

F<x3 'F<NRH>F<8�{	F<x'6"H>PG:"LlJW d0 := −r0;

� F<8ZLZMb"H>F<x'FOL k ∈ N FOLZF<8ZY<N¡IKJ uk, dk, rk {�:-y�{	F<x393J-N WKJ-VhV'6"y H>F<x3 'F<N
(2a) pk ∈ Vh J�V � 9'F<8 V'F<Mb�F<x3 'F<NRH>F<8+{	F<x'6"H>PG:"LqJ

∫

Ω

(∇pk · ∇v + cSpkv) =

=
∫

Ω

(

∇dk · ∇v + ∂dk

∂x v + cLdkv
)

(v ∈ Vh)

γk =
∫

Ω

(

|∇pk|2 + cS |pk|2
)

;

αk = − 1
γk

∫

Ω

(∇pk · ∇rk + cSpkrk) ;

(2b) uk+1 = uk + αkdk;

(2c) rk+1 = rk + αkpk;

(2d) βk = 1
γk

∫

Ω

(

∇rk+1 · ∇pk +
∂rk+1

∂x pk + cLrk+1pk

)

;

(2e) dk+1 = −rk+1 + βkdk.

Y § 2Dt*Z

4 #$9'F<H J�V'Y<8�8ZFOL MO8�©�F<H�J"PGJ-8 yqJ	V"J-��6"8 8�F<yZFOP{	Y<N} 'F<V¡9}#>LZF<H$V'FOPRYOLqF@NGF<{ VhªRH � Nn��"MbRWKF<MbY<y 8�F<x3 hªR8 8
8q:-y x3 nJ-H v�wRV¡"V'F<8b2G�iH>LZ"V'Y<N}8QJ�L MOwR��F<y H$#$NGFb:-y #>L�V'6"N}9'F<y x'F<NG;<#�J	{	F<x3{®wR8qJ-8q:"LqJ�J	;OY<H|2

� � � �� �S ��� ���S� �c"������ ���F) *" �*��� �¦��" � ��� " � ���&� �c) �:�t�����-��"����S *,����

� F<x3 'F<N c = 1 {�#$NGPV'Y<8®FOLZF<8 ��F<N W Js�RyZF<V'6"NGP#>;<#>6"NK:-H�:"L�J-M	6"��F<yq:-8Z6"y®L MO#${�{	F<8 y #$VhwGLAyZYOL MbY<9'F<H
8 � y 8ZY<NR#$V�2 u+M�F<x3 hLZY<x3NGY<x3 hMbF<8ZF<8A{�#$NGPV'Y<8A#$yq:-N} }�KJ-N wRx3 nJ-NKJ-MOM�J-H�J h 63L MO8q:"LZV � MOMbF<Hi©�F<H>63LZMO8�v0wRV7YOL
J�V"J-��6"8 8�yq:";OLZ6"N 6"H>P-v�wRVs{	F<x J�© F<H�J"PGJ-8Z6"8bWKF<H>Lq"V'Y<Nn8QJ�V'6"yq:-�R�KJ-N£{	F<xnJ"PR6"8 8 g v 6"�R� 6"H>PGJ-H$# ©�ªRx3x"z
9'Y<N} 'F<V}V'F<H|2 u Y § 2Dt*Z+J-H$x'6"y #$8 {®wGL_Y�1�Z�H>Y<�XYOLZY<��F<N J@v 6"�R�)6"H>PGJ-H$#i#$Nn8ZF<x3yq:-H$8AF<x3M�J-Vh8 wRH�LZM�:-{	6"H v0wRV�2�u
8q:-�RH�:-M�J-8�F<H>Lq�63L MOH>6"�KJ�J-M@#$8ZF<yq:";<#>="V L M�:-{�:-8�v F<H>F<Nn8 #|WGJ®8q:-�RH�:-M�J-8�Y<y 8ZY<V'F<# ��FOP#$x�J-M ||ek||S / ||e0||S
IK:-N} nJ"PR63L�Y<y 8ZY<V'F<#�J-MBJ"PR6"8 8 SGNG6"{	Lq:-x3°±© F<H>63L MO8q:"L�FOLqF<8ZY<N 2

