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Chapter 1

In tro duction

1.1 A c kno wledgemen ts - K öszönetn yilv ánítás

K öszönetet szeretnék mondani mindenek el®tt a családomnak. K öszönöm a szüleimnek a

sok bíztatást és lehet®séget: megtan ultam t®lük a m unk a szeretetét és azt, hogy a leg jobb

motiv áció a dícséret. K öszönöm feleségemnek, hogy a nehéz pillanatokban se hagy ott

elcsüggedni. K öszönöm a gy ermek eimnek, hogy megtanítottak érték elni és kihasználni azt

az id®t amit együtt tölthetünk, és nemkülöm b en azt az id®t, amit külön töltünk.

K öszönöm p edagógusaimnak, tanáraimnak, akik az általános isk olától, s®t az ó v o dától

k ezdv e b on togatták az érdekl® désemet a világ, azon b elül is a matematik a irán t. Hadd

említsem nevük ön a matematik a tanáraimat. K öszönöm Molnár Év a 1-2. osztály os tanító

nénimnek, Tóth János 3-4. osztály os tanító bácsimnak, Németh Ágnes fels® tagozatos tanár

nénimnek az általános isk oláb ól, Bíróné Mihály� Erzséb et tanárn®nek a gimnázium b ól.

Az egy etem matematik a-�zik a, k és®bb matematikus szak án már sok matematik a tanár

nev ét k ellene megemlítenem, ezért nem teszek kísérletet egy teljes felsorolásra. Kiemel-

ném viszon t Szam uely T amás algebra gy ak orlatv ezet®met, aki el®ször bíztatott arra, hogy

matematikus szakra jö jjek. K öszönöm to v ábbá F rank Andrásnak, hogy lebilincsel® el®adá-

saiv al olthatatlan tudásszomjat ébresztett b ennem a k om binatorikus optimalizálás és a

gráfelmélet irán t, és hogy rengeteg szakmai segítséget n yújtott és an y agi lehet®séget biz-

tosított arra, hogy kutassam ezek et a területek et.

K öszönöm téma v ezet®mnek, Vizv ári Bélának, hogy elv állalta a téma v ezetést. K öszönöm

to v ábbá k ollégáimnak a sok együttm ¶k ö dést és segítséget. K özülük is el®sorban k onzu-

lensemnek, Király T amásnak v olt meghatározó szerep e abban, hogy ez a dolgozat egy ál-

talán megszületett, mert mindig ha jlandó v olt v égighallgatni az elk épzeléseimet, mindig

számítani lehetett rá, hogy észrev eszi (és általában ki is ja vítja) a hibák at a gondolatmenetem-

b en. K öszönöm a társszerz®imnek, hogy megpróbáltak v elem együtt gondolk o dni, megosz-
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6 Chapter 1. In tro duction

tották v elem részeredmén y eik et és ötleteik et és meghallgatták az en y émek et. Hadd em-

lítsem ®k et ismét név szerin t, még ha néhán yukk al a k özös publik áció nem is szerep el

ebb en a disszertációban: Henning Bruhn, Gerbner Dániel, Roland Grapp e, Satoru Iw ata,

Gw enaël Joret, Király Zoltán, Szigeti Zoltán, és természetesen Király T amás. K öszönöm

to v ábbá az EGRES csop ort minden tag jának a sok segítséget, hogy elviseltek a disszertáció

el®k észítésének és megírásának minden (különösen a legv égs®) p erió dusában, ellen®rizték

a k ézirataimat és meghallgatták a bizon yításv ázlataimat.

1.2 Ov erview

This thesis is dev oted to edge-connectivit y augmen tation whic h is the follo wing: w e are

giv en a net w ork (mo delled b y a graph or h yp ergraph) that w e someho w w an t to mak e more

robust against the failure (deletion) of its connections (edges or h yp eredges). The op eration

that w e can do is to in tro duce new connections b et w een already existing no des .

Most of this thesis is ab out this notion of edge-connectivit y augmen tation (apart from the

last c hapter ab out source lo cation where w e consider a di�eren t augmen tation tec hnique �

more details later). W e emphasize that though w e sometimes allo w directed structures as

the basic net w ork to b e augmen ted (directed graphs and h yp ergraphs, or more generally

mixed graphs and h yp ergraphs), the new connections to b e added will alw a ys b e

undirected . This is b ecause our tec hniques (e.g. p olyhedral considerations) do not apply

when w e augmen t with directed arcs or h yp erarcs.

The ob jectiv e function of the augmen tation is also common to the problems w e in v esti-

gate: w e w an t to minimize the total size of the h yp eredges to b e added. When w e

are only allo w ed to add graph edges then this is t w o times the n um b er of the new edges.

A little bit more general ob jectiv e function is also considered in the so called minim um

no de-cost augmen tation problems (exact de�nition to b e giv en later). The reason w e

consider these ob jectiv e functions is simple: the p olyhedral relations sho w that these are

tractable, while if a cost of a new h yp eredge do es not only dep end on the cost of its v ertices

then the simplest augmen tation problems already b ecome in tractable.

The starting p oin t of our in v estigations is Menger's theorem (with its man y di�eren t

v ersions), whic h allo ws us to reform ulate the augmen tation problem in to a co v ering

problem . By co v ering problem w e mean a problem of the follo wing form: giv en a set

function p : 2V ! Z [ f�1g o v er the �nite ground set V , �nd a graph (or h yp ergraph)

G = ( V; E) co v ering the function p, meaning that dG(X ) � p(X ) has to hold for an y

subset X � V (here dG(X ) denotes the n um b er of (h yp er)edges of G in tersecting b oth X

and V � X ). A whole c hapter (Chapter 2 ) is dev oted to sho wing ho w di�eren t v ersions
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of the edge-connectivit y augmen tation problem can b e form ulated as a co v ering problem

with a suitably c hosen requiremen t (or de�ciency) function p.

The ab o v e notion of edge-connectivit y augmen tation is quite w ell studied and has a h uge

literature. F or t w o recen t surv eys w e refer the reader to [ 43 ] and [ 21 ]. Let us �rst (in this

and the next paragraph) restrict ourselv es to augmen tation with graph edges . The

�rst result is due to W atanab e and Nak am ura [ 45 ] on glob al e dge-c onne ctivity augmentation

of gr aphs . An imp ortan t milestone is due to Cai and Sun [ 13 ] and F rank [ 19 ] who realized

that the splitting-o� tec hnique in tro duced b y Lo v ász [ 33 ] is a v ery useful to ol in solving

edge-connectivit y augmen tation problems with graph edges. This metho d will also b e used

in this thesis. F rank observ ed the imp ortance of sk ew-sup ermo dular functions and pro v ed

in [ 19 ] the deep result that is b ehind the connection b et w een degree-sp eci�ed augmen tation

and augmen tation with a minim um n um b er of edges. With this metho d and the splitting-

o� theorem due to Mader [ 34 ], F rank [ 19 ] solv ed the lo c al e dge-c onne ctivity augmentation of

gr aphs . Another result due to Bang-Jensen, F rank and Jac kson [ 2 ] uses a similar approac h

to incr e ase the glob al ar c-c onne ctivity of mixe d gr aphs with undir e cte d e dges . A recen t ap-

proac h is the no de-to-ar e a c onne ctivity augmentation in tro duced b y Japanese researc hers.

Here the requiremen t is not b et w een no de-pairs, but b et w een no des and no desets. Though

the basic problem is NP-hard, a surprising observ ation due to Ishii and Hagiw ara [ 26 ] sa ys

that if w e restrict ourselv es to the (most in teresting) case when the requiremen ts are all at

least 2, then the problem b ecomes tractable. Bang-Jensen and Jac kson [ 4 ] generalized the

result of W atanab e and Nak am ura in an other direction and solv ed the problem of aug-

menting the glob al e dge-c onne ctivity of a hyp er gr aph with gr aph e dges . An abstract v ersion

of this result, the problem of c overing a symmetric cr ossing sup ermo dular function with

gr aph e dges w as solv ed b y Benczúr and F rank [ 5 ]. Y et another generalization of W atanab e

and Nak am ura's result, the p artition c onstr aine d glob al e dge-c onne ctivity augmentation of

gr aphs w as solv ed b y Bang-Jensen, Gab o w, Jordán and Szigeti [ 3 ].

What can w e add to the widely studied area of edge-connectivit y augmen tation (with

graph edges) in this thesis? W e ha v e found a new and con v enien t approac h to the splitting-

o� tec hnique whic h simpli�es the discussion to a great exten t. The main breakthrough is

a simple lemma (Lemma 4.6 ) that, instead of only lo oking at dangerous sets (that are the

imp ortan t ob jects in splitting-o� theorems) as in previous pro ofs, considers the in terrelation

b et w een dangerous sets and sets with maxim um de�ciency and th us simpi�es the further

discussion. This giv es a simpli�cation of man y of the kno wn pro ofs and enables us to pro v e

new results, to o. F urthermore, w e ha v e giv en an uni�ed discussion of the results men tioned

ab o v e based on the prop erties of the de�ciency functions of the problems. The most general

class of set functions is sk ew-sup ermo dular functions that are hard to handle in general (the
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symmetry of our function can b e assumed b y the symmetrizing op eration ). Ho w ev er,

in man y cases the function to b e handled is from a more restricted class, for example

it is the symmetrized of a crossing sup ermo dular function as in global arc-connectivit y

augmen tation of mixed h yp ergraphs, or it is the symmetrized of a crossing negamo dular

function as in the no de-to-area connectivit y augmen tation problem.

If w e are also allo w ed to use h yp eredges of arbitrary size then the problems b ecome

simpler. Our starting p oin t is Theorem 3.2 of Szigeti on co v ering sk ew-sup ermo dular func-

tions with h yp eredges. The pro of of this theorem w as considerably simpli�ed b y T amás

Király , who used the h yp eredge merging tec hnique, whic h migh t b e considered as a gener-

alization of splitting-o�. This pro of is v ery fascinating, and with some further observ ations

and some p olyhedral results w e (T amás Király and the author) managed to generalize

Szigeti's theorem in man y directions. F or example w e ha v e sho wn that the h yp ergraph

co v ering our function can b e c hosen nearly uniform , or in some restricted cases w e can

ev en solv e the sim ultaneous co v ering of t w o functions optimally . Applications in-

clude the lo cal edge-connectivit y augmen tation of h yp ergraphs, the global arc-conncetivit y

of mixed h yp ergraphs with undirected h yp eredges, and the no de-to-area connectivit y aug-

men tation in h yp ergraphs.

In Chapter 6 w e consider v ersions of the source lo cation problem , whic h can b e

in terpreted as a di�eren t notion of edge-connectivit y augmen tation. Here, instead of adding

new (h yp er)edges connecting existsing no des, w e are allo w ed to con tract a suitably c hosen

set of no des (called source set ). The motiv ation of this problem comes from the follo wing

application: giv en a net w ork consisiting of computers, sa y , and some connections b et w een

them, w e w an t to decide whic h of these computers to use as serv ers for a service that w e

w an t to pro vide for our users (who are also lo cated at the computers of this net w orks).

The requiremen t is that the users m ust ha v e go o d edge-connectivit y to the set of serv ers,

and the cost of c ho osing a no de as a serv er ma y v ary from one no de to the other. W e

consider h yp ergraphic generalizations of certain source lo cation problems in Chapter 6 .

In this thesis w e will only concen trate on p olynomial solv abilit y of the problems. W e

will often explicitly describ e algorithms, to o, and w e sho w that they ha v e a p olynomial

running time, but usually w e do not aim to ac hiev e the b est running times. Instead, w e

try to �nd a conceptually simple algorithm for our problem.

The structure of the thesis is as follo ws. In the rest of this c hapter w e in tro duce the

most imp ortan t notations and de�nitions that w e will need, w e in tro duce the appropriate

oracles needed in our abstract set co v ering algorithms, and w e recall the imp ortan t results

ab out g-p olymatroids.

Chapter 2 is still an in tro ductory c hapter. Here w e �rst of all sho w ho w the edge-
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connectivit y augmen tation problems that w e plan to sp eak ab out can b e reform ulated to

co v ering problems. This means the in tro duction of de�ciency functions and sho wing their

main prop erties. This can b e found in Section 2.1 . In Section 2.2 w e sho w the tractable

ob jectiv e functions of our optimization problems, and w e sho w the connection b et w een

degree-sp eci�ed co v ering and the minim um v ersion. Lastly , in Section 2.3 w e recall the

basic facts ab out the splitting-o� tec hnique needed later.

Chapter 3 is dev oted to co v ering a sk ew-sup ermo dular function with h yp eredges. First w e

giv e the result on merging h yp eredges originally due to T amás Király , but in a generalized

form. In Section 3.2 w e in tro duce the notion of w eak co v ering of a set function and

w e sho w ho w this relates to g-p olymatroids. F urthermore w e sho w that if w e use the

smallest n um b er of h yp eredges then w eak co v ering implies co v ering. These are the main

building blo c ks of our results on co v ering a sk ew-sup ermo dular function with nearly uniform

h yp eredges and co v ering t w o sk ew-sup ermo dular functions sim ultaneously . In Section 3.4

w e state the applications of these results.

In Chapter 4 w e turn to co v ering sk ew-sup ermo dular functions with graph edges. After

a brief review of previous results w e giv e our k ey lemma, Lemma 4.6 . In fact this lemma

w as also observ ed b y Nuto v in 2005, but he did not publish a complete pro of of it (a

sp ecial case of this lemma also app ears in the Ph.D. thesis of Ben Cosh [ 15 ], but the pro of

is rather cum b ersome). W e ha v e found a v ery simple pro of for this lemma. W e lo ok at

the consequences of this lemma in the subsequen t sections: w e sho w ho w a greedy t yp e

splitting-o� algorithm w ould get stuc k in general (Section 4.2.1 ), and wh y it will not get

stuc k in man y w ell kno wn sp ecial cases (Section 4.2.2 on simple pro ofs of kno wn results).

Then in Section 4.3 w e describ e (as far as w e can) this stuc k situation for sp ecial sk ew-

sup ermo dular functions. In Section 4.4 w e giv e applications of our results of the previous

sections.

Chapter 5 is dev oted to co v ering symmetric crossing sup ermo dular functions with graph

edges. This is a sp ecial case of the problem of the previous c hapter, ho w ev er w e though t

that this order mo ving �from the general to the sp ecial� is more con v enien t in our discussion.

After reviewing the kno wn results and giving some preliminaries, w e giv e a relativ ely simple

pro of of the theorem of Benczúr and F rank that solv es the problem of co v ering a symmetric

crossing sup ermo dular function with graph edges. This pro of enables us to generalize the

result further b y p osing extra conditions on the graph edges allo w ed in the co v ering. The

problem considered is the partition constrained v ersion of co v ering a symmetric crossing

sup ermo dular function. W e giv e a solution of this problem in Section 5.4 . In Section 5.4.4

w e describ e the application of global edge-connectivit y augmen tation of a h yp ergraph with

a m ultipartite graph.



10 Chapter 1. In tro duction

Chapter 6 is dev oted to h yp ergraphic v ersions of the source lo cation problem. In Section

6.1 w e in tro duce the problems that w e w an t to solv e: in particular w e in tro duce an abstract

v ersion of the source lo cation problem. In Section 6.2 w e giv e a greedy t yp e algorithm that

solv es the tractable v ersion (that is, compatible requiremen t- and w eigh t function) of our

problem in general. Ho w ev er, it is not clear ho w to implemen t a step of it, since it is

not kno wn ho w to minimize an in tersecting p osimo dular function in p olynomial time. In

Section 6.3 w e sho w ho w to implemen t this step of the previous algorithm if the function

is also submo dular, whic h is true for the h yp ergraphic source lo cation. Finally , in Section

6.4 w e sho w a clev erer and faster algorithm for the case when the requiremen t function is

uniform.

In Chapter 7 w e en umerate some op en problems that, if solv ed, w ould ha v e �t in to this

thesis.

1.3 Notations and preliminaries

In the follo wing sections w e in tro duce the notions and notations that will b e used in the

thesis.

1.3.1 Graphs and h yp ergraphs

In the whole thesis V will b e a �nite ground set and w e will usually use n = jV j . F or

subsets X and Y of V , w e use the notation X � Y := f v 2 X : v =2 Yg, X + Y = X [ Y ,

and X = V � X (if the ground set is clear from the con text). T w o subsets X; Y � V are

called co-disjoin t if X [ Y = V .

A partition of the set V is a collection X 1; X 2; : : : ; X t of nonempt y disjoin t subsets

of V with V = [ t
1X i (in some cases w e allo w that some mem b ers of a partition can b e

empt y , but w e will alw a ys state this explicitly). A subpartition of V is a partition of a

subset of V . Let S(V) denote the set of all subpartitions of the set V . If a set X has only

one elemen t x then w e will call it a singleton and w e will often write x instead of f xg

(for example if d : 2V ! R is a set function then d(x) means d(f xg) ). The c haracteristic

function of a set X will b e denoted b y � X : V ! f 0; 1g, i.e. � X (v) = 1 if v 2 X and

� X (v) = 0 otherwise. F or s; t 2 V , a set X � V is an st -set if s =2 X and t 2 X .

In the thesis Z+ ( Q+ , R+ ) will denote the set of non-negativ e in teger (rational, real)

n um b ers.

Sets X; Y � V are prop erly in tersecting if X \ Y; X � Y and Y � X are all nonempt y:

this terminology is due to András F rank and w e decided to use it in order to clarify the

distinction b et w een in tersecting (i.e. not disjoin t) set pairs and prop erly in tersecting set
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pairs. If furthermore X [ Y 6= V then w e sa y that the t w o sets are crossing . F or a

family F � 2V
let co(F ) = f X � V : X 2 Fg . W e sa y that F is a ring family if

X \ Y; X [ Y 2 F holds for an y X; Y 2 F . W e sa y that F is an in tersecting family

( crossing family ) if X \ Y; X [ Y 2 F holds for an y in tersecting (resp ectiv ely crossing)

pair X; Y 2 F .

An undirected h yp ergraph (or shortly h yp ergraph ) H = ( V;E) is a pair of a �nite

set V and a family E of subsets of V (rep etitions are allo w ed). The set V is called the

no de set of the h yp ergraph, the family E is called the edge set of the h yp ergraph. An

elemen t e of E will b e called a h yp eredge . The cardinalit y of e is denoted b y jej .

If the cardinalit y of ev ery h yp eredge is 2 in a h yp ergraph then it is called a graph . A

graph is usually denoted b y G = ( V; E) , the elemen ts of E are called edges . A graph can

con tain parallel edges and uv or (u; v) will denote an arbitrary edge b et w een the no des

u; v 2 V . Note ho w ev er that in some cases w e will allo w lo ops in graphs, so strictly

sp eaking a graph (with lo ops) is not a sp ecial case of a h yp ergraph, but this small abuse

of notation will not cause an y misunderstanding.

In a h yp ergraph H , a path b et w een no des s and t is an alternating sequence of distinct

no des and h yp eredges s = v0; e1; v1; e2; : : : ; ek ; vk = t , suc h that vi � 1; vi 2 ei for all i b et w een

1 and k . H is connected if there is a path b et w een an y t w o distinct no des.

F or a h yp ergraph H = ( V;E) and a set X � V w e sa y that a h yp eredge e 2 E en ters X

if neither e \ X nor e \ (V � X ) is empt y , and w e de�ne � H (X ) = f e 2 E : e en ters X g

(the set of h yp eredges en tering X ) and dH (X ) = � H (X ) (the degree of X in H ). The set

function dH : 2V ! Z+ is a symmetric submo dular function (see the de�nition in Section

1.3.2 ). F or graphs w e will sometimes ha v e to coun t lo op edges in the degree of singetons,

therefore w e in tro duce the function d+
G : V ! Z for a graph G = ( V; E) to mean that

d+
G(v) is dG(v) plus t w o times the n um b er of lo ops inciden t to v (for a h yp ergraph H let

d+
H (v) b e dH (v) plus the n um b er of singleton h yp eredges f vg). F or a graph G = ( V; E) and

X; Y � V w e in tro duce the notation dG(X; Y ) to b e equal to the n um b er of edges of G

with one endp oin t in X � Y and the other in Y � X . Let dG(X; Y ) = dG(X; Y) = dG(Y;X ) .

W e will use that the follo wing equalities hold for an y graph G = ( V; E) and X; Y � V .

dG(X ) + dG(Y ) = dG(X \ Y) + dG(X [ Y) + 2 dG(X; Y ); (1.1)

dG(X ) + dG(Y) = dG(X � Y) + dG(Y � X ) + 2 dG(X; Y ): (1.2)

More generally , one can pro v e the follo wing equalities for an y h yp ergraph H = ( V;E) and

X; Y � V .

dH (X ) + dH (Y) = dH (X [ Y) + dH (X \ Y) + 2 d1(X; Y ) + d2(X; Y ); (1.3)

dH (X ) + dH (Y) = dH (Y � X ) + dH (X � Y) + 2 d1(X; Y ) + d2(X; Y ); (1.4)
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where d1(X; Y ) is the n um b er of h yp eredges in tersecting only X � Y and Y� X and neither

X \ Y nor V � (X [ Y) , d2(X; Y ) is the n um b er of h yp eredges in tersecting X � Y and

Y � X and exactly one of X \ Y and V � (X [ Y) , and d1(X; Y ) = d1(X; Y) = d1(X; Y ) and

d2(X; Y ) = d2(X; Y) = d2(X; Y ) (i.e. d1(X; Y ) is the n um b er of h yp eredges in tersecting

only X \ Y and V � (X [ Y) , d2(X; Y ) the n um b er of h yp eredges in tersecting X \ Y and

V � (X [ Y) and exactly one of X � Y and Y � X ).

W e sa y that the h yp ergraph H co v ers a set function p if dH (X ) � p(X ) for an y

X � V (shortly dH � p). The total size of the h yp ergraph is the sum of the cardinalities

of the h yp eredges: if our h yp ergraph is a graph then this is t w o times the n um b er of the

edges of this graph. The rank of a h yp ergraph is the size of the largest h yp eredge in

it. A h yp ergraph is said to b e uniform if the size of ev ery h yp eredge is the same. W e

sa y that the h yp ergraph is nearly uniform , if the largest h yp eredge is at most one bigger

than the smallest one.

Since the thesis is ab out edge-connectivit y augmen tation, the follo wing de�nition is of

basic imp ortance.

De�nition 1.1. Given a hyp er gr aph H = ( V;E) and sets X; Y � V , the e dge-c onne ctivity

b etwe en X and Y , denote d by � H (X; Y ) , is the maximum numb er of e dge-disjoint p aths

starting in X and ending in Y (we say that � H (X; Y ) = 1 if X \ Y 6= ; ). The subscript

H may b e omitte d if no c onfusion c an arise.

It is w ell kno wn that Menger's theorem can b e generalized for h yp ergraphs:

Theorem 1.2. L et H = ( V;E) b e a hyp er gr aph, and S; T � V . Then

� H (S; T) = min f dH (X ) : T � X � V � Sg:

F or no des u; v 2 V w e will also sa y that � H (u; v) is the lo cal edge-connectivit y

b et w een u and v . A h yp ergraph H = ( V;E) is k -edge-connected if � H (u; v) � k for an y

u; v 2 V (where k is a p ositiv e in teger). By Menger's theorem this is equiv alen t to sa ying

that dH (X ) � k for an y nonempt y X ( V . More generally , for a function r : V � V ! Z+

w e sa y that H is r -edge-connected if � H (u; v) � r (u; v) for an y u; v 2 V . Observ e that

w e can assume that r is symmetric, i.e. r (u; v) = r (v; u) for an y u; v 2 V . This follo ws from

the observ ation that H is r -edge-connected if and only if H is r 0
-edge-connected, where

r 0(u; v) = max f r (u; v); r (v; u)g for an y u; v 2 V .

In some cases it will b e useful to allo w in undirected h yp ergraphs that no des ha v e

m ultiplicities in the h yp eredges. So let us in tro duce the notion of m ultih yp ergraph as

a pair H = ( V;E) of a �nite set V and a family E = f e: V ! Z+ g of functions, called

m ultih yp eredges (sometimes simply h yp eredges). Multih yp eredges are considered to b e
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m ultisets iden ti�ed b y their c haracteristic functions, i.e. e(v) equals the m ultiplicit y of the

no de v in the h yp eredge e. This is just a natural generalization of lo op edges in graphs.

A h yp ergraph is clearly a sp ecial case of a m ultih yp ergraph, if w e iden tify the h yp eredges

with their c haracteristic v ectors. F or a m ultih yp ergraph w e can de�ne the underlying

h yp ergraph that simply means that w e forget ab out the m ultiplicities of the no des in the

h yp eredges (i.e. if H = ( V;E) is a m ultih yp ergraph then the underlying h yp ergraph of H

is (V;f max(e;1) : e 2 Eg) ). Most of the de�nitions for m ultih yp ergraphs do not use the

m ultiplicities of the no des in the m ultih yp eredges: if H = ( V;E) is a m ultih yp ergraph then

a path b et w een t w o no des , the lo cal edge-connectivit y in H , the degree of a set

X � V is de�ned through the underlying h yp ergraph of H . The most imp ortan t

di�erence is in the de�nition of the function d+
H : for a m ultih yp ergraph H = ( V;E) and

no de v 2 V , d+
H (v) =

P
e2E e(v) . Also, the cardinalit y of a m ultih yp eredge e is de�ned

with jej =
P

v2 V e(v) . A function m : v ! Z+ will often b e called a degree sp eci�cation .

W e sa y that the m ultih yp ergraph H satis�es the degree-sp eci�cation m : v ! Z+ if

d+
H (v) = m(v) for ev ery v 2 V . W e note that the notion of m ultih yp ergraphs is not v ery

imp ortan t in this thesis: w e only in tro duce them b ecause some theorems ha v e a simpler

form if w e form ulate them for m ultih yp ergraphs instead of h yp ergraphs, and w e will try to

sho w these simpli�cations. In fact w e only sp eak ab out m ultih yp ergraphs in Chapter 3 .

Another generalization of a h yp ergraph is a mixed h yp ergraph. A mixed h yp ergraph

M = ( V;A ) is a pair of a �nite set V and a family A con taining nonempt y ordered pairs

of subsets of V (the same pair can o ccur more than once). The elemen ts of A are called

h yp erarcs . F or a h yp erarc a = ( Ta; Ha) 2 A , the set Ta is called the tail set of a, while

Ha is called the head set of a. More in tuitiv ely w e can think of a h yp erarc a as the

subset Ta [ Ha of V , in whic h ev ery no de is either a head no de , a tail no de or ev en b oth

( head-tail no de ), suc h that ev ery h yp erarc con tains at least one head and at least one tail.

Hop efully it will not cause an y confusion if w e sometimes refer to a h yp erarc a = ( Ta; Ha)

as a single set Ta [ Ha : for example this w a y w e de�ne the size of a as jaj = jTa [ Haj ,

or the rank of a mixed h yp ergraph as the maxim um size of its h yp erarcs. When w e

sa y that v is a tail no de of a h yp erarc a then w e also allo w that it is a head-tail no de (and

similarly for head no des). An undirected h yp ergraph can b e considered (for our purp oses)

as a sp ecial mixed h yp ergraph where ev ery no de in a h yp erarc is a head-tail no de of this

h yp erarc. F or a mixed h yp ergraph M = ( V;A ) and some X � V , the restriction of M to

X is a mixed h yp ergraph de�ned as M [X ] = ( X; f a 2 A : a � X g) .

A mixed graph is the sp ecial case of a mixed h yp ergraph where ev ery h yp erarc is of

cardinalit y t w o. F or a mixed graph G and sets X; Y � V let dG(X; Y ) denote the n um b er

of (undirected or directed) edges of G with one endp oin t in X � Y and the other in Y � X .
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In a mixed h yp ergraph M , a path b et w een no des s and t is an alternating sequence of

distinct no des and h yp erarcs s = v0; a1; v1; a2; : : : ; ak ; vk = t , suc h that vi � 1 is a tail no de

of ai and vi is a head no de of ai for all i b et w een 1 and k . A h yp erarc a en ters a set X if

there is a head no de of a in X and there is a tail no de of a in V � X . F or a set X w e de�ne

%M (X ) = jf a 2 A : a en ters X gj (the in-degree of X ) and � M (X ) = %M (V � X ) (the

out-degree of X ). It is easy to c hec k that b oth %and � are submo dular (again, see the

de�nition later). Giv en a mixed h yp ergraph M = ( V;A ) and sets S; T � V , let � M (S; T)

denote the maxim um n um b er of arc-disjoin t paths starting in S and ending in T (w e sa y

that � M (S; T) = 1 if S \ T 6= ; ). The follo wing v ersion of Menger's theorem holds for

mixed h yp ergraphs:

Theorem 1.3. L et M = ( V;A ) b e a mixe d hyp er gr aph, and S; T � V . Then

� M (S; T) = min f %M (X ) : T � X � V � Sg:

De�nition 1.4. If M = ( V;A ) is a mixe d hyp er gr aph, r 2 V is a designate d r o ot no de,

and k; l ar e nonne gative inte gers, then we say that M is (k; l ) -ar c-c onne cte d fr om r if

� M (r; v ) � k and � M (v; r ) � l for any v 2 V .

1.3.2 Set functions

By set functions w e will usually mean functions of the form p : 2V ! Z [ f1 ; �1g . Let

us giv e the most imp ortan t de�nitions for set functions needed in the thesis.

Let p b e a set function. W e will sa y that a set X � V is p-p ositiv e if p(X ) > 0. W e will

widely use the notation Mp = maxf p(X ) : X � Vg. An y function m : V ! R also induces

a set function (that will also b e denoted b y m ) with the de�nition m(X ) =
P

v2 X m(v)

for an y X � V . This notation together with the simpli�cation p(f xg) = p(x) in tro duced

earlier for a set function p can again cause some confusion, but w e hop e that after this

remark it will not (i.e. if p is a set function then p(X ) is not necessarily equal to

P
v2 X p(v) ).

A set function p : 2V ! Z [ f�1g is called sk ew-sup ermo dular if at least one of the

follo wing t w o inequalities holds for ev ery X; Y � V :

p(X ) + p(Y) � p(X \ Y) + p(X [ Y); (\[ )

p(X ) + p(Y) � p(X � Y) + p(Y � X ): (� )

A set function is symmetric if p(X ) = p(V � X ) for ev ery X � V . Symmetric sk ew-

sup ermo dular functions will b e v ery imp ortan t in this thesis. If p : 2V ! Z [ f�1g is a

set function and (\[ ) holds for some sets X; Y � V then w e sa y that X and Y satisfy

(\[ ) , or shortly that X (\[ ) Y : if w e don't explicitly sa y whic h function is mean t then w e
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alw a ys mean p. The same notation is used for (� ) . Note that X (\[ ) Y is equiv alen t with

X (� ) Y .

A set function p : 2V ! Z [ f�1g is called sup ermo dular if it satis�es (\[ ) for

an y pair X and Y . A set function b is called submo dular if � b is sup ermo dular. The

most imp ortan t example of a symmetric submo dular function in this thesis is the degree

function of a h yp ergraph. A set function p : 2V ! Z [ f�1g is called negamo dular

if it satis�es (� ) for an y pair X and Y . A set function b is called p osimo dular if � b is

negamo dular. Sometimes the sup ermo dular inequalit y (\[ ) do es not hold for an y pair of

sets X; Y , only for sp ecial pairs. If p satis�es (\[ ) for an y prop erly in tersecting pair X; Y ,

then w e sa y that it is in tersecting sup ermo dular . If p satis�es (\[ ) only for crossing

pairs X; Y , then w e sa y that p is crossing sup ermo dular . In tersecting or crossing

submo dular (negamo dular, p osimo dular) functions are de�ned analogously .

Let us w eak en further the notions in tro duced ab o v e. W e sa y that a function p : 2V !

Z [ f�1g is p ositiv ely sk ew-sup ermo dular if at least one of (\[ ) or (� ) holds for

an y X; Y � V with p(X ); p(Y) > 0. Note that w e do not require that suc h a function

is nonnegativ e, unlik e it is usually assumed in the literature. F or a set function p let

p+ (X ) = max( p(X ); 0) for an y X � V : if p is sk ew-sup ermo dular then p+
is p ositiv ely

sk ew-sup ermo dular. W e can also generalize the notion of crossing sup ermo dular functions:

a set function p : 2V ! Z [ f�1g is called p ositiv ely crossing sup ermo dular if it

satis�es (\[ ) for an y crossing pair X and Y with p(X ); p(Y) > 0. Ho w ev er p ositiv ely

crossing (or sk ew-) sup ermo dular functions cannot b e handled algorithmically: this will b e

detailed later. F ortunately , in our applications w e will only meet crossing sup ermo dular

and sk ew-sup ermo dular functions. W e can de�ne p ositiv ely crossing negamo dular

functions analogously .

A symmetric, (p ositiv ely) crossing sup ermo dular function p will satisfy b oth (\[ ) and

(� ) for an arbitrary ( p-p ositiv e) crossing pair X; Y � V . An imp ortan t observ ation is the

follo wing: if p is (p ositiv ely) sk ew-sup ermo dular and H is a h yp ergraph, then so is p� dH .

Similar statemen t holds if p is (p ositiv ely) crossing sup ermo dular or (p ositiv ely) crossing

negamo dular etc.

Let q : 2V ! Z [f�1g b e a set function. De�ne the complemen t of q as q(X ) = q(X )

and the symmetrized of q b y qs(X ) = max f q(X ); q(X )g for an y X � V : note that qs

is a symmetric function. Observ e that a h yp ergraph H co v ers q if and only if H co v ers qs
.

Note that a crossing sup ermo dular (or crossing negamo dular) function is not necessarily

sk ew-sup ermo dular: w e cannot ensure an y of (\[ ) and (� ) for co-disjoin t sets (i.e. when

X [ Y = V ). Ho w ev er the symmetrized of suc h functions is already sk ew-sup ermo dular.

The follo wing claim is easy to pro v e, the pro of is left to the reader.
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Claim 1.5. The symmetrize d of a cr ossing sup ermo dular, cr ossing ne gamo dular or skew-

sup ermo dular function is (symmetric and) skew-sup ermo dular.

Similar statemen t holds for the symmetrized of p ositiv ely crossing sup ermo dular, cross-

ing negamo dular or sk ew-sup ermo dular functions: their symmetrized will b e p ositiv ely

sk ew-sup ermo dular. W e will often use the follo wing strengthening of (\[ ) and (� ) im-

plied b y ( 1.1 ) and ( 1.2 ) . Assume that p is of form p = p0 � dG with some p ositiv ely

sk ew-sup ermo dular function p0 and graph G = ( V; E) . F or t w o p0 -p ositiv e subsets X and

Y of V , at least one of the follo wing t w o inequalities holds.

p(X ) + p(Y) � p(X \ Y) + p(X [ Y) � 2dG(X; Y ); (1.5)

p(X ) + p(Y) � p(X � Y) + p(Y � X ) � 2dG(X; Y ): (1.6)

Again, if p0 is symmetric and p ositiv ely crossing sup ermo dular and X; Y are crossing

and p0 -p ositiv e, then the reader can see that b oth ( 1.5 ) and ( 1.6 ) holds. The follo wing

similar statemen t is implied b y ( 1.3 ) and ( 1.4 ).

Lemma 1.6. Assume that p is of form p = p0 � dH with some symmetric p ositively skew-

sup ermo dular function p0 and hyp er gr aph H = ( V;E) . L et X; Y � V .

(i) If X and Y satisfy (\[ ) for p0 , but ther e is a hyp er e dge e 2 E such that e \ (X �

Y) 6= ; ; e \ (Y � X ) 6= ; , and e interse cts at most one of X \ Y and X [ Y , then

p(X ) + p(Y) < p(X \ Y) + p(X [ Y) .

(ii) If X and Y satisfy (� ) for p0 , but ther e is a hyp er e dge e 2 E such that e \ (X \

Y) 6= ; ; e \ (X [ Y) 6= ; , and e interse cts at most one of X � Y and Y � X , then

p(X ) + p(Y) < p(X � Y) + p(Y � X ) .

The follo wing prop ert y of a p ositiv ely crossing sup ermo dular function will b e v ery useful.

Claim 1.7. If q is a p ositively cr ossing sup ermo dular function, and X; Y ar e q-p ositive

cr ossing sets with q(Y) � q(X \ Y) then q(X ) � q(X [ Y) .

The follo wing claim generalizes the preceding one, it can b e pro v ed b y a simple induction.

Claim 1.8. L et q b e a p ositively cr ossing sup ermo dular function and X 1; : : : ; X k b e q-

p ositive subsets of V so that X j cr osses

S j � 1
i =1 X i and q(X j \ (

S j � 1
i =1 X i )) � q(X j ) for any

j = 2; : : : ; k . Then q(
S j � 1

1 X i ) � q(
S j

1 X i ) for any j = 2; : : : ; k . Conse quently q(X 1) �

q(
S j

1 X i ) � q(
S k

1 X i ) for any j = 1; 2; : : : ; k .

Claim 1.8 will b e usually applied under m uc h simpler circumstances in the follo wing

form (in man y cases i j will just b e 1 for ev ery j when w e apply Claim 1.9 ).
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Claim 1.9. L et f W1; : : : ; Wkg b e a subp artition of V so that

S k
1 Wi 6= V , and for every

j = 2; : : : ; k ther e exists an i j such that 1 � i j < j , q(Wi j ) = 1 , and q(Wi j [ Wj ) � 1.

Then q(
S k

1 Wi ) � 1:

Pr o of. Apply Claim 1.8 for the sets Wi j [ Wj .

On the other hand, if q is p ositiv ely crossing negamo dular then an imp ortan t observ ation

is the follo wing.

If X; Y � V are crossing, q(X ) = q(Y) = Mq > 0, then q(X \ Y) = Mq and q(X [ Y) = Mq:

(1.7)

The follo wing claim generalizes this statemen t in one direction. It is pro v ed b y a simple

induction.

Claim 1.10. L et q : 2V ! Z b e cr ossing ne gamo dular and assume that X 0; X 1; X 2; : : : ; X t

ar e subsets of V (wher e t � 0) such that q(X 0) = q(X 1) = q(X 2) = � � � = q(X t ) = Mq > 0

and X i cr osses X 0 [
S

j<i X j for any i = 1; 2; : : : ; t . Then q(X 0 [
S

j � t X j ) = Mq .

1.4 Oracles

In our abstract algorithms w e will usually deal with some set function p : 2V ! Z [ f�1g .

Ho w ev er it is usually not allo w ed to en umerate all the function v alues for ev ery X � V .

So w e will think of the function as something a v ailable through an oracle . But what

kind of questions can the oracle answ er for us? The most straigh tforw ard idea is a function

ev aluation oracle: w e pass it a subset X � V and it tells us the v alue p(X ) . Ho w ev er this

will usually not b e su�cien t for us: with this w e cannot ev en decide whether the function

tak es �nite v alues at all. There are other problems with this oracle, to o, therefore w e will

need a more clev er oracle. One can think of man y t yp es of oracles: w e will in tro duce

here t w o con v enien t ones. The �rst one is the simple function ev aluation oracle, and the

second is a tric ky one, whic h will alw a ys b e su�cien t for our purp oses. Then w e will sho w

the relationship b et w een these t w o oracles for di�eren t t yp es of functions. W e sa y that a

h yp ergraph H = ( V;E) is giv en explicitly if it is enco ded b y en umerating the (di�eren t)

h yp eredges as v ectors in f 0; 1gV
and for ev ery suc h h yp eredge its m ultiplicit y is giv en b y

a binary in teger.

De�nition 1.11. A n evaluation or acle for a set function p : 2V ! Z [ f�1g takes as

input a subset X of V and it r eturns the function value p(X ) .
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De�nition 1.12. A maximizing or acle for a set function p : 2V ! Z [ f�1g takes as

input a hyp er gr aph H (given explicitly) and a ve ctor x 2 RV
+ and it r eturns maxf p(Z ) �

dH (Z ) � x(Z ) : Z � Vg and it also gives a set Z � V that maximizes this quantity.

This second oracle app ears also in [ 5 ] and [ 29 ]. Our algorithms will usually use a max-

imizing oracle for ps
: note that if w e ha v e a maximizing oracle for p and one for p, then

w e can implemen t a maximizing oracle for ps
using these t w o oracles. Let us giv e some

motiv ation wh y the maximizing oracle is of the form giv en ab o v e. W e will often w an t to

decide whether a giv en x 2 ZV
+ satis�es ( 1.8 ) or not, b ecause it is a necessary condition on

the existence of a h yp ergraph co v ering p with degree-sequence x : this can b e done with a

maximizing oracle for ps
b y calling it with x and the empt y h yp ergraph. Similarly , in man y

cases w e ha v e already c hosen some h yp eredges that w e w an t to include in the h yp ergraph

co v ering some function p0 : if w e denote this h yp ergraph b y H then a degree-sp eci�cation

x for the remaining h yp eredges has to satisfy ( 1.8 ) with p = p0 � dH and this again can b e

decided with a maximizing oracle for ps
0 .

x(Z ) � ps(Z ) for ev ery Z � V: (1.8)

Note that usually w e cannot test the prop erties of the function p claimed b y the oracle

(e.g. sup ermo dularit y , sk ew-sup ermo dularit y , symmetry etc.), since that w ould need to o

man y oracle calls. Therefore in this mo del our algorithms will only giv e correct answ ers if

they can access the appropriate oracle and the function has the claimed prop erties.

