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1 Abstract

In our dissertation the staggered grid approximation of the Stokes problem
on several special domains and with different boundary conditions is investi-
gated, using finite difference and box methods. (for finite element method see:
Girault-Raviart, 1986) We deal with methods where the discrete Crouzeix-
Velte decomposition (see: Stoyan-Strauber-Baran, 2004; or Subsection 1.2.)
exists: we prove the existence of this decomposition and show numerical
results to prove the effectiveness of these discretizations.

1.1 The Stokes problem

In our dissertation we consider at first the following first-kind Stokes problem
in a cartesian coordinate system:

—Aii+gradp = f, inQ, (1.1)
divi = 0, in Q, (1.2)

where ) C IR", n = 2,3 is a bounded, simply-connected open domain, with
Lipschitz — continuous boundary 02, and

i(x) = (@), ... un(2))", fl@) = (A@),..., fal@),
defined for z = (z1,...,2,) € . On the boundary, homogeneous Dirichlet
boundary conditions are imposed:

=0, on 9. (1.3)

The problem consists in finding a vector-function (z) and a scalar func-
tion p(z) that satisfy the system of partial differential equations above. The
function @ is the velocity of fluid and p is the (kinematic) pressure. For a
constant also appearing in the first equation, the kinematic viscosity, we have
chosen the value 1. Finally, f describes accelerations caused by an external
force field, and the boundary conditions mean that the walls are impermeable
and at rest.

A unique weak solution ¥ € V and p € P exists when, for example,
F e (Ly(Q)", (see, e.g.,Varnhorn,1994), where P := Ly 0(€2) is the subspace
of Ly(€2) of square integrable functions with zero integral over Q , with the
Hilbert space

La() = {616, 8) < 00}, (6,4) = /Q o0

and where V := (Hg())™ is the well-known Sobolev space, with generalized
derivatives in (Ly(€2))" and with zero boundary values in the sense of traces
on the boundary 0f).



1.2 The Crouzeix—Velte decomposition

For an n > 2, let (+,-) denote the Euclidean scalar product in IR", moreover,
let A, B,C € IR™™" be matrices satisfying

A = B+C, (1.4)

A = AT >0, (1.5)

B=B">0 , Cc=C">0, (1.6)

d:=dimkerB>1 |, p:=dimkerC > 1. (1.7)

Then, with a suitable subspace W C IR" (which may turn out to be empty)
and with orthogonality to be understood in the sense of the scalar product

(A-,-), the following orthogonal decomposition of IR" can be derived:
R" =kerB®kerC ¢ W. (1.8)

This decomposition is called the algebraic Crouzeix—Velte decomposition
of IR". (The definition of the analytical Crouzeix—Velte decomposition is
described in the dissertation.)

For the eigenvalues \; of the generalized eigenvalue problem

Mz = Bz (1.9)
we have
Ai € [0, 1] for all 4 (1.10)

and also using the eigenvectors z(, the subspaces in (1.8) can be char-
acterized as follows:

ker B = span(z¥,\; = 0),
ker C = span(z®, N\ =1),
W = span(z®,\; € (0,1)).

We can use the following correspondences connected with the matrices in
(1.4):
A~ —A, B~ —graddiv, C ~ curlrot,

where A is the (vector) Laplace operator and where the sign ~ expresses
only an analogy between a differential operator and a matrix, and is not
necessarily a (good) approximation. In this sense (1.4) corresponds to the
well known identity

—A = —grad div + curl rot (1.11)
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of vector analysis.

The algebraic Crouzeix—Velte decomposition is proper in case dim W =
n—9—p>0.

In the discrete case, the velocity space (which approximates (H'(Q))" or

a subspace of the latter) will be denoted by Vh, the pressure space will be
denoted by Py, and div, and rot;, will be written for the discrete equivalents
of the divergence and rotation operator, A, will denote the discrete Laplace
operator. The matrix corresponding to the mapping — div,, from the velocity
space into the pressure space is denoted by B;, and we introduce the following
notations: C’h for the matrix of the operator rot;, and Aj, for the matrix of
the operator —A,,. If Ay, By, C), matrices satisty the following:

Ap = B+ Gy,

A, = AT >0, (1.12)
where B, = BI' B, and C, = CTC), and ker By, # () and ker Cy, # ), then a
discrete Crouzeix-Velte decomposition exists and (1.8) takes the form

Vi, = ker divy, @ ker rot;, W = Vh70 D Vh71 D Vhﬁ.
Py, is decomposed similarly into three orthogonal subspaces:
Ph = ker gradh @D dth ker rot, @ dth Vhﬁ = Ph,g D Ph71 @D Phﬁ.

