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1 Introduction

In our dissertation the staggered grid approximation of the Stokes problem
on several special domains and with different boundary conditions is inves-
tigated, moreover, several other Stokes-approximations are also considered.
We deal with methods where the discrete Crouzeix-Velte decomposition ex-
ists: we prove the existence of this decomposition and show numerical results
to prove the effectiveness of these discretizations.

The Crouzeix-Velte decomposition is a decomposition into three orthog-
onal subspaces of the customary Sobolev space (Hj(Q2))" of vector functions
defined over a lipschitzian domain €2 C IR", n = 2,3 which first has been
described in [8] and later, independently, in [31]. This decomposition is sim-
ilar to the well-known Helmholtz-Weyl decomposition (for vector functions
belonging to (L3)") but different from the latter; not only by the boundary
conditions prescribed for the former (originally homogeneous Dirichlet condi-
tions) but also by the properties of the functions in the three subspaces: for
Helmholtz-Weyl decomposition the third subspace consists of vector func-
tions which are both divergence- and rotationfree (i.e. harmonic) whereas
for Crouzeix-Velte decomposition, along with the subspaces of divergence-
free and rotation-free functions, there is a third subspace - the functions of
which have both nonzero divergence and rotation or are the zero function
(but all functions here are biharmonic).

In [31] and [9], the decomposition has been used to get more informa-
tion about the inf-sup constant of the Stokes problem. The optimal inf-sup
constant can be characterized by the third subspace alone [22].

For the numerical solution of the Stokes problem and its connection to
the inf-sup problem, see [5], [14], [6]. In [7], additional results were gained
about the inf-sup constant for ring and disk domains.

If using discretization methods for approximating the Stokes equations,
and if the discrete scheme admits a discrete Crouzeix—Velte decomposition,
then the same conclusions as in the continuous case can be drawn. The
subspaces of the discrete rotation-free and discrete divergence-free functions
are in similar relation as the corresponding subspaces of (H;})", and there is a
third orthogonal subspace consisting of discretely biharmonic functions. The
optimal constant of the discrete inf-sup condition can therefore be computed
on this much smaller third space.

These results are of interest for the iterative solution of stationary prob-
lems for the Stokes and linear elasticity equations, and for long-term calcu-
lations in the time-dependent case for the following reasons: if there exists
a discrete Crouzeix-Velte decomposition, then independently of the domain



and its triangulation, in the spectrum of the discrete Schur complement op-
erator, there is an eigenvalue 1 of high multiplicity (of the order of inner grid
points). Then, the error components lying in the eigensubspace correspond-
ing to this eigenvalue can be removed by one step of a simple damped Jacobi
iteration. The remaining error lies in an eigensubspace of much smaller
dimension connected only with boundary effects. Moreover, the conjugate
gradient iteration automatically takes advantage of such a spectrum and con-
verges faster than for discrete spaces without a decomposition.

In [22| and [11], discrete and algebraic versions of the Crouzeix-Velte
decomposition have been developed. Here, the discrete versions referred to
the staggered grid approximation of the two- and three-dimensional Stokes
problem and to conforming finite element approximations, especially to the
high-order Scott-Vogelius elements.

In [23], the Uzawa and Arrow-Hurwitz iterations are investigated and
are shown to reach the third Crouzeix—Velte subspace after at most 2 steps,
and an improved convergence estimate is derived for the conjugate gradient
method using the estimates of the inf-sup constant. A general investigation
of algebraic Crouzeix-Velte decomposition is given in [24], and the dimension
of the third subspace for Scott-Vogelius elements is estimated from below.

In [25], the Crouzeix-Velte decomposition is generalized in respect to
boundary conditions and boundary value problems.

The outline of the dissertation is as follows. In Section 2, the necessary
notations and the analytical, the algebraic and the discrete Crouzeix—Velte
decomposition are introduced as well as the Stokes problem in a cartesian
coordinate system is described.

In Section 3, the well-known staggered grid approximation of the Stokes-
problem in 2D case, on a non-equidistant rectangular grid with homogeneous
Dirichlet boundary conditions is investigated. It is shown that the discrete
Crouzeix—Velte decomposition exists for the Shortley-Weller approximation
only if the grid spacing is changing linearly. It is also shown that using
the finite volume method on a rectangular grid, the discrete Crouzeix—Velte
decomposition exists without any condition on the grid spacing. These results
are done not only for rectangles but also for domains composed of rectangles.

Finally, we show some computational results. Here it becomes visible that
— from the point of view of the convergence rate of Uzawa- and conjugate
gradient-like methods for the iterative solution of the corresponding discrete
Stokes problems — it is worth using non-equidistant grids. These results,
except the Proof of Theorem 3, were published in [28|.

In Section 4, we investigate the existence of the discrete Crouzeix—Velte
decomposition, in the case of the second order finite difference method. Fur-



ther we generalize the Crouzeix-Velte decomposition in respect to bound-
ary conditions. The staggered grid approximation of the Stokes problem is
considered in the case where the domain is the unit square subdivided by
an equidistant grid, the generalized boundary conditions are periodical and
special non-standard boundary conditions. It is shown, that the results on
existence of an analytical Crouzeix—Velte decomposition for the Stokes prob-
lem along with these boundary conditions carry over to the discrete case for
the staggered grid approximation. These results were published in [25| and
in [28].

In Section 5, the staggered grid approximation of the Stokes-problem
in 3D case is investigated and the existence of the discrete Crouzeix—Velte
decomposition is proved. Here the domain is a brick subdivided by a rect-
angular grid and the boundary conditions are homogeneous Dirichlet and
periodical boundary conditions. These results were not published before.
Let us point out that, earlier, concerning the 3D case only the results in [11]
were published.

In Section 6, the staggered grid approximation of the Stokes-problem is
investigated in a polar coordinate system, and the existence of the discrete
Crouzeix—Velte decomposition for the unit disk is proved, in the case of sec-
ond order approximation and homogeneous Dirichlet boundary conditions.
Further here computational results are presented, using the Uzawa algorithm
(as outer iteration) and solving the discrete Poisson equations by the conju-
gate gradient method (as inner iteration) with an effective preconditioning
matrix and FFT algorithm. The results show that the discretization obeying
a discrete Crouzeix—Velte decomposition leads to effectively solvable systems
of algebraic equations. The average number of the outer iterations using
the Uzawa algorithm was 3-5, and the number of inner iterations needed to
reach the stopping criterion of the conjugate gradient method, using the best
preconditioning matrix, was only 2. These results were published in [29].
Also in this section we show additional, non yet published numerical results:
we solve the discrete Poisson equations on the unit disk by the multigrid
method, as inner iteration. We describe the restriction and prolongation
operators and we compare several pre- and post-smoothing iterations. The
optimal iteration parameter of the damped Jacobi iteration - as smoothing
iteration - is also calculated. The results show that the Gauss-Seidel itera-
tion combined with a block Gauss-Seidel iteration step is the most effective as
smoothing iteration resulting similar speed of convergence as the conjugate
gradient method, using the best preconditioning matrix.



2 Notations

2.1 The Stokes problem

A Stokes problem can be derived from Navier-Stokes equations, well known
from flow theory, e.g. by semidiscretization, see [27]. In our dissertation
we consider at first the following first-kind Stokes problem in a cartesian
coordinate system:

—Aii+gradp = f, inQ, (2.1)
divd = 0, in €,

where () is a bounded, simply-connected open domain in IR", n = 2,3 with
Lipschitz — continuous boundary 02, and

—

i(2) = (@), . un(2))", fl@) = (fi(2),..., ful2))"

defined for x = (x4, ...,x,) € Q.
On the boundary, homogeneous Dirichlet boundary conditions are im-
posed:
@ =10, on 0L. (2.3)

The problem consists in finding a vector-function @(z) and a scalar func-
tion p(z) that satisfy the system of partial differential equations above. The
function @ is the velocity of fluid and p is the (kinematic) pressure. For a
constant also appearing in the first equation, the kinematic viscosity, we have
chosen the value 1. Finally, f describes accelerations caused by an external
force field, and the boundary conditions mean that the walls are impermeable
and at rest.

Here At = (Auy, . .., Au,)’, where

n
32
A= Z 92 denotes the Laplace operator,
i=1

)

n a : -
divu = E 6u the divergence and
T
i=1

op op

dp=|+—,...
graap (axlv ’aZL'n

T
) the gradient. (2.4)

A unique weak solution @ € V and p € P exists when, for example,
f e (L2(2)™, (see, e.g., [19],[30]), where P := Lo,(€2) is the subspace of
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Ls(Q2) of square integrable functions with zero integral over €2 | with the
Hilbert space

Lo(9) = {8](6.6) < 00}, (6,4)) = /Q P

and where V := (H}(Q))" is the well-known Sobolev space, with generalized
derivatives in (L2(€2))™ and with zero boundary values in the sense of traces
on the boundary 02, see [1].

The variational formulation of the Stokes problem above is the following:

a(@, )+ b(T,p) = (f,0), forall 7€V, (2.5)
b(i,q) = 0, forall g € Lyo(N2). (2.6)

£

where

£ = S = [ S, 1)

oS ou,; c%l
a(d,v) = /Zax] 895] (2.8)

b(i,p) = —(divd,p). (2.9)

and the problem is - as previously - to find a velocity vector @(z) € V and a
pressure p(z) € Loy.

It is well known (see [14], [6]) that the solution of this problem depends
in a stable way on the data since for Lipschitz domains the so-called inf-sup
condition is satisfied:

up b*(u,p)/a(u,u) > G3|pll> forall 0#p € Lag; By = Fo(€2) >0

In our dissertation, we consider finite difference and finite volume methods
for special domains; for the numerical solution by finite element methods (for
general domains), see [14].



2.2 The Crouzeix—Velte decomposition

Using the notation (2.8) above, the following identity is well-known for any
w,v € V in both the two- or three-dimensional case:

a(w,v) := (divw, divv) + (rot w, rot v). (2.10)

In the three-dimensional case rotw is defined as usual and in the two-
dimensional case rotw is defined as the scalar g—lﬁ — 2w 4ften also denoted

Ox2
by curlw.

On the basis of (2.10), the following orthogonal decomposition of V' was
derived in [31],[8]:

(Hy( )" =V =Vyd V& Vj, (2.11)

where
Vo = kerdiv={weV, divw =0}, (2.12)
Vi = kerrot = {w €V, rotw =0} (2.13)

and orthogonality is understood in the scalar product (2.8). The third or-
thogonal subspace Vj consists of biharmonic vector functions.

The space Ly(2) is decomposed similarly (see [22]) into three orthogonal

subspaces:

where
Py :=kergrad, P, =divkerrot =divl;, Ps=divVj. (2.15)

Here orthogonality is understood in the sense of L, and F, is the one-
dimensional space of functions constant on €2, Ps consists of harmonic func-
tions.

Both decompositions (2.11) and (2.14) are called analytical Crouzeix—
Velte decompositions.

We next describe the algebraic Crouzeix—Velte decomposition of R". For
an n > 2, let (-,-) denote the Euclidean scalar product in IR", moreover, let
A, B,C € R™" be matrices satisfying

A = B+C, (2.16)

A = AT >0, (2.17)

B=B">0 , C=C">0, (2.18)

0 :=dimkerB>1 |, p:=dimkerC > 1. (2.19)
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Then, with a suitable subspace W C IR" (which may turn out to be empty)
and with orthogonality to be understood in the sense of the scalar product

(A-,-), the following orthogonal decomposition of IR" can be derived (see
[24]):
R" =ker B®kerC ¢ W. (2.20)

For the eigenvalues \; of the generalized eigenvalue problem
Mz = Bx (2.21)
we have
Ai € [0, 1] for all ¢ (2.22)

and also using the eigenvectors z(9), the subspaces in (2.20) can be char-
acterized as follows:

ker B = span(z™,\; = 0),
ker C = span(z® )\ =1),
W = span(z®, )\ € (0,1)).
(2.23)

Decomposition (2.20) is an algebraic version of (2.11) due to the following
correspondences connected with the matrices in (2.16):

A~ —-A, B~ —graddiv, C ~ curlrot,

where A is the (vector) Laplace operator and where the sign ~ expresses
only an analogy between a differential operator and a matrix, and is not
necessarily a (good) approximation. In this sense (2.16) corresponds to the
well known identity

—A = —grad div + curlrot (2.24)

of vector analysis.
The algebraic Crouzeix—Velte decomposition is proper in case dim W =
n—aoé—p>0.

In the discrete case, the velocity space (which approximates (H'(Q))" or
a subspace of the latter) will be denoted by Vh, the pressure space will be
denoted by Py, and div, and rot;, will be written for the discrete equivalents
of the divergence and rotation operator, A, will denote the discrete Laplace
operator. The matrix corresponding to the mapping — div;, from the velocity
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space into the pressure space is denoted by Bj, and we introduce the following
notations: (), for the matrix of the operator rot; and A, for the matrix of
the operator —Ay. If Ay, B, C}, matrices satisfy the following:

A, = B+,
A, = A} >0, (2.25)

where B, = BI' B, and C, = CTC, and ker B, # () and ker C), # ), then a
discrete Crouzeix-Velte decomposition exists and (2.20) takes the form

Vi, = ker divy, @ ker rot, ©W =V}, 0 @ Vi1 © Vi, 5.
Py, is decomposed similarly into three orthogonal subspaces:

Ph = ker gradh D dth ker I"Oth D dth Vh’ﬂ = Ph70 D Ph,l D Ph’ﬂ.

After discretization by the finite element or finite difference methods, the
Stokes problem takes the following form (|14],[28],[29]):

(5 5)G)-(5) -

Here A, is a matrix of dimension ny X ny, n;, denotes the number of velocity
degrees of freedom; the 0 block is of dimension mj; x my, with the number
my, of pressure degrees of freedom; Bh is of dimension my, X nj. Further,
u, p and f denote the coefficient vectors of velocities and pressure and of the
projection of the force vector, respectively.

With these matrices (2.21) corresponds to

ATy, = By,

which is transformed by p, := thh into

AnPh = Shpn,

where Sy, is the discrete Schur complement operator of the Stokes problem,
Sy, = BhA,le,?. If the discrete Crouzeix-Velte decomposition exists then
An € 10,1] ([22]).



