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1 Introduction

The purpose of this paper is to introduce basic concepts, as of yet unknown, that are
fundamental in the examination of composite moduli, while avoiding the notoriously dif-
ficult problem of prime-factorization. We introduce a new class of numbers, called the set
of idempotent numbers, that is unavoidable when researching composite moduli. Among
many interesting results, we give generalizations of well-known theorems and definitions,
such as the Euler-Fermat Theorem and the concept of primitive roots. We consider the
generalization of the equivalence condition for the solvability of a binomial congruence
to be the main result of our paper.

The paper is organized into sections of definitions, theorems, and notes. We intended to
include every single result known to us regarding idempotent numbers, so as to propa-
gate any further research that may be done on the subject by other authors. We provide
basically no references, since we were unable to find any, on this particular part of Num-
ber Theory. Some of the simpler results however, may be known to group theorists, or
may be found among exercises in textbooks. Since we publish all of our results, it is
no surprise that the reader may find incomplete lines of thought within the network of
theorems. We welcome and surely appreciate any helpful comments and papers that
would be related to them.

Many of our notes in this paper are meant to provide insight to the reader into our aims
of research currently in progress. As we have formerly mentioned, the paper itself is
concerned with revealing all the known implications of the existence of a set, called the
set of idempotent numbers, modulo a composite number.

In the next section, we provide definitions and notations, which will be used throughout
the paper.

In the section "Idempotent Numbers", we give results which show the fundamentality
of this set, whenever we wish to explore the hazy structure of composite moduli. We
also give a generalization of the definition of order, based on our generalization of the
well-known Euler-Fermat Theorem.

In the section "Normal Numbers", we define a set, which has quite a hazy structure,
although not as much as the whole of Z,,.

In the section "Regular Numbers", we introduce the nicest and most general set, that
one can work with, when examining composite moduli. We are going to show many prop-
erties for this set, that have only been known so far for its subset of reduced residues,
and we will also partition it into subsets of Abelian groups. We also give several other
definitions and results, to the best of our knowledge, as of yet unknown.

The next section is the most important one, since it contains the main result of this
paper, which is an equivalence condition for the solvability of a binomial congruence, to
the greatest degree of generality, we could hope to reach. This condition is currently
difficult to calculate in practice.

The next section generalizes the well-known definition of primitive roots to composite
moduli. It includes only a few results, which implies that it needs the most intensive
level of research, since we believe that revealing the structure of generalized primitive
roots, shall also solve the problem of calculating the condition we have spoken of above.
The section "Number Theoretic Functions", introduces functions defined through defi-
nitions of previous sections, all of them containing the idea of idempotent numbers.
The set of idempotent numbers shows interesting algebraic properties, as revealed in the
next section. Some nice operators may be defined over its elements, which are analogous



to operators known from Set Theory. We will also show that idempotent numbers form
a commutative ring.

Our last section, entitled "Second-Degree Polynomials", discusses their sets of solutions,
and in some special cases, characterizes them as well, with the use of idempotent numbers.



2 Basic Definitions

Let N denote the set of whole numbers greater than or equal to 1. By "number" we will
mean any whole number. In the entire paper, let m denote a fixed integer, and let

o
m = | [0, pi prime, pi < pip1, s € NU{0}, i €N
i=1

be the prime-factorization of m.
m is said to be square-free if a; < 1 for all 7 € N.

w(m) = |{t e N: a; > 0}

We shall call m a weakly even number, if py =2 and 0 < oy < 2.

Furthermore, we shall call m a barely even number, if p; =2 and a; = 1.

Let = denote logical inference. Let "iff" mean logical equivalence, or "if and only if",
and let it be denoted by <. Let 3 denote existence (3! meaning "exists exactly one"),
and V the logical term "for all".

L :={1,...,m}
In case of A C Zp,, a € Z
a€nAsIbe A:a=b (mod m)

Let a mod m denote the number b € Z,, for which a = b (mod m).
In case of AC Z
A mod m:={amodm: a€ A}

Let (a,b) denote the greatest common divisor of the numbers a and b.

Also, in case of A C N, let gcd(a : a € A) denote the greatest common divisor of all the
elements in A.

Let [a,b] denote the least common multiple of the numbers a and b.

Also, in case of A C N, let lem(a : a € A) denote the least common multiple of all the
elements in A. In case of an integral vector a € N*, n € N, let [a] denote the least
common multiple of the coordinates of a.

Let ¢(m) denote the number of integers relatively prime to, and not exceeding m.
Furthermore, let ¢(m) denote

p(m) := lem(p(pi*) : o > 0)

(Note that if m is weakly even, then the maximal order modulo m is ¥(m).)

For a,b € Z, let a | b denote that a is a divisor of b.

In case of vectors a,b € Z™, n € N, and any relation ~, let a ~ b mean that a; ~ b; for
all1 < i< n.

Let Dom(f) denote the domain of function f.

Regarding other basic notations and theorems on congruences, see [1].



3 Idempotent Numbers

Definition 3.1 A number e is said to be idempotent modulo m, if

e? = e (mod m)

Let E,,, denote the subset of idempotent numbers in Z,,.

We will mostly denote an idempotent number by e. The notation comes from the first
letter of the Hungarian word for "unit", since there may be defined groups in Z,,, with
their units being idempotent numbers modulo m.

If m has only one prime factor, then E,, = {1, m}.

Theorem 3.1 Foralla € Z
a‘P(m) Em Em

Proof Let i € N be a fixed number, and «; > 0. There are two possibilities.

L pila
Since
o =1+ (o — 1) < 2% < p%~ < pXH(p; — 1) < (m)
we have
a®™ =0 (mod p)
2. pifa

In this case, by the Euler-Fermat Theorem (and ¢(p{*) | ¢(m)), we have
a?™ =1 (mod p)
In both cases 1. and 2., we have
a?™ (a®™) — 1) = 0 (mod p)

so for all 7 € N we have
(a®™)? = ¢#™) (mod p)

which means that
(a?™)2 = ¢#™) (mod m)

so a?(™) is idempotent modulo m. OJ

Theorem 3.2 Foralla € Z
a¥™ ¢, B,

Proof The proof goes the same way as above, by changing each ¢(m) to ¥(m). O

Many interesting facts follow from the two theorems above. One is that every poly-
nomial is equivalent to a polynomial of degree less than or equal to 2¢(m) — 1 (modulo
m).

Theorem 3.3 For alla € Z



Proof This fact may be proven the same way as Theorem 3.1, by considering that
pila < p;i|(a,m) (a; >0)
O
Theorem 3.4
|E,| = gw(m)

Proof From the proof of Theorem 3.1, we see that a number is idempotent modulo m
iff it is congruent to either 0 or 1 modulo each of the prime power divisors of m. From
this fact, our theorem follows quite clearly, by the application of the Chinese Remainder
Theorem (see [1]). O

Theorem 3.5 For k €¢ N i
|kE,, mod m| = 9w (@)

Proof Let o
m .
wmo‘lpi
be the prime-factorization of ﬁ We see that §; = 0 iff p* | k, so

o (G ) = i8> 0} = i3 1)

Without hurting generality, we may suppose that p; are ordered so that for some n € N
we have 3; > 0if 1 <7 <mand B; =0if i > n. Let

my = [[pf, ma:= [] pf*
i=1 i=n+1
This way we have for all e € E,,, that
ke=0or ke =k #0 (mod p;*) (1 <i<n)
and ke = 0 (mod my). So by the Chinese Remainder Theorem and Theorem 3.4 we have
|kE, mod m| = |kE,,, mod my| - |kEp, mod ma| = |En, |- [{0} =2" = ov (i)
O

Theorem 3.6 If for somea € Z, k,l € N, we have a*,a' €,, E,, then afF = a' (mod m).

Proof

S
ES
Il
—
S
ES
~=
Il
)
z
Il
—
gN
~—
e
Il

a' (mod m)

0

Definition 3.2 For a € Z, let its order modulo m to be the smallest n € N for which
a" €m Ep. Let |a|, denote this n.



a’ := a*" mod m

Furthermore, let the inverse of a be denoted as
at:=a¥""! mod m

and for k € N

a ™ :=(a™")* mod m

For b € Z, if it exists, let ind}'a denote the smallest k € N, for which b* = a (mod m),
and let its existence be denoted as Jind;'a.

The existence of the above n is guaranteed by Theorem 3.1.

Theorem 3.7 If for some a € Z, k,n € N, k < n we have a**"™ = a* (mod m), then
a” €, E,..

Proof
a*Mm =a* = " Fd = 0" Rk = (a™)? = 4" (mod m)

so we have that a" €,, E,,,. O
Theorem 3.8 If mi, my € N, m = [my, my], then
ecE, & ec,, Ey, and e €, Eppp,

Proof This follows from the fact that a number is idempotent modulo m iff it is
congruent to either 0 or 1 modulo each of the prime power divisors of m. [

Problem 3.1 Defining the sequence of numbers (a,)3, recursively with
ap =1, a, =421 (n € N)

what will be the last two digits of ago?