After discretization by the finite element or finite difference methods, the
Stokes problem takes the following form:

(&%) ()-(0) ws

With these matrices (1.9) corresponds to
AAnTy = Bpiy,

which is transformed by pj, := thh into

AnPh = Shpn,

where Sy, is the discrete Schur complement operator of the Stokes problem,
Sy, = BhA,;lB,:lF. If the discrete Crouzeix-Velte decomposition exists then
An € [0, 1].

In our dissertation we deal with approximations of the Stokes problem on
several domains, where the discrete Crouzeix-Velte decomposition exists. In



this case in the spectrum of the discrete Schur complement operator, there
is an eigenvalue 1 of high multiplicity (of the order of inner grid points).
Then, the error components lying in the eigensubspace corresponding to this
eigenvalue can be removed by one step of a simple damped Jacobi iteration
or Uzawa-algorithm. The remaining error lies in an eigensubspace of much
smaller dimension connected only with boundary effects. Moreover, the con-
jugate gradient iteration automatically takes advantage of such a spectrum
and converges faster than for discrete spaces without a decomposition: as it
is proved by the numerical results.

In our dissertation the following methods are used: finite difference and
box methods for approximation of Stokes-problem, and Uzawa-algorithm (as
outer iteration) in the numerical experiments, moreover the conjugate gra-
dient method (as inner iteration) with an effective preconditioning matrix
and FFT algorithm and alternatively multigrid method solving the discrete
Poisson equations.

2 Results

2.1 First order staggered grid approximation on non-
equidistant rectangular grids

First we consider the well-known staggered-grid approximation where € is a
rectangle subdivided by a non-equidistant grid into (n — 1)(m — 1) rectan-
gular cells. The boundary conditions are homogeneous Dirichlet boundary
conditions.

For pressure vectors p;, and velocity vectors @, = (uy,v;)? suitable dis-
crete scalar products and the corresponding norms are introduced. Using
these scalar products and norms the following Theorem is proved, with the
notations Ay, By, Cy, for the matrices of the operators —A,, — divy, ill roty:

Theorem 1
(Apin, @n)os = || Bainll§ s + |Chtially ; (2.1)
holds for all vectors @), := (un,vp)? € V, if and only if

hii—1/2 + hiigs)e
2

haj—1/2 + hojy3/2

and h2,j+1/2 = 9

P12 =



Remark 1.

It is proved that dim(Vyg) = (n—2)2, dim(Vj1) = (n—3)? and dim(V}, 5) =
4n — 9, where n denotes the number of grid points (including corner points)
along a side of the square. o

Remark 2.
We prove that Aj, is symmetric in the sense of the scalar product (i, U)o
above, and the following equation holds:

DjA;, = B?;DBBh + é}?Dcéh, (2.2)

where Dy, D, D¢ are diagonal matrices corresponding to the adequate norms.
That is R
DAAh = Ah = Bh + Ch, (23)

where B, = BTB és C), = CTC with the notations: B = D}B/QB;L,CA’ =
1/2 ~
DC Ch. [ ]

Remark 3.

We prove that DjA, = flh matrix is positive definite, that is flh >
0. Together with remark 1 and 2, it means that a proper Crouzeix—Velte
decomposition of the velocity and the pressure space into three nontrivial
parts exists, if n >3 o

2.2 First order staggered grid approximation based on
the finite volume (box) method on non-equidistant
rectangular grids

Then we apply finite volume method on the staggered grid, where € is also
a rectangle subdivided by a non-equidistant grid into (n — 1)(m — 1) rectan-
gular cells. The boundary conditions are homogeneous Dirichlet boundary
conditions.

We prove that using this approximation, the discrete Crouzeix—Velte de-
composition exists, if n > 3, without any restriction of grid spacing.

Remark

The results above (using either finite difference or finite volume methods)
hold if € is a union of rectangles such that all the boundary lines of the
different rectangles fit on the same global grid with grid spacing h; and hs.