� :-8 IKJ-8Z=RW3IG6"x3 	J"PR6"8 8i�X6"N}8Z63LZLq:-xBF<H>Y<yZYOLqY<IGF<M�wRx3 nJ-NKJ-NRNn h#$8�V'F<H$HR#$8ZF<yq:-H$NR#|W3Vh#$9'Y<8ZF<H$8�V'Y<��F<M 8qJ-H�:-N
J h = 1/4 FOLZF<8bWON} }U$H$93:-N®J�V'F<9'YOL LZM�:-{B°A#>L {	F<yZF<8 H>F<NB{�#�J-8 8Rv�6"�R�KJ-V~Vh#>LZLZYiJ-M�F<yZFOP{	Y<N} 'F<VX2e4 #$NGPRF<Nz
FOLqF<8 yZF�J-M F<H>LZQ63L MOH>6"��wR8Z6"H>LZ=QV'Y<8 F<H>F<{	Y<8 � LZLZMbF<IKJ"LZ6"NRH$U$8 9"J+H�:-8 IKJ-8Z=RW"IG6"x3 ®J�IKJ"L MONK:-H$8�{�J-8ZF<{�J-8 #$V3J-#
LZMb6-© 8 9'F<y �X6"N}8Z63LZLq:-x3#QIKJ-8q:-yqJ V'6"y H�:-8Z6"8sLZM�J-� J L MOwR�XF<y H$#$NGFb:-y #>LsV'6"N}9'F<y x'F<NG;<#�J�F<H$H>F<NG"y MbYOLZY<NGY<H~#>Lb2
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§ 2$132G8q:-�RH�:-M�J-8b2 ||ek||S
||e0||S

Y<y 8ZY<V'F<# J-M_Y J*Z © F<H�J"PGJ-8�FOLZF<8ZY<N WRF<x3M�J-Vh8�#$Nn8ZF<x3yq:-H�:"L
1��eI

	 8 yb2 ¯ � 1 § � C
1 § 2$1bC § t3�"FTz �3C �h2 ¯3¯}�"� § FTz �3C �h2D�3�1bt § FTz �3C �h2D�3�1 §3� FTz �3C
C C2 ¯}�3�3�"�"FTz � � ¯G2DC � � �3§ FTz � � ¯G2 � §3§ C-¯'FTz � � ¯G2D�3�3t3t'�-FTz � �� t2Dt3C3t3t � FTz �3t 132D�'�h1 § �-FTz �-¯ C2 ¯n�3�3�3�"FTz �-¯ C2 §3�3� t'�-FTz �-¯
¯ 132DC �3� t-¯'FTz � § �h2DC3�-¯3¯ § FTz � § 132$1b�1b�-¯'FTz �3t 132DC1<¯ � t"FTz �3t
t C2D� § t3�3C"FTz �3� C2D�3�3�3t-¯'FTz �'� ¯G2D�3�3�'�"�"FTz �'� ¯G2 �3�"�1bt"FTz �'�§ C2 �"�3� � �"FTzq1b� t2$1bt3�3t1OFTz �3� 132DC3�3�3C1OFTz �3� 132 § C'�"t § FTz �3�
� �2Dt3t1bt3t"FTzq1 � 132Dt1b�-¯ � FTzq1b� � 2Dt1 � C3�"FTzq1b� ¯G2D�3t3C �3� FTzq1b�
� �2D�'�"�1b�"FTzq1bt t2 § �1<¯}�-FTzq1bC �2 �"t3�3t3C"FTzq1bC 132DC3� § � § FTzq131
� ¯G2DC �3§ �3C"FTzq1 § 132Dt3�3�-¯3¯'FTzq1 � C2Dt3�3�3�3C"FTzq1 � � 2D�3� § C3�"FTzq1 �

1b� ¯G2DC � t3�3�"FTzq1 § ¯G2 §3� t � 1OFTzq1bt 132D�3�1b�-¯'FTzq1<¯ 132D� § �'�"C"FTzq1<¯

� F<IK:-8 10−15 IR#$�KJ�J-H�J-8 8�{�:-y+J�V'F<yZF<V}U$8ZYOL # IR#$�K:-Vs{�#�J-8 8�NGF<{ 93:-y IKJ-8Z=	8Z6�9":-�R�R# ;OL � V}V'F<NGYOL�WKJ-M�J-M
�ez �	#$8ZF<yq:";<#>="NK:-H�8 � �R�XF<8QNGF<{�Y<yZPRF<{	FOL+SGx3 'F<H$NR#|2X�+Y<MOMOªRV {	F<x J�{	Y<x	SGNG6"{�J-�R�7©�F<H>63LZMO8q:"LZ6"V"J-8+#>L
J § 2DC2G8q:-�RH�:-M�J-8 �KJ-N 2