Solution With some calculation, we get the following results
@100 = 42%%°, 42|10 = 20, 42%° = 76 (mod 100)

agy = 42%%% | |42|59 = 4, 42* = 16 (mod 20)
agg = 427 |42|, = 2, 42 = 4 (mod 4)
agr =0 (mod 2) = ags =0 (mod 4) = ag9 = 16 (mod 20) =
= a0 = 76 - 42'% = 76 - 56 = 56 (mod 100)
O

Note that the above problem may be solved in other ways as well. T decided to in-
clude it in our discussion, because this idea of a solution made me realize the importance
of idempotent numbers when discussing composite moduli, and it also gave me incentive
to investigate composite moduli from the viewpoint of idempotent numbers, starting the
research which resulted in this paper.



4 Normal Numbers

Definition 4.1 a € Z is said to be normal modulo m if the following logical inference
holds
" €nEp = lalm |k (E€EN)

Let N,,, denote the subset of normal numbers in Z,,.
Furthermore, for e € E,,, let N, denote the set

{a €N, : a9 =e (mod m)}
Theorem 4.1 A number a € Z,, is normal iff the following logical inference holds
a*=d' (mod m) = k=1 (mod |a|,) (k,I€N)
Proof First, let us suppose that a € Z,, is normal. Then
aF =d = akaMt = ¢%M (mod m)
Since a¥(™ ¢, E,, and |al,, | ¢(m), we have
0=k+lp(m)—Il=k—1 = k=1 (mod |a|n,)
Now, if the inference holds, with [ := |a|,, we have that a is normal. [J

Theorem 4.2 If my,my € N, my | ma, a € Ny, then |a|pm, | |a]m,-

Proof
a a
alalm2 €ms Emy, M1 | My = al®m2 €my Emy, @ € Ny = |alm, | |@]m,
O

Theorem 4.3 Let my,ms € N be such that m = [mq,ms], and @ € Zy,. If a €4, N,
and a €y Nip,, then a € Ny, and |aly, = [|a]my, [@]m,]-

Proof By Theorem 3.8, for £k € N we have

0" €nEn & 0" €, By, 0F €my By = [[a]my, [alm,] | &

50 [[@lms, [alma] | alme With & = [[almy, [alna] we have almi@ml €, By s0 [al <
[|a|my s |@lmy]s 5O |Glm = [|@|my, |a]m,]- We also see from above that a is normal modulo
m. [

Theorem 4.4 Ifa € N,,, k € N then
‘ak|m =

Proof

lalm

(aF)®lalm) = (a|a|m)(k,|§w €m Em




so we have

|a|m
0¥ < T
(k, |alm)
by Definition 3.2.
ki a|m
a" € By = lan |k & —— |1
(k, |alm)
so we have
|a’k‘ > ‘a‘m
~ (k,lalm)
O
Theorem 4.5 Ifa € N,,, n € N, then a" €,, N,,..
Proof Forallk e N
a|m
(@) €mEm = la|m |k & [0"m=—"~ |k
(n, |alm)

g

Theorem 4.6 Lete € E,,,, a,b € N¢ | k € N be such that dind;'a. Then

[blm

T € By = (k, blm) | indPa

Proof
16l \blmind{)na
e = a®tm =b ®Bm) (mod m) =
|blmindy'a indj’a )
= |b|m | €Z < (k,|blm) |ind]'a
(K, [blm) (%, |blm) °
O

Theorem 4.7 For all a € N,, we have a~! € N,,, |a }|,n = |a|m and
(@™t = al™*! (mod m)

Proof The first statement follows from Theorem 4.5. The second statement follows
from Theorems 4.5 and 4.4 since

|a|m

lalm—1] _
a =
@ = Tl = L ]alm

= |alm
)
If |a|, > 2 then
(a—l)—l = (a|a|m—1)‘”|m_1 =aqa- (a|a|m)|a|m_2 (IIlOd m)

The case of a € E,, is trivial. [J



5 Regular Numbers
Definition 5.1 a € Z is said to be regular modulo m if
a9+ = g (mod m)

Let R,,, denote the subset of reqular numbers in Zy,.
Furthermore, for e € E,, let RS, denote the set

{a €Rp: al%™ =e (mod m)}
From Theorems 3.1 and 3.6 we have that for all a € Z
altlm = ¢#™ (mod m)

We will apply this simple fact in our next theorem.

Theorem 5.1

iff m is square-free.

Proof First, let us suppose that R,,, = Z,,. Then for all 7 : a; > 0 we have
pi(p?™ —1) =0 (mod m) = pi(p¥™ —1) =0 (mod p¥) = o =1
Now, if m is square-free, then for all a € Z,,
a(a®™ —1) =0 (mod p;) i €N) = a(a*™ —1) =0 (mod m)

O
Theorem 5.2

R C N,

Proof We need to show that for all a € Ry, if a* €, E,, then |al,, | k for all k € N.
Let ¢,7 € NU {0} be such that

k=gqlam+r 0<7r<la|m
Let us suppose that » > 0. Then we have

aT

a-a" =gl grt = (gl o" = o (mod m)
so a” €, E,,, which is a contradiction by Definition 3.2. [J
Theorem 5.3 For alle € E,,

R¢, = {ea mod m: al%™ =e (mod m), a € Zy,}

Proof Ifa € RE, then a = e-a (mod m) which is obviously in the set on the right-hand
side. Now if a € Z,, is such that a®™ = e (mod m), then multiplying this congruence

10



by ea we have
(ea)(ea)?'™ = ea (mod m)

so ea €, RE,. [
Theorem 5.4 For alla € Z
a™ = g™ M = g™+ (mod m)

and
am—¥(m) €m R

Furthermore
g¥(m-1 €m R

if lalm < ¢(m) and a € Ny,.
Proof Let i € N be a fixed number, and «; > 0. There are two possibilities.

L pila

(24

o; <piTt <Pl g =m — p(m)

for some g € N, so
a™ ™ =0 (mod pf)

2. pita
In this case we have

a?™ =1 (mod p)
In both cases 1. and 2., we have

gm—e(m) (aw(m) —1) =0 (mod p§*)

from which we have our first congruence. The second one follows easily, by multiplying
both sides by a#(™).

e (gme(m)yelm) = gm—p(m) _ qo(m) _ gm = gm=e(m) (mod m)

From Theorem 5.2, and the definition of normal numbers, we have that ¢(m) = k|a|n,
for some k£ > 1. So

a?m=1 . (getm—1ye(m) = ge(m)—1 . ge(m) =

O

Note that based on our previous theorem, we may define the function
Om(a) :==min{n € N: a" €, R} (a € Zp,)
which has the property

6m(a) = min{n € N: a/*=*" = g™ (mod m)}

11



since
a" €m Ry & alm = g™ (mod m)

Theorem 5.5 A number a € Z,, is reqular iff the following logical inference holds
pila = piila (1€N, o >0)

Proof If a € R,, then a-a*™ = a (mod m). Let i € N be such that o; > 0, and
suppose that p; | a. Then as in the proof of Theorem 3.1, we have

a=a-a*™ =qa-0=0 (mod p)

Now, let us suppose that the inference holds. Let ¢ € N be such that «; > 0. There are
two possible cases.

Lpila

Then we know that p;* | a is true as well, so

a-a?™ =0=a (mod pX)

2. pifa
In this case we have (a,p;") =1, so

a-a?™ =g (mod p)
From these two cases we have that a € R,,,.
Theorem 5.6 A number a € Z,, is regqular iff the following equivalence holds
a*=d' (mod m) & k=1 (mod |al,) (k,1€N)
It is also true that if a € Z,, is regular, then the following equivalence holds
" €nEn & lalm |k (kE€N)

Proof Let us first suppose that a € Z,, is regular. The = part of the equivalence follows
from Theorems 4.1 and 5.2. The <« part is also true, since if { > k and k = (mod |a|n,),
then for some g > 0, we have | = k + q|a|m, so

at = gktdlam = gkglam = g* (mod m)

where the last congruence holds, because a is regular.

Let us now suppose that the equivalence holds. Then, with k£ := |a|, + 1, I := 1, we
have that a is regular.