3 The staggered grid approximation on non-
equidistant rectangular grids

First we consider the well-known staggered-grid approximation where € is a
rectangle subdivided by a non-equidistant grid into (n—1)(m—1) rectangular
cells. (For the simplicity hereafter we deal with the case n = m, but our
results hold if n # m as well.) The cell midpoints are pressure nodes, the
pressure vector is denoted by pj, and its components by p;;, with 7,5 =
1,...,n—1. The area of the cell of p;; is hy ;11/2h2 j41/2, Where hy ;412 is the
length of the north-south sides of the cell and hj ;1o is the length of the
east-west sides. The sides of the cells contain as their midpoints the velocity
nodes: nodes of the u-components of the velocity are on the east-west sides,
nodes of the v-components are on the north-south sides, and there are (n—1)n
such nodes of each velocity component (including the boundary nodes). The
velocity components are denoted by u;;, 1 =1,...,n, j=1,...,n—1, and
by vij, t=1,...,n—1, 7=1,...,n. Here the u;; with ¢ =1 and i = n are
the boundary values of wuy; the v;; with j = 1 and j = n are the boundary
values of v,. The staggered grid approximation is shown on Figure 1. The
space IR™" will be called the pressure space and denoted by P},; and the space
IR™ is the velocity space and it is denoted by Vi, where my, := (n—1)% and
ny = 2(n —2)(n —1) — taking into account that the boundary values of the
velocity components are zero.

For the approximation of the Stokes problem we need the discrete di-
vergence operator (the used grid points are illustrated with red colour) and
the discrete vector Laplace operator (marked with blue). Moreover, we will
define also the discrete rotation operator (marked with green).
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Figure 1: Staggered grid approximation on a non-equidistant rectangular
grid

3.1 The finite difference approximation on a staggered
grid

First we use the finite difference method to approximate the Stokes problem
on the staggered grid. To simplify the expressions, the following notations
will be introduced:

hii-1j2 + 2h1iv1/2 + haitsye

ill,iJrl/Q = A
~  hajaye +2hg a0+ B s
h2,j+1/2 = A

= hygap g

hl,i = 9

~ ] h27j71/2 + h2,j+1/2

hg’j = 9

For pressure vectors pp, g, and velocity vectors @, = (up,vp)?, Wy =
(rn, sn)T the following discrete scalar products and the corresponding norms
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are introduced:

n—1
(phth)O,h = ZpijQijhl,z‘—f—l/QhZ,j-i-l/Za (3.1)
ij=1
||Ph||(2),h = (Pn,Pn)o,ns
and
n—2 n
(pha%)O,E = Zzpz‘j%jhl,i—f—lh2,j+ (3.2)
i=1 j=1
n—1 ~ ~ n—1 ~ ~
+ Zpo,jqo,jh1,1h2,j + an—l,an—l,jhl,nhQ,ja
j=2 j=2
||ph||g,;; = (phaph)o,;},
moreover
n—1 n—1
(Uns Wp)op = Zzuijrijhl,ihQ,jJrlﬂ"‘ (3.3)
i=2 j=1
n—1 n—1
+ Z Z ViSijhiiv1/2he,,
i=1 j=2
a3y = (@n,Tn)on:

The pressure space P, with the scalar product (3.1) and corresponding norm
becomes a Hilbert space; similarly, the velocity space V},, with the scalar
product (3.3) is also a Hilbert space.

The divergence is approximated as follows:

c o Wit1,j — Uij
(divy, @p)sy == 3 + .
Li+1/2 2,j+1/2

Vi j+1 — Vij

, (3.4)

where ), := (up,vp)T and i = 1,...,n —1, j = 1,...,n — 1. The matrix

corresponding to the mapping — div, from the velocity space into the pres-
sure space is denoted by By,. For the approximation of the discrete Laplace
operator we continue the grid by two lines for u-nodes: one above the square
at a distance hg’n+1/2/2 and one below the square at a distance h271/2/2. Fur-
ther we continue the grid by two lines for v-nodes: one left to the square at a
distance hq1/2/2 and one right to the square at a distance hy ,41/2/2. Putting

12



zero values into the u- or v-nodes on these lines and using the usual Shortley-
Weller approximation for the discrete Laplace operator (see, e.g., [27]) in all
inner velocity nodes, we get the following first order approximation:

Aptiy, = (Ahuha Ahvh)Ta
I (i —wy Wi — Ui
Apun)ii = ~_( +1,5 j Wij ,J)+
( Ji hii P12 hii—1/2
4= J+1 . M 7 (3.5)
haj+1/2 haj+1 ha,;
2<i<n-1, 1<j<n-1,
1 L — Ui i — U1
(Anvn)iy = = s =
hiit1)2 hiiv1 hy;
1 (’Ui,jﬂ —Vij Ui — ’Ui,jl)
+~— - 9
ha hajv1/2 haj—1/2

1<i<n-1,2<j<n-1

The matrix corresponding to the mapping —A, from the velocity space into
itself is denoted by Aj,. Finally, we define the discrete rotation as follows:

? ~J v J ? J ’ (36)

(roty, Up); = B
Y hiist ha,j

and we use the following notation: C’h for the matrix of the operator roty,.

Theorem 1
(Anin, @n)on = || Baiiallg p + IChiinll5 ; (3.7)
holds for all vectors @}, := (uy, vp)! € V, if and only if

hii-1/2 + hiitsse
hiiy12 = 5

and

hoj—1/2 + haji3/2
haj12 = 5 .

Proof. We continue the grid functions u;, and v, by zero onto the grid
of the whole two-dimensional plane and then we apply partial summation to
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(Aptip, U)o, and extend the summation in all expressions to all integer 7, j.
Then we get:

- Uit1,5 — Uijyo 7
(Apty, tip)op = E (———) hiiv1j2ha 12 +
o7 hiit1)2

Uij+1 — Uij\o7 7
+ E (—=——)h1,ihoj+1 +
i h2,j+1

_'_
ivj

U.+17 C— Vs ~ ~
(=) h 1o +
hi it
Vij+1 — Yij\2 7
+ (—————) h2,j+1/2h1,i+1/2

o7 2,j+1/2
ho.; B
J+1/2 2 1, 2
= (i = ugg)” (Ui — )
i, 1:Z+1/2 h27j+1
ho.; o
J 2 Li+1/2 2
+ == (i = vy)” e (Vi — vy)
1,i+1 2,j+1/2

| Byiin |2, may be written as follows:

2

- 112 o i+1,7 i i,7+1 i

Bl = 3 (Mt g isahags
i 1,44+1/2 2,7+1/2

ha jt1/2 hiiv1/2
=D (ji/(um,j — i)+ T (04 — )

haiv1/2 haji1)2

1,J

+ 2(uir1,j — ) (Vi1 — ”ij)) :

||CN'hﬁh||g ; can be written as

2
~ —(w; 7._/u/. 7._ Vs ’_rU ~ ~
||Chuh||(2) ; _ Z ( i+1 ]N i+1,5 1) + z+~1 J 1] hl,z‘+1h2,j
' i ha hiiv1
hi ha,j
- Z = (U415 — i 1)+ = (Vi — vig) =
i, ha,; 1i+1

= 2(Wit1,5 = Uir1,j-1) (Vig1,j — vij)

14



Performing some index shifts we get:
2 (uiy1y — uig) (vig 1 — vig) =
i,J

= 2 E (Uig1,4Vigj41 — Ui1 jVij — Uigijy1 + Uijvif)

,J

= 2 E (Wit1,j-1Vij = Wit1 jVij — Wit1,j—1Vit1,j + Uit1,j0i41,5)
]

= 2> (Wi — wigr1) (Vg1 — V).
,J

Namely, to get from the second to the third line in the above formulae, in
the fourth term we have replaced ¢ by ¢ + 1, in the first term 5 by j — 1, and
in the third term both indices have been shifted. Applying both shifts also
to the expression 3, (ui ;11— uij)* in (Aptp, @p)o.n, we find

(Apty, Up)on — ||Bhﬁh||g,h - ||éhﬁh||3,ﬁ =

2
Uil = Uig)” +

_ Z (hQ,j1/2 —2hyjy1/2 + h2,j+3/2(

Ay
o hl,z+1/2

hii—1/2 — 2h1i11)2 + hivs)e
/ =l ALLLYC Uz’j)2>-
4hy jy1/2

Using the assumptions on the step lengths, we get

(Aniy, @n)on — || Buiiall3 ), — |Cuiin |2 = 0. o

Remark 1. It can be shown that dim(Vj,) = (n—2)%, dim(V},;) = (n—3)?
and dim(V}, g) = 4n—9, where n denotes the number of grid points (including
corner points) along a side of the square. Namely, to compute dim(V}g) =
dimker div,, we count the number of conditions to get || divy @45, = 0.
Excluding the very last cell (which is depending on the other cells) we have
to require divy, @, = 0 in all remaining cells, that is, in (n — 1)® — 1 points.
Then dimkerdiv, = n, — ((n — 1)2 = 1) = (n — 2)? where n;, = 2(n —
1)(n — 2) denotes the number of velocity degrees of freedom. Similarly, to
compute dim(V},;) = dimker rot;, we count the number of conditions to get
|| roty, @x|[5,, = 0, starting from the boundary of the grid and proceeding to
the center. Excluding the corners of the square and the very last cell corner in
the center of the grid, in all other cell corners we have to require rot, u; = 0,
that is in n?> — 5 points. Then dimkerrot, = n, — (n? —5) = (n — 3)%
Therefore dim(Vj, ) = nj — (n — 2)? — (n — 3)* = 4n — 9.
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(We remark that basis functions for kerrot;, and ker div, have been de-
scribed in [15], and for ker divy, also in [10] and [6].) e

Remark 2. Although Aj is not a symmetric matrix, it is symmetric in
the sense of the scalar product (3.3). This means that (3.7) can be described
in matrix terms as follows:

(DaApiiy, ity) = (DpByiiy, Byiiy) + (DeChiin, Chily) =
= (B DpByiiy, iin) + (Cf DeChiin, ). (3.8)

where (.,.) is the Euclidean scalar product and Dy, Dg, D¢ are diagonal
matrices corresponding to (3.3), (3.1) and (3.2):

(DAUh)k = Ui,jﬁl,iﬁ2,j+l/27
k=n-1)(1—2)+7, 2<i<n—-1,1<5<n—1,
(DAUh)k = Uz',jhl,i+1/2h2,j7
k=mn-2)(i—1)+j—1, 1<i<n—-1,2<7<n—-1,
(Dgpr)r = pi,jhl,i+1/2h2,j+1/27
k=m—-1)G—-1)+j 1<ij<n—1,
(DCph)k = pi,jhl,i+1h2,ja
k=n—2+n(i—1)+j, 1<i<n—21<j<n
k=7—1, 1=0,2<7<n—-1;
k=mn—-2)n+1)+5—1, i=n—12<j<n-1
From (3.8) we get:
DuAy, = BIDpB), + CI'DoCy. (3.9)

It follows that D4Aj, is a symmetric matrix and can be written in the fol-
lowing form:

DaA, = Ay = B, + C, (3.10)

where B, = BTB and ¢, = CTC with the notation B = DE/QB;L,CAY =
DI*Cy.
C h
Using the staggered grid approximation based on the finite volume method
(see the following subsection) we get similarly:

DAy, = BI'DpBy, + CI'DcCy,. (3.11)

where the diagonal matrix D, corresponds to the scalar product (3.18).
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Let us mention that using finite element methods - if the discrete Crouzeix—
Velte decomposition exists - we can get the following:

Ay = BIM, By + CI M, C. (3.12)

where M), is the mass matrix (see [11]). e

Remark 3. We have to show also that DA, = Ah matrix is positive
definite, that is A, > 0. This proof is the same as the proof of theorem 3,
see in the next subsection. Together with remark 1 and 2, it means that a
proper Crouzeix—Velte decomposition of the velocity and the pressure space
into three nontrivial parts exists, if n > 3 (see [24]). e
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3.2 The staggered grid approximation based on the fi-
nite volume method

Now we use the finite volume method (sometimes also called box method)
to approximate the Stokes problem ([17]). We start from the same staggered
grid like in the preceding subsection, but for the approximation of (Aus)i;
we choose another subdivision, 2 = US);; of €2, where the midpoint of the
rectangular cell, €;; is u;;. The expression (Au) is integrated over €2;; and the
Gauss-Ostrogradskij formula is used for transformation of the second order
derivatives:

J

where n is the normal vector of I';;. Using suitable low order quadrature
formulae for approximation of the integrals in (3.13), (Apup);; may be written
as follows:

div(grad u)dx dzy = /

4
(grad u)rids = Zﬁk/ (gradu)ds, (3.13)
k=1 Tk

ij

Uiy —Uij-1)7 Wit1,; — Uij
(Anun)i; = ( Ly — g )hu + ; ——hyji1jat (3.14)
hg’j 1,44+1/2
g T, B Ty, +1/2 ! ;
ho ji1 ’ hii—1y2 K hajt1/2 hy
1 (ui-i-l,j — Wi Uy — uz‘—l,j)
= — — +
hii P12 hii—1/2

1 Wij+1 — Wiy Uiy — Ujj-1
—i—h = - = )
2,j+1/2 haj+1 ha.;
2<i1<n—-1, 1<53<n—-1,

(3.15)

For approximation of (A,vy);; the domain € is subdivided in a different way.
In this case the midpoint of €;; sub-domain is v;;. Similar to (3.14) we get:

haiviye hii1 hy

n 1 (Ui,j—i—l —Vij Vi — Ui,j—l)
7 )
hoj \ hojt+i1y2 haj-172

1<i<n—-1, 2<5<n—-1.

1 1 — Vg o — Ui
(Aﬁ’l]h%j = (U +1.j — Vij — Yij = Y 1’j> —+ (316)
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and
Aptiy = (Apun, Ayvn)" (3.17)

is the discrete vector Laplace operator. For approximation of (divy, u,);; we
use the subdivision of 2 which is determined by the original grid and for
(roty, @y);; another subdivision where the midpoint of ;; is a grid point of
the original grid. Integrating the corresponding equations over (2;; and using
suitable quadrature formulae we get the same approximation for (divy, @),
and (roty @y);; as in (3.4) and (3.6). Instead of (3.3) we introduce the scalar
product and corresponding norm as follows:

n—1n—1
(U, Wp)ops = Zzuijrijﬁl,ihzj-i-lﬂ‘i‘ (3.18)
i=2 j=1
n—1 n—1
+ Uijsz‘jhl,i+1/2ﬁ2,ja
i=1 j=2
H"IhHg,h* = (ﬁhaﬁh)o,h*-

(3.19)

Using the scalar products and norms (3.1), (3.2) and (3.18), and the approx-
imations (3.14), (3.16), (3.4) and (3.6), we obtain:

Theorem 2.
(Aniin, @n)one = || Buiinll§  + | Cutinll? ;.

where A, is defined as —A;, and By, C), are the same as in Theorem 1.