§ 2DC2G8q:-�RH�:-M�J-8b2 ||ek||S
||e0||S

Y<y 8ZY<V'F<# J-M_Y J*Z © F<H�J"PGJ-8�FOLZF<8ZY<N WRF<x3M�J-Vh8�#$Nn8ZF<x3yq:-H�:"L
1��eI

	 8 yb2 § ¯ 1bC3� C3t §
1 �h2D�1<¯nC3t"FTz �3C �h2D�1b�3�1OFTz �3C �h2D�3C1 �3� FTz �3C
C ¯G2D�-¯n�3�'�-FTz � � ¯G2D�-¯n�'� � FTz � � ¯G2D�3t1b�-¯'FTz � �� C2 § �"�-¯ § FTz �-¯ C2 § �"�'�e¯'FTz �-¯ C2 § �3C3� § FTz �-¯
¯ 132DC-¯ � � � FTz �3t 132DC3t1bC3�"FTz �3t 132DC3t � 1bt"FTz �3t
t ¯G2D� § ¯n� § FTz �'� t2D�131<¯nt"FTz �'� t2D�3C �3�3§ FTz �'�§ 132 �"C �3� ¯'FTz �3� 132 �e¯n�3�3t"FTz �3� 132 �"t-¯nC'�-FTz �3�
� t2DC §3�3§ t"FTzq1b� t2 � �h1 § �"FTzq1b� t2 � �3�3�-¯'FTzq1b�
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∫

4

h P x =
|4|
3

(h(x1) + h(x2) + h(x3)) Y § 2 § Z
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∫

4

h P x =
|4|
60



3 ·
3∑

i=1

h(xi) + 8 ·
∑

1≤i<j≤3

f(xij) + 27 · h(xs)
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D(Ω) → H1

D(Ω)
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6"��F<yq:-8Z6"yq:-IG6"M'2Ku H1
D(Ω) 8ZY<y�v�F<H>F<N}8ZYOLZFBLZMbF<y #$Nn8+J�LqJevZ:-8ZY<y 8ZY<V'F<x3 'F<NRH>F<8

QSu = λu

u|ΓD
= 0







⇐⇒







〈QSu, v〉H1
D

= λ 〈u, v〉H1
D

∀v ∈ H1
D(Ω)

u|ΓD
= 0

Y § 2D�*Z

J-H�J-Vh°�H>FOLZM'2}E #$x3 'F<H>F<{B��FQ9'Y<9'FQJ®L V3J-H�:-yZL Mb6"y M�J-8Z6"V~v F<H>F<Nn8ZYOLZY<85Y t2 � Z�L MbF<y #$Nn8bWh93J-H�J-{�#$Nn8��XF<9'F<MbF<8 9'F@J
µ = 1/λ v�F<H � H>YOLZ8bWGJ�V � 9'F<8 V'F<Mb�V'Y<8 ©�F<H�J"PGJ-8Z6"8�V"J-�v�wRVsJoY § 2 ¯�Z F<x3 'F<NRH>F<8=Y J*Z�YOL�Y �0Z FOLqF<8ZY<�XF<N 	







−∆u− µ∂u
∂x + cu = 0,

u|∂Ω = 0;
Y § 2D�*Z

#$H$H>F<8 9'F 





−∆u− µ∂u
∂x + cu = 0,

u|ΓD
= 0,

∂u
∂ν |ΓN

= 0.
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� F<Vh#$Nn8ZL ªRV {	6"NGP-v0wRV¡J�{�:"LZ6hP#$V�F<x3 'F<NRH>F<8ZF<8b2G�@F<yZFOLZªRNRV�8ZF<IK:-8�6"H$ nJ-N¡NGF<{�N}wRH$H�J u ©�ªRx3x39'Y<Nn h8
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−∆v − µ
∂v

