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1 Introdu
tionIn our dissertation the staggered grid approximation of the Stokes problemon several spe
ial domains and with di�erent boundary 
onditions is inves-tigated, moreover, several other Stokes-approximations are also 
onsidered.We deal with methods where the dis
rete Crouzeix-Velte de
omposition ex-ists: we prove the existen
e of this de
omposition and show numeri
al resultsto prove the e�e
tiveness of these dis
retizations.The Crouzeix-Velte de
omposition is a de
omposition into three orthog-onal subspa
es of the 
ustomary Sobolev spa
e (H1
0 (Ω))n of ve
tor fun
tionsde�ned over a lips
hitzian domain Ω ⊂ IRn, n = 2, 3 whi
h �rst has beendes
ribed in [8℄ and later, independently, in [31℄. This de
omposition is sim-ilar to the well-known Helmholtz-Weyl de
omposition (for ve
tor fun
tionsbelonging to (L2)

n) but di�erent from the latter; not only by the boundary
onditions pres
ribed for the former (originally homogeneous Diri
hlet 
ondi-tions) but also by the properties of the fun
tions in the three subspa
es: forHelmholtz-Weyl de
omposition the third subspa
e 
onsists of ve
tor fun
-tions whi
h are both divergen
e- and rotationfree (i.e. harmoni
) whereasfor Crouzeix-Velte de
omposition, along with the subspa
es of divergen
e-free and rotation-free fun
tions, there is a third subspa
e - the fun
tions ofwhi
h have both nonzero divergen
e and rotation or are the zero fun
tion(but all fun
tions here are biharmoni
).In [31℄ and [9℄, the de
omposition has been used to get more informa-tion about the inf-sup 
onstant of the Stokes problem. The optimal inf-sup
onstant 
an be 
hara
terized by the third subspa
e alone [22℄.For the numeri
al solution of the Stokes problem and its 
onne
tion tothe inf-sup problem, see [5℄, [14℄, [6℄. In [7℄, additional results were gainedabout the inf-sup 
onstant for ring and disk domains.If using dis
retization methods for approximating the Stokes equations,and if the dis
rete s
heme admits a dis
rete Crouzeix�Velte de
omposition,then the same 
on
lusions as in the 
ontinuous 
ase 
an be drawn. Thesubspa
es of the dis
rete rotation-free and dis
rete divergen
e-free fun
tionsare in similar relation as the 
orresponding subspa
es of (H1
0 )n, and there is athird orthogonal subspa
e 
onsisting of dis
retely biharmoni
 fun
tions. Theoptimal 
onstant of the dis
rete inf-sup 
ondition 
an therefore be 
omputedon this mu
h smaller third spa
e.These results are of interest for the iterative solution of stationary prob-lems for the Stokes and linear elasti
ity equations, and for long-term 
al
u-lations in the time-dependent 
ase for the following reasons: if there existsa dis
rete Crouzeix-Velte de
omposition, then independently of the domain2



and its triangulation, in the spe
trum of the dis
rete S
hur 
omplement op-erator, there is an eigenvalue 1 of high multipli
ity (of the order of inner gridpoints). Then, the error 
omponents lying in the eigensubspa
e 
orrespond-ing to this eigenvalue 
an be removed by one step of a simple damped Ja
obiiteration. The remaining error lies in an eigensubspa
e of mu
h smallerdimension 
onne
ted only with boundary e�e
ts. Moreover, the 
onjugategradient iteration automati
ally takes advantage of su
h a spe
trum and 
on-verges faster than for dis
rete spa
es without a de
omposition.In [22℄ and [11℄, dis
rete and algebrai
 versions of the Crouzeix-Veltede
omposition have been developed. Here, the dis
rete versions referred tothe staggered grid approximation of the two- and three-dimensional Stokesproblem and to 
onforming �nite element approximations, espe
ially to thehigh-order S
ott-Vogelius elements.In [23℄, the Uzawa and Arrow-Hurwitz iterations are investigated andare shown to rea
h the third Crouzeix�Velte subspa
e after at most 2 steps,and an improved 
onvergen
e estimate is derived for the 
onjugate gradientmethod using the estimates of the inf-sup 
onstant. A general investigationof algebrai
 Crouzeix-Velte de
omposition is given in [24℄, and the dimensionof the third subspa
e for S
ott-Vogelius elements is estimated from below.In [25℄, the Crouzeix-Velte de
omposition is generalized in respe
t toboundary 
onditions and boundary value problems.The outline of the dissertation is as follows. In Se
tion 2, the ne
essarynotations and the analyti
al, the algebrai
 and the dis
rete Crouzeix�Veltede
omposition are introdu
ed as well as the Stokes problem in a 
artesian
oordinate system is des
ribed.In Se
tion 3, the well-known staggered grid approximation of the Stokes-problem in 2D 
ase, on a non-equidistant re
tangular grid with homogeneousDiri
hlet boundary 
onditions is investigated. It is shown that the dis
reteCrouzeix�Velte de
omposition exists for the Shortley-Weller approximationonly if the grid spa
ing is 
hanging linearly. It is also shown that usingthe �nite volume method on a re
tangular grid, the dis
rete Crouzeix�Veltede
omposition exists without any 
ondition on the grid spa
ing. These resultsare done not only for re
tangles but also for domains 
omposed of re
tangles.Finally, we show some 
omputational results. Here it be
omes visible that� from the point of view of the 
onvergen
e rate of Uzawa- and 
onjugategradient-like methods for the iterative solution of the 
orresponding dis
reteStokes problems � it is worth using non-equidistant grids. These results,ex
ept the Proof of Theorem 3, were published in [28℄.In Se
tion 4, we investigate the existen
e of the dis
rete Crouzeix�Veltede
omposition, in the 
ase of the se
ond order �nite di�eren
e method. Fur-3



ther we generalize the Crouzeix-Velte de
omposition in respe
t to bound-ary 
onditions. The staggered grid approximation of the Stokes problem is
onsidered in the 
ase where the domain is the unit square subdivided byan equidistant grid, the generalized boundary 
onditions are periodi
al andspe
ial non-standard boundary 
onditions. It is shown, that the results onexisten
e of an analyti
al Crouzeix�Velte de
omposition for the Stokes prob-lem along with these boundary 
onditions 
arry over to the dis
rete 
ase forthe staggered grid approximation. These results were published in [25℄ andin [28℄.In Se
tion 5, the staggered grid approximation of the Stokes-problemin 3D 
ase is investigated and the existen
e of the dis
rete Crouzeix�Veltede
omposition is proved. Here the domain is a bri
k subdivided by a re
t-angular grid and the boundary 
onditions are homogeneous Diri
hlet andperiodi
al boundary 
onditions. These results were not published before.Let us point out that, earlier, 
on
erning the 3D 
ase only the results in [11℄were published.In Se
tion 6, the staggered grid approximation of the Stokes-problem isinvestigated in a polar 
oordinate system, and the existen
e of the dis
reteCrouzeix�Velte de
omposition for the unit disk is proved, in the 
ase of se
-ond order approximation and homogeneous Diri
hlet boundary 
onditions.Further here 
omputational results are presented, using the Uzawa algorithm(as outer iteration) and solving the dis
rete Poisson equations by the 
onju-gate gradient method (as inner iteration) with an e�e
tive pre
onditioningmatrix and FFT algorithm. The results show that the dis
retization obeyinga dis
rete Crouzeix�Velte de
omposition leads to e�e
tively solvable systemsof algebrai
 equations. The average number of the outer iterations usingthe Uzawa algorithm was 3-5, and the number of inner iterations needed torea
h the stopping 
riterion of the 
onjugate gradient method, using the bestpre
onditioning matrix, was only 2. These results were published in [29℄.Also in this se
tion we show additional, non yet published numeri
al results:we solve the dis
rete Poisson equations on the unit disk by the multigridmethod, as inner iteration. We des
ribe the restri
tion and prolongationoperators and we 
ompare several pre- and post-smoothing iterations. Theoptimal iteration parameter of the damped Ja
obi iteration - as smoothingiteration - is also 
al
ulated. The results show that the Gauss-Seidel itera-tion 
ombined with a blo
k Gauss-Seidel iteration step is the most e�e
tive assmoothing iteration resulting similar speed of 
onvergen
e as the 
onjugategradient method, using the best pre
onditioning matrix.
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2 Notations2.1 The Stokes problemA Stokes problem 
an be derived from Navier-Stokes equations, well knownfrom �ow theory, e.g. by semidis
retization, see [27℄. In our dissertationwe 
onsider at �rst the following �rst-kind Stokes problem in a 
artesian
oordinate system:
−∆~u+ grad p = ~f, in Ω, (2.1)

div ~u = 0, in Ω, (2.2)where Ω is a bounded, simply-
onne
ted open domain in IRn, n = 2, 3 withLips
hitz � 
ontinuous boundary ∂Ω, and
~u(x) = (u1(x), . . . , un(x))

T , ~f(x) = (f1(x), . . . , fn(x))
Tde�ned for x = (x1, . . . , xn) ∈ Ω.On the boundary, homogeneous Diri
hlet boundary 
onditions are im-posed:

~u = 0, on ∂Ω. (2.3)The problem 
onsists in �nding a ve
tor-fun
tion ~u(x) and a s
alar fun
-tion p(x) that satisfy the system of partial di�erential equations above. Thefun
tion ~u is the velo
ity of �uid and p is the (kinemati
) pressure. For a
onstant also appearing in the �rst equation, the kinemati
 vis
osity, we have
hosen the value 1. Finally, f des
ribes a

elerations 
aused by an externalfor
e �eld, and the boundary 
onditions mean that the walls are impermeableand at rest.Here ∆~u = (∆u1, . . . ,∆un)
T , where

∆ =
n
∑

i=1

∂2

∂x2
i

denotes the Lapla
e operator,
div ~u =

n
∑

i=1

∂ui
∂xi

the divergen
e and
grad p =

(

∂p

∂x1
, . . . ,

∂p

∂xn

)T the gradient. (2.4)A unique weak solution ~u ∈ V and p ∈ P exists when, for example,
~f ∈ (L2(Ω))n, (see, e.g., [19℄,[30℄), where P := L2,0(Ω) is the subspa
e of5



L2(Ω) of square integrable fun
tions with zero integral over Ω , with theHilbert spa
e
L2(Ω) = {φ|(φ, φ) <∞} , (φ, ψ) =

∫

Ω

φψdΩand where V := (H1
0 (Ω))n is the well-known Sobolev spa
e, with generalizedderivatives in (L2(Ω))n and with zero boundary values in the sense of tra
eson the boundary ∂Ω, see [1℄.The variational formulation of the Stokes problem above is the following:

a(~u,~v) + b(~v, p) = (~f,~v), for all ~v ∈ V, (2.5)
b(~u, q) = 0, for all q ∈ L2,0(Ω). (2.6)where

(~f,~v) :=
n
∑

i=1

(fi, vi) =

∫

Ω

n
∑

i=1

fi(x)vi(x)dx, (2.7)
a(~u,~v) :=

∫

Ω

n
∑

i,j=1

∂ui
∂xj

∂vi
∂xj

dx, (2.8)
b(~u, p) := −(div ~u, p). (2.9)and the problem is - as previously - to �nd a velo
ity ve
tor ~u(x) ∈ V and apressure p(x) ∈ L2,0.It is well known (see [14℄, [6℄) that the solution of this problem dependsin a stable way on the data sin
e for Lips
hitz domains the so-
alled inf-sup
ondition is satis�ed:

sup
u 6=0

b2(u, p)/a(u, u) ≥ β2
0‖p‖

2 for all 0 6= p ∈ L2,0; β0 = β0(Ω) > 0.In our dissertation, we 
onsider �nite di�eren
e and �nite volume methodsfor spe
ial domains; for the numeri
al solution by �nite element methods (forgeneral domains), see [14℄.
6



2.2 The Crouzeix�Velte de
ompositionUsing the notation (2.8) above, the following identity is well-known for any
w, v ∈ V in both the two- or three-dimensional 
ase:

a(w, v) := (divw, div v) + (rotw, rot v). (2.10)In the three-dimensional 
ase rotw is de�ned as usual and in the two-dimensional 
ase rotw is de�ned as the s
alar ∂w2

∂x1
− ∂w1

∂x2
often also denotedby curlw.On the basis of (2.10), the following orthogonal de
omposition of V wasderived in [31℄,[8℄:

(H1
0 (Ω))n = V = V0 ⊕ V1 ⊕ Vβ, (2.11)where

V0 := ker div = {w ∈ V, divw = 0}, (2.12)
V1 := ker rot = {w ∈ V, rotw = 0} (2.13)and orthogonality is understood in the s
alar produ
t (2.8). The third or-thogonal subspa
e Vβ 
onsists of biharmoni
 ve
tor fun
tions.The spa
e L2(Ω) is de
omposed similarly (see [22℄) into three orthogonalsubspa
es:

L2(Ω) = P0 ⊕ P1 ⊕ Pβ , (2.14)where
P0 := ker grad, P1 = div ker rot = div V1, Pβ = div Vβ. (2.15)Here orthogonality is understood in the sense of L2 and P0 is the one-dimensional spa
e of fun
tions 
onstant on Ω, Pβ 
onsists of harmoni
 fun
-tions.Both de
ompositions (2.11) and (2.14) are 
alled analyti
al Crouzeix�Velte de
ompositions.We next des
ribe the algebrai
 Crouzeix�Velte de
omposition of IRn. Foran n > 2, let (·, ·) denote the Eu
lidean s
alar produ
t in IRn, moreover, let

A,B,C ∈ IRn×n be matri
es satisfying
A = B + C, (2.16)
A = AT > 0, (2.17)

B = BT ≥ 0 , C = CT ≥ 0, (2.18)
δ := dim kerB ≥ 1 , ρ := dim kerC ≥ 1. (2.19)7



Then, with a suitable subspa
e W ⊂ IRn (whi
h may turn out to be empty)and with orthogonality to be understood in the sense of the s
alar produ
t
(A·, ·), the following orthogonal de
omposition of IRn 
an be derived (see[24℄):

IRn = kerB ⊕ kerC ⊕W. (2.20)For the eigenvalues λi of the generalized eigenvalue problem
λAx = Bx (2.21)we have

λi ∈ [0, 1] for all i (2.22)and also using the eigenve
tors x(i), the subspa
es in (2.20) 
an be 
har-a
terized as follows:
kerB = span(x(i), λi = 0),

kerC = span(x(i), λi = 1),

W = span(x(i), λi ∈ (0, 1)). (2.23)De
omposition (2.20) is an algebrai
 version of (2.11) due to the following
orresponden
es 
onne
ted with the matri
es in (2.16):
A ∼ −∆, B ∼ − grad div, C ∼ curl rot,where ∆ is the (ve
tor) Lapla
e operator and where the sign ∼ expressesonly an analogy between a di�erential operator and a matrix, and is notne
essarily a (good) approximation. In this sense (2.16) 
orresponds to thewell known identity

−∆ = − grad div + curl rot (2.24)of ve
tor analysis.The algebrai
 Crouzeix�Velte de
omposition is proper in 
ase dimW =
n− δ − ρ > 0.In the dis
rete 
ase, the velo
ity spa
e (whi
h approximates (H1(Ω))n ora subspa
e of the latter) will be denoted by ~Vh, the pressure spa
e will bedenoted by Ph, and divh and roth will be written for the dis
rete equivalentsof the divergen
e and rotation operator, ∆h will denote the dis
rete Lapla
eoperator. The matrix 
orresponding to the mapping − divh from the velo
ity8



spa
e into the pressure spa
e is denoted by B̃h and we introdu
e the followingnotations: C̃h for the matrix of the operator roth and Ah for the matrix ofthe operator −∆h. If Ah, B̃h, C̃h matri
es satisfy the following:
Ah = Bh + Ch,

Ah = ATh > 0, (2.25)where Bh = B̃T
h B̃h and Ch = C̃T

h C̃h and ker B̃h 6= ∅ and ker C̃h 6= ∅, then adis
rete Crouzeix-Velte de
omposition exists and (2.20) takes the form
Vh = ker divh⊕ ker roth⊕W = Vh,0 ⊕ Vh,1 ⊕ Vh,β.

Ph is de
omposed similarly into three orthogonal subspa
es:
Ph = ker gradh⊕ divh ker roth⊕ divh Vh,β = Ph,0 ⊕ Ph,1 ⊕ Ph,β.After dis
retization by the �nite element or �nite di�eren
e methods, theStokes problem takes the following form ([14℄,[28℄,[29℄):

(

Ah B̃T
h

B̃h 0

)(

u
p

)

=

(

f
0

)

. (2.26)Here Ah is a matrix of dimension nh×nh, nh denotes the number of velo
itydegrees of freedom; the 0 blo
k is of dimension mh ×mh, with the number
mh of pressure degrees of freedom; B̃h is of dimension mh × nh. Further,
u, p and f denote the 
oe�
ient ve
tors of velo
ities and pressure and of theproje
tion of the for
e ve
tor, respe
tively.With these matri
es (2.21) 
orresponds to

λhAhxh = Bhxh,whi
h is transformed by ph := B̃hxh into
λhph = Shph,where Sh is the dis
rete S
hur 
omplement operator of the Stokes problem,

Sh := B̃hA
−1
h B̃T

h . If the dis
rete Crouzeix-Velte de
omposition exists then
λh ∈ [0, 1] ([22℄).