Proof. Similarly to the proof of Theorem 1 we continue the grid functions
up and vy by zero onto the whole plane and then apply partial summation
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o (Aptp, Up)opn+- Then there follows:

2
- Uit1,5 — Uiy
(Aptip, U)o = E (7 Py i1 2ho 412 +

> hiiv1/2
2
Ui j+1 — Ugj 7 7
+ Z ( ]h ]> hyihgji1 +
2,7+1
2
Vit1,j —Vij | 3 7
+ Z ( h] j) hyiv1haj +
1,041
v A\ 2
+ LAl ]> ha ji1/2h1 6412
z( S ) sy
ho h;
- E:( IR (g 5 — i)+ = (s jr — ) +
> hiit1)2 ho j+1
/~12,' hiit1/2
+3 '](UHJJ’_UU)2+‘E_f__(%J+1_‘ij>'
1,i+1 2,j+1/2

The further steps of the proof are the same as in the proof of Theorem 1.
[ ]

Theorem 3.
Ay := DAA, is a positive definite matrix.

where D, is a diagonal matrix corresponding to (3.18), that is

(DAUh)k,k = Ui,jﬁl,ih2,j+l/2a
k:(n—l)(i—2)+j, 2<i<n—-1,1<53<n—-1,

(DAUh)k,k = Uz',jhl,i+1/2h2,j7
k:z(n—Q)(i—l)—Fj—l, 1<i<n-1,2<535<n—-1.

Proof. From (3.14) and (3.16), using homogeneous Dirichlet boundary
conditions:

Uij=1Un; =0 wvo;=0vp;=0 1<j<n-—1

UZ‘J:UZ"”:O UZ"QZUZ"”:O 1§Z§TL—1

we get:
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n—1n—1 U u
S S o i+1,; — Ui
(A@Uh, Uh)o,h* = (7

2
) hiip1/2ha 12 +

=1 j=0 hiit1)2
n—1 n—1 2
Uig+1 —Uij \ 7 7
+> Y <17> hyihg i1 + (3.20)
i=1 j=0 ha,j+1
n—1 n—1 v v 2
i+15 — Vij \ 7 7
+ —_— hl,i+1h2,j +
n—1 n—1
Uz, 1= ]
+ZZ( s J) haji1/2h1i412-
i=0 j=1 ,J+1/2

Since u; ; = 0, we can write u;41 ; in the following form (see also the proof
of the discrete embedding theorems in[26|: in what follows, we essentially
repeat the proof of [26], for completeness and because our notations differ):

Uk+1,5 — Ukj
i g ——h 3.21
Ujq1,j = I Py 1,k+1/2 ( )

Further, since u,, ; = 0:

n—1
uk+1, i — Ukj
—Uiy = Y #hl,mm (3.22)
Pl 1,k+1/2

Using the Cauchy-inequality from (3.21) we get:

i i 2
2 k41,5 kj _
Wiy1; < E h1,1+1/2 § ,(hi) hl,k+1/2 -
=1 k=1

1,k+1/2

i 2
= Tip1 Z (M) hi k1)2, (3.23)

h
1 1k+1/2

since

i
E h1,z+1/2 = Tjt1-
=1
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Similarly from (3.22) we get:

n—1 n—1 U U 2
2 k+1,5 = Ykj _
Uiy, < g h1g41/2 g (7h > higs12 =

I=it1 k=it1 Lk+1/2
n—1 u u 2
k1) — Ukj
= (1 —2ip1) Z (M) R k172, (3.24)
Pl Py gs1/2

Multiplying (3.23) by (1 — z;41) and (3.24) by ;41 the following inequality
is obtained:

n—1 2
k=1 ’

We multiply (3.25) by hy j11/2 and sum over j:

n—1
2

E Uity jha g2 < (3.26)
Jj=0

n—1 n—1 u 2

k+1,j — Ukj

Tiy1(1 — xiqq) E ( ) hikr1/2h2, 1172

o =1 Py gy1)2

Finally we multiply (3.26) by iLMH and sum over i:

n—2 n—1
( u?+1,jh2,j+l/2> hyip1 < (3.27)

n—1 n—1 u u 2 n—2
k+1,5 — Ykj b
< (7) b gg1/2h2, 51172 E Tip1(1 — 2iq1)hiin <
‘ i=1

1n71n71 u u 2
k+1,j — Ukj
< 1 (7 P g1 7202 41 /2-
=0 k=1

Performing an index shift and taking into account the homogeneous boundary
condition u; o = 0 we get:

ZL h2J+4/2h11 ~ (3.28)

1 n—1 n—1 w 2

o g

< 12 ( Zh1]+1/2 U) hiiv12h2 412
A
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Similar to (3.21) and (3.22), u; j+1 can be written in the following form,
using that u; o = u;, = 0O:

J

Ui k+1 — Uik 5

Uijpr = Y =" hy ke, (3.29)
k=0 h2,k‘+1
and
n—1 U U
i k+1 — Wik 7

—Uijr1 = Z —=——ha k1 (3.30)

k=j+1 h2,k+1

Performing similar steps as (3.23)-(3.28) and taking into account the homo-
geneous boundary condition u;; = 0 we get:

Z U?jh27j+1/2iL17i S (331)

U%h17i+1/2B27j S (332)

1 n—1 n—1 v v 2
vl — Vij | 7 =
< 1 — hii1ha ;.
- Lit1

and

U%h17i+1/2B27j S (333)

-1 v 0\ 2
ij+1 — Vij
E (7) ha ji1/2h1 0412

Taking into account (3.28), (3.31), (3.32) and (3.33) and the definition of the
norm ||ty jon+, (3.18), and the scalar product (A, @h)opx, (3.20), we get:

. |
2|\t llone < Z(Aﬁuhauh)o,h*a
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that is
(Aptp, Up)ope = (DaAptn, Up) > 8||tnllon > 0,
if @, #0€V, e.

Remark 1. The results of Theorem 1., Theorem 2. and Theorem 3. hold
if €2 is a union of rectangles such that all the boundary lines of the different
rectangles fit on the same global grid with grid spacing hy and hy. e
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3.3 Numerical results

Below we show some computational results for the Stokes problem using
the staggered grid approximation based on the finite volume method (3.14)-
(3.17), (3.4), (3.6), on a non-equidistant grid in the unit square. Choosing
different non-equidistant grid spacings we have maximized the rate of conver-
gence for Uzawa-like methods, that is minimized gy, := (A, — A)/(An + An),
where )\, and A, are the smallest and the largest of the eigenvalues different
from 0 and 1 of the discrete inf-sup problem, i.e. of S} = éhAglég. (Then

[An, ] contains the eigenvalues corresponding to Vs and B, = /A, is the
discrete inf-sup constant.) We used the Matlab eig function to calculate the
eigenvalues and the Matlab fmins function for minimization.

We found that the optimal grid is not an equidistant one, but a grid which
is condensing in the center and coarser near the boundary of the unit square.
Based on preliminary numerical experiments with arbitrary non-equidistant
grids we chose a symmetrical grid with the same non-equidistant grid spacing
in both directions.

That is we looked for a grid spacing in the following form:

hii1/2 = hoi—12 = coef(0) — coef(1)i(1 —i) —
— coef(2)(i(1 —1))* — coef(3)(i(1 —))*,

where 2 <1 < "T“ and we calculated the optimal grid spacing by changing
the coefficients: coef(k),0 < k < 3.

From the experimental results we found that there is no a real optimal
grid, because the more condensed the grid is in the center, the smaller ¢,
is. For comparison bellow we gave a lower bound to the grid spacing in
the center as follows: hy, /. = ﬁlo_2 and optimized the grid with this
restriction. In Table 1 we show the eigenvalues A\, and A related to this
grid denoted by A, _ and )\_h* in the case of n = 11,17,23. Because of the
huge Computatlonal time for the grid optimization in the case of n = 31,51
the optimal Aj, and A\, were not calculated. In these cases A i and )\h7* were
calculated on a grid which is obtained by linearly interpolating the optimal
grid for the case of n = 23.

We give also the smallest and the largest eigenvalues different from 0 and
1 in the case of an equidistant grid, denoted by )\h and )\_heq, and in the
practically used case when the grid is coarser in the center and condensing
near the boundary of the unit square, denoted by ﬁ’pr and /\h,pr. In this
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case we have determined the grid spacings by the following expression:

hii-1p = 0.111737 — 0.006259i(1 — ) — 0.000289(i(1 — i))* —
0.000011((1 —4))?,

where 2 < ¢ < "TH The grid here is symmetrical also with the same non-
equidistant grid spacing in both directions. In the table, n denotes the num-
ber of grid points — including corner points — along a side of the square.

Table 1
n 11 17 23 31 51

A 0.6649 0.6647 0.6647 0.6646 0.6645

Ah 0.9999 0.9999 0.9999 0.9999 0.9999
¢«v- | 0.2012 0.2014 0.2014 0.2015 0.2015
¢s«.cc | 0.1017 0.1017 0.1018 0.1018 0.1018
A 0.4016 0.3489 0.3226 0.3022 0.2766

Mg | 0.8538 0.8545 0.8549 0.8552 0.8555
Gequ- | 0.3602 04202 0.4521 0.4778 0.5114
Geqcc | 01864 0.2203  0.239 0.2544  0.275
A 0.3507 0.2497 0.2168 0.2031 0.1933
Moo | 08429 0.8463 0.8469 0.847  0.847
G- | 04124 05443 0.5923 0.6132 0.6284
Gcc | 02158 0206 0.328  0.3426 0.3534

From these experimental results we can conclude that compared with the
equidistant grid the use of such non-equidistant grids can economize between
58 and 140 percent of the computational work when iterating with an Uzawa-
type method and between 36 and 78 percent for conjugate gradient-type

methods, where
0o = (V3= W)/ R+ ).

Compared with the practically used grid we can economize between 82 and
246 percent of the computational work for Uzawa-type methods and between
50 and 120 percent for conjugate gradient-type methods. Moreover, these
numbers of gain in percent are increasing together with n. Finally, according
to the table, the conjugate gradient-like methods are approximately one and
a half times faster than the Uzawa-like ones, on the optimized grids.
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4 Second order staggered grid approximation,
non-standard and periodical boundary con-
ditions

4.1 Second order staggered grid approximation

Now we consider the staggered grid approximation on an equidistant grid.
For approximation of the Laplace operator with first order as usual for stag-
gered grids, the grid has been supplemented by four lines at a distance h/2
from the boundary of the square, and fictitious zero values have been put into
the u or v nodes on these lines, and then the standard five-point approxima-
tion of the Laplace operator has been used near the boundary as well. The
supplementary values are needed also for the standard approximation of rot.
To get a second order approximation, we do not need these supplementary
four lines.

First we take the usual five-point approximation in the inner cells. The
corresponding formulae can be obtained by simplifying (3.5) to our present
case of an equidistant grid:

Aﬁﬁh = (Aﬁuh, Aﬁvh)T,

Uigrj — 2Uij + Uiy Wigyr — 2Uij + Uij

(Aﬁuh)w h2 h2 )
2<i<n—1,2<j<n—2 (4.1)
Vi1, — 2055 + Vic1y | Vi1 — 205 + 050

(Aﬁ@h)@] = J h2.7 J + J h2.7 J ’

2<i<n-2 2<j<n-1.

For the boundary cells, to get a second order approximation, we put now
zero values into additional u or v nodes on the original boundary. These
additional points are at a distance of h/2 from the nearest u or v point.
Therefore, the approximation in the boundary cells will be different from
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that in the inner cells:

(Aﬁuh)i,l = A 2;15;71 LS + % (uj’2 ; - Ui71h;2%0) )
(Apun)in—1 = Yitln-1 = 2“;;—1 Ui
% (un ;/Zm_l - ;ui’n_g) L 2<i<n-—1,
(Ao, = % (UQ,j ; Vi v1,jh;2vo,j> G QZ;J + Vi1
(Ajop)n-1, = % (Uw’ ;/Zn—m  Uno1y ;Un—lj) .
e EETETE

Here u; 0, Ui n, Vo, Vn,; are the additional zero values on the boundary. The
discrete divergence is the same as in (3.4):

. - u. 1 Pppp— uA, /l)A . 1 — v..
(divy @n)ij = — Jh <+ Z’j+h -,
1 S Z).] S n— ]-7

and the discrete rotation is:

" . Vitl,j — Vij Uit — Uit1,5-1
(roty Up)i; = - - - el
1<i<n-2, 2<53<n—-1,

- Vi+1,1 — Vi1 Ui4+1,1 — Ui+1,0
(roty Un)ia = - :

h h/2
- Vit1n — Ui, Uir1n — Uit+1,n—1
(rotﬁuh)m — 7 nh in  Yitln h/Qz n :
1<i<n-2, (4.2)
N V1 — Vo4 Uy 5 Uy, 5—1
(I'O h uh‘)oaj h/2 h ’
— ’Un’j — Un—1 J u”v] u”?]_l
(I'O h uh)n 1,7 h/2 h ;

(Pry@r)os = Z pijQijh2> (4.3)
i,j=1
n—1 n—1 n—1 n—1

(ﬁh, u?h)o,h = Z Z uijrijhz + Z Z Uz’jsz’jh27 (44)
=2 j=1 =1 j=2



where pj,, g, are pressure vectors and uj, = (up,vy)?, W, = (r4,s,)? are
velocity vectors.

1Pl = Prspr)ons  1@nllg s, == (@ @n)op-

Theorem 4. For the second order staggered grid approximation,

(Agin, Gn)on — | Brinllgn — 1CFELIG, =
n—1 n—1
= - 2(“?,1 + u?,n—l) - Q(Uij + Ug-u)a (4.5)
i=2 =2
where Br 1= —divy; and C’g = roty.