Note that the maximizing oracle can clearly pro vide us Mp = maxf p(X ) : X � Vg.

Ho w ev er it is not clear whether w e can implemen t the ev aluation oracle with help of a

maximizing oracle: if w e w an t to determine p(X ) for some X � V then w e need to �nd

an x 2 RV
+ and a h yp ergraph H suc h that X b ecomes the only maximizer of maxf p(Z ) �

dH (Z ) � x(Z ) : Z � Vg. Ho w ev er if p(X ) = �1 then this nev er happ ens.

Claim 1.13. If p(X ) � 0 then we c an evaluate p(X ) with a maximizing or acle for p. If the

set function p has only �nite values and we ar e given some lower b ound L � minf p(Z ) :

Z � Vg, then an evaluation or acle c an b e implemente d with help of a maximizing or acle.

Pr o of. Let M = Mp + 1 for the �rst statemen t and M = Mp + 1 � L for the second.

Let H b e the disjoin t union of an arbitrary tree with no de set X and one with no de set

V � X and let the m ultiplicit y of ev ery edge of H b e M . Let furthermore x(v) = M for

ev ery v 2 V � X and x(v) = 0 for ev ery v 2 X . Call the maximizing oracle to maximize

p � dH � x . One can see that p(Z ) � dH (Z ) � x(Z ) � p(Z ) � M � Mp � M , if Z � V

is di�eren t from X , whic h is in b oth statemen ts strictly less than p(X ) . Th us the unique

maximizer is X and the maxim um is p(X ) .
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It is more imp ortan t to c haracterize the function classes in whic h w e can (or w e cannot)

implemen t the maximizing or acle with p olynomially man y calls to the evaluation or acle .

First w e sho w that for p ositiv ely sk ew-sup ermo dular functions the maximizing oracle

cannot b e reduced to the ev aluation oracle. This is true ev en for symmetric p ositiv ely

crossing sup ermo dular functions. Consider the example p(X ) = 1 if X = X 0 or X = V � X 0

for some �xed X 0 (and 0 otherwise): this function is clearly symmetric and p ositiv ely

crossing sup ermo dular, but w e need exp onen tially man y calls to the ev aluation oracle to

decide whether Mp > 0 or not.

W e ha v e similar problems if the function can tak e �1 as v alue, to o. The same ex-

ample (but with �1 instead of zero v alues) sho ws that the maximizing oracle cannot b e

implemen ted with p olynomially man y calls to the ev aluation oracle ev en if p is symmetric

and crossing sup ermo dular (but can tak e the v alue �1 , to o). W e note that maximizing a

(crossing) sup ermo dular function ha ving �1 among the function v alues (and th us imple-

men ting the maximizing oracle for suc h functions) can b e solv ed if w e ha v e a little stronger

oracle than the function ev aluation oracle giv en ab o v e: this can b e found in [ 22 ].

On the other hand, for a �nitely v alued crossing sup ermo dular function p, the maximiz-

ing oracle can b e implemen ted through general submo dular function minimization

tec hniques (see e.g. [ 27 ] or [ 40 ]). This is true since the function p� dH � x is still crossing

sup ermo dular (if H is an arbitrary h yp ergraph and x 2 RV
+ ) and the maximization of a

crossing sup ermo dular function can b e reduced to the maximization of a (fully) sup ermo d-

ular function.

It is a c hallenging op en problem to decide whether one can implemen t the maximizing

oracle for a �nitely v alued sk ew-sup ermo dular function . This is essen tially the same

problem as the problem of maximizing suc h a function. The simplest op en question is

whether w e can maximize a �nitely v alued in tersecting negamo dular function (with

p olynomially man y calls to the function ev aluation oracle).

In Section 2.1 w e will sho w ho w to implemen t the maximizing oracle for the edge-

connectivit y requiremen t functions app earing in our applications.

1.5 G-p olymatroids and their in tersections

In this section w e giv e some bac kground on (in teger) g-p olymatroids, of course without

aiming for completeness. F or a complete in tro duction w e refer the reader to [ 22 ]. In the rest

of Section 1.5 w e assume that the set functions p : 2V ! Z [f�1g and b : 2V ! Z [f + 1g

satisfy that p(; ) = b(; ) = 0 .

W e sa y that the functions p; b form a strong pair , if p is sup ermo dular, b is submo dular
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and they satisfy the follo wing cross-inequalit y for an y pair X; Y � V :

b(X ) � p(Y) � b(X � Y) � p(Y � X ): (1.9)

If p; b form a strong pair then the follo wing p olyhedron is called a generalized p olyma-

troid , or shortly a g-p olymatroid :

Q(p; b) = f x 2 RV : p(Z ) � x(Z ) � b(Z ) for an y Z � Vg: (1.10)

It is con v enien t to consider the empt y set as a g-p olymatroid, to o, though it cannot b e

de�ned with a strong pair. The notion of g-p olymatroids w as in tro duced b y F rank in

[ 18 ] as a con v enien t common generalization of p olymatroids, con trap olymatroids, base

p olyhedra and submo dular p olyhedra. Note that the system ( 1.10 ) has an exp onen tial

size in jV j . Therefore w e will think of it as a system that is giv en only implicitly: w e

can access the functions p and b through some oracle. A basic question is whether w e

can test mem b ership in Q(p; b) and whether w e can optimize a linear ob jectiv e function

o v er Q(p; b) in p olynomial time. W e note that b y the ellipsoid metho d due to Grötsc hel,

Lo v ász and Sc hrijv er [ 25 ], these t w o problems (optimization and separation) are equiv alen t,

therefore w e will usually just sho w that w e can solv e one of them. F rank pro v ed sev eral

nice prop erties of g-p olymatroids. W e will need the follo wing.

Theorem 1.14. (A. F r ank, [ 18 ]) A g-p olymatr oid is an inte ger p olyhe dr on. If the func-

tions p and b ar e given with an evaluation or acle and (p; b) is a str ong p air then one c an

optimize a line ar obje ctive function over Q(p; b) in p olynomial time.

It is true that the form ula ( 1.10 ) de�nes a g-p olymatroid under more general circum-

stances, to o. W e will need the follo wing result. The functions p; b form a w eak pair if

p : 2V ! Z [ f�1g is in tersecting sup ermo dular, b : 2V ! Z [ f + 1g is in tersecting

submo dular and they satisfy the cross-inequalit y for prop erly in tersecting set pairs.

Theorem 1.15. (A. F r ank, [ 18 ]) The p olyhe dr on de�ne d by ( 1.10 ) is a (p ossibly empty)

g-p olymatr oid even is p and b form a we ak p air.

Since w e will de�ne g-p olymatroids with ev en w eak er set functions w e will need the

stronger maximizing oracle in order to b e able to �nd elemen ts of these g-p olymatroids.

The follo wing prop osition is a corollary of Theorem 1.15 .

Theorem 1.16. F or an inte ger g-p olymatr oid Q � RV
, functions l : V ! Z [ f�1g and

u : V ! Z [ f1g , and numb ers � 2 Z [ f�1g ; � 2 Z [ f1g , the p olyhe dr on

Q \ f x 2 RV : l (v) � x(v) � u(v) for every v 2 V; � � x(V) � � g

is a (p ossibly empty) inte ger g-p olymatr oid.
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An imp ortan t sp ecial case of a g-p olymatroid in this thesis is the con trap olymatroid ,

whic h is the follo wing p olyhedron for a monotone sup ermo dular function p : 2V ! Z [

f�1g :

C(p) = f x 2 RV : x(Z ) � p(Z ) 8Z � V; x � 0g: (1.11)

Note that the monotonicit y of p together with p(; ) = 0 implies that p � 0. W e p oin t

out that di�eren t monotone sup ermo dular functions de�ne di�eren t con trap olymatroids,

since the p olyhedron C(p) determines its de�ning monotone sup ermo dular function p b y

the follo wing relation:

p(Z ) = min f x(Z ) : x 2 C(p)g: (1.12)

Again, C(p) de�ned b y ( 1.11 ) is a (nonempt y) con trap olymatroid under more general

circumstances, to o, b y the follo wing result.

Theorem 1.17. (A. F r ank, [ 19 ], [ 2 ]) If p : 2V ! Z+ is p ositively skew-sup ermo dular

then C(p) = C(p0) with the (uniquely de�ne d) monotone sup ermo dular function

p0(X ) = max f
tX

i =1

p(X i ) : X 1; X 2; : : : ; X t is a subp artition of X g: (1.13)

The in tersection of t w o g-p olymatroids is again an in teger p olyhedron, in fact it is

a sp ecial submo dular �o w p olyhedron . W e omit the de�nition of submo dular �o w

p olyhedra since w e will not need them in this thesis, w e will only use the follo wing result.

Theorem 1.18. (A. F r ank, [ 18 ]) The interse ction of two g-p olymatr oids is an inte ger

p olyhe dr on.
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Chapter 2

Edge-connectivit y augmen tation b y

adding (h yp er)edges

The most natural approac h to edge-connectivit y augmen tation is the follo wing: w e are giv en

a graph or h yp ergraph and w e w an t to add edges or h yp eredges to it in order to meet

some edge-connectivit y requiremen ts . One p ossible ob jectiv e function is to minimize

the total size of the h yp eredges needed. The main concern of this thesis is indeed this

notion of edge-connectivit y augmen tation (note ho w ev er that w e will use a di�eren t notion

of edge-connectivit y augmen tation in Chapter 6 ). Sometimes w e will augmen t directed

structures (i.e. mixed graphs or mixed h yp ergraphs), though w e emphasize that w e will

alw a ys w an t to add undirected edges or h yp eredges to our initial (p ossibly directed)

graph or h yp ergraph. This problem can b e form ulated as the problem of co v ering some

sp ecial set function with a graph or h yp ergraph as w e will see shortly . In this thesis

the most general class of set functions that w e consider will b e p ositively skew-sup ermo dular

functions . Because of its imp ortance let us state this co v ering problem explicitly .

Problem 2.1 (Co v ering a symmetric, p ositiv ely sk ew-sup ermo dular function with (h y-

p er)edges) . Given a symmetric, p ositively skew-sup ermo dular function p : 2V ! Z [ f�1g

with a maximizing or acle, �nd a (hyp er)gr aph H of minimum total size c overing p.

The (h yp er)graph H to b e found will also b e called the augmenting (hyp er)gr aph . By

the remarks on the symmetrized of a set function, symmetry matters only in the follo wing

sense: if p is not symmetric then w e need to ha v e access to a maximizing oracle for ps
.

Note that the problem has already t w o v ersions, dep ending on whether w e allo w arbitrary

h yp eredges or only graph edges in co v ering our function. The function p will also b e called

the requiremen t function , or the de�ciency function .

In the subsequen t sections �rst w e giv e the examples that motiv ate Problem 2.1 b y sho w-

23



24 Chapter 2. Edge-connectivit y augmen tation b y adding (h yp er)edges

ing that it is indeed a general framew ork for edge-connectivit y augmen tation . In

the follo wing examples the ob jectiv e is alw a ys to minimize the total size of the augmen ting

(h yp er)graph H (if H has to b e a graph then this is the same as minimizing the n um b er

of edges in H ). W e will discuss di�eren t ob jectiv es in the Section 2.2 .

2.1 Examples: edge-connectivit y requiremen t functions

In the follo wing sections w e will sho w applications where the augmen tation problem can

b e form ulated as co v ering a sk ew-sup ermo dular set function. There are alw a ys di�eren t

v ersions of the problems dep ending on further constrain ts: w e la y the emphasis on the

de�ciency function here only . First w e giv e a construction that will b e used in the pro ofs

b elo w.

De�nition 2.2. Given a mixe d hyp er gr aph M = ( V;A ) , an undir e cte d hyp er gr aph H =

(V;E) and a function x : V ! R+ , we de�ne the mixe d hyp er gr aph M 0 = M 0(M; H; x ) as

fol lows. Intr o duc e a new no de z =2 V and let the vertex set of M 0
b e V + z. Conne ct z

with every v 2 V with a gr aph e dge having c ap acity x(v) : the ar c set of M 0
c onsists of the

(disjoint) union of E and A and the (c ap acitate d) gr aph e dges incident to z.

Note that if M itself is an undirected h yp ergraph in the ab o v e de�nition, to o, then so is

M 0
.

2.1.1 Global edge-connectivit y augmen tation

The most natural question in edge-connectivit y augmen tation is the follo wing.

Problem 2.3 ( Global edge-connectivit y augmen tation problem ) . Given a gr aph or

hyp er gr aph H0 = ( V;E0) and a p ositive inte ger k , �nd a (hyp er)gr aph H = ( V;E) such that

H0 + H is k -e dge-c onne cte d.

Note that the problem has man y v ersions dep ending on whether H0 and H is a graph

or a h yp ergraph. By Menger's theorem (Theorem 1.2 ) this is equiv alen t to the problem of

co v ering the follo wing set function:

p(X ) :=

8
<

:
k � dH 0 (X ) for an y nonempt y X ( V ;

0 for X = ; and X = V :
(2.1)

This function p has v ery nice prop erties: it is symmetric and cr ossing sup ermo dular . Th us

the global edge-connectivit y augmen tation problem is indeed a sp ecial case of

Problem 2.1 with the symmetric crossing sup ermo dular function de�ned in ( 2.1 ).
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This problem has already man y v ersions. The �rst v ersion is when H0 is a graph and H

has to b e a graph, to o: this is the global edge-connectivit y augmen tation problem

of graphs . This problem w as solv ed b y W atanab e and Nak am ura in [ 45 ]. The second

v ersion is when H0 is a h yp ergraph, but w e w an t to augmen t it only with graph edges: this

problem is the global edge-connectivit y augmen tation problem of h yp ergraphs

with graph edges . This problem w as solv ed b y Bang-Jensen and Jac kson in [ 4 ]. Our

con tribution to these topics is simpli�ed pro ofs that enable us to handle generalizations,

to o. See Sections 4.2.2 and Chapter 5 for more details. The v ersion when H ma y con tain

h yp eredges can b e solv ed under more general circumstances: see Section 2.1.4 .

2.1.2 Global arc-connectivit y augmen tation of mixed h yp ergraphs

A bit more di�cult problem arises when w e w an t to augmen t a mixed (h yp er)graph, instead

of an undirected one (ho w ev er w e only w an t to add undir e cte d (hyp er)e dges to it!).

Problem 2.4 ( Global arc-connectivit y augmen tation of mixed h yp ergraphs ) . L et

M = ( V;A ) b e a mixe d hyp er gr aph, r 2 V b e a designate d r o ot no de, and k; l b e nonne gative

inte gers. Find a (hyp er)gr aph H = ( V;E) of minimum total size such that � M + H (r; v ) � k

and � M + H (v; r ) � l for any v 2 V (i.e. M + H is (k; l ) -ar c-c onne cte d fr om r ).

Again, the problem has man y v ersions. Let us de�ne the set function q = qM;r;k;l b y

qM;r;k;l (X ) :=

8
>>><

>>>:

k � %M (X ) for an y X 6= ; with r =2 X;

l � %M (X ) for an y X 6= V with r 2 X

0 for X = ; and X = V :

(2.2)

The set function q is crossing sup ermo dular, but it is not symmetric. F or an undirected

h yp ergraph H one can c hec k using the directed v ersion of Menger's theorem (Theorem

1.3 ) that M + H is (k; l ) -arc-connected from r if and only if dH co v ers q or equiv alen tly

p = qs
, whic h is a sp ecial symmetric sk ew-sup ermo dular set function. Th us the global

arc-connectivit y augmen tation of mixed h yp ergraphs is indeed a sp ecial case of

Problem 2.1 where p is the symmetrized of a crossing sup ermo dular function q

de�ned in ( 2.2 ) .

Lemma 2.5. The maximizing or acle c an b e implemente d for the function p = qs
M;r;k;l

intr o duc e d in this se ction.

Pr o of. Assume that w e w an t to maximize p� dH � x for some h yp ergraph H and x 2 RV
+ .

Construct the mixed h yp ergraph M 0 = M 0(M; H; x ) as sho wn in De�nition 2.2 and observ e
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that � M 0(r; v ) and � M 0(v; r ) can b e determined for an y v 2 V with standard net w ork �o w

tec hniques. The maxim um of p � dH � x is equal to maxv2 V f k � � M 0(r; v ); l � � M 0(v; r )g

and the maximizer can b e found similarly .

If M is a mixed graph and w e w an t to add graph edges to it then this problem w as

solv ed b y Bang-Jensen, F rank and Jac kson [ 2 ]: for a simpli�ed pro of see Section 4.2.2 . If

M is a mixed h yp ergraph and w e only allo w the addition of graph edges then the problem

is unsolv ed. If w e also allo w h yp eredges then the problem can b e solv ed ev en with more

restrictions, for example w e can require that the augmen ting h yp ergraph has to b e nearly

uniform. See details of this v ersion in Section 3.4.3 .

2.1.3 No de-to-area edge-connectivit y augmen tation

A di�eren t set function arises when w e w an t to solv e a no de-to-area connectivit y aug-

men tation problem . The problem is the follo wing.

Problem 2.6 ( No de-to-area connectivit y augmen tation problem ) . Given a (hy-

p er)gr aph H0 = ( V;E0) , a c ol le ction of subsets W of V and a function r : W ! Z+ , our

aim is to �nd a (hyp er)gr aph H of minimum total size such that

� H 0+ H (x; W ) � r (W) for any W 2 W and x 2 V: (2.3)

Some v ersions of this problem will b e detailed b elo w. Note that the global edge-

connectivit y augmen tation problem is a sp ecial case where the areas are all the singletons

and the requiremen t of ev ery area is the same.

Let us sho w wh y this problem is a sp ecial case of Problem 2.1 . De�ne

RN 2A (X ) = max f r (W) : W 2 W ; W \ X = ;g for an y ; 6= X � V and RN 2A (; ) = 0 :

(2.4)

This is a monotone decreasing function: b y that w e mean that RN 2A (X ) � RN 2A (Y) for

an y ; 6= X � Y . This easily implies that RN 2A is crossing negamo dular (in fact it is ev en

in tersecting negamo dular), and b y Menger's theorem (Theorem 1.2 ) a (h yp er)graph H is

a feasible solution to the no de-to-area connectivit y augmen tation problem if and only if

dH co v ers q = RN 2A � dH 0 or equiv alen tly p = qs
. Th us the no de-to-area connectivit y

augmen tation problem is indeed a sp ecial case of Problem 2.1 where p is the

symmetrized of a crossing negamo dular function q. In fact the crossing negamo dular

function q is of sp ecial form, since it is the di�erence of a monotone decreasing function

and a symmetric submo dular function.

The no de-to-area connectivit y augmen tation problem in graphs is the sp ecial

case of this problem when H0 is a graph and H has to b e a graph, to o. This problem w as
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in tro duced b y Ishii and Hagiw ara in [ 26 ]. It is in general NP-complete (ev en if H0 is the

empt y graph and r (W) = 1 for ev ery W 2 W ): b ecause of the b eaut y and simplicit y of

the pro of giv en b y Zoltán Király w e presen t the pro of of this.

Theorem 2.7. The (gener al) no de-to-ar e a c onne ctivity augmentation pr oblem in gr aphs is

NP -c omplete, even if the gr aph to b e augmente d is the empty gr aph and the r e quir ement is

1 for every ar e a.

Pr o of (Z. Kir ály). W e reduce the thr e e dimensional matching problem (Problem SP1 in

[ 23 ]) to our problem. Let H = ( V;E) b e an instance of the three dimensional matc hing

problem (that is, H is a 3-uniform h yp ergraph, where 3 divides jV j and the question is

whether V can b e co v ered with disjoin t h yp eredges of H ). Let W = f V � X � V : jX j 2

f 1; 2; 3g and X =2 Eg and let r : W ! Z+ b e de�ned b y r (W) = 1 for eac h W 2 W .

One can c hec k that the optimal solution of the no de-to-area connectivit y augmen tation

problem in graphs de�ned b y W; r and the empt y h yp ergraph H0 con tains exactly 2jV j=3

edges (its comp onen ts are paths of length 2) if and only if H con tains a three dimensional

matc hing.

Since the no de-to-area connectivit y augmen tation problem in graphs is NP -complete,

the authors of [ 26 ] assume that r � 2 and surprisingly the problem b ecomes tractable:

they giv e a p olynomial time algorithm that solv es it. Their pro of w as simpli�ed b y Szigeti

and Grapp e in [ 24 ]. W e further simplify a part of this pro of: w e sho w that a greedy

algorithm fails only sligh tly for this problem in Section 4.3.2 . In the thesis the no de-

to-ar e a c onne ctivity augmentation pr oblem in gr aphs will mean the case when r � 2 to

distinguish from the gener al no de-to-ar e a c onne ctivity augmentation pr oblem in gr aphs ,

whic h is NP -complete.

The no de-to-area connectivit y augmen tation problem in h yp ergraphs is the

case when H0 and H can b e arbitrary h yp ergraphs. W e will discuss this problem in

Section 3.4.2 . This v ersion can b e solv ed in p olynomial time ev en without the assumption

that r � 2.

W e will consider a third v ersion of this problem: assume that H0 is a h yp ergraph of

rank at most 
 and w e can only add h yp eredges of size at most 
 to it: this is the rank-

resp ecting no de-to-area connectivit y augmen tation problem in h yp ergraphs .

As the 
 = 2 case sho ws, this is again NP -complete in general, so w e need the r (W) 6= 1

requiremen t, but under this assumption w e solv e the problem in Section 4.4.3 .

A similar pro of to that of Lemma 2.5 justi�es the follo wing lemma.

Lemma 2.8. The maximizing or acle c an b e implemente d for the function p = ( RN 2A � dH 0 )s

intr o duc e d in this se ction.
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Pr o of. Assume that w e w an t to maximize p� dH � x for some h yp ergraph H and x 2 RV
+ .

Construct the h yp ergraph M 0 = M 0(H0; H; x ) as sho wn in De�nition 2.2 . The maxim um

of p � dH � x is equal to maxf r (W) � � M 0(W; v) : W 2 W ; v 2 V � Wg whic h (together

with a maximizer) can b e determined with standard net w ork �o w tec hniques.

2.1.4 Lo cal edge-connectivit y augmen tation

If w e consider the lo cal edge-connectivit y of graphs or h yp ergraphs then w e obtain a sym-

metric sk ew-sup ermo dular de�ciency function that is not the symmetrized of a crossing

sup ermo dular or crossing negamo dular function. Let us in tro duce the problem.

Problem 2.9 ( Lo cal edge-connectivit y augmen tation problem ) . L et H0 b e a (hy-

p er)gr aph and let r : V � V ! Z+ b e a symmetric e dge-c onne ctivity r e quir ement (i.e. r (u; v) =

r (v; u) for every u; v 2 V ). Our aim is to �nd a (hyp er)gr aph H of minimum total size

such that � H 0+ H (u; v) � r (u; v) for every p air of no des u; v .

This class of problems is called lo cal edge-connectivit y augmen tation problems, since the

requiremen t is lo cally de�ned for the pairs of no des. Note that the global edge-connectivit y

augmen tation is the sp ecial case when r (u; v) is the same for an y pair u; v 2 V . The lo cal

edge-connectivit y augmen tation of graphs is the problem when H0 is a graph and H

has to b e a graph, to o. The lo cal edge-connectivit y augmen tation of h yp ergraphs

is the case when H0 is a h yp ergraph and H can b e an arbitrary h yp ergraph, to o. W e will

also consider other v ersions to b e de�ned later.

Let us de�ne the set function Rloc as Rloc(; ) = Rloc(V ) = 0 and

Rloc(X ) = max f r (u; v) : u 2 X; v =2 X g for an y nonempt y X ( V: (2.5)

By Menger's theorem � H 0+ H (u; v) � r (u; v) for ev ery pair of no des u; v if and only if

dH 0+ H (X ) � Rloc(X ) for an y X � V , in other w ords if and only if H co v ers p = Rloc � dH 0 .

An imp ortan t observ ation is the follo wing.

Theorem 2.10 (A. F rank [ 19 ]) . The function Rloc de�ne d by ( 2.5 ) is skew-sup ermo dular.

Since the function Rloc , and therefore Rloc � dH 0 is symmetric and sk ew-sup ermo dular,

the lo cal edge-connectivit y augmen tation problem is indeed a sp ecial case of

Problem 2.1 where p is the symmetric sk ew-sup ermo dular function of form

Rloc � dH 0 and Rloc is de�ned in ( 2.5 ) . W e men tion that the p ossibilit y that r (u; v) = 1

for certain pairs u; v again causes di�culties in some cases, so w e will often assume that

r (u; v) 6= 1 for an y pair u; v , but here this is only a tec hnical assumption and the complexit y

of the problem do es not dep end on it. The follo wing lemma can again b e pro v ed similarly

to Lemma 2.5 .
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Lemma 2.11. The maximizing or acle c an b e implemente d for the function p = Rloc � dH 0

intr o duc e d in this se ction.

Pr o of. Assume that w e w an t to maximize p� dH � x for some h yp ergraph H and x 2 RV
+ .

Construct the h yp ergraph M 0 = M 0(H0; H; x ) as sho wn in De�nition 2.2 . The maxim um

of p(Z ) � dH (Z ) � x(Z ) is equal to maxf r (u; v) � � M 0(u; v) : u; v 2 Vg whic h (together

with a maximizer) can b e determined with standard net w ork �o w tec hniques.

The lo cal edge-connectivit y augmen tation of graphs w as solv ed b y F rank [ 19 ] using the

splitting lemma of Mader [ 34 ]. Our con tribution is a simple pro of of this result. If H0 is a

h yp ergraph and w e w an t to augmen t it with graph edges to meet lo cal edge-connectivit y

requiremen ts, then w e obtain an NP -complete problem, as w as sho wn in [ 16 ]. The case

when H ma y con tain arbitrarily large h yp eredges w as solv ed b y Szigeti [ 42 ]. In Section

3.4.1 w e generalize his results and sho w, for example, that one can �nd an optimal solution

that is nearly uniform. If H can con tain h yp eredges but its rank cannot b e bigger than

that of H0 then the problem w as solv ed b y Ben Cosh [ 15 ]: w e presen t a simpler pro of of

this result in Section 4.4.1 .

2.2 P olyhedra and v arious ob jectiv e functions of the

augmen tation

As w e ha v e seen, the edge-connectivit y augmen tation problems that w e consider

here can b e form ulated as the problem of �nding a (h yp er)graph co v ering a p ositiv ely

sk ew-sup ermo dular set function, i.e. a co v ering problem . Let us lo ok at this problem in

terms of the ob jectiv e function.

The most simple ob jectiv e function of edge-connectivit y augmen tation w ould b e to min-

imize the n um b er of edges of the augmen ting graph (or the total size of the augmen t-

ing h yp ergraph): let us call this v ersion of the problem the minim um augmen tation

problem . Ho w ev er it is more comfortable to sp eak ab out another problem, the so-called

degree sp eci�ed augmen tation problem . This is the follo wing: giv en a symmetric

p ositiv ely sk ew-sup ermo dular set function p and a degree sp eci�cation m : V ! Z+ ,

the question is whether a graph (or h yp ergraph) G co v ering p exists that satis�es the

degree-sp eci�cation meaning that d+
G(v) = m(v) has to hold for ev ery v 2 V (so this is

not an optimization problem, but a decision problem). A natural necessary condition

of the existence of the graph G is that m(X ) =
P

v2 X m(v) � p(X ) for an y X � V ,

since dG(X ) �
P

v2 X dG(v) �
P

v2 X d+
G(v) =

P
v2 X m(v) for an y X � V . This necessary

condition and the nice prop erties of the function p allo w us to reduce the minim um v ersion
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(and ev en more general v ersions) of the augmen tation problem to the degree-sp eci�ed v er-

sion. W e sa y that the degree-sp eci�cation m 2 ZV
+ is admissible if m(X ) � p(X ) for an y

X � V . If m is not admissible then a set X with m(X ) < p(X ) will b e called de�cien t .

F or a set function p : 2V ! Z [ f�1g w e ha v e in tro duced the p olyhedron

C(p) = f x 2 RV : x(Z ) � p(Z ) 8Z � V; x � 0g: (2.6)

As it w as men tioned in Section 1.5 , this is an (in teger) con trap olymatroid for a p ositiv ely

sk ew-sup ermo dular function p. W e note that, b y the prop erties of a con trap olymatroid, a

p olynomial algorithm to the degree sp eci�ed co v ering problem will giv e rise to a solution to

the minim um v ersion of the problem, and to more general v ersions, suc h as the minim um

no de-cost problem. By the prop erties of g-p olymatroids (see Section 1.5 ), minf x(V) : x 2

C(p)g = min f 1 � x : x 2 C(p)g = maxf
P

X 2X p(X ) : X is a subpartition of Vg. De�ne

the Subpartition Lo w er Bound b y SLB (p) = max f
P

X 2X p(X ) : X is a subpartition of

Vg = min f 1 � x : x 2 C(p)g: this is ob viously a lo w er b ound on the minim um total size of

an y h yp ergraph co v ering p. W e sa y that m 2 C(p) \ ZV
is minimal if m0 2 C(p) \ ZV

,

m0 � m implies that m0 = m . By Edmonds' greedy algorithm and Theorem 1.17 w e ha v e

the follo wing.

Corollary 2.12. F or a ve ctor m 2 C(p) , m is minimal if and only if m(V) = SLB (p) .

By the prop erties of a con trap olymatroid w e can handle the follo wing, minim um no de-

cost co v ering problem , to o. This is the follo wing: assume that w e are giv en a cost

function c : V ! R+ and the task is to �nd a (h yp er)graph H co v ering p that minimizes

P
v2 V c(v)dH (v) . The minim um v ersion of the co v ering problem corresp onds to the case

when c(v) = 1 for ev ery v 2 V . Note that w e can assume ab out an y optimal solution H of

suc h a minim um no de-cost co v ering problem that it do es not con tain singleton h yp eredges,

so dH (v) = d+
H (v) for an y v 2 V .

The reader can ask wh y w e consider exactly these ob jectiv e functions. The answ er is

simple: these are the tractable ones. F or example it is easy to see that the follo wing

simplest minimum c ost e dge-c onne ctivity augmentation pr oblem in gr aphs is already NP -

complete: giv en a graph G0 and a requiremen t k 2 Z+ , �nd a set of edges F of minim um

cost suc h that G + F is k -edge-connected, where the cost of c ho osing the edge uv is giv en

for an y u; v 2 V . If k = 2 and G0 is the empt y graph then this problem is equiv alen t to

the Symmetric T r avel ling Salesman Pr oblem , as one can c hec k. Let us de�ne formally the

considered v ersions of the problems in terms of the ob jectiv e function.

De�nition 2.13. L et us b e given the pr oblem of c overing a set function p : 2V ! R[f�1g

with a hyp er gr aph H (wher e we might have further c onstr aints on the hyp er gr aph H ). The
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minimum version of the pr oblem is to �nd a hyp er gr aph H c overing p of minimum

total size. The minimum no de-c ost version of the pr oblem is to �nd a (hyp er)gr aph

H c overing p that minimizes

P
v2 V c(v)dH (v) for a given c ost function c : V ! R+ . The

de gr e e-sp e ci�e d version is to �nd a hyp er gr aph H c overing p that also satis�es a given

de gr e e-sp e ci�c ation m 2 ZV
+ .

F or sak e of clarit y let us outline Edmonds' greedy algorithm to �nd a v ector m 2 C(p)

that minimizes f
P

v2 V c(v)x(v) : x 2 C(p)g for a p ositiv ely sk ew-sup ermo dular function

p : 2V ! Z [ f�1g (giv en b y a maximizing oracle) and an arbitrary c : V ! R+ (i.e. the

greedy algorithm for a con trap olymatroid). Determine Mp = maxf p(X ) : X � Vg and

set initially m(v) = Mp for ev ery v 2 V . Order the elemen ts of V suc h that c(v1) �

c(v2) � � � � � c(vn ) . Starting with i = 1 successiv ely decrease m(vi ) b y a maxim um

p ossible v alue that main tains m 2 C(p) : note that this maxim um v alue can b e determined

b y a logarithmic searc h. By the w ell kno wn results of Edmonds [ 17 ], the resulting m

will b e an in teger minimizer of f
P

v2 V c(v)x(v) : x 2 C(p)g. This algorithm can clearly

b e implemen ted to run in p olynomial time if a maximizing oracle is a v ailable for p and

it sho ws the ideas of the reduction of the minimum no de-c ost c overing pr oblem to the

de gr e e-sp e ci�e d c overing pr oblem .

Notice that using Edmonds' greedy algorithm w e can implemen t the ev aluation oracle for

the monotone sup ermo dular function p0
de�ned in ( 1.13 ) that de�nes the same con trap oly-

matroid C(p) , if the p ositiv ely sk ew-sup ermo dular function p is giv en with a maximizing

oracle. This is true since p0(Z ) = min f x(Z ) : x 2 C(p)g b y ( 1.12 ), therefore to ev aluate

p0(Z ) w e only need to minimize � Z x o v er C(p) .

Because of the argumen ts giv en ab o v e w e will alw a ys sp eak ab out the degree-sp eci�ed

co v ering problem and w e will usually only state the solution of the minim um v ersion as

consequences.

2.3 Co v ering with graph edges: the splitting-o� tec h-

nique

When w e w an t to co v er a set function b y a degree sp eci�ed graph then the usual

tec hnique is splitting-o� . The splitting-o� op eration w as originally in tro duced b y Lo v ász

[ 33 ] and subsequen tly dev elop ed further b y Mader [ 34 ] and others (w e men tion that a

directed v ersion of splitting-o� can b e de�ned, to o, but w e will only use undirected splitting-

o� ). In the rest of Section 2.3 let p : 2V ! Z [ f�1g b e a symmetric, p ositiv ely sk ew-

sup ermo dular function that satis�es p(; ) � 0 and m : V ! Z+ a nonnegativ e function
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satisfying m(X ) � p(X ) for an y X � V (i.e. an in teger elemen t of C(p) , or with other

w ords an admissible degree-sp eci�cation). W e w ould lik e to decide whether there is a graph

G co v ering p that satis�es d+
G(v) = m(v) for ev ery v 2 V .

F or a no de v 2 V w e sa y that v is p ositiv e if m(v) > 0, and neutral otherwise. The

set of p ositiv e no des will b e denoted b y V +
. Assume u; v 2 V +

are t w o p ositiv e no des

(p ossibly u = v , but then m(u) � 2 is assumed). The op eration splitting-o� (or shortly

splitting ) at u and v consists of replacing m b y m0
and p b y p0

where

m0 = m � � f ug � � f vg and p0(X ) =

(
p(X ) � 1 if jX \ f u; vgj = 1;

p(X ) otherwise :
(2.7)

(Note that p0 = p� d(V;f uvg) where d(V;f uvg) denotes the cut function of the graph (V;f uvg)

ha ving only one edge b et w een u and v , therefore p0
is p ositiv ely sk ew-sup ermo dular, to o.)

The edge uv will b e called a split edge . One can observ e that this is indeed the usual

notion of splitting-o�: if w e in tro duce a graph K = ( V + s; E) with ev ery edge of E inciden t

to s and dK (s; v) = m(v) for an y v 2 V then w e are bac k at the w ell kno wn splitting-o�

op eration.

If m0(X ) � p0(X ) for an y X � V then w e sa y that the splitting o� is admissible (or

the pair u; v is admissible ). A set X is dangerous if m(X ) � p(X ) � 1 and it is called

tigh t if m(X ) � p(X ) = 0 . The follo wing claim can b e easily v eri�ed.

Claim 2.14. If m 2 C(p) \ ZV
and u; v 2 V +

then the splitting-o� at u and v is admissible

if and only if ther e is no danger ous set X c ontaining b oth u and v .

W e will also sa y that suc h a dangerous set X blo c ks the splitting at u and v , or

simply that X blo c ks u and v .

W e will sometimes need to do the in v erse of a splitting-o� . So assume that e is a split

edge. The unsplitting op eration of e is simply the rev erse of the splitting-o� op eration:

me = m+ � f ug + � f vg and pe = p+ d(V;f (uv)g) . Of course, this op eration is alw a ys admissible,

that is me 2 C(pe) , if m w as admissible (since m(X ) � p(X ) � me(X ) � pe(X ) for an y set

X ).

An admissible splitting-o� sequence is a sequence of splitting-o�s, where eac h step

is admissible (where note that the functions p and m are alw a ys up dated after eac h step).

It is imp ortan t to observ e that the order of suc h a sequence can b e arbitrarily c hanged: if

the admissible splitting-o� at u; v is follo w ed b y the admissible splitting-o� at x; y , then

�rst p erforming the splitting-o� at x; y and then at u; v is also an admissible splitting-o�

sequence (this is b ecause the unsplitting is alw a ys admissible). A complete admissible

splitting-o� is an admissible splitting-o� sequence whic h decreases m(V) to zero. Note
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that there exists a graph co v ering the function p and satisfying the degree-sp eci�cation m

if and only if there exists a complete admissible splitting-o�.

No w w e giv e some lemmas on splitting-o� that will b e needed later.

Claim 2.15. L et p : 2V ! Z [ f�1g b e a symmetric function and m 2 C(p) . If T � V

is tight and D � V is danger ous satisfying T [ D = V then m(T \ D) = 0 .

Pr o of. W e can assume that m(V) > 0 and T \ D 6= ; , otherwise the claim is trivially true.

Assuming that m(T \ D) > 0 and using that p(D) = p(T � D) and p(T) = p(D � T) b y

the symmetry of p, w e get a con tradiction from the follo wing inequalities: p(T) + p(D) =

p(T � D)+ p(D � T) � m(T � D)+ m(D � T) � m(T) � 1+ m(D) � 1 � p(T) � 1+ p(D) .

Lemma 2.16. Assume that p : 2V ! Z[f�1g is a symmetric, p ositively skew-sup ermo dular

function and m 2 C(p) is minimal. If the p air u; v 2 V +
is admissible, then splitting-o�

this p air the subp artition lower b ound de cr e ases by two, that is SLB (p0) = SLB (p) � 2 for

the mo di�e d function p0 = p � d(V;f uvg) .

Pr o of. Since m0 = m � � f ug � � f vg 2 C(p0) , certainly SLB (p0) � SLB (p) � 2 = m(V) � 2 =

m0(V) . On the other hand, if SLB (p) =
P

X 2X p(X ) for some subpartition X of V , then u

and v m ust b e in t w o di�eren t mem b ers of X b y the minimalit y of m and the admissibilit y

of u; v , therefore SLB (p0) �
P

X 2X p0(X ) = SLB (p) � 2.

W e men tion that the minimalit y is indeed necessary in Lemma 2.16 . As an example, con-

sider the lo cal edge-connectivit y augmen tation of a C5 = ( f x1; x2; x3; x4; x5g; f x1x2; x2x3;

x3x4; x4x5; x5x1g) with connectivit y requiremen ts r (x i ; x j ) = 3 for an y i; j 2 f 2; 3; 4; 5g

and r (x1; x j ) = 0 for an y j 2 f 2; 3; 4; 5g. Cho osing the degree-sp eci�cation m = 1 , the

splitting-o� at x2; x5 is admissible and SLB (p0) = SLB (p) � 1 = 3 .

Let Mp = maxf p(X ) : X � Vg. A set X with p(X ) = M p will b e called p -maximal .

Clearly , if Mp � 0 then an y splitting-o� is admissible, so w e will usually assume that

Mp > 0. In this case if X and Y are t w o p-maximal sets then either b oth of X \ Y and

X [ Y are p-maximal (if X and Y satisfy (\[ ) ) or b oth of X � Y and Y � X are p-maximal

(if X and Y satisfy (� ) ) b y the p ositiv ely sk ew-sup ermo dularit y of p.

W e men tion the follo wing simple observ ation ab out lo op edges . When w e consider

the degree-sp eci�ed v ersion of a co v ering problem, then usually w e allo w lo op edges in

the graph to b e found. Therefore w e usually use the terminology �a graph G satis�es the

degree-sp eci�cation m � to mean that d+
G(v) = m(v) for ev ery v 2 V (note that d+

G(v) also

coun ts the lo op edges). Ho w ev er w e could a v oid this b y the follo wing transformation: if G

satis�es the degree-sp eci�cation m and con tains a lo op edge inciden t to some no de u , but

there exist another edge vw (p ossibly another lo op but) not inciden t to u then deleting
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these t w o edges and in tro ducing the edges uv and uw the obtained graph G0
still satis�es

the degree-sp eci�cation m and dG0(X ) � dG(X ) for an y X � V , i.e. if G co v ers some

function p then G0
also co v ers p. Rep eating this op eration w e can get rid of the lo op edges,

unless there exists a no de v 2 V that has m(v) > m (V � v) . Therefore if w e also made the

assumption

m(v) � m(V � v) for ev ery v 2 V (2.8)

in our theorems, then w e could a v oid dealing with lo op edges. Ho w ev er w e will follo w

an approac h that allo ws lo op edges. Note that in the partition constrained problems in

Chapter 5 the condition ( 2.8 ) is implicitly presen t among the others (and lo op edges are

not allo w ed in partition constrained problems).

2.3.1 Con traction of tigh t sets

A widely used ingredien t of splitting-o� algorithms is con traction of tigh t sets. This can

b e done since it do es not c hange the admissibilit y structure (the set of admissible pairs

do es not c hange) and most of the pro ofs b ecome simpler if tigh t sets are con tracted. In

this section w e giv e the bac kground of this simpli�cation, ho w ev er w e will alw a ys try to

a v oid the use of con traction wherev er the discussion do es not b ecome unnecessarily di�cult

without it.