9



3 The staggered grid approximation on non-equidistant re
tangular gridsFirst we 
onsider the well-known staggered-grid approximation where Ω is are
tangle subdivided by a non-equidistant grid into (n−1)(m−1) re
tangular
ells. (For the simpli
ity hereafter we deal with the 
ase n = m, but ourresults hold if n 6= m as well.) The 
ell midpoints are pressure nodes, thepressure ve
tor is denoted by ph and its 
omponents by pij, with i, j =
1, . . . , n−1. The area of the 
ell of pij is h1,i+1/2h2,j+1/2, where h1,i+1/2 is thelength of the north-south sides of the 
ell and h2,j+1/2 is the length of theeast-west sides. The sides of the 
ells 
ontain as their midpoints the velo
itynodes: nodes of the u-
omponents of the velo
ity are on the east-west sides,nodes of the v-
omponents are on the north-south sides, and there are (n−1)nsu
h nodes of ea
h velo
ity 
omponent (in
luding the boundary nodes). Thevelo
ity 
omponents are denoted by uij, i = 1, . . . , n, j = 1, . . . , n− 1, andby vij, i = 1, . . . , n− 1, j = 1, . . . , n. Here the uij with i = 1 and i = n arethe boundary values of uh; the vij with j = 1 and j = n are the boundaryvalues of vh. The staggered grid approximation is shown on Figure 1. Thespa
e IRmh will be 
alled the pressure spa
e and denoted by Ph; and the spa
e
IRnh is the velo
ity spa
e and it is denoted by ~Vh, where mh := (n− 1)2 and
nh := 2(n− 2)(n− 1) � taking into a

ount that the boundary values of thevelo
ity 
omponents are zero.For the approximation of the Stokes problem we need the dis
rete di-vergen
e operator (the used grid points are illustrated with red 
olour) andthe dis
rete ve
tor Lapla
e operator (marked with blue). Moreover, we willde�ne also the dis
rete rotation operator (marked with green).

10
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Figure 1: Staggered grid approximation on a non-equidistant re
tangulargrid3.1 The �nite di�eren
e approximation on a staggeredgridFirst we use the �nite di�eren
e method to approximate the Stokes problemon the staggered grid. To simplify the expressions, the following notationswill be introdu
ed:
h̃1,i+1/2 :=

h1,i−1/2 + 2h1,i+1/2 + h1,i+3/2

4

h̃2,j+1/2 :=
h2,j−1/2 + 2h2,j+1/2 + h2,j+3/2

4

h̃1,i :=
h1,i−1/2 + h1,i+1/2

2

h̃2,j :=
h2,j−1/2 + h2,j+1/2

2For pressure ve
tors ph, qh and velo
ity ve
tors ~uh = (uh, vh)
T , ~wh =

(rh, sh)
T the following dis
rete s
alar produ
ts and the 
orresponding norms

11



are introdu
ed:
(ph, qh)0,h :=

n−1
∑

i,j=1

pijqijh1,i+1/2h2,j+1/2, (3.1)
‖ph‖

2
0,h := (ph, ph)0,h,and

(ph, qh)0,h̃ :=

n−2
∑

i=1

n
∑

j=1

pijqijh̃1,i+1h̃2,j + (3.2)
+

n−1
∑

j=2

p0,jq0,j h̃1,1h̃2,j +
n−1
∑

j=2

pn−1,jqn−1,jh̃1,nh̃2,j ,

‖ph‖
2
0,h̃

:= (ph, ph)0,h̃,moreover
(~uh, ~wh)0,h :=

n−1
∑

i=2

n−1
∑

j=1

uijrijh̃1,ih̃2,j+1/2 + (3.3)
+

n−1
∑

i=1

n−1
∑

j=2

vijsijh̃1,i+1/2h̃2,j ,

‖~uh‖
2
0,h := (~uh, ~uh)0,h.The pressure spa
e Ph with the s
alar produ
t (3.1) and 
orresponding normbe
omes a Hilbert spa
e; similarly, the velo
ity spa
e ~Vh, with the s
alarprodu
t (3.3) is also a Hilbert spa
e.The divergen
e is approximated as follows:

(divh ~uh)ij :=
ui+1,j − uij
h1,i+1/2

+
vi,j+1 − vij
h2,j+1/2

, (3.4)where ~uh := (uh, vh)
T and i = 1, . . . , n − 1, j = 1, . . . , n − 1. The matrix
orresponding to the mapping − divh from the velo
ity spa
e into the pres-sure spa
e is denoted by B̃h. For the approximation of the dis
rete Lapla
eoperator we 
ontinue the grid by two lines for u-nodes: one above the squareat a distan
e h2,n+1/2/2 and one below the square at a distan
e h2,1/2/2. Fur-ther we 
ontinue the grid by two lines for v-nodes: one left to the square at adistan
e h1,1/2/2 and one right to the square at a distan
e h1,n+1/2/2. Putting12



zero values into the u- or v-nodes on these lines and using the usual Shortley-Weller approximation for the dis
rete Lapla
e operator (see, e.g., [27℄) in allinner velo
ity nodes, we get the following �rst order approximation:
∆h~uh = (∆huh,∆hvh)

T ,

(∆huh)ij :=
1

h̃1,i

(

ui+1,j − uij
h1,i+1/2

−
uij − ui−1,j

h1,i−1/2

)

+

+
1

h̃2,j+1/2

(

ui,j+1 − uij

h̃2,j+1

−
uij − ui,j−1

h̃2,j

)

, (3.5)
2 ≤ i ≤ n− 1, 1 ≤ j ≤ n− 1,

(∆hvh)ij :=
1

h̃1,i+1/2

(

vi+1,j − vij

h̃1,i+1

−
vij − vi−1,j

h̃1,i

)

+

+
1

h̃2,j

(

vi,j+1 − vij
h2,j+1/2

−
vij − vi,j−1

h2,j−1/2

)

,

1 ≤ i ≤ n− 1, 2 ≤ j ≤ n− 1.The matrix 
orresponding to the mapping −∆h from the velo
ity spa
e intoitself is denoted by Ah. Finally, we de�ne the dis
rete rotation as follows:
(roth ~uh)ij :=

vi+1,j − vij

h̃1,i+1

−
ui+1,j − ui+1,j−1

h̃2,j

, (3.6)and we use the following notation: C̃h for the matrix of the operator roth.Theorem 1
(Ah~uh, ~uh)0,h = ‖B̃h~uh‖

2
0,h + ‖C̃h~uh‖

2
0,h̃

(3.7)holds for all ve
tors ~uh := (uh, vh)
T ∈ ~Vh if and only if

h1,i+1/2 =
h1,i−1/2 + h1,i+3/2

2and
h2,j+1/2 =

h2,j−1/2 + h2,j+3/2

2
.Proof. We 
ontinue the grid fun
tions uh and vh by zero onto the gridof the whole two-dimensional plane and then we apply partial summation to13



(Ah~uh, ~uh)0,h and extend the summation in all expressions to all integer i, j.Then we get:
(Ah~uh, ~uh)0,h =

∑

i,j

(
ui+1,j − uij
h1,i+1/2

)2h1,i+1/2h̃2,j+1/2 +

+
∑

i,j

(
ui,j+1 − uij

h̃2,j+1

)2h̃1,ih̃2,j+1 +

+
∑

i,j

(
vi+1,j − vij

h̃1,i+1

)2h̃1,i+1h̃2,j +

+
∑

i,j

(
vi,j+1 − vij
h2,j+1/2

)2h2,j+1/2h̃1,i+1/2

=
∑

i,j

(

h̃2,j+1/2

h1,i+1/2
(ui+1,j − uij)

2 +
h̃1,i

h̃2,j+1

(ui,j+1 − uij)
2+

+
h̃2,j

h̃1,i+1

(vi+1,j − vij)
2 +

h̃1,i+1/2

h2,j+1/2

(vi,j+1 − vij)
2

)

.

‖B̃h~uh‖
2
0,h may be written as follows:

‖B̃h~uh‖
2
0,h =

∑

i,j

(

ui+1,j − uij
h1,i+1/2

+
vi,j+1 − vij
h2,j+1/2

)2

h1,i+1/2h2,j+1/2

=
∑

i,j

(

h2,j+1/2

h1,i+1/2
(ui+1,j − uij)

2 +
h1,i+1/2

h2,j+1/2
(vi,j+1 − vij)

2+

+ 2(ui+1,j − uij)(vi,j+1 − vij)

)

.

‖C̃h~uh‖
2
0,h̃


an be written as
‖C̃h~uh‖

2
0,h̃

=
∑

i,j

(

−(ui+1,j − ui+1,j−1)

h̃2,j

+
vi+1,j − vij

h̃1,i+1

)2

h̃1,i+1h̃2,j

=
∑

i,j

(

h̃1,i+1

h̃2,j

(ui+1,j − ui+1,j−1)
2 +

h̃2,j

h̃1,i+1

(vi+1,j − vij)
2−

− 2(ui+1,j − ui+1,j−1)(vi+1,j − vij)

)

.

14



Performing some index shifts we get:
2
∑

i,j

(ui+1,j − uij)(vi,j+1 − vij) =

= 2
∑

i,j

(ui+1,jvi,j+1 − ui+1,jvij − uijvi,j+1 + uijvij)

= 2
∑

i,j

(ui+1,j−1vij − ui+1,jvij − ui+1,j−1vi+1,j + ui+1,jvi+1,j)

= 2
∑

i,j

(ui+1,j − ui+1,j−1)(vi+1,j − vij).Namely, to get from the se
ond to the third line in the above formulae, inthe fourth term we have repla
ed i by i+ 1, in the �rst term j by j − 1, andin the third term both indi
es have been shifted. Applying both shifts alsoto the expression ∑i,j(ui,j+1 − uij)
2 in (Ah~uh, ~uh)0,h, we �nd

(Ah~uh, ~uh)0,h − ‖B̃h~uh‖
2
0,h − ‖C̃h~uh‖

2
0,h̃

=

=
∑

i,j

(h2,j−1/2 − 2h2,j+1/2 + h2,j+3/2

4h1,i+1/2

(ui+1,j − ui,j)
2 +

+
h1,i−1/2 − 2h1,i+1/2 + h1,i+3/2

4h2,j+1/2
(vi,j+1 − vij)

2
)

.Using the assumptions on the step lengths, we get
(Ah~uh, ~uh)0,h − ‖B̃h~uh‖

2
0,h − ‖C̃h~uh‖

2
0,h̃

= 0. •Remark 1. It 
an be shown that dim(Vh0) = (n−2)2, dim(Vh1) = (n−3)2and dim(Vh,β) = 4n−9, where n denotes the number of grid points (in
luding
orner points) along a side of the square. Namely, to 
ompute dim(Vh0) =
dim ker divh we 
ount the number of 
onditions to get ‖ divh ~uh‖

2
0,h = 0.Ex
luding the very last 
ell (whi
h is depending on the other 
ells) we haveto require divh ~uh = 0 in all remaining 
ells, that is, in (n − 1)2 − 1 points.Then dim ker divh = nh − ((n − 1)2 − 1) = (n − 2)2 where nh = 2(n −

1)(n − 2) denotes the number of velo
ity degrees of freedom. Similarly, to
ompute dim(Vh1) = dim ker roth we 
ount the number of 
onditions to get
‖ roth ~uh‖

2
0,h = 0, starting from the boundary of the grid and pro
eeding tothe 
enter. Ex
luding the 
orners of the square and the very last 
ell 
orner inthe 
enter of the grid, in all other 
ell 
orners we have to require roth ~uh = 0,that is in n2 − 5 points. Then dim ker roth = nh − (n2 − 5) = (n − 3)2.Therefore dim(Vh,β) = nh − (n− 2)2 − (n− 3)2 = 4n− 9.15



(We remark that basis fun
tions for ker roth and ker divh have been de-s
ribed in [15℄, and for ker divh also in [10℄ and [6℄.) •Remark 2. Although Ah is not a symmetri
 matrix, it is symmetri
 inthe sense of the s
alar produ
t (3.3). This means that (3.7) 
an be des
ribedin matrix terms as follows:
(DAAh~uh, ~uh) = (DBB̃h~uh, B̃h~uh) + (DCC̃h~uh, C̃h~uh) =

= (B̃T
hDBB̃h~uh, ~uh) + (C̃T

hDCC̃h~uh, ~uh). (3.8)where (.,.) is the Eu
lidean s
alar produ
t and DA, DB, DC are diagonalmatri
es 
orresponding to (3.3), (3.1) and (3.2):
(DAuh)k = ui,jh̃1,ih̃2,j+1/2,

k = (n− 1)(i− 2) + j, 2 ≤ i ≤ n− 1, 1 ≤ j ≤ n− 1,

(DAvh)k = vi,jh̃1,i+1/2h̃2,j ,

k = (n− 2)(i− 1) + j − 1, 1 ≤ i ≤ n− 1, 2 ≤ j ≤ n− 1,

(DBph)k = pi,jh1,i+1/2h2,j+1/2,

k = (n− 1)(i− 1) + j, 1 ≤ i, j ≤ n− 1,

(DCph)k = pi,jh̃1,i+1h̃2,j,

k = n− 2 + n(i− 1) + j, 1 ≤ i ≤ n− 2, 1 ≤ j ≤ n;

k = j − 1, i = 0, 2 ≤ j ≤ n− 1;

k = (n− 2)(n+ 1) + j − 1, i = n− 1, 2 ≤ j ≤ n− 1.From (3.8) we get:
DAAh = B̃T

hDBB̃h + C̃T
hDCC̃h. (3.9)It follows that DAAh is a symmetri
 matrix and 
an be written in the fol-lowing form:

DAAh =: Âh = Bh + Ch, (3.10)where Bh = B̂T B̂ and Ch = ĈT Ĉ with the notation B̂ = D
1/2
B B̃h, Ĉ =

D
1/2
C C̃h.Using the staggered grid approximation based on the �nite volume method(see the following subse
tion) we get similarly:

DAAh = B̃T
hDBB̃h + C̃T

hDCC̃h. (3.11)where the diagonal matrix DA 
orresponds to the s
alar produ
t (3.18).16



Let us mention that using �nite element methods - if the dis
rete Crouzeix�Velte de
omposition exists - we 
an get the following:
Ah = B̃T

hM
−1
h B̃h + C̃T

hM
−1
h C̃h. (3.12)where Mh is the mass matrix (see [11℄). •Remark 3. We have to show also that DAAh = Âh matrix is positivede�nite, that is Âh > 0. This proof is the same as the proof of theorem 3,see in the next subse
tion. Together with remark 1 and 2, it means that aproper Crouzeix�Velte de
omposition of the velo
ity and the pressure spa
einto three nontrivial parts exists, if n > 3 (see [24℄). •
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3.2 The staggered grid approximation based on the �-nite volume methodNow we use the �nite volume method (sometimes also 
alled box method)to approximate the Stokes problem ([17℄). We start from the same staggeredgrid like in the pre
eding subse
tion, but for the approximation of (∆huh)ijwe 
hoose another subdivision, Ω = ∪Ωij of Ω, where the midpoint of there
tangular 
ell, Ωij is uij. The expression (∆u) is integrated over Ωij and theGauss-Ostrogradskij formula is used for transformation of the se
ond orderderivatives:
∫

Ωij

div(gradu)dx1dx2 =

∫

Γij

(gradu)~nds =

4
∑

k=1

~nk

∫

γk

(gradu)ds, (3.13)where n is the normal ve
tor of Γij . Using suitable low order quadratureformulae for approximation of the integrals in (3.13), (∆huh)ij may be writtenas follows:
(∆huh)ij =

(

−(uij − ui,j−1)

h̃2,j

h̃1,i +
ui+1,j − uij
h1,i+1/2

h2,j+1/2+ (3.14)
+
ui,j+1 − uij

h̃2,j+1

h̃1,i −
uij − ui−1,j

h1,i−1/2

h2,j+1/2

)

1

h2,j+1/2

1

h̃1,i

=
1

h̃1,i

(

ui+1,j − uij
h1,i+1/2

−
uij − ui−1,j

h1,i−1/2

)

+

+
1

h2,j+1/2

(

ui,j+1 − uij

h̃2,j+1

−
uij − ui,j−1

h̃2,j

)

,

2 ≤ i ≤ n− 1, 1 ≤ j ≤ n− 1, (3.15)For approximation of (∆hvh)ij the domain Ω is subdivided in a di�erent way.In this 
ase the midpoint of Ωij sub-domain is vij. Similar to (3.14) we get:
(∆hvh)ij :=

1

h1,i+1/2

(

vi+1,j − vij

h̃1,i+1

−
vij − vi−1,j

h̃1,i

)

+ (3.16)
+

1

h̃2,j

(

vi,j+1 − vij
h2,j+1/2

−
vij − vi,j−1

h2,j−1/2

)

,

1 ≤ i ≤ n− 1, 2 ≤ j ≤ n− 1.18



and
∆h~uh = (∆huh,∆hvh)

T (3.17)is the dis
rete ve
tor Lapla
e operator. For approximation of (divh ~uh)ij weuse the subdivision of Ω whi
h is determined by the original grid and for
(roth ~uh)ij another subdivision where the midpoint of Ωij is a grid point ofthe original grid. Integrating the 
orresponding equations over Ωij and usingsuitable quadrature formulae we get the same approximation for (divh ~uh)ijand (roth ~uh)ij as in (3.4) and (3.6). Instead of (3.3) we introdu
e the s
alarprodu
t and 
orresponding norm as follows:

(~uh, ~wh)0,h∗ :=
n−1
∑

i=2

n−1
∑

j=1

uijrijh̃1,ih2,j+1/2 + (3.18)
+

n−1
∑

i=1

n−1
∑

j=2

vijsijh1,i+1/2h̃2,j ,

‖~uh‖
2
0,h∗ := (~uh, ~uh)0,h∗. (3.19)Using the s
alar produ
ts and norms (3.1), (3.2) and (3.18), and the approx-imations (3.14), (3.16), (3.4) and (3.6), we obtain:Theorem 2.