Proof. Similarly to the proof of Theorem 1 we apply partial summation
to (Ayup, Un)o s and then continue the grid functions u, and vy, by zero onto
the grid of the whole two-dimensional plane. Taking into account that

Ui,05 Win,y V0,55 Un,gyr Ul,js Unj, Vil, Vin
are zero if 1 <14,5 <n — 1, we may write:
A=l 11 — )2 )2
(Agtin, Wn)op = (Wit1 — wij)” + (i1 — ui)” +
1,7

+ (Vig1,; — Uij)2 + (Vij+1 — Uij)2> +

n—1 n—1
+> (U U, )+ Y (W ),
=2 =2
IBaiinl5, = D ((wirry —ui)* + (vigrn —vig)* +

1,7
+ Q(Ui+1,j — Uz‘j)(Uz',jJrl - 'Uij))a

ICRilS, = > <(Uz‘+1,j — Uip1,j-1)° + (Vi1 — vy)” =

,J
- Q(Ui+1,j - ui+1,j—1)(vi+1,j - Uz‘j)) +
n—2 n—1

+ 2(3%2“,1 +3ufy 1)+ 2(3'0%,]' + 3“2714)7
i=1 Jj=2

Performing the same index shifts as during the proof of Theorem 1, we get
the result of Theorem 3. e
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Remark 1. We introduce the notation /ng, where

[y

n—

n—1
(Aﬁﬁha Up)o.n = (Aﬁﬁhv 2_[h)O,h + Z 2(“?,1 + U?,nfl) + Q(Uij + U?zfl,j)'
i=2

<.
Il
)

flg is a symmetric positive definite matrix in the sense of (4.4), together with
Ay, Since dim (Vi) = (n—2)%, dim(Vj1) = (n—3)% and dim(V}, 5) = 4n—9, a
proper Crouzeix—Velte decomposition exists in this case as well, for n > 3. In
this case the algebraic decomposition exists not for the matrix A, but for /ng,
hence flg can be advantageous as a preconditional matrix solving Az, = by,.
Let us mention that in [8] there appears an analytical counterpart of (4.5).
[ ]
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4.2 Non-standard boundary conditions

The following Theorem is proved in [25]:

Theorem 5. Let €2 be a two-dimensional domain with Lipschitz — con-
tinuous, piecewise C? boundary I satisfying 1/r € L (') where r(s) is the
curvature in s € I'. Then a Crouzeix-Velte decomposition exists in the ana-
lytical case if, for the Laplace operator A = —A, either of the following two
boundary conditions are prescribed on I':

-1 =0 and rotud = 0; (4.6)

or
uxn=0and divi=0. e (4.7)

The boundary conditions (4.6), (4.7) may be unusual, but they satisfy the
Lopatinski-condition (see [20] or [3|, there the complementing condition), as
can be verified straightforwardly for both d = 2 and d = 3 (where (4.6) takes
the form rot @ x 77 = 0). Condition (4.6) appears, e.g. also in [4] and allows
to calculate the pressure independent of .

Now we consider the discrete equivalent of Theorem 5. In addition to
(4.3) and (4.4) we introduce the following discrete scalar product and the
corresponding norm:

n—2 n—1

(phaCJh)o,iL = ZZPijC]z‘th, (4.8)
i=1 j=2
Il 5 = ®nrDr)o e

The divergence is approximated as usual:

o Wit1,; — Uij | Vij+1 — Ui
(divy, @p)qy = H’Jh I 4 ’JHh S (4.9)

where 1 <i,j <n—1, @), := (up,vs)’. We approximate the Laplace operator
with first order, and the rotation in the corner points of inner cells as follows:

(roty @h)ij == ””Ljh_ Yy dild _h“i“’j‘l, (4.10)

where 1 <i<n-—-2, 2<j<n-—1.
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We consider now the following nonstandard boundary conditions, which
are the discrete equivalent of (4.6):

Upj = Unj = Vi1 = Vin = 0, (4.11)
fori1<i<n-—-1,1<j<n-—1,and
(I"Oth Uh)O,j = (I"Oth ﬁh)n—l,j = (I"Oth ﬁh)z‘,l = (I”Oth Uh)z‘,n = 0, (412)

for0 <i<n-—1, 2<j <n-—1, where rot,, is defined similarly to (4.10),
using also the additional grid-lines. Finally, now for our specific difference
discretization, we continue to use the notations Ay, Bh, and C, for the ma-
trices of the operators —A, —div, and rot,, respectively.

Theorem 6. For the staggered grid approximation (4.9), (4.10) and the
standard five-point approximation of the Laplace-operator with boundary
conditions (4.11) and (4.12) the following relation holds:

(Anin, @n)on = || Baiiallg s + IChiinll; ;

for all vectors i, = (up, vy)T.

Proof. Applying partial summation to (A, ip)o We obtain:

n—2 n—1 n—1
(Aptn, Up)op = Z Z(uiJrl,j —uy)® + Z(Uz,j — Uy j)Ugj —
=2 j=1 j=1
n—1 n—1 n—2
— > (tny = Up1j)un1 + (i g1 — uiy)® +
j=1 i=2 j=1
—1 n—1
+ Z(Uz 1 — Wio)Ui1 — (Wi — Wip—1)Uip—1 +
= =2
—2n—1 n—1
+ Z Z(Ui—l—l,j —vy)* + Z(Ulj Vo)1,
=1 j=2 =2
n—1 n—1 n—2
- Z(Un,] /Unfl,j)vnfl,] + (UZ,]Jrl Uz]) +
Jj=2 =1 j=2
n—1 n—1
+ Z(UZ,Q v; 1)Ui,2 - Z(Uz n v; nfl)vz,nfl
=1 =1
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Using the boundary conditions (4.11) and (4.12), we find
n—2 n— n—1n-2
(Aptin, Up)op = ZZ(UZ+1,] Usj) +ZZ Ui jy1 — Wij) -
=2 j= i=2 j=1
—2n n—1n—2

| Brin|l5 5

+ E E (UZ+1_] UZ] + E E Uz,]—i—l UU +
=1 j=2 =1 j=2
n—1 n—1 n—1 n—1
2 2 2 2
+ E Uy + E Uy g5+ E Vjg t+ E Vin—1 (4.13)
=1 =1 i—1 i—1
Further, || Byp|3, may be written as follows:
n—1 n—1
_ 2 2
= ) (g — )+ Y (Vi — )’
ij=1 ij=1
n—1
+ 2 ) (i — ui) (Vi — vig) = (4.14)
ij=1
n—2 n—1 n—1 n—2
2 2
= (wip1,; — uij)” + (Vig+1 — vij)” +
=2 j=1 i=1 j=2
n—1 n—1 n—1 n—1
2 2 2 2
+ up; + Up 15+ E Vjg + E Vip—1t+
=1 =1 i—1 i—1
n—1
+ 2 ) (i1 — i) (Vi — vij).
ij=1

Using the boundary conditions, the discrete rotation is calculated only in
the corners of inner cells, and ||C’huh|| - can be written as follows:

IChinllg

n—2 n—1 n—2n—1
(i1 — Ui+1,j71)2 =+ (Vig1j — 'Uij)z -
i=1 j=2 i=1 j=2
n—2 n—1
2 (Uit1,j = Uir1,j—1) (Vig1,5 — Vij) = (4.15)
i=1 j=2
n—1 n—2 n—2 n—1
(uz J+1 = uz,] 2 + Z Z Uz—i—l J UZ]
=2 j=1 i=1 j=2
n—2 n—1
2 (Ui+1,j — Ui+1,jfl)(vi+1,j - ’Uij)-
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Performing some index shifts we obtain from the last term in (4.14):

n—1 n—1 n
2 E (Uiv1j — wig)(Vij41 — vij) _2§ E :UH‘L] 10ij — 2 E Wit1,jVij —
i,j=1 i=1 j=2 1,j=1
n—2 n n—2 n—1
- 2 E E Ui41,j—1Vi41,5 + 2 Uit1,5Vi41,5- (4.16)
=0 j=2 =0 j=1

Performing some further index shifts and using the boundary condition
(4.11), from (4.16), and including the last term of (4.15), we find:

n—1 n—2n—1
2 Z (i1 — i) (Vi1 — vig) — 2 Z Z(UiJrl,j — Uip1,j-1) (Vig1,; — Vi) =
1,j=1 i=1 j=2
n—1 n—1
= 2> un(vry = vigen) 2 ) U (Vno1gen = Uaory) + (4.17)
j=1 j=1
n—1 n—1
+ 2 Z/Ui,n(uzﬁrl,nfl — Ujp—1) + 2 Z’Ui,l(ui,l —uiy11) = 0.
i=1 i=1

From (4.13) — (4.17) we get:

(Ahﬁh, ﬁh)ah - ”Bhﬁh”&h — ”CYhﬁhHg,iL = O Y

Remark 1. Taking into account the boundary conditions (4.11) and
(4.12), the number ny, of velocity degrees of freedom is ny, := 2(n — 2)(n —
1) +4(n —2).

It can be shown that dim(V) := dimkerdiv, = (n — 2)%. Namely, to
compute this dimension we count the number of conditions to get || divy, wp|[g ), =
0. Excluding the very last cell (which is depending on the other cells) we
have to require divy 4, = 0 in all remaining cells, that is, in (n — 1) — 1
points. In addition to it we have to require roty @, = 0 in the cell corners
on the boundary, that is, in 4(n — 2) points, because of the boundary condi-
tion (4.12). Then dimker div, = nj, — ((n —1)2 — 1) —4(n — 2) = (n — 2)*.
Similarly, to compute dim(V}, ;) = dimker rot,, we count the number of con-
ditions to get ||rot,@nl|§, = 0, starting from the boundary of the grid
and proceeding to the center. Excluding the corners of the square, in all
other cell corners we have to require rot, @, = 0, that is in n? — 4 points.
Then dimkerrot, = n, — (n*> —4) = n®> — 2n. Therefore, dim(V},3) =
np— (n—2)2—(n?>—2n) =4n — 8 > 0, if n > 3. Since Ay, is a symmetric
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positive definite matrix in the sense of the scalar product (4.4), a proper
Crouzeix-Velte decomposition exists. (For the proof, see Remark 3. in the
following subsection.) e

Remark 2. To obtain a second order approximation for the boundary
cells, too, we put values not into the supplementary lines but into additional
u or v nodes on the original boundary. It can be shown that the discrete
Crouzeix-Velte decomposition exists in this case for the matrix Ay as well, in
contrast to the case of Dirichlet boundary conditions, where we proved the
existence of the decomposition only for flg , see: Remark 1. in the previous
subsection. e

Remark 3. Considering the discrete equivalent of the boundary condi-
tions (4.7), it can be shown similarly to Theorem 6, that a discrete Crouzeix-
Velte decomposition exists for both the first and second order approximation.
[ ]
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4.3 Periodical boundary conditions

As we show in this point, the results of [21] on the existence of a Crouzeix-
Velte decomposition for the Stokes problem along with Dirichlet and peri-
odical boundary conditions carry over to the discrete case for the staggered
grid approximation.

For the first order approximation we use the same grid as used in the
previous subsection. Periodical boundary conditions are assumed on the left
and right sides of the unit square:

(4.18)

Uy j = Up—1j, U2 = Unj, 0<7<m,
1<i<n

U1,j = Un-1,,V2,j = Un,,

On the upper and lower sides of the unit square we prescribe homogeneous
Dirichlet conditions:

U0 = Ujn = O, 1 < 1 < n, (419)
Vi1 =0, =0, 1<i:<n-—1,

where u; o, u; , are values on two additional grid lines, which the grid has been
supplemented with. The approximation of the divergence, Laplace operator
and the rotation are the same as in the previous subsection, but we have to
take into account the periodical boundary conditions on the left and right
boundaries of the unit square. The divergence is, once more, approximated
by (4.9), but now for 1 < i <n—2,1 < j <n— 1. The approximation of
the Laplace operator with first order is:

— T
Ahuh = (Ahuha Ahvh) )
A )s o Uitlg = 22U F U1y Ui = 2Ui o Ui
( huh)m — h2 + h2 )

2<i<n-—-1 1<j<n-1,

Vi1, — 2055 + Vic1y | Vi1 — 205 + 00
(Anvn)yy = ’ hQJ T4+ hzj —,

2<i<n—1, 2<j<n—1

Finally, the approximation of the rotation is given by (4.10) as earlier but
now for 1 <i<n-—2, 1<j<n. Instead of (4.3) and (4.4) and (4.8) we

36



introduce the discrete scalar products and corresponding norms as follows:

n—2 n—1

(Prs@)on = > Y piaih’,

i=1 j=1

n—2 n

(Prs@h)op = D D Piidish’,

i=1 j=1

n—1 n—1 —1 n—1

n—1
— — . 2 2
(Un, Wp)op = E E wirih +E E ;8517
i=2 j=2

i=2 j=1

prll5 s == Prsoa)oss  Mpally = @rsPadojis N@all6n = (Tns @n)on-

Once again, Ay, By, and C), denote the matrices of the operators —Ay,
— divy, and roty,.

Theorem 7.
(Anin, @ )on = |Buiallf s + Catinll3 5

holds for all vectors @, = (up, vy)? satisfying the boundary conditions (4.18)
and (4.19).

Proof. The proof is similar to that of Theorem 6. We apply partial
summation to (Apty, U)o n, and taking into account the boundary conditions
we obtain:

n—2 n—1 n—1 n—2

(Aptin, Up)op = E E (Wig1,j — uij)* + E E (Wij1 — wij)” +
=1 j—1 i=2 j=1
n— n—2 n—2
Z Z 2 Z Z
+ UH—l \J Uz] + Uz J+1L UU +
=1 j=2 i=1 j=2
n—1 n—1 n—2 n—2
2 2 2 2
+ E Ujpq T E Uiy + E Vjg t+ E Vip—1- (4.20)
i=2 i=2 i=1 i=1
| Brtin||2;, can be written as follows:
n—2 n—1 n—2 n—1
| Butinllgs = (1,5 = wig)* + (Vi1 = vi)* +
hthilon — i+1,j 1] 1,5+1 ij
i=1 j=1 i=1 j=1
n—2 n—1
+ 2 (Uit — Uij) (Vi g1 — Vij)- (4.21)
=1 j5=1
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||CN'hﬁh||g ; can be simplified (taking account of the homogeneous Dirichlet

conditions) to the following form:

n—2 n n—2 n
||Chﬁh||gjl = Z (Wigrj — Uit1,-1)° + (Vi1 — vij)?
i—1 =1 i—1 =1
n—2 n
= 2D > (i — i) (Vg — o) =
im1 j=1
n—2 n—1 n—2 n—1
= (i1 — Uiy1j-1)° + (Vi — vi)* =
im1 j=2 im1 j=2
n—2 n—1
— 2D > (i1 — i) (i1 — vi) +
im1 j=2
n—2 n—2
+ Uzz+1,1 + Z u?—i—l,n—l‘ (4.22)
-1 i—1

Performing some index shifts and using the boundary conditions (4.18) and
(4.19), we find for the sum of the expressions standing in lines (4.21) and
(4.22):

n—2 n—1
—2 (Wip1,; — wij)(Vijs1 — vig) +
i=1 j=1
n—2 n—1
+ 2 Z Z (i1 — Uir1,j-1)(Vigr; — vij)) =
=1 j=2

n—
= —2 E Ui41,n—1Vin — 2 E Ui41,1V4,1 +2 E Un—1,jUn—-1,j41 —
- 2 g Ujp—1Vip — 2 E Uy U141 + 2 E Up—1,jVUn—1,j —
i1 =1 =2
n—1 n—2
- 2 E Uy,5U1,5 — 2 E Ui 101 = 0. (423)
j=2 =1

From (4.20) - (4.23) — performing some index shifts and using the homoge-
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neous Dirichlet boundary conditions — we obtain:

(Aptin, Un)on — Héhﬁh”gh - |’éhﬁhHg;1 =

[\

n—

n—2
2 2
E Uz2+§ Vg — E (vig = vi1)” = Y (Vim — Vin-1)” = 0.
=1

=1

Remark 1. Taking into account the boundary conditions (4.18) and
(4.19), it can be shown that the number of velocity degrees of freedom is
np = (n—2)(n—1)4 (n—2)?, dim(V,,) := dimkerdiv, = (n —2)?* + 1 and
dim(Vj,1) := dimkerrot, = n* — 5n + 7. Therefore dim(Vj, 5) = ny, — ((n —
224+1)—(n* =5n+7)=2n—6>0ifn>3. e

Remark 2. A, is a positive definite matrix.