The second equivalence follows easily from the first. [J

Theorem 5.7 A number a € Z,, is reqular iff there exists some n > 1 such that
n

a" = a (mod m)

Proof First, let us suppose that such an n exists. Then by Theorem 3.7 we have
a™ ! €, Ep, from which a"~! = a/%m™ (mod m) follows by the application of Theorem

12



3.6. So, by multiplying this congruence by a, we get our desired result. Now, supposing
that a is regular, we may take n :=|a|, + 1. O

Theorem 5.8 Fora € Z,,

(a,m)

Proof The first equivalence follows clearly from Theorem 5.5. Using this, and the fact

that m m
(@m. o) = (@)

we get the second equivalence. [

aeRm@<a, )zl@(a,m)eRm

Theorem 5.9 For all a € N,
a€R, & (a)™ =a (mod m)
Proof Follows from Theorem 4.7. [
Theorem 5.10 Let my, my € N be such that m = [my, my], and a € Zy,. Then
ac€R,, & ac,, Ry, and a €, Ry,

Furthermore, if a € Ry, then |a|m = [|@|m,, |@|m,]-

Proof We will prove the equivalence using Theorem 5.5. Let us suppose that m; and
ms have prime-factorizations

o0 o
_ I I Bi _ i
my = D, mg = D

Then we have that o; = max(8G;,;) for all ¢ € N, since m = [my, ms)].
The = part: Taking any ¢ such that p; | a, we have p* | a, which implies p;* | a and
p’ | a, since o; = max(5;, i), S0 @ €, Ry, and a €, Ry,
The <« part: Taking any ¢ such that p; | a, we have p;* | a and p* | a, which implies
p;* | @, so we have that a € R,,.
Now, let us suppose that a € R,,,. By Theorem 3.8, for £ € N we have

a* €Em En & a Cms Emn a” CEm, Em2 And Ha’|m1’ ‘a"mz] ‘ k

From this we have that [|a|m,, |@|m,] | |@/m. With & = [|a|m,, |a|m,] We have all¢/mi-lalm:]
Ep, 50 [alm < [|almy, [alm,]; s0 |alm = [|a|m,, |a|m,]. O

Theorem 5.11 For e € E,,, there exist unique my, my € N such that m = mymsy and
e =1 (mod m,) and e = 0 (mod my)
Furthermore, for all a € Zy,, the following equivalence holds

ac€R: & (a,m)=1and my|a

13



and if a € RS, then |a|y, = |a|m, -

Proof The proof is quite trivial, with the previous theorem in mind. [

Definition 5.2 For a € Z,,, a*™ = e (mod m), using the notations of the theorem
above, denote pn,(a) == m;.

We advise the reader to observe throughout our paper, that in many cases it is sufficient
to examine the set RLm(e) instead of R¢, (for any e € E,,;).

Theorem 5.12 For a € Z,,
acR,, & a Epoi Rp‘?‘i (Z € N)
and, if a € Ry, then
|a|lm = lem(Jaf,e 1 1 < i < 00)

Furthermore,

Rl = ] (1 + ()

a; >0

Proof Follows from Theorem 5.10.
The formula for |R,,| follows from the fact that for a € Z e

a€Rye & pitaorpla
which is a consequence of Theorem 5.5. [J

Theorem 5.13 For all e € E,,, the structure (RS;{e,”",-}) is an Abelian group.

Proof The properties to be shown are mostly trivial, except for maybe one. We need
to show that for all a € R¢, there exists a unique b € R¢, such that ab = e (mod m).
Let b := a . It is obvious that b € R¢, and ab = e (mod m). Now, let us suppose that
there exists some other b’ € R¢, such that ab’ = e (mod m). Then we have

a(b—b)=0 (mod m) = 0=d1.q(b-b)=
=e(b—b') = bt — (pH¥ImH = p _ 3 (mod m)
O
Theorem 5.14 If m is an odd number, then for all e € E,,

Han = (—1)2“’(“’"(6))_1 - e (mod m)

Proof We are going to make use of Theorem 10.5 from the last section, which states
that .
H{a eRS alm <2} = (—1)2w(um(e))_ - e (mod m)

For now, denote
S:={a €R;,: |alm <2}

Then for all @ € RS,
ata ' & a€R,\S

14



By our previous theorem, we have that

Han\SEe (mod m)
So we have
[T%: = (ITRn\s) - (I15) =e- (07" e (mod m)
O
Theorem 5.15 Fora€ R,,, n€N, 4,5 € Z
(a®)"'=a™ (mod m)
a't’ = a* - o’ (mod m)
Proof The first statement is equivalent to saying that

_lalm

a"lam) " = gnlalmn (

mod m)

which by Theorem 5.6 is equivalent to

—n = nlal, —n (mod |aly,)

(when n( ‘ —n # 0), and this congruence obviously holds.
In the omltted case

n———-—-n=0 & la,|n
So for some k € N, we have

n—=k)|a|m 0

gnlalm—n =a’ (mod |al|y,)

:a(

For the second property, we can distinguish four different cases (for nonzero exponents).
Case of 7,7 < O:

0t = g7l = (o7 = (o)L (g7l =
=a .07 =4 o/ (mod m)

Case of i < 0, j > 0:

Case of j > |i|:
gt = gl = gf = gt g =
= a“’j = (lj . (G/M)_l = G,j . a_m = a,i . aj (mOd m)
Case of j < |i|:
@it = gi Il = g~ (i) = (gli=9)~1 = (! - ¢=7)~ (mod m)

where the last congruence is true with the application of the previous case.
(@ a79) - (a7 a?) = (a(a!) 1 (a?) " (a?) = (al%m)HT = glom (mod m)

15



So by the unicity of the inverse (Theorem 5.13), we have
(a0 1=a"". ¢/ =a'-a’ (mod m)

Case of 7,7 > 0 is trivial.
Case of 1 > 0, j < 0 is similar to the case of 1 < 0, 7 > 0. OJ

Definition 5.3 For a € Z,, let {(a),, denote the set
{a" mod m: 1<n<|a|n,}

and in case of A C Ly, let (A),, denote the set

U (a)m

acA

Theorem 5.16 Let b,c € R,,, n,k € N. Then
b0 € (Om & bR € (0)

Proof Let us first suppose that b" = ¢!, b* = ¢/ (mod m). Without hurting generality,
we may suppose that there exist =,y > 0 such that (n, k) = nx — ky. So we have

) = ok — ook = e by = e (pRY) L = () - ()P €, ()

with the application of Theorem 5.15.
Now, let us suppose that 5™*) = ¢! (mod m). Then we have

b = b"MEn = (d)em €, (Om
The proof is similar for b* €,, (c)y,. O
Definition 5.4 Fore € E,,;, b,c € RS, denote
Dp(b,c) :=ged(n € N: 1 <n < |bly, 0" € (C)m)
Theorem 5.17 Ife € E,,, b,c € RS, then D,,(b,¢) | |b|m and
b €m (Om < Dml(b,c) |k
It is also true that P~ €, (c),, and
{B)m N {)m = (P

Furthermore "
[(B)m N (C)m| = m

Proof By Theorem 5.16 and with induction, we have bP=(®°) ¢ (c),..
First, let us suppose that D,,(b,c) | k. Then we have

bk = (me(b’c))% Em <c>m

16



Now, if b*¥ €., (c)m then with &' := k mod |b|,, we have b* €, (C)m, 50 Dp(b,c) | k' by
definition, and from this it follows that D,,(b,c) | k.
So by the property now proven, we also have that

(Oym N {C)m = <me(b’c)>m
It is also true that Dy, (b, c) | |b|m since
boim = e =cm €, (C)m

So we have

bim bl,m
[(BY s N ()| = [(BPm )| = [pPm )| = 0] _

(Dm(b, ), [blm) ~ Dm(b,c)

O

Theorem 5.18 Let k € N, e € E,,, a,b € R¢,, Jindy'a. Then

[blm

(k, |blm) | ind’a & a®Pim €, By

Proof
blm b|mind}*a
e=a®km =b ®&Bm) (mod m) <
|b|mind}'a ind;’a :
S [blm | €Z & (k,[blm) | indi'a
(k lm) (& Blm) ’
]

Theorem 5.19 Fore € E,,, a,b € RY,
(lalm, blm) =1 < |ablm = |alm - [blm

[|a|m, [blm]
(lalm, Blm)

| |ablm | [|alm, [blm]

Proof We first prove the second property.
(ab)lelmPiml = ¢ (mod m) = |ablm | [|alm, [blm]

e = (ab)lamlabm = ¢ . plalmlablm = plaim-lablm (;od m) =

[blm

= |b|m | |a|m : |ab|m = | |ab|m
(|alm, b]m)
e = (ab)lVmlablm = ¢ . gltlm (ablm = glblm-lablm (1)0q ) =
|a|m
= |a|m | [blm - |0b|m = o | [ab|n
(|alm, blm)
N |a|m 1b]m _ [|alm, |b]m] | |ablm

(Ialm; [Blm)” (|alm; [Blm) ] (alm, [Blm)

17



The first property follows from the second one.
Now, we prove the third one.

la] lal2
e = al’"" T@m o) = pTembm (mod m) =

e L e
ol ) ol o) | (s 1)

We get |a|n, | |b|m the same way. [

= |b|m | |a|m

Theorem 5.20 Suppose that e € Ep,, a,b,c € R, and a € (b)y, N {¢)m. Then there
exists some d € RS, for which a € (d)y, and |d|m = [|blm, [¢|m]-

Proof By Theorem 5.17, we have
(Oym N {C)m = <me(b’c))m = <cDm(c’b)>m
so there exists some K € N such that

(me(bac))K = cDm(cab) (mod m)

and from
‘ me(b,c) |m

(K, [pPm(be)

|me(b,c) m = (B N (C)m| = \cDm(c,b)\m =

m)
we have (K, [Pt ) = 1.