(Ah~uh, ~uh)0,h∗ = ‖B̃h~uh‖
2
0,h + ‖C̃h~uh‖

2
0,h̃
.where Ah is de�ned as −∆h and B̃h, C̃h are the same as in Theorem 1.Proof. Similarly to the proof of Theorem 1 we 
ontinue the grid fun
tions

uh and vh by zero onto the whole plane and then apply partial summation

19



to (Ah~uh, ~uh)0,h∗. Then there follows:
(Ah~uh, ~uh)0,h∗ =

∑

i,j

(

ui+1,j − uij
h1,i+1/2

)2

h1,i+1/2h2,j+1/2 +

+
∑

i,j

(

ui,j+1 − uij

h̃2,j+1

)2

h̃1,ih̃2,j+1 +

+
∑

i,j

(

vi+1,j − vij

h̃1,i+1

)2

h̃1,i+1h̃2,j +

+
∑

i,j

(

vi,j+1 − vij
h2,j+1/2

)2

h2,j+1/2h1,i+1/2

=
∑

i,j

(h2,j+1/2

h1,i+1/2

(ui+1,j − uij)
2 +

h̃1,i

h̃2,j+1

(ui,j+1 − uij)
2 +

+
h̃2,j

h̃1,i+1

(vi+1,j − vij)
2 +

h1,i+1/2

h2,j+1/2

(vi,j+1 − vij)
2
)

.The further steps of the proof are the same as in the proof of Theorem 1.
• Theorem 3.̂

Ah := DAAh is a positive de�nite matrix.where DA is a diagonal matrix 
orresponding to (3.18), that is
(DAuh)k,k = ui,jh̃1,ih2,j+1/2,

k = (n− 1)(i− 2) + j, 2 ≤ i ≤ n− 1, 1 ≤ j ≤ n− 1,

(DAvh)k,k = vi,jh1,i+1/2h̃2,j,

k = (n− 2)(i− 1) + j − 1, 1 ≤ i ≤ n− 1, 2 ≤ j ≤ n− 1.Proof. From (3.14) and (3.16), using homogeneous Diri
hlet boundary
onditions:
ui,j = un,j = 0 v0,j = vn,j = 0 1 ≤ j ≤ n− 1

vi,1 = vi,n = 0 ui,0 = ui,n = 0 1 ≤ i ≤ n− 1we get: 20



(Ah~uh, ~uh)0,h∗ =
n−1
∑

i=1

n−1
∑

j=0

(

ui+1,j − uij
h1,i+1/2

)2

h1,i+1/2h2,j+1/2 +

+
n−1
∑

i=1

n−1
∑

j=0

(

ui,j+1 − uij

h̃2,j+1

)2

h̃1,ih̃2,j+1 + (3.20)
+

n−1
∑

i=0

n−1
∑

j=1

(

vi+1,j − vij

h̃1,i+1

)2

h̃1,i+1h̃2,j +

+
n−1
∑

i=0

n−1
∑

j=1

(

vi,j+1 − vij
h2,j+1/2

)2

h2,j+1/2h1,i+1/2.Sin
e u1,j = 0, we 
an write ui+1,j in the following form (see also the proofof the dis
rete embedding theorems in[26℄: in what follows, we essentiallyrepeat the proof of [26℄, for 
ompleteness and be
ause our notations di�er):
ui+1,j =

i
∑

k=1

uk+1,j − ukj
h1,k+1/2

h1,k+1/2 (3.21)Further, sin
e un,j = 0:
−ui+1,j =

n−1
∑

k=i+1

uk+1,j − ukj
h1,k+1/2

h1,k+1/2 (3.22)Using the Cau
hy-inequality from (3.21) we get:
u2
i+1,j ≤

i
∑

l=1

h1,l+1/2

i
∑

k=1

(

uk+1,j − ukj
h1,k+1/2

)2

h1,k+1/2 =

= xi+1

i
∑

k=1

(

uk+1,j − ukj
h1,k+1/2

)2

h1,k+1/2, (3.23)sin
e
i
∑

l=1

h1,l+1/2 = xi+1.
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Similarly from (3.22) we get:
u2
i+1,j ≤

n−1
∑

l=i+1

h1,l+1/2

n−1
∑

k=i+1

(

uk+1,j − ukj
h1,k+1/2

)2

h1,k+1/2 =

= (1 − xi+1)

n−1
∑

k=i+1

(

uk+1,j − ukj
h1,k+1/2

)2

h1,k+1/2, (3.24)Multiplying (3.23) by (1 − xi+1) and (3.24) by xi+1 the following inequalityis obtained:
u2
i+1,j ≤ xi+1(1 − xi+1)

n−1
∑

k=1

(

uk+1,j − ukj
h1,k+1/2

)2

h1,k+1/2 (3.25)We multiply (3.25) by h2,j+1/2 and sum over j:
n−1
∑

j=0

u2
i+1,jh2,j+1/2 ≤ (3.26)

xi+1(1 − xi+1)
n−1
∑

j=0

n−1
∑

k=1

(

uk+1,j − ukj
h1,k+1/2

)2

h1,k+1/2h2,j+1/2.Finally we multiply (3.26) by h̃1,i+1 and sum over i:
n−2
∑

i=1

(

n−1
∑

j=0

u2
i+1,jh2,j+1/2

)

h̃1,i+1 ≤ (3.27)
≤

n−1
∑

j=0

n−1
∑

k=1

(

uk+1,j − ukj
h1,k+1/2

)2

h1,k+1/2h2,j+1/2

n−2
∑

i=1

xi+1(1 − xi+1)h̃1,i+1 ≤

≤
1

4

n−1
∑

j=0

n−1
∑

k=1

(

uk+1,j − ukj
h1,k+1/2

)2

h1,k+1/2h2,j+1/2.Performing an index shift and taking into a

ount the homogeneous boundary
ondition ui,0 = 0 we get:
n−1
∑

i=2

n−1
∑

j=1

u2
ijh2,j+1/2h̃1,i ≤ (3.28)

≤
1

4

n−1
∑

i=1

n−1
∑

j=0

(

ui+1,j − uij
h1,i+1/2

)2

h1,i+1/2h2,j+1/2.22



Similar to (3.21) and (3.22), ui,j+1 
an be written in the following form,using that ui,0 = ui,n = 0:
ui,j+1 =

j
∑

k=0

ui,k+1 − uik

h̃2,k+1

h̃2,k+1, (3.29)and
−ui,j+1 =

n−1
∑

k=j+1

ui,k+1 − uik

h̃2,k+1

h̃2,k+1 (3.30)Performing similar steps as (3.23)-(3.28) and taking into a

ount the homo-geneous boundary 
ondition u1,j = 0 we get:
n−1
∑

i=2

n−1
∑

j=1

u2
ijh2,j+1/2h̃1,i ≤ (3.31)

≤
1

4

n−1
∑

i=1

n−1
∑

j=0

(

ui,j+1 − uij

h̃2,j+1

)2

h̃1,ih̃2,j+1.Moreover for the v 
omponent:
n−1
∑

i=1

n−1
∑

j=2

v2
ijh1,i+1/2h̃2,j ≤ (3.32)

≤
1

4

n−1
∑

i=0

n−1
∑

j=1

(

vi+1,j − vij

h̃1,i+1

)2

h̃1,i+1h̃2,j.and
n−1
∑

i=1

n−1
∑

j=2

v2
ijh1,i+1/2h̃2,j ≤ (3.33)

≤
1

4

n−1
∑

i=0

n−1
∑

j=1

(

vi,j+1 − vij
h2,j+1/2

)2

h2,j+1/2h1,i+1/2.Taking into a

ount (3.28), (3.31), (3.32) and (3.33) and the de�nition of thenorm ‖~uh‖0,h∗ , (3.18), and the s
alar produ
t (Ah~uh, ~uh)0,h∗, (3.20), we get:
2‖~uh‖0,h∗ ≤

1

4
(Ah~uh, ~uh)0,h∗ ,23



that is
(Ah~uh, ~uh)0,h∗ = (DAAh~uh, ~uh) ≥ 8‖~uh‖0,h∗ > 0,if ~uh 6= 0 ∈ ~Vh • .Remark 1. The results of Theorem 1., Theorem 2. and Theorem 3. holdif Ω is a union of re
tangles su
h that all the boundary lines of the di�erentre
tangles �t on the same global grid with grid spa
ing h1 and h2. •
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3.3 Numeri
al resultsBelow we show some 
omputational results for the Stokes problem usingthe staggered grid approximation based on the �nite volume method (3.14)-(3.17), (3.4), (3.6), on a non-equidistant grid in the unit square. Choosingdi�erent non-equidistant grid spa
ings we have maximized the rate of 
onver-gen
e for Uzawa-like methods, that is minimized qUz := (λh−λh)/(λh + λh),where λh and λh are the smallest and the largest of the eigenvalues di�erentfrom 0 and 1 of the dis
rete inf-sup problem, i.e. of Sh = B̃hA
−1
h B̃T

h . (Then
[λh, λh] 
ontains the eigenvalues 
orresponding to Vβ and βh =

√

λh is thedis
rete inf-sup 
onstant.) We used the Matlab eig fun
tion to 
al
ulate theeigenvalues and the Matlab fmins fun
tion for minimization.We found that the optimal grid is not an equidistant one, but a grid whi
his 
ondensing in the 
enter and 
oarser near the boundary of the unit square.Based on preliminary numeri
al experiments with arbitrary non-equidistantgrids we 
hose a symmetri
al grid with the same non-equidistant grid spa
ingin both dire
tions.That is we looked for a grid spa
ing in the following form:
h1,i−1/2 = h2,i−1/2 = coef(0) − coef(1)i(1 − i) −

− coef(2)(i(1 − i))2 − coef(3)(i(1 − i))3,where 2 ≤ i ≤ n+1
2

and we 
al
ulated the optimal grid spa
ing by 
hangingthe 
oe�
ients: coef(k), 0 ≤ k ≤ 3.From the experimental results we found that there is no a real optimalgrid, be
ause the more 
ondensed the grid is in the 
enter, the smaller qUzis. For 
omparison bellow we gave a lower bound to the grid spa
ing inthe 
enter as follows: h1,n/2 := 1
n−1

10−2 and optimized the grid with thisrestri
tion. In Table 1 we show the eigenvalues λh and λh related to thisgrid denoted by λh,∗ and λh,∗ in the 
ase of n = 11, 17, 23. Be
ause of thehuge 
omputational time for the grid optimization in the 
ase of n = 31, 51the optimal λh and λh were not 
al
ulated. In these 
ases λh,∗ and λh,∗ were
al
ulated on a grid whi
h is obtained by linearly interpolating the optimalgrid for the 
ase of n = 23.We give also the smallest and the largest eigenvalues di�erent from 0 and1 in the 
ase of an equidistant grid, denoted by λh,eq and λh,eq, and in thepra
ti
ally used 
ase when the grid is 
oarser in the 
enter and 
ondensingnear the boundary of the unit square, denoted by λh,pr and λh,pr. In this
25




ase we have determined the grid spa
ings by the following expression:
h1,i−1/2 = 0.111737 − 0.006259i(1 − i) − 0.000289(i(1− i))2 −

− 0.000011(i(1 − i))3,where 2 ≤ i ≤ n+1
2
. The grid here is symmetri
al also with the same non-equidistant grid spa
ing in both dire
tions. In the table, n denotes the num-ber of grid points � in
luding 
orner points � along a side of the square.Table 1

n 11 17 23 31 51
λh,∗ 0.6649 0.6647 0.6647 0.6646 0.6645
λh,∗ 0.9999 0.9999 0.9999 0.9999 0.9999
q∗,Uz 0.2012 0.2014 0.2014 0.2015 0.2015
q∗,CG 0.1017 0.1017 0.1018 0.1018 0.1018
λh,eq 0.4016 0.3489 0.3226 0.3022 0.2766
λh,eq 0.8538 0.8545 0.8549 0.8552 0.8555
qeq,Uz 0.3602 0.4202 0.4521 0.4778 0.5114
qeq,CG 0.1864 0.2203 0.239 0.2544 0.275
λh,pr 0.3507 0.2497 0.2168 0.2031 0.1933
λh,pr 0.8429 0.8463 0.8469 0.847 0.847
qpr,Uz 0.4124 0.5443 0.5923 0.6132 0.6284
qpr,CG 0.2158 0.296 0.328 0.3426 0.3534From these experimental results we 
an 
on
lude that 
ompared with theequidistant grid the use of su
h non-equidistant grids 
an e
onomize between

58 and 140 per
ent of the 
omputational work when iterating with an Uzawa-type method and between 36 and 78 per
ent for 
onjugate gradient-typemethods, where
qCG := (

√

λh −
√

λh)/(

√

λh +
√

λh).Compared with the pra
ti
ally used grid we 
an e
onomize between 82 and
246 per
ent of the 
omputational work for Uzawa-type methods and between
50 and 120 per
ent for 
onjugate gradient-type methods. Moreover, thesenumbers of gain in per
ent are in
reasing together with n. Finally, a

ordingto the table, the 
onjugate gradient-like methods are approximately one anda half times faster than the Uzawa-like ones, on the optimized grids.
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4 Se
ond order staggered grid approximation,non-standard and periodi
al boundary 
on-ditions4.1 Se
ond order staggered grid approximationNow we 
onsider the staggered grid approximation on an equidistant grid.For approximation of the Lapla
e operator with �rst order as usual for stag-gered grids, the grid has been supplemented by four lines at a distan
e h/2from the boundary of the square, and �
titious zero values have been put intothe u or v nodes on these lines, and then the standard �ve-point approxima-tion of the Lapla
e operator has been used near the boundary as well. Thesupplementary values are needed also for the standard approximation of rot.To get a se
ond order approximation, we do not need these supplementaryfour lines.First we take the usual �ve-point approximation in the inner 
ells. The
orresponding formulae 
an be obtained by simplifying (3.5) to our present
ase of an equidistant grid:
∆h~uh = (∆huh,∆hvh)

T ,

(∆huh)ij :=
ui+1,j − 2uij + ui−1,j

h2
+
ui,j+1 − 2uij + ui,j−1

h2
,

2 ≤ i ≤ n− 1, 2 ≤ j ≤ n− 2, (4.1)
(∆hvh)ij :=

vi+1,j − 2vij + vi−1,j

h2
+
vi,j+1 − 2vij + vi,j−1

h2
,

2 ≤ i ≤ n− 2, 2 ≤ j ≤ n− 1.For the boundary 
ells, to get a se
ond order approximation, we put nowzero values into additional u or v nodes on the original boundary. Theseadditional points are at a distan
e of h/2 from the nearest u or v point.Therefore, the approximation in the boundary 
ells will be di�erent from
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that in the inner 
ells:
(∆huh)i,1 :=

ui+1,1 − 2ui,1 + ui−1,1

h2
+

1

h

(

ui,2 − ui,1
h

−
ui,1 − ui,0
h/2

)

,

(∆huh)i,n−1 :=
ui+1,n−1 − 2ui,n−1 + ui−1,n−1

h2
+

+
1

h

(

ui,n − ui,n−1

h/2
−
ui,n−1 − ui,n−2

h

)

, 2 ≤ i ≤ n− 1,

(∆hvh)1,j :=
1

h

(

v2,j − v1,j

h
−
v1,j − v0,j

h/2

)

+
v1,j+1 − 2v1,j + v1,j−1

h2
,

(∆hvh)n−1,j :=
1

h

(

vn,j − vn−1,j

h/2
−
vn−1,j − vn−2,j

h

)

+

+
vn−1,j+1 − 2vn−1,j + vn−1,j−1

h2
, 2 ≤ j ≤ n− 1.Here ui,0, ui,n, v0,j, vn,j are the additional zero values on the boundary. Thedis
rete divergen
e is the same as in (3.4):

(divh ~uh)ij :=
ui+1,j − uij

h
+
vi,j+1 − vij

h
,

1 ≤ i, j ≤ n− 1,and the dis
rete rotation is:
(roth ~uh)ij :=

vi+1,j − vij
h

−
ui+1,j − ui+1,j−1

h
,

1 ≤ i ≤ n− 2, 2 ≤ j ≤ n− 1,

(roth ~uh)i,1 :=
vi+1,1 − vi,1

h
−
ui+1,1 − ui+1,0

h/2
,

(roth ~uh)i,n :=
vi+1,n − vi,n

h
−
ui+1,n − ui+1,n−1

h/2
,

1 ≤ i ≤ n− 2, (4.2)
(roth ~uh)0,j :=

v1,j − v0,j

h/2
−
u1,j − u1,j−1

h
,

(roth ~uh)n−1,j :=
vn,j − vn−1,j

h/2
−
un,j − un,j−1

h
,

2 ≤ j ≤ n− 1,The dis
rete L2 s
alar produ
ts (3.1) and (3.3) simplify to
(ph, qh)0,h :=

n−1
∑

i,j=1

pijqijh
2, (4.3)

(~uh, ~wh)0,h :=

n−1
∑

i=2

n−1
∑

j=1

uijrijh
2 +

n−1
∑

i=1

n−1
∑

j=2

vijsijh
2, (4.4)28



where ph, qh are pressure ve
tors and ~uh = (uh, vh)
T , ~wh = (rh, sh)

T arevelo
ity ve
tors.
‖ph‖

2
0,h := (ph, ph)0,h, ‖~uh‖

2
0,h := (~uh, ~uh)0,h.Theorem 4. For the se
ond order staggered grid approximation,

(Ah~uh, ~uh)0,h − ‖B̃h~uh‖
2
0,h − ‖C̃h~uh‖

2
0,h =

= −
n−1
∑

i=2

2(u2
i,1 + u2

i,n−1) −
n−1
∑

j=2

2(v2
1,j + v2

n−1,j), (4.5)where B̃h := −divh and C̃h := roth.Proof. Similarly to the proof of Theorem 1 we apply partial summationto (Ah~uh, ~uh)0,h and then 
ontinue the grid fun
tions uh and vh by zero ontothe grid of the whole two-dimensional plane. Taking into a

ount that
ui,0, ui,n, v0,j , vn,j, u1,j, un,j, vi,1, vi,nare zero if 1 ≤ i, j ≤ n− 1, we may write:

(Ah~uh, ~uh)0,h =
∑

i,j

(

(ui+1,j − uij)
2 + (ui,j+1 − uij)

2 +

+ (vi+1,j − vij)
2 + (vi,j+1 − vij)

2
)

+

+
n−1
∑

i=2

(u2
i,1 + u2

i,n−1) +
n−1
∑

j=2

(v2
1,j + v2

n−1,j),

‖B̃h~uh‖
2
0,h =

∑

i,j

(

(ui+1,j − uij)
2 + (vi,j+1 − vij)

2 +

+ 2(ui+1,j − uij)(vi,j+1 − vij)
)

,

‖C̃h~uh‖
2
0,h =

∑

i,j

(

(ui+1,j − ui+1,j−1)
2 + (vi+1,j − vij)

2 −

− 2(ui+1,j − ui+1,j−1)(vi+1,j − vij)
)

+

+

n−2
∑

i=1

(3u2
i+1,1 + 3u2

i+1,n−1) +

n−1
∑

j=2

(3v2
1,j + 3v2

n−1,j),Performing the same index shifts as during the proof of Theorem 1, we getthe result of Theorem 3. • 29



Remark 1. We introdu
e the notation Ãh, where
(Ãh~uh, ~uh)0,h = (Ah~uh, ~uh)0,h +

n−1
∑

i=2

2(u2
i,1 + u2

i,n−1) +

n−1
∑

j=2

2(v2
1,j + v2

n−1,j).