If T � V then con tracting T roughly means that from no w on w e consider it to b e

a singleton. F ormally this means that w e de�ne V=T = V � T + vT where vT is a new

no de not in V . F or an y set function p : 2V ! Z [ f�1g w e de�ne p=T : 2V=T !

Z [ f�1g b y p=T(X ) = p(X ) if vT 62X and p=T(X ) = p(X � vT + T) if vT 2 X . F or

m : V ! R de�ne m=T : V=T ! R with m=T(v) = m(v) if v 6= vT and m=T(vT ) = m(T) :

observ e that regarding m to b e a set function w ould giv e the same de�nition. In this

con tracted problem a splitting-o� is admissible if it is admissible with resp ect to p=T.

Note that p=T will inherit the in teresting prop erties of p in v estigated in this pap er (e.g.

symmetry , (p ositiv ely) crossing sup ermo dularit y , (p ositiv ely) sk ew-sup ermo dularit y etc.).

Con traction of a h yp ergraph H = ( V;E) is understo o d in the ob vious w a y as H=T =

(V=T;f e 2 E : T \ e = ;g [ f e � T + vT : e 2 E; T \ e 6= ;g ) , so w e will usually not

consider h yp eredges with m ultiplicities (m ultih yp eredges) after a con traction. Ho w ev er, for

the graph of the edges split so far w e m ust coun t the m ultiplicit y in the lo op edges obtained

this w a y in order to satisfy the degree sp eci�cation: this will not cause an y confusion. One

can c hec k that dH=T = dH =T . The con tracted image v=T of a no de v 2 V is de�ned

as v=T = vT , if v 2 T , and v=T = v otherwise. The main observ ation ab out con traction is

the follo wing.
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Lemma 2.17. L et p : 2V ! Z [ f�1g b e a symmetric, p ositively skew-sup ermo dular

function, m 2 C(p) , and u; v 2 V with m(u); m(v) > 0. If we c ontr act a p-p ositive tight

set T then the splitting at u=T and v=T is admissible with r esp e ct to p=T if and only if the

splitting at u and v is admissible with r esp e ct to p

Pr o of. By the de�nition of p=T, if the splitting-o� at u and v w as admissible then it

clearly sta ys admissible. Let us pro v e the other direction. Assume that u=T; v=T b ecomes

admissible while u; v w as not admissible, i.e. there w as a set X � V with p(X ) � m(X ) � 1

with u; v 2 X (a dangerous set with resp ect to p: note that the inequalit y p(X ) � m(X ) � 1

implies that X is p-p ositiv e). Clearly , neither T � X nor X \ T = ; can hold. If (\[ )

holds for X and T then X [ T is also dangerous, a con tradiction. So (� ) m ust hold for

them, meaning X � T is also dangerous and u; v 2 X � T , a con tradiction again.

This lemma allo ws us to simplify some of the pro ofs b y assuming that ev ery tigh t set is a

singleton. Note that if p is not only p ositiv ely sk ew-sup ermo dular but sk ew-sup ermo dular,

then w e can also con tract a tigh t set T with p(T) = 0 .
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Chapter 3

Co v ering sk ew-sup ermo dular functions

with h yp eredges

This c hapter is dev oted to co v ering symmetric, p ositiv ely sk ew-sup ermo dular functions

with h yp eredges. The starting result is Theorem 3.2 of Szigeti. The application he had in

mind w as lo cal edge-connectivit y augmen tation of h yp ergraphs b y h yp eredges of minim um

total size. Here w e generalize this theorem in man y directions and w e will consider other

applications, to o. The results of this section w ere found together with T amás Király and

they app eared in [ 12 ].

Recall that the h yp ergraph H = ( V;E) is said to co v er the function p : 2V ! Z [ f�1g

if dH (X ) � p(X ) for ev ery X � V . W e will also use a di�eren t notion of co v ering: H is

said to w eakly co v er the function p : 2V ! Z [ f�1g if bH (X ) � p(X ) for ev ery X � V ,

where

bH (X ) = jf e 2 E : e \ X 6= ;gj :

Note that bH is submo dular, monotone (but not symmetric), and

bH (X ) + bH (Y) � bH (X � Y) + bH (Y � X ) + jf e 2 E : ; 6= e \ Y � X \ Ygj:

Notice that bH (v) = d+
H (v) for a h yp ergraph H and a no de v . The cen tral problem of

this c hapter is the follo wing.

Problem 3.1 (Co v ering a p ositiv ely sk ew-sup ermo dular function with h yp eredges) . L et

us b e given a symmetric, p ositively skew-sup ermo dular function p : 2V ! Z [ f�1g with

a maximizing or acle. The minimum version of the pr oblem is to �nd a hyp er gr aph H

c overing p of minimum total size. The de gr e e-sp e ci�e d version is to �nd a hyp er gr aph

H c overing p that also satis�es a given de gr e e-sp e ci�c ation m 2 ZV
+ .

37
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In [ 42 ], Szigeti pro v ed the follo wing result, whic h solv es the degree-sp eci�ed v ersion of

the problem giv en ab o v e. It states that if the degree-sp eci�cation is admissible then the

required h yp ergraph exists.

Theorem 3.2 (Z. Szigeti, [ 42 ]) . L et p : 2V ! Z [ f�1g b e a symmetric, p ositively

skew-sup ermo dular set function, and m : V ! Z+ a de gr e e sp e ci�c ation.

(i) Ther e exists a hyp er gr aph H s.t. d+
H (v) = m(v) for every v 2 V and dH (X ) � p(X )

for every X � V if and only if

X

v2 X

m(v) � p(X ) for every X � V : (3.1)

(ii) F urthermor e, if m(v) � Mp = maxf p(X ) : X � Vg for any v 2 V , then H c an b e

chosen so that it c onsists of exactly Mp hyp er e dges.

In this c hapter w e giv e di�eren t kinds of extensions of this theorem. The structure of this

c hapter is the follo wing. First w e sho w a simple pro of of Szigeti's theorem with a di�eren t

metho d compared to his: w e use the op eration of mer ging hyp er e dges . This already allo ws

us to generalize his result sligh tly in one direction: in Theorem 3.3 w e can tell when it

is p ossible to obtain a h yp ergraph H � co v ering the function p b y merging h yp eredges of

a h yp ergraph H giv en in adv ance. In the next section �rst w e sho w a generalization of

Sc hrijv er's sup ermo dular colouring theorem, that is closely related to h yp ergraphs we akly

c overing a p ositiv ely sk ew-sup ermo dular function p. W e sho w this relation in Theorem

3.9 . Then w e observ e that under certain circumstances w eak co v ering already implies

co v ering . This together with the p olyhedral observ ations on h yp ergraphs w eakly co v er-

ing the set function giv e extensions of Theorem 3.2 : for example the optimal h yp ergraph

can alw a ys b e c hosen to b e nearly uniform. F urthermore, w e obtain that under some

circumstances w e can solv e the problem of co v ering t w o sk ew-sup ermo dular functions si-

m ultaneously . In Section 3.4 w e giv e applications of our results. W e note that algorithmic

asp ects are not adressed in this c hapter, w e simply giv e minmax results here. The algo-

rithm that w e suggest �nds the h yp eredges of the augmen ting h yp ergraph one b y one, th us

it is not p olynomial. Ho w ev er, probably a similar argumen t as the one giv en in [ 29 ] w ould

giv e p olynomial algorithms for the problems discussed in this c hapter.

3.1 Merging h yp eredges

Let H = ( V;E) b e a h yp ergraph. By mer ging t w o disjoin t h yp eredges of H w e mean

the op eration of replacing them b y their union. �Merging some h yp eredges of H � means
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rep eating this op eration a few times. W e note that part ( i ) of the follo wing theorem due

to T amás Király already app eared in [ 30 ] and in Hungarian in [ 31 ].

Theorem 3.3. L et H = ( V;E) b e a hyp er gr aph, and let p : 2V ! Z[f�1g b e a symmetric,

p ositively skew-sup ermo dular set function with k = Mp = maxf p(X ) : X � Vg � 0, for

which

bH (X ) � p(X ) for every X � V : (3.2)

(i) Then by mer ging some hyp er e dges of H we c an obtain a hyp er gr aph H � = ( V;E� ) that

c overs p.

(ii) F urthermor e, if ther e ar e k hyp er e dges f 1; f 2; : : : ; f k
in H such that every hyp er e dge

in H � f f 1; : : : ; f kg is a singleton and bH (v) � k for any v 2 V , then the mer ging

op er ations c an b e or ganize d in a way that H � = ( V;f f 1
� ; f 2

� : : : ; f k
� g) wher e f i � f i

� for

every i = 1; : : : ; k .

Pr o of. W e pro v e ( i ) b y induction on the n um b er of h yp eredges of H (it is clearly true if

E = ; ). A set X � V is called tight if bH (X ) = p(X ) . By the prop erties of bH and p, if

X and Y are p-p ositiv e and tigh t, then either X \ Y and X [ Y are tigh t, or X � Y and

Y � X are tigh t. F urthermore, if X and Y are p-p ositiv e and tigh t and there is a h yp eredge

e suc h that ; 6= e \ Y � X \ Y , then X \ Y and X [ Y are tigh t.

Let e0 b e an arbitrary h yp eredge of H . If there is no tigh t set X suc h that e0 � X ,

then let H 0 := H � e0 and p0 = p � dH 0 where H0 = ( V;f e0g) . The set function p0
is

symmetric and p ositiv ely sk ew-sup ermo dular, and bH 0(X ) � p0(X ) for ev ery X � V , so

b y induction there is a h yp ergraph H 0
� , obtained b y merging some h yp eredges of H 0

, suc h

that dH 0
�
(X ) � p0(X ) for ev ery X � V . It follo ws that H � := H 0

� + e0 co v ers p. W e can

th us assume that there is a tigh t set X 0 suc h that e0 � X 0 : let X 0 b e a maximal tigh t set

con taining e0 .

Supp ose that there is no h yp eredge e 2 E suc h that e \ X 0 = ; . Then p(V � X 0) =

p(X 0) = bH (X 0) > bH (V � X 0) since e0 � X 0 , con tradicting ( 3.2 ). Th us there is a h yp eredge

e1 2 E suc h that e1 \ X 0 = ; . Consider the h yp ergraph H 0 := ( V;E � f e0; e1g + ( e0 [ e1)) ,

i.e. the h yp ergraph obtained b y merging e0 and e1 . If bH 0(Y0) < p(Y0) for some Y0 � V ,

then e0 \ Y0 6= ; , e1 \ Y0 6= ; , and Y0 w as tigh t. Since ; 6= e0 \ Y0 � X 0 \ Y0 , X 0 [ Y0 is

also tigh t, whic h con tradicts the maximalit y of X 0 .

W e pro v ed that H 0
and p satisfy ( 3.2 ), so b y induction there is a h yp ergraph H � , obtained

b y merging some h yp eredges of H 0
(hence obtained b y merging some h yp eredges of H ),

that co v ers p.

The pro of of ( ii ) is similar to the pro of of Theorem 3.2 b y Szigeti. W e will use the

follo wing observ ation. Let X; Y � V suc h that X is tigh t and p(Y) = k . If (\[ ) applies
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for X and Y then p(X [ Y) � p(Y) = k implies that p(X \ Y) � p(X ) = bH (X ) �

bH (X \ Y) � p(X \ Y) , so ev ery inequalit y is satis�ed with equalit y here (including

p(X [ Y) = k ). On the other hand, if (� ) applies for X and Y then p(Y � X ) � p(Y) = k

implies that p(X � Y) � p(X ) = bH (X ) � bH (X � Y) � p(X � Y) , so ev ery inequalit y is

satis�ed with equalit y here (including p(Y � X ) = k ).

W e will pro v e the statemen t indirectly: supp ose that H , p and f 1; : : : ; f k
form a coun-

terexample with k as small as p ossible and, sub ject to that, jV � f k j as small as p ossible.

T rivially , k > 0. Supp ose that there is a set Y with p(Y) = k that is disjoin t from f k
. Since

bH (Y) � p(Y) = k there m ust b e a h yp eredge e 2 E � f f 1; : : : ; f k� 1; f kg that in tersects

Y : since these h yp eredges are singletons, in fact e � Y . Let H 0
b e obtained from H b y

merging f k
and e in to a h yp eredge f 0k

. W e claim that H 0
do es not violate ( 3.2 ) : if it do es

then there w as a tigh t set X suc h that f k \ X 6= ; , e \ X 6= ; ( e � X in fact). But

bH (X ) > b(X \ Y) b ecause of the edge f k
, implying that (\[ ) cannot apply for X and Y .

On the other hand, bH (X ) > bH (X � Y) b ecause of the h yp eredge e, so (� ) cannot apply

for X and Y either, a con tradiction. By the minimal c hoice of H , the statemen t is true for

H 0
, but then also for H , a con tradiction. So in our minimal coun terexample f k

in tersects

ev ery set Y with p(Y) = k .

Similarly w e claim that in this minimal coun terexample f k
m ust co v er ev ery v ertex v

with bH (v) = k . Assume that this is not the case and v is suc h a v ertex not co v ered b y f k
.

Then there m ust b e a h yp eredge e 2 E � f f 1; : : : ; f k� 1; f kg that co v ers v and if w e merge

f k
with e then the h yp ergraph H 0

obtained will not violate ( 3.2 ) , since ev ery set Y that

in tersects b oth e and f k
has bH (Y ) � k + 1 , so it cannot b e tigh t. Therefore the statemen t

is true for H 0
, and then also for H , a con tradiction.

W e claim that there is no tigh t set X satisfying f k � X . Assume that this is not true

and let X b e suc h a tigh t set. Let Y b e an arbitrary set with p(Y) = k (suc h a set

exists b y the de�nition of k ). If (\[ ) applies for X and Y then p(X [ Y) = k , but then

p(V � (X [ Y)) = k , to o, but this set is not co v ered b y f k
. Ho w ev er, (� ) cannot apply for

X and Y either, b ecause then Y � X w ould b e a set with p(Y � X ) = k not co v ered b y

f k
. So w e really obtained that there is no tigh t set con taining f k

.

Let H 0 = H � f k
and p0 = p � dH k , where H k = ( V;f f kg) . Then maxf p0(X ) : X �

Vg = k � 1, bH 0(v) � k � 1 for ev ery v 2 V , and bH 0 � p0
, th us H 0

, p0
and f 1; : : : ; f k� 1

m ust satisfy the statemen t to b e pro v ed (otherwise H w as not a minimal coun terexample),

so there exists a h yp ergraph H 0
� = ( V;f f 1

� ; : : : ; f k� 1
� g) that co v ers p0

and satis�es f i � f i
�

for an y i b et w een 1 and k � 1. But then one can easily c hec k that H � = H 0
� + f k

satis�es

our requiremen ts, so H w as not a coun terexample.

Theorem 3.2 corresp onds to the case when H consists of h yp eredges of size 1, and m(v)
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is the m ultiplicit y of f vg in H . W e men tion that the assumptions of Theorem 3.3 ( ii ) are

really needed: if a h yp ergraph H w eakly co v ers a p ositiv ely sk ew-sup ermo dular function p

and H has more than k = Mp nonsingleton h yp eredges then w e cannot necessarily merge

h yp eredges of H with main taining the inequalit y bH � p (but b y Theorem 3.3 ( i ) , only if

H in fact co v ers p). A simple example ab o v e the 3 elemen t ground set V = f v1; v2; v3g

is the follo wing: let p(X ) = 2 for an y nonempt y X ( V and p(; ) = p(V) = 0 and let

H = ( V;f v1v2; v2v3; v3v1g) .

3.2 W eak co v ering of p ositiv ely sk ew-sup ermo dular func-

tions

In this section w e �rst sho w a generalization of Sc hrijv er's sup ermo dular colouring theorem.

W e w an t to describ e this in the con text of h yp ergraphs instead of colourings: let us sho w

the connection. A k -c olouring is a partition X 1; : : : ; X k of V (where some of these classes

ma y ev en b e empt y). If a set function p : 2V ! Z [ f�1g is also giv en then a k -colouring

is go o d (for p) if jf i : X i \ X 6= ;gj � p(X ) for an y X � V . Observ e that the colouring

X 1; : : : ; X k is go o d if and only if the h yp ergraph with edge set X 1; : : : ; X k w eakly co v ers

the set function p.

Let us state the imp ortan t results on sup ermo dular colourings. The follo wing theorem

is called the sup ermo dular colouring theorem .

Theorem 3.4 (Sc hrijv er, [ 39 ]) . L et p1; p2 : 2V ! Z [ f�1g b e interse cting sup ermo dular

functions and let k b e a p ositive inte ger. Ther e exists a c olouring X 1; X 2; : : : ; X k of V that

is go o d for b oth p1 and p2 if and only if

pi (X ) � minf k; jX jg for any X � V and i = 1; 2:

A nice and simple pro of of this theorem w as giv en b y Év a T ardos (a further simpli�ed

form of this pro of can b e found in Sc hrijv er's b o ok [ 41 ], pages 849-851). The k ey of her

pro of is the follo wing lemma.

Lemma 3.5 (T ardos, [ 44 ]) . L et p : 2V ! Z [ f�1g b e an interse cting sup ermo dular

function and let k b e a p ositive inte ger. Assume that p(X ) � minf k; jX jg for any X � V .

Then the p olyhe dr on

Q = f x 2 RV : x(Z ) � 1 if p(Z ) = k; x(Z ) � j Z j � p(Z ) + 1 8Z � V; 0 � x � 1g

is a nonempty inte ger g-p olymatr oid.
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T o pro v e Theorem 3.4 it is enough to sho w that the in teger elemen ts of the p olyhedron

de�ned in Lemma 3.5 corresp ond to the c haracteristic v ectors of the p ossible colour classes

of go o d colourings: w e will see exact details in a more general setting later. Szigeti sho w ed

that Theorem 3.2 implies a sp ecial case of the sup ermo dular colouring theorem. In this sec-

tion w e dev elop to ols to pro v e a rev erse implication. First w e sho w that the sup ermo dular

colouring theorem is true in a more general form, namely for p ositiv ely sk ew-sup ermo dular

functions instead of in tersecting sup ermo dular functions � this w as observ ed b y T amás

Király in [ 28 ]. Then w e sho w that for symmetric, p ositiv ely sk ew-sup ermo dular set

functions w eak co v ering implies co v ering if the n um b er of h yp eredges equals

the maxim um v alue of the set function . This enables us to deriv e generalizations of

Szigeti's theorem.

Let p : 2V ! Z [ f�1g b e an arbitrary p ositiv ely sk ew-sup ermo dular function and let

C = C(p) b e the con trap olymatroid de�ned in ( 1.11 ). Let k � maxf p(X ) : X � Vg and

let y � (k; k; : : : ; k) b e an in teger v ector in C (note that the v ector (k; k; : : : ; k) is in C ,

so suc h a y exists). Our aim is to �nd a h yp ergraph of k h yp eredges satisfying the degree-

sp eci�cation y that w eakly co v ers p. Note that in the follo wing theorems the symmetry of

p is not necessarily assumed.

Let us de�ne the p olyhedron

Q = Q(p; k; y) = f x 2 RV : x(Z ) � 1 if p(Z ) = k;

x(Z ) � y(Z ) � p(Z ) + 1 8Z � V; 0 � x � yg:

One can observ e that y=k 2 Q, so Q is non-empt y .

The pro of of the follo wing lemma essen tially follo ws the line of the pro of of Lemma 3.5

that app ears in Sc hrijv er's b o ok [ 41 ].

Lemma 3.6. Q is a (nonempty, inte ger) g-p olymatr oid.

Pr o of. W e will sho w that Q0 = y � Q is a g-p olymatroid, from whic h the statemen t follo ws.

One can see that

Q0 = f x 2 RV : x(Z ) � p(Z ) � 1 8Z � V; x(T) � y(T) � 1 if p(T) = k; 0 � x � yg:

Let

D = f T � V : p(T) = k but p(Y) < k for an y Y ( Tg;

and

C = f X � V : X � T for some T 2 D or X \ T = ; 8 T 2 Dg:
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The p ositiv ely sk ew-sup ermo dularit y of p implies that D is a subpartition. It is also clear

that

Q0 = f x 2 RV : x(Z ) � p(Z ) � 1 8Z � V; x(T) � y(T) � 1 8T 2 D ; 0 � x � yg:

W e claim that Q0
is actually equal to

Q00= f x 2 RV : x(Z ) � p(Z ) � 1 8Z 2 C; x(T) � y(T) � 1 8T 2 D ; 0 � x � yg:

W e only need to sho w that Q00� Q0
. Let x 2 Q00

and Z � V b e arbitrary: w e ha v e to

sho w that x(Z ) � p(Z ) � 1. T o pro v e this assume that Z in tersects t > 0 mem b ers of D

and pro v e b y induction on t . Let T 2 D b e one of the t mem b ers of D in tersected b y Z .

Assume T and Z satisfy (\[ ) . This implies p(Z ) � p(Z \ T) (since p(T) is maxim um).

Then x(Z ) � x(Z \ T) � p(Z \ T) � 1 � p(Z ) � 1, as claimed. Otherwise T and Z satisfy

(� ) , implying p(Z ) � p(Z � T) . Then x(Z ) � x(Z � T) � p(Z � T) � 1 � p(Z ) � 1, since

Z � T in tersects t � 1 mem b ers of D , so w e can use induction.

Let f (X ) = max f 0;
P t

i =1 (p(X i ) � 1): X 1; : : : ; X t is a subpartition of X g for an y X 2 C

and �1 otherwise, and let g(X ) = y(X ) � 1 for an y X 2 D and 1 otherwise. The set

function g is in tersecting submo dular b ecause it has �nite v alues on a subpartition, and it

clearly satis�es the cross inequalit y ( 1.9 ) with f for an y prop erly in tersecting pair X; Y .

T o see that f is in tersecting sup ermo dular, let U b e a maximal mem b er of C, and let

f U and p0
U b e the set functions f and p(X ) � 1 restricted to the subsets of U . Then p0

U

is sk ew-sup ermo dular and f U is the sup ermo dular function de�ning C(p0
U ) (see Theorem

1.17 ). Since the maximal mem b ers of C form a partition, f is in tersecting sup ermo dular

on V .

W e can conclude that f and g form a w eak pair, so Q(f; g ) is a g-p olymatroid b y

Theorem 1.15 . F urthermore, b y Theorem 1.16 , Q0 = Q00= Q(f; g ) \ f x : 0 � x � yg is

also a g-p olymatroid, since it is the in tersection of a g-p olymatroid with a b o x.

The in teger p oin ts of Q are closely related to m ultih yp eredges of a m ultih yp ergraph that

w eakly co v ers p. More precisely , the follo wing statemen t can b e pro v ed with a similar pro of

to that of Theorem 3.9 . Let Q� = Q \ f x 2 RV : x(v) = 1 if y(v) = kg: b y Theorem 1.16 ,

Q�
is an in teger g-p olymatroid, to o (note that d+

H (v) is not necessarily equal to bH (v) for

m ultih yp ergraphs).

Theorem 3.7. A n inte ger ve ctor is in Q�
if and only if it is a multihyp er e dge of a mul-

tihyp er gr aph H = ( V;E) c ontaining k multihyp er e dges, which we akly c overs p and satis�es

d+
H (v) = y(v) for any v 2 V .
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Ho w ev er, w e w ould lik e to sp eak of h yp ergraphs instead of m ultih yp ergraphs. Th us

w e w ould lik e to pro v e a v ersion of Theorem 3.7 that applies to h yp ergraphs instead of

m ultih yp ergraphs. W e can do this, moreo v er, w e can pro v e a similar statemen t ab out

nearly uniform h yp ergraphs. T o this end, let us mo dify Q sligh tly . By the basic prop erties

of g-p olymatroids w e ha v e the follo wing.

Corollary 3.8. The p olyhe dr on

Q1 = Q1(p; k; y) = Q� \
�

x 2 RV : 0 � x � 1;
�

y(V)
k

�
� x(V) �

�
y(V)

k

��
(3.3)

is a non-empty inte ger g-p olymatr oid.

Pr o of. The statemen t is implied b y Theorem 1.16 . The non-emptiness follo ws from the

fact that

y
k 2 Q1 since y(v) � k for ev ery v 2 V .

No w w e sho w that Q1 is exactly the con v ex h ull of the c haracteristic v ectors of h yp eredges

that can app ear in the t yp e of h yp ergraphs w e are lo oking for. T o a v oid some trivial

degenerate cases w e assume that y(V) � k .

Theorem 3.9. A n inte ger ve ctor x 2 ZV
is in Q1 if and only if it is the char acteristic

ve ctor of a hyp er e dge of a ne arly uniform hyp er gr aph H = ( V;E) c ontaining k hyp er e dges,

which we akly c overs p and satis�es bH (v) = y(v) for any v 2 V .

Pr o of. If H = ( V;E) is a nearly uniform h yp ergraph con taining k h yp eredges that w eakly

co v ers p and satis�es bH (v) = y(v) for ev ery v 2 V , then clearly � e 2 Q1 \ ZV
for an y

e 2 E .

Let x 2 Q1 \ ZV
. W e need to pro v e that there is a h yp ergraph H with the desired

prop erties. W e pro v e b y induction on k . Let Hk = ( V;f ekg) where � ek = x . If k = 1 ,

then Hk satis�es the conditions. Otherwise, let p� = p � bH k , and let y� = y � x . The

set function p�
is p ositiv ely sk ew-sup ermo dular. By the c hoice of x w e ha v e maxf p� (X ) :

X � Vg � k � 1, y� 2 C(p� ) , y� (v) � k � 1 for ev ery v 2 V , and y� (V ) � k � 1. Let

Q�
1 = Q1(p� ; k � 1; y� ) . By Corollary 3.8 , Q�

1 is also a non-empt y g-p olymatroid; let x �
b e

an arbitrary in teger elemen t of Q�
1 . By induction there is a nearly uniform h yp ergraph H �

with k � 1 h yp eredges (one of them with c haracteristic v ector x �
) satisfying bH � � p�

and

bH � (v) = y� (v) for ev ery v 2 V . Th us H = H � + Hk w eakly co v ers p and bH (v) = y(v)

for ev ery v 2 V . In addition, since H �
is nearly uniform and by(V)=kc � y� (V )=(k � 1) �

dy(V)=ke H , it follo ws that H is nearly uniform, to o.

The ab o v e theorem of course implies the follo wing.
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Corollary 3.10. L et p : 2V ! Z [ f�1g b e a p ositively skew-sup ermo dular function, let

k � maxf p(X ) : X � Vg b e an inte ger, and let y 2 C(p) b e an inte ger ve ctor with y(V) � k

and y(v) � k for every v 2 V . Then ther e is a ne arly uniform hyp er gr aph c ontaining k

hyp er e dges that we akly c overs p and satis�es bH (v) = y(v) for every v 2 V .

Next, w e pro v e that for symmetric set functions w e can strengthen the ab o v e result b y

replacing �w eakly co v ers� b y �co v ers�, pro vided that k = Mp = maxf p(X ) : X � Vg.

Lemma 3.11. If p : 2V ! Z [ f�1g is a symmetric p ositively skew-sup ermo dular

function, k = maxf p(X ) : X � Vg, and H is a hyp er gr aph c ontaining exactly k hyp er e dges,

then bH � p implies that H c overs p.

Pr o of. The simplest w a y of pro ving this at this p oin t is just to sa y that it ob viously follo ws

from Theorem 3.3 ( i ) . Ho w ev er w e giv e a direct pro of, to o. Supp ose that H do es not

co v er p, so there is a set X with bH (X ) � p(X ) > d H (X ) = bH (X ) � iH (X ) , where iH (X )

denotes the n um b er of h yp eredges of H induc e d b y X . By the assumptions there is a set

T with p(T) = k . Since H con tains exactly k h yp eredges, p(X [ T) = p(V � (X [ T)) �

k � iH (X ) and p(T � X ) � k � iH (X ) also follo ws. If (\[ ) applies for X and T then

p(X \ T) � p(X ) + iH (X ) > bH (X ) � bH (X \ T) , and if (� ) applies for X and T

then p(X � T) � p(X ) + iH (X ) > bH (X ) � bH (X � T) , b oth of whic h con tradicts our

assumptions.

This immediately implies the follo wing generalization of Theorem 3.2 .

Theorem 3.12. L et p : 2V ! Z [ f�1g b e a symmetric, p ositively skew-sup ermo dular

function, let k = maxf p(X ) : X � Vg, and let y 2 C(p) b e an inte ger ve ctor with y(v) � k

for every v 2 V . Then ther e is a ne arly uniform hyp er gr aph c ontaining k hyp er e dges that

c overs p and satis�es bH (v) = y(v) for every v 2 V .

Note that if w e w an t to �nd a h yp ergraph of minim um total size that co v ers p, it su�ces

to �nd a v ector y 2 C(p) with y(V) minimal. Suc h a v ector automatically satis�es y(v) � k

for ev ery v 2 V b ecause the v ector de�ned b y y0(v) = min f k; y(v)g is also in C(p) . W e can

ev en go a bit further: instead of minimizing the total size of H , w e ma y w an t to minimize

P
v2 V c(v) � bH (v) , where c is a non-negativ e cost function on the no des. In this case w e

should �nd a v ector y 2 C(p) with

P
v2 V c(v)y(v) minimal.

3.3 Co v ering t w o p ositiv ely sk ew-sup ermo dular functions

As in the case of Sc hrijv er's sup ermo dular colouring theorem, these results can b e gen-

eralized using the fact that the in tersection of t w o in teger g-p olymatroids is an in teger

p olyhedron (a sp ecial t yp e of submo dular �o w p olyhedron).
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Let p1; p2 : 2V ! Z [ f�1g b e t w o p ositiv ely sk ew-sup ermo dular functions, and let

k � maxf pi (X ) : X � V; i = 1; 2g. Let y 2 C(p1) \ C(p2) \ ZV
suc h that y(v) � k for

ev ery v 2 V and y(V) � k (for example (k; k; : : : ; k) is suc h a v ector). Let

R = R(p1; p2; k; y) := Q1(p1; k; y) \ Q1(p2; k; y);

where Q1 is de�ned as in ( 3.3 ) . Then y=k 2 R , and R is the in tersection of t w o in teger

g-p olymatroids, so R is a non-empt y in teger p olyhedron.

Theorem 3.13. A n inte ger ve ctor x 2 ZV
is in R if and only if it is the char acteristic

ve ctor of a hyp er e dge of a ne arly uniform hyp er gr aph H = ( V; E) c ontaining k hyp er e dges

which we akly c overs b oth p1 and p2 and satis�es bH (v) = y(v) for every v 2 V .

Pr o of. The pro of is analogous to the pro of of Theorem 3.9 ; the only di�erence is that w e

ha v e to de�ne p�
1 and p�

2 , and use induction on R(p�
1; p�

2; k � 1; y� ) .

The results ab o v e imply the follo wing �sk ew-sup ermo dular colouring theorem� whic h is

an extension of Sc hrijv er's sup ermo dular colouring theorem. It follo ws from Theorem 3.13

b y c ho osing y = (1 ; 1; : : : ; 1)T 2 RV
.

Theorem 3.14 (T. Király , [ 28 ]) . L et p1; p2 : 2V ! Z [ f�1g b e two p ositively skew-

sup ermo dular functions and k � 1 an inte ger. Then ther e is a k -c olouring that is go o d for

b oth p1 and p2 if and only if

pi (X ) � minf k; jX jg for any X � V and i = 1; 2:

Using Lemma 3.11 w e obtain the follo wing theorem.

Theorem 3.15. L et p1 : 2V ! Z [ f�1g and p2 : 2V ! Z [ f�1g b e two symmetric,

p ositively skew-sup ermo dular set functions such that

maxf p1(X ) : X � Vg = maxf p2(X ) : X � Vg = k; (3.4)

and let y 2 C(p1) \ C(p2) b e an inte ger ve ctor with y(v) � k for every v 2 V . Then

ther e is a ne arly uniform hyp er gr aph c ontaining k hyp er e dges that c overs b oth p1 and p2

and satis�es bH (v) = y(v) for every v 2 V .

This theorem can b e used to �nd a h yp ergraph of minim um total size that co v ers b oth

p1 and p2 pro vided that ( 3.4 ) holds. By the argumen t presen ted at the end of the previous

section, it su�ces to �nd a v ector y 2 C(p1) \ C(p2) with y(V) minimal, since suc h a v ector

automatically satis�es y(v) � k for ev ery v 2 V . W e can also minimize

P
v2 V c(v) � bH (v) ,

where c is a non-negativ e cost function on the no des.

W e will sho w in Section 3.4.1 that without the assumption that the maxim um v alues of

the t w o set functions are the same, the problem of minimizing the total size of H b ecomes

NP-hard.
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3.4 Applications

In this section w e presen t applications of our results. Besides the lo cal edge-connectivit y

augmen tation of h yp ergraphs discussed b y Szigeti in [ 42 ], w e sho w t w o other applications.

3.4.1 Lo cal edge-connectivit y augmen tation of h yp ergraphs

The lo cal edge-connectivit y augmen tation of h yp ergraphs with h yp eredges of

minim um total size (solv ed b y Szigeti in [ 42 ]) is the follo wing problem.

Problem 3.16. Given a hyp er gr aph H0 = ( V;E0) and a symmetric e dge-c onne ctivity r e-

quir ement r : V � V ! Z+ , �nd a hyp er gr aph H of minimum total size such that H0 + H

is r -e dge-c onne cte d, me aning that

� H 0+ H (u; v) � r (u; v) for every u; v 2 V: (3.5)

Let us de�ne the set function Rloc with ( 2.5 ). As w e ha v e seen in Section 2.1.4 , a

h yp ergraph H satis�es ( 3.5 ) if and only if H co v ers p = Rloc � dH 0 . Since p is a p osi-

tiv ely sk ew-sup ermo dular function, applying Theorem 3.12 giv es the follo wing extension of

Szigeti's result.

Theorem 3.17. The optimal solution of the lo c al e dge-c onne ctivity augmentation of hy-

p er gr aphs with hyp er e dges of minimum total size c an b e chosen to b e ne arly uniform.

No w w e use Theorem 3.15 to get an ev en more general result. Consider the follo wing

problem, the sim ultaneous lo cal edge-connectivit y augmen tation problem . Giv en

t w o h yp ergraphs H1; H2 on the same ground set V , t w o symmetric requiremen t functions

r1; r2 : V � V ! Z , and a nonnegativ e cost function c : V ! R+ , w e w an t to �nd a

h yp ergraph H of minim um total cost suc h that H i + H is r i -edge-connected for i = 1; 2

(the cost of H is

P
v2 V c(v)bH (v) ).

Theorem 3.18. Assume that maxf r1(u; v) � � H 1 (u; v) : u; v 2 Vg = maxf r2(u; v) �

� H 2 (u; v) : u; v 2 Vg, in other wor ds Mp1 = Mp2 , wher e p1 and p2 ar e the dei�ency

functions of the two instanc es. If y 2 C(p1) \ C(p2) \ ZV
then ther e exists a ne arly uniform

hyp er gr aph H = ( V;E) satisfying the de gr e e-sp e ci�c ation y that solves the simultane ous

lo c al e dge-c onne ctivity augmentation pr oblem (i.e. c overs b oth p1 and p2 ).

The follo wing theorem sho ws that without the assumption on the maxim um de�ciencies

the problem b ecomes NP -complete: the reduction is similar to that used in [ 16 ].

Theorem 3.19. The simultane ous lo c al e dge-c onne ctivity augmentation pr oblem of two

hyp er gr aphs is in gener al NP -c omplete, even if the c ost function is c onstant.
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Pr o of. The problem is clearly in NP . T o sho w its completeness consider the Sp ecial

Bin-P ac king Problem (SBP) . An instance of this problem consists of a set of p ositiv e

in tegers W = f w1; w2; : : : ; wng ( w eigh ts ), a set of p ositiv e in tegers B = f b1; b2; : : : ; bm g

( bins ) suc h that 
 =
P n

i =1 wi =
P m

j =1 bj . The SBP problem asks whether there exists a

partition W1; W2 : : : ; Wm of W suc h that

P
w2 W j

w = bj for ev ery j = 1; 2; : : : ; m. This

problem is sho wn to b e strongly NP -complete in [ 15 ], i.e. it remains NP -complete ev en if

the w eigh ts and bins are unary enco ded. W e will reduce the unary-enco ded SBP problem

to our problem. F or eac h w eigh t wi 2 W consider a set X i suc h that jX i j = wi and

similarly , for eac h bin bj 2 B let Yj b e suc h that jYj j = bj . The sets X i (i = 1; 2; : : : ; n) and

Yj (j = 1; 2; : : : ; m) are assumed to b e pairwise disjoin t. Let X = [ n
i =1 X i and Y = [ m

j =1 Yj .

The ground set of the t w o h yp ergraphs is V = X [ Y . The edge-set of H1 is the union

of a complete graph on X and a complete graph on Y . The requiremen t function r1 is

uniformly 
 . The edge-set of H2 consists of h yp eredges Yj for ev ery j = 1; 2; : : : ; m and

the requiremen t is r2(u; v) = 1 if u; v 2 X i for some i , and 0 otherwise. One can c hec k that

there is a h yp ergraph H of total size at most 2
 suc h that H i + H is r i -edge-connected for

i = 1; 2 if and only if the SBP problem is solv able: the h yp ergraph H m ust b e in fact a

graph, more precisely a complete matc hing b et w een X and Y (note that in H1 the degree

of an y no de is 
 � 1). The details are left to the reader.

3.4.2 The no de-to-area connectivit y augmen tation problem in h y-

p ergraphs

The no de-to-area connectivit y augmen tation problem for graphs w as solv ed b y Ishii and

Hagiw ara [ 26 ]. Here w e consider a h yp ergraphic v ersion of the problem. Note that this is

not a generalization of the no de-to-area connectivit y augmen tation of graphs.

Problem 3.20 (No de-to-area connectivit y augmen tation problem in h yp ergraphs) . Given

a hyp er gr aph H0 = ( V;E0) , a c ol le ction of subsets W of V and a function r : W ! Z+ , our

aim is to �nd a hyp er gr aph H of minimum total size such that

� H 0+ H (x; W ) � r (W) for any W 2 W and x 2 V: (3.6)

De�ne the set function RN 2A b y ( 2.4 ) and let q = RN 2A � dH 0 . The function q is

in tersecting negamo dular, so p = qs
is p ositiv ely sk ew-sup ermo dular. F rom Theorems 3.12

and 3.15 w e get the follo wing.

Theorem 3.21. The optimal solution of the no de-to-ar e a c onne ctivity augmentation pr ob-

lem in hyp er gr aphs c an b e chosen to b e ne arly uniform. If we have two instanc es of the
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pr oblem (on the same no de set) such that for the c orr esp onding r e quir ement functions p1

and p2 we have maxf p1(X ) : X � Vg = maxf p2(X ) : X � Vg and y 2 C(p1) \ C(p2) \ ZV

then ther e exists a ne arly uniform hyp er gr aph H = ( V;E) satisfying the de gr e e-sp e ci�c ation

y that solves the simultane ous no de-to-ar e a e dge-c onne ctivity augmentation pr oblem (i.e.

c overs b oth p1 and p2 ).

Note that the no de-to-area connectivit y augmen tation problem for graphs w as solv ed in

[ 26 ] for the case when the set function RN 2A do es not tak e the v alue 1; it w as sho wn that

without this assumption the problem is NP-hard. By the ab o v e theorem, this assumption

is not needed in the h yp ergraphic case.

3.4.3 Augmen ting the global arc-connectivit y of mixed h yp ergraphs

This problem is a h yp ergraphic v ersion of the global arc-connectivit y augmen tation of

mixed graphs with undirected edges solv ed b y Bang-Jensen, Jac kson and F rank [ 2 ]. The

problem is the follo wing.

Problem 3.22 (Augmen ting the global arc-connectivit y of mixed h yp ergraphs) . L et M =

(V;A ) b e a mixe d hyp er gr aph, r 2 V is a designate d r o ot no de, and k; l b e nonne gative

inte gers. Find a hyp er gr aph H of minimum total size such that M + H is (k; l ) -ar c-c onne cte d

fr om r o ot r .

Since this problem is a sp ecial case of the problem of co v ering a p ositiv ely sk ew-sup ermo dular

function with h yp eredges, it w as also solv ed b y Szigeti. Our results imply the follo wing

generalizations.

Theorem 3.23. If M = ( V;A ) is a mixe d hyp er gr aph, r 2 V is a designate d r o ot no de, k; l

ar e nonne gative inte gers, and y 2 ZV
is a de gr e e-sp e ci�c ation then ther e exists a hyp er gr aph

H such that M + H is (k; l ) -ar c-c onne cte d fr om r and d+
H (v) = y(v) for every v 2 V if and

only if y 2 C(p) with p = qs
M;r;k;l . F urthermor e, H c an b e chosen to b e ne arly uniform.

Theorem 3.24 (Sim ultaneous global arc-connectivit y augmen tation of mixed h yp ergraphs) .