1b|m C|m 1b]m |C|m
— = D, (c,b)—" =D, (b, c)—t
Dn(b,¢) ~ Dun(c,0) () s lem) ~ 2 O el )
= ————— | Dp(b,¢) ————
Bl | 2 O o )
and since
( |b|m |C|m > 1
(|b‘ma ‘C‘m)’ (‘b|ma ‘C‘m)
we have |b|
— " D, b,c
(ol Il | D (8:€)
Denote

D (b, ¢)([b]m; |¢|m)
[blm

|b‘m = N1NaNn3, |C|m = kikoks, 1 =1ily

l:=

where the numbers above have the properties
k1 | ni, N2 | ke, 11 | na, la | ky

1= (n3, k3) = (ng,n;) = (ng, kj) = (ki ki) (3 # J)

Then we have

(‘b‘m, |c|m) = nZkla |bn2|m = ning, |ck1|m = k2k3, (|bn2|ma |Ck1‘m) =1

18



and also
’I’lzkl

n k
Dm(b,c):lk—lng, D, (c, b) :ln—zkg, pPm(®0)| = l

1

So by Theorem 5.19
|bnzck1|m = n1n3k2k3 = [|b‘m, |C|m]

Denote d := b™c** mod m.

dl%nska = (me(b,c))k2k3(cDm(c,b))mm — (me(baC))k2k3+K"1"3 (mod m)

nok
(k2k3 + K?’Llng, L) =1
lils
since j2 | ks but (72, Kmin3) = 1, and % | n1 but (I;—zl,kgkg) =1.
So there exists some N € N, such that

noky

)

(k2k3 + Knlng)N =1 (mod

So since (P! = g (mod m) for some I € N, we have

dlzll,’f; nsksNT — (pDm(be)(haks+Kmina)NT — (pDm(be))] = ¢ (mod m)

So a € (d),. O

Theorem 5.21 Lete € E,,, a € R, b € N,, be such that a € (b),,. Then there exists
some c € RE, such that a € (¢)m, and |c|p = |b|m-

Proof Define c := be mod m. Then obviously ¢ € R¢,, and

Cm m
e = prdi’a Lo = g . e = a (mod m)

So a € {c),. Since bl’!m = e (mod m), we have c = b®=*! (mod m), so since b € N,,, we

have |b\
‘c‘m = = = |b‘m

(blm + 1, [blm)

O

Theorem 5.22 Let a € Ry, b € N, be such that |a|,, | |blm- Then the following
inference holds
dind]" " = dind}’ " (n € N)

Proof Let n € N be such that " €, (a),,. Then 3k € N: b" = o (mod m). From
this we have

) bm
¥l = latl = (ks lal) 2 = (n, bl) = ( al) [ m

|@lm

So dl € N: kl =n (mod |al,), which implies a" = a* = b (mod m). O

It is easy to find numbers m € N, a,b € N,, for which the theorem above does not
hold.
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Theorem 5.23 Let a,b € R,, be such that |a|m = |b|n. Then the following equivalence
holds
0" €m (@) & a" €p (b)), (R €N)

Proof Follows easily from Theorem 5.22. [

Definition 5.5 For a,b € R,, we will say that a and b are equivalent modulo m if the
following are true

al®m = b (mod m) and |ay, = |b|;m and Jind{a
and we shall denote it as a ~,, b.

Theorem 5.24 The relation ~,, truly is an equivalence relation.
Proof It is clear that a ~,, a for all a € R,,.
By the previous theorem, we have that for all a,b € R,
ar~mb & alm = |blm, Jindj'a < |a|m = |blm, Jnd)'d < b~y a

Now, to show the transitivity of our relation, we take any a,b,c € R,,

a~mb, bp e = lalm = |blm = [¢lm, 3n,k: b =a, ¥ =b (mod m) =

nk

= |a|m = [¢|m, " =a (mod m) = a~pec

U

Theorem 5.25 Let a,b € Ry, n € N be such that b" €, (a)m, (n,|blm) = 1. Then
(B)m C (a)m.-

Proof Let k € N be such that b® = a* (mod m). Let [ be any integer. Then s € N :
ns =1 (mod |b|,,). From this we have b' = a** (mod m), which implies b' €,, (a),,- O
Theorem 5.26 Leta,b € R,,, n € N be such that a™ €,,, (b}, and |b|p, | |@|m, (7, |bm) =
1. Then (b)y C (@)m.

Proof By Theorem 5.22 we have that b" €, (a),, so we have (b),, C (a),, by Theorem
5.25.

Theorem 5.27 For a,b € R,,, we have (a)y, = (b)y, iff 0| = |b|lm and there exists
some n € N such that (n, |al,) =1 and a™ €, (b),-

Proof First, let us suppose that (a),, = (b)m,. Then
|alm = @)m| = [(b)m| = [blm

Also, for any n € N, (n, |a|,) = 1, we have a” €, (a)m = (b)m-

Now, let us suppose that |a|, = |b|, and there exists some n € N such that (n, |a|,) =1
and a” €., (b). Then by Theorem 5.25, we have that (a), C (b),. By Theorem 5.23,
we have that b" €., (a)m, so by applying Theorem 5.25 once again, we get (b),, C (a)m
as well. [J
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Theorem 5.28 Let a,b € R,,, be such that |a|m | |blm- Then there exists some ¢ € Ry,
such that a,b € (¢)m, iff a € (b)m

Proof Let us suppose that a,b € (c),, for some ¢ € R,,. Then

(ind™b, |c|n) = };‘m | “c“m = (ind™a, |c|m) | ind™a

So there exists some k € N such that (ind?*b)k = ind*a (mod |c|,). So b* = a (mod m).
Now, if a € (b),,, then with ¢ := b, we have that a,b € (¢),,. U

Theorem 5.29 Lete € E,,, a,b € RS, be such that (|a|m, |blm) = 1. Then (a)mN(b)m =
{e}-

Proof Let us take ¢ € (@), N (b),,. Then there exists some n € N such that n|b|,, =
ind}'c (mod |a|.,). So we have

@™t = glttmindz'e = (blm = (pllm)ndl’e = ¢ (mod m) = |aly, | n|b]2, =
= |a|m | n = ind™c = n|bly, =0 (mod |a|,,) = c¢=a™%° = e (mod m)
g
Theorem 5.30 Forb e R,,, a € (b),, d| |b|y, the following equivalence holds

blm
lalm =d & ind?az%, (r,d)=1

Proof First, let us suppose that |a|,, = d. Then

[blm
(ind}a, [b]m)

T|blm indj"a

~ (ind}a, [b|m)

d=\a|lm =

where we see that (r,|a|,) = 1.
Now, let r,d,b € N be any numbers such that (r,d) =1, d | b. Then

b
YT
(3>0)
Considering the relation between prime-factorizations and the greatest common divisor,
we need to show that for all r,d, b > 0, min(r,d) = 0, d < b, we have b—min(r+b—d,b) =
d. Supposing that r < d, we get r = 0, from which the desired relation is b — (b—d) = d.

Now, if d < r, then d = 0, so the relation we need is b — b = 0.
Applying the relation above, we get that

=d

|a'|m = ‘b|m =d

()

O

Theorem 5.31 Fora € Ry, d | |a|m
{b € (a)m : |blm = d} = ©(d)
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and
{b € Rt b~ al| = o(alm)

Proof The first equality follows from the above theorem.
The second one follows from the first with d = |a|,,. O

We now examine further properties of the function D,,(a,b).