Ãh is a symmetri
 positive de�nite matrix in the sense of (4.4), together with
Ah. Sin
e dim(Vh0) = (n−2)2, dim(Vh1) = (n−3)2 and dim(Vh,β) = 4n−9, aproper Crouzeix�Velte de
omposition exists in this 
ase as well, for n > 3. Inthis 
ase the algebrai
 de
omposition exists not for the matrix Ah,but for Ãh,hen
e Ãh 
an be advantageous as a pre
onditional matrix solving Ah~uh = bh.Let us mention that in [8℄ there appears an analyti
al 
ounterpart of (4.5).
•
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4.2 Non-standard boundary 
onditionsThe following Theorem is proved in [25℄:Theorem 5. Let Ω be a two-dimensional domain with Lips
hitz � 
on-tinuous, pie
ewise C2 boundary Γ satisfying 1/r ∈ L∞(Γ) where r(s) is the
urvature in s ∈ Γ. Then a Crouzeix-Velte de
omposition exists in the ana-lyti
al 
ase if, for the Lapla
e operator A = −∆, either of the following twoboundary 
onditions are pres
ribed on Γ:
~u · ~n = 0 and rot~u = 0; (4.6)or

~u× ~n = 0 and div ~u = 0. • (4.7)The boundary 
onditions (4.6), (4.7) may be unusual, but they satisfy theLopatinski-
ondition (see [20℄ or [3℄, there the 
omplementing 
ondition), as
an be veri�ed straightforwardly for both d = 2 and d = 3 (where (4.6) takesthe form rot ~u × ~n = 0). Condition (4.6) appears, e.g. also in [4℄ and allowsto 
al
ulate the pressure independent of ~u.Now we 
onsider the dis
rete equivalent of Theorem 5. In addition to(4.3) and (4.4) we introdu
e the following dis
rete s
alar produ
t and the
orresponding norm:
(ph, qh)0,h̃ :=

n−2
∑

i=1

n−1
∑

j=2

pijqijh
2, (4.8)

‖ph‖
2
0,h̃

:= (ph, ph)0,h̃.The divergen
e is approximated as usual:
(divh ~uh)ij :=

ui+1,j − uij
h

+
vi,j+1 − vij

h
, (4.9)where 1 ≤ i, j ≤ n−1, ~uh := (uh, vh)

T . We approximate the Lapla
e operatorwith �rst order, and the rotation in the 
orner points of inner 
ells as follows:
(roth ~uh)ij :=

vi+1,j − vij
h

−
ui+1,j − ui+1,j−1

h
, (4.10)where 1 ≤ i ≤ n− 2, 2 ≤ j ≤ n− 1.31



We 
onsider now the following nonstandard boundary 
onditions, whi
hare the dis
rete equivalent of (4.6):
u1,j = un,j = vi,1 = vi,n = 0, (4.11)for 1 ≤ i ≤ n− 1, 1 ≤ j ≤ n− 1, and

(roth ~uh)0,j = (roth ~uh)n−1,j = (roth ~uh)i,1 = (roth ~uh)i,n = 0, (4.12)for 0 ≤ i ≤ n − 1, 2 ≤ j ≤ n − 1, where roth is de�ned similarly to (4.10),using also the additional grid-lines. Finally, now for our spe
i�
 di�eren
edis
retization, we 
ontinue to use the notations Ah, B̃h, and C̃h for the ma-tri
es of the operators −∆h, − divh and roth, respe
tively.Theorem 6. For the staggered grid approximation (4.9), (4.10) and thestandard �ve-point approximation of the Lapla
e-operator with boundary
onditions (4.11) and (4.12) the following relation holds:
(Ah~uh, ~uh)0,h = ‖B̃h~uh‖

2
0,h + ‖C̃h~uh‖

2
0,h̃for all ve
tors ~uh = (uh, vh)

T .Proof. Applying partial summation to (Ah~uh, ~uh)0,h we obtain:
(Ah~uh, ~uh)0,h =

n−2
∑

i=2

n−1
∑

j=1

(ui+1,j − uij)
2 +

n−1
∑

j=1

(u2,j − u1,j)u2,j −

−
n−1
∑

j=1

(un,j − un−1,j)un−1,j +

n−1
∑

i=2

n−2
∑

j=1

(ui,j+1 − uij)
2 +

+
n−1
∑

i=2

(ui,1 − ui,0)ui,1 −
n−1
∑

i=2

(ui,n − ui,n−1)ui,n−1 +

+
n−2
∑

i=1

n−1
∑

j=2

(vi+1,j − vij)
2 +

n−1
∑

j=2

(v1,j − v0,j)v1,j −

−
n−1
∑

j=2

(vn,j − vn−1,j)vn−1,j +

n−1
∑

i=1

n−2
∑

j=2

(vi,j+1 − vij)
2 +

+
n−1
∑

i=1

(vi,2 − vi,1)vi,2 −
n−1
∑

i=1

(vi,n − vi,n−1)vi,n−1.
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Using the boundary 
onditions (4.11) and (4.12), we �nd:
(Ah~uh, ~uh)0,h =

n−2
∑

i=2

n−1
∑

j=1

(ui+1,j − uij)
2 +

n−1
∑

i=2

n−2
∑

j=1

(ui,j+1 − uij)
2 +

+

n−2
∑

i=1

n−1
∑

j=2

(vi+1,j − vij)
2 +

n−1
∑

i=1

n−2
∑

j=2

(vi,j+1 − vij)
2 +

+

n−1
∑

j=1

u2
2,j +

n−1
∑

j=1

u2
n−1,j +

n−1
∑

i=1

v2
i,2 +

n−1
∑

i=1

v2
i,n−1. (4.13)Further, ‖B̃h~uh‖

2
0,h may be written as follows:

‖B̃h~uh‖
2
0,h =

n−1
∑

i,j=1

(ui+1,j − uij)
2 +

n−1
∑

i,j=1

(vi,j+1 − vij)
2 +

+ 2
n−1
∑

i,j=1

(ui+1,j − uij)(vi,j+1 − vij) = (4.14)
=

n−2
∑

i=2

n−1
∑

j=1

(ui+1,j − uij)
2 +

n−1
∑

i=1

n−2
∑

j=2

(vi,j+1 − vij)
2 +

+

n−1
∑

j=1

u2
2,j +

n−1
∑

j=1

u2
n−1,j +

n−1
∑

i=1

v2
i,2 +

n−1
∑

i=1

v2
i,n−1 +

+ 2
n−1
∑

i,j=1

(ui+1,j − uij)(vi,j+1 − vij).Using the boundary 
onditions, the dis
rete rotation is 
al
ulated only inthe 
orners of inner 
ells, and ‖C̃h~uh‖
2
0,h̃


an be written as follows:
‖C̃h~uh‖

2
0,h̃

=

n−2
∑

i=1

n−1
∑

j=2

(ui+1,j − ui+1,j−1)
2 +

n−2
∑

i=1

n−1
∑

j=2

(vi+1,j − vij)
2 −

− 2
n−2
∑

i=1

n−1
∑

j=2

(ui+1,j − ui+1,j−1)(vi+1,j − vij) = (4.15)
=

n−1
∑

i=2

n−2
∑

j=1

(ui,j+1 − ui,j)
2 +

n−2
∑

i=1

n−1
∑

j=2

(vi+1,j − vij)
2 −

− 2

n−2
∑

i=1

n−1
∑

j=2

(ui+1,j − ui+1,j−1)(vi+1,j − vij).33



Performing some index shifts we obtain from the last term in (4.14):
2
n−1
∑

i,j=1

(ui+1,j − uij)(vi,j+1 − vij) = 2
n−1
∑

i=1

n
∑

j=2

ui+1,j−1vij − 2
n−1
∑

i,j=1

ui+1,jvij −

− 2
n−2
∑

i=0

n
∑

j=2

ui+1,j−1vi+1,j + 2
n−2
∑

i=0

n−1
∑

j=1

ui+1,jvi+1,j . (4.16)Performing some further index shifts and using the boundary 
ondition(4.11), from (4.16), and in
luding the last term of (4.15), we �nd:
2
n−1
∑

i,j=1

(ui+1,j − uij)(vi,j+1 − vij) − 2
n−2
∑

i=1

n−1
∑

j=2

(ui+1,j − ui+1,j−1)(vi+1,j − vij) =

= 2

n−1
∑

j=1

u1,j(v1,j − v1,j+1) + 2

n−1
∑

j=1

un,j(vn−1,j+1 − vn−1,j) + (4.17)
+ 2

n−1
∑

i=1

vi,n(ui+1,n−1 − ui,n−1) + 2

n−1
∑

i=1

vi,1(ui,1 − ui+1,1) = 0.From (4.13) � (4.17) we get:
(Ah~uh, ~uh)0,h − ‖B̃h~uh‖

2
0,h − ‖C̃h~uh‖

2
0,h̃

= 0. •Remark 1. Taking into a

ount the boundary 
onditions (4.11) and(4.12), the number nh of velo
ity degrees of freedom is nh := 2(n − 2)(n −
1) + 4(n− 2).It 
an be shown that dim(Vh,0) := dim ker divh = (n − 2)2. Namely, to
ompute this dimension we 
ount the number of 
onditions to get ‖ divh ~uh‖

2
0,h =

0. Ex
luding the very last 
ell (whi
h is depending on the other 
ells) wehave to require divh ~uh = 0 in all remaining 
ells, that is, in (n − 1)2 − 1points. In addition to it we have to require roth ~uh = 0 in the 
ell 
ornerson the boundary, that is, in 4(n− 2) points, be
ause of the boundary 
ondi-tion (4.12). Then dim ker divh = nh − ((n− 1)2 − 1) − 4(n− 2) = (n− 2)2.Similarly, to 
ompute dim(Vh,1) = dim ker roth we 
ount the number of 
on-ditions to get ‖ roth ~uh‖
2
0,h = 0, starting from the boundary of the gridand pro
eeding to the 
enter. Ex
luding the 
orners of the square, in allother 
ell 
orners we have to require roth ~uh = 0, that is in n2 − 4 points.Then dim ker roth = nh − (n2 − 4) = n2 − 2n. Therefore, dim(Vh,β) =

nh − (n − 2)2 − (n2 − 2n) = 4n − 8 > 0, if n ≥ 3. Sin
e Ah is a symmetri
34



positive de�nite matrix in the sense of the s
alar produ
t (4.4), a properCrouzeix-Velte de
omposition exists. (For the proof, see Remark 3. in thefollowing subse
tion.) •Remark 2. To obtain a se
ond order approximation for the boundary
ells, too, we put values not into the supplementary lines but into additional
u or v nodes on the original boundary. It 
an be shown that the dis
reteCrouzeix-Velte de
omposition exists in this 
ase for the matrix Ah as well, in
ontrast to the 
ase of Diri
hlet boundary 
onditions, where we proved theexisten
e of the de
omposition only for Ãh , see: Remark 1. in the previoussubse
tion. •Remark 3. Considering the dis
rete equivalent of the boundary 
ondi-tions (4.7), it 
an be shown similarly to Theorem 6, that a dis
rete Crouzeix-Velte de
omposition exists for both the �rst and se
ond order approximation.
•
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4.3 Periodi
al boundary 
onditionsAs we show in this point, the results of [21℄ on the existen
e of a Crouzeix-Velte de
omposition for the Stokes problem along with Diri
hlet and peri-odi
al boundary 
onditions 
arry over to the dis
rete 
ase for the staggeredgrid approximation.For the �rst order approximation we use the same grid as used in theprevious subse
tion. Periodi
al boundary 
onditions are assumed on the leftand right sides of the unit square:
u1,j = un−1,j, u2,j = un,j, 0 ≤ j ≤ n, (4.18)
v1,j = vn−1,j , v2,j = vn,j, 1 ≤ j ≤ n.On the upper and lower sides of the unit square we pres
ribe homogeneousDiri
hlet 
onditions:
ui,0 = ui,n = 0, 1 ≤ i ≤ n, (4.19)
vi,1 = vi,n = 0, 1 ≤ i ≤ n− 1,where ui,0, ui,n are values on two additional grid lines, whi
h the grid has beensupplemented with. The approximation of the divergen
e, Lapla
e operatorand the rotation are the same as in the previous subse
tion, but we have totake into a

ount the periodi
al boundary 
onditions on the left and rightboundaries of the unit square. The divergen
e is, on
e more, approximatedby (4.9), but now for 1 ≤ i ≤ n − 2, 1 ≤ j ≤ n − 1. The approximation ofthe Lapla
e operator with �rst order is:

∆h~uh = (∆huh,∆hvh)
T ,

(∆huh)ij :=
ui+1,j − 2uij + ui−1,j

h2
+
ui,j+1 − 2uij + ui,j−1

h2
,

2 ≤ i ≤ n− 1, 1 ≤ j ≤ n− 1,

(∆hvh)ij :=
vi+1,j − 2vij + vi−1,j

h2
+
vi,j+1 − 2vij + vi,j−1

h2
,

2 ≤ i ≤ n− 1, 2 ≤ j ≤ n− 1.Finally, the approximation of the rotation is given by (4.10) as earlier butnow for 1 ≤ i ≤ n − 2, 1 ≤ j ≤ n. Instead of (4.3) and (4.4) and (4.8) we
36



introdu
e the dis
rete s
alar produ
ts and 
orresponding norms as follows:
(ph, qh)0,h :=

n−2
∑

i=1

n−1
∑

j=1

pijqijh
2,

(ph, qh)0,h̃ :=

n−2
∑

i=1

n
∑

j=1

pijqijh
2,

(~uh, ~wh)0,h :=
n−1
∑

i=2

n−1
∑

j=1

uijrijh
2 +

n−1
∑

i=2

n−1
∑

j=2

vijsijh
2,

‖ph‖
2
0,h := (ph, ph)0,h, ‖ph‖

2
0,h̃

:= (ph, ph)0,h̃, ‖~uh‖
2
0,h := (~uh, ~uh)0,h.On
e again, Ah, B̃h, and C̃h denote the matri
es of the operators −∆h,

− divh and roth.Theorem 7.
(Ah~uh, ~uh)0,h = ‖B̃h~uh‖

2
0,h + ‖C̃h~uh‖

2
0,h̃holds for all ve
tors ~uh = (uh, vh)

T satisfying the boundary 
onditions (4.18)and (4.19).Proof. The proof is similar to that of Theorem 6. We apply partialsummation to (Ah~uh, ~uh)0,h, and taking into a

ount the boundary 
onditionswe obtain:
(Ah~uh, ~uh)0,h =

n−2
∑

i=1

n−1
∑

j=1

(ui+1,j − uij)
2 +

n−1
∑

i=2

n−2
∑

j=1

(ui,j+1 − uij)
2 +

+

n−2
∑

i=1

n−1
∑

j=2

(vi+1,j − vij)
2 +

n−2
∑

i=1

n−2
∑

j=2

(vi,j+1 − vij)
2 +

+
n−1
∑

i=2

u2
i,n−1 +

n−1
∑

i=2

u2
i,1 +

n−2
∑

i=1

v2
i,2 +

n−2
∑

i=1

v2
i,n−1. (4.20)

‖B̃h~uh‖
2
0,h 
an be written as follows:

‖B̃h~uh‖
2
0,h =

n−2
∑

i=1

n−1
∑

j=1

(ui+1,j − uij)
2 +

n−2
∑

i=1

n−1
∑

j=1

(vi,j+1 − vij)
2 +

+ 2

n−2
∑

i=1

n−1
∑

j=1

(ui+1,j − uij)(vi,j+1 − vij). (4.21)37



‖C̃h~uh‖
2
0,h̃


an be simpli�ed (taking a

ount of the homogeneous Diri
hlet
onditions) to the following form:
‖C̃h~uh‖

2
0,h̃

=

n−2
∑

i=1

n
∑

j=1

(ui+1,j − ui+1,j−1)
2 +

n−2
∑

i=1

n
∑

j=1

(vi+1,j − vij)
2 −

− 2
n−2
∑

i=1

n
∑

j=1

(ui+1,j − ui+1,j−1)(vi+1,j − vij) =

=
n−2
∑

i=1

n−1
∑

j=2

(ui+1,j − ui+1,j−1)
2 +

n−2
∑

i=1

n−1
∑

j=2

(vi+1,j − vij)
2 −

− 2

n−2
∑

i=1

n−1
∑

j=2

(ui+1,j − ui+1,j−1)(vi+1,j − vij) +

+

n−2
∑

i=1

u2
i+1,1 +

n−2
∑

i=1

u2
i+1,n−1. (4.22)Performing some index shifts and using the boundary 
onditions (4.18) and(4.19), we �nd for the sum of the expressions standing in lines (4.21) and(4.22):

−2
n−2
∑

i=1

n−1
∑

j=1

(ui+1,j − uij)(vi,j+1 − vij) +

+ 2

n−2
∑

i=1

n−1
∑

j=2

(ui+1,j − ui+1,j−1)(vi+1,j − vij)) =

= −2

n−2
∑

i=1

ui+1,n−1vi,n − 2

n−2
∑

i=1

ui+1,1vi,1 + 2

n−2
∑

j=1

un−1,jvn−1,j+1 −

− 2
n−2
∑

i=1

ui,n−1vi,n − 2
n−2
∑

j=1

u1,jv1,j+1 + 2
n−1
∑

j=2

un−1,jvn−1,j −

− 2
n−1
∑

j=2

u1,jv1,j − 2
n−2
∑

i=1

ui,1vi,1 = 0. (4.23)From (4.20) - (4.23) � performing some index shifts and using the homoge-
38



neous Diri
hlet boundary 
onditions � we obtain:
(Ah~uh, ~uh)0,h − ‖B̃h~uh‖

2
0,h − ‖C̃h~uh‖

2
0,h̃

=

=
n−2
∑

i=1

v2
i,2 +

n−2
∑

i=1

v2
i,n−1 −

n−2
∑

i=1

(vi,2 − vi,1)
2 −

n−2
∑

i=1

(vi,n − vi,n−1)
2 = 0.