If we have two instanc es of Pr oblem 3.22 given by (M1; r1; k1; l1) and (M2; r2; k2; l2) on a

c ommon no de set V , and for the set functions q1 = qM 1 ;r 1 ;k1 ;l1 , q2 = qM 2 ;r 2 ;k2 ;l2 we have

maxf q1(X ) : X � Vg = maxf q2(X ) : X � Vg;

then ther e exists a ne arly uniform hyp er gr aph H = ( V;E) satisfying the de gr e e-sp e ci�c ation

y that solves the simultane ous lo c al e dge-c onne ctivity augmentation pr oblem (i.e. c overs

b oth q1 and q2 ) if and only if y 2 C(qs
1) \ C(qs

2) \ ZV
. F urthermor e, H c an b e chosen to b e

ne arly uniform.
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Chapter 4

Co v ering sk ew-sup ermo dular functions

with graph edges: a new approac h to

splitting-o�

In this c hapter w e mainly consider the problem of co v ering our function only with graph

edges. Ho w ev er our approac h giv es rise to a di�eren t question, to o, whic h is the follo wing:

augmen t the edge-connectivit y of a (mixed or undirected) h yp ergraph without increasing

its rank. This question naturally arose from our approac h to splitting-o�, as it will b e clear

shortly . W e will call it the rank resp ecting augmen tation problem : exact de�nitions

will b e giv en later. Nev ertheless, the main concern of this c hapter is the follo wing problem.

Problem 4.1 (Co v ering a p ositiv ely sk ew-sup ermo dular function with graph edges) . L et

us b e given a symmetric, p ositively skew-sup ermo dular function p : 2V ! Z [ f�1g with a

maximizing or acle. The minimum version of the pr oblem is to �nd a gr aph G c overing

p with a minimum numb er of e dges. The de gr e e-sp e ci�e d version is to �nd a a gr aph G

c overing p that also satis�es a given de gr e e-sp e ci�c ation m 2 ZV
+ .

W e remind the reader that this problem is in general NP -complete, ev en for sp ecial

sk ew-sup ermo dular functions. Let us men tion t w o cases that are already NP -complete.

It w as sho wn in [ 16 ] that the lo c al e dge-c onne ctivity augmentation of a hyp er gr aph with

a minimum numb er of gr aph e dges (in tro duced in Section 2.1.4 ) is NP -complete. The

pro of giv en there sho ws that the lo c al e dge-c onne ctivity augmentation of a hyp er gr aph with

a de gr e e-sp e ci�e d gr aph is also NP -complete. The other NP -complete sp ecial case is the

gener al no de-to-ar e a c onne ctivity augmentation pr oblem in gr aphs (see Theorem 2.7 ).

The results presen ted in this c hapter app eared in our join t pap er with T amás Király

[ 11 ], except for those in Section 4.4.3 whic h app eared in [ 7 ].

51
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4.1 Previous results - brief history

As w e ha v e men tioned in the previous section, the problem of co v ering a symmetric sk ew-

sup ermo dular function with a minim um n um b er of graph edges is in general NP -complete.

Ho w ev er, man y sp ecial cases can b e solv ed in p olynomial time: let us review some of these

cases.

Global edge-connectivit y augmen tation of graphs w as solv ed b y W atanab e and Nak am ura

[ 45 ]. Ho w ev er, their algorithm is not strongly p olynomial. F rank [ 19 ] ga v e the �rst strongly

p olynomial algorithm for this problem. These results will b e stated in Chapter 5 , since

they fall in the class of c overing a symmetric cr ossing sup ermo dular function .

F rank also pro v ed in [ 19 ] that the lo cal edge-connectivit y augmen tation of graphs can also

b e solv ed in strongly p olynomial time. His pro of uses the splitting-o� tec hnique to solv e

the degree sp eci�ed problem. The solution of the lo cal edge-connectivit y augmen tation

problem relies on the classical splitting lemma of Mader:

Lemma 4.2 (Mader's lemma) . L et G = ( V + s; E) b e such that ther e is no cut e dge

incident to s and dG(s) > 3. Then ther e exists a splitting-o� at s that pr eserves the lo c al

e dge-c onne ctivities in V .

F rank disco v ered the relationship b et w een the degree-sp eci�ed and the minim um v ersions

of augmen tation problems that w e sk etc hed in Section 2.2 . He also observ ed that Mader's

lemma cited ab o v e is essen tially equiv alen t to the degree-sp eci�ed lo cal edge-connectivit y

augmen tation of graphs. Th us he ga v e the solution of the problem that is the follo wing.

Theorem 4.3 (A. F rank, [ 19 ]) . L et G0 b e a gr aph and let r : V � V ! Z+ b e a symmetric

e dge-c onne ctivity r e quir ement such that r (u; v) 6= 1 for any p air u; v 2 V . Ther e exists a

gr aph G satisfying the de gr e e sp e ci�c ation m 2 ZV
+ such that G0 + G is r -e dge-c onne cte d if

and only if m(V) is even and

m(X ) � R(X ) � dG0 (X ) for any X � V;

wher e Rloc is de�ne d with ( 2.5 ) . The minimum numb er of gr aph e dges that make G0 r -

e dge-c onne cte d is e qual to

maxfd1=2
X

X 2X

(Rloc(X ) � dG0 (X ))e : X is a subp artition of Vg:

Note that F rank actually solv ed the more general problem without the assumption that

r (u; v) 6= 1 , but the answ er is a little more tec hnical if this can also happ en.

The next result is ab out augmen ting the arc-connectivit y of a mixed graph with undi-

rected edges. F or simplicit y , w e only state the minim um v ersion.
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Theorem 4.4 (J. Bang-Jensen, A. F rank, and B. Jac kson, [ 2 ]) . L et M0 = ( V; E0) b e a

mixe d gr aph and k � 2 inte ger. The minimum numb er of (undir e cte d) gr aph e dges that

make M0 k -ar c-c onne cte d is e qual to

maxfd1=2
X

X 2X

k � � M 0 (X ))e : X is a subp artition of Vg;

wher e � M 0 (X ) = min f %M 0 (X ); � M 0 (X )g for any X � V .

Note that the ab o v e theorems state that solution of the minim um v ersion only dep ends

on the b ound SLB ; and the solution of the degree-sp eci�ed v ersion exists if and only if the

degree sp eci�cation m is admissible (and m(V) is ev en).

In the follo wing problem this is not exactly the case: the optimal solution of the min-

im um v ersion can b e one bigger than the b ound d1
2 SLB e obtained from subpartitions.

This problem is the no de-to-area connectivit y augmen tation problem solv ed b y Ishii and

Hagiw ara.

Theorem 4.5 (Ishii and Hagiw ara [ 26 ]) . L et a no de-to-ar e a c onne ctivity augmentation

pr oblem b e given by the gr aph G0 = ( V; E0) , a c ol le ction of subsets W of V and a function

r : W ! Z+ n f 1g. The minimum numb er of gr aph e dges jF j such that G0 + F satis�es the

ar e a r e quir ements is e qual to d1
2 SLB (p)e, unless ther e is a c ertain c on�gur ation c al le d W -

c on�gur ation pr esent, in which c ase the optimum is d1
2 SLB (p)e+ 1 , wher e p = Rs

N 2A � dG0

and RN 2A is de�ne d by ( 2.3 ) .

The de�nition of a W -con�guration is de�ned in [ 26 ] where it is called P-pr op erty .

In Section 4.3.2 w e will giv e a simple pro of of the fact that the optim um is at most

d1
2 SLB (p)e+ 1 .

4.2 A simple lemma and algorithm

In the results b elo w w e will use the splitting-o� te chnique . The basics of this tec hnique are

describ ed in Section 2.3 . The starting p oin t of our results is Lemma 4.6 . This lemma w as

also found b y Nuto v who sk etc hed a pro of in [ 36 ]. F or the sp ecial case when p is obtained

from lo cal edge-connectivit y augmen tation requiremen ts in a h yp ergraph, this lemma w as

implicitly also sho wn b y Ben Cosh in [ 15 ]. Ho w ev er the pro of presen ted here is simpler

than the previous ones and its constructiv eness has further applications, to o.

Lemma 4.6. L et p : 2V ! Z [ f�1g b e a symmetric, p ositively skew-sup ermo dular

function and m 2 C(p) \ ZV
. If Mp = maxf p(X ) : X � Vg > 1 then ther e is an

admissible splitting-o�.
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Pr o of. Let Y b e a minimal set satisfying p(Y) = Mp . By symmetry , p(V � Y) = Mp ,

to o, so w e can c ho ose a minimal set Z � V � Y satisfying p(Z ) = Mp . Since Mp � 1

w e can c ho ose y 2 Y; z 2 Z with m(y); m(z) > 0. W e claim that the splitting at y

and z is admissible. Assume that it is not and consider a dangerous set X con taining

y and z (note that p(X ) > 0). Since m(X � Y) � m(X ) � m(y) � m(X ) � 1 and

p(Y � X ) < M p b y the minimalit y of Y , X and Y cannot satisfy (� ) , since that w ould

mean m(X ) � 1 + Mp � p(X ) + p(Y) � p(X � Y) + p(Y � X ) < m (X � Y) + M p �

m(X ) � 1 + Mp , a con tradiction. So X and Y m ust satisfy (\[ ) , whic h implies (using

m(X \ Y) = m(X ) � m(X � Y) � m(X ) � m(z) � m(X ) � 1) that p(X [ Y) = M p

and m(X � Y) = 1 , since m(X ) � 1 + Mp � p(X ) + p(Y) � p(X \ Y) + p(X [ Y) �

m(X \ Y) + Mp � m(X ) � 1 + Mp . No w X [ Y and Z cannot satisfy (� ) since this w ould

giv e p(Z � (X [ Y)) = Mp , con tradicting the minimalit y of Z . Therefore X [ Y and Z

satisfy (\[ ) implying that p(Z \ (X [ Y)) = Mp , whic h is only p ossible if Z � X [ Y .

But 2 � Mp = p(Z ) � m(Z ) � m(X � Y) = 1 giv es a con tradiction.

Let us men tion an imp ortan t consequence of this lemma. If there is no admissible

splitting-o�, then p � 1 and ev ery pair u; v 2 V +
is in a dangerous set X : this means

that p(X ) = 1 and m(X ) = 2 , hence m � 1. The follo wing corollary is immediate: it

generalizes a Theorem 3.2 of Szigeti and in a sp ecial case it w as also observ ed b y Ben Cosh

(see [ 15 ]).

Corollary 4.7. If p is a symmetric, p ositively skew-sup ermo dular function and m 2

C(p) \ ZV
then ther e is a hyp er gr aph H c overing p satisfying the de gr e e-sp e ci�c ation m

that c ontains at most one hyp er e dge of size gr e ater than 2.

Pr o of. If there is an admissible splitting-o� then the statemen t follo ws b y induction on

m(V) . Otherwise p � 1 b y Lemma 4.6 : observ e that a h yp ergraph con taining the only

h yp eredge V +
co v ers p in this case b y the symmetry of p.

Consider the follo wing greedy algorithm for the degree-sp eci�ed co v ering problem (note

that this algorithm can b e implemen ted to run in p olynomial time only with a maximizing

oracle for p).

Algo rithm GREED YCO VER

b egin

INPUT A symmetric, p ositively sk ew-sup ermo dula r function p : 2V ! Z [ f�1g

(given with a maximizing o racle) and m 2 C(p) \ ZV
.

OUTPUT A graph G = ( V; E) and a hyp eredge e such that the hyp ergraph G + e

covers p and d+
G+ e(v) = m(v) fo r every v 2 V .
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1.1. Initialize G = ( V;; ) .

1.2. While there exists an admissible pair u; v do

1.3. Let m = m � � (u) � � (v) and p = p � d(V;f (u;v )g) and G = G + ( uv) .

1.4. Output G and e where � e = m .

end

Clearly , if one can test mem b ership in C(p � dG) in p olynomial time for an y graph G

(whic h can b e done using a maximizing oracle) then this algorithm can b e implemen ted to

run in p olynomial time using the follo wing observ ations. If a pair u; v 2 V +
is admissible at

some p oin t, then b y a binary searc h w e can determine the maxim um n um b er of admissible

splittings at u and v . F urthermore, if a pair of p ositiv e no des u; v is not admissible at some

p oin t, then it will not b ecome admissible later, since dangerous sets remain dangerous.

W e sa y that the algorithm got stuc k if the h yp eredge e in the output is of size greater

than 0. Using the symmetry of p w e can sho w that the algorithm cannot get stuc k with

m(V) = 2 .

4.2.1 General observ ations on the stuc k situation

W e can read out man y things ab out the situation when the algorithm GREED YCO VER gets

stuc k from Lemma 4.6 . In the follo wing lines w e will do this. So for the rest of Section

4.2 let p : 2V ! Z [ f�1g b e symmetric and p ositiv ely sk ew-sup ermo dular, m 2 C(p)

and w e assume that there is no further admissible splitting o�. By Lemma 4.6 and the

remarks follo wing it, ev ery pair u; v 2 V +
is in a dangerous set X : since p � 1 this means

that p(X ) = 1 and m(X ) = 2 , hence m � 1. The in teresting case for us will b e the case

when the splitting pro cedure gets stuc k with m(V) � 4: w e either w an t to �nd a graph,

when m(V) has to b e ev en, or w e w an t to solv e a rank-resp ecting problem when getting

stuc k with m(V) = 3 is satisfactory . In the rest of Section 4.2 w e assume that w e are at

this stuc k situation with m(V) � 4.

Observ e that the algorithm GREED YCO VER can b e mo di�ed in an ob vious w a y if G + e

is not a feasible output (for example e is to o big): w e can replace e with an y connected

h yp ergraph on V +
. F or example if w e are only allo w ed to use graph edges then w e can

notice that with m(V) � 1 graph edges w e can �nish the pro cedure: an y spanning tree

on V +
will co v er p. Ho w ev er, w e could p ossibly co v er p with less edges, as the example

p(X ) = 1 if jX j 2 f 1; 2; jV j � 2; jV j � 1g (and p(X ) = 0 otherwise) sho ws. Though there

is a lo w er b ound: one needs at least d2(m(V) � 1)=3e edges to �nish the pro cedure. The

sp ecial case of the follo wing lemma when m is minimal w as also pro v ed b y Nuto v in [ 36 ],

who used it to devise appro ximation algorithms for the problem of co v ering a symmetric,
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p ositiv ely sk ew-sup ermo dular function with a minim um n um b er of graph edges.

Lemma 4.8. L et p : 2V ! Z [ f�1g b e a symmetric, p ositively skew-sup ermo dular

function and m 2 C(p) \ ZV
. Assume that ther e is no admissible splitting-o�. Then any

(inclusionwise) minimal gr aph K c overing p has at le ast d2(m(V) � 1)=3e e dges.

Pr o of. W e claim that w e can assume that the edges of F connect p ositiv e no des: consider

an y edge e = ( xy) 2 E(K ) , where at least one of x and y is not p ositiv e. Since K � e do es

not co v er p, the function p0 = p � dK � e has p ositiv e v alues, ho w ev er ob viously p0 � p � 1.

W e claim that the family F = f X � V : x 2 X; y =2 X; p0(X ) = 1 g is closed under

in tersection and union. Let X; Y 2 F : then p0
cannot satisfy (� ) for X and Y , since

then K w ould not co v er p. So (\[ ) holds for X and Y and function p0
, whic h implies

that X \ Y; X [ Y 2 F , as claimed. Since m 2 C(p) \ ZV
, there m ust b e a p ositiv e no de

x0 2 \F and a p ositiv e no de y0 2 V � [F , so K 0 = K � e + ( x0y0) also co v ers p and

iterating this w e arriv e at a graph (with the same n um b er of edges) that has only edges

b et w een p ositiv e no des.

It is clear that K [V + ] cannot con tain a comp onen t of cardinalit y 2, since an y pair of

p ositiv e no des is con tained in a dangerous set, therefore an edge of K m ust lea v e this set.

If m is not minimal then it is p ossible that there exists a v 2 V +
that is not con tained

in a tigh t set, but in this case an y other u 2 V +
m ust b e con tained in a tigh t set, since

if u1; u2 2 V +
then X u1 ;v and X u2 ;v cannot satisfy (\[ ) (since their in tersection is not

tigh t), so they satisfy (� ) , implying that u1 and u2 are b oth con tained in a tigh t set, as

claimed. Therefore ev ery comp onen t of K [V + ] m ust b e of cardinalit y at least 3, except for

at most one singleton comp onen t (ho w ev er, if m is minimal, then there is no suc h singleton

comp onen t). So if C denotes the set of these comp onen ts then jCj � (m(V) � 1)=3 + 1 .

Using this w e ha v e

jE(K )j �
X

C2C

(jV(C)j � 1) � m(V) � (m(V) + 2) =3 = 2(m(V) � 1)=3:

Let us giv e a lemma that will b e useful later. Assume x0; x1; x2 2 V are three di�eren t

p ositiv e no des and X 0; X 1; X 2 are three dangerous sets blo c king them with x i 2 X j \ X k

for an y f i; j; k g = f 0; 1; 2g. (Since w e assume that m(V) � 4 the three sets X 0; X 1; X 2 are

pairwise crossing here.) W e will sa y that X 0; X 1 and X 2 form a blo c king-triangle . W e

sa y that X 0 is slim if X 0 \ X 1 \ X 2 = ; and X 0 � (X 1 [ X 2) = ; .

Lemma 4.9 (Slimming Lemma) . Assume that X 1 and X 2 satisfy (\[ ) . Then (X 0 � (X 1 \

X 2)) \ (X 1 [ X 2) is also danger ous and blo cks x1; x2 .

Pr o of. Since X 1 and X 2 satisfy (\[ ) , p(X 1 \ X 2) = p(X 1 [ X 2) = 1 . No w X 1 \ X 2

and X 0 cannot satisfy (\[ ) , since that w ould imply that p(X 0 \ X 1 \ X 2) = 1 , but
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m(X 0 \ X 1 \ X 2) = 0 . This implies that p(X 0
0) = 1 where X 0

0 = X 0 � (X 1 \ X 2) . No w X 0
0

and X 1 [ X 2 cannot satisfy (� ) , since that w ould giv e p(X 0
0 � (X 1 [ X 2)) = 1 con tradicting

m(X 0
0 � (X 1 [ X 2)) = 0 . So w e obtain from (\[ ) that p(X 0

0 \ (X 1 [ X 2)) = 1 and clearly

x1; x2 2 X 0
0 \ (X 1 [ X 2) .

W e note that the family of sets blo c king a �xed pair of no des u; v 2 V +
is closed under

union and in tersection. Let us denote the unique minimal mem b er of this family b y X uv .

Observ e, that for 4 di�eren t no des u; v; x; y 2 V +
w e ha v e X uv \ X xy = ; : they cannot

satisfy (\[ ) since m(X uv \ X xy ) = 0 , so they satisfy (� ) , and then b y minimalit y they

m ust b e disjoin t.

4.2.2 Simple pro ofs

In this subsection w e giv e simple pro ofs of classical results in order to demonstrate the

simplicit y of our approac h. First w e giv e a simple pro of of a sp ecial case of a theorem of

Benczúr and F rank. They pro v ed in [ 5 ] that the problem of co v ering a symmetric, p os-

itiv ely crossing sup ermo dular set function b y a minim um n um b er of graph edges can b e

solv ed in p olynomial time (if the function is giv en with a maximizing oracle): a complete

pro of of their theorem will b e giv en in Section 5.3 . In a sp ecial case this problem can b e

solv ed greedily . Man y pro ofs b elo w consider the situation when the Algorithm GREED Y-

CO VER gets stuc k. In most of the cases w e can assume that this is already the case in the

b eginning, since after some steps w e are again at an instance of our starting problem: an

example of this is Theorem 4.10 . Note that a symmetric p ositiv ely crossing sup ermo dular

function is also p ositiv ely sk ew-sup ermo dular (whic h is not necessarily the case without the

symmetry). F urthermore, a symmetric, p ositiv ely crossing sup ermo dular function satis�es

b oth (\[ ) and (� ) if X and Y are crossing p-p ositiv e sets.

Theorem 4.10. L et p0 : 2V ! Z [f�1g b e a symmetric, p ositively cr ossing sup ermo dular

function that do es not take 1 as value, and G = ( V; E) b e an arbitr ary gr aph. Then

the A lgorithm GREED YCO VER do es not get stuck with input p = p0 � dG and arbitr ary

m 2 C(p) \ ZV
if m(V) is even.

Pr o of. Assume that the algorithm GREED YCO VER gets stuc k (at start). Then m(V) � 4

m ust hold. Consider a blo c king triangle X; Y; Z . By Lemma 4.6 and the observ ations

ab o v e, an y pair of this three sets m ust satisfy (\[ ) and (� ) for p with equalit y . Using

the Slimming Lemma (Lemma 4.9 ) w e can assume that X; Y and Z are all slim. Ho w ev er,

p(X \ Y) = p0(X \ Y) � dG(X \ Y) = 1 and p0(X \ Y) 6= 1 implies that there m ust b e an

edge in G lea ving X \ Y . But in presence of suc h an edge w e are able to �nd t w o sets out

of X; Y; Z that cannot satisfy (� ) or (\[ ) with equalit y b y ( 1.5 ) and ( 1.6 ).
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The ab o v e theorem includes the classical splitting theorem of Lo v ász that can b e used

for global edge-connectivit y augmen tation of graphs.

Lemma 4.11 (Lo v ász' lemma) . L et G = ( V + s; E) b e k -e dge-c onne cte d in V , wher e

k � 2. Assume dG(s) is even. Then ther e exists a splitting-o� at s that pr eserves k -e dge-

c onne ctivity in V .

Pr o of. Let G0 = G[V] and p : 2V ! Z de�ned b y p(X ) = k � dG0(X ) for an y ; 6= X 6= V

and p(; ) = p(V) = 0 . Let m(v) = dG(s; v) for an y v 2 V . With these notations the lemma

follo ws from Theorem 4.10 .

Next w e giv e a simple pro of of Mader's classical splitting lemma.

Pr o of of L emma 4.2 . If there is no cut edge inciden t to s then � G(u; v) � 2 for an y pair

of s-neigh b ours u; v . Let us de�ne R(X ) = max f � G(x; y) : x 2 X; y 2 V � X g for an y X

with ; 6= X 6= V and R(; ) = R(V) = 0 and p(X ) = R(X ) � dG[V ](X ) for an y X � V . Let

m(v) = dG(s; v) for an y v 2 V . By Theorem 2.10 , the function R (and consequen tly p)

is a symmetric and sk ew-sup ermo dular function. By assumption, m(X ) � p(X ) holds for

ev ery X � V . Assume that there is no splitting-o� and tak e a blo c king triangle X; Y; Z

consisting of maximal dangerous sets. Consider the follo wing t w o cases.

Case I. : Assume that t w o of these three sets (wlog. X and Y ) satisfy (\[ ) . Then, using

the Slimming Lemma, substitute Z b y Z 0 = ( Z � (X \ Y)) \ (X [ Y) . Let R(Z 0) = � G(z; v)

with z 2 Z 0
and v 2 V � Z 0

and assume wlog. that z 2 X \ Z 0
implying R(Z 0) �

R(X \ Z 0) . Since there is no cut edge inciden t to s, dG(Y \ Z 0) � R(Y \ Z 0) � 2. Then

dG(Z 0) � 1 � R(Z 0) � R(X \ Z 0) � dG(X \ Z 0) = dG(Z 0) � dG(Y \ Z 0)+ dG(X \ Z 0; Y \ Z 0) �

dG(Z 0) � 2 + dG(X \ Z 0; Y \ Z 0) implies that dG(X \ Z 0; Y \ Z 0) > 0, but then X and Y

cannot satisfy (\[ ) with equalit y b y ( 1.5 ) .

Case I I. : Assume that X; Y and Z pairwise satisfy (� ) . This implies that p(X � Y) = 1 ,

consequen tly Z and X � Y cannot satisfy (� ) , since m((X � Y) � Z ) = 0 . Th us they

satisfy (\[ ) whic h implies b y the maximalit y of Z that X � (Y [ Z ) = ; . Similarly w e

can pro v e that Y � (Z [ X ) = Z � (X [ Y) = ; . Using that there is a neigh b our of s not

in X [ Y [ Z w e can deduce that R(X [ Y [ Z ) � 2. Ho w ev er, since X , Y and Z pairwise

satisfy (� ) with equalit y , there m ust not b e an edge of G[V] lea ving X [ Y [ Z b y ( 1.6 ).

But this w ould imply that p(X [ Y [ Z ) � 2, con tradicting Lemma 4.6 .

Finally w e will giv e a simple pro of of a theorem of Bang-Jensen, F rank and Jac kson [ 2 ]

on undirected splitting-o� in mixed graphs: the k = l case is a sp ecial case of Theorem

3.2 of [ 2 ], so w e also manage to extend sligh tly this sp ecial case. W e men tion that the

authors of [ 2 ] pro v ed a more general theorem on the augmen tation of mixed graphs that
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also con tained Mader's Lemma as a sp ecial case, but w e only concen trate on a sp ecial case

of their theorem, whic h is iden tical to the k = l case of our theorem b elo w. In terestingly ,

if either k = 1 or l = 1 in this problem then the answ er is di�eren t and this is not co v ered

b y the follo wing theorem.

Theorem 4.12 (Bang-Jensen, F rank, Jac kson) . L et M = ( V + s; E) b e a mixe d gr aph

and assume that s is only incident with undir e cte d e dges. L et r 2 V and k; l 2 N � f 1g

inte gers and assume that � M (r; v ) � k and � M (v; r ) � l for any v 2 V . Then ther e exists

a splitting-o� at s pr eserving this pr op erty, pr ovide d that dM (s) > 3.

Pr o of. W e can assume that M � s is a digraph (b y substituting undirected edges b y

opp ositely directed pairs of arcs): let us denote this digraph b y D = ( V; A) and let

m(v) = dM (s; v) for an y v 2 V . Let the function q b e de�ned b y q(; ) = q(V) = 0 ,

q(X ) = k � %D (X ) for an y nonempt y X � V � r and q(X ) = l � %D (X ) for an y X ( V

with r 2 X (i.e. q = qD;r;k;l as de�ned in ( 2.2 )). Then one can c hec k that q is crossing

sup ermo dular and th us p = qs
is sk ew-sup ermo dular. Since M is (k; l ) -arc-connected from

r (apart from s), m(X ) � p(X ) for an y X � V . Assume that there is no splitting-o�.

Consider a blo c king triangle X; Y; Z . W e can assume without loss of generalit y that either

q(X ) = q(Y) = 1 or q(X ) = q(Y) = 1 so X and Y m ust satisfy (\[ ) with equalit y , imply-

ing that dD (X; Y ) = 0 . By Lemma 4.9 w e can assume that Z is slim. If r =2 Z then either

%D (Z ) = k � 1 or � D (Z ) = l � 1: assume the former, the other case b eing analogous. But

%D (Z \ X ) � k � 1 and %D (Z \ Y) � k � 1 together with k � 2 implies that dD (X; Y ) > 0,

a con tradiction. If r 2 Z (wlog. r 2 Z \ X ) then either %D (Z ) = l � 1 or � D (Z ) = k � 1:

assume the former, and observ e that %D (Z \ X ) � l � 1 and %D (Z \ Y) � k � 1 > 0 again

imply that dD (X; Y ) > 0, th us yield a con tradiction.

4.3 Stuc k situation for sp ecial sk ew-sup ermo dular func-

tions

In this section w e w an t to c haracterize the stuc k situation if the symmetric, p ositiv ely

sk ew-sup ermo dular function p is of form qs
with some sp ecial function q. Throughout in

Section 4.3 w e will assume ( 4.1 ) b y Lemma 2.17 on con traction:

p-p ositiv e tigh t sets are singletons : (4.1)

Recall that for a pair u; v 2 V +
the unique minimal set blo c king them is denoted b y X uv .

Observ e that for four no des x; y; u; v 2 V +

X xy (� ) X yu and X yu(� ) X uv ) j X xy j = jX yu j = jX uv j = 2: (4.2)
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This is true since p-p ositiv e tigh t sets are singletons and X xy \ X uv = ; as w e noted in the

end of Section 4.2.1 . F or the subsequen t t w o subsections let us in tro duce some notations. If

p is the symmetrized of a function q then for an y set X either p(X ) = q(X ) or p(X ) = q(X )

(p ossibly b oth). In the former case w e sa y that X is of q-t yp e , in the latter w e sa y that

X is of q-t yp e (so X can b e of b oth t yp es). W e in tro duce t w o (undirected, simple) graphs

on the set of p ositiv e no des: the edge set of the q-graph ( q-graph ) consists of the pairs

u; v of p ositiv e no des ha ving q(X uv ) = 1 ( q(X uv ) = 1 , resp ectiv ely). Since there is no

admissible splitting, the union of these t w o graphs is the complete graph (on the set of

p ositiv e no des), and an edge ma y b elong to b oth graphs. W e will call this 2-edge-coloured

complete graph the qq-graph .

4.3.1 Crossing sup ermo dular functions

In this subsection w e c haracterize the stuc k situation if p is the symmetrized of a p ositiv ely

crossing sup ermo dular function q. Recall that a set function q : 2V ! Z [ f�1g is called

p ositively cr ossing sup ermo dular if it satis�es (\[ ) whenev er X and Y are crossing and

q(X ); q(Y) are b oth p ositiv e. One can c hec k that the complemen t of a p ositiv ely crossing

sup ermo dular function is also p ositiv ely crossing sup ermo dular, and the symmetrized of a

p ositiv ely crossing sup ermo dular function is p ositiv ely sk ew-sup ermo dular.

If t w o p-p ositiv e crossing sets X and Y are of the same t yp e then they will satisfy (\[ ) .

If furthermore p(X ) = p(Y) = 1 then their in tersection and union is also of the same t yp e

as X and Y and p(X [ Y) = p(X \ Y) = 1 (here w e use that p � 1). On the other hand if

X and Y are of di�eren t t yp es then p(X � Y) = p(Y � X ) = 1 . Also note that from an y

three sets there are t w o of the same t yp e.

If p is symmetric and p ositiv ely crossing sup ermo dular, then it is easy to c hec k that

ev ery no de is p ositiv e b y ( 4.1 ) (one can �nd examples sho wing that this do es not hold

in general, if only the p ositiv ely sk ew-sup ermo dularit y of p is assumed). Ho w ev er w e will

pro v e this statemen t for our more general case, when p is the symmetrized of a p ositiv ely

crossing sup ermo dular function q. First it is useful to pro v e the follo wing lemma.

Lemma 4.13. If p is the symmetrize d of a p ositively cr ossing sup ermo dular function q

then jX uv j = 2 for any u; v 2 V +
.

Pr o of. Assume that there are no des x; z 2 V +
suc h that jX xz j > 2. By p ossibly comple-

men ting q w e can assume that X xz is of q-t yp e. Let y 2 V � X xz b e another p ositiv e no de.

W e claim that X xy m ust b e of q-t yp e, to o. If not, then X xz � X xy = z, X xy � X xz = y , since

they are tigh t. But then X yz cannot b e of q-t yp e (since this w ould imply X yz \ X xz = z

and X xy � X yz = x , a con tradiction), neither of q-t yp e (for a similar reason). So w e ha v e
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pro v ed that for an y y 2 V + � f x; zg the set X xy is of q-t yp e. So the union of these sets

Y =
S

y2 V + �f x;z g X xy is also of q-t yp e, and has p(Y) = q(Y) = 1 . Ho w ev er this implies

that 1 = p(V � Y) = m(z) = m(V � Y) , so it is tigh t, whic h con tradicts jX xz j > 2 (note

that Y \ X xz = x ).

The lemma implies that the edge set of the q-graph ( q-graph ) consists of the pairs u; v

of p ositiv e no des ha ving q(f u; vg) = 1 ( q(f u; vg) = 1 , resp ectiv ely). Observ e that a non-

singleton connected comp onen t X 6= V of the q-graph is also of q-t yp e and has q(X ) = 1

b y Claim 1.9 (and similarly for the q-graph). This immediately implies the result promised

b efore.

Lemma 4.14. If p is the symmetrize d of a p ositively cr ossing sup ermo dular function q

then every no de is p ositive.

Pr o of. Supp ose not, then the set of p ositiv e no des V + 6= V m ust b e connected in at

least one of the t w o graphs (since the union of t w o disconnected graphs cannot b e the

complete graph), so p(V + ) = 1 . But then p(V � V + ) = 1 b y the symmetry , con tradicting

m(V � V + ) = 0 .

What is more, this implies the follo wing surprising observ ation.

Lemma 4.15. If p is the symmetrize d of a sup ermo dular function q, then p(X ) = 1 for

any X with ; 6= X 6= V (i.e. q(X ) = 1 or q(V � X ) = 1 for every such set).

Pr o of. By the preceding argumen t, an y non-singleton X ( V m ust b e connected in at

least one of the t w o graphs, so has p(X ) = 1 (it is also easy to see for singletons, using

m(V) � 4).

Consequen tly w e ha v e a crossing family F con taining all sets with q v alue 1, and the

family of the complemen ts of this family co(F ) (these are the sets with q v alue 1), and the

union of these t w o families is 2V � f; ; Vg. In the follo wing theorem w e will c haracterize

suc h families (for sak e of brevit y w e will also add ; and V to the family: these sets can

alw a ys b e added to or remo v ed from a crossing family).

Let x 2 V and let X 1; : : : ; X t b e t � 1 pairwise disjoin t subsets of V � x (p ossibly t = 1

and X 1 = ; ). W e in tro duce the follo wing family:

F x;X 1 ;:::;X t = f X � V : x 2 X or X � X i for some i 2 1; : : : ; tg:

Theorem 4.16. L et F � 2V
b e a cr ossing family with ; ; V 2 F that satis�es F [ co(F ) =

2V
. Then either V has exactly four elements and F = 2V n ff y; zgg for some y 6= z,

y; z 2 V or ther e exists a no de x 2 V and X 1; : : : ; X t p airwise disjoint subsets of V � x for

some t � 1 such that either F or co(F ) is e qual to F x;X 1;:::X t or F x;X 1;:::X t [ f V � xg.



62 Chapter 4. Co v ering sk ew-sup ermo dular functions with graph edges

Pr o of. W e can clearly assume that V has at least 3 elemen ts. W e in tro duce 2 (simple

undirected) graphs on V : for sak e of simplicit y w e call them blue and red . The blue

graph is B = ( V;f (u; v) : f u; vg 2 Fg) , and the red is R = ( V;f (u; v) : f u; vg 2 co(F )g)

(so some edges migh t b elong to b oth graphs). It migh t seem that these graphs don't ha v e

ev ery information on F , but it turns out that they almost do. Again, w e ha v e that the

union of these t w o graphs is the complete graph, and a non-singleton connected comp onen t

X 6= V of B is in F (so V � X is in co(F ) ). This implies that if B[V � f u; vg] is connected

for no des u 6= v , then (u; v) 2 R , and vice v ersa. If (u; v) 2 B then w e will sa y that this

edge is blue , if (u; v) =2 R then w e will sa y that this edge is pure blue .

Claim 4.17. Ther e is a no de x 2 V such that either B or R c ontains the e dges (x; v) for

every v 2 V � x .

Pr o of. Assume indirectly that ev ery no de v 2 V is en tered b y a pure red edge and b y a pure

blue edge, to o. Consider an edge (u; v) that is pure blue: this means that B[V � f u; vg] is

disconnected, so there is a bipartition X; Y of V � f u; vg suc h that ev ery edge is pure red

b et w een X and Y . Assume wlog. that the pure red neigh b our x of v is in X and consider

t w o cases.

CASE I. jX j � 2. Since R[V � f v; xg] m ust b e disconnected, ev ery edge of the form (u; y)

m ust b e pure blue for an y y 2 V � f u; v; xg. So the pure red edge en tered b y u m ust b e

the edge (u; x) . No w consider an y x0 2 X � x : since B[V � f x; x0g] is connected, this edge

is red, but then x is not en tered b y a pure blue edge, a con tradiction.

CASE I I. X = f xg. Then there is a bipartition Y1; Y2 of Y + u suc h that ev ery edge

b et w een Y1 and Y2 is pure blue. Assume that u 2 Y1 and consider an y y 2 Y1 � u : since

R[V � f u; yg] is connected, this edge is blue. Then the only p ossibilit y for a pure red edge

inciden t to u is necessarily the edge (u; x) whic h again means that there is no pure blue

edge lea ving x , �nishing the pro of of the claim. �

So consider the v ertex x giv en b y this claim and assume wlog. that (x; v) is blue for an y

v 2 V � x . W e distinguish again t w o cases.

CASE I. There exist t w o prop erly in tersecting sets Y; Z 2 F suc h that Y [ Z = V � x .

W e claim that this Y and Z can b e c hosen suc h that their symmetric di�erence is of

cardinalit y t w o. Indeed, for an y y 2 Y � Z the set V � f x; yg also b elongs to F since

Z and Y � y = ( Y � y + x) \ Y b oth b elong to F , they are crossing and this is their

union. So Z can b e substituted b y Z 0 = V � f x; yg and similarly Y can b e substituted

b y Y 0 = V � f x; zg for some z 2 Z � Y . No w if jV j > 4 then this implies that F = 2V
.

T o pro v e this consider an arbitrary A � V � x : if A � Y 0
then clearly A 2 F , since A

is the in tersection of the crossing sets A + x 2 F and Y 0 2 F . Similarly , A � Z 0
implies
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that A 2 F . Therefore w e assume that y; z 2 A . If A 6= f y; zg then A 2 F follo ws since

A is the union of A � y and A � z that are crossing sets in F . The only remaining case

is A = f y; zg. Let v 2 V � f x; y; zg arbitrary , then A is the in tersection of f v; y; zg 2 F

and f x; y; zg 2 F , that are crossing sets if jV j > 4, implying that A 2 F , as claimed. If

jV j = 4 then F can also b e 2V n ff y; zgg.

CASE I I. There do es not exist t w o prop erly in tersecting sets Y; Z 2 F suc h that Y [ Z =

V � x . Let the maximal sets of F prop erly con tained in V � x b e X 1; X 2; : : : ; X t : these are

pairwise disjoin t and since ; 2 F , w e ha v e t � 1. One can simply c hec k that F is either

F x;X 1 ;:::X t or F x;X 1;:::X t [ f V � xg, as claimed ab o v e. �

A simple corollary that is w orth men tioning is the follo wing.

Theorem 4.18. L et F � 2V
b e a ring family with ; ; V 2 F that satis�es F [ co(F ) = 2 V

.

Then ther e exists a no de x 2 V and a (p ossibly empty) set X 1 � V � x such that either F

or co(F ) is e qual to F x;X 1 .

4.3.2 Crossing negamo dular functions

Recall that a set function q : 2V ! Z [ f�1g is called p ositively cr ossing ne gamo dular if it

satis�es (� ) whenev er X and Y are q-p ositiv e crossing subsets. Note that the symmetrized

of a p ositiv ely crossing negamo dular function is p ositiv ely sk ew-sup ermo dular, but the

complemen t of a p ositiv ely crossing negamo dular function is not necessarily p ositiv ely

crossing negamo dular. An imp ortan t sp ecial case is a monotone decreasing function: b y

that w e mean a function q that satis�es q(; ) � 0 but q(X ) � q(Y) for an y ; ( X � Y � V .

In this section w e w an t to c haracterize the stuc k situation if p = qs
with a p ositiv ely

crossing negamo dular function q. Recall that for a pair u; v 2 V +
the unique minimal

set blo c king them is denoted b y X uv . If X xy , X yu and X uv are of the same t yp e for four

di�eren t p ositiv e no des x; y; u; v then they all m ust b e of cardinalit y t w o b y ( 4.2 ).

As the NP -completeness of the general no de-to-area connectivit y augmen tation problem

in graphs sho ws, w e cannot exp ect a nice c haracterization of the stuc k situation of the

Algorithm GREED YCO VER in general, if p = qs
with an arbitrary crossing negamo dular

function q. Therefore w e restrict ourselv es to some sp ecial p ositiv ely crossing negamo dular

functions in this section: w e assume that

q = R � dH 0 with a p ositiv ely crossing negamo dular function R

satisfying R(X ) 6= 1 for an y X � V and an arbitrary h yp ergraph H0:
(4.3)

The follo wing lemma c haracterizes the stuc k situation of the Algorithm GREED YCO VER

with the input p = qs
and m 2 C(p) \ ZV

. A h yp eredge of H0 is called an m -lar ge hyp er e dge

if it con tains at least t w o no des of V +
.
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Lemma 4.19. If p = qs
for a function q given with ( 4.3 ) , m 2 C(p) \ ZV

, ther e is no

admissible splitting-o� and m(V) � 5 then ther e exists an m -lar ge hyp er e dge. F urthermor e,

the numb er of p ositive no des that ar e avoide d by an m -lar ge hyp er e dge is at most one.

Pr o of. Assume that there is no m -large h yp eredge. Apply (� ) for X ab and X bc and p (with

an arbitrary a; b; c2 V +
) to get that ev ery a 2 V +

is con tained in a non-singleton h yp eredge

e. W e claim that neither the q-graph nor the q-graph can con tain a path consisting of 3

edges. Assume indirectly that for some four no des x; y; u; v 2 V +
the sets X xy ; X yu ; X uv are

all of the same t yp e: then ( 4.2 ) giv es that they all are of cardinalit y 2. But then X xy and

X yu cannot satisfy (� ) with equalit y b y the nonsingleton h yp eredge con taining y , pro ving

our claim. One can c hec k that the edge set of a complete graph on at least 5 no des cannot

b e decomp osed in to 2 sets suc h that neither of them con tains a path of 3 edges, so there

m ust b e an m -large h yp eredge.