2.3 Numericul results

We show with numerical experiments - using the staggered grid approxima-
tion based on the finite volume method - that both the Uzawa-type and the
conjugate gradient-type methods are faster on such grids which are condens-
ing in the center and coarser near the boundary of the domain. In the case
of Uzawa-type methods we determine the optimal non-equidistant grid.

2.4 Second order staggered grid approximation based
on the finite difference method on equidistant rect-
angular grids

Then we apply second order finite difference method on the staggered grid,

where {2 is a unit square subdivided by an equidistant grid. The boundary

conditions are homogeneous Dirichlet boundary conditions. After defining

the suitable approximations, discrete scalar products and the corresponding
norms, the following Theorem is proved:

Theorem For the second order staggered grid approximation,

(Aptin, @n)op — || Bptnlls, — 1CrinlG, =
n—1 n—1
= - Z 2(“?,1 + U?,nﬂ) - Q(Uij + Uifl,j)u (2.4)
=2 =2

where Aﬁ = —Aﬁ, Bﬁ = —d’L.’UE and C’E = T‘Otﬁ. [

Remark We introduce the notation flg, where

n—1 n—1
(Agtin, iy )on = (Agiln, Tn)on + Y 20uy +ul, 1)+ > 207, +v2 ).
=2 =2

Az is a symmetric positive definite matrix in the sense of the corresponding
scalar product, together with Az. Since dim(Vy) = (n — 2)?, dim(Vj) =
(n — 3)% and dim(V},5) = 4n — 9, a proper Crouzeix—Velte decomposition
exists in this case as well, for n > 3. In this case the algebraic decomposition
exists not for the matrix A;,but for flg, hence AE can be advantageous as a
preconditional matrix solving Az, = b,. e

2.5 Finite difference approximation in the case of non-
standard boundary conditions

We investigate the finite difference approximation of the Stokes problem on
the staggered grid with the following non-standard boundary conditions:



)

Uy j = Unj = Vi1 = Vip = 0, (2.5)

1<i<n—-1, 1 <7< n—1 esetén, és

(I"Oth Z_L’h)()’j = (I‘Oth ﬁh)n—l,j = (IOth ﬁh)i,l = (I"Oth ﬁh)i,n = 0, (26)

0<i<n-—1, 2<j<n-—1, where roty is defined as usual. (This boundary
condition satisfies the Lopatinski-condition.)

We show that a proper discrete Crouzeix—Velte decomposition exists in
the case of this boundary condition as well, using either first or second order
approximation. e

2.6 Finite difference approximation in the case of peri-
odical boundary conditions

As we show in this point, the results on the existence of an analytical
Crouzeix-Velte decomposition for the Stokes problem along with Dirichlet
and periodical boundary conditions carry over to the discrete case for the
staggered grid approximation.

We apply first order finite difference approximation on the staggered grid,
where () is a unit square subdivided by an equidistant grid. Periodical bound-
ary conditions are assumed on the left and right sides of the unit square:

Upj = Un—1jyUzj = Ung, 0<j<n, (2.7)
1 <9 <n.

U1,j = Un—1,4,V2,j = Un,,

On the upper and lower sides of the unit square we prescribe homogeneous
Dirichlet conditions:

Uip =uip =0, 1<1<n,
v“:vmzo, ]_SZSH—]_,

where w0, u;, are values on two additional grid lines, which the grid has
been supplemented with. We prove that a proper discrete Crouzeix—Velte
decomposition exists in this case as well. e



2.7 Approximation on a nonequidistant grid in 3D with
homogeneous Dirichlet boundary conditions
Then the well-known difference approximation on a staggered grid is consid-
ered in 3D case. In our case {2 is a rectangular parallelepipedon subdivided
by a rectangular grid into (n — 1)(m — 1)(I — 1) cells of volume hyhshg each,
hi:=1/(n—1),hy:=1/(m —1),h3 :=1/(l —1). We assume n,m,[ > 3.
First we assume homogeneous Dirichlet boundary conditions:
Utk = Unjk = Vilk = Vimk = Wij1 = Wi 1 =0,

where @, := (up, vy, wp,)T is the velocity vector and 1 <i<n—1, 1<j <
m—1, 1<k<Il-1.
We prove the existence of the discrete Crouzeix—Velte decomposition. e