Proof.
Taking into account (4.20) and the boundary conditions we obtain:

n—1 n—2 n—2 n—2
(Aptin, Up)op > (Ui jp1 — wij)” + E (Vij1 — viy)" +
] =1 =1 j=2

s
||
— N
<
Il

n— —2

n—1
12 1t Z U?,l + v} io T+ Uzz,nfl = (4.24)

i=1

Z
m
3

2

=1

.

= (i jp1 — wij) + (Vi1 — Vi)
=2 1 1

Ik
_ N

3

|
3

|
—_
)
3

|
—_

<.
I

(2

<.
Il
o

Here wu; j11 also can be written in the following form, using that u; o =
U;pn = 0:

J
UZ" — U,

g = 3 M, (1.25

k=0
and
n—1
UL — U;

g = 3 ety (4.20

k=j+1

Using the Cauchy inequality, similarly to the steps (3.23) - (3.28) it fol-
lows:

n—1 2
uzz,jJrl S 1 - yz Yi Z (UZ Sas um) h7 (427)
k=0
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Multiplying by A and summarizing according to i:

n—1
> ulih < (4.28)
i=2
n—1 n—1 2
(1= :)s (7%"““ — u’“) K2
i=2 k=0 h
and finally
n—1 n—1
DD gkt < (4.29)
=2 j=0
n—1 n—1 u u 2 n—1
i1 — Uik
< (%) h? Z(l — yi)yih.
=2 k=0 5=0

Performing an index shift and taking into account that wu;, = 0 and

n—

1 n—1
_ N3 13 n 2n—-1\ 1-h* 1
O(l—yz‘)yih—jzo(n—z)zh = h’n(n — 1) (5— - >_ — <%

<

we obtain:

DD upht < (4.30)

We can also obtain:

v? h? < (4.31)

That is from (4.24), (4.30) and (4.31):

(Aptin, @n)on = 6|5, >0

ifﬁh#OEVh. °
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Remark 3.

Ay is a positive definit matrix in the case of non-standard boundary
conditions, as well. In this case, using the boundary conditions (4.11) and

(4.12), we find:

(Apty, Un)o,n

>

n—1 n—1 n—1n-2

DD (sny =gl Y (i — uy) +
i=1 j=1 =2 j=1

n—2 n—1 n—1n-1

DD (g =)+ DY (vigia —vy)* 2
i=1 j=2 i=1 j=1

n—1 n—1 n—1n—1

D2 (wsng =gl 4 >y (vigen = vy)”
i=1 j=1 =1 j=1

Using similar steps as in the case of periodical boundary conditions we

obtain:

if @, £0 €V, .

(Aptn, @n)on = 6|5, >0
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5 Discrete Crouzeix-Velte decomposition on a
nonequidistant grid in 3D

In this section the well-known difference approximation on a staggered grid
will be considered in 3D case, see also [11]. In our case 2 is a rectangular
parallelepipedon subdivided by a rectangular grid into (n —1)(m —1)(l — 1)
cells of volume hyhohg each, hy :=1/(n—1),hy :==1/(m—1),hg :=1/(l—1).
We assume n, m,l > 3. The cell midpoints are pressure nodes, the pressure
vector is denoted by py and its components by p;, with ¢ = 1,....n —1;
j=1,....m—1;, k=1,...,1 — 1. The faces of the cells contain at their
midpoints the velocity nodes: nodes of the u-components of the velocity are
on the east-west faces, nodes of the v-components are on the front and back
faces and nodes of the w-components are on the north-south faces. The
velocity components are denoted by w;jx (i =1,...,n; j=1,...,m—1; k=
L...,l—=1),bywvj i=1,....n—1; j=1,....om; k=1,...,0 —1) and
by wijr (t=1,...,n—1; y=1,....m—1; k=1,...,1). Here the u;;; with
i = 1 and ¢ = n are the boundary values of uj; the v;;;, with j = 1 and
j = m are the boundary values of v, and the w;;, with £ =1 and k£ = [ are
the boundary values of wy,. The velocity space is (R"*" x IR"** x IR™") and
will be denoted by Vj,, where nuy, = n(m — 1)(I — 1), nv, = (n — 1)m(l — 1)
and nwy, = (n — 1)(m — 1)l. Similarly the pressure space is IR™* and will be
denoted by P, again, where m;, = (n — 1)(m — 1)(I — 1).

For the approximation of the Stokes problem in 3D we need the discrete
divergence operator and the discrete vector Laplace operator. Moreover, we
will define also the discrete rotation operator.

The divergence is approximated as follows:

Uit1,5,k — Uijk n Vi j+1,k — Vijk n Wi 5, k+1 — Wijk

1
n 3 i , (5.1)

(dth ﬁh)ijk =
where
iy = (up,vp,wp)’; 1<i<n—1, 1<j<m-—1, 1<k<I—1.

The matrix corresponding to the mapping — divy, from the velocity space
into the pressure space is denoted by By again.

For the approximation of the discrete Laplace operator we continue the
grid by lines for u-nodes: m — 1 lines to north of the cube and m — 1 lines to
south of the cube at a distance h3/2 and [ — 1 lines in front of the cube and
behind the cube at a distance hy/2. Similarly we continue the grid by lines
for v-nodes north-south and east-west; and for w-nodes front-back and east-
west to the cube. Putting zero values into the u-, v- or w-nodes on these lines
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and using the usual 5-point approximation for the discrete Laplace operator
in all inner velocity nodes, we get the following first order approximation:

. T
Ahuh = (Ahuh, Ahvh, Ahwh) y
A Wik — 2kt Uik Wik — 2Wigk T Ui 1k
(Anup)ijr = 2 + 02 +
1 2
Ui j k1 — 2Uijk + Wi jk—1
+ B )
h3
2<i<n—1, 1<j<m—-1, 1<k<I[—-1,
A o Viktgk — 2056+ Vic1 gk | Vigaik — 2Vik + Vij-1k
( hUh)ijk = 2 + h2 *
1 2
Vi jk+1 — 2Vijk + Vi j k-1
+ o) )
h3

1<i<n-—1 2<j<m-1, 1<k<Il-1,
w;‘rl,',k — ka + w.iL ',k‘ w47.+17k i ka + fLU.7 '71,]’»‘

(Ahwh)ijk — 7 7 h;] 1 7 + 1, h;] 1,]

1 2
Wi j k1 — 2Wijk + Wi j k-1

2 )

h3
1<i<n-—11<j<m-1, 2<k<Il-1.

+

(5.2)

The matrix corresponding to the mapping —A, from the 3D velocity
space into itself is denoted by A, as usual. In the case of 3D the discrete
rotation operator (rot,) is a mapping from the velocity space Vh into the
vector space of the rotation (IR™)3, where nr = n * m x [.

Wij k+1 = Wi j—1,k+1 _ Yi,5,k+1"Yi 4,k
ha h3
= R Wit1,5,k+1 " Wit 1,5,k Wit1,5,k+1~ Wi j,k4+1
(I"Oth uh)ijk = s - i s (53)
Vit1,5,k—Vig,k _ Yitl,jk—Wit1,j—1k
hl h2

where
0<i<n—1,1<j<m, 0<k<Il-1.

Once again we use the following notation: Cj, for the matrix of the operator
roty,.
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5.1 Homogeneous Dirichlet boundary conditions

For pressure vectors py,q, and velocity vectors i, = (up,vp, wp)?, 7 =
(rn, sn, tn)T the following discrete scalar products and the corresponding
norms are introduced:

n—1m-11-1
(ph7Qh)0,h = Z sz]qu]khlh2h37 (54)
i=1 j=1 k=
n—1m-—1 [— n—1m-—11-1
(Un, Th)op = Z Z WijTijehihohs + Z VijiSijkhihahs +
=2 j=1 k=1 i=1 j=2 k=1
n—1m-—1 [—
+ wijktijkhlh2h37 (55)
i=1 j=1 k=2
lpnllo.n = (Pror)on,  NT@lG A = (@n, Tn)on-
For the mapping of the operator rot,: u; = (u},v},w;)’ and 7} =

(r3,s5,t5)" we introduce the following scalar product and the correspond-
ing norm:

=
=

n— —

m
=% =k e * * * * *
(g, Th)ons = E zjkrijk+vijksijk+wz‘jktijk) hihshs, (5.6)
0

I§
<)
e
Il

% J=1

—k %

||UZ||gh = (1, Uh)o h*-

We assume homogeneous Dirichlet boundary conditions:
ULk = Unjk = Vilk = Vimk = Wij1 = Wi =0,
where 1 <i<n—-1, 1<j<m—-1, 1<k<I[—-1.
Theorem 8
(Antin, in)on = | Briinllg, + | Crilnllg pe (5.7)

holds for all vectors i}, := (up, vy, wy)? from the 3D discrete vector space.

Proof. Similar to the two dimensional case we continue the grid functions
up, v, and wy, by zero onto the grid of the whole three-dimensional plane and
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then apply partial summation to (Apwp, U)o, and extend the summation in
all expressions to all integer ¢, 7, k. Then we obtain:

LS hah hih
(Ahumuh)o,h = Z ((uz’Jrl,j,k - uz’jk>2 20 + (uz’,jJrl,k - uz’jk)2 B +
igk h hy
hoh hih
+ (Vg1 — Uz’jk>2 25 4 (Vij1e — Uz’jk)2 25 4
h1 h2
hih hoh
+  (Vijrr1 — Vijr)? 2 4 (Wit1jk — wijn)? 25
hs hy
hih hih
+ (Wigyre — wigk)? ;l %+ (Wigkr1 — Wigr)® ;L 2)- (5.8)
2 3

| Byitn||2, may be written as follows:

= hahs
Bl = 3 ((uesrgw =) 5+

0,5,k

hih hih
(Uz’,jJrl,k — ’Uijk)2 = + (wz’,j,kJrl - wz’jk)2 e +
ha hs

2(Uis1 ji — Wijk) (Vi jr1.6 — Viji) g +
2(Uis1 4 — Wijk) (Wi j k1 — Wijk) o +

2(vi g1k — Vijr) (Wi j g1 — wz‘jk)h1>- (5.9)

+ o+ + o+

||éhﬁh||37h* can be written as:

~ hih hih
[[ETATEN <(wz‘,j,k+1 — Wi k1)’ ,11 2+ (Vg1 — Vige)® ;L 2 -
i,k 2 3
- 2(’6Uz',j,k+1 - wz',jfl,kJrl)('Ui,j,kJrl - ’Uz‘jk)hl +
hih hoh
+ (Ui+1,j,k+1 - Ui+1,j,k)2 -2 + (’wi+1,j,k+1 - wi,j,k+1)2 20
h3 hl
— 2(Wit1, k1 — Wit1,jk) (Wit jk+1 — Wijkr1)ho +
hahs hihs
+ (Uz‘+1,j,k; - Uz‘jk)Q n + (ui-i-l,j,k - Uz‘+1,j—1,k)2 h -
1 2
—  2(Vigt1jk — Vi) (Wit 6 — Ui+1,jfl,k)h3>- (5.10)

Performing some index shifts we get the result of Theorem 8. e
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5.2 Periodical boundary conditions

Now we consider the staggered grid approximation on a cubic grid. That is,
Q) is the unit cube subdivided by a rectangular grid into (n — 1)® cubes of
volume h3 each, h :=1/(n —1). We assume n > 3.

On the front-back sides and on the north-south sides of the cube we
prescribe homogeneous Dirichlet conditions:

Uij0 = Uijn =0 Vijo=0ijn=0 wij1=w;,=0 1<ij<n-1

Uiok = Wink =0 Viigp=0Vine=0 Wor=Wnr=0 1<ik<n-1

where Ui 5,05 Ui jns Vi 5,0y Vijn, and U3,0,ky Win,ky Wi,0k, Wink are the values on
the additional grid lines, as in the previous subsection.

Periodical boundary conditions are assumed on the east-west sides of the
unit cube:

Uljk = Un—1jk  U2jk = Unjk,
/Ulvjvk = U’I’L*l,j,k?
Wijk = Wn-1jk

where 1 < 7,k <n —1.

The approximation of the Laplace operator, the divergence and the rota-
tion are given by (5.2),(5.1) and (5.3) as earlier ( now h; = hy = hg =: h).
The notations Ay, Bh and C’h are the same as earlier, too.

Taking into account the boundary conditions, instead of (5.4),(5.5) and
(5.6) we introduce the following scalar products and norms:
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n—2 n—1
e 3

(Pr,an)on = PijrQijrh’, (5.11)

i=1 j k=1

n—1n-1n-1 n—2n—1n—1
— — e 3
(Uhﬂ"h)o,h = E E E u”kr”kh E Uljksmk;h +

=2 j=1 k=1 i=1 j=2 k=1

n—2n—1 n—1

+ Zzzwijktijkhga (512)

i=1 j=1 k=2
n—2 n n—1 n—3 n—1 n—1
ko o 3 * k713
(i, 7)o = E E E uierieh” + ViikSieh +
i=1 j=1 k=0 i=0 j=1 k=0

n—3 n n—1

+ NS wpth? (5.13)

i=0 j=1 k=1

—k %k

thHOh (Ph> PR)o,hs ||?7h||3,h i= (Un, Un)o,n ||UEL||(2),h* = (T, Uy, )o 0+

Using these scalar products and norms we obtain:

Theorem 9
(Aptin, @n)os = || Buiinllg, + | Cuiin | e (5.14)

holds for all vectors iy, := (up, vy, wp,)? from the 3D discrete vector space.