∂x
+ cv = δ(µ)v Y § 2$131�Z

F<x3 'F<NRH>F<8ZF<8 z�J®��F<yZF<{�©�F<H$8ZY<8ZF<H>F<V v z|yZFQwRx3 nJ-NKJ-Mb6"VXW{�#$N}8 u z|yqJBz v z|yZF~YOL δ z|yqJW{�Jev P V'F<yZFOLZL ªRV	{	F<x
J-Mb6"N µ z|V'F<8bWGJ-{	F<H$ 'F<VhyZF δ(µ) = 0 2Gu

vjk(x, y) = exp(−µ
2
x) sin(jπx) cos(kπy) (j 6= 0)

©�ªRx3x39'Y<Nn 'F<VhyZ"H V � NRN} 'F<N£F<H$H>F<NG"y #$MOIGF<8ZRWKIG6"x3  8ZF<H v FOL U$8 #$V¡J��XF<yZF<{�© F<H$8ZY<8ZF<H>F<V'F<8+YOL+J

δ(µ) =
(
j2 + k2

)
π2 +

µ2

4
+ c

LZM�:-{	6"V}V3J-H�J-MoY § 2$131�Z�F<x3 'F<NRH>F<8Q#>LQ8ZF<H v FOL ªRH|2Xu Y § 2D�*Z�LlJev :-8ZY<y 8ZY<V}z F<x3 'F<NRH>F<8@LZF<x'YOPh©�F<H�J"PGJ-8q:-NKJ-V£{	FTz
x'6"H>PG:"LlJ

vjk(x, y) = exp(−µ
2
x) sin(jπx) sin(kπy) (j, k 6= 0)

YOL+J�{	F<x"©�F<H>F<H> δ z|Vs#>L {	Y<8�wRx3 nJ-NKJ-Mb6"V$	

δ(µ) =
(
j2 + k2

)
π2 +

µ2

4
+ c.
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{	F<x'6"H>P-v�wRV µ z|yZF32 E #$x3 'F<H>F<{B��F<9'Y<9'F3W IG6"x3  J 93J-H>=-v :-�KJ-N V'F<yZFOLZF<8 8 λ LqJev :-8ZY<y 8ZY<V'F<VhyZF λ = 1/µ W
F<MbY<y 8QJ�8 #>L MO8q:-N±V'Y<�RMbF<8ZFOL

λjk = ± i

2
√

(k2 + j2) π2 + c
,

Y<y 8ZY<V'F<VsJ"PR=}PNKJ-V�WRJ-IG6"H J-MzY J*Z FOLZF<8 ��F<N j, k 6= 0 WRJ Y �0Z�FOLqF<8 �XF<N j 6= 0 2hu QS 6"�XF<yq:-8Z6"y�LqJevZ:-8ZY<y�z
8ZY<V'F<#$NGF<V£�R#$y 8Z6"V":-�KJ-N � LqL MbF<IKJ"LZ6"NRH$U$8 IKJ-8�v�wRV7J § 2 � 2�YOL § 2 �h2X8q:-�RH�:-M�J-8Z6"V)F<yZFOP{	Y<Nn 'F<#$8®JyY § 2 � Z z|��F<H$#
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(1) � F<x3 'F<N u0 ∈ H1
D(Ω) 8ZF<8ZL Mb"H>F<x'FOLb2

� F<8ZLZMb"H>F<x'FOL k ∈ N FOLZF<8ZY<N±IKJ uk, {�:-y�{	F<x393J-N WKJ-V}V'6"y H>F<x3 'F<N
(2a) rk ∈ H1

D(Ω) J�V � 9'F<8 V'F<Mb�F<x3 'F<NRH>F<8�x3 'F<NRx'F@{	F<x'6"H>PG:"LqJ






−∆rk + crk = Luk − g

rk|ΓD
= 0, ∂rk

∂ν = 0

(2b) uk+1 = uk − m
M2 rk, J-IG6"H m = 1, M =

√

1 + 1
π2 ;
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(1) � F<x3 'F<N u0 ≡ 0
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∫

Ω

(∇rk · ∇v + cSrkv) =

=
∫

Ω

(

∇uk · ∇v + ∂uk

∂x v + cLukv − gv
)

(v ∈ Vh)

(2b) uk+1 = uk − m
M2 rk, J-IG6"H m = 1, M =

√

1 + 1
π2 ;
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