•Remark 1. Taking into a

ount the boundary 
onditions (4.18) and(4.19), it 
an be shown that the number of velo
ity degrees of freedom is
nh := (n− 2)(n− 1) + (n− 2)2, dim(Vh,0) := dim ker divh = (n− 2)2 + 1 and
dim(Vh,1) := dim ker roth = n2 − 5n + 7. Therefore dim(Vh,β) = nh − ((n −
2)2 + 1) − (n2 − 5n+ 7) = 2n− 6 > 0 if n > 3. •Remark 2. Ah is a positive de�nite matrix.Proof.Taking into a

ount (4.20) and the boundary 
onditions we obtain:

(Ah~uh, ~uh)0,h ≥
n−1
∑

i=2

n−2
∑

j=1

(ui,j+1 − uij)
2 +

n−2
∑

i=1

n−2
∑

j=2

(vi,j+1 − vij)
2 +

+

n−1
∑

i=2

u2
i,n−1 +

n−1
∑

i=2

u2
i,1 +

n−2
∑

i=1

v2
i,2 +

n−2
∑

i=1

v2
i,n−1 = (4.24)

=
n−1
∑

i=2

n−1
∑

j=0

(ui,j+1 − uij)
2 +

n−2
∑

i=1

n−1
∑

j=1

(vi,j+1 − vij)
2Here ui,j+1 also 
an be written in the following form, using that ui,0 =

ui,n = 0:
ui,j+1 =

j
∑

k=0

ui,k+1 − uik
h

h, (4.25)and
−ui,j+1 =

n−1
∑

k=j+1

ui,k+1 − uik
h

h (4.26)Using the Cau
hy inequality, similarly to the steps (3.23) - (3.28) it fol-lows:
u2
i,j+1 ≤ (1 − yi)yi

n−1
∑

k=0

(

ui,k+1 − uik
h

)2

h, (4.27)39



Multiplying by h and summarizing a

ording to i:
n−1
∑

i=2

u2
i,j+1h ≤ (4.28)

(1 − yi)yi

n−1
∑

i=2

n−1
∑

k=0

(

ui,k+1 − uik
h

)2

h2,and �nally
n−1
∑

i=2

n−1
∑

j=0

u2
i,j+1h

2 ≤ (4.29)
≤

n−1
∑

i=2

n−1
∑

k=0

(

ui,k+1 − uik
h

)2

h2

n−1
∑

j=0

(1 − yi)yih.Performing an index shift and taking into a

ount that uin = 0 and
n−1
∑

j=0

(1 − yi)yih =

n−1
∑

j=0

(n− i)ih3 = h3n(n− 1)

(

n

2
−

2n− 1

6

)

=
1 − h2

6
<

1

6
,we obtain:

n−1
∑

i=2

n−1
∑

j=1

u2
i,jh

2 ≤ (4.30)
≤

1

6

n−1
∑

i=2

n−1
∑

j=0

(ui,j+1 − uij)
2 .We 
an also obtain:

n−1
∑

i=2

n−1
∑

j=2

v2
i,jh

2 ≤ (4.31)
≤

1

6

n−2
∑

i=1

n−1
∑

j=1

(vi,j+1 − vij)
2 .That is from (4.24), (4.30) and (4.31):

(Ah~uh, ~uh)0,h ≥ 6‖~uh‖
2
0,h > 0if ~uh 6= 0 ∈ ~Vh. •40



Remark 3.
Ah is a positive de�nit matrix in the 
ase of non-standard boundary
onditions, as well. In this 
ase, using the boundary 
onditions (4.11) and(4.12), we �nd:

(Ah~uh, ~uh)0,h =
n−1
∑

i=1

n−1
∑

j=1

(ui+1,j − uij)
2 +

n−1
∑

i=2

n−2
∑

j=1

(ui,j+1 − uij)
2 +

+

n−2
∑

i=1

n−1
∑

j=2

(vi+1,j − vij)
2 +

n−1
∑

i=1

n−1
∑

j=1

(vi,j+1 − vij)
2 ≥

≥
n−1
∑

i=1

n−1
∑

j=1

(ui+1,j − uij)
2 +

n−1
∑

i=1

n−1
∑

j=1

(vi,j+1 − vij)
2.Using similar steps as in the 
ase of periodi
al boundary 
onditions weobtain:

(Ah~uh, ~uh)0,h ≥ 6‖~uh‖
2
0,h > 0if ~uh 6= 0 ∈ ~Vh . •
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5 Dis
rete Crouzeix-Velte de
omposition on anonequidistant grid in 3DIn this se
tion the well-known di�eren
e approximation on a staggered gridwill be 
onsidered in 3D 
ase, see also [11℄. In our 
ase Ω is a re
tangularparallelepipedon subdivided by a re
tangular grid into (n− 1)(m− 1)(l− 1)
ells of volume h1h2h3 ea
h, h1 := 1/(n−1), h2 := 1/(m−1), h3 := 1/(l−1).We assume n,m, l ≥ 3. The 
ell midpoints are pressure nodes, the pressureve
tor is denoted by ph and its 
omponents by pijk, with i = 1, . . . , n − 1;
j = 1, . . . , m − 1; k = 1, . . . , l − 1. The fa
es of the 
ells 
ontain at theirmidpoints the velo
ity nodes: nodes of the u-
omponents of the velo
ity areon the east-west fa
es, nodes of the v-
omponents are on the front and ba
kfa
es and nodes of the w-
omponents are on the north-south fa
es. Thevelo
ity 
omponents are denoted by uijk (i = 1, . . . , n; j = 1, . . . , m−1; k =
1, . . . , l − 1), by vijk (i = 1, . . . , n − 1; j = 1, . . . , m; k = 1, . . . , l − 1) andby wijk (i = 1, . . . , n− 1; j = 1, . . . , m− 1; k = 1, . . . , l). Here the uijk with
i = 1 and i = n are the boundary values of uh; the vijk with j = 1 and
j = m are the boundary values of vh and the wijk with k = 1 and k = l arethe boundary values of wh. The velo
ity spa
e is (IRnuh × IRnvh × IRnwh) andwill be denoted by ~Vh, where nuh = n(m− 1)(l − 1), nvh = (n− 1)m(l − 1)and nwh = (n− 1)(m− 1)l. Similarly the pressure spa
e is IRmh and will bedenoted by Ph again, where mh = (n− 1)(m− 1)(l − 1).For the approximation of the Stokes problem in 3D we need the dis
retedivergen
e operator and the dis
rete ve
tor Lapla
e operator. Moreover, wewill de�ne also the dis
rete rotation operator.The divergen
e is approximated as follows:

(divh ~uh)ijk :=
ui+1,j,k − uijk

h1
+
vi,j+1,k − vijk

h2
+
wi,j,k+1 − wijk

h3
, (5.1)where

~uh := (uh, vh, wh)
T ; 1 ≤ i ≤ n− 1, 1 ≤ j ≤ m− 1, 1 ≤ k ≤ l − 1.The matrix 
orresponding to the mapping − divh from the velo
ity spa
einto the pressure spa
e is denoted by B̃h again.For the approximation of the dis
rete Lapla
e operator we 
ontinue thegrid by lines for u-nodes: m− 1 lines to north of the 
ube and m− 1 lines tosouth of the 
ube at a distan
e h3/2 and l − 1 lines in front of the 
ube andbehind the 
ube at a distan
e h2/2. Similarly we 
ontinue the grid by linesfor v-nodes north-south and east-west; and for w-nodes front-ba
k and east-west to the 
ube. Putting zero values into the u-, v- or w-nodes on these lines42



and using the usual 5-point approximation for the dis
rete Lapla
e operatorin all inner velo
ity nodes, we get the following �rst order approximation:
∆h~uh = (∆huh,∆hvh,∆hwh)

T ,

(∆huh)ijk :=
ui+1,j,k − 2uijk + ui−1,j,k

h2
1

+
ui,j+1,k − 2uijk + ui,j−1,k

h2
2

+

+
ui,j,k+1 − 2uijk + ui,j,k−1

h2
3

,

2 ≤ i ≤ n− 1, 1 ≤ j ≤ m− 1, 1 ≤ k ≤ l − 1,

(∆hvh)ijk :=
vi+1,j,k − 2vijk + vi−1,j,k

h2
1

+
vi,j+1,k − 2vijk + vi,j−1,k

h2
2

+

+
vi,j,k+1 − 2vijk + vi,j,k−1

h2
3

,

1 ≤ i ≤ n− 1, 2 ≤ j ≤ m− 1, 1 ≤ k ≤ l − 1,

(∆hwh)ijk :=
wi+1,j,k − 2wijk + wi−1,j,k

h2
1

+
wi,j+1,k − 2wijk + wi,j−1,k

h2
2

+

+
wi,j,k+1 − 2wijk + wi,j,k−1

h2
3

,

1 ≤ i ≤ n− 1, 1 ≤ j ≤ m− 1, 2 ≤ k ≤ l − 1. (5.2)The matrix 
orresponding to the mapping −∆h from the 3D velo
ityspa
e into itself is denoted by Ah, as usual. In the 
ase of 3D the dis
reterotation operator (roth) is a mapping from the velo
ity spa
e ~Vh into theve
tor spa
e of the rotation (IRnr)3, where nr = n ∗m ∗ l.
(roth ~uh)ijk :=







wi,j,k+1−wi,j−1,k+1

h2
−

vi,j,k+1−vi,j,k

h3
ui+1,j,k+1−ui+1,j,k

h3
−

wi+1,j,k+1−wi,j,k+1

h1
vi+1,j,k−vi,j,k

h1
−

ui+1,j,k−ui+1,j−1,k

h2






, (5.3)where

0 ≤ i ≤ n− 1, 1 ≤ j ≤ m, 0 ≤ k ≤ l − 1.On
e again we use the following notation: C̃h for the matrix of the operator
roth.
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5.1 Homogeneous Diri
hlet boundary 
onditionsFor pressure ve
tors ph, qh and velo
ity ve
tors ~uh = (uh, vh, wh)
T , ~rh =

(rh, sh, th)
T the following dis
rete s
alar produ
ts and the 
orrespondingnorms are introdu
ed:

(ph, qh)0,h :=

n−1
∑

i=1

m−1
∑

j=1

l−1
∑

k=1

pijkqijkh1h2h3, (5.4)
(~uh, ~rh)0,h :=

n−1
∑

i=2

m−1
∑

j=1

l−1
∑

k=1

uijkrijkh1h2h3 +

n−1
∑

i=1

m−1
∑

j=2

l−1
∑

k=1

vijksijkh1h2h3 +

+

n−1
∑

i=1

m−1
∑

j=1

l−1
∑

k=2

wijktijkh1h2h3, (5.5)
‖ph‖

2
0,h := (ph, ph)0,h, ‖~uh‖

2
0,h := (~uh, ~uh)0,h.For the mapping of the operator roth: ~u∗h = (u∗h, v

∗
h, w

∗
h)
T and ~r∗h =

(r∗h, s
∗
h, t

∗
h)
T we introdu
e the following s
alar produ
t and the 
orrespond-ing norm:

(~u∗h, ~r
∗
h)0,h∗ :=

n−1
∑

i=0

m
∑

j=1

l−1
∑

k=0

(

u∗ijkr
∗
ijk + v∗ijks

∗
ijk + w∗

ijkt
∗
ijk

)

h1h2h3, (5.6)
‖ ~u∗h‖

2
0,h∗ := (~u∗h, ~u

∗
h)0,h∗ .We assume homogeneous Diri
hlet boundary 
onditions:

u1,j,k = un,j,k = vi,1,k = vi,m,k = wi,j,1 = wi,j,l = 0,where 1 ≤ i ≤ n− 1, 1 ≤ j ≤ m− 1, 1 ≤ k ≤ l − 1.Theorem 8
(Ah~uh, ~uh)0,h = ‖B̃h~uh‖

2
0,h + ‖C̃h~uh‖

2
0,h∗ (5.7)holds for all ve
tors ~uh := (uh, vh, wh)

T from the 3D dis
rete ve
tor spa
e.Proof. Similar to the two dimensional 
ase we 
ontinue the grid fun
tions
uh, vh and wh by zero onto the grid of the whole three-dimensional plane and44



then apply partial summation to (Ah~uh, ~uh)0,h and extend the summation inall expressions to all integer i, j, k. Then we obtain:
(Ah~uh, ~uh)0,h =

∑

i,j,k

(

(ui+1,j,k − uijk)
2 h2h3

h1
+ (ui,j+1,k − uijk)

2 h1h3

h2
+

+ (vi+1,j,k − vijk)
2 h2h3

h1

+ (vi,j+1,k − vijk)
2 h1h3

h2

+

+ (vi,j,k+1 − vijk)
2 h1h2

h3

+ (wi+1,j,k − wijk)
2 h2h3

h1

+

+ (wi,j+1,k − wijk)
2 h1h3

h2

+ (wi,j,k+1 − wijk)
2 h1h2

h3

)

. (5.8)
‖B̃h~uh‖

2
0,h may be written as follows:

‖B̃h~uh‖
2
0,h =

∑

i,j,k

(

(ui+1,j,k − uijk)
2 h2h3

h1
+

+ (vi,j+1,k − vijk)
2 h1h3

h2

+ (wi,j,k+1 − wijk)
2 h1h2

h3

+

+ 2(ui+1,j,k − uijk)(vi,j+1,k − vijk)h3 +

+ 2(ui+1,j,k − uijk)(wi,j,k+1 − wijk)h2 +

+ 2(vi,j+1,k − vijk)(wi,j,k+1 − wijk)h1

)

. (5.9)
‖C̃h~uh‖

2
0,h∗ 
an be written as:

‖C̃h~uh‖
2
0,h∗ =

∑

i,j,k

(

(wi,j,k+1 − wi,j−1,k+1)
2 h1h3

h2
+ (vi,j,k+1 − vijk)

2 h1h2

h3
−

− 2(wi,j,k+1 − wi,j−1,k+1)(vi,j,k+1 − vijk)h1 +

+ (ui+1,j,k+1 − ui+1,j,k)
2 h1h2

h3
+ (wi+1,j,k+1 − wi,j,k+1)

2 h2h3

h1
−

− 2(ui+1,j,k+1 − ui+1,j,k)(wi+1,j,k+1 − wi,j,k+1)h2 +

+ (vi+1,j,k − vijk)
2 h2h3

h1
+ (ui+1,j,k − ui+1,j−1,k)

2 h1h3

h2
−

− 2(vi+1,j,k − vijk)(ui+1,j,k − ui+1,j−1,k)h3

)

. (5.10)Performing some index shifts we get the result of Theorem 8. •45



5.2 Periodi
al boundary 
onditionsNow we 
onsider the staggered grid approximation on a 
ubi
 grid. That is,
Ω is the unit 
ube subdivided by a re
tangular grid into (n − 1)3 
ubes ofvolume h3 ea
h, h := 1/(n− 1). We assume n ≥ 3.On the front-ba
k sides and on the north-south sides of the 
ube wepres
ribe homogeneous Diri
hlet 
onditions:
ui,j,0 = ui,j,n = 0 vi,j,0 = vi,j,n = 0 wi,j,1 = wi,j,n = 0 1 ≤ i, j ≤ n− 1

ui,0,k = ui,n,k = 0 vi,1,k = vi,n,k = 0 wi,0,k = wi,n,k = 0 1 ≤ i, k ≤ n− 1where ui,j,0, ui,j,n, vi,j,0, vi,j,n, and ui,0,k, ui,n,k, wi,0,k, wi,n,k are the values onthe additional grid lines, as in the previous subse
tion.Periodi
al boundary 
onditions are assumed on the east-west sides of theunit 
ube:
u1,j,k = un−1,j,k, u2,j,k = un,j,k,

v1,j,k = vn−1,j,k,

w1,j,k = wn−1,j,k,where 1 ≤ j, k ≤ n− 1.The approximation of the Lapla
e operator, the divergen
e and the rota-tion are given by (5.2),(5.1) and (5.3) as earlier ( now h1 = h2 = h3 =: h).The notations Ah, B̃h and C̃h are the same as earlier, too.Taking into a

ount the boundary 
onditions, instead of (5.4),(5.5) and(5.6) we introdu
e the following s
alar produ
ts and norms:
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(ph, qh)0,h :=
n−2
∑

i=1

n−1
∑

j,k=1

pijkqijkh
3, (5.11)

(~uh, ~rh)0,h :=

n−1
∑

i=2

n−1
∑

j=1

n−1
∑

k=1

uijkrijkh
3 +

n−2
∑

i=1

n−1
∑

j=2

n−1
∑

k=1

vijksijkh
3 +

+

n−2
∑

i=1

n−1
∑

j=1

n−1
∑

k=2

wijktijkh
3, (5.12)

(~u∗h, ~r
∗
h)0,h∗ :=

n−2
∑

i=1

n
∑

j=1

n−1
∑

k=0

u∗ijkr
∗
ijkh

3 +
n−3
∑

i=0

n−1
∑

j=1

n−1
∑

k=0

v∗ijks
∗
ijkh

3 +

+
n−3
∑

i=0

n
∑

j=1

n−1
∑

k=1

w∗
ijkt

∗
ijkh

3 (5.13)
‖ph‖

2
0,h := (ph, ph)0,h, ‖~uh‖

2
0,h := (~uh, ~uh)0,h, ‖ ~u∗h‖

2
0,h∗ := (~u∗h, ~u

∗
h)0,h∗ .Using these s
alar produ
ts and norms we obtain:Theorem 9

(Ah~uh, ~uh)0,h = ‖B̃h~uh‖
2
0,h + ‖C̃h~uh‖

2
0,h∗ (5.14)holds for all ve
tors ~uh := (uh, vh, wh)