Definition 5.6 Fore € E,,, a,b € RS, let the relative order of the numbers a and b be
defined as
|@|m 1]m
bl = m (D] = =
|6, bl m = [(@)m N (B)m] Do(a.5) ~ Din(b,a)

Theorem 5.32 Fore € E,,, a,b€eRf, ne€N
Dn(a,b) = Dp(b,a) < |a|m = |blm

D,.(a,b) . |a|m
Dn(b,a)  |bm

Dn.(a,b) =

2®°m @) ‘
m

Dy (a,b)
(n,Dp(a, b))

(‘(1,b|m,Dm(b, a)) =1 = Dm(a,, b") = Dm(a’ b) (n, %)

Dpn.(a™,b) =

Proof The first, second, and third relations follow trivially from Theorem 5.17. To
prove the fourth relation, for any & € N we see that

Dy(a,b)

Dn(a"b) |k < a™ €, (B)m < Dnla,b) | nk & ——"2—_ |k
(@ B) |k & a™ en () (@b) [ nk & CETs
To prove the fifth relation,
|a|m |alm Dy,(b, a)
Dp(a,b") = Dn(b"a) = ——(n,|b|m) ———F—+— =
(a,0") W, (6", a) |b|m( 0] )(n,Dm(b,a))

(m, 1Blm) Pl
= Dm(a, b)m = Dm(a’ b) (n’ m) -

= Dyu(a,b) <”’ %)
4

Theorem 5.33 Fore € E,,, a,b€ R, n,k €N
‘a”b‘m = ‘b’a‘m
a, a|m = |a|m

(lalm; [blm) =1 = [a,blm =1
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be(@m = [a,blm = [Blm

|aab|m
(n, |a,blm)

@, b|m

(‘a’b‘m’Dm(a’ b)) =1 = |a’n’b|m =

(|a,b|m, Dm(a,b*)Dp(b,a)) =1 = |a", b, =

(n(k; [@;blm), @, blm)

Proof The first and second relations are trivial.
The first inference follows from Theorem 5.29, and the second is trivial.
Now, to prove the fifth relation,

|b‘m _ |b|m _ |a;b‘m
Dy (b, a™) D, (b, a) (n 1] m ) (n,|a,blm)

’ D (bsa)

|a'nab|m =

Lastly, since
(|a,blm, Dm(a,0¥)) =1 = (|a, b*|m, Dm(a,b*)) =1

we have "
‘an,bk‘m _ a,b Lm _ b, a|m _
(sl ¥lm) kb, 0lm) (. i)
|a, b|m
 (n(k,|a,blm), |a, blm)
]
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6 Binomial Congruences

Definition 6.1 Fora € Z, k € N let M,,,(k,a) denote the logical function which gives
"true" if the equation in x

z*¥ = a (mod m)
1s solvable, otherwise let its value be "false".
Furthermore, let S,,(k,a) denote the set of solutions in Z., of the equation above, and
let SR (k,a) denote the set of regular solutions in Z,.
In case of a € Ry, let wy(a) denote the number

max {|b|, : b € Ry, Jind;'a}

wm(a)

lalm

furthermore let ind™a :=

Note that w,,(a) = ¢(m) for some a € R,,, iff R}, is cyclical.

Theorem 6.1 Fora € R,,, k€N
wm(a)
My (k,a) & a®em@ €, B,

Proof Let b € R, be such that Jind;'a and |b|,, = wp(a). Then we have

wm(a)
at®em@ €. B, < (k,|bl,)|ind]a

If (k,|b|m) | indj'a holds, then there must exist some 1 < [ < |b|,, for which &kl =
indy*a (mod |b,,). So we have

b = p%'e (mod m) = (b')¥ =a (mod m)

so bl is a solution of the equation.
Now, let z be a solution of the equation, and denote e := a®™ mod m, ¢ := z¢e mod m.
Then we have that c is a solution as well, since

= (z))fe=a-aU™ = a (mod m)

and ¢ € R, since
c-cldm = ¢. P = goe(xk)?™ = zge = ¢ (mod m)

It is also clear that |c|,, | |b|m- For, let us make the indirect assumption that |c|, 1 |b|m-
Then we have |c|, < |b|m by the definition of wy,(a). We also know by Theorem 5.20
that there exists some d € R,,, such that Jindj'a and |d|m = [|b|m, |c|m]- It is clear that
|d|m > |blm, which obviously contradicts the selection of b and the definition of wy,(a).
So we must have that |c|n, | |b|. From this, we have

wm (a) |b| [b]m |blm

aFowom@) = qblm) = (M) ®Rim) = (c‘°|m)|c\m'_(k,\f_\m) =e (mod m) O

The difficulty of the verification of the condition
wm(a)
a®em@) €, B,
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lies within the calculation of w,,(a). So I believe that the examination of the mapping
m +— wy,(a) is probably the most logical direction, research on this subject should take.
Let us look at some immediate corollaries of our theorem.

Theorem 6.2 Fora € R,,, k€N
Mpn(k,a) & Mn((k,0(m)),a) & Mu((k,9¥(m)),a)
Proof The equivalence follows trivially from our previous theorem, since
wm(a) [ p(m), ¥(m) = (k,wm(a)) = ((k, p(m)),wm(a)) = ((k, 9 (m)), wm(a))

O
Theorem 6.3 Fora € R,,, ki,ks € N

M. (k1,a) and M, (ke,a) < My, ([k1, ko), a)
Proof Our theorem follows from Theorem 5.16, and the fact that

( W (a) Wi (a) ): wm(a)
(k1, wm(a))’ (k2,wm(a)) ) ([k1, ko], wim(a))

g

We now look at a necessary and then a sufficient condition for the solvability of a binomial
congruence modulo m.

Theorem 6.4 Fora € Z,,, k € N

p(m)
Mp(k,a) = a®etm €, B,

Proof Let the solution of the binomial congruence, be denoted by x,. Then

p(m) p(m) k
aGe(m) = (x’g)(k,sp(m)) = (;I;g(m))(k,w(m)) €m Em

O

Theorem 6.5 Let a,b € R,,, k € N be such that Jind;'a and (k, |b|,,) | ind;'a. Then
M,,(k,a).

Proof If the conditions above are satisfied, then for some [ € Zj,,,, we have kl =
indj'a (mod |b,,). So since b € R,,, we have

b = b (mod m) = b €, Sm(k,a) = Mpy(k,a)

g

We now look at some special solutions of a binomial congruence.
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Theorem 6.6 Let a,b € Ry, e € Ep,,, k,l € N, kl € be‘m be such that Jind;'a €
Rfy,.» kl =e (mod [b|n) and M (k,a). Then

[b]

PR E T € Spn(kya) (n € N)

Proof
k(lindy'a +n Blm ) =indy'a + nL|b|m = ind}'a (mod |b],) =
(, blm) (K, |6l m)
lindPa+n oM g indta _
= (b ®ololm) )& = p = a (mod m)
O

Next, we examine the number of solutions of a binomial congruence.

Theorem 6.7 Ifa € R,,, k € N and M,,,(k,a), then |SK(k,a)| > 0.

Proof It is clear that zo-e €, SE(k, a) for any z¢ € S,,(k, a), where a®™ = e (mod m).
0

Theorem 6.8 Ife € E,,, a € RS, k € N and M,,(k, a), then |SE (k,a)| = |SK(k, €)|.

Proof Let 2y € SE(k,a) be some regular solution. Then according to Theorem 5.13,
we have exactly one z,' € R¢, such that z,'zy = e (mod m). Let us define the set

A= {zy'z;: z; € SE(k,a)}
Then we have that A C SE(k, e), since for any z; € SE(k,a)
(5 2:)* = (5 ")*a% = (a5")ak = € (mod m)
and for i # j we have z,'z; # z,'z; (mod m), for let suppose that for some i # j
Ty 'z = xylr; = T = 3y Ty = 2,7, To = x; (mod m)

which is a contradiction. So we have that [SE(k,a)| = |4] < [SE (K, €)|.
We also have that
Sk (k,a) = zq - SE (k,e) mod m C SE(k,a)

so |Sy (K, e)| < |S5(k, a)|. O
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7 Generalized Primitive Roots

Definition 7.1 A number g € Ry, is said to be a generalized primitive root modulo m,
if wm(g) = |glm- Let the set of such g be denoted by G,.
Furthermore, let Q,,(a) denote the set

{b € Ry, : Jind}’a and |b|m = wm(a)}

Theorem 7.1 For alla € R,
Qp(a) C Gy,

Furthermore, for all g € G,, there exists some a € Ry, such that g € Qp,(a).

Proof To prove the first part of our theorem, take any b € Q,,(a), and let us suppose
indirectly that b ¢ G,,. Then there exists some ¢ € R,,, such that 3ind}'b and |¢|, > |b|m.
Obviously Jind;"a, since

(Cindf:nb)ind{,na = bindzna =q (mod m)

Which contradicts the maximality of |b|,, = wp(a).
Now, to prove the second part, take any g € G,. It is trivial, that g € Q,,(g). O

Note that our theorem implies the nonemptyness of G,,.