Proof.
Using partial summation to (A, i), We obtain:
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(Aptiy, Up)op = E E (Wi . — wijr)” + E h(wi ji1e — Wiji)” +
i=1 j=1 k=1 i=2 j=1 k=1
n—1 n—1 n—1 n—1n—2
+ h zn 1k+uzlk>+ h(ulyijFl_uijk) +
i=2 k=1 i=2 j=1 k=1
n—1 n—1 n—3 n—1 n—1
2
+ E :E :h Wi 5n— 1+uz]1)+ E h(vi+1,j7k_vijk) +
=2 j=1 =0 j=2 k=1
n—2n—2 n—1 n—2 n—1
2 2 2
+ 3 YD ik —vie)* + )Y (U 0la) +
i=1 j=2 k=1 i=1 k=1
n—2n—1n—2 n—2 n—1
2 2 2
+ E E E :h(vi,j,kﬂ — V)" + E h(vz,j,nfl +Uz’,j,1) +
i=1 j=2 k=1 i=1 j=2
n—3 n—1 n—1 n—2n—2 n—1
2 2
+ YD hlwi e — wie) + h(wi j1, = wigk)” +
i=0 j=1 k=2 i=1 j=1 k=2
n—2 n—1 n—2n—1n—2
2
+ Y h(w], gt w ) + h(w; j g1 — wig)” +
i=1 k=2 i=1 j=1 k=2
n—2 n—1
2 2
+ E E :h(wi,j,nfl_'_wi,jQ)' (5.15)
i=1 j=1
| Brtn]|2;, may be written as:
n—2 n—1n—1 n—2n—1n—1
B - 12 2 2
IBuinll3,, = > h(uist g — wie)® + h(vij1 — vigr)” +
i=1 j=1 k=1 i=1 j=1 k=1
n—2n—1n—1
2
+ E h(w; j k1 — wig)” + (5.16)
i=1 j=1 k=1
n—2 n—1n—1
+ 2 E (Wit e — i) (Vijs1k — Vi) +
i=1 j=1 k=1
n—2n—1n—1
+ 2 3O At gk — i) (Wigaer — wie) +
i=1 j=1 k=1
n—2n—1n—1
+ 2 h(vi g1k — Vijr) (Wi j k1 — Wigk)-
i=1 j=1 k=1
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For ||Chiin[3 - we get:

[[ETATE h((wi,j,kﬂ — wij 1 k1) + (Vigrir — Uz‘jk)2> -
i=1 j=1 k=0
n—2 n n—1
- 2 Z Z h(wz’,j,kJrl - wz’,jfl,kJrl)(Uz',j,kJrl - ’Uz‘jk) +
i=1 j=1 k=0
n—3 n—1 n—1
DD h<(uz’+1,j,k+1 — i1 k) F (Wir1 gk — ’wz',j,kﬂ)z) -
i=0 j=1 k=0
n—3 n—1 n—1
— 2 h(uz‘+1,j,k+1 - Uz‘+1,j,k)(wz‘+1,j,k+1 - wz‘,j,k+1) +
i=0 j=1 k=0
n—3 n n—1
+ Z h((’UiH,j,k — Vi) + (Uis1jp — Uz’+1,j71,k)2> -
i=0 j=1 k=1
n—-3 n n—1
- 2 h(Vit1 g = Vi) (Wit gk — Wit1,j—1k)- (5.17)
i=0 j=1 k=1

Performing some index shifts and taking into account the Dirichlet and
periodical boundary conditions we obtain the result of Theorem 9. e

Remark For the dimension of ker div;, and kerroty,, see [11]. The result
of Theorem 3. can be also generalized to 3D. e
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6 The Crouzeix-Velte decomposition and the
Stokes problem in polar coordinates for the
disk domain

Let 2 be the unit disk

Q={(r,o)|0<r<1,0<¢p<2r},

and consider the following Stokes problem:

Awu—ﬁ—ﬁ%—m = Ji, (6.1)
v 20u 10p

Agv— 2208 200 _ 2

re? T2+T28(p rOp f2 (6.2)
1

dlvﬁz—(ag( )+§—U) = 0, (6.3)

where (u,v) =@ and (f1, f2) = f and

A L0 (0, 12
o= ror \or 72 0p2

On the boundary, homogeneous Dirichlet boundary conditions are imposed:
@ =10, on 0L. (6.4)

The problem consists in finding a vector-function (z) and a scalar func-
tion p(x) that satisfy the system of partial differential equations above. In
(6.1)-(6.2), the differential operator acting on, @ is nothing else than the
Laplace-operator in polar coordinates, see (6.12) below. We mention that
the appearance of v in the equation (6.1) and the appearance of u in the
equation (6.2) cause difficulties during the numerical solution of (6.1)-(6.4).

If —dive = g in (6.3) and the boundary conditions are inhomogeneous,
than the solvability condition of (6.1)-(6.3):

/gd:p: —/divﬁd:p: —/ﬁﬁds. (6.5)
0 0 r

has to be also satisfied.

For existence and uniqueness of the classical solution see [18].

50



The analytical case of the Crouzeix-Velte decomposition for two-dimensional
domains was investigated, and for the circle domain, the spectrum of the
Schur complement was proved to be 0,1/2,1, where 1/2 and 1 have infinite
multiplicity, in [7], [13] and [8].

The results of the spectrum for tube domains are contained in [12]. A
three-dimensional ball is considered in [31].
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6.1 The staggered grid approximation on a unit disk

The difference approximation on a staggered grid will be considered here:
Q2 is the unit disk subdivided by an equidistant grid according to r and ¢
into n*m cells. The cell midpoints are pressure nodes, the pressure vector
is denoted by pj and its components by p;;, with i =1,...,n;7 =1,...,m.
The sides of the cells contain as their midpoints the velocity nodes: nodes
of the u-components of the velocity are on the sides according to r, nodes of
the v-components are on the sides according to ¢. The velocity vector is uy,
its components are denoted by u; and vj, and theirs components by u;; and

v, ¢ = 1,...,n, 7 =1,...,m. The boundary values are u, ; := 0 where
j=1,...,m, further u; and v, are periodical with respect to , that is
Uio = Uim, Vi = Vim, ©=1,...,m, (6.6)

see Figure 2.

Figure 2: Staggered grid approximation on a unit disk

For the approximation of the Stokes problem we need the discrete gradi-
ent, the discrete divergence operator and the vector Laplace operator. More-
over, we will also define the discrete rotation and curl operators. For the
gradient:

(gradp) = ( 13_51; ) (6.7)

r dp
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we shall use the approximation:

(Pit15 — i)/ he )
rad i = ’ ’ 6.8
(grady, pr )i ( %.(pi,jﬂ — pii)/he (6.8)
where h, :=1/n, h, := 1/mand7; := (i—1/2)h,,i=1,...,n, j=1,...,m.
For the approximation of the divergence operator, we shall use:

Tillij — Ti—1Ui—15 | Vij — Vjj-1

(dth Uh)ij = Tihr + Tihg; ) (69)

where r; :==ih,, i =1,...,n, j=1,...,m and roup; = 0. (To approximate
the divergence we used the grid points marked with red colour on Figure 2.)

For the rotation:

(rot @) = % (%(rv) . g_::) (6.10)

we shall use the approximation:

C TipVig,y —Tilij U1 — U

th )i = - , 6.11
(I‘O huh) J Tihr Tihgo ( )
wheret=1,...,n—1, j=1,...,m, and
TnUn i
b g =
(roty, Up)n; )2
where j = 1,...,m. (See grid points marked with green on Figure 2.)

For scalar functions, we define the operator curl as follows:

19y
(curl) ::( r 9% >

— 35

and we shall approximate this operator in the following way:

1 Yij—ij—1
. i h
(Curlh w)” " i 1111']'*1[1:11,;'
Y

r
Since
0 10 10v 10 10 10u
(grad div  — curlrot @) — m(%m(WH;a@)—;% Tor(rv) — 252
graddivd —cwlrotd) = | " by 100 5 (10 1 0u ’
v Op (?W(TU)+F%>+W ror (1Y) = v,



that is
10 ou u 2 Ov 1 9%u
= (rs) — =5 — 5% + — Y
(grad div @ — curlrot @) = ( ’{BT () =55 =32 A > ;
™

the identity (2.24) holds in polar coordinate system in the following form:

Ny o

5 97 | = (graddivd — curlrot @) = Ad. (6.12)
Argv =13+ 33,

Using the identity (6.12) and the approximation of the divergence (6.9), rotation

(6.11) and curl (6.12), we can approximate the Stokes problem (6.1) - (6.4) as

follows:

—

<j§: Bf)(ZHé) (6.13)

where By, corresponds to the negative divergence operator and A}, corresponds to
the negative Laplace operator, i.e. the left side of the identity (6.12) and is the
following:

~(Anin)is = 5 (5 (Wi = (i) +

Tit1 i
+ (s — 0 + (6.14)
+ h:r? ((ugp)ijr1 — (uep)iys)
= iz (s = ()i
—(Apy)ij = h%(%((?v)?)iﬂ,j - Till ((FU)F)i,j) +
+ %(Till (U )i-1,541 — %(Uso)i,jJrl) + (6.15)
i (s = (0)) -
o (g (i),
where i = 1,...,n, j =1,...,m and taking into account (6.6), and we used the
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following notations:

Wiy = Uij—1
(up)iyj =
hy
(vp)ig =
h,
T'U'7 R T'71U‘717'
((TU)T)ZJ — 19,9 hl (3 J’
T
B Tivij — Tim1Vi—1j
((Fe)r)ey o= PO
T

roty,.

(6.16)

We also introduce the following notation: Cj, for the matrix of the operator

For pressure vectors py, g, and velocity vectors iy, = (un,vp)?, W = (th,sn)?
the following discrete scalar products and the corresponding norms are introduced

n m
(ph7Qh)O,F,h ZZ zquTzh hc,m
Z:
Ipnll§rn = (on )
and
n m
(Phs> an)oph szj(hjrihrhgm
=1 j=1
thHg,r,h ( )0 rhs
and
n m
(Un, Wn)on = (wijtijri + vijsiiTi)hph
; jlij 3 5] ®
=1 j=1
l@nllgp == (tn,in)on
Theorem 10

(Aniin, @n)on = | Brinll§zpn + |Crtinlg i
holds for all vectors iy, := (up,vs)? € Vi
Proof.

%)

(6.17)

(6.18)

(6.19)

(6.20)



We apply partial summation to (flhﬂ'h,ﬁh)o,h:

n—1 m
~ h
- o » 2
(Aptin, tn)on = E — (rit1tiv1,y — rivig)” +
— T Ti+1y
=1 j=1
m
h
© 2
Y () + E :E : uz‘,j+1 — uij)” —
— rlhr
Jj=1 i=1 j= 1"
n m
T3 T
- > <_ (vi+1,juz’7j—vi+1,j1uz‘,j)—_—(vi,jui,j—vi,j1uz‘,j)> -
io1 = \Tit Ti
n m — —
Ti+1 T
-2 ( (i1t = Vi gig) = (Vi -1ty — Uz‘,juz‘,j)) +
i=1 j=1 v ¢
n—1 m
h
e = = 2
+ YD - (Tik1vietj = Tivig)” + (6.21)
— 7 Tl
=1 j=1
m
h
© 2
+ ) h (Frvny)® + E :E : vz‘,j+1 — i) —
— Tnlly Tih
Jj=1 i=1 j=1
n m — —
T3 T3
- D < (Wim1,j4+10ij — Ui—1,j035) — — (Ui j+10i5 — uz‘,jvz‘,j)> -
=1 j=1 \i-1 T
n m
Ti—1 T
- D :< — (Wim15vi5 = wim1,j410i5) = — (Vi — ig1vig) | -
i=1 j=1 ¢ t

Byiin||? ., may be written in the following form:
0,7,h MAY

Buinlrn = 30 (2 (i —rioauioa ) + (6.22)
Til,
i=1 j=1
h 2
+ = (i = vigo1)® (i — rieruie1,) (vig — vz‘,j—l))-
Tihcp Ti

HC’hﬁhH(Q)’r’h can be written as follows:

o hy _
IChan§,p = Z Z ( um+1 i)’ + —=(Fiy1vigr; — Tivig)” —
rih rih

=1 j=1 v
2 _ _
= (e = ) (Fivavign,y — 7“#}@;‘))- (6.23)

(2

Performing some index shifts and taking into account the periodicity in the direc-
tion ¢ and the homogeneous boundary conditions we get:

(Antin, @n)on — || Buiin|§zp — |IChiin g, = 0. @
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Remark A is a symmetric matrix in the sense of the scalar product (6.19).
This means that (6.20) can be described in matrix terms as follows:

(D Apiin, @) = (DgByiin, Bpiin) + (DaChiin, Chiiy) =
= (B} DpByiin, in) + (CL DaChitn, i), (6.24)

where (.,.) is the Euclidean scalar product and D ;, D, D ; are diagonal matrices
corresponding to (6.19), (6.17) and (6.18):

DA~ = diag (Tllmxma vy Tp— 1Im><m’F1[m><ma ---yFnIme) hrhgo’
Dy = diag (Filmxm, - Tndmxms ) hrhg, (6.25)
Ds = diag (r1lmxm, - Tnlmxms ) hrhe.

From (6.24) we obtain:
DAAh = B;{Dééh + CN';?Dééh. (6.26)
That is DAzzlh is a symmetric matrix and can be written in the following form:
DAAh =: Ay = By, + Cy, (627)

where By, = B] By, and €y, = CJC), with the notation By, = D> By,, Gy = Dl/ 26,
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6.2 Numerical results

Using the notations (6.27) our problem consists in finding the solution of the fol-
lowing algebraic system:

Apity + Bl'pn, = fa, (6.28)
Buin = gn (6.29)

We use the Uzawa-algorithm ([2]) to solve (6.28), (6.29):
(0)

p;,. = 0,
psﬂ) — pﬁf) 4 w(Bhﬁ,(f) — gn) (6.30)
i) = Ay'(fu— Blpy)

i=0,1,2,....