T from the 3D dis
rete ve
tor spa
e.Proof.Using partial summation to (Ah~uh, ~uh)0,h we obtain:
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(Ah~uh, ~uh)0,h =
n−2
∑

i=1

n−1
∑

j=1

n−1
∑

k=1

h(ui+1,j,k − uijk)
2 +

n−1
∑

i=2

n−2
∑

j=1

n−1
∑

k=1

h(ui,j+1,k − uijk)
2 +

+

n−1
∑

i=2

n−1
∑

k=1

h(u2
i,n−1,k + u2

i,1,k) +

n−1
∑

i=2

n−1
∑

j=1

n−2
∑

k=1

h(ui,j,k+1 − uijk)
2 +

+

n−1
∑

i=2

n−1
∑

j=1

h(u2
i,j,n−1 + u2

i,j,1) +

n−3
∑

i=0

n−1
∑

j=2

n−1
∑

k=1

h(vi+1,j,k − vijk)
2 +

+
n−2
∑

i=1

n−2
∑

j=2

n−1
∑

k=1

h(vi,j+1,k − vijk)
2 +

n−2
∑

i=1

n−1
∑

k=1

h(v2
i,n−1,k + v2

i,2,k) +

+

n−2
∑

i=1

n−1
∑

j=2

n−2
∑

k=1

h(vi,j,k+1 − vijk)
2 +

n−2
∑

i=1

n−1
∑

j=2

h(v2
i,j,n−1 + v2

i,j,1) +

+

n−3
∑

i=0

n−1
∑

j=1

n−1
∑

k=2

h(wi+1,j,k − wijk)
2 +

n−2
∑

i=1

n−2
∑

j=1

n−1
∑

k=2

h(wi,j+1,k − wijk)
2 +

+
n−2
∑

i=1

n−1
∑

k=2

h(w2
i,n−1,k + w2

i,1,k) +
n−2
∑

i=1

n−1
∑

j=1

n−2
∑

k=2

h(wi,j,k+1 − wijk)
2 +

+
n−2
∑

i=1

n−1
∑

j=1

h(w2
i,j,n−1 + w2

i,j,2). (5.15)
‖B̃h~uh‖

2
0,h may be written as:

‖B̃h~uh‖
2
0,h =

n−2
∑

i=1

n−1
∑

j=1

n−1
∑

k=1

h(ui+1,j,k − uijk)
2 +

n−2
∑

i=1

n−1
∑

j=1

n−1
∑

k=1

h(vi,j+1,k − vijk)
2 +

+

n−2
∑

i=1

n−1
∑

j=1

n−1
∑

k=1

h(wi,j,k+1 − wijk)
2 + (5.16)

+ 2
n−2
∑

i=1

n−1
∑

j=1

n−1
∑

k=1

h(ui+1,j,k − uijk)(vi,j+1,k − vijk) +

+ 2
n−2
∑

i=1

n−1
∑

j=1

n−1
∑

k=1

h(ui+1,j,k − uijk)(wi,j,k+1 − wijk) +

+ 2

n−2
∑

i=1

n−1
∑

j=1

n−1
∑

k=1

h(vi,j+1,k − vijk)(wi,j,k+1 − wijk).48



For ‖C̃h~uh‖2
0,h∗ we get:

‖C̃h~uh‖
2
0,h∗ =

n−2
∑

i=1

n
∑

j=1

n−1
∑

k=0

h
(

(wi,j,k+1 − wi,j−1,k+1)
2 + (vi,j,k+1 − vijk)

2
)

−

− 2

n−2
∑

i=1

n
∑

j=1

n−1
∑

k=0

h(wi,j,k+1 − wi,j−1,k+1)(vi,j,k+1 − vijk) +

+
n−3
∑

i=0

n−1
∑

j=1

n−1
∑

k=0

h
(

(ui+1,j,k+1 − ui+1,j,k)
2 + (wi+1,j,k+1 − wi,j,k+1)

2
)

−

− 2
n−3
∑

i=0

n−1
∑

j=1

n−1
∑

k=0

h(ui+1,j,k+1 − ui+1,j,k)(wi+1,j,k+1 − wi,j,k+1) +

+

n−3
∑

i=0

n
∑

j=1

n−1
∑

k=1

h
(

(vi+1,j,k − vi,j,k)
2 + (ui+1,j,k − ui+1,j−1,k)

2
)

−

− 2

n−3
∑

i=0

n
∑

j=1

n−1
∑

k=1

h(vi+1,j,k − vi,j,k)(ui+1,j,k − ui+1,j−1,k). (5.17)Performing some index shifts and taking into a

ount the Diri
hlet andperiodi
al boundary 
onditions we obtain the result of Theorem 9. •Remark For the dimension of ker divh and ker roth, see [11℄. The resultof Theorem 3. 
an be also generalized to 3D. •
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6 The Crouzeix-Velte de
omposition and theStokes problem in polar 
oordinates for thedisk domainLet Ω be the unit disk
Ω = {(r, ϕ)|0 ≤ r < 1, 0 ≤ ϕ < 2π} ,and 
onsider the following Stokes problem:

∆rϕu−
u

r2
−

2

r2

∂v

∂ϕ
−
∂p

∂r
= f1, (6.1)

∆rϕv −
v

r2
+

2

r2

∂u

∂ϕ
−

1

r

∂p

∂ϕ
= f2, (6.2)

div ~u =
1

r

(

∂

∂r
(ru) +

∂v

∂ϕ

)

= 0, (6.3)where (u, v) = ~u and (f1, f2) = ~f and
∆rϕ =

1

r

∂

∂r

(

r
∂

∂r

)

+
1

r2

∂2

∂ϕ2
.On the boundary, homogeneous Diri
hlet boundary 
onditions are imposed:

~u = 0, on ∂Ω. (6.4)The problem 
onsists in �nding a ve
tor-fun
tion ~u(x) and a s
alar fun
-tion p(x) that satisfy the system of partial di�erential equations above. In(6.1)-(6.2), the di�erential operator a
ting on, ~u is nothing else than theLapla
e-operator in polar 
oordinates, see (6.12) below. We mention thatthe appearan
e of v in the equation (6.1) and the appearan
e of u in theequation (6.2) 
ause di�
ulties during the numeri
al solution of (6.1)-(6.4).If − div ~u = g in (6.3) and the boundary 
onditions are inhomogeneous,than the solvability 
ondition of (6.1)-(6.3):
∫

Ω

gdx = −

∫

Ω

div ~udx = −

∫

Γ

~u~nds. (6.5)has to be also satis�ed.For existen
e and uniqueness of the 
lassi
al solution see [18℄.50



The analyti
al 
ase of the Crouzeix-Velte de
omposition for two-dimensionaldomains was investigated, and for the 
ir
le domain, the spe
trum of theS
hur 
omplement was proved to be 0, 1/2, 1, where 1/2 and 1 have in�nitemultipli
ity, in [7℄, [13℄ and [8℄.The results of the spe
trum for tube domains are 
ontained in [12℄. Athree-dimensional ball is 
onsidered in [31℄.
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6.1 The staggered grid approximation on a unit diskThe di�eren
e approximation on a staggered grid will be 
onsidered here:
Ω is the unit disk subdivided by an equidistant grid a

ording to r and ϕinto n*m 
ells. The 
ell midpoints are pressure nodes, the pressure ve
toris denoted by ph and its 
omponents by pij, with i = 1, . . . , n; j = 1, . . . , m.The sides of the 
ells 
ontain as their midpoints the velo
ity nodes: nodesof the u-
omponents of the velo
ity are on the sides a

ording to r, nodes ofthe v-
omponents are on the sides a

ording to ϕ. The velo
ity ve
tor is ~uh,its 
omponents are denoted by uh and vh and theirs 
omponents by uij and
vij , i = 1, . . . , n, j = 1, . . . , m. The boundary values are un,j := 0 where
j = 1, . . . , m, further uh and vh are periodi
al with respe
t to ϕ, that is

ui,0 = ui,m, vi,0 = vi,m, i = 1, . . . , n, (6.6)see Figure 2.
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Figure 2: Staggered grid approximation on a unit diskFor the approximation of the Stokes problem we need the dis
rete gradi-ent, the dis
rete divergen
e operator and the ve
tor Lapla
e operator. More-over, we will also de�ne the dis
rete rotation and 
url operators. For thegradient:
(grad p) =

( ∂p
∂r

1
r
∂p
∂ϕ

) (6.7)
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we shall use the approximation:
(gradh ph)ij :=

(

(pi+1,j − pi,j)/hr
1
ri

(pi,j+1 − pi,j)/hϕ

) (6.8)where hr := 1/n, hϕ := 1/m and ri := (i−1/2)hr, i = 1, . . . , n, j = 1, . . . , m.For the approximation of the divergen
e operator, we shall use:
(divh ~uh)ij :=

riui,j − ri−1ui−1,j

rihr
+
vi,j − vi,j−1

rihϕ
, (6.9)where ri := ihr, i = 1, . . . , n, j = 1, . . . , m and r0u0,j = 0. (To approximatethe divergen
e we used the grid points marked with red 
olour on Figure 2.)For the rotation:

(rot~u) =
1

r

(

∂

∂r
(rv) −

∂u

∂ϕ

) (6.10)we shall use the approximation:
(roth ~uh)ij :=

ri+1vi+1,j − rivi,j
rihr

−
ui,j+1 − ui,j

rihϕ
, (6.11)where i = 1, . . . , n− 1, j = 1, . . . , m, and

(roth ~uh)nj :=
rnvn,j
rnhr/2where j = 1, . . . , m. (See grid points marked with green on Figure 2.)For s
alar fun
tions, we de�ne the operator curl as follows:

(curlψ) :=

(

1
r
∂ψ
∂ϕ

−∂ψ
∂r
,

)and we shall approximate this operator in the following way:
(curlh ψ)ij :=

(

1
ri

ψij−ψi,j−1

hϕ

−
ψij−ψi−1,j

hr
,

)Sin
e
(grad div ~u− curl rot ~u) =





∂
∂r

(

1
r
∂
∂r (ru) + 1

r
∂v
∂ϕ

)

− 1
r
∂
∂ϕ

(

1
r
∂
∂r (rv) −

1
r
∂u
∂ϕ

)

1
r
∂
∂ϕ

(

1
r
∂
∂r (ru) + 1

r
∂v
∂ϕ

)

+ ∂
∂r

(

1
r
∂
∂r (rv) −

1
r
∂u
∂ϕ

)



 ,53



that is
(grad div ~u− curl rot~u) =

(

1
r
∂
∂r

(

r ∂u∂r
)

− u
r2

− 2
r2

∂v
∂ϕ + 1

r2
∂2u
∂ϕ2

1
r
∂
∂r

(

r ∂v∂r
)

− v
r2

+ 2
r2
∂u
∂ϕ + 1

r2
∂2v
∂ϕ2

)

,the identity (2.24) holds in polar 
oordinate system in the following form:
(

∆rϕu− u
r2 − 2

r2
∂v
∂ϕ

∆rϕv −
v
r2

+ 2
r2
∂u
∂ϕ

)

= (grad div ~u− curl rot ~u) = ∆~u. (6.12)Using the identity (6.12) and the approximation of the divergen
e (6.9), rotation(6.11) and 
url (6.12), we 
an approximate the Stokes problem (6.1) - (6.4) asfollows:
(

Ãh B̃T
h

B̃h 0

)(

~u
p

)

=

(

~f
0

)

, (6.13)where B̃h 
orresponds to the negative divergen
e operator and Ãh 
orresponds tothe negative Lapla
e operator, i.e. the left side of the identity (6.12) and is thefollowing:
−(Ãh~uh)ij :=

1

hr

( 1

ri+1
((ru)r)i+1,j −

1

ri
((ru)r)i,j

)

+

+
1

hr

( 1

ri+1
(vϕ)i+1,j −

1

ri
(vϕ)i,j

)

+ (6.14)
+

1

hϕr
2
i

((uϕ)i,j+1 − (uϕ)i,j) −

−
1

hϕr2i
(((rv)r)i+1,j − ((rv)r)i+1,j−1)

−(Ãh~vh)ij :=
1

hr

( 1

ri
((rv)r)i+1,j −

1

ri−1
((rv)r)i,j

)

+

+
1

hr

( 1

ri−1
(uϕ)i−1,j+1 −

1

ri
(uϕ)i,j+1

)

+ (6.15)
+

1

hϕr2i
((vϕ)i,j+1 − (vϕ)i,j) −

−
1

hϕr
2
i

(((ru)r)i,j+1 − ((ru)r)i,j) ,where i = 1, . . . , n, j = 1, . . . ,m and taking into a

ount (6.6), and we used the
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following notations:
(uϕ)i,j :=

ui,j − ui,j−1

hϕ
,

(vϕ)i,j :=
vi,j − vi,j−1

hϕ
,

((ru)r)i,j :=
riui,j − ri−1ui−1,j

hr
,

((rv)r)i,j :=
rivi,j − ri−1vi−1,j

hr
. (6.16)We also introdu
e the following notation: C̃h for the matrix of the operator

roth.For pressure ve
tors ph, qh and velo
ity ve
tors ~uh = (uh, vh)
T , ~wh = (th, sh)

Tthe following dis
rete s
alar produ
ts and the 
orresponding norms are introdu
ed:
(ph, qh)0,r,h :=

n
∑

i=1

m
∑

j=1

pijqijrihrhϕ, (6.17)
‖ph‖

2
0,r,h := (ph, ph)0,r,h,and

(ph, qh)0,r,h :=
n
∑

i=1

m
∑

j=1

pijqijrihrhϕ, (6.18)
‖ph‖

2
0,r,h := (ph, ph)0,r,h,and

(~uh, ~wh)0,h :=

n
∑

i=1

m
∑

j=1

(uijtijri + vijsijri)hrhϕ (6.19)
‖~uh‖

2
0,h := (~uh, ~uh)0,h.Theorem 10

(Ãh~uh, ~uh)0,h = ‖B̃h~uh‖
2
0,r,h + ‖C̃h~uh‖

2
0,r,h (6.20)holds for all ve
tors ~uh := (uh, vh)

T ∈ ~VhProof. 55



We apply partial summation to (Ãh~uh, ~uh)0,h:
(Ãh~uh, ~uh)0,h =

n−1
∑

i=1

m
∑

j=1

hϕ
ri+1hr

(ri+1ui+1,j − riui,j)
2 +

+
m
∑

j=1

hϕ
r1hr

(r1u1,j)
2 +

n
∑

i=1

m
∑

j=1

hr
rihϕ

(ui,j+1 − ui,j)
2 −

−
n
∑

i=1

m
∑

j=1

(

ri
ri+1

(vi+1,jui,j − vi+1,j−1ui,j) −
ri
ri

(vi,jui,j − vi,j−1ui,j)

)

−

−
n
∑

i=1

m
∑

j=1

(

ri+1

ri
(vi+1,j−1ui,j − vi+1,jui,j) −

ri
ri

(vi,j−1ui,j − vi,jui,j)

)

+

+
n−1
∑

i=1

m
∑

j=1

hϕ
rihr

(ri+1vi+1,j − rivi,j)
2 + (6.21)

+

m
∑

j=1

hϕ
rnhr

(rnvn,j)
2 +

n
∑

i=1

m
∑

j=1

hr
rihϕ

(vi,j+1 − vi,j)
2 −

−
n
∑

i=1

m
∑

j=1

(

ri
ri−1

(ui−1,j+1vi,j − ui−1,jvi,j) −
ri
ri

(ui,j+1vi,j − ui,jvi,j)

)

−

−
n
∑

i=1

m
∑

j=1

(

ri−1

ri
(ui−1,jvi,j − ui−1,j+1vi,j) −

ri
ri

(ui,jvi,j − ui,j+1vi,j)

)

.

‖B̃h~uh‖
2
0,r,h may be written in the following form:

‖B̃h~uh‖
2
0,r,h =

n
∑

i=1

m
∑

j=1

( hϕ
rihr

(riui,j − ri−1ui−1,j)
2 + (6.22)

+
hr
rihϕ

(vi,j − vi,j−1)
2 +

2

ri
(riui,j − ri−1ui−1,j)(vi,j − vi,j−1)

)

.

‖C̃h~uh‖
2
0,r,h 
an be written as follows:

‖C̃h~uh‖
2
0,r,h =

n
∑

i=1

m
∑

j=1

( hr
rihϕ

(ui,j+1 − ui,j)
2 +

hϕ
rihr

(ri+1vi+1,j − rivi,j)
2 −

−
2

ri
(ui,j+1 − ui,j)(ri+1vi+1,j − rivi,j)

)

. (6.23)Performing some index shifts and taking into a

ount the periodi
ity in the dire
-tion ϕ and the homogeneous boundary 
onditions we get:
(Ãh~uh, ~uh)0,h − ‖B̃h~uh‖

2
0,r,h − ‖C̃h~uh‖

2
0,r,h = 0. •56



Remark Ãh is a symmetri
 matrix in the sense of the s
alar produ
t (6.19).This means that (6.20) 
an be des
ribed in matrix terms as follows:
(DÃÃh~uh, ~uh) = (DB̃B̃h~uh, B̃h~uh) + (DC̃C̃h~uh, C̃h~uh) =

= (B̃T
hDB̃B̃h~uh, ~uh) + (C̃ThDC̃C̃h~uh, ~uh), (6.24)where (.,.) is the Eu
lidean s
alar produ
t and DÃ,DB̃ ,DÃ are diagonal matri
es
orresponding to (6.19), (6.17) and (6.18):

DÃ = diag (r1Im×m, ..., rn−1Im×m, r1Im×m, ..., rnIm×m)hrhϕ,

DB̃ = diag (r1Im×m, ..., rnIm×m, )hrhϕ, (6.25)
DC̃ = diag (r1Im×m, ..., rnIm×m, )hrhϕ.From (6.24) we obtain:

DÃÃh = B̃T
hDB̃B̃h + C̃ThDC̃C̃h. (6.26)That is DÃÃh is a symmetri
 matrix and 
an be written in the following form:

DÃÃh =: Ah = Bh + Ch, (6.27)where Bh = B̂T
h B̂h and Ch = ĈTh Ĉh with the notation B̂h = D

1/2

B̃
B̃h, Ĉh = D

1/2

C̃
C̃h.