Theorem 7.2 Fora € Ry, g € Qn(a) the following equivalence holds
9" €m Qm(a) & (n,]glm) =1 (n€N)

Proof To prove the = part of the equivalence

9|m

9|m = wm(a) = [9"|m = = (n,]g9lm) =1
(n,9|m)

Now, if we suppose that (n,|g|,) = 1, then there exists some k € N such that nk =
indj'a (mod |g|m). So

(gM)* = ¢™%* = a (mod m) = Jindra

and

9]
|gn‘m = = ) = |g|m = wm(a)

(n,|glm

So g" €m Qp(a). O

Theorem 7.3 For a € R, the following equivalence holds
g€ n(a) & g'ena)

Proof Follows from our previous theorem. [

Theorem 7.4 Let my,my € N be such that m = [my,ms], and g € Zp. If g €y Gy
and g €m, Gm,, then g €, Gy,
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Proof Let us suppose indirectly, that ¢ ¢ G,,. This means that there exists some
h € R, and n € N, such that |h|m > |g|m, and A" = g (mod m). This implies that
(n,|hlm) > 1, and for i € {1,2}

|Pms

h" = g (mod my;) = |g|m; = T

= (1, [hlm;) =1

So combining the two we get

1= [(n, |hlm,); (n; [Blmy)] = (10 [y s Blm,]) = (n, [lm)

which is a contradiction. J

Our theorem above sheds some light on the still hazy structure of G,,.

Theorem 7.5 Ifa,b € R,,, a ~p, b, then wy(a) = wy,(b).
Proof It is clear, that (ind}'a, |b|,) = 1. So for any g € Q,,(b)

(gind;"b)iﬂd;ana =a (mOd ’)’I’L)

SO Elind;”a. So
Wm(0) = [g|m < wm(a)

The inequality wp,(a) < wpy(b) may be proven in the same way. [

The theorem above shows, that in our quest of finding an easy method for the calculation
of the function w,,, it would be worth examining the equivalence classes according to
the relation ~,,. It also implies that if a number is equivalent to a gen. primitive root,
then it is a gen. primitive root as well. Therefore, it would also be worth examining the
structure of G, and Q,,(a), partitioned according to our equivalence relation.
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8 Number Theoretic Functions

In this section, we shall examine some functions, along with some of their properties,
emerging from the discussions above.

Definition 8.1 A number theoretic function f : N — N is said to be multiplicative, if
for all a,b € D(f), (a,b) =1

a-beD(f) and f(a-b) = f(a)- f(b)
and we shall denote it as f € M.
We will say that f is quasimultiplicative, if for all a,b € D(f)
[a,b] € D(f) and f([a,b]) = [f(a), f(b)]
and we shall denote it as f € QM.
We will say that f is division-invariant, if the following inference holds for all a,b € D(f)
alb = f(a)|f(b)

and we shall denote it as f € DI.

Lastly, we will say that f is prime-power division-invariant, if for all primes q and
B,7 €N, B <, such that ¢°,q" € D(f), we have f(¢°) | f(q7); and we shall denote it
as f € DIpe.

Note that the functions ¢ (by our theorem below), m — |a|, (with domain {m € N :
a €n Nn}), a = (a,b) are quasimultiplicative. We suspect, that for most (if not all)
quasimultiplicative functions, there exists some quick algorithm for their computation.
The basis of this conjecture is that the well-known Euclidean Algorithm computes the
function a — (a,b) € QM. Furthermore, it is also possible, that the computation of most
multiplicative functions relies heavily on prime-factorization; that is, their computation
is mostly equivalent to prime-factorization, in terms of speed.

Theorem 8.1 For any g € DLy, D(g) = N and n € N, with prime-factorization
n = ]l,enpi*, define the function f as

f(n) =lem(g(p") : 1€N)

Then f € QM.
Proof Take a,b € D(f), with prime-factorizations a = [[,cy 27", b = [Licn pf". Then

f([a,b]) = lem(g(p"™ %)) : e N) =

— lcm([g(p{nin(%ﬁi))’g(p;naX("ﬁ,ﬁi))] : ieN) =

1

= [lem(g(p}*) : i € N),lem(g(p¥) : i € N)] = [f(a), f(D)]
0

It is interesting to ponder the question whether there would exist such a g for all f € QM.
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Theorem 8.2
fEQM & feDIand (a,beD(f), (a,b)=1 = f(ab) = [f(a), (b))
Proof First, let us suppose that f € QM, and take a,b € D(f) such that a | b. Then
f(b) = f([a,b]) = [f(a), f(b)] = f(a) | f(D)

Now, suppose that the right hand side of the equivalence holds. Let a,b € D(f) and
ni, ki € N (i = 1,2,3) be such that

a = ningng, b= kiksks, m | ki, ko | Uy

1= (ni,n;) = (ki, k;j) = (i, k;) = (ns, ks) (i # J)
Such decompositions exist, and are easy to find, by looking at the prime factorizations
of a and b. So we have [a, b] = kinansks, and

f(la,b]) = [f (K1), £ (na), f(ns), f(ks)] = [[f (ma), £ (ko)], [f (K2), f(n2)], f(ns), F(ks)] =

= [[f(n1), f(n2), f(n3)], [f (K1), f(k2), f(ks)]] = [f(a), f ()]
O

Theorem 8.3
f€DI & Va,beD(f): [f(a),f®)]] f([a,b])
Proof First, let us suppose that f € DZ. For any a,b € D(f)
a,b|[a,0] = f(a),f(b) | f([a,;b]) = [f(a), f®)]| f([a,])

Now, suppose that the right hand side property is what holds for f. Then for any
a,b € D(f)

alb = f([a,b]) =f(b) = [f(a),f(®O)]]| () = [fla), f(O)] = f(b) = fl(a)] f(b)
O
Theorem 8.4 If f € QM is injective, then the following equivalence holds

alb < f(a)| f(b) (a,b€D(f))

Proof If f € QM, then by Theorem 8.2, we have the = part of the equivalence.
Now, suppose that a,b € D(f) and f(a) | f(b). Then

f(®) =[f(a), f®)] = f([a,b]) = b=[a,b] = a]b
O
Definition 8.2 Fore € E,,, k € N, let us define the following sets

kRm = {a € Rm : \a|m = k}, kan = kRm N an
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Now, define
rm(k) == xRy,| (k€N

Furthermore, let
pm(k) :={a € R, : lalm | k}| (k€N)

Note that by Theorem 6.8 we have that

Sm(k, a)| = ISy (. €)| = o7, (k)
ifkeN, e€Ep, a€RE and My, (k,a).
Theorem 8.5 For alle € E,,

(k) =700 (k), Pm(E) = Py, (k) (kEN)

Furthermore, if m is weakly even, then r3,, p5, € M.

Proof By the application of Theorem 5.11, we have the first statement of the theorem.
So, this result shows that it is enough to prove the multiplicativity of our functions for
the case of e = 1.

Let ki,k, € N be such that (k;,ks) = 1 and 7., (ky), 7% (k2) > 0 (otherwise the theorem
holds trivially). Let k := k;ks and n := w(m). The following equivalence is quite trivial.
For all z € N*

z] =k & Ju,ve N': z; =uwv;, (u,v;) =1(1<i<n)and k; = [u], ks = [v]
For simplicity’s sake, let us suppose that a; > 0 for all 1 < 7 < n. Let f denote the

integral vector (¢(p7?),...,@(p%)).
Since m is weakly even, we know that for all moduli p{* (1 < i < n), there exists a

primitive root modulo p;?. So, it is well-known, that if a primitive root exists modulo
p;?, then the number of integers in Z poi of order d € N is o(d) (for d | p(pi*)). Now, with
the above facts, and the Chinese Remainder Theorem in mind, we have the following

:Z<Q‘P(3§i)5 zeN, [o] = k, x|f) _
ZZ(HQO(%): weN', [ul=ki, ul|f, veEN', [v] =k, 'u|f):
=Z((ﬁw(ui)) (ﬁw(w)): wEN, [u] =k, u| f, vEN, [o] = ky, v\f) -
= (Z (iljso(ui); we N, [u] = ki, u\f)).

. (Z (Hgo(’uj) v eEN, [u] = ko, v | f))
= Trln(kl) . ’I",,ln(kz)
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The multiplicativity of the function p. , may be shown similarly. All we need to do, is
change some equality signs to division signs, as follows,

P}n(k):Z(Hgo(x,) reN', [z] |k, x|f) =
:Z(H(p(wl) we N, [u] | ki, u|f, ve N, [v] | ks, v\f):

:Z ((H‘P(Ui)) (Hcp(w)) cu €N, [u] | ki, u| f, veEN, [v]| ks, v\f) -

= (Z (HSD(%'): u €N, [u] | ki, U|f))'
(Z (H‘P(Uj): v eN?, [v] | ke, U|f)> =

= rp (k1) - 73, (o)
O

So the theorem above, tells us, that if m is weakly even, then it is enough to deter-
mine r¢, and p¢, at the prime-power divisors of k € N.