(6.30) can be written in the following form:

py) = 0,
pi =l w(en — Shpl) (6.31)

i=0,1,2,....

where v, = BhAgl f;; — gp and S}, is the discrete Schur complement operator,
that is Sy = EhAglﬁ,?. Since the discrete Crouzeix-Velte decomposition exists,
using the Uzawa-algorithm we can reach the third Crouzeix-Velte subspace after 1
step, if po = 0 ([23]). In this subspace the spectrum of the Schur complement is
closer, and the algorithm shows effective convergence. We introduce the following
notations: the optimal iteration parameter is w, := 2/(A;, + Ay), where );, and
Ap, are the smallest and the largest of the eigenvalues different from 0 and 1 of the
discrete Schur complement; and w = 2 is the optimal iteration parameter for the
undiscretized Uzawa-algorithm, see (|23]). Table 1 shows the values of the optimal
iteration parameter (w ) and the smallest and largest cigenvalues (A, Ap)-

Table 1
n=m 5 10 20 40 60
Ay, 0.5133234 0.5036472 0.5009311 0.5002340 0.5001041
A 0.5248821 0.5188427 0.5154488 0.5138629 0.5133509
w(’jpt 1.926401 1.95601 1.967768  1.972198 1.973447

In a first numerical experiment in (6.28), (6.29) we took random values for the
exact solution pj, which was projected to the orthogonal complement of the kernel
of E;{ Here 1, was calculated as vy, := Sppp. After i = 1,2 initial steps with
w = 1, the optimal parameters have been taken. In Table 2 <i;w§pt> means the
number of iterations (including the initial steps using w = 1 iteration parameter)
in the case of 7 initial steps and after that iterations with w(fjpt. (1;w = 2) means the
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number of iterations in the case of ¢ initial steps followed by iterations with w = 2.
For comparison we show the number of iterations in the case of w = 1 iteration
parameter in all steps - which is in widespread use - denoted by (1;w =1). The
numerical convergence rate ¢ := (|| ||/[|e(®|)¥/* is also shown, where e(®) is the
initial pressure error and e(®) is the final error after it iterations. The stopping
criterion is that the initial pressure error in the Euclidean norm has been reduced
by a factor of 107°. The numerical experiments showed that in the inner iteration
(in the conjugate gradient method, for details see below) it is necessary to use a
stronger stopping criterion: that the initial error in the Euclidean norm has been
decreased at least by a factor of 1076, (If in the outer iteration the initial pressure
error is reduced by a factor of 107!0 than in the inner iteration it is necessary to
decrease the initial error at least by a factor of 1071L.)

Table 2

n=m 5 10 20 40 60
(Lw=1)| 14 15 16 17 17

q 0.4179 0.4172 0.4131 0.4166 0.4129
(1wl ) 4 4 4 4 4

q 0.0056 0.0057 0.0046 0.0041 0.0041
(Liw=2) 5 4 4 4 4

q 0.0291 0.0138 0.0105 0.0090 0.0083
(2wl 4 5 5 5 5

q 0.0029 0.0044 0.0041 0.0034 0.0032
(2,0 =2) 5 5 5 5 5

q 0.0144 0.0106 0.0090 0.0074 0.0067

In the second numerical experiment, an algebraic Stokes problem with known
solution has been generated. (The exact solution is: Ueyqer = 7 COS p + 21 sin ¢ + 3,
Vegact = 4rcosp — rsing + 2 and pegeer = 21 cose. In this case div(u,v) = 0
and the solvability condition of (6.28), (6.29) - the discrete equivalent of (6.5) -
is satisfied.) The number of outer iterations and the numerical convergence rate
are shown in Table 3 depending on the iteration parameter. Here, iteration was
stopped if the initial pressure error had been reduced by a factor of 107, In the
inner iteration the initial error in the Fuclidean norm has been decreased by a
factor of 1077,
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Table 3

n=m 5 10 20 40 60 80
Lw=1)] 21 22 23 24 25 25

q 0.4693 0.5022 0.5606 0.5784 0.6354 0.6143
(1wl 5 5 5 5 5 -

q 0.0341  0.0690 0.0742 0.0932 0.0110 -
(Lw=2)[ 5 4 4 4 3 3

q 0.0342 0.0283 0.0312 0.0422 0.0043 0.00731
<2§ngt> 5 6 6 6 6 -

q 0.0112  0.0690 0.0742 0.0932 0.0092 -
Zw=2)[ 6 5 5 4 4 4

q 0.0341 0.0283 0.0312 0.0087 0.0043 0.0073

Because of the large amount of memory needed, ngt

case of n = m = 80. Let us point out that, the speed of convergence is growing
together with the refinement of the grid - except when w = 1 in all steps.

Instead of the calculation of Agl in (6.30) we investigated two solutions. In
the first case we used the fast Fourier transformation in combination with the
preconditioned conjugate gradient method and in the second case we used the
multigrid method.

was not calculated in the

6.2.1 Fourier transformation and conjugate gradient method

For calculation of A;l with Fourier transformation and the conjugate gradient
method, let us introduce the following notations:

Ph,F = QnPh, (6.32)
By p = Q) BrQan—1,

Upp = Q5 i,
Apr = Q31 AnQan-1,
where i, the matrix of the Fourier transformation, is a block-diagonal matrix

with & blocks @ = (g;1)7}—; and g;; = \/1/m eheli. Now, instead of (6.30), the
following iteration for the transformed variables can be used:

fr = Qbuifa.  gnr=Qhgn, (FFT) (6.33)
© ._
ph7)F T 07
S}l) p;f?F + W(BMF’JS,)F — gh7p) (6.34)
Anp @y Fir — B gy (6.35)
i=0,1,2,....
p, Q2n—1Un,F, ph = Qnpr,r, (IFFT).  (6.36)
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Observe that in a cartesian coordinate system, Aj, r would be block-diagonal with
tridiagonal blocks. In our case of polar coordinates, however, A;,  has 7 nonzero di-
agonals, the main diagonal, the £m-th, the £(m—1)*n-th and the £(m—1)*n+m-
th diagonal (using the Matlab notation). To solve (6.35) approximately in an inner
iteration, the preconditioned conjugate gradient method was used combined with
incomplete Gauss-elimination. (Additional diagonals were not used in the incom-
plete Gauss-elimination. This version is sometimes called ILU(0).) In the numerical
experiments several ILU(0)-type preconditioning matrices fitting to the structure
of Aj p were investigated and T, was found to be the optimal preconditioner
from the 5 preconditioners considered, resulting in the fastest convergence with
few number of iterations.

Topt 1s a tridiagonal matrix consisting of the main diagonal and the m-th and
—m-th diagonal of Aj p. In the previous numerical experiments, this precondition-
ing matrix was used.

Table 4 displays the number of inner iterations needed to reach the stopping
criterion of the conjugate gradient method, in that the initial error in the Euclidean
norm has been decreased by a factor of 107%. In the table T, opt Shows that the matrix
Topt was used as the preconditioning matrix.

The unpreconditioned conjugate gradient method is denoted by T' = I.

For comparison we show the number of iterations with three further precondi-
tioning matrices:

Tp contains only the main diagonal of Aj F,

T, is a tridiagonal matrix consisting of the main diagonal and the (m—1)%n+m-
th and —((m — 1) * n 4+ m)-th diagonal of A}, r and

T, is a pentadiagonal matrix with the main diagonal and the +m-th and
+(m — 1) * n + m-th diagonal of Ay, p.

Table 4
n=m/| 5 10 20 50 100 200 500 640

Topt 9 12 12 12 8 5 5 4
T=1 125 59 76 197 362 - - -
o 19 39 72 106 125 - - -
T. 19 39 72 107 125 - - -
Ter 7 8 8 8 5 3 2 2

Because of the large amount of computational time needed, the preconditioning
matrices: T = I, Tp and T, were not used in the case of n = m > 200.

In Table 5 we show the computational time of the conjugate gradient method
(inner iteration) to reach our stopping criterion 1074, and the necessary additional
memory for the incomplete Gauss-elimination using the different preconditioning
matrices and n = m = 50.
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Table 5

n =m = 50 | computational time (s) additional memory needed (byte)
Topt 32.3 2400

T=1 202.7 -

Tp 163.9 800

T, 326.5 2400

T 63.9 4000

The full computational time of the second numerical experiment in the case of
(I;w =2) and n = m = 50 is the following: the time of the FFT and IFFT and
the calculation of 1, are altogether 25,2 s and the full time of the outer iteration
(see (6.34), max; = 3) is 121.1 s. Here the stopping criterion of the inner iteration
is 10~ and the stopping criterion of the outer iteration is 1073 and we used Topt
as the preconditioning matrix.

6.2.2 Multigrid method

Instead of the use of fast Fourier transformation in combination with the precondi-
tioned conjugate gradient method , we can apply the multigrid method for solving

4@ = (fn— B =5, (6.37)

1:0,1,2,....

in the Uzawa algorithm (6.30), where by, = (b;lu), b;lv)).

We define a coarse and a fine grid on the ©Q domain (wy and wp) and we

approximate u( ) on the fine grid. The well-known algorithm of the two-grid method
is the followmg (see [16], [27]):

gﬁo) given initial iterate of u( )

g}(}j) — S;’f(Ah,gh)ﬁgj)
A A

application of vy pre-smoothing iterations to gj@' )

calculation of the defect

_( )= RH _(J ) restriction of the defect,
R is the restriction operator
_'(J )= = Ay ! _(j ) solution of the coarse-grid equation
_’(]) = Ph (j) interpolation of w(j)
PH is the prolongation operator
gj’(jH) gj’(hj) + wéj) correction of
gj’gjﬂ) S"Q(A b )_’(]H) application of 9 post-smoothing iterations to yfjﬂ)
J=0,12,
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In our case for the coarse grid the unit circle is subdivided by an equidistant
r, p-grid into n*m cells. For the fine grid, the unit circle is subdivided into 2n*2m
cells. This grid is also equidistant and every second grid lines fit to the grid lines
of the coarse grid. To use the two-grid and later the multigrid method we need to
define the restriction from the fine to the coarse grid and the method of prolongation
that prescribes the interpolation from the coarse to the fine grid. We remark that
in the case of staggered grid approximation the u and v-values on the coarse grid
do not fit to the fine grid.

We used the following weighted restriction: let ulH] denote a value of the u

H

ij

H
ij
weights of these u-values are i. Moreover 4 u-values are on the radii 7; and 71|
of the coarse grid, their weights are %. That is

velocity component on the coarse grid. To calculate w;; we use 6 u-values on the

fine grid. 2 w-values are on the same radius r; where u;; is, adjacent to ug . The

UZH] = Z(U2i,2j + ugi2j-1) +
1
+ g(u2i—1,2j + U2i—1,2j—1 + U2i+1,2§ + U2i41,2j—1)- (6.38)

where u; ; is a value of the u velocity component on the fine grid, see the blue

points in Figure 3, where the bold lines denote the grid lines of the coarse grid.
Similarly, for calculation of vg on the coarse grid we also take into account 6
v-values on the fine grid. 2 v-values are on the same grid line according to ¢ where
vg is, adjacent to vg . Their weights are i. And 4 v-values are on the next grid
lines according to ¢ of the fine grid (these grid lines do not appear as a line of the

coarse grid). Their weights are %. That is

1
vg = Z(vgi,gj + v2i—1,25) +
1
+ g(v2i,2j—1 + v2i—1,2j—1 + V2i2j4+1 + V2i-1,2j+1)- (6.39)

where v; ; denotes a value of the v velocity component on the fine grid, see also the

red points in Figure 3, where we used the notation 4’, j' instead of 7 and j.

Let RhH be the matrix of the restriction operator. It is a rectangular Ny x Np,
matrix, where Ny = (n — 1) *m+n*m and N, = (2n — 1) * 2m + 2n % 2m. E.g.
if n =m = 2 then R}’ will be the following:

11 22 11
11 22 11
1 21 121 1
3 121 121
21 121 1
121 121
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Figure 3: Restriction on the unit disk

The most difficult task was to find a good interpolation for the two-grid
(or multigrid) method. The reason of the difficulties is the singularity in the
centre of the disk which causes big oscillations of the defect on the innermost
circles, see Figure 4 and Figure 5 (here the number of grid lines on the fine
grid are 2n = 2m = 32).

For finite different-based multigrid, a general formula for interpolation is
the following [stoyan, personal communication]|:

Py = (Di Ry (D))"

where Dg is the diagonal matrix (6.24) corresponding to the scalar product
(6.19) on the coarse grid and D% is the same diagonal matrix on the fine
grid, R is the matrix of the restriction operator. The numerical experiments
showed that the multigrid method is non convergent using this interpolation
if the refinement of the grid is large (n = m > 64). We found that the
multigrid method is convergent with the interpolation:

Pl =c (Dg R (D’;i)*l)T, (6.40)

where 0 < ¢ < 1 constant. Choosing appropriate values of ¢, we have mini-
mized the norm of the final error after 30 full iteration steps of the multigrid
method. We used the Matlab fmins function for the minimization. The result
of the minimization see later, in Table 6.
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u component of the defect on the fine grid before post smoothing

60

40

Defect: r=Au-b
i

Figure 4: Oscillation of the defect related to the u velocity component

Moreover, for the two-grid (or multigrid) method we will also need a
smoothing iteration. For the often used damped Jacobi iteration we can
estimate the optimal smoothing iteration parameter:

Theorem 11 The optimal iteration parameter of damped Jacobi iteration
is approximately

121202
W R
30h% + 54h,. + 35h.h,

(6.41)

where h, :=1/n and h, := 1/m.
Proof. We choose the w iteration parameter from the following require-

ment:
1>1-— W)\Nl = —(1 — W)‘Nh) > —1 (642)

where Ay, is the Ny +1 =: N;th eigenvalue and Ay, := A4z is the Njth
eigenvalue of A;,. Here Np is the number of points of the coarse wy grid and
N}, is the number of points of the fine grid wy,.

From (6.42) we get:
2

w=—": 6.43
AN, + An, ( )

The Ay, and Ay, eigenvalues can be estimated by the maximum norm:

AN, 2 || Anllown)s

Avi & Avg & [ An e,
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v component of the defect on the fine grid before post smoothing

50

Defect: r=Au-b

Figure 5: Oscillation of the defect related to the v velocity component

where Ay, is the largest of the eigenvalues of Ay.
From (6.14), (6.15) and (6.25), (6.27) we get:

2 2
T T 2 TiT5
= R 1 7 1l i+1
(Antin)ij = Rl I RS W
hrTi thTZ' hrT'l'+1

h27Ti1
TiTi—1 1
9— 1—1,7 B 1,7+ 1,7
hrTi h¢Ti

+ i LI ) +
— Vij — Vi j—
hehoTi  hehgri ) 27 7

T Tit1
- 1 — Vst 1), 6.44
+ < hrhgTH»l + hrh¢ri) (U +1,5 v +1,5 1) ( )

T T 2 TiTit1
(Antp)ij = — + —— + Vij — ——Vit1,j —
J — ij i+1,j

h%’l“i_l h%’l“Z h?o?“l h%’l“Z

TiTi-1 "
i-15 — 732
h%’l“i_l h2T‘

+ i LI ) +
hehgTi  hehgri) 0

Ti Ti—1
B i—1j41 — Win1j)s 6.45
o () b,

(Uz‘,j+1 + Ui,j—l) +

wheret=1,...,2n, j=1,...,2m.