•
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6.2 Numeri
al resultsUsing the notations (6.27) our problem 
onsists in �nding the solution of the fol-lowing algebrai
 system:
Ah~uh + B̂T

h ph = ~fh, (6.28)
B̂h~uh = gh. (6.29)We use the Uzawa-algorithm ([2℄) to solve (6.28), (6.29):

p
(0)
h := 0,

p
(i+1)
h := p

(i)
h + ω(B̂h~u

(i)
h − gh) (6.30)

~u
(i)
h := A−1

h (~fh − B̂T
h p

(i)
h )

i = 0, 1, 2, . . . .(6.30) 
an be written in the following form:
p
(0)
h = 0,

p
(i+1)
h = p

(i)
h + ω(ψh − Shp

(i)
h ) (6.31)

i = 0, 1, 2, . . . .where ψh = B̂hA
−1
h
~fh − gh and Sh is the dis
rete S
hur 
omplement operator,that is Sh = B̂hA

−1
h B̂T

h . Sin
e the dis
rete Crouzeix-Velte de
omposition exists,using the Uzawa-algorithm we 
an rea
h the third Crouzeix-Velte subspa
e after 1step, if p0 = 0 ([23℄). In this subspa
e the spe
trum of the S
hur 
omplement is
loser, and the algorithm shows e�e
tive 
onvergen
e. We introdu
e the followingnotations: the optimal iteration parameter is ωhopt := 2/(λh + λ̄h), where λh and
λh are the smallest and the largest of the eigenvalues di�erent from 0 and 1 of thedis
rete S
hur 
omplement; and ω = 2 is the optimal iteration parameter for theundis
retized Uzawa-algorithm, see ([23℄). Table 1 shows the values of the optimaliteration parameter (ωhopt) and the smallest and largest eigenvalues (λh, λh).Table 1

n = m 5 10 20 40 60
λh 0.5133234 0.5036472 0.5009311 0.5002340 0.5001041
λh 0.5248821 0.5188427 0.5154488 0.5138629 0.5133509
ωhopt 1.926401 1.95601 1.967768 1.972198 1.973447In a �rst numeri
al experiment in (6.28), (6.29) we took random values for theexa
t solution ph whi
h was proje
ted to the orthogonal 
omplement of the kernelof B̂T
h . Here ψh was 
al
ulated as ψh := Shph. After i = 1, 2 initial steps with

ω = 1, the optimal parameters have been taken. In Table 2 〈i;ωhopt〉 means thenumber of iterations (in
luding the initial steps using ω = 1 iteration parameter)in the 
ase of i initial steps and after that iterations with ωhopt. 〈i;ω = 2〉 means the58



number of iterations in the 
ase of i initial steps followed by iterations with ω = 2.For 
omparison we show the number of iterations in the 
ase of ω = 1 iterationparameter in all steps - whi
h is in widespread use - denoted by 〈1;ω = 1〉. Thenumeri
al 
onvergen
e rate q := (‖e(it)‖/‖e(0)‖)1/it is also shown, where e(0) is theinitial pressure error and e(it) is the �nal error after it iterations. The stopping
riterion is that the initial pressure error in the Eu
lidean norm has been redu
edby a fa
tor of 10−5. The numeri
al experiments showed that in the inner iteration(in the 
onjugate gradient method, for details see below) it is ne
essary to use astronger stopping 
riterion: that the initial error in the Eu
lidean norm has beende
reased at least by a fa
tor of 10−6. (If in the outer iteration the initial pressureerror is redu
ed by a fa
tor of 10−10 than in the inner iteration it is ne
essary tode
rease the initial error at least by a fa
tor of 10−11.)Table 2
n = m 5 10 20 40 60
〈1;ω = 1〉 14 15 16 17 17

q 0.4179 0.4172 0.4131 0.4166 0.4129
〈

1;ωhopt
〉 4 4 4 4 4

q 0.0056 0.0057 0.0046 0.0041 0.0041
〈1;ω = 2〉 5 4 4 4 4

q 0.0291 0.0138 0.0105 0.0090 0.0083
〈

2;ωhopt
〉 4 5 5 5 5

q 0.0029 0.0044 0.0041 0.0034 0.0032
〈2;ω = 2〉 5 5 5 5 5

q 0.0144 0.0106 0.0090 0.0074 0.0067In the se
ond numeri
al experiment, an algebrai
 Stokes problem with knownsolution has been generated. (The exa
t solution is: uexact = r cosϕ+ 2r sinϕ+ 3,
vexact = 4r cosϕ − r sinϕ + 2 and pexact = 2r cosϕ. In this 
ase div(u, v) = 0and the solvability 
ondition of (6.28), (6.29) - the dis
rete equivalent of (6.5) -is satis�ed.) The number of outer iterations and the numeri
al 
onvergen
e rateare shown in Table 3 depending on the iteration parameter. Here, iteration wasstopped if the initial pressure error had been redu
ed by a fa
tor of 10−6. In theinner iteration the initial error in the Eu
lidean norm has been de
reased by afa
tor of 10−7.
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Table 3
n = m 5 10 20 40 60 80
〈1;ω = 1〉 21 22 23 24 25 25

q 0.4693 0.5022 0.5606 0.5784 0.6354 0.6143
〈

1;ωhopt
〉 5 5 5 5 5 -

q 0.0341 0.0690 0.0742 0.0932 0.0110 -
〈1;ω = 2〉 5 4 4 4 3 3

q 0.0342 0.0283 0.0312 0.0422 0.0043 0.00731
〈

2;ωhopt
〉 5 6 6 6 6 -

q 0.0112 0.0690 0.0742 0.0932 0.0092 -
〈2;ω = 2〉 6 5 5 4 4 4

q 0.0341 0.0283 0.0312 0.0087 0.0043 0.0073Be
ause of the large amount of memory needed, ωhopt was not 
al
ulated in the
ase of n = m = 80. Let us point out that, the speed of 
onvergen
e is growingtogether with the re�nement of the grid - ex
ept when ω = 1 in all steps.Instead of the 
al
ulation of A−1
h in (6.30) we investigated two solutions. Inthe �rst 
ase we used the fast Fourier transformation in 
ombination with thepre
onditioned 
onjugate gradient method and in the se
ond 
ase we used themultigrid method.6.2.1 Fourier transformation and 
onjugate gradient methodFor 
al
ulation of A−1

h with Fourier transformation and the 
onjugate gradientmethod, let us introdu
e the following notations:
~uh,F := Q∗

2n−1~uh, ph,F := Q∗
nph, (6.32)

Ah,F := Q∗
2n−1AhQ2n−1, B̂h,F := Q∗

nB̂hQ2n−1,where Qk, the matrix of the Fourier transformation, is a blo
k-diagonal matrixwith k blo
ks Q = (qj,l)
m
j,l=1 and qj,l =

√

1/m eihϕlj. Now, instead of (6.30), thefollowing iteration for the transformed variables 
an be used:
~fh,F := Q∗

2n−1
~fh, gh,F := Q∗

ngh, (FFT) (6.33)
p
(0)
h,F := 0,

[

p
(i+1)
h,F := p

(i)
h,F + ω(B̂h,F~u

(i)
h,F − gh,F ) (6.34)

Ah,F ~u
(i)
h,F := ~fh,F − B̂∗

h,Fp
(i)
h,F

] (6.35)
i = 0, 1, 2, . . . .

~uh := Q2n−1~uh,F , ph := Qnph,F , (IFFT). (6.36)60



Observe that in a 
artesian 
oordinate system, Ah,F would be blo
k-diagonal withtridiagonal blo
ks. In our 
ase of polar 
oordinates, however, Ah,F has 7 nonzero di-agonals, the main diagonal, the ±m-th, the ±(m−1)∗n-th and the ±(m−1)∗n+m-th diagonal (using the Matlab notation). To solve (6.35) approximately in an inneriteration, the pre
onditioned 
onjugate gradient method was used 
ombined within
omplete Gauss-elimination. (Additional diagonals were not used in the in
om-plete Gauss-elimination. This version is sometimes 
alled ILU(0).) In the numeri
alexperiments several ILU(0)-type pre
onditioning matri
es �tting to the stru
tureof Ah,F were investigated and Topt was found to be the optimal pre
onditionerfrom the 5 pre
onditioners 
onsidered, resulting in the fastest 
onvergen
e withfew number of iterations.
Topt is a tridiagonal matrix 
onsisting of the main diagonal and the m-th and

−m-th diagonal of Ah,F . In the previous numeri
al experiments, this pre
ondition-ing matrix was used.Table 4 displays the number of inner iterations needed to rea
h the stopping
riterion of the 
onjugate gradient method, in that the initial error in the Eu
lideannorm has been de
reased by a fa
tor of 10−4. In the table Topt shows that the matrix
Topt was used as the pre
onditioning matrix.The unpre
onditioned 
onjugate gradient method is denoted by T = I.For 
omparison we show the number of iterations with three further pre
ondi-tioning matri
es:

TD 
ontains only the main diagonal of Ah,F ,
T∗ is a tridiagonal matrix 
onsisting of the main diagonal and the (m−1)∗n+m-th and −((m− 1) ∗ n+m)-th diagonal of Ah,F and
T∗∗ is a pentadiagonal matrix with the main diagonal and the ±m-th and

±(m− 1) ∗ n+m-th diagonal of Ah,F .Table 4
n = m 5 10 20 50 100 200 500 640
Topt 9 12 12 12 8 5 5 4
T = I 25 59 76 197 362 - - -
TD 19 39 72 106 125 - - -
T∗ 19 39 72 107 125 - - -
T∗∗ 7 8 8 8 5 3 2 2Be
ause of the large amount of 
omputational time needed, the pre
onditioningmatri
es: T = I, TD and T∗ were not used in the 
ase of n = m ≥ 200.In Table 5 we show the 
omputational time of the 
onjugate gradient method(inner iteration) to rea
h our stopping 
riterion 10−4, and the ne
essary additionalmemory for the in
omplete Gauss-elimination using the di�erent pre
onditioningmatri
es and n = m = 50. 61



Table 5
n = m = 50 
omputational time (s) additional memory needed (byte)
Topt 32.3 2400
T = I 202.7 -
TD 163.9 800
T∗ 326.5 2400
T∗∗ 63.9 4000The full 
omputational time of the se
ond numeri
al experiment in the 
ase of

〈1;ω = 2〉 and n = m = 50 is the following: the time of the FFT and IFFT andthe 
al
ulation of ψh are altogether 25, 2 s and the full time of the outer iteration(see (6.34), maxit = 3) is 121.1 s. Here the stopping 
riterion of the inner iterationis 10−4 and the stopping 
riterion of the outer iteration is 10−3 and we used Toptas the pre
onditioning matrix.6.2.2 Multigrid methodInstead of the use of fast Fourier transformation in 
ombination with the pre
ondi-tioned 
onjugate gradient method , we 
an apply the multigrid method for solving
Ah~u

(i)
h = (~fh − B̂T

h p
(i)
h ) := ~bh (6.37)

i = 0, 1, 2, . . . .in the Uzawa algorithm (6.30), where ~bh = (b
(u)
h , b

(v)
h ).We de�ne a 
oarse and a �ne grid on the Ω domain (ωH and ωh) and weapproximate ~u(i)

h on the �ne grid. The well-known algorithm of the two-grid methodis the following (see [16℄, [27℄):
~y

(0)
h given initial iterate of ~u(i)

h ,

~y
(j)
h := Sν1h (Ah,~bh)~y

(j)
h appli
ation of ν1 pre-smoothing iterations to ~y(j)

~r
(j)
h := ~bh −Ah~y

(j)
h 
al
ulation of the defe
t

~r
(j)
H := RHh ~r

(j)
h restri
tion of the defe
t,

RHh is the restri
tion operator
~w

(j)
H := A−1

H ~r
(j)
H solution of the 
oarse-grid equation

~w
(j)
h := P hH ~w

(j)
H interpolation of ~w(j)

H ,

P hH is the prolongation operator
~y

(j+1)
h := ~y

(j)
h + ~w

(j)
h 
orre
tion of ~yh

~y
(j+1)
h := Sν2h (Ah,~bh)~y

(j+1)
h appli
ation of ν2 post-smoothing iterations to ~y(j+1)

j = 0, 1, 2, . . . . 62



In our 
ase for the 
oarse grid the unit 
ir
le is subdivided by an equidistant
r, ϕ-grid into n*m 
ells. For the �ne grid, the unit 
ir
le is subdivided into 2n*2m
ells. This grid is also equidistant and every se
ond grid lines �t to the grid linesof the 
oarse grid. To use the two-grid and later the multigrid method we need tode�ne the restri
tion from the �ne to the 
oarse grid and the method of prolongationthat pres
ribes the interpolation from the 
oarse to the �ne grid. We remark thatin the 
ase of staggered grid approximation the u and v-values on the 
oarse griddo not �t to the �ne grid.We used the following weighted restri
tion: let uHi,j denote a value of the uvelo
ity 
omponent on the 
oarse grid. To 
al
ulate uHij we use 6 u-values on the�ne grid. 2 u-values are on the same radius ri where uHij is, adja
ent to uHij . Theweights of these u-values are 1

4 . Moreover 4 u-values are on the radii ri and ri+1℄of the 
oarse grid, their weights are 1
8 . That is

uHi,j =
1

4
(u2i,2j + u2i,2j−1) +

+
1

8
(u2i−1,2j + u2i−1,2j−1 + u2i+1,2j + u2i+1,2j−1). (6.38)where ui,j is a value of the u velo
ity 
omponent on the �ne grid, see the bluepoints in Figure 3, where the bold lines denote the grid lines of the 
oarse grid.Similarly, for 
al
ulation of vHij on the 
oarse grid we also take into a

ount 6

v-values on the �ne grid. 2 v-values are on the same grid line a

ording to ϕ where
vHij is, adja
ent to vHij . Their weights are 1

4 . And 4 v-values are on the next gridlines a

ording to ϕ of the �ne grid (these grid lines do not appear as a line of the
oarse grid). Their weights are 1
8 . That is

vHi,j =
1

4
(v2i,2j + v2i−1,2j) +

+
1

8
(v2i,2j−1 + v2i−1,2j−1 + v2i,2j+1 + v2i−1,2j+1). (6.39)where vi,j denotes a value of the v velo
ity 
omponent on the �ne grid, see also thered points in Figure 3, where we used the notation i′, j′ instead of i and j.Let RHh be the matrix of the restri
tion operator. It is a re
tangular NH ×Nhmatrix, where NH = (n− 1) ∗m+ n ∗m and Nh = (2n− 1) ∗ 2m+ 2n ∗ 2m. E.g.if n = m = 2 then RHh will be the following:

RHh =
1

8















1 1 2 2 1 1
1 1 2 2 1 1

2 1 1 2 1 1
1 2 1 1 2 1

2 1 1 2 1 1
1 2 1 1 2 1












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Figure 3: Restri
tion on the unit diskThe most di�
ult task was to �nd a good interpolation for the two-grid(or multigrid) method. The reason of the di�
ulties is the singularity in the
entre of the disk whi
h 
auses big os
illations of the defe
t on the innermost
ir
les, see Figure 4 and Figure 5 (here the number of grid lines on the �negrid are 2n = 2m = 32).For �nite di�erent-based multigrid, a general formula for interpolation isthe following [stoyan, personal 
ommuni
ation℄:
P h
H = (DH

Ã
RH
h (Dh

Ã
)−1)Twhere DH

Ã
is the diagonal matrix (6.24) 
orresponding to the s
alar produ
t(6.19) on the 
oarse grid and Dh

Ã
is the same diagonal matrix on the �negrid, RH

h is the matrix of the restri
tion operator. The numeri
al experimentsshowed that the multigrid method is non 
onvergent using this interpolationif the re�nement of the grid is large (n = m ≥ 64). We found that themultigrid method is 
onvergent with the interpolation:
P h
H = c (DH

Ã
RH
h (Dh

Ã
)−1)T , (6.40)where 0 < c < 1 
onstant. Choosing appropriate values of c, we have mini-mized the norm of the �nal error after 30 full iteration steps of the multigridmethod. We used the Matlab fmins fun
tion for the minimization. The resultof the minimization see later, in Table 6.64
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Figure 4: Os
illation of the defe
t related to the u velo
ity 
omponentMoreover, for the two-grid (or multigrid) method we will also need asmoothing iteration. For the often used damped Ja
obi iteration we 
anestimate the optimal smoothing iteration parameter:Theorem 11 The optimal iteration parameter of damped Ja
obi iterationis approximately
ω ≈

12h2
rh

2
ϕ

30h2
ϕ + 54hr + 35hrhϕ

(6.41)where hr := 1/n and hϕ := 1/m.Proof. We 
hoose the ω iteration parameter from the following require-ment:
1 > 1 − ωλN1

= −(1 − ωλNh
) > −1 (6.42)where λN1

is the NH +1 =: N1th eigenvalue and λNh
:= λmax is the Nhtheigenvalue of Ah. Here NH is the number of points of the 
oarse ωH grid and

Nh is the number of points of the �ne grid ωh.From (6.42) we get:
ω =

2

λN1
+ λNh

. (6.43)The λN1
and λNh

eigenvalues 
an be estimated by the maximum norm:
λNh

≈ ‖Ah‖C(ωh),

λN1
≈ λNH

≈ ‖AH‖C(ωH),65



0
5

10
15

20
25

30
35

0

10

20

30

40
−50

0

50

phi

v component of the defect on the fine grid before post smoothing

r

D
ef

ec
t: 

r=
A

u−
b

Figure 5: Os
illation of the defe
t related to the v velo
ity 
omponentwhere λNH
is the largest of the eigenvalues of AH .From (6.14), (6.15) and (6.25), (6.27) we get:

(Ah~uh)ij :=

(

r2
i

h2
rri+1

+
r2
i

h2
rri

+
2

h2
ϕri

)

uij −
riri+1

h2
rri+1

ui+1,j −

−
riri−1

h2
rri

ui−1,j −
1

h2
ϕri

(ui,j+1 + ui,j−1) +

+

(

ri
hrhϕri

−
ri

hrhϕri

)

(vij − vi,j−1) +

+

(

−
ri

hrhϕri+1
+

ri+1

hrhϕri

)