Assume that there is an m -large h yp eredge e that a v oids x 2 V +
. Since e is m -large, there

exist u; v 2 V + \ e. If the sets X xu and X xv satis�ed (\[ ) then they w ould ha v e to satisfy

it with equalit y , but their in tersection w ould b e x b y ( 4.1 ) and then they cannot satisfy

(\[ ) with equalit y b y the presence of the h yp eredge e (see Lemma 1.6 ( i ) ). Therefore X xu

and X xv m ust b e of the same t yp e. If e a v oids another p ositiv e no de y then X xu and X yu

cannot b e of the same t yp e for similar reasons. This implies that e cannot a v oid a third

p ositiv e no de, so it con tains at least 3 p ositiv e no des, since m(V) � 5. Then the t yp e

of X uv and X ux m ust b e di�eren t, since they cannot satisfy (� ) with equalit y b ecause of

the edge e that is not con tained in X uv . But then the t yp e of X uv and X uy w ould b e the

same, whic h cannot hold for the same reason, so e cannot a v oid the second p ositiv e no de

y . F urthermore, these observ ations on the qq-graph sho w that x can b e the only p ositiv e

no de that is a v oided b y an m -large h yp eredge.

W e men tion that if m(V) = 4 then w e don't necessarily ha v e m -large h yp eredges: an

example can b e found in [ 26 ]. The follo wing example sho ws that ev en if there are m -large

h yp eredges, they migh t con tain 2 p ositiv e no des if m(V) is only 4. Let H0 b e the graph on

no de set f x0; x1; x2; x3; yg and with edge set f x0y; x0y; x1x2; x2x3; x3x1g (that is, a triangle

and t w o parallel edges). The areas are W = ff y; x1g; f y; x2g; f y; x3gg and they all ha v e

requiremen t 3. The only minimal degree-sp eci�cation is m = � V � y , there is no admissible

splitting-o�, and the edges of the triangle are m -large (h yp er)edges.

As an application of this lemma consider the follo wing generalization of the no de-to-area

connectivit y augmen tation problem.

Problem 4.20 (Rank-resp ecting no de-to-area connectivit y augmen tation problem in h y-

p ergraphs) . Given a hyp er gr aph H0 = ( V;E0) of r ank at most 
 , a c ol le ction of subsets W
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of V and a function r : W ! Z+ satisfying r � 2, �nd a hyp er gr aph H of minimum total

size such that � H 0+ H (x; W ) � r (W) for any W 2 W and x 2 V and the r ank of H is at

most 
 .

If w e de�ne RN 2A with ( 2.4 ) and set q = RN 2A � dH 0 then it is clear that H0 + H

satis�es the area requiremen ts if and only H co v ers q. Since RN 2A do es not tak e 1 as

v alue, w e can apply Lemma 4.19 and obtain that the Algorithm GREED YCO VER fails only

sligh tly for this problem. Since the maximizing oracle can b e implemen ted for this sp ecial

function RN 2A b y Lemma 2.8 , the Algorithm GREED YCO VER can b e implemen ted to run

in p olynomial time for this case.

Theorem 4.21. L et an instanc e of the minimum total size no de-to-ar e a c onne ctivity aug-

mentation pr oblem in hyp er gr aphs b e given by the hyp er gr aph H0 = ( V;E0) of r ank at most


 � 2, W � 2V
and r : W ! Z+ with r � 2. Then the A lgorithm GREED YCO VER gives a

solution that c ontains only gr aph e dges and one hyp er e dge of size at most 
 + 1 , if 
 > 2

and 
 + 2 if 
 = 2 .

W e men tion that, though our pro of do es not rely on this, after con traction of a set T

the function RN 2A =T can b e de�ned with a no de-to-area requiremen t function as follo ws:

if RN 2A w as de�ned with W and r then let W 0 = f W 2 W : T \ W = ;g [ f W � T + vT :

T \ W 6= ;g and let r 0(W) = r (W) if vT =2 W and r 0(W 0) = r (W) if W 0 = W � T + vT .

One can c hec k that W 0
and r 0

de�ne RN 2A =T .

Note that for an y 
 there are examples where the Algorithm GREED YCO VER w ould

output a h yp eredge of size greater than 
 . F or 
 = 2 an example can b e found in [ 26 ], for

bigger v alues consider the follo wing example. Let V con tain 
 + 2 no des x0; x1; : : : ; x
 ; y

and the h yp ergraph H0 con tain t w o h yp eredges f x0; yg and f x1; : : : ; x
 g. The areas are

of the form W = ff y; xi g : i = 1; 2; : : : ; 
 g and r (W) = 2 for an y W 2 W . One can

c hec k that the (only) minimal degree-sp eci�cation is m = � V � y and there is no admissible

splitting-o�. Also note that the SLB cannot b e ac hiev ed in this example without increasing

the rank.

Figure 4.3.2 is an illustration with 
 = 4 . The (h yp er)edges are dra wn with a solid line,

the areas are illustrated with dashed lines. The empt y ball is the neutral no de y .

If w e sp ecialize our results for graphs ( 
 = 2 ) w e obtain that a greedy algorithm (the

ob vious mo di�cation of GREED YCO VER ) uses at most one more edge (i.e. at most t w o

more total size) than necessary . Our results do not c haracterize the cases when the SLB in

the no de-to-area augmen tation problem in graphs can b e ac hiev ed, this can b e found in

[ 26 ] and [ 24 ], but they imply that a greedy algorithm can only fail b y at most one (edge)

for this problem.
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Figure 4.1: An instance of Problem 4.20 where the SLB cannot b e ac hiev ed

A more careful analysis of the stuc k situation sho ws that a sligh t mo di�cation of the

Algorithm GREED YCO VER will solv e the r ank r esp e cting no de-to-ar e a c onne ctivity aug-

mentation pr oblem in hyp er gr aphs (Pr oblem 4.20 ) optimally for 
 � 3. In fact, w e will

solv e the abstract v ersion Problem 4.25 for an y 
 � 3. This can b e found in Section 4.4.3 .

4.4 F urther applications

4.4.1 Lo cal edge-connectivit y augmen tation of h yp ergraphs

In this section w e consider the lo cal edge-connectivit y augmen tation of h yp ergraphs

without increasing the rank . Let H0 = ( V;E0) b e a h yp ergraph of rank at most 
 , and

let r : V � V ! Z+ n f 1g b e a symmetric edge-connectivit y requiremen t that do es not tak e

1 as v alue. Let us de�ne the set function Rloc with ( 2.5 ) . Our aim is to �nd a h yp ergraph

H of minim um total size suc h that H0 + H co v ers Rloc , that is, � H 0+ H (u; v) � r (u; v)

for ev ery pair of no des u; v . Since Rloc is a sk ew sup ermo dular function, the Algorithm

GREED YCO VER giv es a solution that con tains graph edges and at most one h yp eredge.

The question w e w an t to answ er is whether the size of this h yp eredge is at most 
 . One

case when this is ob viously not true is when 
 = 2 and the SLB is o dd: then the size of the

h yp eredge will b e 3. The follo wing theorem sho ws that this is the only exceptional case.

Note that this theorem generalizes the theorem of F rank [ 19 ] on lo cal edge-connectivit y

augmen tation of graphs. After ha ving pro v ed this theorem w e ha v e b een informed that

Ben Cosh had also pro v ed it in his PhD thesis [ 15 ]. W e ha v e noticed that com bining our

ideas with those in [ 15 ] the follo wing simple pro of can b e giv en.

figs/nodear1.eps
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Theorem 4.22. L et an instanc e of the minimum total size lo c al e dge-c onne ctivity aug-

mentation pr oblem b e given by a hyp er gr aph H0 = ( V;E0) of r ank at most 
 � 2, and the

symmetric e dge-c onne ctivity r e quir ement r : V � V ! Z+ n f 1g. Then the hyp er e dge in the

output of the A lgorithm GREED YCO VER is of size at most 
 , if 
 > 2, and it is of size at

most 3, if 
 = 2 .

Pr o of. W e will pro v e that the h yp eredge in the output of the Algorithm GREED YCO VER

is of size at most 
 for an y minimal input m 2 C(p) \ ZV
: observ e that this con tains

more general augmen tation problems, e.g. the minim um no de-cost v ersion, to o. W e can

assume that the Algorithm GREED YCO VER is stuc k already at the b eginning and assume

indirectly that m(V) > maxf 3; 
 g. This pro of is easier told if w e think of the classical

description of splitting-o�: instead of the degree sp eci�cation m , add a new no de s to

the h yp ergraph and in tro duce m(v) parallel edges b et w een s and an y v 2 V (of course,

from the results ab o v e m(v) � 1 for an y v , so there are no parallel edges inciden t to s:

the p ositiv e no des b ecome the neigh b ours of s) and denote the h yp ergraph obtained this

w a y with H 0
(i.e. H 0

has no de set V + s and it con tains the h yp eredges of H0 and only

graph edges inciden t to s). By the assumptions, H 0
is r -edge-connected in V . W e can

further assume that r (u; v) = � H 0(u; v) for an y u; v 2 V , since if w e increase r (u; v) then

w e do not create new admissible splittings (note, that p ossibly new sets b ecome tigh t and

r (u; v) > 1 if u and v are neigh b ours of s). So w e assume that Rloc is de�ned b y ( 2.5 )

with � H 0
substituted in the place of r and p = Rloc � dH 0 as b efore. W e further assume

that tigh t sets are singletons, whic h implies that � H 0(u; v) = min( dH 0(u); dH 0(v)) for an y

u; v 2 V . Let t b e a neigh b our of s suc h that dH 0(t) = min f dH 0(v) : v is a neigh b our of

sg. Let u and v b e neigh b ours of s (distinct from eac h other and from t ). The follo wing

claim w as already used in [ 20 ] (Claim 4.1): for completeness, w e include a pro of.

Claim 4.23. X tu and X tv satisfy (� ) (with function Rloc and thus with p, to o).

Pr o of. Assume that they do not satisfy (� ) with Rloc : then they m ust satisfy (\[ ) . Th us

their in tersection is tigh t, so it is t . On the other hand, since dH 0(t) � dH 0(u) , Rloc(X tu ) �

Rloc(X tu � t) , and similarly Rloc(X tv ) � Rloc(X tv � t) , implying that Rloc(X tu )+ Rloc(X tv ) �

Rloc(X tu � t) + Rloc(X tv � t) = Rloc(X tu � X tv ) + Rloc(X tv � X tu ) , so they satisfy (� ) after

all, a con tradiction. �

So there exists a set X � V con taining t , suc h that X tu = X + u for an y neigh b our u of

s (using that tigh t sets are singletons). Since p(X ) � 1 (b y Lemma 4.6 ) and Rloc(X ) � 2

(using that t 2 X ), there m ust b e a h yp eredge e in H0 en tering X . W e claim that

this h yp eredge m ust con tain ev ery neigh b our of s (except p ossibly t ), con tradicting the

h yp othesis that the rank of H0 is at most 
 . Assume that it excludes a neigh b our u of
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s and �x an arbitrary other neigh b our v of s (distinct from u and t ). Since X tu and X tv

m ust satisfy (� ) with equalit y for p, this implies that e � X tv . But then X tu and X tw will

not satisfy (� ) with equalit y for a fourth neigh b our w of s. �

W e men tion that the minimalit y of m is crucial in the pro of ab o v e: if m is not minimal

then a simple example sho ws that the greedy algorithm can fail and pro duce a h yp eredge

of size 
 + 1 . As an example, consider the follo wing h yp ergraph H0 = ( V;f V � xg) , where

V is an arbitrary �nite set and x 2 V is a �xed no de (i.e. H0 has only one h yp eredge

V � x ). Let r (u; v) = 2 b et w een an y u; v 2 V � x and r (x; v) = 0 b et w een x and an

arbitrary v 2 V � x . If w e set m(a) = 1 for ev ery a 2 V , whic h is an admissible but not

minimal degree-sp eci�cation, then there do es not exist an admissible splitting-o�, as one

can c hec k. Th us the Algorithm GREED YCO VER outputs the h yp eredge V that has rank

one greater than that of H0 .

4.4.2 Global arc-connectivit y augmen tation of mixed h yp ergraphs

In this section w e giv e an application of the results of Section 4.3.1 ab out global edge-

connectivit y augmen tation of mixed h yp ergraphs. If M = ( V;A ) is a mixed h yp ergraph

and X � V then con tracting X yields the mixed h yp ergraph M=X = ( V=X;A=X) the

follo wing w a y: for ev ery a = ( Ta; Ha) 2 A let T0
a = Ta if Ta \ X = ; and let T0

a = Ta � X + vX

otherwise, similarly let H 0
a = Ha if Ha \ X = ; and let H 0

a = Ha � X + vX otherwise. Then

A=X = f a0 = ( T0
a; H 0

a) : a 2 Ag . Observ e that %M =X = %M=X . If the ro ot no de r is in X

then the con tracted no de vX will b ecome the new ro ot no de. This sho ws that con tracting

a set de�nes a con tracted problem the natural w a y .

Let M = ( V;A ) b e a mixed h yp ergraph and let k; l b e nonnegativ e in tegers suc h that

k 6= 1 and l 6= 1 . W e assume that M is of rank at most 
 . W e w an t to mak e M (k; l) -

arc-connected b y adding an undirected, degree sp eci�ed h yp ergraph that also has rank at

most 
 . Is it true that the Algorithm GREED YCO VER will output suc h a h yp ergraph?

The answ er is �almost y es�: sometimes this can only b e done b y adding a h yp eredge of

cardinalit y 
 + 1 (ev en for k = l = 2 ). As an example, consider the follo wing mixed

h yp ergraph M = ( V;A ) : let jV j � 3 and x; y 2 V b e t w o no des. There are 3 h yp erarcs in

A : one is a digraph arc (x; y) , the second is (y; V � x � y) and the third is (V � x � y; x) .

Finally let k = l = 2 and 
 = jV j � 1. It is easy to see that the SLB is jV j and the only

w a y to ac hiev e it is to add the h yp eredge V .

Figure 4.4.2 is an illustration: the digraph arc and one of the other t w o h yp erarcs

are dra wn with solid lines, the third h yp erarc is dra wn with dashed lines. W e use the

con v en tion that the tails of a h yp erarc are denoted b y an �o� and heads b y an �x� (except
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for the digraph arc, whic h is denoted b y an arro w).

x y

Figure 4.2: A mixed h yp ergraph that cannot b e made 2-arc-connected with a h yp ergraph

meeting the SLB without increasing the rank

Ho w ev er, w e can pro v e the follo wing result.

Theorem 4.24. If M is of r ank at most 
 � 2 and k; l 2 N � f 1g ar e inte gers, then we

c an make M (k; l) -ar c-c onne cte d gr e e dily by the addition of gr aph e dges and one hyp er e dge

of size at most 
 + 1 .

Pr o of. Let q = qM;r;k;l as de�ned in ( 2.2 ) and p = qs
and let m 2 C(p) \ ZV

. W e can assume

that the Algorithm GREED YCO VER is stuc k already at start. W e ha v e to pro v e that m(V)

is at most 
 + 1 . W e can also assume that tigh t sets are singletons (and delete singleton

h yp eredges, since they are irrelev an t for connectivit y), so b y the observ ations in Section

4.3.1 , ev ery no de is p ositiv e. By Theorem 4.16 , there is an x 2 V suc h that (b y p ossibly

rev ersing ev ery h yp erarc of M and switc hing the role of k and l ) ev ery set X 6= V with

x 2 X has q(X ) = 1 (observ e that this consequence is also true for the sp oradic example

on 4 no des). First w e claim that V � x cannot con tain h yp erarcs. Assume that it do es

con tain a h yp erarc a, let v b e an arbitrary head no de of a, and let X = Ta [ Ha � v + x

and Y = f v; xg. These sets are crossing (since jaj < jV � xj b y the assumption) and of

q-t yp e, but (\[ ) cannot hold with equalit y for them b y the presence of the h yp erarc a,

a con tradiction. So ev ery h yp erarc of M con tains x . W e claim that if v 6= x is a tail of

a h yp erarc a = ( Ta; Ha) satisfying jaj � 3, then x 2 Ha and Ta � v � x = ; . T o see this

consider the crossing sets X = a � v and Y = f v; xg. Then q(X ) = q(Y) = 1 but one

figs/mixhip.eps
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can c hec k that, b y the presence of the h yp erarc a, (\[ ) cannot hold with equalit y for X

and Y , a con tradiction. So the h yp erarcs lea ving an y v 2 V � x all en ter x and suc h a

h yp erarc cannot lea v e t w o suc h no des. This implies that %(x) =
P

v2 V � x � (v) . If x = r

then l � 1 = %(x) =
P

v2 V � x � (v) = jV � xj(l � 1) con tradicting that jV j > 2 and l > 1.

On the other hand, if x 6= r then k � 1 = %(x) =
P

v2 V � x � (v) = ( jV j � 2)(l � 1) + ( k � 1),

again con tradicting that jV j > 2 and l > 1.

4.4.3 Rank-resp ecting augmen tation of h yp ergraphs with negamo d-

ular constrain ts

In this section w e will giv e applications of the results of Section 4.3.2 : w e will solv e the

rank-resp ecting no de-to-area connectivit y augmen tation problem (Problem 4.20 ) for an y


 � 3. F urthermore, w e will solv e a generalization of that problem, called the r ank-

r esp e cting augmentation of hyp er gr aphs with ne gamo dular c onstr aints whic h is de�ned as

follo ws.

Problem 4.25 (Rank-resp ecting augmen tation of a h yp ergraph with negamo dular con-

strain ts) . Assume that R : 2V ! Z [ f�1g is p ositively cr ossing ne gamo dular, R do es not

take 1 as value, and let q = R � dH 0 with a hyp er gr aph H0 = ( V;E0) of r ank at most 
 .

Find a hyp er gr aph H of r ank at most 
 c overing q = R � dH 0 and having smal lest p ossible

total size.

In this section w e will solv e this problem for an y 
 � 3 (w e don't solv e it for 
 = 2 ). T o

this end w e will sligh tly mo dify the Algorithm GREED YCO VER and w e use the observ ations

of Section 4.3.2 , where w e ha v e sho wn that this algorithm only fails sligh tly for this problem.

The result of this section app eared in [ 7 ].

Assume that the Algorithm GREED YCO VER (with input p = ( R � dH 0 )
s

and a minimal

m 2 C(p) \ ZV
) did not output a feasible h yp ergraph for Problem 4.25 . Let the output

of the algorithm b e G + e (where G is a graph, e is a h yp eredge of size 
 + 1 ). Our idea

is the follo wing: if the graph G do es not con tain edges at all, then it is easy to see that

the SLB cannot b e ac hiev ed (see Lemma 4.30 ), but one more is already enough (and it is

simple to see ho w to reac h it: an y connected h yp ergraph on V +
will b e a go o d solution).

Otherwise, if G con tains an edge ab, then an appropriate no de c 2 e can b e deleted

from e and added to ab (th us creating a h yp eredge f a; b; cg of size 3) and the h yp ergraph

H 0 = ( V; E(G) � f abg + f a; b; cg + e0) of total size meeting the Subpartition Lo w er Bound

is a feasible solution, where e0 = e� c. In what follo ws w e sho w that almost an y c hoice of

c will b e go o d. In the rest of Section 4.4.3 w e assume that w e are at the stuc k situation of

the Algorithm GREED YCO VER (so the notations p; m; V+
are mean t for this case). W e will
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denote the output of the algorithm b y G + e (where G is a graph and e is the h yp eredge

with � e = m ) and V +
will just b e another synon ym for e. The follo wing lemma tells us

the condition that w e ha v e to satisfy when c ho osing no de c.

Lemma 4.26. L et p = p0 � dG with a symmetric, p ositively skew-sup ermo dular function

p0 and a gr aph G, and let m 2 C(p) . Assume that ther e do es not exist an admissible

splitting-o�. L et ab 2 E(G) and c 2 V +
b e arbitr ary. L et the hyp er gr aph G0

b e obtaine d

fr om G by deleting the e dge ab and adding the 3-hyp er e dge f a; b; cg, let p0 = p0 � dG0
and

let m0 = m � � f cg . Then m0 2 C(p0) if and only if ther e is no set X � V satisfying

p(X ) = m(X ) = 1 , c 2 X and f a; bg \ X 6= ; .

Pr o of. If m0 =2 C(p0) then there m ust b e a set X � V suc h that m0(X ) < p 0(X ) . Since

p0 � p � 1, w e get that p0(X ) = p(X ) = 1 . This together with m 2 C(p) giv es that

m(X ) � p(X ) = p0(X ) = 1 > m 0(X ) , implying that c 2 X and f a; bg \ X 6= ; , as

claimed.

The follo wing corollary of Lemma 4.19 can b e read out from its pro of.

Corollary 4.27. If ther e is no admissible splitting-o�, tight sets ar e singletons and m(V) >


 � 4 then ther e exists an m -lar ge hyp er e dge f and a no de x 2 V +
such that f = V + � x .

In this c ase either the q-gr aph or the q-gr aph is the c omplete gr aph on V + � x and the other

gr aph is the c omplement (i.e. a star c enter e d at x ).

As w e ha v e already men tioned, if m(V) = 4 then w e don't necessarily ha v e m -large

h yp eredges: an example can b e found in [ 26 ]. The example in page 64 sho w ed that ev en

if there are m -large h yp eredges, they migh t con tain 2 p ositiv e no des if m(V) is only 4.

Ho w ev er, the second statemen t of Corollary 4.27 still holds.

Lemma 4.28. If ther e is no admissible splitting-o�, tight sets ar e singletons and m(V) = 4

and 
 � 3 then ther e exists a sp e cial no de x 2 V +
such that either the q-gr aph or the q-

gr aph is the c omplete gr aph on V + � x and the other gr aph is the c omplement (i.e. a star

c enter e d at x ).

Pr o of. W e ha v e to pro v e that neither the q-graph, nor the q-graph con tains a path of 3

edges. Assume that for the four no des v1; v2; v3; v4 2 V +
the sets X v1v2 ; X v2v3 and X v3v4

are all of the same t yp e. By ( 4.2 ), jX v1v2 j = jX v2v3 j = jX v3v4 j = 2 . Since p(X v2v3 ) = 1 ,

a h yp eredge h of H0 lea v es the set X v2v3 . Assume wlog. that h con tains v2 : since X v2v3

and X v1v2 satis�es (� ) for p with equalit y , b y Lemma 1.6 . ii the h yp eredge h m ust con tain

v1 and h � f v1; v2; v3g, to o (note that jhj � 3). Since X v2v3 and X v3v4 satis�es (� ) with

equalit y , b y Lemma ii h cannot con tain v3 (in fact w e ha v e pro v ed that h = v1v2 ). Because
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of the edge h , the t yp e of X v2v3 and X v1v3 m ust b e the same. Since p(v3) = 1 , there m ust

b e an edge g of H0 lea ving v3 : this edge cannot lea v e f v2; v3; v4g, since (� ) m ust hold with

equalit y for X v2v3 and X v3v4 . In an y case, either X v2v3 and X v1v3 , or X v1v3 and X v3v4 will

not satisfy (� ) with equalit y .

In Corollary 4.27 and Lemma 4.28 ab o v e w e ha v e sho wn that there exists a unique

p ositiv e no de x suc h that either the q-graph or the q-graph is the complete graph on V + � x

and the other graph is the complemen t (i.e. a star). This translated to the situation b efore

con traction means, that for an y u 2 V +
there exists a tigh t set X (u) that w as con tracted

(so these sets are disjoin t).

In the 
 � 4 case X (u) [ X (v) is dangerous for an y u; v 2 V + � x . F urthermore there

exists at least one m -large h yp eredge f 2 H0 that has size 
 and satis�es that jf \ X (u)j = 1

for an y u 2 V + � x . Let Y = V � [ u2 V + � xX (u) , so X (x) ( Y (it m ust b e a prop er subset,

since p(Y) 6= 1 , since no h yp eredge lea v es Y ). In this case it is not hard to see that ev ery

set Y [ X (u) ( u 2 V + � x ) is of q-t yp e: this will b e pro v ed in Lemma 4.30 . It is clear, that

the graph G do es not ha v e edges b et w een the partition classes f X (u) : u 2 V + � xg [ f Yg.

On the other hand, in the 
 � 3 case there exists a set Z � V � [ u2 V + X (u) suc h that

X (u) [ X (v) [ Z is dangerous for an y u; v 2 V + � x and these sets all ha v e the same t yp e

( Z is empt y in the 
 > 3 case). Let Y = V � Z � [ u2 V + � xX (u) : again X (x) ( Y (it m ust

b e a prop er subset, since p(Y) 6= 1 , since no h yp eredge lea v es Y ). In this case the edges of

G are either induced in a mem b er of the partition f X (u) : u 2 V + � xg [ f Y; Zg, or they

can ev en go b et w een t w o classes (but only b et w een X (u) and X (v) or b et w een X (u) and

Z , where u; v 2 V + � x ). In b oth cases w e can pro v e the follo wing lemma.

Lemma 4.29. The sets X (u) ( u 2 V + � x ) ar e maximal tight sets.

Pr o of. Assume that there is u 2 V + � x and a tigh t set X ) X (u) . Let v; w 2 V + � f u; xg

b e arbitrary and observ e that t yp e of X (v) [ X (w) [ Z and that of Y [ X (v) [ X (w) [ Z

is di�eren t: this follo ws from ( 1.7 ) applied to X (v) [ X (w) [ Z and Y [ X (v) . This

implies that X \ X (v) = X \ Z = ; , since (\[ ) for X and either of X (v) [ X (w) [ Z and

Y [ X (v) [ X (w) [ Z (and p) w ould giv e a con tradiction. W e only need to pro v e that X \ Y

is empt y . Assume that it is not and distinguish the follo wing t w o cases. Clearly , the t yp e

of X and Y [ X (z) has to b e the same for an y z 2 V + � x , otherwise p(X \ (X (z) [ Y)) = 1

w ould follo w from (\[ ) for X and X (z) [ Y , and it w ould giv e a con tradiction.

CASE I: Ev ery set Y [ X (z) ( z 2 V + � x ) is of q-t yp e. By ( 1.7 ) applied to X (v) [ X (w)[ Z

and Y [ X (v) , the set Y [ X (v) [ X (w) [ Z w ould b e of q-t yp e, implying that q(X \ Y) = 1 ,

a con tradiction.
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CASE I I: Ev ery set Y [ X (z) ( z 2 V + � x ) is of q-t yp e. Apply Claim 1.10 for X 0 = X

and the sets X (u) [ X (z) [ Z ( z 2 V + � x ) to get that p(X [ Z [
S

z2 V + � x X (z)) = 1 .

Let Y 0 = V � (X [ Z [
S

z2 V + � x X (z)) = Y � X : it has p-v alue 1, so there m ust b e a

h yp eredge h lea ving it. This h yp eredge cannot lea v e Y , so it en ters Y \ X . But in this

case the sets X [ X (v) [ Z and X [ X (w) [ Z could not satisfy (� ) with equalit y , though

b oth of them ha v e q-v alue 1. This con tradiction �nishes the pro of of this lemma.

This Lemma sho ws that our idea can b e implemen ted the follo wing w a y: if G con tains

an edge ab, and c 2 V + � x is suc h that X (c) \ f a; bg = ; , then the h yp ergraph H 0 =

(V; E(G) � f abg + f a; b; cg + e0) of total size meeting the Subpartition Lo w er Bound is a

feasible solution, where e0 = V + � c. Since an arbitrary edge ab of G can in tersect at most

t w o of the sets f X (v) : v 2 V + � xg, suc h a c can alw a ys b e found.

Next w e sho w that if G do es not con tain edges at all then the SLB cannot b e ac hiev ed.

Lemma 4.30. F or any nonempty U ( V + � x the set Y [
S

u2 U X (u) has p value 1.

Pr o of. The lemma is ob vious if m(V) = 4 b y ( 1.7 ) . Assume that m(V) � 5: in this case

w e sho w that ev ery set Y [ X (u) ( u 2 V + � x ) is of q-t yp e. Assume not, then ev ery suc h

set is of q-t yp e b y Corollary 4.27 , consequen tly X (v) [ X (w) is of q-t yp e for v; w 2 V + � x .

By Claim 1.10 X (v) [ X (w) is also of q-t yp e b ecause its complemen t can b e built up as the

union of a q-t yp e set and some q-t yp e sets. But this also implies that [ u2 V + � xX (u) has

p-v alue 1, and so has its complemen t Y , but this cannot b e the case, since no h yp eredge

lea v es Y . Th us w e ha v e sho wn that ev ery set Y [ X (u) ( u 2 V + � x ) is of q-t yp e and this

implies the lemma b y Claim 1.10 .

This corollary implies that if the Algorithm GREED YCO VER applied for Problem 4.25

outputs G+ e where G has no edges at all, and e is to o big, then the SLB cannot b e ac hiev ed.

Let us giv e the pseudo co de of the mo di�ed v ersion of the Algorithm GREED YCO VER that

w e ha v e suggested.

Algo rithm NEGAMODULAR_CO VER

b egin

INPUT A crossing negamo dula r function R : 2V ! Z (given with an o racle) that

satis�es R(X ) 6= 1 fo r any X � V , and a hyp ergraph H0 = ( V;E0) of rank at most 


(where 
 � 3)

OUTPUT A hyp ergraph H = ( V;E) covering R � dH 0 having smallest total size and

rank � 


1.1. Let q = R � dH 0 and p = qs
and �nd a minimal m 2 C(p) \ ZV

1.2. Initialize H = ( V;; )
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1.3. While there exists an admissible pair u; v do

1.4. Let m = m � � (u) � � (v) and p = p � d(V;f uvg) and H = H + uv

1.5. EndWhile

1.6. If m(V) � 
 then let H = H + e where � e = m

1.7. Else (i.e. m(V) = 
 + 1 )

1.8. If E(H ) = ; then let E(H ) = f ab; V+ � bg with a rbitra ry a; b2 V +

1.9. Else

1.10. Let ab2 E(H ) b e a rbitra ry and c 2 V + � x such that X (c) \ f a; bg = ; (where

x 2 V +
is the sp ecial no de given b y Co rolla ry 4.27 and Lemma 4.28 )

1.11. Let E(H ) = E(H ) � ab+ ff a; b; cg; f V + � cgg

1.12. EndIf

1.13. EndIf

1.14. Output H and STOP

end



Chapter 5

Co v ering symmetric crossing

sup ermo dular functions with graph

edges

A symmetric (p ositiv ely) crossing sup ermo dular function is a sp ecial case of a (p ositiv ely)

sk ew-sup ermo dular function. Recall that set function p: 2V ! Z[f�1g is called p ositively

cr ossing sup ermo dular if it satis�es the follo wing inequalit y for ev ery crossing pair X; Y � V

with p(X ); p(Y) > 0:

p(X ) + p(Y) � p(X \ Y) + p(X [ Y): (\[ )

Observ e that (\[ ) trivially holds if X � Y or Y � X . If furthermore p is symmetric (i.e.

p(X ) = p(V � X ) for an y X � V ) then it will also satisfy the follo wing inequalit y for ev ery

crossing pair X; Y � V with p(X ); p(Y) > 0:

p(X ) + p(Y) � p(X � Y) + p(Y � X ): (� )

Again, (� ) will alw a ys hold if X \ Y = ; or X [ Y = V (the latter b y symmetry). W e

emphasize that w e do not assume the nonnegativit y of our function p.

The �rst half of this c hapter is ab out co v ering a symmetric (p ositiv ely) crossing

sup ermo dular function with graph edges . This problem is related to global edge-

connectivit y augmen tation. Let us giv e the sp ecial cases that motiv ate this problem. The

global edge-connectivit y augmen tation problem of graphs w as de�ned in Section

2.1.1 . It w as solv ed b y W atanab e and Nak am ura in [ 45 ]. A bit more di�cult problem,

the global edge-connectivit y augmen tation problem of h yp ergraphs with graph

edges w as solv ed b y Bang-Jensen and Jac kson. The abstract problem of co v ering a sym-

metric (p ositiv ely) crossing sup ermo dular function with graph edges w as solv ed b y Benczúr

75
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and F rank in [ 5 ]. In Section 5.3 w e giv e a relativ ely simple pro of of their result. The pro of

con tains some further simpli�cations due to Zoltán Szigeti.

The second part of the c hapter is dev oted to co v ering a symmetric (p ositiv ely)

crossing sup ermo dular function with partition constrain ts . A sp ecial case of this

problem, the partition constrained global edge-connectivit y augmen tation of a

graph w as solv ed b y Bang-Jensen, Gab o w, Jordán and Szigeti in [ 3 ]. This is motiv ated b y

the edge-connectivit y augmen tation of a bipartite graph while main taining bipartiteness.

The more general global edge-connectivit y augmen tation of a h yp ergraph with a

bipartite graph w as solv ed b y Ben Cosh in [ 15 ]. In Section 5.4 w e solv e the abstract

problem of co v ering a symmetric, p ositiv ely crossing sup ermo dular function with partition

constrain ts and w e sp ecialize our results for the problem of global edge-connectivit y

augmen tation of a h yp ergraph with a m ultipartite graph .

The structure of the c hapter is the follo wing. In Section 5.1 w e brie�y review the previ-

ous results on co v ering symmetric, p ositiv ely crossing sup ermo dular functions with graph

edges. In Section 5.3 w e sho w an algorithmic pro of of Theorem 5.5 of Benczúr and F rank:

this pro of app eared in [ 8 ]. In Section 5.4 w e solv e the problem of co v ering symmetric,

p ositiv ely crossing sup ermo dular functions with partition constrain ts: the results of this

section app eared in [ 10 ] and [ 9 ].

5.1 Previous results - brief history

Global edge-connectivit y augmen tation of graphs w as solv ed b y W atanab e and Nak am ura

[ 45 ]. They pro v ed the follo wing c haracterization for the minim um v ersion of the problem:

Theorem 5.1 (W atanab e, Nak am ura [ 45 ]) . L et G0 = ( V; E0) b e a gr aph, and k � 2 an

inte ger. G0 c an b e made k -e dge-c onne cte d by adding at most 
 new e dges if and only if

X

Z 2F

(k � dG0 (Z )) � 2
 for every subp artition F of V :

Note that the theorem do es not hold for k = 1 , the answ er is di�eren t in this case, it

dep ends on the n um b er of comp onen ts of G0 (although this case is v ery simple, in gen-

eralizations of the ab o v e theorem this case will cause most of the di�culties). W atanab e

and Nak am ura sho w ed that a minim um cardinalit y augmen tation can b e obtained in p oly-

nomial time b y rep eatedly increasing the edge-connectivit y of the graph b y one using the

minim um n um b er of edges. Ho w ev er, this algorithm is not strongly p olynomial.

F rank [ 19 ] ga v e the �rst strongly p olynomial algorithm for this problem. The algorithm

relies on the follo wing result concerning the degree sp eci�ed augmen tation:
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Theorem 5.2. L et G0 = ( V; E0) b e a gr aph, k � 2 an inte ger, and m : V ! Z+ a de gr e e

sp e ci�c ation such that m(V) is even. Ther e is a gr aph G such that d+
G(v) = m(v) for every

v 2 V and G0 + G is k -e dge-c onne cte d if and only if

m(X ) � k � dG0 (X ) for every ; 6= X � V : (5.1)

In [ 14 ], Cheng ga v e a form ula on the minim um n um b er of graph edges that can b e added

to an initial (k � 1)-edge-connected h yp ergraph suc h that the resulting h yp ergraph is k -

edge-connected. Bang-Jensen and Jac kson [ 4 ] extended this result to the case when the

initial h yp ergraph can b e arbitrary . Let c(H ) denote the n um b er of connected comp onen ts

of the h yp ergraph H . The min-max theorem is the follo wing:

Theorem 5.3 (Bang-Jensen, Jac kson [ 4 ]) . L et H0 = ( V;E0) b e a hyp er gr aph, and k a

p ositive inte ger. Ther e is a gr aph G with 
 e dges such that H0 + G is k -e dge-c onne cte d if

and only if the fol lowing hold:

2
 �
X

Z 2F

(k � dH 0 (Z )) for every sub-p artition F of V ; (5.2)


 � c(H0 � E 0
0) � 1 for every E0

0 � E 0 for which jE0
0j = k � 1: (5.3)

Bang-Jensen and Jac kson used a sophisticated splitting-o� tec hnique to pro v e this result,

their metho d giv es rise to a p olynomial-time algorithm. Note that the k = 1 case is not

excluded in Theorem 5.3 .

The general problem of co v ering a symmetric (p ositiv ely) crossing sup ermo dular function

with a minim um n um b er of graph edges w as solv ed b y Benczúr and F rank. The solution

of the degree sp eci�ed v ersion is the follo wing. One natural necessary condition of the

existence of a graph G satisfying the degree sp eci�cation m and co v ering the symmetric

p ositiv ely crossing sup ermo dular function p is that m 2 C(p) (of course w e assume that

m(V) is ev en). Ho w ev er this is not su�cien t, as the problem of making a graph connected

sho ws. Let us in tro duce another necessary condition. A partition X = f X 1; X 2; : : : ; X tg

of V is called p-full if p([ i 2 I X i ) > 0 for an y nonempt y I ( f 1; 2; : : : ; tg. The maxim um

cardinalit y of a p-full partition is the dimension of p and is denoted b y dim(p) . It is easy

to see that an y graph co v ering p m ust ha v e at least dim(p) � 1 edges: an y graph co v ering

p has to connect the mem b ers of an y p-full partition.

Theorem 5.4 (Benczúr and F rank [ 5 ]) . L et p0 : 2V ! Z [f�1g b e a symmetric, p ositively

cr ossing sup ermo dular set function and m0 2 C(p0) \ ZV
with m0(V) even. Ther e exists

a gr aph G c overing p0 with d+
G(v) = m0(v) for any v 2 V if and only if m0(V)=2 �

dim(p0) � 1.
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By the metho ds seen so far Theorem 5.4 implies the follo wing theorem on the minim um

n um b er of graph edges co v ering a symmetric, p ositiv ely crossing sup ermo dular function.

Theorem 5.5 (Benczúr and F rank [ 5 ]) . L et p: 2V ! Z [ f�1g b e a symmetric, p ositively

cr ossing sup ermo dular set function. The minimum numb er of gr aph e dges c overing p is

e qual to the maximum of the fol lowing two quantities:

maxfd
1
2

X

X 2X

p(X )e : X is a subp artition of Vg; (5.4)

dim(p) � 1: (5.5)

5.1.1 P artition constrained global edge-connectivit y augmen tation

of a graph

Bang-Jensen et al. [ 3 ] w ere motiv ated b y the follo wing problem: giv en a bipartite graph

and a p ositiv e in teger k , augmen t this graph with a minim um n um b er of new edges to mak e

it k -edge-connected, while main taining the bipartiteness. As a con v enien t generalization

they in tro duced the follo wing problem (note that the previous problem is a sp ecial case of

Problem 5.6 only if the starting bipartite graph is connected, otherwise the t w o-colouring

is not unique).

Problem 5.6 (P artition constrained global edge-connectivit y augmen tation of a graph) .

W e ar e given a gr aph G0 = ( V; E0) , a p artition P = f P1; P2; : : : ; Pr g of the set V and a

p ositive inte ger k . The pr oblem is to �nd a gr aph G such that G0 + G is k -e dge-c onne cte d,

and G c ontains only e dges b etwe en the classes of P . In the minimum version the

numb er of e dges of G is to b e minimize d. In the de gr e e-sp e ci�e d version G has to satisfy

a given de gr e e-sp e ci�c ation m 2 ZV
+ .

This problem w as solv ed b y Bang-Jensen, Gab o w, Jordán and Szigeti in [ 3 ] for an y

k � 2 (the problem is easy for k = 1 ). In the solution of the minim um v ersion the v alue

� = max f � G; � 1
G; :::; � r

Gg is a straigh tforw ard lo w er b ounds on the minim um n um b er of

edges, where

� G := maxfd 1
2

P
X 2F k � dG(X )e : F is a subpartition of Vg,

� i
G := maxf

P
X 2F k � dG(X ) : F is a subpartition of Pi g for ev ery i = 1; 2; : : : ; r .

The �rst v alue � G is related to the Subpartition Lo w er Bound. The v alue � i
G is a lo w er

b ound since w e cannot add an edge induced b y Pi . Ho w ev er there are examples where this

lo w er b ound fails (b y one). One example is when w e w an t to mak e a C4 3-edge-connected

while main taining its bipartiteness: the ab o v e b ound is only 2, but w e clearly need at least
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3 edges. Another example is when w e w an t to mak e a C6 3-edge-connected, but w e are

not allo w ed to connect opp osite no des, then the ab o v e lo w er b ound 3 cannot b e ac hiev ed.

These examples can b e generalized with the follo wing de�nitions. Recall that S(X ) denotes

the set of all subpartitions for a set X .

De�nition 5.7. A p artition A = f A1; A2; A3; A4g of V is c al le d a C4 -c on�gur ation (for

G; P; k ) if

(i) k � 2 is o dd,

(ii) k > d G(A i ) for every i = 1; 2; 3; 4,

(iii) dG(A i ; A i +2 ) = 0 for every i = 1; 2,

(iv) k � dG(A i ) + k � dG(A i +2 ) = � for b oth i = 1; 2,

(v) ther e is a c olour class P 2 P and an index i 2 f 1; 2g such that for j = i and j = i +2

ther e exist subp artitions X j 2 S(A j ) satisfying

P
X 2X j

k � dG(X ) = k � dG(A j ) and

X i [ X i +2 2 S(P) .