Theorem 8.6 Supposing that m is weakly even, 3 € N, q € N is prime, ¢° | (m), n =
w(m), and without hurting generality, we may also suppose that for some § € (NU{0})"

o; > Oa Qo(p;xi) = qéi,r’ia ((L T'i) =1 (1 S 7 S ’n,)

Then _
pL(gP) = g>imamin(B.8)
(@) = pr(d®) — pi(q

i) =¢*—1, A={6#0: 1<i<n}

m

5,1)

Proof The first relation may be proven in the following manner, by considering the
ideas that follow from m being weakly even, like in the proof of the previous theorem,

pr(d’) = Z (H ©(g") : max(y) <p, v < 5) =

Dol

1 ;70

= E qzi% . (1 — _> —
q

¥i<min(83,d;)

“ 1 1 . 1
= <1+q<1——)+q2<1——>+...+qmm(ﬁ"5")<1——)>:
— q q q

2
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n -1 min(8,6;)+1 __ 1
:H(1+—q (—1+q >)=
q g—1

=1
=11 (1 S Ly i) _ 1) _ Siamin(83)
i=1 q q

The second relation is quite trivial.
The third one follows from the first and the second. [
Theorem 8.7 If m is weakly even, then

o

(k) = 11k o) (keN)

i=1

Proof First, let us examine the case of m = p®, « € N, p is prime, and there exists a
primitive root modulo p®, and k = ¢®, ¢ prime, 5 € N.
Then, for some r € N, we have ¢(p®) = ¢°r, g{r, so by our previous theorem, we get

pra(®) = g™ = (8, o (1P))
The general case follows quite trivially, through the Chinese Remainder Theorem. []

Theorem 8.8 If m is weakly even, then pi, € DI for all e € Ey,.

Proof Follows easily from our previous theorem. []

Theorem 8.9 Forec E,,, keN

(kRG] = — 2

Proof Let us group the elements of yR;, into equivalence classes, according to the
equivalence relation of Definition 5.5. By Theorem 5.31, we have that each equivalence
class has ¢(k) elements, so the number of equivalence classes is |’;I({Z’3| . Each representative
of an equivalence class, has an orbit consisting of k& elements, so we see that the above

relation holds. (J

Theorem 8.10 If m is weakly even, then k — |(4RE)m| € M for all e € E,,.

Proof Our theorem follows easily from Theorem 8.5 and the above relation. [J
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9 Idempotent Numbers as an Algebraic Structure
Definition 9.1 For e, ei,es €, En, let us define the following operators
e:=(1—e) mod m

e1 0 ey := (e1ez + €182) mod m
e1Q ey :=¢€1°€

e1 ~ ey =8 -e
Theorem 9.1 Fore € E,,, a,b,c,d € Z, n € N, the following identities hold
(ae + be)(ce + de) = (ac)e + (bd)e (mod m)
(ae + be)" = (a"™)e + (b")e (mod m)
Proof
(ae + bé)(ce + dé) = (ac)e + (ad)ee + (bc)ée + (bd)é = (ac)e + (bd)é (mod m)
The second identity follows from the first one. [
Theorem 9.2 Fore, ey, es € E,,,, we have
€, e10ez, e1@ey, €1 ~ ey € By

Proof Follows trivially from our previous theorem. [
Definition 9.2 Let B,, denote the set

B i= {0 : o > 0}

For A C B,
A:=B,\4

For e € E,, define
Bn(e) :={k€Bn: k|e}

Theorem 9.3 For e, e, es € E,,, the following identities hold

Bm(€) = Bnm(e)
Bn(e1 - e2) = Bn(e1) U Br(ea)
B..(e1 ® e2) = Bn(e1) N B(e2)

B (€1 ~ €2) = Bp(e1) \ B(e2)
B(e1 0 e2) = Bpy(er) ABp(e2)

Proof The first two identities are trivial.

Bi(e1 ® e2) = By (€1 - €2) = Bn(é1 - 82) = Bi(e1) UBn(e2) = Bi(er) N Bu(e2)
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B(e1 ~ e2) = By,(e1) N Biu(e2) = Bi(er) \ Bm(e2)

To prove the last identity, we first make a bit of calculation.
(61 ~ 62) . (62 ~ 61) = €1e9 - €169 = (1 — 6162)(1 — Blég) =

=1—e18y —E1€s = €1 + € — €182 — €163 = €1 0 €3 (mod m)
Bi(e10ex) =B, ((e1 ~ez) - (ea ~e1)) =Bp(er ~e) UB(ex ~ep) =
= (Bm(e1) \ Bm(e2)) U (Bm(e2) \ Bm(e1)) = Bm(e1) ABm(e2)
O

Considering the properties above, we see that an isomorphism may be defined between
E., and the class of subsets of any finite set, which has w(m) elements.

Theorem 9.4 The structure (E,,; {1,7},0}) is an Abelian group, where each element is
of order two.

Proof First, we will show that for all e;, es € E,,, there exists one and only one e; € E,,
such that e; = eg o e3.
Let us take any e € E,,,. Then

ey 0€e =€y — (€3 — eg)e (mod m)

and (é; — e, m) = 1 since (&3 — e2)> = 1 (mod m). So by Theorem 3.5 we have

620 En| = |&2 — (2 — €2)Em| = (€2 — €2)Ene| = 2°(@ %) = 9vtm — |, |

which proves both the existence and unicity of es.

It is clear that eoc1 = e and e o e = 1, so we have the existence of an inverse, and that
each element is of order two. It is also obvious that o is commutative. In order to show
that o is associative, take any ey, es, e3 € E,,,. Then

(e10eg) o ez = (e1ey + €182) 0 e3 = (ereg + €182)es + (Erea + €182)E3 =

= ejege3 + €169e3 + €1e9€3 + €123 = €4 (8263 + 5253) + é1(5263 + 62é3) =
= ey 0 (ege3 + E283) = €1 0 (e3 0 €3) (mod m)

d

Theorem 9.5 The ® operator is commutative and associative. Multiplication is dis-
tributive with respect to ®, and ® is distributive with respect to o.

Proof The commutativity of ® is trivial. Now, take any ey, e, e3 € Eyy,.

(81®62)®€3E(€1®62)'égE(él‘ég)'égfél'éz'ég (modm)

which proves the associativity of ®.
Now, to prove the third property, we calculate

e1-(ea®e3) =ey-e3-e3=e1(l—(1—ez)(l—e3)) =eres+eres — erese3 =
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=1—(1—erez)(1l —ere3) =ere;-e1e3 = (e1 - e2) @ (er - e3) (mod m)

The fourth property follows from

e1® (62 e} 63) = 61(6263 + égég) =e; (6253 + 6263) =

= élég — élézég + €169 — 516362 = €1€9 - élég + é1€é - 6163 =
=¢€1ey- €163 + €162 -€183 = (€1 ® es) o (e; @ e3) (mod m)
U

Theorem 9.6 The structure (E,,; {0, ®}) is a commutative ring, with o being "addition"

and @ being "multiplication”.
Proof Follows from our previous two theorems. [
We see that because of the isomorphism that exists between E,, and the subsets of

a finite set, the above theorem states the well-known fact from Set Theory, that the
subsets of a set form a commutative ring with respect to the operators N and A.

Theorem 9.7 Fore,ei,es € E,,, we have
e-€=m, e+é=1 (mod m)
eol=e ece=m, eom=¢
€106y =€1 069 = €10 €&y
e1oey = (e1+&)(61 +e) = (e1 — &)° = (61 — e3)? (mod m)

Proof The fourth line of identities seems a bit nontrivial, so we shall prove it in part
below.

(e1 + &2)(€1 + €2) = €181 + e1e3 + €281 + €262 = ejez + €281 (mod m)
(61 - 52)2 =€1 — 26152 + ey = 61(1 — éz) + 52(1 — 61) = e1e9 + €961 (I'IlOd m)

g

Note that the first and second lines of identities show that o behaves somewhat like
multiplication. In our upcoming theorems, we will prove properties of ® which show
that it may behave in a sense both like multiplication and addition.

Theorem 9.8 Fore,e,,...,e, € E,,, we have
eRe=c¢e, e®l=1

— (61 ®&))? = ey 0 ey (mod m)

(61 X 62) — (él X 6_32) =e1-€ey— €1 Ey (mod m)
((e1 ®e2)

€ 1+ ez (mod m)

H
&
Q|
o

9 =
n n

Re=]]a

i=1 i=1
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eRe=1,ex0=e¢
(e1-€2) @ (€1-€3) =€1-e3+ € - € = e 0ey (mod m)

Proof The first four lines of properties, are quite trivial. The fifth property may be
proven via induction, using the associativity of ®. The sixth and seventh lines are quite
trivial calculations as well. [

Our next theorem shows a peculiar property of ®, in which it behaves both like ad-
dition and multiplication. In fact, the second property sheds light on the double nature
of this operator.