(vi+1,j − vi+1,j−1), (6.44)
(Ah~vh)ij :=

(

r2
i

h2
rri−1

+
r2
i

h2
rri

+
2

h2
ϕri

)

vij −
riri+1

h2
rri

vi+1,j −

−
riri−1

h2
rri−1

vi−1,j −
1

h2
ϕri

(vi,j+1 + vi,j−1) +

+

(

ri
hrhϕri

−
ri

hrhϕri

)

(uij − ui,j+1) +

+

(

−
ri

hrhϕri−1

+
ri−1

hrhϕri

)

(ui−1,j+1 − ui−1,j), (6.45)where i = 1, . . . , 2n, j = 1, . . . , 2m.From (6.44) and (6.45) the maximum norm of Ah 
an be estimated in the66



following form:
‖Ah‖C(ωh) ≤ max

[

1
h2

r

(

r2i
ri+1

+
r2i
ri

+ riri+1

ri+1
+ ri−1ri

ri

)

+

+ 4
h2

ϕri
+ 2

hrhϕ

(

r2i −r
2
i

riri
+

r2i+1
−r2i

riri+1

)

;

1
h2

r

(

r2i
ri

+
r2i
ri−1

+ riri+1

ri
+ ri−1ri

ri−1

)

+

+ 4
h2

ϕri
+ 2

hrhϕ

(

r2i −r
2
i

riri
+

r2i−r
2
i−1

ri−1ri

) ]

. (6.46)Sin
e ri = ihr and ri = (i− 1
2
)hr, the following estimations 
an be proved:

r2
i − r2

i

riri
+
r2
i+1 − r2

i

riri+1
=

i2 − (i− 1
2
)2

i(i− 1
2
)

+
(i+ 1

2
)2 − i2

(i+ 1
2
)i

≤

≤
(i− 1

4
)

(i− 1
2
)

+
(i+ 1

4
)

(i+ 1
2
)
≤

7

3
(6.47)and

r2i
ri+1

+
r2i
ri

+ riri+1

ri+1
+ ri−1ri

ri
=

ihr

(

i(i− 1

2
)+i(i+ 1

2
)+(i+1)(i− 1

2
)+(i−1)(i+ 1

2
)

(i+ 1

2
)(i− 1

2
)

)

≤ 4, (6.48)using that ihr ≤ 1 and
(i+ 1

2
)(2i− 1) + (i− 1

2
)(2i+ 1)

(i+ 1
2
)(i− 1

2
)

= 4.Moreover
r2
i − r2

i

riri
+
r2
i − r2

i−1

ri−1ri
=

(i− 1
4
)

i(i− 1
2
)

+
(i− 3

4
)

i2 − 3
2
i+ 1

2

≤
3

2
(6.49)and

r2
i

ri
+

r2
i

ri−1

+
riri+1

ri
+
ri−1ri
ri−1

= ihr

(

4i2 − 6i+ 2

i(i− 1)

)

≤ 4. (6.50)67



From (6.47) - (6.50) we obtain:
‖Ah‖C(ωh) ≤ 4

h2
r

+ 4
h2

ϕri
+ 14

3hrhϕ
≤

12h2
ϕ+24hr+14hrhϕ

3h2
rh

2
ϕ

. (6.51)Sin
e on the 
oarse grid the grid spa
ings are: Hr := 2hr and Hϕ := 2hϕ,from (6.51) we 
an estimate the maximum norm of AH in the following way:
‖AH‖C(ωH) ≤

12H2
ϕ+24Hr+14HrHϕ

3H2
rH

2
ϕ

=
6h2

ϕ+6hr+7hrhϕ

6h2
rh

2
ϕ

. (6.52)From (6.43),(6.51) and (6.52) we 
an 
al
ulate the optimal iteration pa-rameter, ω.
•Remark The 
onvergen
e rate (q) of the smoothing Ja
obi iteration withthe optimal ω parameter is estimated as follows:

3

5
≤ q =

λNh
− λNH

λNh
+ λNH

=
1 −

λNH

λNh

1 +
λNH

λNh

≤
7

9
,sin
e

1

8
≤
λNH

λNh

=
6h2

ϕ + 6hr + 7hrhϕ

24h2
ϕ + 48hr + 28hrhϕ

≤
1

4
. •Figure 6 shows the norm of the defe
t, ‖rh‖C(ωh) := ‖bh − Ahyh‖C(ωh),on the �ne grid after one full step of the two-grid method. Here and in thefollowing numeri
al experiments~bh = (~fh−B̂

T
h pexact), where pexact = 2r cosϕ,

~fh = 0, as it was des
ribed in the se
ond numeri
al experiment related tothe Uzawa-algorithm. The pre- and post smoothing iteration is dampedJa
obi iteration with variable iteration parameter ω. The number of Ja
obiiterations is 20, that is ν1 = ν2 = 20, for the �ne grid the domain is subdividedinto 128*128 
ells. The optimal iteration parameter 
al
ulated by (6.41) is
3.477 ∗ 10−6. The �gure displays that the norm of the defe
t is really almostthe smallest using the 
al
ulated optimal iteration parameter. It is displayedalso that the two-grid method is not 
onvergent in this 
ase if the iterationparameter is greater than 4.5 ∗ 10−6.68
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Figure 6: Investigation of the optimal iteration parameter of the dampedJa
obi iterationIn the numeri
al experiments the damped Ja
obi iteration with the opti-mal parameter ω and the Gauss-Seidel iteration were investigated and 
om-pared as smoothing iteration and Gauss-Seidel iteration was found to be thebetter one, resulting into faster 
onvergen
e and smoothing with the samenumber of iterations. To smooth faster the os
illations in the 
entre of thedisk we 
ombined the Gauss-Seidel iteration with a blo
k-Gauss-Seidel step:we 
al
ulated the velo
ity values on the innermost 
ir
le exa
tly using the al-ready 
al
ulated (approximate) values on the neighbouring 
ir
le for it. If we
al
ulate the values exa
tly on the innermost 
ir
le, using (6.44) and (6.45)we have to solve the following equation system:
(Ǎhuh)j :=

(

r2
1

h2
rr2

+
r2
1

h2
rr1

+
2

h2
ϕr1

)

u1,j −
1

h2
ϕr1

(u1,j+1 + u1,j−1) +

+

(

r1
hrhϕr1

−
r1

hrhϕr1

)

(v1,j − v1,j−1) =

= bh(1, j)
(u) +

r1r2
h2
rr2

u2,j −

(

−
r1

hrhϕr2
+

r2

hrhϕr1

)

(v2,j − v2,j−1) := f
(u)
h,j
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(Ǎhvh)j :=

(

r2
1

h2
rr1

+
2

h2
ϕr1

)

v1,j −
1

h2
ϕr1

(v1,j+1 + v1,j−1) +

+

(

r1
hrhϕr1

−
r1

hrhϕr1

)

(u1,j − u1,j+1) =

= bh(1, j)
(v) +

r1r2

h2
rr1

v2,j := f
(v)
h,jHere Ǎh is a matrix of dimension 4m on the �ne grid (2m on the 
oarsegrid) in 
ontrast to the dimension of Ah, whi
h is Nh = (2n−1)∗2m+2n∗2mon the �ne grid (NH = (n− 1) ∗m+ n ∗m on the 
oarse grid).On Figure 7 we 
ompared the de
rease of the defe
t during the post-smoothing, using di�erent type of iterations. Here we applied not the two-grid, but the multi-grid method (see: [27℄, [16℄), with three levels and thedefe
t was investigated on the highest level, after one full step of the multi-grid method. On the �gure the dotted line signs the norm of the defe
tusing the Ja
obi-iteration with optimal parameter ω, the solid line showsthe Gauss-Seidel iteration and the dashdot shows one step with Gauss-Seideland one blo
k-Gauss-Seidel step on the innermost 
ir
le, in turns. The �guredisplays that the Gauss-Seidel iteration resulted faster 
onvergen
e (togetherwith smoothing) as the Ja
obi iteration, moreover the Gauss-Seidel iterationis faster when 
ombined with blo
k-Gauss-Seidel steps. The numeri
al ex-periments showed that it is enough to have only one blo
k-Gauss-Seidel stepafter the �rst Gauss-Seidel iteration step for the faster 
onvergen
e.Table 6 displays the number of full iteration steps of the multigrid method(the number of µ) needed to rea
h the stopping 
riterion, that the initial errorof the solution of (6.37) in the Eu
lidean norm be de
reased by a fa
tor of

10−4, where the initial error is e(0) := ~y(0) − A−1
h
~bh. (nc means that theiteration is not 
onvergent).In the table it.type = J shows that the smoothing iteration was thedamped Ja
obi-iteration with the 
al
ulated optimal iteration parameter ω; if

it.type = GS than the Gauss-Seidel iteration was used as smoothing iterationand �nally it.type = GS + BGS means that the Gauss-Seidel iteration was
ombined with a blo
k-Gauss-Seidel step.Minimizing the �nal error, e(µ) = e(30) after µ = 30 full iteration steps,we 
al
ulated the optimal 
onstant c in (6.40). Table 6 displays the value ofthe optimal c depending on the re�nement of the grid, if the method is thetwo-grid method and the smoothing iteration is the Gauss-Seidel iteration
ombined with a blo
k-Gauss-Seidel step denoted by cGSopt . We 
al
ulated70
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Number of iterationsFigure 7: Comparison of the post-smoothing iterationsthe optimal 
onstant c in the 
ase, if the method is the two-grid methodand the smoothing iteration is the Ja
obi iteration as well, this 
onstant isdenoted by cJopt. (The optimal 
onstant was not 
al
ulated with the othersmoothing iterations and other number of the levels of the multigrid method.Some numeri
al experiments showed that it does not 
ause relevant di�eren
ein the number of iteration steps needed to rea
h the stopping 
riterion.)For 
omparison in the last two rows of the table we display the number ofiterations needed in the 
ases of c = 0.5 and c = 1. Moreover lmax shows thenumber of the levels of the multigrid method and ν1 = ν2 = 5 is the numberof the pre- and post-smoothing iterations. We used the W -
y
le multigriditeration - whi
h proved to be faster -, but for 
omparison, in the last 
olumnof the table the results 
al
ulated by V -
y
le iteration are shown, in the 
aseof n = m = 128.The results show that the Gauss-Seidel iteration 
ombined with blo
kGauss-Seidel iteration - as smoothing iteration - is the most e�e
tive: themultigrid method using this iteration is on average 5-8 times faster than usingthe Gauss-Seidel iteration and this advantage is growing with the re�nementof the grid. The less e�e
tive smoothing iteration is the Ja
obi iteration,it results on average three times slower 
onvergen
e than the Gauss-Seideliteration.
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Table 6
n = m 8 16 32 64 128 128
cGSopt 0.9900 0.9400 0.7844 0.6879 0.6225
lmax it.type2 GS 10 14 27 82 300 3002 GS+BGS 5 7 9 11 24 243 GS - 14 37 105 382 n
3 GS+BGS - 7 10 14 25 274 GS - - 45 123 426 n
4 GS+BGS - - 10 15 26 44
cJopt 0.6800 0.5779 0.6450 0.6531 -
lmax it.type2 J 25 32 76 234 -
c = 0.52 J 30 34 85 238 -2 GS+BGS 8 13 15 16 25
c = 12 J n
 n
 n
 n
 n
2 GS+BGS 5 7 12 n
 n
In Table 7 we show the number of iterations and the 
omputational timeof the multigrid method to rea
h our stopping 
riterion 10−4 using di�erentsmoothing iterations with their optimal 
onstant copt and di�erent levels ofthe multigrid method, n = m = 48.Table 7
n = m = 48

lmax it.type number of it. 
omp. time (s)2 GS 64 385.62 GS+BGS 11 59.22 J 148 1423.63 GS 64 570.43 GS+BGS 14 99.63 J 170 2668.44 GS 76 767.14 GS+BGS 15 117.94 J 203 3101.1The 
omputational time of the multigrid method with Gauss-Seidel itera-tion 
ombined with a blo
k Gauss-Seidel step in the 
ase of n = m = 50, ν1 =
ν2 = 3 is 65.3s. Comparing it with the 
onjugate gradient method, it seems72



that the multigrid method is a bit slower than the 
onjugate gradient methodwith the optimal pre
onditioning matrix, Topt (57.4s together with FFT andIFFT), but it is faster than the 
onjugate gradient method with the se
ondbest pre
onditioning matrix, T∗∗ (89.1s), and substantially faster than the
onjugate gradient method with other pre
onditioning matri
es.
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7 SummaryIn our dissertation we dealt with the numeri
al solution of the Stokes prob-lem. First we des
ribed the Stokes problem in a 
artesian 
oordinate systemand introdu
ed the analyti
al, the algebrai
 and the dis
rete Crouzeix-Veltede
ompositions.After that the �rst order staggered grid approximation was investigated in2D 
ase, on a non-equidistant re
tangular grid, with homogeneous Diri
hletboundary 
onditions, using �nite di�eren
e- and �nite volume methods. Inthese 
ases we gave the 
onditions of the existen
e of the dis
rete Crouzeix-Velte de
omposition. These results are for domains 
omposed of re
tangles.We showed with numeri
al experiments - using the approximation based onthe �nite volume method - that both the Uzawa-type and the 
onjugategradient-type methods are faster on su
h grids whi
h are 
ondensing in the
enter and 
oarser near the boundary of the domain.Afterwards we 
onsidered the se
ond order staggered grid approximationon an equdistant grid in the unit square using �nite di�eren
e method, wherethe boundary 
onditions were homogeneous Diri
hlet boundary 
onditions.We proved that in this 
ase the Crouzeix-Velte de
omposition exists not forthe matrix of the negative Lapla
e operator but for an analogous matrix,whi
h hen
e 
an be advantageous as a pre
onditional matrix.Then we proved the existen
e of the Crouzeix-Velte de
omposition inthe 
ase of spe
ial non-standard and periodi
al boundary 
onditions: in the�rst 
ase the Crouzeix-Velte de
omposition exists using both �rst and se
ondorder staggered grid approximations, in the se
ond 
ase this de
ompositionexists using only �rst order approximation. We generalized our results to the3D 
ase as well.Finally we des
ribed the Stokes problem in a polar 
oordinate system andthe existen
e of the dis
rete Crouzeix-Velte de
omposition for the unit diskwas proved in the 
ase of se
ond order staggered grid approximation.The numeri
al experiments proved that the approximation giving rise to adis
rete Crouzeix�Velte de
omposition leads to e�e
tively solvable systems ofalgebrai
 equations using the Uzawa algorithm. To solve the dis
rete Poissonequations on the unit disk, the 
onjugate gradient method and the multigridmethod was applied and in the �rst 
ase the most e�e
tive pre
onditioningmatrix, in the se
ond 
ase the most e�
ient smoothing iteration was alsodes
ribed.
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8 ÖsszefoglalásDisszertá
iónkban a Stokes feladat numerikus megoldásával foglalkoztunk.Bevezetésként bemutattuk a Stokes feladatot Des
artes-féle koordináta rend-szerben és de�niáltuk az analitikus-, az algebrai- és a diszkrét Crouzeix-Velte-féle felbontás fogalmát.Els®ként els®rend¶ approximá
iókat vizsgáltunk két dimenziós esetbenaz eltolt rá
srendszeren, nemekvidisztans rá
sot �gyelembe véve, homogénDiri
hlet peremfeltételek mellett. Használtunk véges di�eren
ia- és véges tér-fogat approximá
iókat is. A vizsgált esetekben megadtuk a diszkrét Crouzeix-Velte -féle felbontás létezésének feltételeit. Ezek az eredmények kiterjeszt-het®k téglalapokból összeállított tartományok esetére is. Numerikus kísér-letekkel igazoltuk - véges térfogat módszert használva-, hogy mind az Uzawa-típusú, mind a konjugált gradiens típusú módszerek gyorsabbak az olyan ne-mekvidisztans rá
sokon, melyek s¶r¶bbek a tartomány belseje felé haladvaés ritkábbak a perem közelében.Ezután másodrend¶ approximá
iót vizsgáltunk ekvidisztans rá
son, egy-ségnégyzet tartományban, véges di�eren
ia módszert alkalmazva, homogénDiri
hlet peremfeltétel mellett. Bizonyítottuk, hogy ebben az esetben aCrouzeix-Velte -féle felbontás nem a negatív Lapla
e-operátorra vonatkozóanlétezik, hanem egy hozzá hasonló (t®le 
sak a perempontokban eltér®) mát-rixra vonatkozóan, amely mátrix ilyen módon el®nyös szerepet játszhat, mintprekondi
ionáló mátrix.A továbbiakban spe
iális nemstandard valamint periodikus peremfeltéte-leket vizsgáltunk és bizonyítottuk ezek esetén a diszkrét Crouzeix-Velte -félefelbontás létezését: a nemstandard peremfeltételek esetén a Crouzeix-Velte-féle felbontás mind els®-, mind másodrend¶ approximá
ió esetén létezik,míg periodikus peremfeltételeket �gyelembe véve a felbontás létezése 
sakels®rend¶ approximá
ió esetén bizonyítható.Eredményeinket általánosítottuk három dimenziós tartomány esetére is.Végül de�niáltuk a Stokes feladatot polárkoordináta rendszerben és bi-zonyítottuk a diszkrét Crouzeix-Velte -féle felbontás létezését egységkör tar-tományon, az eltolt rá
srendszerre illeszked® másodrend¶ véges di�eren
iaapproximá
ió esetén.Számos numerikus kísérletet végeztünk, amelyek igazolták, hogy a diszk-rét Crouzeix-Velte -féle felbontást eredményez® approximá
ió Uzawa � al-goritmussal hatékonyan megoldható egyenletrendszerhez vezet. A diszkrétPoisson egyenlet megoldására az egységkörön két módszert is alkalmaztunk:egyrészt a konjugált gradiens módszert, melynek esetén meghatároztuk aleghatékonyabban m¶köd® prekondi
ionáló mátrixot; másrészt a többrá
sosmódszert, melynek esetén különböz® simító iterá
iókat hasonlítottunk összeés mutattuk be a leghatékonyabbat. 75
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