De�nition 5.8. A p artition A = f A1; A2; A3; A4; A5; A6g of V is c al le d a C6 -c on�gur a-

tion (for G; P; k ) if

(i) k � 2 is o dd,

(ii) dG(A i ) = k � 1 for every i = 1; 2; 3; 4; 5; 6,

(iii) dG(A i ; A i +1 ) = ( k � 1)=2 for every i = 1; 2; 3; 4; 5; 6,

(iv) ther e exist thr e e distinct c olour classes P1; P2; P3 2 P and subsets A0
i � A i satisfying

dG(0A i ) = k � 1 for every i = 1; 2; 3; 4; 5; 6 such that A0
j [ A0

j +3 � Pj for every

j = 1; 2; 3.

With these de�nitions the solution of the minim um v ersion of Problem 5.6 is the follo w-

ing.

Theorem 5.9 (Bang-Jensen, Gab o w, Jordán and Szigeti [ 3 ]) . L et us b e given a gr aph

G = ( V; E) , a p artition P = f P1; P2; : : : ; Pr g of the set V , and an inte ger k � 2. The

minimum numb er of gr aph e dges b etwe en the classes of P and making G k -e dge-c onne cte d

is � , unless a C4 or a C6 c on�gur ation exists, in which c ase it is � + 1 . Such an e dge set

c an b e found in p olynomial time.
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The solution of the degree-sp eci�ed problem is the follo wing. W e can form ulate the

follo wing natural necessary conditions of the existence of a solution with degree function

m if k � 2:

m(X ) � k � dG0 (X ) holds for an y nonempt y X ( V; (5.6)

m(V) is ev en ; (5.7)

m(Pi ) � m(V � Pi ) for ev ery i = 1; 2; : : : ; r: (5.8)

Ho w ev er, similarly to the minim um v ersion some exceptional cases sho w that these

conditions are not su�cien t. These exceptional cases are called obstacles : they are related

to the con�gurations de�ned ab o v e, though there is an imp ortan t di�erence. This is the

follo wing: it is p ossible that the optim um of the minim um v ersion is � , but there is a

degree-sp eci�cation m satisfying ( 5.6 ) -( 5.8 ) and yielding m(V) = 2� , for whic h the degree-

sp eci�ed v ersion is not solv able (b ecause of an obstacle). This is illustrated in Figure 5.1 .

1 1

11

0 0

Figure 5.1: A C4 -obstacle. The minim um n um b er of edges b et w een blac k and white no des

making this graph 3-edge-connected is t w o, but the degree-sp eci�cation giv en here do es

not yield a solution with 2 edges.

Let us giv e the de�nition of the obstacles. In the follo wing 2 de�nitions w e assume that

m satis�es ( 5.6 )-( 5.8 ) .

De�nition 5.10. A p artition A = f A1; A2; A3; A4g of V is c al le d a C4 -obstacle (for

G; P; k; m ) if

(i) k � 2 is o dd,

(ii) m(A i ) = k � dG(A i ) for every i = 1; 2; 3; 4,

(iii) dG(A i ; A i +2 ) = 0 for every i = 1; 2,

(iv) m(A1 [ A3) = m(V)=2 and the p ositive no des of A1 [ A3 al l have the same c olour.

De�nition 5.11. A p artition A = f A1; A2; A3; A4; A5; A6g of V is c al le d a C6 -obstacle

(for G; P; k; m ) if

figs/c4obs.eps
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(i) k � 2 is o dd,

(ii) m(A i ) = 1 and dG(A i ) = k � 1 for every i = 1; 2; 3; 4; 5; 6,

(iii) dG(A i ; A i +1 ) = ( k � 1)=2 for every i = 1; 2; 3; 4; 5; 6,

(iv) the p ositive no de in A i and in A i +3 have the same c olour for every i = 1; 2; 3.

The authors of [ 3 ] ha v e sho wn that these are the only obstacles of the existence of a

solution with degree function m .

Theorem 5.12 (Bang-Jensen, Gab o w, Jordán and Szigeti [ 3 ]) . L et us b e given a gr aph

G0 = ( V; E0) , a p artition P = f P1; P2; : : : ; Pr g of the set V , and an inte ger k � 2. Assume

that the de gr e e-sp e ci�c ation m 2 ZV
+ satis�es ( 5.6 ) - ( 5.8 ) . Then ther e exists a gr aph G

satisfying the de gr e e-sp e ci�c ation m and the p artition c onstr aints P such that G0 + G is

k -e dge-c onne cte d, unless k is o dd and G0 c ontains a C4 - or a C6 -obstacle.

The main idea in the solution of the minim um v ersion of Problem 5.6 is to �nd a degree-

sp eci�cation m satisfying ( 5.6 ) -( 5.8 ) with m(V) as small as p ossible, and trying to a v oid

creating a C4 - and a C6 -obstacle. The authors of [ 3 ] sho w that this is not p ossible if and

only if the problem instance con tains a con�guration .

5.2 Preliminaries

In this section w e giv e preliminaries ab out the metho ds that w e will use in pro ving Theorem

5.4 and in solving the partition constrained v ersion co v ering problem. W e start with t w o

simple observ ations ab out tigh t and dangerous sets. In man y cases ho w ev er w e omit the

reference to these lemmas, since the situation will b e m uc h simpler: for example p � 1 will

hold.

Lemma 5.13. Assume that p : 2V ! Z [ f�1g is a symmetric, p ositively cr ossing

sup ermo dular function and m 2 C(p) . If D is a p-p ositive danger ous set and T is a tight

set with m(D \ T) > 0 then one of D and T c ontains the other.

Pr o of. Certainly , T is also p-p ositiv e. They cannot satisfy (� ) , since that w ould imply

m(D) � 1 + m(T) � p(D) + p(T) � p(D � T) + p(T � D) � m(D � T) + m(T � D) �

m(D) � 1 + m(T) � 1, a con tradiction. This implies the lemma, since t w o p-p ositiv e sets

alw a ys satisfy (� ) unless one con tains the other.

Lemma 5.14. Assume that p : 2V ! Z [ f�1g is a symmetric, p ositively cr ossing

sup ermo dular function and m 2 C(p) . If a p-p ositive danger ous set D and a p-p ositive

tight set T cr oss e ach other then D [ T and D \ T is also danger ous.
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Pr o of. Assume that one of D [ T and D \ T is not dangerous and apply (\[ ) for D and T

to get m(D) � 1+ m(T) � p(D)+ p(T) � p(D \ T)+ p(D [ T) � m(D \ T)+ m(D [ T) � 2,

a con tradiction.

The follo wing simple lemma due to Benczúr and F rank follo ws easily from Claim 1.9 .

Lemma 5.15. If p: 2V ! Z [ f�1g is a symmetric, p ositively cr ossing sup ermo dular

function and f X 1; X 2; : : : ; X tg is a p artition of V satisfying p(X 1) = 1 and p(X 1 [ X i ) > 0

for any i = 1; 2; : : : ; t , then this p artition is p-ful l.

Ho w ev er w e will need the follo wing, sligh tly more complicated lemma.

Lemma 5.16. L et p: 2V ! Z [ f�1g b e a symmetric, p ositively cr ossing sup ermo dular

function and f V1; V2; : : : ; Vkg b e a p artition of V satisfying p(Vi ) = 1 for any i = 1; 2; : : : ; k

(wher e k � 4). L et furthermor e U1
i ; U2

i ; : : : ; Ut i
i b e a p artition of Vi (wher e t i � 1 is an

inte ger) for any i = 1; 2; : : : ; k such that p(Vi [ Ul
j ) > 0 for any p ossible i; j; l . Assume

furthermor e that p(U1
1 ) = 1 . Then the p artition U = f Uj

i : i = 1; 2; : : : ; k and j =

1; 2; : : : ; ti g is p-ful l.

Pr o of. Let i 2 f 1; 2; : : : ; kg b e arbitrary and U0 � U suc h that Vi [ (
S

U0) 6= V . By Claim

1.9 , p(Vi [ (
S

U0)) > 0. Applying this and the symmetry of p w e get that p(U1
1 [ Ul

j ) =

p(V � (U1
1 [ Ul

j )) > 0 for an y p ossible j; l (c ho ose an arbitrary Vi � V � (U1
1 [ Ul

j ) and an

appropriate U0 � U ). But then w e can apply Lemma 5.15 in order to �nish this pro of.

Our approac h in the algorithms to b e giv en in this c hapter is the follo wing: w e p er-

form some splitting-o� steps, and sometimes w e undo one splitting-o� in order to mak e a

progress. Therefore w e in tro duce the follo wing op erations. Let p0 : 2V ! Z [ f�1g b e

symmetric, p ositiv ely crossing sup ermo dular and m0 2 C(p0) \ ZV
with m0(V) ev en. As-

sume that w e ha v e p erformed some admissible splitting-o�s and let G b e the graph of the

split edges. Let furthermore p = p0 � dG and m(v) = m0(v) � dG(v) for ev ery v 2 V . Pic k

an edge uv = e 2 G. Recall that the unsplitting op eration of e is simply the rev erse of the

splitting-o� op eration: me = m+ � f ug + � f vg , Ge = G� e and pe = p+ d(V;f (uv)g) = p0 � dGe
.

Of course, this is alw a ys admissible, that is me 2 C(pe) .

In the sequel, w e will use the follo wing op eration. Let uv 2 E(G) and x 2 V +
. The edge-

switc h op eration (at x; u; v ) is the follo wing: let G0 = G� uv+ xu , let m0 = m� � f xg+ � f vg

and p0 = p0 � dG0
(i.e. unsplit uv and split-o� at x; u : the edge xu will also b e called a

split edge). If m0 2 C(p0) then the edge-switc h is admissible . If there is a set X � V

with 0 = p(X ) = m(X ) � 1, x; u 2 X but v =2 X then the edge-switc h at x; u; v is

clearly not admissible: w e will sa y that suc h a set is a (x; u; v) -switc h blo c king set . An
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(x; uv) -switc h blo c king set is a set whic h is either an (x; u; v) -switc h blo c king set, or an

(x; v; u) -switc h blo c king set.

If x and y are t w o (distinct) p ositiv e no des and uv is an edge of G then a one-c hange

(at x; u; v; y ) is the follo wing op eration: m0 = m � � f xg � � f yg , G0 = G � e+ ux + vy and

p0 = p0 � dG0
(i.e. unsplit uv and split-o� at x; u and at y; v: the edges xu and yv will also

b e called split e dges ). It will b e an admissible one-c hange if m0 2 C(p0) . Note that if the

edge-switc h at x; u; v or the one at y; v; u is not admissible (for example b ecause there exists

an (x; u; v) -switc h blo c king set, or an (y; v; u) -switc h blo c king set), then the one-c hange at

x; u; v; y is not admissible.

A partition of V in to p-p ositiv e tigh t sets will b e called a p-tigh t partition . In the

argumen ts b elo w after p erforming one of the ab o v e op erations w e will usually (unless

stated otherwise) replace the functions m and p b y the mo di�ed functions. The follo wing

statemen ts will b e useful in the pro ofs of this c hapter.

Claim 5.17. L et p: 2V ! Z [ f�1g b e a symmetric, p ositively cr ossing sup ermo dular

function and m 2 C(p) \ ZV
. Assume that p � 1. Then a set X � V having p(X ) = 1

c annot cr oss a p-p ositive tight set Y .

Pr o of. Assume that X crosses Y . Note that p(Y) = m(Y) = 1 . By p ossibly complemen ting

X w e can assume that m(Y \ X ) = 0 . But (\[ ) for X and Y implies that p(Y \ X ) = 1 ,

a con tradiction with m 2 C(p) .

Lemma 5.18. L et p0 : 2V ! Z [ f�1g b e a symmetric, p ositively cr ossing sup ermo dular

function, G b e a gr aph and p = p0 � dG and m 2 C(p) \ ZV
. L et x and y b e two (distinct)

p ositive no des and uv b e an e dge of G. The e dge-switch at x; u; v is not admissible if and

only if ther e exists a set X c ontaining x and u but excluding v which is danger ous with

r esp e ct to p and m . If the e dge-switch at x; u; v and the one at y; v; u ar e b oth admissible then

the one-change at x; u; v; y is not admissible if and only if ther e exists a set X c ontaining

x; u; v; y which is danger ous with r esp e ct to p and m .

Pr o of. The �rst statemen t is clear: since the unsplitting at u and v is alw a ys admissible,

the edge-switc h x; u; v is not admissible if and only if there exists a set X that is dangerous

con taining x and u after this unsplitting (i.e. with resp ect to puv
and muv

). If this set

also con tains v then m(X ) � p(X ) do es not c hange during the edge-switc h, so X do es not

b ecome de�cien t. Therefore X do es not con tain v , therefore m(X ) � p(X ) will decrease

b y t w o after the edge-switc h, so it b ecomes de�cien t if and only if it w as dangerous with

resp ect to p and m .

T o pro v e the second statemen t observ e that the one-c hange at x; u; v; y can b e considered

as the sequence of a one-c hange at x; u; v follo w ed b y a splitting-o� at y; v. Let m0
and p0
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b e the functions after the edge-switc h at x; u; v . If the splitting is not admissible after this

edge-switc h then there is an X con taining y and v whic h is dangerous with resp ect to p0

and m0
. Note that this X is not dangerous with resp ect to puv

and muv
(this is b ecause the

edge-switc h y; v; u w as also admissible originally), muv (X ) � puv (X ) > m 0(X ) � p0(X ) m ust

hold, in other w ords X m ust con tain x and u . But then m(X ) � p(X ) = m0(X ) � p0(X ) ,

therefore X w as also dangerous with resp ect to p and m .

W e will only apply the op erations in tro duced ab o v e under sp ecial circumstances. The

next lemma describ es this. Note that if p � 1 then a dangerous set con taining a p ositiv e

no de will ha v e p-v alue 0 or 1.

Lemma 5.19. L et p0 : 2V ! Z [ f�1g b e a symmetric, p ositively cr ossing sup ermo dular

function, G b e a gr aph and p = p0 � dG and m 2 C(p) \ ZV
. Assume that p � 1 and

f V1; V2; : : : ; Vkg is a p-tight p artition of V (i.e. m(Vj ) = p(Vj ) = 1 for every j = 1; 2; : : : ; k ),

wher e k � 4, and let vj 2 Vj \ V +
for every j 2 f 1; 2; : : : ; kg. Then

1. the tight p artition f V1; V2; : : : ; Vkg is unique,

2. if uv 2 E(G) is induc e d in Vi for some i 2 f 1; 2; : : : ; kg and vr ; vs 2 V + � vi then

(a) if X is a (vr ; u; v) -switchblo cking set, then X � Vi = Vr and ther e is no (vr ; v; u) -

switchblo cking set,

(b) if X is a (vr ; u; v) -switchblo cking set, and Y is a (vs; u; v) -switchblo cking set then

X � Y = Vr and Y � X = Vs ,

(c) the e dge-switch at vr ; u; v is not admissible if and only if ther e exists a (vr ; u; v) -

switchblo cking set,

(d) the one-change at vr ; u; v; vs is not admissible if and only if ther e exists a (vr ; u; v) -

switchblo cking set, or a (vs; v; u) -switchblo cking set,

3. if uv 2 E(G) is such that u 2 V1 and v 2 V2 then

(a) the e dge-switch at v1; v; u is always admissible,

(b) the e dge-switch at v3; u; v is not admissible if and only if p(V1 [ V3) = 1 ,

(c) the one-change at v3; u; v; v1 is not admissible if and only if p(V1 [ V3) = 1 .

Pr o of. T o pro v e the �rst statemen t, supp ose that the partition f V 0
1; V 0

2; : : : ; V0
kg also satis�es

that m(V 0
i ) = p(V 0

i ) = 1 for ev ery i = 1; 2; : : : ; k (assume that these sets are indexed suc h

that m(Vi \ V 0
i ) = 1 for ev ery i = 1; 2; : : : ; k ). Since V 0

i cannot cross Vi for all i , and Vi ( V 0
i
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w ould imply that V 0
i crosses another Vj (since k > 2), this means that Vi = V 0

i for ev ery

i = 1; 2; : : : ; k .

T o pro v e ( 2a ) apply (\[ ) for X and Vi to get that p(X [ Vi ) = 1 , implying that

X � Vi = Vr b y Claim 5.17 . If X is a (vr ; u; v) -switc h blo c king set and Y is a (vr ; v; u) -

switc h blo c king set then ( 1.5 ) for X and Y giv es that p(X [ Y) = 1 , con tradicting Claim

5.17 .

T o sho w ( 2b ) apply ( 1.6 ) for X and Y .

T o pro v e ( 2c ) observ e that if the edge-switc h at vr ; u; v is not admissible then b y Lemma

5.18 there is a dangerous set X with vr ; u 2 X and v =2 X . Since m(V) � 4, this set crosses

Vi , therefore it is a (vr ; u; v) -switc h blo c king set, as claimed.

The pro of of ( 2d ) is similar: if the edge-switc h at vr ; u; v or the one at vs; v; u is not

admissible then this is b ecause of a switc h blo c king set b y ( 2c ). If b oth of these edge-switc h

op erations are admissible but the one-c hange at vr ; u; v; vs is not admissible then b y Lemma

5.18 there exists a dangerous set X con taining vr ; u; v; vs . Since m(X ) � 2 b y the no des

vr ; vs 2 X , this is only p ossible if m(X ) = 2 = p(X ) + 1 . But this X then crosses Vi ,

con tradicting Claim 5.17 .

T o pro v e ( 3a ) assume that the edge-switc h at (v1; v; u) is not admissible. Use Lemma

5.18 and note that the dangerous set X will cross V1 , so it cannot ha v e p-v alue 1, i.e. it

is a (v1; v; u) -switc h blo c king set. Apply (\[ ) for X and V2 to get that p(X [ V2) = 1 ,

con tradicting Claim 5.17 .

T o pro v e ( 3b ) assume that the edge-switc h at v3; u; v is not admissible. By Lemma 5.18

there is a dangerous set X con taining v3; u and not con taining v . Assume that p(X ) =

0. Then X crosses V1 (since v1 =2 X ), therefore applying ( 1.6 ) to X and V1 giv es a

con tradiction. Therefore p(X ) = 1 , and then b y Claim 5.17 X = V1 [ V3 .

T o pro v e ( 3c ) assume that the one-c hange at v3; u; v; v1 is not admissible but p(V1 [ V3) <

1, i.e. the edge-switc h at (v3; u; v) is admissible. By Lemma 5.18 there exists a dangerous

set X con taining v3; u; v; v1 , th us m(X ) = 2 = p(X ) � 1 and X crosses V2 , since v2 =2 X , a

con tradiction b y Claim 5.17 .

5.3 Pro of of the theorem of Benczúr and F rank

In this section w e will giv e an algorithmic pro of of Theorem 5.4 . This pro of app eared in [ 8 ].

The idea is the follo wing: �rst w e p erform an arbitrary sequence of admissible splitting-o�s

as long as p ossible. When there is no more admissible splitting-o�, then w e try to unsplit

one single edge suc h that w e obtain t w o admissible splitting-o�s (this op eration w as

called an admissible one-change ). Surprisingly , this will b e enough: w e pro v e that this
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algorithm �nds the required degree-sp eci�ed graph, if the conditions of Theorem 5.4 hold.

Pr o of of The or em 5.4 . The necessit y of the conditions is clear. The pro of of su�ciency

uses the algorithm sk etc hed ab o v e. In fact w e will pro v e a little more, as in this pro of the

algorithm tak es as input the function p0 and an arbitrary m0 2 C(p0) \ ZV
with m0(V )

ev en (that is, w e don't assume ab out the input that m0(V )=2 � dim(p0) � 1 holds). W e will

pro v e that if this algorithm do es not terminate with �nding the required degree-sp eci�ed

graph then the condition m0(V)=2 � dim(p0) � 1 did not hold. In this case w e will also

�nd a p0 -full partition of size dim(p0) . In fact w e will pro v e that the algorithm �nds a

longest p ossible admissible splitting sequence. Let us formally describ e the algorithm.

First Step of the Algo rithm: P erform an arbitrary sequence of admissible splitting steps as

long as there exists one.

Before con tin uing the description of the algorithm w e describ e the situation when there

is no further admissible splitting-o�. As usual, let the graph of the edges split so far b e

denoted b y G, p = p0 � dG and m(v) = m0(v) � d+
G(v) for an y v 2 V . By Lemma 4.6 , p � 1

and an y pair u; v 2 V +
is in a dangerous set X : this means that p(X ) = 1 and m(X ) = 2 ,

hence m � 1. W e can further assume that m(V) � 4 (if m(V) = 0 then the theorem is

pro v ed and clearly m(V) = 2 cannot b e the case). Let the p ositiv e no des b e v1; v2; : : : ; vk

(where k = m(V) is of course ev en).

Lemma 5.20. Under the assumptions made ab ove

(i) for any i 2 f 1; 2; : : : ; kg ther e exists a unique maximal tight set Vi c ontaining vi ,

(ii) the set blo cking vi and vj is Vi [ Vj for any i; j 2 f 1; 2; : : : ; kg,

(iii) p([ i 2 I Vi ) = 1 for any nonempty I ( f 1; 2; : : : ; kg,

(iv) the sets V1; V2; : : : ; Vk form a p artition of V .

Pr o of. The sets that w e consider will alw a ys ha v e p ositiv e p v alue, so w e can use (\[ ) and

(� ) if t w o of them cross. A set X blo c king a pair u; v 2 V +
and another set Y blo c king

a pair w; v 2 V +
cross eac h other, meaning that p(X \ Y) = 1 , so v 2 V +

is in a tigh t

set. If T1 and T2 are t w o tigh t sets con taining the p ositiv e no de x 2 V +
then T1 and T2

cannot cross eac h other, since then (� ) w ould imply that p(T1 � T2) = 1 > m (T1 � T2) = 0 ,

a con tradiction. Th us one of T1 and T2 m ust con tain the other, so indeed there exists a

unique maximal tigh t set Vi con taining vi for ev ery i .

T o pro v e ( ii ) let i; j b e t w o di�eren t indices b et w een 1 and k . It is straigh tforw ard that

Vi and Vj ha v e to b e disjoin t (otherwise p(Vi \ Vj ) = 1 w ould follo w from (\[ ) ). Similarly ,
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a set X blo c king vi and vj m ust con tain Vi (and Vj ), otherwise p(Vi � X ) = 1 w ould follo w

from (� ) . On the other hand, if l 2 f 1; 2; : : : ; kg is di�eren t from i and j and Y is a set

blo c king vi and vl then (\[ ) implies that X \ Y = Vi (since it is tigh t) and (� ) implies

that X � Y = Vj (since it is tigh t again). This �nishes the pro of of ( ii ) , and then ( iii )

follo ws from Claim 1.9 .

The only thing to b e pro v ed to get ( iv ) is that [ k
i =1 Vi = V : but if this w as not the case

then Claim 1.9 w ould also imply that p([ k
i =1 Vi ) = 1 , whic h w ould giv e a con tradiction,

since m(V � [ k
i =1 Vi ) = 0 and p(V � [ k

i =1 Vi ) = p([ k
i =1 Vi ) = 1 .

One simple observ ation sho ws that G do es not ha v e edges b et w een t w o classes Vi and

Vj of this partition: if it had, then c ho osing a third index l 2 f 1; 2; : : : ; kg and using that

X = Vi [ Vl and Y = Vj [ Vl has to satisfy (\[ ) with equalit y w ould giv e a con tradiction

b y ( 1.1 ) .

The next step of the algorithm tries to �nd admissible one-c hanges as long as p ossible.

That is, our aim is to �nd an edge uv = e of G (spanned b y Vi , sa y) and t w o p ositiv e

no des vr and vs suc h that an admissible one-c hange can b e p erformed. Note that r = i is

not a go o d c hoice, since p(Vi [ Vs) = 1 ; s = i is not go o d, either, so vr and vs are b oth

distinct from vi . By Lemma 5.19 ( 2d ), the obstacle of the admissibilit y of the one-c hange at

vr ; u; v; vs is a switc h blo c king set. The follo wing lemma tells us that if a one-c hange is not

admissible at vr ; u; v; vs for some edge uv 2 E(G) , then there is no admissible one-c hange

at this edge at all.

Claim 5.21. If X is a (vr ; uv) -switchblo cking set (wher e uv 2 E(G) is induc e d by Vi for

some i and vr 2 V + � vi ), then e = � G(X ) and Vj [ (X \ Vi ) is the unique (vj ; uv) -

switchblo cking set for any j 6= i .

Pr o of. Without loss of generalit y assume that X is a (vr ; u; v) -switc h blo c king set. W e will

use that m(V) � 4: let i; r b e the indices of the statemen t and let q; s2 f 1; 2; : : : ; kg�f i; r g

b e distinct indices. Apply (\[ ) to X and Y = Vr [ Vq to get that p(X [ Y) � 0, but since

it cannot b e 1 b y Claim 5.17 , it m ust b e 0. No w apply (� ) to X [ Y and Vr [ Vs to obtain

that p(Vq[ (X \ Vi )) � 0, but again b y Claim 5.17 it cannot b e one, so Vq[ (X \ Vi ) is indeed

a (vq; uv) -switc h blo c king set for an y q 6= i . Apply ( 1.6 ) for X and Vq [ (X \ Vi ) to get that

e = � G(X ) . Finally Lemma 5.19 ( 2b ) giv es the uniqueness of (vj ; u; v) -switc h blo c king set

for an y j 6= i .

After these preliminaries the description of the algorithm is con tin ued.

Second Step of the Algo rithm: P erform an arbitrary sequence of admissible one-c hange

op erations as long as there exists one. If m(V) decreases to 2 then �nish the pro cedure
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with a splitting-o� (whic h is of course admissible) and terminate.

Observ e that an admissible one-c hange will not create an admissible splitting-o� b y

Lemma 5.20 ( iii ) , unless m(V) b ecomes 2.

Let us no w describ e the situation when there is no further admissible one-c hange.

F or simplicit y let us denote the remaining degree sp eci�cation again b y m , the obtained

graph b y G and p = p0 � dG . Again, if m(V) � 3 then w e are done, so assume that

m(V) � 4. W e will no w sho w ho w to obtain a p0 -full partition of size greater than

m0(V)=2 + 1 , whic h �nishes the pro of of the theorem. F urthermore this partition will b e

of size m(V) + jE(G)j , whic h sho ws that the dimension of p0 is not greater than this, since

adding a spanning tree on V +
to G co v ers p0 and has size m(V) + jE(G)j � 1. T o this end

let us describ e the structure of the obstacles of further admissible one-c hanges. By Claim

5.21 for ev ery split edge e induced in Vi , sa y , there exists a uniquely de�ned set X e � Vi � vi

suc h that X e [ Vj is the unique (vj ; e) -switc h blo c king set for an y j 6= i . Since dG(X e) = 1

for an y edge, this implies that G do es not con tain a cycle.

Claim 5.22. L et e; f b e two (distinct) e dges of G sp anne d by Vi . Then X e and X f c annot

cr oss e ach other.

Pr o of. Assume the con trary and consider t w o p ositiv e no des vr and vs (distinct from vi ).

Apply (� ) for the crossing sets X = Vr [ X e and Y = Vs [ X f to get that p(X � Y) =

p(Y � X ) = 0 . Since at least one of X � Y and Y � X is en tered b y at least one of e and

f , this con tradicts the uniqueness of the sets X e and X f .

This claim sho ws that the sets f X e : e 2 Gg form a laminar family . Visually , if w e

in tro duce an orien tation

~G of G suc h that an edge e 2 G is orien ted to en ter X e, then w e get

that the undirected comp onen ts of

~G are arb orescences and the laminar family f X e : e 2 Gg

can naturally b e related to these arb orescences (it is kno wn that an arb orescence naturally

de�nes a laminar family), though w e don't need this observ ation b elo w.

Consider the laminar family U = f V1; V2; : : : ; Vkg
S

f X e : e 2 Gg and let U� = U �
S

W 2U ;W ( U W for an y U 2 U . The follo wing claim �nishes the pro of of the theorem, since

the family f U� : U 2 Ug has m(V) + jE(G)j mem b ers.

Claim 5.23. The set U�
is not empty for any U 2 U . The p artition f U� : U 2 Ug is

p0 -ful l.

Pr o of. Observ e that U�
is nev er empt y , since if U = Vi for some i then vi 2 U�

, and if

U = X e then one endp oin t of e is in U�
. No w w e w an t to sho w that p0(Vi [ U� ) > 0

for an y i 2 f 1; 2; : : : ; kg and U 2 U . W e can assume that U � Vj where j 6= i and

let l 2 f 1; 2; : : : ; kg � f i; j g. Apply Claim 1.9 for Vl and the maximal sets of the family
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f W 2 U : W ( Ug to deduce that p0(Vl [ X ) > 0 where X =
S

W 2U ;W ( U W . No w (� ) for

Vi [ U and Vl [ X giv es that p0(Vi [ U� ) � p0(Vi [ U)+ p0(Vl [ X ) � p0(Vl ) � 1+1 � 1 � 1, as

claimed. No w Lemma 5.16 �nishes the pro of of this claim, since if U is a minimal mem b er

of the family U then p0(U) = p0(U� ) = 1 can b e easily v eri�ed.

�

Let us giv e the pseudo co de of the algorithm that w e suggest (for simplicit y w e do not

read out the p-full partition of size dim(p) as in the pro of ab o v e). W e note that b y the

argumen ts giv en after Algorithm GREED YCO VER , this algorithm can also b e implemen ted

to run in p olynomial time.

Algo rithm SYMCROS_CO VER

b egin

INPUT: A symmetric, p ositively crossing sup ermo dula r function p : 2V ! Z [

f�1g (given with a maximizing o racle) and an admissible degree sp eci�cation m: V !

Z+ (with m(V) even).

OUTPUT: A graph G = ( V; E) covering p and satisfying d+
G(v) = m(v) fo r every

v 2 V , o r the statement that the condition m(V)=2 � dim(p) � 1 did not hold.

1.1. Initialize G = ( V;; ) .

1.2. While there exists an admissible splitting-o� at u; v , p erfo rm it, i.e.

1.3. Let m = m � � (u) � � (v) and p = p � d(V;f (u;v )g) and G = G + ( uv) .

1.4. EndWhile

1.5. While there exists an admissible one-change at x; u; v; y , p erfo rm it, i.e.

1.6. Let m = m � � (x) � � (y) , G = G� uv + xu + vy and p = p+ d(V;f uvg) � d(V;f xu;vy g) .

If m(V) = 2 then �nish with an admissible splitting-o�, i.e.

1.7. Let m = m � � (u) � � (v) (where V + = f u; vg) and p = p � d(V;f (u;v )g) and

G = G + ( uv) .

1.8. EndWhile

1.9. If m(V) = 0 then output G.

1.10. Otherwise return �The condition m(V)=2 � dim(p) � 1 did not hold!�.

end

In fact our pro of implies the follo wing de�cien t form of Theorem 5.4 (where an admissible

splitting se quenc e means an arbitrary sequence of admissible splitting-o�s).

Theorem 5.24. L et p0 : 2V ! Z [ f�1g b e a symmetric, p ositively cr ossing sup ermo d-

ular set function and m0 2 C(p0) \ ZV
with m0(V ) even. If m0(V)=2 < dim(p0) � 1

then the longest admissible splitting se quenc e c onsists of m0(V) � dim(p0) splitting-o�s. If

m0(V)=2 � dim(p0) � 1 then ther e exists a c omplete admissible splitting-o�.
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Pr o of. Consider an arbitrary running of the algorithm sk etc hed ab o v e. If it gets stuc k with

remaining degree sp eci�cation m and graph G, then w e ha v e seen that m(V) + jE(G)j =

dim(p0) . Since m(V) + 2 jE(G)j = m0(V) , this sho ws that (after arbitrary c hoices in the

algorithm) jE(G)j = m0(V) � dim(p0) . Since a longest admissible splitting sequence is

clearly a v alid running of the algorithm (there cannot exist an admissible one-c hange after

a longest splitting sequence), this �nishes the pro of.

5.4 P artition constrained co v ering problem

In this section w e will also consider partition (or colour) constrain ts . That is w e are

also giv en a partition P = f P1; P2; : : : ; Pr g of the set V (colour classes) and w e are only

allo w ed to in tro duce edges b et w een t w o mem b ers of this partition. If v 2 Pi for some

v 2 V and i then w e will also use the notation c(v) = i (that is, v has colour i ). W e

form ulate the problems that w e w an t to solv e in this section.

Problem 5.25 (P artition constrained co v ering of a symmetric, p ositiv ely crossing sup er-

mo dular function) . L et us b e given a symmetric, p ositively cr ossing sup ermo dular function

p : 2V ! Z [ f�1g with a maximizing or acle and a p artition P = f P1; P2; : : : ; Pr g of the

set V . The pr oblem is to �nd a gr aph G c overing p that c ontains only e dges b etwe en the

classes of P . In the minimum version the numb er of e dges of G is to b e minimize d. In

the de gr e e-sp e ci�e d version G has to satisfy a given de gr e e-sp e ci�c ation m 2 ZV
+ .

Note that lo op edges in G are prohibited b y the partition constrain ts, so d+
G(v) = dG(v)

for an y v 2 V .

This section con tains join t results with Roland Grapp e and Zoltán Szigeti. These results

are not published y et. They ha v e b een accepted for presen tation at the A CM-SIAM Sym-

p osium on Discrete Algorithms (SOD A10) whic h will b e held in Austin, T exas in Jan uary

2010: see [ 10 ].

5.4.1 Preliminaries

Lo w er b ounds and necessary conditions

In this subsection w e giv e natural lo w er b ounds for the minim um v ersion of Problem 5.25

and natural necessary conditions for the degree-sp eci�ed v ersion of that problem. W e start

with the latter.

Assume that the degree-sp eci�ed v ersion of Problem 5.25 is giv en. W e ha v e seen that a

natural necessary condition of the existence of a solution is that the degree-sp eci�cation is
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admissible, that is

m(X ) � p(X ) for an y X � V: (5.9)

It is easy to see that the follo wing conditions are also necessary .

m(V) is ev en ; (5.10)

m(Pi ) � m(V � Pi ) for ev ery i = 1; 2; : : : ; r: (5.11)

W e will sa y that a degree-sp eci�cation m satisfying ( 5.9 )-( 5.11 ) is allo w ed . A further

necessary condition of the existence of a solution with degree function m is that

m(V)=2 � dim(p) � 1: (5.12)

W e emphasize that an allo w ed degree-sp eci�cation do es not necessarily satisfy the dimen-

sion condition ( 5.12 ) .

Ho w ev er the conditions ( 5.9 )-( 5.12 ) are still not su�cien t, there are some exceptional

cases when this graph do es not exist as this w as already seen at the problem of parti-

tion constrained global edge-connectivit y augmen tation. These exceptions will b e called

obstacles here, to o. W e will giv e the de�nition of these obstacles in Section 5.4.2 .

T urning to the minim um v ersion of the problem: b y the previous argumen ts the v alue

� = maxf � p; � 1
p; : : : ; � r

p; dim(p) � 1g is a lo w er b ound on the n um b er of edges of the desired

graph, where

� p = dSLB (p)=2e = maxfd

P
X 2X p(X )

2
e : X is a subpartition of Vg

� i
p = maxf

X

Y 2F

p(Y); F subpartition of Pi g; for i = 1; : : : r:

Again, as seen at the problem of partition constrained global edge-connectivit y augmen-

tation, in some cases this lo w er b ound cannot b e ac hiev ed. These exceptional cases will

b e called con�gurations , their description will b e giv en in Section 5.4.3 . Since obstacles

and con�gurations are closely related to eac h other, they ha v e a common ro ot, w e giv e the

description of this common ro ot in the next section. W e call them constructions : they

express certain prop erties of the set function p, i.e. the partition P do es not pla y a role in

the de�nition of constructions.

Constructions

W e will use the follo wing con v en tion. If A1; A2 : : : ; Al are some subsets of V , then A l+1

will denote A1 , A l+2 will b e A2 and so on (and similarly A0 will b e A l ). F urthermore,
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a construction (an obstacle, or a con�guration, see later) will alw a ys b e a partition A =

f X 1; X 2; : : : ; X tg of V : though the order of the partition classes do es matter in some

sense in these de�nitions, w e decided to use the set-notation f X 1; X 2; : : : ; X tg instead

of the sequence-notation (X 1; X 2; : : : ; X t ) , since some reordering will alw a ys b e p ossible.

Hop efully after this remark this will not cause a confusion. Recall that m 2 C(p) is said

to b e minimal if m(V) = SLB (p) = max f
P

X 2X p(X ) : X is a subpartition of Vg.

De�nition 5.26. A p artition A = f A1; A2; A3; A4g of V is c al le d a C �
4 -c onstruction for

p if

1. p(A i ) + p(A i +1 ) � p(A i [ A i +1 ) is o dd for every i = 1; 2; 3; 4,

2. p(A i � 1 [ A i ) + p(A i [ A i +1 ) = p(A i � 1) + p(A i +1 ) for every i = 1; 2; 3; 4,

3. p(A1 [ A3) � 0 and p(A2 [ A4) � 0,

4. p(A1) + p(A3) = p(A2) + p(A4) = 1
2 SLB (p) .

Note that the order of the partition classes in a C �
4 -construction matters only in the fol-

lo wing sense: if f A1; A2; A3; A4g is a C �
4 -construction, then so is f A2; A3; A4; A1g ( cyclical

reindexing ) and f A4; A3; A2; A1g ( rev ersing ).

The follo wing structure arises only for our abstract form of the problem, it do es not exist

in the framew ork of graphs or h yp ergraphs.

De�nition 5.27. A p artition A = f A1; A2; A3; A4; B1; : : : ; Btg (wher e t � 1) of V is c al le d

a C �
5 -c onstruction for p if

1. p(A i ) = 1 for every i = 1; 2; 3; 4,

2. p(B j ) = 2 for every j = 1; : : : ; t ,

3. p(A i [ B j ) = p(A i [ A i +1 ) = 1 for every i = 1; 2; 3; 4 and j 2 f 1; : : : ; tg,

4. p(A1 [ A3) � 0 and p(A2 [ A4) � 0,

5. SLB (p) =
P

X 2A p(X ) = 2 t + 4 .

Observ e that w e can cyclically reindex the classes A i , or rev erse the order of them in a

C �
5 -construction, while the classes B j can come in an y order.

De�nition 5.28. A p artition A = f A1; A2; A3; A4; A5; A6g of V is c al le d a C �
6 -c onstruction

for p if

1. p(A i ) = 1 for every i = 1; 2; 3; 4; 5; 6,
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2. p(A i [ A i +1 ) = 1 for every i = 1; 2; 3; 4; 5; 6,

3. p(A i [ A j ) � 0 for every 1 � i � 4 and i + 2 � j � i + 4 ,

4. SLB (p) =
P 6

i =1 p(A i ) = 6 .

Again note that w e can cyclically reindex the classes, or rev erse the order of the classes

in a C �
6 -construction.

W e sa y that a partition A is a construction if it is either a C �
4 -, a C �

5 - or a C �
6 -

construction. Note, that if A is a construction and m 2 C(p) , then the condition m(V) =

SLB (p) (minimalit y of m ) is equiv alen t to sa ying that ev ery X 2 A is tigh t. Also note that

if A is a C �
4 -construction and m 2 C(p) is minimal then De�nition 5.26 . 1 requires that

m(A i [ A i +1 ) � p(A i [ A i +1 ) has to b e o dd for ev ery i = 1; 2; 3; 4.

Claim 5.29. If A = f A1; A2; A3; A4g is a C �
4 -c onstruction for p then p(A i ) > 0 for ev-

ery i = 1; 2; 3; 4. Conse quently, a set c ontaining at le ast thr e e memb ers of A c annot b e

danger ous.

Pr o of. Assume for example that p(A2) = 0 (it cannot b e negativ e since that w ould imply

SLB (p) =
P

i p(A i ) <
P

i 6=2 p(A i ) � SLB (p) ) and let m 2 C(p) b e minimal. De�nition

5.26 . 2 applied to i = 2 , the tigh tness of A1; A2 and A3 , and the admissibilit y of m giv es that

p(A1 [ A2) + p(A2 [ A3) = p(A1) + p(A3) = m(A1) + m(A3) = m(A1 [ A2) + m(A2 [ A3) �

p(A1 [ A2) + p(A2 [ A3) , implying that A1 [ A2 and A2 [ A3 are b oth tigh t, con tradicting

De�nition 5.26 . 1 .

T o get the corollary assume that a set X con taining A1 [ A2 [ A3 is dangerous. Since

p(X ) = p(V � X ) , this implies that SLB (p) � p(X ) + p(V � X ) = 2 p(X ) � 2(m(X ) �

1) � 2(SLB (p)=2 + 1 � 1), i.e. p(X ) = SLB (p)=2, but m(V � X ) � SLB (p)=2 � 1, a

con tradiction.

Claim 5.30. L et A = f A1; A2; A3; A4g b e a C �
4 -c onstruction, m 2 C(p) b e minimal and

i 2 f 1; 2; 3; 4g arbitr ary. If A i [ A i +1 is not danger ous then a p air x 2 A i \ V +
and

y 2 A i +1 \ V +
is admissible. If we split-o� this p air then A b e c omes a C �

4 -c onstruction for

the mo di�e d function p0 = p � d(V;f xy g) .