Theorem 9.9 Fore,eq,es € E,,,, we have
(e10€e)®(ex0e) = (e1 ®ezx)e + (€1 ® €9)e (mod m)

e1®es =e; + ey — e ez (mod m)

Proof
(e10e)®(es0e)=1—ej0e-e30€ =

=1- (616 + 615)(528 + ezé) =1- (51626 + 61625) =
=e+ e — (61826 + €162€) = (€1 ® e3)e + (€1 ® €2)€ (mod m)

The second property is just simple calculation. [
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10 Second-Degree Polynomials

Definition 10.1 For k € Z, let Sy, 1, denote the set of solutions of the equation

z?> = kz (mod m)

among the elements of Zy,.

Theorem 10.1 Let k € Z be such that (k,m) =1. Then
Smx = kE, mod m

Proof Let i € N be such that «; is positive. Then from
z2 = kxo (mod p¥)

it follows that
zo =0 or g = k (mod p;*)

Let e € E,, be such that pum(z¢) = pm(e). Then for all i € N we have zo = ke (mod p}*),
so zg = ke (mod m). So we may conclude that S,, ; C kE,, mod m.
Now, we see that kE,, mod m C S, as well, since for any e € E,,,, we have

(ke)? = k(ke) (mod m)
U

Theorem 10.2 Let a,b € Z be such that (b — a,m) = 1. Then for all solutions r € Zy,
of the equation
(z —a)(z — b) = 0 (mod m)

there exists a unique e € E,,, such that
r = ae + be (mod m)
Proof Our equation may be rearranged as
(x —a)®> = (b—a)(z — a) (mod m)

So since (b — a, m) = 1, by our previous theorem we have that for all solutions r € Z,
there exists a unique e € E,,, such that

r—a=(b—a)e (mod m)

which may be rearranged as
r = ae + be (mod m)

g

Theorem 10.3 Let m and a € Z be such that (2a,m) = 1. Then for all solutions
r1,79 € Ly, of the equation

2% = a (mod m)
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there exists a unique e € E,,, such that
ry = re(e — €) (mod m)
Proof With the notation above, we have that our equation is equivalent to the equation
(x — r3)(x — (—72)) = 0 (mod m)

Now, since 73 = a (mod m), we have (r9,m) = (a,m) = 1, from which we have (ry —
(—r3), m) = 1 since 2 { m, so by our previous theorem, we have that there exists a unique
e € E,,, such that

T = r9e + (—72)€ = 12(e — €) (mod m)

O

Theorem 10.4 Let m be an odd number, or four times an odd number. Then for all
solutions r € Z,, of the equation

2> =1 (mod m)
there exists a unique e € E,,,, such that
r=e—¢ (mod m)

Proof The case when m is odd, follows from our previous theorem. Now, if m is four
times an odd number, then it is easy to see that

() =

Our equation is equivalent to the equation
(z+1)>=2(z +1) (mod m)

so we see that all elements of 2E,, — 1 satisfy this equation, and by Theorem 3.5 we also
have that )
|2E,, — 1 mod m| = 2“’(W) — gw(m)

which is the number of solutions of our equation if m is four times an odd number, so
we have that, for all r € Z,, satisfying the equation, there exists a unique e € E,,, such
that

r=2—1=e— ¢ (mod m)

O
Theorem 10.5 Let m be an odd number. Then for all e € E,,
SR (2,e) C {e(ep — &) mod m : ey € E,,}

Furthermore, if e # m, then for all eq € E,, we have e(ey — &) # e(éy — €9) (mod m).
Moreover, the following properties are valid

‘32(2, e)| — 9w(km(e))
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H SR(2,e) = (—1)*“" ™" . ¢ (mod m)

Proof Take any i € N such that p; # 2, and a € SR(2,e). There are two possible
cases. If a®> = 0 (mod p{¥), then a = 0 (mod pf*), since a € Rpes. If a® =1 (mod pf),
then since p; # 2 it follows that a = 1 (mod p;*¥). From these two cases, we have that
a = e(eg — &) (mod m), for some ey € Ey,.

Let us suppose indirectly, that there exists some ey € E,,, such that e(ep — &) =
e(éy —eg) (mod m). Then 2(ey—é&p)e = 0 (mod m), from which we have e = 0 (mod m),
since (2(eg — &), m) = 1, because

(eo — &)? = eg + & = 1 (mod m)
So e = m, which of course is a contradiction.
To prove the third property, observe that for all a € SE(2,e)

a®>=e (mod m) & a®> =1 (mod un(e)) and a® = (mod

u:(le) )

' € Bjy(e), we have a = £1 (mod p;*). Meanwhile a = 0 (mod uml(e)), since

a € Rg,. So by the Chinese Remainder Theorem, and since w(i,(e)) = |By(e)|, we have
the formula.
By the first property, with the notation n := 2¢#=(€)) we have

(8%

So for all p;

2

(Il
Definition 10.2 For k € Z, r € Sy, € € E,,, define
7:=(k—r) mod m
roe:=(re+ 7€) mod m
r®e:= (k — 7é&) mod m

Note that we continue to use the same notations as in the previous section. In order to
distinguish between these operators that have been denoted the same way, even though
they are different, always refer to the set from which the operands have been taken.

Theorem 10.6 For k € Z, r € Sy i, € € Ep,, we have
T, 7r0€e, TQ@€E Sy

Proof
(k—r)? =k —2kr +1° = k* — 2kr + kr = k(k — r) (mod m)

(roe)?=r’e+ e = (kr)e+ (kF)e = k(r o e) (mod m)
(r®e)® =k® —2kie + e = k(k — 7é) = k(r ® €) (mod m)
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O
Theorem 10.7 Take any e € E,,, and k € Z. Then
Sm,k = Sm,k oce

Proof In order to show the equality of the two sets, it is enough for us to prove that
for any 71,72 € Smk, ™1 # T2, Wwe have r; o e # ry o e. For let us suppose indirectly, that
there exist some 1,72 € Sy, 71 7# T2, such that 7, oe =7y 0e. Then

r—r2 = (e—8)*(ri —712) = (e —&)((r1 — r2)e + (ra —m1)E) =

=(e—é)((ri—ro)e+ (1 — 7)) =(e—é€)(rioe—ryoe) =0 (mod m)

So we arrive at a contradiction. O

Theorem 10.8 For k € Z, e,ei,es € Ep,, T € Sy the following properties hold

TOE=TOE=ToOE

(roej)oes =ro(e oey)

Proof

roe=k—(roe)=ke+kée—(re+7e)=re+re=roe=7oe (modm)

(roej)oey = (re; +7e€1) o eqs = (rey + 7ey1)es + (Tey + 781)82 =
=Trei€y +T€1€3 + T€189 + TE1E2 = T‘(6162 + éléz) + 7_'(5162 + 6152) =
=ro (e; 0ey) (mod m)

d

Note that the second property is somewhat like associativity.
Theorem 10.9 For k € Z, (k,m) =1 and r € Sy, , the following equivalence holds
roe;=roey; & e =ey (e, e; € Ey)

Proof The <« part of the equivalence is trivial.
To prove the = part, first we see that

(r—7)?=r*-2rF+7 = kr + kr = k? (mod m)
Now, let us suppose that r o e; = r o0 e5. This means that
re,+7€ =res+7éy = T+ (r—7)egr =7+ (r —7)es (mod m)
First subtracting 7, then squaring both sides, we get
k’e; = ke (mod m)

which implies that e; = es, since (k,m) =1. O
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Definition 10.3 Fore € E,,, 71,72 € Sp e define
71 019 1= (1179 + T172) mod m
TL®Ty =Ty Ty
Same can be said for these operators, as for those of Definition 10.2.
Theorem 10.10 For e € E,, 71,72 € Sy ¢, we have
71072, T1 ®T2 € Spye

Proof
(r1079)® = r2rl + 7175 = e(ry 0 r3) (mod m)

(71 -72)2 = e — 2eF 7y + 773 = e(1 — 7173) = e(r; ® r5) (mod m)
O
Theorem 10.11 Fore € Ep,, a,beR},, c,d€Z, n€N, r € S, ., we have

(ar + b7)(cr + dr) = (ac)r + (bd)7 (mod m)

(ar 4+ b7)" = a"r 4+ b"7 (mod m)
Proof
rF=0 = (ar +bF)(cr + dr) = (ac)r® + (bd)7* = (ea)cr + (eb)dr (mod m)
The second property follows from the first one via induction. [J
Theorem 10.12 For all e € E,,,, k € RZ, we have
Smx NRE, = {k}
Proof For any r € Sy, ;, N RS, we have
" €um(e) Sum(ek N Rn(e) = (B (o) mod pim(€)) N R, ) =

= {k mod pn(e)} = r=k (mod uny(e))

m
k | mod
( :um(e)>
and pm(e) = pm(k) = pm(r), we have that r = k. O

So, since

r=0
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