2.8 Approximation on an equidistant grid in 3D with
periodical boundary conditions

Then we consider the first order staggered grid approximation on an equidis-
tant, cubic grid. On the front-back sides and on the north-south sides of the
cube we prescribe homogeneous Dirichlet conditions, and periodical bound-
ary conditions are assumed on the east-west sides. We prove the existence
of the discrete Crouzeix—Velte decomposition in this case as well. e

2.9 The Stokes problem in polar coordinates for the disk
domain
Finally let €2 be the unit disk
Q={(rnpl0<r<10<gp<2r},

and consider the following Stokes problem:

AWPU_T_Q_T_Q%_E = Ji, (2.8)
v 20u 10p

Ava_ﬁ_‘_ﬁ%_;% = f2, (29)
., 1[0 ovy\

divu = . (E(ru) + %> = 0, (2.10)

where (u,v) = @ and (fy, f2) = f and
10 3} 1 0?
Amp = ;E (TE) + ﬁﬁ_@Q
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On the boundary, homogeneous Dirichlet boundary conditions are imposed:
=10, on 0. (2.11)

The problem consists in finding a vector-function #(z) and a scalar func-
tion p(x) that satisfy the system of partial differential equations above. In
our dissertation we consider a suitable second order finite difference approxi-
mation and introduce the corresponding discrete scalar products and norms.
The following Theorem - similarly to (2.1) - is proved:

Theorem
(Aptin, @n)op = | Buitnll§ p + IChinll3 (2.12)

holds for all vectors ) = (ymvh)T € Vh, where Bj, corresponds to the
negative divergence operator, C}, corresponds to the rotation operator and A,
corresponds to the negative Laplace operator, which is in polar coordinates:

A,y — 4 20v
Al = Tt 2 0p ) o 2.13
(va—%Jf%g—Z (2.13)

Remark From the Theorem above we obtain that A, can be written in
the following form:

DAAh = Ah = Bh + Ch, (214)

where Bh = B}?Bh, Ch = é]?éh and Bh = Dléﬂéh, éh = Dé/zéh and where
Dj;, Dg, Dg are diagonal matrices corresponding to the adequate scalar
products. e

2.10 Numerical results for approximation on the unit
disk
2.10.1 Uzawa-algorithm

Using the notations (2.14) our problem consists in finding the solution of the
following algebraic system:

Apiin + Bilpy, = f (2.15)
Bhﬁh = (. (216)



We use the Uzawa-algorithm to solve (2.15), (2.16):

p =0,
pgﬂ) — p;:) I w(Bhﬁgf) — ) (2.17)
71’21) = A;:l(fh - ng;:))

i=0,1,2,....

Since the discrete Crouzeix-Velte decomposition exists, using the Uzawa-
algorithm we can reach the third Crouzeix-Velte subspace after 1 step (with
w = 1). In this subspace the spectrum of the Schur complement is closer, and
the algorithm shows effective convergence. The optimal iteration parameter
is also calculated using the smallest and the largest of the eigenvalues different
from 0 and 1 of the discrete Schur complement. The numerical results show
that the discretization obeying a discrete Crouzeix—Velte decomposition leads
to effectively solvable systems of algebraic equations. The average number of
the iterations using the Uzawa algorithm is 3-5, and the speed of convergence
is growing together with the refinement of the grid.

2.10.2 Fourier transformation and conjugate gradient method

Instead of the calculation of A;" in (2.17) in the first case the fast Fourier
transformation is used in combination with the preconditioned conjugate gra-
dient method. In the numerical experiments several preconditioning matrices
are investigated: the number of inner iterations needed to reach the stopping
criterion of the conjugate gradient method, using the best preconditioning
matrix, is only 4-5, and the speed of convergence is growing together with
the refinement of the grid.

2.10.3 Multigrid method

In the second case the multigrid method is used to calculate A,:l. We de-
scribe the restriction operator and optimize the prolongation operator with
numerical experiments. We compare several pre- and post-smoothing itera-
tions. The optimal iteration parameter of the damped Jacobi iteration - as
smoothing iteration - is also calculated. The results show that the Gauss-
Seidel iteration combined with block Gauss-Seidel iteration - as smoothing
iteration - is the most effective: the multigrid method using this iteration
is on average 5-8 times faster than using the Gauss-Seidel iteration and this
advantage is growing with the refinement of the grid. The less effective
smoothing iteration is the Jacobi iteration, it results on average three times
slower convergence than the Gauss-Seidel iteration.
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