Pr o of. Without loss of generalit y let i = 1 . Assume that the pair x; y is not admissible and

let X b e a dangerous set blo c king it. W e can assume that X is a maximal dangerous set,

th us b y Lemma 5.13 A1 [ A2 � X . Similarly , if for example A3 \ X 6= ; then A3 and X

w ould cross eac h other (since A4 6� X b y Claim 5.29 ), and then Lemma 5.14 w ould imply

that A3 � X , con tradicting Claim 5.29 . Therefore X = A1 [ A2 , whic h is not dangerous

b y the assumption. The second statemen t is easy to c hec k (to get De�nition 5.26 . 4 use

Lemma 2.16 ).
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The follo wing prop erties of a C �
5 -construction can b e pro v ed.

Claim 5.31. If A = f A1; A2; A3; A4; B1; : : : ; Btg is a C �
5 -c onstruction and m 2 C(p) is

arbitr ary with m(V) = SLB (p) then

(i) p(A i [
S

j 2 J B j ) = p(A i [ A i +1 [
S

j 2 J B j ) = 1 for al l J � f 1; : : : ; tg and i 2 f 1; 2; 3; 4g,

(ii) p([ j 2 J B j ) = 2 for al l nonempty J � f 1; : : : ; tg,

(iii) p(A i [ A i +2 [
S

j 2 J B j ) = 0 for al l J � f 1; : : : ; tg and i 2 f 1; 2g

(iv) If X cr osses a memb er Y of the p artition A then p(X ) � p(X [ Y) and p(X ) �

p(X � Y) . If furthermor e m(X \ Y) < m (Y) then p(X ) < p(X [ Y) , and similarly

if m(Y � X ) < m (Y) then p(X ) < p(X � Y) .

(v) If X cr osses a memb er of the p artition A then p(X ) � 1 (c onse quently p � 2),

(vi) the splitting at u and v is admissible for any p ositive p air u 2 A i [ B j 1 and v 2

A i +2 [ B j 2 (wher e i 2 f 1; 2; 3; 4g and j 1; j 2 2 f 1; 2; : : : ; tg ar e distinct),

(vii) Splitting-o� at a 2 A1\ V +
and b2 B1\ V +

the p artition f A1[ B1; A2; A3; A4; B2; : : : ; Btg

b e c omes a C �
5 -c onstruction for the mo di�e d function p0

, if t > 1, and it b e c omes a C �
4 -

c onstruction for the mo di�e d function p0
, if t = 1 (the analo gous statement holds for

an arbitr ary a 2 A i \ V +
and b2 B j \ V +

, to o).

Pr o of. Let us �rst pro v e 1 = p(A1 [ A2 [
S

j 2 J B j ) of ( i ) . Claim 1.8 applied to A1 [ A2

and A1 [ B j (j = 1; 2; : : : ; t) giv es that 1 = p(A1 [ A2) � p(A1 [ A2 [
S

j 2 J B j ) �

p(A1 [ A2 [
S t

j =1 B j ) = p(A3 [ A4) = 1 for all J � f 1; 2; : : : ; tg, what w as to b e pro v ed.

The same pro of giv es that 1 = p(A1 [ A2 [ A3 [
S

j 2 J B j ) for all J � f 1; 2; : : : ; tg, whic h

is the second statemen t of ( i ) .

No w w e pro v e ( ii ) . By ( i ) , p(A1 [ A2 [ A3) = p(A3 [ A4 [ A1) = 1 . Let us apply (\[ ) for

these t w o sets to get that p(A1 [ A2 [ A3 [ A4) � 2. Cho ose an arbitrary i 2 f 1; 2; : : : ; tg

and apply Claim 1.8 for sets A1 [ A2 [ A3 [ A4 and A1 [ B j (j 2 f 1; 2; : : : ; tg � i ) to get that

2 � p(A1 [ A2 [ A3 [ A4 [
S

j 2 J B j ) � p(A1 [ A2 [ A3 [ A4 [
S

j 2f 1;2;:::;t g� i B j ) = p(B i ) = 2

for all J ( f 1; 2; : : : ; tg, pro ving ( ii ) .

Let us pro v e ( iii ) : �rst note that b y (\[ ) applied to A1 [
S

j 2 J B j and A3 [
S

j 2 J B j

w e get that p(A1 [ A3 [
S

j 2 J B j ) � 0 for an y J � f 1; : : : ; tg. Assume that p(A1 [ A3 [
S

j 2 J B j ) > 0 for some J � f 1; : : : ; tg. Apply Claim 1.8 to A1 [ A3 [
S

j 2 J B j and A1 [ B j

(j 2 f 1; 2; : : : ; tg � J ) to get that 1 � p(A1 [ A3 [
S

j 2 J B j ) � p(A1 [ A3 [
S t

j =1 B j ) =

p(A2 [ A4) � 0, a con tradiction.
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T o pro v e ( iv ) observ e that m(X \ Y) � m(Y) and m(Y � X ) � m(Y) , so the tigh tness of

Y implies that p(X \ Y) � p(Y) and p(Y � X ) � p(Y) . Th us, applying (\[ ) for X and Y

giv es that p(X ) � p(X [ Y) , and applying (� ) for X and Y giv es that p(X ) � p(X � Y) .

Similarly , m(X \ Y) < m (Y) implies p(X ) < p(X [ Y) , and m(Y � X ) < m (Y) implies

p(X ) < p(X � Y) .

Assume that ( v ) do es not hold and c ho ose an X violating ( v ) with maxim um p-v alue.

Let Y b e a mem b er of A crossing X : since m(Y) > 0, at least one of m(X \ Y) < m (Y)

and m(Y � X ) < m (Y) holds, so ( iv ) giv es that p(X [ Y) or p(X � Y) is strictly greater

than p(X ) . Let X 0
b e either X [ Y or X � Y suc h that p(X 0) > p(X ) , so X 0

cannot cross

other sets of the partition A and p(X 0) � 3, con tradicting the previous results (note that

if X 0[ Y 0 = V for some Y 0 2 A then p(X 0) = p(V � X 0) � m(V � X 0) � 2 also follo ws).

T o pro v e ( vi ) assume that a dangerous set X con tains the p ositiv e no des u 2 A1 [ B j 1

and v 2 A3 [ B j 2 . Note that p(X ) = 2 can only hold for X = B j 1 [ B j 2 , whic h is not

dangerous, implying that p(X ) = 1 = m(X ) � 1 m ust b e the case. F urthermore w e can

assume that X \ Y = ; for an y Y 2 A satisfying m(Y \ X ) = 0 , since w e could substitute

X with X � Y b y ( iv ) . Similarly , Y � X can b e assumed ab out an y Y 2 A satisfying

m(Y � X ) = 0 , since w e could substitute X with X [ Y b y ( iv ). So u 2 A1 and v 2 A3

w ould imply that X = A1 [ A3 , whic h is not dangerous. On the other hand, if u 2 B j 1

then m(B j 1 � X ) < m (B j 1 ) implies b y ( iv ) that p(X � B j 1 ) � 2, whic h cannot b e the case

since m(X � B j 1 ) = 1 .

The pro of of ( vii ) is simple using the prop erties w e ha v e pro v ed so far.

Claim 5.32. If A = f A1; A2; A3; A4; A5; A6g is a C �
6 -c onstruction for p, then p(X ) � 1

for any X � V .

Pr o of. Assume that p(X ) > 1 for some X � V and assume that w e ha v e c hosen a maximal

X with this prop ert y . Note that X � A i (or V � X � A i ) cannot hold for some i b y

De�nition 5.28 . 4 . Th us a set A i cannot cross X since then Claim 1.7 for X and A i w ould

giv e that p(X [ A i ) � p(X ) , con tradicting the maximalit y of X . Th us, b y De�nition 5.28 ,

X has to b e the union of exactly 3 mem b ers of A . Apply again Claim 1.7 for X and

A i [ A i +1 with some A i � X satisfying A i +1 � V � X to get a con tradiction.

Claim 5.33. If A = f A1; A2; A3; A4; A5; A6g is a C �
6 -c onstruction for p and m 2 C(p)

is minimal then the p air ai 2 A i \ V +
and ai +2 2 A i +2 \ V +

is admissible for any i =

1; 2; 3; 4; 5; 6. Splitting-o� such a p air we get C �
4 -c onstruction (for the mo di�e d function

p0 = p � d(V;f ai ai +2 g) ).

Pr o of. Without loss of generalit y let i = 1 . The �rst statemen t follo ws from Claim 5.32 :

if the pair a1; a3 w as not admissible then the set blo c king X it w ould ha v e p(X ) = 1 , and
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X = A1 [ A3 w ould hold b y Claim 5.17 , con tradicting De�nition 5.28 . 3 . F or the second

statemen t, observ e that (\[ ) for A1 [ A2 and A2 [ A3 giv es that p(A1 [ A2 [ A3) = 1 .

Using this one can v erify that f A1 [ A2 [ A3; A4; A5; A6g b ecomes a C �
4 -construction.

Lemma 5.34. If A is a c onstruction for p and m 2 C(p) is minimal then ther e exists a

c omplete admissible splitting-o�. Conse quently, dim(p) � 1 � SLB (p)=2, if a c onstruction

exists for p.

Pr o of. Since in a basic C �
4 -construction the splitting-o� at no des a 2 A1 \ V +

and b 2

A3 \ V +
is admissible, Claim 5.30 , 5.31 and 5.33 giv e the statemen t.

Claim 5.35. If A is a c onstruction and m 2 C(p) is minimal, then every X 2 A is a

maximal tight set.

Pr o of. Assume that X 0
is tigh t for some X 0 ) X 2 A . F or an y Y 2 A , if X 0\ Y 6= ; then

Y � X 0
m ust hold (since otherwise X 0

and Y w ould b e prop erly in tersecting, and then b y

Claim 2.15 they w ould b e crossing, consequen tly X 0 [ Y w ould also b e tigh t). Th us X 0
is

the union of some mem b ers of A .

1. If A is a C �
4 -construction then A i [ A i +1 is not tigh t b y De�nition 5.26 . 1 , A i [ A i +2

is not tigh t b y De�nition 5.26 . 3 and A i [ A i +1 [ A i +2 is not tigh t b y Claim 5.29 .

2. If A is a C �
5 -construction then the union of some mem b ers of A cannot b e tigh t b y

Claim 5.31 .

3. If A is a C �
6 -construction then the union of some mem b ers of A cannot b e tigh t b y

Claim 5.32 .

The follo wing lemma sho ws that if a construction exists then it is unique.

Lemma 5.36. If A is a p artition of V then it satis�es at most one of De�nition 5.26 ,

De�nition 5.27 , and De�nition 5.28 . If A and A 0
ar e two di�er ent p artitions of V then at

most one of them is a c onstruction.

Pr o of. The �rst statemen t is straigh tforw ard: the three de�nitions require di�eren t n um b er

of partition classes or di�eren t function v alues of the classes. The second statemen t is due

to the fact that c ho osing an arbitrary minimal m 2 C(p) , ev ery set of a construction is a

maximal tigh t set.
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5.4.2 The degree-sp eci�ed problem

Let us b e giv en a symmetric, p ositiv ely crossing sup ermo dular function p : 2V ! Z [f�1g

with a maximizing oracle, a partition P = f P1; P2; : : : ; Pr g of the set V and a degree-

sp eci�cation m 2 ZV
+ . In this section w e w an t to solv e the degree-sp eci�ed v ersion of

Problem 5.25 .

In Section 5.4.2 w e will assume that the classes of P are indexed suc h that

m(P1) � m(Pi ) for an y i = 1; 2; : : : ; r: (5.13)

W e will also sa y that the colour of P1 is red , and an y other colour is non-red . Note that

under the assumption ( 5.13 ) the condition ( 5.11 ) is equiv alen t to requiring that m(P1) �

m(V � P1) .

Before giving the description of the obstacles w e �rst describ e the building blo c ks of our

algorithm for solving the problem at hand. The algorithm will b e similar to Algorithm

SYMCROS_CO VER : w e p erform splitting-o�, one-c hange and edge-switc h op erations while

only taking care of the allo w edness of the degree sp eci�cation. Therefore w e in tro duce the

follo wing op erations.

Assume that w e are giv en an allo w ed degree-sp eci�cation m (w e emphasize that this

do es not require the dimension condition ( 5.12 ) ). An admissible splitting-o� at u and

v is called allo w ed if c(u) 6= c(v) and the degree-sp eci�cation after the splitting-o� is

again allo w ed. This last condition is equiv alen t to requiring that if m(P1) = m(V)=2 then

an allo w ed splitting-o� uses exactly one red no de. After an allo w ed splitting-o� w e will

alw a ys reindex the classes of the partition P in order to main tain that m(P1) is maximal. A

complete allo w ed splitting-o� is a sequence of allo w ed splitting-o� steps that decreases

m(V) to zero. Observ e that a solution to the degree-sp eci�ed problem exists if and only if

there is a complete allo w ed splitting-o�.

Let uv 2 E(G) b e a split edge and x 2 V +
and consider the edge-switc h op eration at

x; u; v . If m w as allo w ed, c(u) 6= c(x) , and m0
is allo w ed, then the edge-switc h op eration is

allo w ed . Pic k an edge uv = e of G and (distinct) p ositiv e no des x and y . The admissible

one-c hange at x; u; v; y is an allo w ed one-c hange (at x; u; v; y ) if c(u) 6= c(x) , c(v) 6= c(y)

and the degree-sp eci�cation after the one-c hange is still allo w ed.

After p erforming an y of the ab o v e op erations w e will alw a ys replace the functions m and

p with the mo di�ed functions m0
and p0

. W e will also reindex the classes of the partition

P in order to main tain that m(P1) is maximal.
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Obstacles

In this section w e giv e the description of the instances of the degree-sp eci�ed Problem 5.25

that satisfy the necessary conditions ( 5.9 ) -( 5.11 ) , but still not solv able. It will b e useful to

giv e these de�nitions again in t w o lev els, therefore �rst w e giv e some preliminary de�nitions.

Note that in the follo wing de�nitions only the allo w edness of the degree-sp eci�cation m is

assumed, the dimension condition ( 5.12 ) will b e a consequence. The follo wing de�nitions

assume that w e are giv en an instance of the degree-sp eci�ed v ersion of Problem 5.25 .

De�nition 5.37. A C �
4 -c onstruction A = f A1; A2; A3; A4g for p is c al le d a C �

4 -semiobstacle

for (p; P ; m ) if ( 5.9 ) - ( 5.11 ) holds and m(V) = SLB (p) .

De�nition 5.38. A C �
5 -c onstruction A = f A1; A2; A3; A4; B1; : : : ; Btg for p is c al le d a

C �
5 -semiobstacle for (p; P ; m ) if ( 5.9 ) - ( 5.11 ) holds, and m(V) = SLB (p) .

De�nition 5.39. A C �
6 -c onstruction A = f A1; A2; A3; A4; A5; A6g for p is c al le d a C �

6 -

semiobstacle for (p; P ; m ) if ( 5.9 ) - ( 5.11 ) holds, and m(V) = SLB (p) .

In other w ords, a semiobstacle is nothing else but a construction A and an allo w ed

degree-sp eci�cation m ac hieving the lo w er b ound m(V) = SLB (p) . Note that suc h a

degree-sp eci�cation do es not necessarily exist (i.e. the existence of a construction do es not

imply the existence of a semiobstacle).

De�nition 5.40. A C �
4 -semiobstacle A = f A1; A2; A3; A4g for (p;P; m) is c al le d a C �

4 -

obstacle for (p; P ; m ) if ther e exists an i0 2 f 1; 2g such that the p ositive no des of

A i 0 [ A i 0+2 al l have c olour 1.

Observ e that m(P1) = m(V � P1) = m(V)=2 in a C �
4 -obstacle. A C �

4 -obstacle will b e

called basic , if m(V) = 4 .

De�nition 5.41. A C �
5 -semiobstacle A = f A1; A2; A3; A4; B1; : : : ; Btg for (p;P; m) is

c al le d a C �
5 -obstacle for (p; P ; m ) if

1. Either m(P1) = m(V � P1) and ther e is an i0 2 f 1; 2g such that m(P1 \ A i 0 ) =

m(P1 \ A i 0+2 ) = m(P1 \ B j ) = 1 for every j = 1; 2; : : : ; t ,

2. Or m(P1) = m(P2) = m(V)=2� 1, m(P1 \ A1) = m(P1 \ A3) = m(P2 \ A2) = m(P2 \

A4) = 1 , and ther e exists a j 0 2 f 1; 2; : : : ; tg such that m(P1 \ B j ) = m(P2 \ B j ) = 1

for any j 2 f 1; 2; : : : ; tg � j 0 , (c onse quently m((P1 [ P2) \ B j 0 ) = 0 ).

De�nition 5.42. A C �
6 -semiobstacle A = f A1; A2; A3; A4; A5; A6g for (p;P; m) is c al le d a

C �
6 -obstacle for (p; P ; m ) if the p ositive no de in A i and in A i +3 have the same c olour

for every i = 1; 2; 3.
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Observ e that the C �
6 -obstacle is quite restricted: it only exists with m(V) = 6 and if

there are at least 3 colours (i.e. jPj � 3). This last statemen t is b ecause the p ositiv e no des

in A1; A2 and A3 m ust ha v e di�eren t colours. Note that the de�nition of the obstacles (and

that of semiobstacles) also allo ws cyclical reindexing and rev ersing the order of the sets A i .

Lemma 5.43. If a C �
5 -semiobstacle A = f A1; A2; A3; A4; B1; : : : ; Btg is not a C �

5 -obstacle,

then ther e exists a c omplete al lowe d splitting-o�.

Pr o of. Assume that A is a semiobstacle for (p;P; m) that is not a C �
5 -obstacle. Let f ai g =

A i \ V +
for ev ery i = 1; 2; 3; 4 and f bj ; b0

j g = B j \ V +
for ev ery j = 1; 2; : : : ; t (where

bj = b0
j migh t ev en hold for some v alues of j , and V + = f v 2 V : m(v) > 0g). W e use the

observ ation that if t > 1 then the admissible splitting-o� at a 2 A i and b 2 B j for some

i 2 f 1; 2; 3; 4g and j 2 f 1; 2; : : : ; tg giv es a new C �
5 -semiobstacle A�f A i ; B j g+ f A i [ B j g for

the mo di�ed p and m . Similarly , if t = 1 then this w a y w e obtain a basic C �
4 -semiobstacle.

Our approac h is the follo wing: w e p erform an arbitrary allo w ed splitting-o� at some

a 2 A i and b 2 B j and w e c hec k that the semiobstacle after this step is an obstacle or

not. If it is then w e sho w ho w to mo dify the step in order to a v oid the trouble: in most of

the cases this mo di�cation will b e an allo w ed edge-switc h. This w a y w e get an inductiv e

pro of on t and it is easy to see that the t = 0 base case is true: there is a complete allo w ed

splitting-o� in a basic C �
4 -semiobstacle whic h is not a C �

4 -obstacle.

Assume that after the allo w ed splitting-o� at a1 and b1 , sa y , the partition A 0 = f A1 [

B1; A2; A3; A4; B2; : : : ; Btg is a ( C �
5 - or a basic C �

4 -) obstacle for (p0; P; m0) , where p0
and

m0
are the mo di�ed functions. In this pro of w e will assume that m0(P1) � m0(P2) � � � � �

m0(Pr ) . As usual, w e will sa y that the colour of P1 is red. Distinguish the follo wing cases.

1. De�nition 5.41 . 1 (�rst option of a C �
5 -obstacle) or De�nition 5.40 (basic C �

4 -obstacle)

holds for A 0
(with p0; m0

of course). Assume that the colour of bj is red for ev ery

j = 2; : : : ; t . There are t w o sub cases.

(a) a2; a4 are b oth red. Then b0
1 is not red (since the splitting w e ha v e p erformed

w as allo w ed) and b1 is not red either (otherwise A w ould ha v e b een a C �
5 -

obstacle for (p;P; m) satisfying De�nition 5.41 . 1 ). P erform the edge-switc h

at a2; b1; a1 , i.e. replace the edge a1b1 with the edge a2b1 . Let the mo di�ed

functions b e m00
and p00

: note that m00(V ) = m0(V) and m00(P1) � m0(P1) . This

edge-switc h is allo w ed, since c(a2) 6= c(b1) as w e ha v e seen, m00(P1) � m0(P1)

and c(a1) = c(a3) = c(b0
1) = c(b0

2) = � � � = c(b0
t ) cannot hold, since then A

w ould b e a C �
5 -obstacle for (p;P; m) satisfying De�nition 5.41 . 1 with colour class

P2 . Moreo v er A 00= f A1; A2 [ B1; A3; A4; B2; : : : ; Btg cannot b e an obstacle for
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(p00; P; m00) , since that w ould mean that there is a colour class P 2 P � P1

suc h that a1; a3 2 P and b0
j 2 P for ev ery j = 2; : : : ; t (note that De�nition

5.41 . 2 cannot hold for A 00
since c(b0

1) 6= c(a4) ). But this implies that A w as a

C �
5 -obstacle for (p;P; m) : if m(P \ B1) = 1 then it satis�es De�nition 5.41 . 1

with class P and if m(P \ B1) = 0 then it satis�es De�nition 5.41 . 2 with classes

P1 and P ( m(P \ B1) = 2 cannot b e the case since then m(P) > m (V)=2).

(b) b0
1; a3 are b oth red. Here w e also assume that m0(P2) < m 0(V)=2, since the

m0(P1) = m0(P2) = m0(V )=2 case w as handled just b efore (switc h P1 and P2 ).

Since c(a1) 6= c(b1) , at most one of a1 and b1 is red. Moreo v er a1 cannot b e red,

since then A w ould ha v e b een a C �
5 -obstacle for (p;P; m) satisfying De�nition

5.41 . 1 with class P1 . If b1 is red then replace the edge a1b1 with the edge a2b0
1 :

since the n um b er of red p ositiv e no des do es not c hange, this w a y w e destro y ed

the obstacle, since c(b0
1) 6= c(a4) . If b1 is not red, either, then replace the edge

a1b1 with the edge a1b0
1 (i.e. apply the edge-switc h at b0

1; a1; b1 ). Let the mo di�ed

functions b e m00
and p00

. Since c(a2) = c(a4) = c(b0
2) = � � � = c(b0

t ) cannot hold

b y m0(P2) < m 0(V)=2, this edge-switc h is allo w ed. F or the same reason, this

w a y w e get rid of the obstacle: neither De�nition 5.41 . 1 nor De�nition 5.40 can

hold for A 0
and p00; P; m00

since c(a2) = c(a4) = c(b0
2) = � � � = c(b0

t ) is not true,

and De�nition 5.41 . 2 cannot hold since c(b1) 6= c(a3) .

2. De�nition 5.41 . 2 holds for A 0
and p0; P; m0

. Let P1 b e the colour of b0
1 and a3 , and

let P2 b e the colour of a2 and a4 . Replace the edge a1b1 with the edge a2b0
1 (note

that this is not an edge-switc h). Let the mo di�ed functions b e m00
and p00

. Since

m00(P1) � m0(P1) , m00(P2) � m0(P2) and c(a1) 6= c(b1) , w e ha v e m00(Pi ) � m00(V)=2

for ev ery i = 1; 2; : : : ; r (that is, m00
is allo w ed). F urthermore, De�nition 5.41 . 2

cannot hold an y more, since c(b1) = c(a4) and c(a1) = c(a3) w ould imply that A w as

a C �
5 -obstacle for (p;P; m) satisfying De�nition 5.41 . 2 with colour classes P1; P2 .

The follo wing result motiv ates the de�nition of the obstacles.

Lemma 5.44. If ther e is an obstacle A for (p;P; m) , then ther e is no c omplete al lowe d

splitting-o� (though ther e is a c omplete admissible splitting o� ).

Pr o of. In this pro of, ai will denote a no de of A i \ V +
and bi one of B i \ V +

. W e �rst pro v e

the result when there exists a C �
4 -obstacle. The t w o other cases reduce to it.

1. If A is a C �
4 -obstacle, w e ma y assume that a maxim um colour class is inciden t to

A1 [ A3 . Eac h allo w ed splitting-o� has to con tain one p ositiv e no de of A1 [ A3 and
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one of A2 [ A4 , therefore m(A i [ A i +1 ) � p(A i [ A i +1 ) ma y only decrease with an

ev en n um b er after an y sequence of allo w ed splitting-o�. Then De�nition 5.26 . 1 and

De�nition 5.26 . 2 imply that m(A i ) ma y nev er decrease to zero for an y i . Therefore

there is no complete allo w ed splitting-o�.

2. If A is a C �
5 -obstacle, then there are t w o cases. Since ev ery set of f B1; : : : Btg is

tigh t, an allo w ed splitting-o� ma y not con tain t w o p ositiv e no des of the same set of

f B1; : : : Btg.

(a) De�nition 5.41 . 1 holds. Since the splitting-o� at ai ; ai +1 is not admissible for

an y p ositiv e no des (ai ; ai +1 ) 2 A i � A i +1 , eac h allo w ed splitting-o� in v olv es a

p ositiv e no de of a set B i . P erform an allo w ed splitting-o� (either at ai ; bj or

at bi ; bj ; j 6= i ). Then w e get a C �
5 -obstacle, either A [ (A i [ B j ) � A i � B j or

A [ (B i [ B j ) � B i � B j . Note that the n um b er of sets of the obstacle decreased

b y one. Rep eat un til the obstacle consists of four sets, then b y Claim 5.31 it is

a C �
4 -obstacle and w e ma y apply 1.

(b) De�nition 5.41 . 2 holds. If there exist a complete allo w ed splitting-o�, then one

of its allo w ed splitting-o�s is at u; v with u 2 B j 0 . P erform this splitting-o�,

then w e get a C �
5 -obstacle where 5.41 . 1 holds, a con tradiction.

3. If A is a C �
6 -obstacle, since A i [ A i +1 is dangerous and c(ai ) = c(ai +3 ) , the only

allo w ed splitting-o� are at ai ; ai +2 , for i = 1; 2; 3. By (\[ ) applied to A i [ A i +1 and

A i +1 [ A i +2 , w e ha v e p(A i [ A i +1 [ A i +2 ) = m(A i [ A i +1 [ A i +2 ) + 2 . P erform an

allo w ed splitting o� at ai ; ai +2 for some i 2 f 1; 2; 3g, then A i [ A i +1 [ A i +2 is tigh t

and w e are bac k to Case 1 with the C �
4 -obstacle f A i [ A i +1 [ A i +2 ; A i +3 ; A i +4 ; A i +5 g.

Note that if A is an obstacle then � = � p =
P

A2A p(A) .

The splitting-o� theorem

Theorem 5.45. L et p0 : 2V ! Z [f�1g b e a symmetric, p ositively cr ossing sup ermo dular

set function, P a p artition of V and m0 2 ZV
+ an al lowe d de gr e e-sp e ci�c ation so that

1
2m0(V ) � dim(p0) � 1. Then ther e exists a solution of Pr oblem 5.25 satisfying the de gr e e-

sp e ci�c ation m0 , unless ther e exists a C �
4 -, C �

5 -, or a C �
6 -obstacle for (p0; P; m0) .

Pr o of. In the pro of of this theorem w e will giv e an algorithm.
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First Step of the Algo rithm: P erform an arbitrary sequence of allo w ed splitting-o� op erations

as long as there exists one.

Let G b e the graph of the edges split so far, p = p0 � dG and m(v) = m0(v) � dG(v) for

all v 2 V . Let us c haracterize the situation when there is no further allo w ed splitting-o�.

F or symmetric, p ositiv ely crossing sup ermo dular functions w e can extend Lemma 4.6 ev en

for this partition constrained case.

Lemma 5.46. L et p : 2V ! Z [ f�1g b e a symmetric, p ositively cr ossing sup ermo dular

function and m b e an al lowe d de gr e e sp e ci�c ation. If p(X ) > 1 for some X � V then ther e

is an al lowe d splitting-o�.

Pr o of. Assume that there is no allo w ed splitting-o� and let Mp = maxf p(X ) : X � Vg,

whic h is b y assumption at least 2. Let Y b e a minimal set satisfying p(Y) = Mp . By

symmetry , p(V � Y) = Mp , to o, so w e can c ho ose a minimal set Z � V � Y satisfying

p(Z ) = Mp . W e kno w from the pro of of Lemma 4.6 that an y pair of p ositiv e no des

y 2 Y; z 2 Z is admissible, so there is an allo w ed splitting o� if w e can c ho ose suc h a

red-non-red pair y 2 Y; z 2 Z . Assume that either all p ositiv e no des in Y [ Z are of

colour 1, or none of them are of colour 1. Cho ose x 2 V + � (Y [ Z ) of colour di�eren t

from 1 in the �rst case, and of colour 1 in the second case, and let y 2 Y and z 2 Z

b e arbitrary p ositiv e no des. If the splitting at x and y is not admissible then there is a

dangerous set X con taining x and y . Since m(X � Y) � m(X ) � m(y) � m(X ) � 1 and

p(Y � X ) < M p b y the minimalit y of Y , X and Y cannot satisfy (� ) , since that w ould mean

m(X )� 1+ Mp � p(X )+ p(Y) � p(X � Y)+ p(Y � X ) < m (X � Y)+ M p � m(X )� 1+ Mp , a

con tradiction. So Y � X m ust hold. But then X can only b e dangerous if p(X ) = Mp and

m(X ) = m(Y)+1 = Mp+1 . Similarly , if the splitting at x and z is not admissible then there

exists an X 0
con taining x and Z and satisfying p(X 0) = Mp and m(X 0) = m(Z)+1 = Mp+1 .

Since X and X 0
m ust cross (b ecause ev en V + � (X [ X 0) is not empt y), this implies that

p(X \ X 0) = Mp , but this con tradicts the fact that m(X \ X 0) = m(x) = 1 . �

By Lemma 5.46 , since an y pair v 2 V + \ P1 and u 2 V + � P1 is in a dangerous set

X , w e ha v e 1 � p(X ) � m(X ) � 1 � m(f u; vg) � 1 � 2 � 1 th us m � 1. Most of the

statemen ts of Lemma 5.20 hold here, to o, the pro ofs are only a little more complicated

(they are presen ted here for the reader's con v enience).

Lemma 5.47. If ther e is no al lowe d splitting-o�, let V + = f v1; v2; : : : ; vkg. Then the

fol lowing hold.

(i) for al l i 2 f 1; 2; : : : ; kg ther e exists a unique maximal tight set Vi c ontaining vi ,
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(ii) if the splitting at vi and vj is not admissible for some i; j 2 f 1; 2; : : : ; kg then the set

blo cking vi and vj is Vi [ Vj ,

(iii) the sets V1; V2; : : : ; Vk form a p artition of V .

Pr o of. The sets that w e consider will alw a ys ha v e p ositiv e p v alue, so w e can use (\[ )

and (� ) if t w o of them cross. Observ e that since m(V) � 4, a set X blo c king a pair

v 2 V + \ P1; u 2 V + � P1 and another set Y blo c king a pair v 2 V + \ P1; w 2 V + � P1

cross eac h other, implying that p(X \ Y) = p(X � Y) = 1 , so ev ery x 2 V +
is in a tigh t set.

Similarly , if T1 and T2 are t w o tigh t sets con taining the p ositiv e no de x 2 V +
then T1 and T2

cannot cross eac h other, since then (� ) w ould imply that p(T1 � T2) = 1 > m (T1 � T2) = 0 ,

a con tradiction. Th us one of T1 and T2 m ust con tain the other, so indeed there exists a

unique maximal tigh t set Vi con taining vi for ev ery i .

Let i; j b e t w o di�eren t indices b et w een 1 and k suc h that the splitting-o� at vi and vj

is not admissible. It is straigh tforw ard that Vi and Vj ha v e to b e disjoin t b y Claim 5.17 .

Similarly , a set X blo c king vi and vj m ust con tain Vi (and Vj ) b y Claim 5.17 . On the other

hand, if l 2 f 1; 2; : : : ; kg is di�eren t from i and j for whic h vi and vl is not admissible (note

that suc h an l exists), and Y is a set blo c king vi and vl then (\[ ) implies that X \ Y = Vi

(since it is tigh t) and (� ) implies that X � Y = Vj (since it is tigh t again). This �nishes

the pro of of ( ii ) .

The only thing to b e pro v ed to get ( iv ) is that [ k
i =1 Vi = V : but if this w as not the case

then Claim 1.9 w ould also imply that p([ k
i =1 Vi ) = 1 , whic h w ould giv e a con tradiction,

since m(V � [ k
i =1 Vi ) = 0 and p(V � [ k

i =1 Vi ) = p([ k
i =1 Vi ) = 1 . �

If m(V) = 4 then there ma y exist an admissible but not allo w ed splitting-o�. Ho w ev er

this cannot happ en if m(V) � 6.

Lemma 5.48. If m(V) � 6 and ther e is no al lowe d splitting-o�, then ther e is no admissible

splitting-o�, either.

Pr o of. Let us in tro duce the nonadmissibilit y graph N on no de set V +
that con tains an

edge b et w een t w o no des x; y 2 V +
(sharing p ossibly the same colour) if and only if the

splitting-o� at x and y is not admissible. By the argumen ts ab o v e, if there is no allo w ed

splitting-o� then an y pair v 2 V + \ P1; u 2 V + � P1 is connected with an edge in N . Note

that for an y nonempt y subset Z ( V +
satisfying that N [Z ] is connected w e ha v e that

p([ vi 2 Z Vi ) = 1 b y Claim 1.9 . This implies that if vi ; vj 2 V +
is an y pair and N � f vi ; vj g

is connected, then vi vj is also an edge of N , since p(Vi [ Vj ) = 1 b y the symmetry of p.

W e ha v e to pro v e that N is a clique in this case. Let us �rst consider a pair x; y 2 V + � P1 :

since V + � P1 � f x; yg is not empt y b y our assumptions (since m is allo w ed and m(V) � 6),
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it is easy to c hec k that N � f x; yg is connected, so xy 2 E(N ) . Finally , if x; y 2 V + \ P1

then b y the preceding argumen t N � f x; yg is also connected, so again xy 2 E(N ) . �

Second Step of the Algo rithm, First Main Case: If there do es not exist an admissible splitting-

o�, then p erform an arbitrary sequence of allo w ed one-c hange op erations, un til m(V)

decreases to 2, when the pro cedure can b e �nished with a last allo w ed splitting-o�. Output

the graph found and terminate.

Let us pro v e the correctness of this part of the algorithm. W e can use the observ ations

made after the First Step of Algorithm SYMCROS_CO VER . One suc h observ ation is that

there are no split edges b et w een the classes of our tigh t partition. Also, b y Lemma 5.20

( iii ) , an allo w ed one-c hange op eration will not create an admissible splitting-o�, unless

m(V) b ecomes 2. The k ey observ ation is giv en in the follo wing Lemma.

Lemma 5.49. Assume that ther e is no admissible splitting-o� and ther e is no al lowe d

one-change. Then ther e do es not exist an admissible one-change, either.

Pr o of. Let uv 2 E(G) : since there is no admissible splitting-o�, uv � Vi for some i . W e will

sho w that there is no admissible one-c hange using this edge. Let vr 2 V + \ P1 , vs 2 V + � P1

b e di�eren t from vi . By p ossibly exc hanging u and v w e can ac hiev e that u =2 P1 and the

colour of v and vs is di�eren t. Since the one-c hange at vr ; u; v; vs is not allo w ed, there m ust

exist a switc h blo c king set X , without loss of generalit y w e assume that it is (the unique)

(vr ; u; v) -switc h blo c king set. By Claim 5.21 there is no admissible one-c hange at this edge,

since p(Vj [ (X \ Vi )) = 0 for all j 6= i , what w as to b e pro v ed. �

This lemma sho ws that w e can again refer to the argumen ts giv en in the previous section,

in particular w e can th us pro v e the correctness of this case of the algorithm. W e only need

to pro v e that this case of the algorithm cannot get stuc k, w e will alw a ys �nd an allo w ed

one-c hange, unless m(V) decreases to 2. But if this w as not the case, then the steps that

w e ha v e done so far can b e considered as a running of the Algorithm SYMCROS_CO VER ,

and b y the previous lemma the Algorithm SYMCROS_CO VER w ould get stuc k after these

steps, to o. But the Algorithm SYMCROS_CO VER cannot get stuc k with suc h an input as

ours, a con tradiction.

No w w e can con tin ue with the description of the Second Main Case of the second step

of the algorithm.

Second Step of the Algo rithm, Second Main Case: If there exists an admissible splitting-o�

(in whic h case m(V) = 4 b y Lemma 5.48 ), then try to �nd an allo w ed one-c hange. If this
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is found then �nish the pro cedure with a last allo w ed splitting-o�, output the graph found

and terminate.

Before con tin uing the description of the algorithm �rst w e pro v e some lemmas ab out the

case when there is no allo w ed one-c hange. Let the graph of the edges split so far b e denoted

b y G, p = p0 � dG and m(v) = m0(v) � dG(v) for ev ery v 2 V . Let V + = f v1; v2; v3; v4g

indexed in the w a y suc h that the splitting-o� at v1 and v3 is admissible (and then of course

the one at v2; v4 is admissible, to o, but either c(v1) = c(v3) , or c(v2) = c(v4) ), and let

Vi b e the maximal tigh t set con taining vi for all i . Since the splitting-o� at v1 and v3 is

admissible (but not allo w ed), G migh t con tain some edges b et w een the classes Vi , but only

b et w een consecutiv e ones (i.e. b et w een Vi and Vi +1 for some i 2 f 1; 2; 3; 4g).

By Lemma 5.19 ( 2d ) the obstacle of the admissibilit y of the one-c hange along an edge

uv 2 E(G) induced in one of the sets Vi and t w o p ositiv e no des distinct from vi is a

switc h blo c king set. F urthermore, w e can sho w the follo wing.

Lemma 5.50. Assume that e = uv is an e dge of G induc e d in V1 , say. Then ther e is no

(v3; e) -switchblo cking set, c onse quently either the one-change at v3; u; v; v2 , or the one at

v3; v; u; v2 is admissible. (The same is true with v4 inste ad of v2 her e!)

Pr o of. Assume indirectly that X is suc h a switc h blo c king set: but since X and V1 cross eac h

other this implies that p(X [ V1) = 1 , con tradicting the admissibilit y of the splitting-o� at

v1 and v3 . �

Lemma 5.51. Assume that uv is an e dge of G such that u 2 V1 and v 2 V2 . Then either

c(u) = c(v1) = c(v3) or c(v) = c(v2) = c(v4) .

Pr o of. Otherwise there w ould b e an allo w ed one-c hange. Without loss of generalit y w e can

assume that c(v1) = c(v3) = 1 . Assume that u =2 P1 . If c(v) 6= c(v4) then the one-c hange

at v3; u; v; v4 w ould b e allo w ed, so c(v) = c(v4) . If c(v2) 6= c(v4) then the one-c hange at

v3; u; v; v1 is allo w ed b y Lemma 5.19 ( 3c ). �

The next lemma is ab out a case when there is an edge induced in V1 .

Lemma 5.52. Assume that the one-change at v2; u; v; v4 is admissible wher e the e dge uv

is induc e d in V1 . Then ther e exists a (v2; v; u) -switchblo cking set X 2 , and a (v4; u; v) -

switchblo cking set X 4 . These sets ar e disjoint, p(V1 � X 2) = p(V1 � X 4) = 0 and p(V1 �

(X 2 [ X 4)) = 1 . F urthermor e c(v2) = c(u) and c(v) = c(v4) b oth must hold, c onse quently

the c olour of v2 and that of v4 must b e di�er ent.
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Pr o of. The existence of X 2 follo ws from Lemma 5.50 : if it do es not exist then b oth the one-

c hanges at v3; u; v; v2 and at v3; v; u; v2 are admissible and one of them w ould b e allo w ed.

Similarly for X 4 . If X 2 \ X 4 6= ; then ( 1.5 ) for these t w o sets giv e that p(X 2 [ X 4) = 1 ,

whic h cannot b e the case b y Claim 5.17 . Let Yi = V1 � X i for b oth i = 2; 4: (� ) for

V1 and X i giv es that p(Yi ) � 0 for b oth i = 2; 4. No w ( 1.5 ) for Y2 and Y4 giv es that

p(Y2) = p(Y4) = 0 and p(Y2 \ Y4) = 1 , as claimed, since Y2 \ Y4 = V1 � (X 2 [ X 4) .

T o pro v e the last statemen t assume that for example c(v2) 6= c(u) : then the one-c hange

at v2; u; v; v3 w ould b e allo w ed, unless c(v) = c(v3) , but in this case the one-c hange at

v3; u; v; v4 w ould b e allo w ed, a con tradiction. �

End of the Algo rithm: Let V1; V2; V3; V4 b e the partition in to maximal tigh t sets and vi 2 Vi

b e the p ositiv e no des, s.t. v1 and v3 is admissible (note that w e con tin ue the description of

the Second Step, Second Main Case).

CASE A There is an edge e 2 E(G) induced in a class Vi and another edge f 2 E(G)

b et w een consecutiv e classes: �nd a complete allo w ed splitting-o� b y unsplitting these t w o

edges.

CASE B Ev ery edge of G go es b et w een consecutiv e classes Vj and Vj +1 (including the

case E(G) = ; ): if either c(v1) = c(v3) = c(e \ (V1 [ V3)) for ev ery edge e 2 G, or

c(v2) = c(v4) = c(e \ (V2 [ V4)) for ev ery edge e 2 G, then f V1; V2; V3; V4g w as a C �
4 -

obstacle, otherwise a complete allo w ed splitting-o� can b e found (b y unsplitting only 2

edges of G).