From (6.44) and (6.45) the maximum norm of A, can be estimated in the
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following form:

r? r2 TiTq Ti—1Tj
|Allown < maz | (2 + 2 4 50 g moan)

Tit1 T Tit1l T

2 -2 =2 .2
+ 4 + 2 T +Ti+1 i) .
h2r; hrhg; T4 TiTi41 )

— _2 R - -
A (T T T | TiaT
h$<n+ + Dl 4 >+

Ti—1 T Ti—1

=2 2 2

7‘.2—7‘. Fi _Ti—
+h§?i + hr2h¢ ( 27‘1'?1'1 + Ti_1Fi1> :| : (646)

Since r; = th, and 7; = (i — %)hr, the following estimations can be proved:

At S UV N et
il 1hi+1 Z(Z 2) (Z+ 2)2

1 1

1— 5 1+ 7 7

< (, ;*)+ , ;*)g— (6.47)
(Z — 5) 1+ 5) 3
and

7’1'2 7“1-2 TiTi41 Ti—1Ti __
Fiv1 | T Tyl R

1N 1 . i— LV (i—1)(i+ L
ihr (z(z—§)+l(z+§)+(l+1)(l 3)+( 1)(+2)> §4’ (648)

(i+3)G—13
using that ¢h, < 1 and

(I+3)2i—1)+(—35)(2i+1)
(i+3)(—3)

Moreover

and

T, T, T Ti1T; 41 — 61 + 2
T T TiTir1 | TioiT —ihr(z 1+ )§4'

i(ti—1)



From (6.47) - (6.50) we obtain:

4 4 14 12h2 +24h,+14hrhe

Since on the coarse grid the grid spacings are: H, := 2h, and H, := 2h,,,
from (6.51) we can estimate the maximum norm of Ay in the following way:

12H24+24H,+14H, H, 6h2 +6h,+Th,h
® L ® A Tty
[Aullcwn) < SHET = = (6.52)

From (6.43),(6.51) and (6.52) we can calculate the optimal iteration pa-
rameter, w.

Remark The convergence rate (g) of the smoothing Jacobi iteration with
the optimal w parameter is estimated as follows:

3< )\N _)\NH_l_/\Nh<7
577 Ay, + A Avg = 9’
N, T ANy 1—|—)\—H
Np,

since
1wy _ 6h7 4 6h, + Thyhy, L,
8= A, 24h2 +48h, + 28h,h, — 4
Figure 6 shows the norm of the defect, ||74|lcw, = llbn — Arynllc@wn),

on the fine grid after one full step of the two-grid method. Here and in the
followmg numerical experiments bh = ( fh B pevact), where pegaer = 27 cos o,
fh = 0, as it was described in the second numerical experiment related to
the Uzawa-algorithm. The pre- and post smoothing iteration is damped
Jacobi iteration with variable iteration parameter w. The number of Jacobi
iterations is 20, that is v; = vy = 20, for the fine grid the domain is subdivided
into 128*128 cells. The optimal iteration parameter calculated by (6.41) is
3.477 % 1075, The figure displays that the norm of the defect is really almost
the smallest using the calculated optimal iteration parameter. It is displayed
also that the two-grid method is not convergent in this case if the iteration
parameter is greater than 4.5 x 107°.
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n=m=128 Szamitott optimalis omega = 3.476905e-006
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Figure 6: Investigation of the optimal iteration parameter of the damped
Jacobi iteration

In the numerical experiments the damped Jacobi iteration with the opti-
mal parameter w and the Gauss-Seidel iteration were investigated and com-
pared as smoothing iteration and Gauss-Seidel iteration was found to be the
better one, resulting into faster convergence and smoothing with the same
number of iterations. To smooth faster the oscillations in the centre of the
disk we combined the Gauss-Seidel iteration with a block-Gauss-Seidel step:
we calculated the velocity values on the innermost circle exactly using the al-
ready calculated (approximate) values on the neighbouring circle for it. If we
calculate the values exactly on the innermost circle, using (6.44) and (6.45)
we have to solve the following equation system:

. r? r? 2 1
(Anun); = h275 " h27, N h2ry e hQ—H(ULjH ) ¥
T r ¢ ¢

r1 B
+ - Vi — Vo) =
<hrhﬁ1 hrhq,n)( 1j = U1,-1)
T T9

- (u r o (u)
= b (1,5)™ + 127, 2 (— T + hrhwﬁ) (Vo — va-1) = [
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y 72 2 1
A T _ , -
( hvh)j <h%7“1 + hgfl) V1,5 h27 (Ul,j-i-l + V1,5 1) +

o1
T 71 -

- (hrhjl hrh¢r1) (1 = t51) =

_ Ao o T2 )

= b(1, )" + B2y V2 Jnj

Here A}, is a matrix of dimension 4m on the fine grid (2m on the coarse
grid) in contrast to the dimension of A, which is N}, = (2n—1)*2m+2n*2m
on the fine grid (Ng = (n — 1) * m + n * m on the coarse grid).

On Figure 7 we compared the decrease of the defect during the post-
smoothing, using different type of iterations. Here we applied not the two-
grid, but the multi-grid method (see: [27], [16]), with three levels and the
defect was investigated on the highest level, after one full step of the multi-
grid method. On the figure the dotted line signs the norm of the defect
using the Jacobi-iteration with optimal parameter w, the solid line shows
the Gauss-Seidel iteration and the dashdot shows one step with Gauss-Seidel
and one block-Gauss-Seidel step on the innermost circle, in turns. The figure
displays that the Gauss-Seidel iteration resulted faster convergence (together
with smoothing) as the Jacobi iteration, moreover the Gauss-Seidel iteration
is faster when combined with block-Gauss-Seidel steps. The numerical ex-
periments showed that it is enough to have only one block-Gauss-Seidel step
after the first Gauss-Seidel iteration step for the faster convergence.

Table 6 displays the number of full iteration steps of the multigrid method
(the number of 1) needed to reach the stopping criterion, that the initial error
of the solution of (6.37) in the Euclidean norm be decreased by a factor of
10~*, where the initial error is e© := 7© — A5, (nc means that the
iteration is not convergent).

In the table it.type = J shows that the smoothing iteration was the
damped Jacobi-iteration with the calculated optimal iteration parameter w; if
it.type = G.S than the Gauss-Seidel iteration was used as smoothing iteration
and finally it.type = GS + BGS means that the Gauss-Seidel iteration was
combined with a block-Gauss-Seidel step.

Minimizing the final error, e = ¢B% after u = 30 full iteration steps,
we calculated the optimal constant ¢ in (6.40). Table 6 displays the value of
the optimal ¢ depending on the refinement of the grid, if the method is the
two-grid method and the smoothing iteration is the Gauss-Seidel iteration
combined with a block-Gauss-Seidel step denoted by cfpf . We calculated
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Figure 7: Comparison of the post-smoothing iterations

the optimal constant ¢ in the case, if the method is the two-grid method
and the smoothing iteration is the Jacobi iteration as well, this constant is
denoted by cgpt. (The optimal constant was not calculated with the other
smoothing iterations and other number of the levels of the multigrid method.
Some numerical experiments showed that it does not cause relevant difference
in the number of iteration steps needed to reach the stopping criterion.)
For comparison in the last two rows of the table we display the number of
iterations needed in the cases of ¢ = 0.5 and ¢ = 1. Moreover [,,,,, shows the
number of the levels of the multigrid method and vy = v = 5 is the number
of the pre- and post-smoothing iterations. We used the W-cycle multigrid
iteration - which proved to be faster -, but for comparison, in the last column
of the table the results calculated by V-cycle iteration are shown, in the case
of n =m = 128.

The results show that the Gauss-Seidel iteration combined with block
Gauss-Seidel iteration - as smoothing iteration - is the most effective: the
multigrid method using this iteration is on average 5-8 times faster than using
the Gauss-Seidel iteration and this advantage is growing with the refinement
of the grid. The less effective smoothing iteration is the Jacobi iteration,
it results on average three times slower convergence than the Gauss-Seidel
iteration.
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Table 6

n=m E 16 32 64 128 | 128
S 0.9900 0.9400 0.7844 0.6879 0.6225
lnax it.type

2 GS 10 14 27 82 300 | 300
2 GS+BGS 5 7 9 11 24 24
3 GS - 14 37 105 382 | nc
3 GS+BGS - 7 10 14 25 27
4 GS - - 45 123 426 | nc
4 GS+BGS - - 10 15 26 44
o 0.6800 0.5779 0.6450 0.6531 -

lnax it.type

2 J 25 32 76 234 -
c=10.5

2 J 30 34 85 238 -

2 GS+BGS 8 13 15 16 25

c=1

2 J nc nc nc nc nc

2 GS+BGS 5 7 12 nc nc

In Table 7 we show the number of iterations and the computational time
of the multigrid method to reach our stopping criterion 10~* using different
smoothing iterations with their optimal constant c,,; and different levels of

the multigrid method, n = m = 48.

Table 7
n=m = 48
Imaz it.type number of it. comp. time (s)
2 GS 64 385.6
2 GS+BGS 11 59.2
2 J 148 1423.6
3 GS 64 570.4
3 GS+BGS 14 99.6
3 J 170 2668.4
4 GS 76 767.1
4 GS+BGS 15 117.9
4 J 203 3101.1

The computational time of the multigrid method with Gauss-Seidel itera-
tion combined with a block Gauss-Seidel step in the case of n = m = 50,14 =
vy = 3 is 65.3s. Comparing it with the conjugate gradient method, it seems
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that the multigrid method is a bit slower than the conjugate gradient method
with the optimal preconditioning matrix, T,,: (57.4s together with FFT and
IFFT), but it is faster than the conjugate gradient method with the second
best preconditioning matrix, 7. (89.1s), and substantially faster than the
conjugate gradient method with other preconditioning matrices.
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7 Summary

In our dissertation we dealt with the numerical solution of the Stokes prob-
lem. First we described the Stokes problem in a cartesian coordinate system
and introduced the analytical, the algebraic and the discrete Crouzeix-Velte
decompositions.

After that the first order staggered grid approximation was investigated in
2D case, on a non-equidistant rectangular grid, with homogeneous Dirichlet
boundary conditions, using finite difference- and finite volume methods. In
these cases we gave the conditions of the existence of the discrete Crouzeix-
Velte decomposition. These results are for domains composed of rectangles.
We showed with numerical experiments - using the approximation based on
the finite volume method - that both the Uzawa-type and the conjugate
gradient-type methods are faster on such grids which are condensing in the
center and coarser near the boundary of the domain.

Afterwards we considered the second order staggered grid approximation
on an equdistant grid in the unit square using finite difference method, where
the boundary conditions were homogeneous Dirichlet boundary conditions.
We proved that in this case the Crouzeix-Velte decomposition exists not for
the matrix of the negative Laplace operator but for an analogous matrix,
which hence can be advantageous as a preconditional matrix.

Then we proved the existence of the Crouzeix-Velte decomposition in
the case of special non-standard and periodical boundary conditions: in the
first case the Crouzeix-Velte decomposition exists using both first and second
order staggered grid approximations, in the second case this decomposition
exists using only first order approximation. We generalized our results to the
3D case as well.

Finally we described the Stokes problem in a polar coordinate system and
the existence of the discrete Crouzeix-Velte decomposition for the unit disk
was proved in the case of second order staggered grid approximation.

The numerical experiments proved that the approximation giving rise to a
discrete Crouzeix—Velte decomposition leads to effectively solvable systems of
algebraic equations using the Uzawa algorithm. To solve the discrete Poisson
equations on the unit disk, the conjugate gradient method and the multigrid
method was applied and in the first case the most effective preconditioning

matrix, in the second case the most efficient smoothing iteration was also
described.
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8 Osszefoglalas

Disszertacionkban a Stokes feladat numerikus megoldasaval foglalkoztunk.
Bevezetésként bemutattuk a Stokes feladatot Descartes-féle koordinata rend-
szerben és definidltuk az analitikus-, az algebrai- és a diszkrét Crouzeix-Velte
-féle felbontés fogalmat.

Els6ként els6rendid approximéciokat vizsgaltunk két dimenzios esetben
az eltolt racsrendszeren, nemekvidisztans racsot figyelembe véve, homogén
Dirichlet peremfeltételek mellett. Hasznaltunk véges differencia- és véges tér-
fogat approximaciokat is. A vizsgélt esetekben megadtuk a diszkrét Crouzeix-
Velte -féle felbontas létezésének feltételeit. Ezek az eredmények kiterjeszt-
hetsk téglalapokbol Gsszedllitott tartomanyok esetére is. Numerikus kisér-
letekkel igazoltuk - véges térfogat modszert hasznalva-, hogy mind az Uzawa-
tipusi, mind a konjugélt gradiens tipust modszerek gyorsabbak az olyan ne-
mekvidisztans racsokon, melyek stiriibbek a tartomény belseje felé haladva
és ritkabbak a perem kozelében.

Ezutan mésodrendd approximaciot vizsgaltunk ekvidisztans racson, egy-
ségnégyzet tartoméanyban, véges differencia modszert alkalmazva, homogén
Dirichlet peremfeltétel mellett. Bizonyitottuk, hogy ebben az esetben a
Crouzeix-Velte -féle felbontas nem a negativ Laplace-operatorra vonatkozoan
létezik, hanem egy hozza hasonlo (t6le csak a perempontokban eltérd) mat-
rixra vonatkozoan, amely matrix ilyen médon elényos szerepet jatszhat, mint
prekondicionald méatrix.

A tovabbiakban specialis nemstandard valamint periodikus peremfeltéte-
leket vizsgaltunk és bizonyitottuk ezek esetén a diszkrét Crouzeix-Velte -féle
felbontas létezését: a nemstandard peremfeltételek esetén a Crouzeix-Velte
-féle felbontas mind elsG-, mind mésodrendi approximdci6 esetén létezik,
mig periodikus peremfeltételeket figyelembe véve a felbontas létezése csak
elsérendii approximacio esetén bizonyithato.

Eredményeinket altalanositottuk harom dimenziés tartomany esetére is.

Végiil definialtuk a Stokes feladatot polarkoordinata rendszerben és bi-
zonyitottuk a diszkrét Crouzeix-Velte -féle felbontas 1étezését egységkor tar-
tomanyon, az eltolt racsrendszerre illeszkedd masodrendii véges differencia
approximéicio esetén.

Szamos numerikus kisérletet végeztiink, amelyek igazoltak, hogy a diszk-
rét Crouzeix-Velte -féle felbontast eredményezé approximécio Uzawa — al-
goritmussal hatékonyan megoldhaté egyenletrendszerhez vezet. A diszkrét
Poisson egyenlet megoldéasara az egységkoron két modszert is alkalmaztunk:
egyrészt a konjugdlt gradiens modszert, melynek esetén meghataroztuk a
leghatékonyabban miik6dé prekondicionélé matrixot; masrészt a tobbracsos
modszert, melynek esetén kiilonb6z6 simit6 iteraciokat hasonlitottunk 6ssze
és mutattuk be a leghatékonyabbat.
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