CASE C Ev ery edge of G is induced in a class of the partition f V1; V2; V3; V4g.

Sub case (i) There is an edge uv induced in V1 , sa y , for whic h the one-c hange at

v2; u; v; v4 is admissible. If uv is the only edge of G then there w as a C �
6 -obstacle,

otherwise a complete allo w ed splitting-o� can b e found (b y unsplitting 2 edges).

Sub case (ii) F or an y edge uv of G induced in some Vi , the one-c hange neither at

vi � 1; u; v; vi +1 nor at vi � 1; v; u; vi +1 is admissible. Then there exists a partition satisfying

C �
5 -semiobstacle in the input: if it is not a C �

5 -obstacle (whic h is easy to c hec k) then �nd

a complete allo w ed splitting-o�.

Let us �rst justify CASE A .

Lemma 5.53. If G c ontains an e dge induc e d in some set Vi , and another e dge b etwe en

some Vj and Vj +1 then we c an �nd a c omplete al lowe d splitting-o� after unsplitting these

two e dges.

Pr o of. Assume that e = uv is an edge of G induced in V1 , sa y , and G also con tains an edge

f b et w een t w o classes, to o. W e �rst pro v e the follo wing claim.



Section 5.4. P artition constrained co v ering problem 107

Claim 5.54. It is not p ossible that (vi ; u; v) -switchblo cking sets exist for b oth i = 2 and

i = 4 . (Conse quently, either the one-change at v2; u; v; v4 , or the one at v2; v; u; v4 is

admissible.)

Pr o of. Assume indirectly that X i is a (vi ; u; v) -switc h blo c king set for b oth i = 2 and 4 and

consider t w o cases. In b oth cases w e can assume that one endp oin t of f is in V2 .

In the �rst case the edge f is b et w een V2 and V3 : apply (\[ ) for X 2 and X 4 to get that

p(X 2 [ X 4) = 0 , then apply (\[ ) for X 2 [ X 4 and V3 [ V4 : using the edge f y ou get a

con tradiction. In the other case the edge f is b et w een V1 and V2 : apply (\[ ) for X 2 and

V1 to get that f m ust b e induced in X 2 and then apply (� ) for X 4 and V1 to see that f

cannot en ter X 4 . This con tradicts Lemma 5.19 ( 2b ) .

By p ossibly exc hanging the role of u and v w e can assume that the one-c hange at

v2; u; v; v4 is admissible. Let f = xy suc h that y 2 V2 : b y Lemma 5.51 and Lemma 5.52 ,

x m ust b e red in this case. W e ha v e again t w o cases: either x 2 V1 or x 2 V3 . In b oth

cases G � e � f + ux + vv3 + v2v4 + v1y is a graph that satis�es our requiremen ts. This

can b e justi�ed the follo wing w a y . By Lemma 5.52 , there exists a (v2; v; u) -switc h blo c king

set X 2 , and a (v4; u; v) -switc h blo c king set X 4 . Applying (\[ ) for X 2 and V2 [ V3 giv es

that p(V3 [ X 2) = 0 . Similarly , (\[ ) for X 4 and V1 giv es that p(X 4 \ V1) = 0 . No w

apply the edge-switc h op eration at v3; v; u, whic h is clearly allo w ed b y Lemma 5.50 and

let p0
and m0

b e the mo di�ed functions. By the preceding observ ations, the partition

V1 � (X 2 [ X 4); X 4 \ V1; V3 [ X 2; V4 is a p0
-tigh t partition (clearly p0 � 1). No w w e claim

that the one-c hange at v1; y; x; u b ecame admissible. By Lemma 5.19 ( 2d ) w e only ha v e to

sho w that there is no (v1; y; x) -switc h blo c king set, and there is no (u; x; y) -switc h blo c king

set, either (with resp ect to p0
and m0

, of course). If X w as a (v1; y; x) -switc h blo c king set

then ( 1.6 ) for X and V2 and p0
w ould giv e a con tradiction (note that p0(V2) = p(V2) = 1 ).

On the other hand if X w as a (u; x; y) -switc h blo c king set then (\[ ) for X and V3 [ X 2

w ould giv e that p0(V3 [ X 2 [ X ) = 1 = p(V3 [ X 2 [ X ) , con tradicting Claim 5.17 (applied

to p), since this set crosses V1 . Figure 5.4.2 illustrates the pro of. �

W e are left with t w o cases: either all edges of G go b et w een (consecutiv e) classes of

V1; V2; V3; V4 , or all of them are induced in the classes of V1; V2; V3; V4 . Let us �rst describ e

CASE B , when ev ery edge of G go es b et w een (consecutiv e) classes of the partition

V1; V2; V3; V4 .

Lemma 5.55. Assume that G c ontains only e dges b etwe en the classes Vi . If either c(v1) =

c(v3) = c(e \ (V1 [ V3)) for every e dge e 2 G, or c(v2) = c(v4) = c(e \ (V2 [ V4)) for

every e dge e 2 G then f V1; V2; V3; V4g was a C �
4 -obstacle, otherwise a c omplete al lowe d

splitting-o� c an b e found by unsplitting two e dges of G.
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Figure 5.2: Illustration for the pro of of Lemma 5.53 .

Pr o of. Assume that there is an edge e suc h that c(v1) 6= c(e\ (V1 [ V3)) and an edge f suc h

that c(v2) 6= c(f \ (V2[ V4)) . These imply b y Lemma 5.51 that c(v2) = c(v4) = c(e\ (V2[ V4))

and c(v1) = c(v3) = c(f \ (V1 [ V3)) . Assume without loss of generalit y that e = uv where

u 2 V1 and v 2 V2 .

Apply the edge-switc h op eration at v1; v; u whic h is allo w ed b y Lemma 5.19 ( 3a ) and

note that the function v alue of the sets Vi and Vi [ Vi +1 (i = 1; 2; 3; 4) do es not c hange after

this edge-switc h. F urthermore, since the splitting at v3 and u is admissible after this edge-

switc h b y Lemma 5.19 ( 3c ) (since the one-c hange at v3; u; v; v1 w as admissible originally),

this means that w e are again at the Second Main Case of our algorithm (with the same

tigh t partition V1; V2; V3; V4 ), and b y Lemma 5.51 w e created an allo w ed one-c hange using

edge f . �

No w w e can describ e CASE C , when ev ery edge of G is induced in the classes

of the partition V1; V2; V3; V4 . The �rst sub case of this case is when there is an edge uv

induced in V1 , sa y , for whic h the one-c hange at v2; u; v; v4 is admissible. The next lemma

deals with this case.

Lemma 5.56. Assume that G c ontains and e dge uv induc e d in V1 and the one-change at

v2; u; v; v4 is admissible. If uv is the only e dge of G then ther e was a C �
6 -obstacle, otherwise

figs/inbetw.pstex
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a c omplete al lowe d splitting-o� c an b e found by unsplitting uv and an arbitr ary other e dge

of G.

Pr o of. By Lemma 5.52 there exists a (v2; v; u) -switc h blo c king set X 2 , and a (v4; u; v) -

switc h blo c king set X 4 . Let Yi = V1 � X i for i = 2; 4 and let A1 = Y2 \ Y4 , A2 = Y4 � Y2 =

V1\ X 2 , A3 = V2 , A4 = V3 , A5 = V4 and A6 = Y2� Y4 = V1\ X 4 . By Lemma 5.52 p(A1) = 1 ,

and similarly p(A2) = p(A6) = 0 follo ws from (� ) for Y1 and Y2 . These together with the

previous observ ations giv e that b y unsplitting e the sets A1; A2; : : : ; A6 form a C �
6 -obstacle

for p0; P; m0
(where p0 = pe

and m0 = me
are the mo di�ed functions after the unsplitting).

Th us if e is the only edge of G then the pro of is completed.

Assume that G con tains another edge xy . Observ e that m0(P1) = m0(P2) = m0(P3) = 2

and p0 � 1 again holds (if p0(X ) = 2 for some set X then X � V1 and e en ters X , sa y

v 2 X and u =2 X , but then (\[ ) for X and X 2 and p giv es a con tradiction). Let ai 2 A i

b e the p ositiv e no de in A i (i.e. a1 = v1; a2 = v; a3 = v2; a4 = v3; a5 = v4; a6 = u ). Reindex

(cyclically) the sets suc h that x 2 A1 . Consider the follo wing t w o cases.

CASE I: If y =2 A1 , then w e can assume that y 2 A2 . P erform the allo w ed splitting-o� at

a3 and a5 and observ e that w e arriv e in the situation giv en in Lemma 5.53 , so there is a

complete allo w ed splitting-o� sequence (note that it is found b y unsplitting t w o edges: uv

and xy ).

CASE I I: If y 2 A1 , to o. Let the colour of a1 b e red. Since A1; A2; : : : ; A6 forms a C �
6 -

obstacle for p0; P; m0
, there is no (ai ; xy) -switc h blo c king set for i 2 f 3; 4; 5g (if X w as suc h

a set then (\[ ) for X and A1 w ould giv e that p0(X [ A1) = p(A i [ A1) = 1 , con tradicting

De�nition 5.28 . 3 ). This implies b y Lemma 5.19 ( 2d ) that c ho osing t w o of a3; a4 and a5

(sa y ai and aj ) the one-c hange at ai ; x; y; aj is admissible. There are t w o sub cases: if one

of x and y is red (sa y x ) then the one-c hange at a3; x; y; a4 and the one at a5; x; y; a4 are

b oth allo w ed. In the other sub case none of x and y is red: then w e can assume that

c(x) 6= c(a5) and c(y) 6= c(a3) (if an y of these do es not hold then switc h x and y ), so b oth

the one-c hanges at a5; x; y; a4 and the one at a4; x; y; a3 are allo w ed. It remains to c hec k

that in b oth sub cases one of the t w o allo w ed one-c hanges will result that the splitting at

a2 and a6 b ecomes admissible, th us a complete allo w ed splitting-o� sequence is found. �

The only remaining case is when, for an y edge uv of G induced in (sa y) V1 the

one-c hange neither at v2; u; v; v4 nor at v2; v; u; v4 is admissible. In other w ords, for ev ery

suc h edge there are sets X 2; X 4 , suc h that (after p ossibly exc hanging u and v ) X i is a

(vi ; u; v) -switc h blo c king set for b oth i = 2 and 4. By Lemma 5.19 ( 2b ), X 2 \ V1 = X 4 \ V1 ,

so let X uv = X 2 \ V1 . F urthermore X i = X uv [ Vi for b oth i = 2; 4. The set X e can b e

de�ned the same w a y for an y e induced in some other Vi . In what follo ws w e will restrict
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ourselv es to the edges of G induced in V1 . Observ e that p(V2 [ V4 [ X e) = 0 for an edge

e � V1 .

Lemma 5.57. If e and f ar e two e dges of G induc e d in V1 then one of X e and X f c ontains

the other.

Pr o of. They cannot cross eac h other b y the same pro of as that of Claim 5.22 (c ho ose

vr = v2 and vs = v4 in that pro of ). Supp ose that they are disjoin t. Observ e that p(V2 [

V4 [ X e [ X f ) = 0 (apply (\[ ) for the crossing sets V2 [ V4 [ X e and V2 [ V4 [ X f ) and

p(V3 [ V4 [ X e) = 0 (apply (\[ ) for the crossing sets V3 [ V4 and V4 [ X e). Apply (� ) for

these t w o sets to get that p(V2 [ X f ) = 1 , a con tradiction. �

So the edges of G induced in V1 can b e �ordered�: E(G[V1]) = f e1; e2 : : : ; elg suc h that

1 � i < j � l implies X ei ( X ej . F or all i 2 f 1; 2; : : : ; lg let Bei = X ei +1 � X ei (where

X el +1 = V1 here!). The sets Be can b e similarly de�ned for edges e induced in other sets

Vi ( i � 2). F or all i = 1; 2; 3; 4 let us de�ne A i = Vi �
S

e� Vi
Be (e.g. A1 = X e1 ). Figure

5.4.2 is an illustration.

e2

e3

el

e1

e

V3V4

B e2

B e

X e

X e2

V1 V2v1 v2

v4 v3

Figure 5.3: An illustration for the second sub case of CASE C

figs/C5.pstex
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The next lemma �nishes the pro of of the theorem.

Lemma 5.58. The p artition f A1; A2; A3; A4g [ f Be : e 2 E(G)g is a C �
5 -semiobstacle.

Pr o of. W e need to c hec k that the conditions of De�nition 5.27 (with, of course set function

p0 and degree-sp eci�cation m0 ) hold. First note that p0(Vi � 1 [ A i ) = p0(Vi +1 [ A i ) = 1 for

all i = 1; 2; 3; 4. F urthermore w e will use the follo wing observ ations.

Claim 5.59. F or every e dge e � Vi we have p0(Vi � 1 [ Be) � 1 and p0(Vi +1 [ Be) � 1.

Pr o of. Assume that i = 1 and e = ej for some j 2 f 1; 2; : : : ; lg. Apply (� ) for V4 [ X ej +1

and V2 [ X ej to get the statemen t.

It is easy to see that De�nition 5.27 . 1 holds: for example apply (\[ ) for V2 [ A1 and

V4 [ A1 to get that p0(A1) � 1, and use that p0(A1) � m0(A1) = 1 . The pro of of De�nition

5.27 . 2 will b e giv en later.

Let us pro v e 3 of De�nition 5.27 . Again, without loss of generalit y it su�ces to sho w that

p0(A1 [ A2) = p0(A1 [ Be) = 1 for all e 2 E(G) . W e will sho w that p0(V � (A1 [ Be)) = 1

(the pro of of p0(A1 [ A2) = 1 is analogous), so let X = V � (A1 [ Be) . Observ e that it

is enough to sho w that p0(X ) � 1, b y (\[ ) for X and Y = Vj [ Be (where Vj � X and

j 2 f 2; 4g) giv e that p0(X ) � p0(X [ Be) = p0(A1) = 1 . In order to pro v e that p0(X ) � 1

w e will use Claim 1.9 : assume that e � Vi (where i migh t ev en b e 1) and apply Claim

1.9 for the subpartition Q , if i = 1 , and for the subpartition Q [ f A i g, if i 6= 1 , where

Q = f Vj : j 2 f 2; 3; 4g � ig [ f B f : f � Vi [ V1; f 6= eg. By c hec king the cases according

to the v alue of i one can see that Claim 1.9 can indeed b e applied.

T o pro v e De�nition 5.27 . 4 assume indirectly that p0(A1 [ A3) � 1 and apply Claim 1.8

for the function p0 and the sets A1 [ A3 , f A1 [ Be : e � V1g and f A3 [ Be : e � V3g: b y

the previous part w e get that p0(V1 [ V3) = p(V1 [ V3) � 1, con tradicting the admissibilit y

of v1 and v3 .

Finally w e pro v e De�nition 5.27 . 2 . Note that p0(A1 [ A2 [ A3) � 1 follo ws from (\[ ) for

A1[ A2 and A2[ A3 , and similarly p0(A3[ A4[ A1) � 1. Apply (\[ ) for these t w o sets to get

that 1 + 1 � p0(A1 [ A2 [ A3) + p0(A3 [ A4 [ A1) � p0(A1 [ A3) + p0(A1 [ A2 [ A3 [ A4) �

0 + p0(A1 [ A2 [ A3 [ A4) , b y De�nition 5.27 . 4 . Cho ose an arbitrary e 2 E(G) and

apply Claim 1.8 for sets A1 [ A2 [ A3 [ A4 and A1 [ B f (f 2 E(G) � e) to get that

2 � p(A1 [ A2 [ A3 [ A4 [
S

f 2 E (G)� e B f ) = p(Be) . Since p(Be) � m(Be) = 2 , De�nition

5.27 . 2 is pro v ed. �

No w it is easy to c hec k whether the partition found is indeed a C �
5 -obstacle b y c hec king

the colours: if it is then there is no complete allo w ed splitting-o�, otherwise one can �nd

a complete allo w ed splitting-o� b y Lemma 5.43 .
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�

5.4.3 The minim um v ersion

In this section, w e are giv en a symmetric, p ositiv ely crossing sup ermo dular function on

V and a partition P = f P1; : : : Pr g of V . W e sho w ho w to �nd a graph ha ving its edges

b et w een di�eren t mem b ers of P and co v ering p with a minim um n um b er of edges. The

main concern here is to �nd an allo w ed degree sp eci�cation m minimizing m(V) suc h that

m(V)=2 � dim(p) � 1 also holds, and to a v oid getting an obstacle.

First, w e explain ho w to �nd an allo w ed degree sp eci�cation m ac hieving the lo w er

b ound m(V) = 2 � : suc h a degree-sp eci�cation will b e called an optimal extension. Then,

w e describ e the instances for whic h the lo w er b ound � ma y not b e ac hiev ed in the minim um

v ersion of Problem 5.25 , that is the con�gurations. Finally , w e pro v e the theorem solving

this problem, see Theorem 5.66 .

Extension

F or u 2 V let X u b e a minimal tigh t set con taining u (if u is not con tained in a tigh t set

then X u := V ). If the dep endence on the degree sp eci�cation m has to b e emphasized,

then w e write X m
u . The follo wing lemma will b e often used in this section.

Lemma 5.60. L et m b e an admissible de gr e e-sp e ci�c ation. L et u b e a p ositive no de and

u0 2 X m
u . Then m0 := m � � f ug + � f u0g is again admissible, and X m0

u0 = X m
u .

Pr o of. If u is not in a tigh t set then there is nothing to pro v e. Otherwise, w e kno w that

X m
u is the unique minimal tigh t set con taining u , pro ving the �rst statemen t of the lemma.

T o pro v e the second statemen t observ e that X m
u is also m0

-tigh t, th us X m0

u0 � X m
u . Since a

set X with u =2 X 3 u0
cannot b e m0

-tigh t b y the admissibilit y of m and the de�nition of

m0
, this �nishes the pro of.

Note that the lemma also implies that if u; v are p ositiv e no des with X u \ X v = ; and

u0 2 X u , v0 2 X v , then m � � f ug + � f u0g � � f vg + � f v0g is also admissible.

An allo w ed degree-sp eci�cation m satisfying the dimension condition ( 5.12 ) and ac hiev-

ing the lo w er b ound m(V) = 2 � is called an optimal extension for (p; P ) . Belo w, w e

describ e ho w to �nd an optimal extension. The algorithm is form ulated in a w a y suc h that

an y optimal extension can b e its output.

Algo rithm OPT_EXT

b egin
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INPUT: A symmetric, p ositively crossing sup ermo dula r function p : 2V ! Z [

f�1g (given with a maximizing o racle) and a pa rtition P = f P1; P2; : : : ; Pr g of V .

OUTPUT: A degree-sp eci�cation m : V ! Z+ satisfying ( 5.9 ) - ( 5.12 ) with m(V) = 2 � .

1.1. Pick m 2 C(p) \ ZV
such that m(V) is minimum.

1.2. If m(V) is o dd, let m := m + � f ug fo r some u 2 V . Then m(V) = 2 � p .

1.3. If m(V) < 2(dim(p) � 1) (which can b e check ed using Algo rithm SYMCROS_CO VER)

then let m = m+ m0
with an a rbitra ry m0 2 ZV

+ satisfying m0(V ) = 2(dim( p)� 1)� m(V ) .

1.4. While m(P1) > dm(V )
2 e (where ( 5.13 ) is assumed) do

1.5. If X u * P1 fo r some u 2 P1 \ V +
then let m := m � � f ug + � f u0g , fo r some

u0 2 X u � P1 ,

1.6. Otherwise let m = m + m0
with an a rbitra ry m0 2 ZV

+ satisfying m0(V) = 2 m(P1) �

m(V) and m0(P1) = 0 .

end

It is clear that the algorithm ab o v e outputs an optimal extension. Note that if either of

Step 1.2 , 1.3 or 1.6 holds then m(V) > SLB (p) , therefore there is no obstacle for (p;P; m) .

Con�gurations

It is p ossible that Algorithm OPT_EXT has found an optimal extension but w e cannot �nd

a complete allo w ed splitting-o�, since there is an obstacle. In this section w e sho w ho w w e

try to mo dify the optimal extension in order to getting rid of this obstacle, and w e describ e

the structures (called con�gurations) where this problem cannot b e a v oided since an y

optimal extension con tains an obstacle. First w e giv e the de�nition of the con�gurations.

In order to simplify the de�nitions b elo w, w e in tro duce the follo wing de�nitions. A pair

(X 1; X 2) of disjoin t sets of V is called a P -pair if P 2 P and there exist a subpartition

F i of X i suc h that

P
X 2F i

p(X ) = p(X i ) for i = 1; 2 and F 1 [ F 2 is a subpartition of P . A

subpartition X of V is called P -subpartition if P 2 P and there exist a set X 0 � X for

ev ery X 2 X suc h that p(X 0) = 1 and

S
X 2X X 0 � P .

De�nition 5.61. A C �
4 -c onstruction A = f A1; A2; A3; A4g for p is c al le d a C �

4 -c on�gu-

r ation for ( p; P ) if � i
p � � p for every i = 1; 2; : : : ; r and ther e exist P 2 P and i0 2 f 1; 2g

such that (A i 0 ; A i 0+2 ) is a P -p air.

De�nition 5.62. A C �
5 -c onstruction A = f A1; A2; A3; A4; B1; : : : Btg for p is a C �

5 -c on�g-

ur ation for ( p; P ) if � i
p � � p for every i = 1; 2; : : : ; r and

1. Either ther e exist P 2 P and i0 2 f 1; 2g such that (A i 0 ; A i 0+2 ) is a P -p air and

f B1; : : : Btg is a P -subp artition,
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2. Or ther e exist P0; P002 P and j 0 2 f 1; : : : tg such that (A1; A3) is a P0
-p air, (A2; A4)

is a P00
-p air, and f B j ; j 6= j 0g is b oth a P0

- and a P00
-subp artition.

De�nition 5.63. A C �
6 -c onstruction A = f A1; A2; A3; A4; A5; A6g for p is a C �

6 -c on�gu-

r ation for ( p; P ) if ther e exist 3 distinct c olour classes P1; P2; P3 such that (A i ; A i +3 ) is

a Pi -p air for i = 1; 2; 3.

Note that � i
p � 2 holds for ev ery i = 1; 2; : : : ; r in a C �

6 -con�guration, since otherwise

SLB (p) � 7 w ould follo w from De�nition 5.63 . There is a strong relation b et w een con�gu-

rations and obstacles, whic h is sho wn in the follo wing t w o lemmas.

Lemma 5.64. If a c on�gur ation exists for (p;P) , then for every optimal extension m ,

ther e exists an obstacle for (p;P; m) .

Pr o of. Let A b e a con�guration for (p;P) and m an optimal extension for (p;P) . Since

P
A2A p(A) �

P
A2A m(A) = m(V) = 2 � =

P
A2A p(A) , w e ha v e m(A) = p(A) for all

A 2 A . This implies the lemma.

W e men tion that if A is a C �
5 -con�guration satisfying De�nition 5.62 . 2 then this do es

not necessarily imply that an optimal extension will satisfy De�nition 5.41 . 2 : it is ev en

p ossible that jPj = 2 !

Lemma 5.65. If no c on�gur ation exists for (p;P) , then ther e is an optimal extension m

such that no obstacle exists for (p;P; m) .

Pr o of. Let m b e an optimal extension for (p;P) and supp ose that A is an obstacle for

(p;P; m) . Throughout this pro of, w e will v ery often replace m b y m � � f ug + � f u0g for

u0 2 X u , using implicitly Lemma 5.60 . In ev ery case b elo w w e will sho w ho w to mo dify the

optimal extension m this w a y in order to destro y the obstacle A . Since A is the unique

construction for p b y Lemma 5.36 , this w a y w e mak e sure that no obstacle exists an y more.

Note that X u � A for ev ery A 2 A and u 2 A \ V +
.

In this pro of w e will assume that m(P1) � m(P2 � � � � � m(Pr ) and w e will use that

the tie can b e brok en arbitrarily . W e will sa y that P1 is red and P2 is blue. Note that if

for example A is a C �
4 -obstacle but not a C �

4 -con�guration then there exists a red p ositiv e

no de u suc h that X u * P1 . As there are three di�eren t p ossible obstacles, there are three

cases.

1. If A is a C �
4 -obstacle, then De�nition 5.61 do es not hold and for ev ery maxim um

colour class Pi there exists a p ositiv e no de u 2 Pi suc h that X u * Pi . There are t w o

cases.
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(a) If m(P1) > m (P2) , then replace m b y m � � f ug + � f u0g , for some u0 2 X u � P1 .

(b) If m(P1) = m(P2) , then pic k ui 2 Pi suc h that X u i * Pi , for i = 1; 2. Replace

m b y m � � f u1g + � f u0
1g � � f u2g + � f u0

2g for some u0
i 2 X u i � Pi , for i = 1; 2.

After these mo di�cations De�nition 5.40 do es not hold an y more, therefore A is not

a C �
4 -obstacle an ymore.

2. A is a C �
5 -obstacle. Note that if m(P1) = m(V )

2 in a C �
5 -obstacle, then t w o opp osite

sets A i , sa y A1 and A3 , and ev ery B i ha v e exactly one red p ositiv e no de. There are

four cases, dep ending on m(P1) and m(P2) . In eac h case, w e will just sho w that w e

ma y destro y b oth De�nition 5.41 . 1 and De�nition 5.41 . 2 . Visually , De�nition 5.41 . 1

corresp onds to A1; A3 and ev ery B i has exactly one red p ositiv e no de, and De�nition

5.41 . 2 to B j 0 has no red and no blue p ositiv e no de, A1; A3 ha v e a red p ositiv e no de,

A2 and A4 ha v e a blue p ositiv e no de and ev ery B j ; j 6= j 0 has exactly one red and

one blue p ositiv e no de.

(a) m(P1) = m(V )
2 and m(P2) < m(V )

2 � 1. Since De�nition 5.62 . 1 do es not hold, there

exists a red p ositiv e no de u suc h that X u � P1 6= ; . Replace m b y m� � f ug+ � f u0g

with u0 2 X u � P1 . Then no colour class P ma y satisfy m(P) = m(V )
2 . Supp ose

that no w De�nition 5.41 . 2 holds, then necessarily u0 2 P2 and m(P2) = m(V )
2 � 1.

But either u w as a p ositiv e no de of A i for some i 2 f 1; 3g and no w the p ositiv e

no de of A i is blue whereas the p ositiv e no de of A i +2 is still red. Th us De�nition

5.41 . 2 is not satis�ed. Or u b elongs to some B i and no w B i has no red p ositiv e

no de. Therefore De�nition 5.41 . 2 do es not hold.

(b) m(P1) = m(P2) = m(V )
2 � 1, then ev ery B j 6= B j 0 has exactly one red and

one blue p ositiv e no de, and B j 0 has no red and no blue p ositiv e no de. Since

De�nition 5.62 . 2 do es not hold, w e ma y assume that there exists a red p ositiv e

no de u suc h that X u � P1 6= ; . Replace m � � f ug + � f u0g with u0 2 X u � P1 .

Then De�nition 5.41 . 2 do es not hold an ymore, and of course 5.41 . 1 cannot hold

either.

(c) m(P1) = m(V )
2 and m(P2) = m(V )

2 � 1. Since De�nition 5.62 . 1 do es not hold,

there exists a red p ositiv e no de u suc h that X u � P1 6= ; . If there is suc h a no de

with X u � P1 � P2 6= ; , then replace m b y m� � f ug + � f u0g with u0 2 X u � P1 � P2 .

Then De�nition 5.41 . 1 do es not hold, and either De�nition 5.41 . 2 holds and this

is Case (b), or De�nition 5.41 . 2 do es not hold.

No w, supp ose for ev ery red p ositiv e no de, w e ha v e X u � P1 [ P2 . Recall that

at least one red p ositiv e no de u satis�es X u \ P2 6= ; .
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If suc h a no de is in A1 or A3 , then replace m b y m� � f ug+ � f u0g with u0 2 X u \ P2 .

No w P2 is the only colour class satisfying m(P2) = m(V )
2 but one of A1; A3 has

a blue p ositiv e no de and the other a red one, therefore neither De�nition 5.41 . 1

nor 5.41 . 2 ma y hold.

Otherwise, let u b e a red p ositiv e no de in B i suc h that X u \ P2 6= ; and replace

m b y m � � f ug + � f u0g with u0 2 X u \ P2 . Then De�nition 5.41 . 1 do es not hold

for red. If afterw ards De�nition 5.41 . 1 holds for blue, then A2 and A4 ha v e a

blue p ositiv e no de and ev ery B j 6= B i has exactly one red and one blue p ositiv e

no de. Necessarily , the p ositiv e no de in B i b eside u0
is neither blue nor red. But

no w since De�nition 5.62 . 2 do es not hold, there exists a p ositiv e no de v =2 B i

suc h that X v � P 6= ; for some P 2 f P1; P2g. If v b elongs to some A i then v is

blue and it is iden tical with the case ab o v e for red.

No w v 2 B j 6= B i . If v is red, then the mo di�cation w e ha v e p erformed w as not

a go o d one, therefore w e will undo it and p erform an other one: replace m b y

m � � f u0g + � f ug � � f vg + � f v0g with v0 2 X v � P1 . Then B i has no blue p ositiv e

no de and B j has no red one, hence none of De�nition 5.41 . 1 and De�nition

5.41 . 2 ma y hold. Otherwise v is blue, then replace m b y m � � f vg + � f v0g with

v0 2 X v � P2 . No w B i has no red p ositiv e no de and B j has no blue ones, hence

neither De�nition 5.41 . 1 nor 5.41 . 2 holds.

(d) m(P1) = m(P2) = m(V )
2 , then ev ery B i has exactly one red and one blue p ositiv e

no de. Since De�nition 5.62 . 1 do es not hold for P1 , there exists a red p ositiv e

no de u suc h that X u � P1 6= ; . If X u � P1 � P2 6= ; , then replace m b y

m � � f ug + � f u0g with u0 2 X u � P1 � P2 and this is Case (c). Otherwise, let

u b e a red p ositiv e no de suc h that X u \ P2 6= ; . Since De�nition 5.62 . 1 do es

not hold for P2 , there exists a blue p ositiv e no de v suc h that X v � P2 6= ; . If

X v � P2 � P1 6= ; , w e dealt with this case just b efore (for P1 ). Otherwise, replace

m b y m � � f ug + � f u0g � � f vg + � f v0g with u 2 X u \ P2 and v0 2 X v \ P1 . There

are three cases.

i. If at least one of u and v is in some A i then w e destro y ed De�nition 5.41 . 1 ,

therefore A is not a C �
5 -obstacle an y more.

ii. If the case ab o v e do es not happ en, then w e ma y assume that u 2 B i 6= B j 3

v b ecause De�nition 5.62 . 2 do es not hold. Then B i has t w o blue p ositiv e

no des and B j has t w o red ones, hence neither De�nition 5.41 . 1 nor 5.41 . 2

ma y hold.

3. If A is a C �
6 -obstacle, then there exists a colour class P 2 P and a p ositiv e no de
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u 2 P suc h that X u * P , then replace m b y m � � f ug + � f u0g for some u0 2 X u � P .

Then A is not a C �
6 -obstacle an y more.

W e emphasize that if there exists an obstacle for (p;P; m) , then the pro of of Lemma

5.65 pro vides an algorithm to decide if there exists a con�guration for (p;P) .

Theorem for the minim um v ersion

By exploiting the relations b et w een con�gurations and obstacles and b y applying our

splitting-o� result, w e ma y no w pro v e the follo wing theorem solving the minim um v er-

sion of Problem 5.25 . It states that the lo w er b ound � ma y alw a ys b e ac hiev ed unless there

exists a con�guration.

Theorem 5.66. L et p : 2V ! Z+ b e a symmetric, p ositively cr ossing sup ermo dular set

function and P = f P1; : : : Pr g a p artition of V . Then the minimum numb er of e dges b etwe en

di�er ent memb ers of P r esulting in a gr aph that c overs p is � unless a c on�gur ation exist,

in which c ase it is � + 1 .

Pr o of. Let OP T(p;P) b e the minim um n um b er of edges b et w een di�eren t mem b ers of P

resulting in a graph that co v ers p. The follo wing Lemmas pro v e the theorem.

Lemma 5.67. OP T(p;P) � � . If ther e exists a c on�gur ation for p, then the ine quality is

strict.

Pr o of. W e ha v e seen that OP T(p;P) � � , OP T(p;P) � dim(p) � 1 and OP T(p;P) � � i

for i = 1; : : : r .

Supp ose there exists a con�guration for (p;P) and the inequalit y is not strict. Let F b e

a minim um set of edges suc h that (V; F) co v ers p and it satis�es the partition constrain ts,

and let m b e the degree sp eci�cation de�ned b y m(v) := dF (v) for ev ery v 2 V . By the

minimalit y of F , m is an optimal extension for (p;P) . Since there is a con�guration for

(p;P) , b y Lemma 5.64 , there is an obstacle for (p;P; m) . But this con tradicts Lemma

5.44 .

Lemma 5.68. OP T(p;P) � � + 1 . If ther e exists no c on�gur ation for (p;P) , then the

ine quality is strict.

Pr o of. If there exists no con�guration for (p;P) , then b y Lemma 5.65 there exists an

optimal extension m for (p;P) whic h con tains no obstacle. Hence b y Theorem 5.45 there

exists a complete admissible splitting-o� and the strict inequalit y follo ws. If there exists a
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con�guration for (p;P) , let m b e an optimal extension for (p;P) . By Lemma 5.64 , there

exists an obstacle for (p;P; m) . Replace m b y m0 := m + � f ug + � f vg for some u; v without

violating m(P) � m(V )
2 for ev ery P 2 P . No w, the sets con taining u and v cannot b e tigh t,

therefore there is no obstacle for (p;P; m0) . By Theorem 5.45 , there exists a complete

allo w ed splitting-o� and the inequalit y follo ws.

�

Algorithm for the minim um v ersion

In this section, w e describ e the algorithm that, giv en a symmetric p ositiv ely crossing

sup ermo dular set function p : 2V ! Z [ f�1g with a maximizing oracle, and a partition

P = f P1; : : : Pr g of V , �nds a minim um n um b er of edges b et w een di�eren t mem b ers of

P resulting in a graph that co v ers p. It consists of three ma jor steps, extension, then

splitting-o�, and �nally determining if a con�guration exists.

1. Find an optimal extension m for (p;P) b y applying the algorithm of Section 5.4.3 .

Recall that m(V) = 2 �:

2. Apply the algorithm describ ed in the pro of of Theorem 5.45 to (p;P; m) .

(a) If there is a complete allo w ed splitting-o�, then w e ha v e found the desired graph

ha ving

m(V )
2 = � edges.

(b) Otherwise, w e ha v e found an obstacle A for (p;P; m) .

3. Apply the algorithm describ ed in the pro of of Lemma 5.65 to A .

(a) If it �nds another optimal extension m0
for (p;P) suc h that no obstacle exists

for (p;P; m0) , then Theorem 5.45 pro vides a complete allo w ed splitting-o� and

thereb y the desired graph with � edges.

(b) Otherwise A is a con�guration for (p;P) . The algorithmic pro of of Lemma 5.68

pro vides the desired graph with � + 1 edges.

5.4.4 Application: P artition constrained global edge-connectivit y

augmen tation of a h yp ergraph

In this subsection w e sp ecialize the results of this section for the problem of global edge-

connectivit y augmen tation of a h yp ergraph with a m ultipartite graph . The

results of this subsection w ere presen ted at the Europ ean Conference on Com binatorics,
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Graph Theory and Applications (Euro com b 2009) whic h w as held in Bordeaux, F rance in

Septem b er 2009: see [ 9 ].

Problem 5.69 (P artition constrained global edge-connectivit y augmen tation of a h yp er-

graph) . Assume that we ar e given a hyp er gr aph H0 = ( V;E0) , a p artition P = f P1; P2; : : : ; Pr g

of the set V and a p ositive inte ger k . The pr oblem is to �nd a gr aph G such that H0 + G

is k -e dge-c onne cte d, and G c ontains only e dges b etwe en the classes of P . In the min-

imum version the numb er of e dges of G is to b e minimize d. In the de gr e e-sp e ci�e d

version G has to satisfy a given de gr e e-sp e ci�c ation m 2 ZV
+ .

This problem w as solv ed b y Ben Cosh [ 15 ] in the bipartition constrained case, i.e. when

r = 2 . Here w e giv e a complete solution of this problem. Let p b e the function de�ned b y

( 2.1 ). Let � b e the maxim um of the follo wing v alues.

� = maxfd
1
2

X

X 2X

(k � dH 0 (X ))e : X 2 S (V)g;

� = maxf maxf
X

Y 2Y

(k � dH 0 (Y)) : Y 2 S(P)g : P 2 Pg;

! (H0) = max f # comp onen t (H0 � F ) � 1 : F � E ; jF j = k � 1g:

One can form ulate the de�nition of constructions, obstacles and con�gurations b y sp e-

cializing the abstract de�nitions giv en ab o v e. In terestingly , there is no C �
5 -construction for

this function p used here.

Lemma 5.70. Ther e is no C �
5 -c onstruction for the function de�ne d by ( 2.1 ) .

Pr o of. Assume that A = f A1; A2; A3; A4; B1; : : : ; Btg is a C �
5 -construction. By Claim 5.31 ,

p(B) = 2 ; p(A i [ B ) = 1 ; p(A1 [ A2 [ B ) = 1 ; p(A1 [ A3 [ B ) � 0. Apply ( 1.3 ) and ( 1.4 )

to get that, for an y crossing pair X; Y � V

p(X ) + p(Y) = p(X \ Y) + p(X [ Y) � 2d1(X; Y ) � d2(X; Y ); (5.14)

p(X ) + p(Y) = p(X � Y) + p(Y � X ) � 2d1(X; V � Y) � d2(X; V � Y): (5.15)

(The de�nition of d1(X; Y ) and d2(X; Y ) can b e found after Equation ( 1.3 ).) Equation

( 5.14 ) applied to X = A1 [ B and Y = A2 [ B giv es that there exists exactly one h yp eredge

e in the h yp ergraph H0 that en ters A1; A2 and exactly one of B and A3 [ A4 . If e en ters B

then apply ( 5.15 ) to X = A1[ B and Y = A3[ B to get a con tradiction. Otherwise, without

loss of generalit y assume that e en ters A3 : no w ( 5.14 ) applied to the pair X = A1 [ B and

Y = A3 [ B giv es a con tradiction.
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W e sp ecialize the de�nition of the constructions b elo w, from whic h the de�nition of

obstacles and con�gurations is easy to devise. T o clarify the distinction from the abstract

problem solv ed in Section 5.4 , w e will use the notation C4 - and C6 -construction. Similarly ,

w e will use C4 - and C6 -obstacle/con�guration for this sp ecial case.

De�nition 5.71. A p artition f A1; : : : ; A4g of V is a C4 -c onstruction for (H0; k) if

1. Ther e exists a set A of hyp er e dges such that k � j Aj is o dd and A = � H 0 (A1) \

� H 0 (A3) = � H 0 (A2) \ � H 0 (A4) ,

2. � = k � dH 0 (A1) + k � dH 0 (A3) = k � dH 0 (A2) + k � dH 0 (A4) .

De�nition 5.72. A p artition f A1; : : : ; A6g of V is a C6 -c onstruction for (H0; k) if

1. k � dH 0 (A i ) = 1 , for al l 1 � i � 6,

2. k � dH 0 (A i [ A i +1 ) = 1 , for al l 1 � i � 6, ( A7 = A1 )

3. � = 3 .

Th us the solution of the degree-sp eci�ed v ersion of Problem 5.69 is the follo wing.

Theorem 5.73. W e ar e given a hyp er gr aph H0 = ( V;E0) , a p artition P = f P1; P2; : : : ; Pr g

of the set V and a p ositive inte ger k . Assume that the de gr e e-sp e ci�c ation m : V ! Z

satis�es that m(V) is even, m(Pi ) � m(V � Pi ) for every i = 1; 2; : : : ; r , and m(X ) �

k � dH 0 (X ) for any nonempty X ( V . Then ther e exist a gr aph G satisfying the de gr e e-

sp e ci�c ation m such that H0 + G is k -e dge-c onne cte d, and G c ontains only e dges b etwe en

the classes of P , unless ther e exists a C4 - or a C6 -obstacle for H0; k; P; m .

The solution of the minim um v ersion of Problem 5.69 is the follo wing.

Theorem 5.74. L et H0 = ( V;E0) b e a hyp er gr aph, P a p artition of V and k an inte ger.

Then the minimum numb er of new e dges b etwe en di�er ent memb ers of P to b e adde d to H0

in or der to make it k -e dge-c onne cte d is � + 1 if H0 c ontains a C4 - or a C6 -c on�gur ation,

and � otherwise.



Chapter 6

Source lo cation in h yp ergraphs �

another w a y of edge-connectivit y

augmen tation

In this c hapter w e giv e a di�eren t approac h to edge-connectivit y augmen tation. This is

the follo wing: giv en a (h yp er)graph, �nd a nonempt y subset S of the no des (called sour c e

set ) suc h that con tracting the set S will result in a (h yp er)graph satisfying the edge-

connectivit y requiremen ts. The ob jectiv e is to minimize the total w eigh t of the source

set to b e found (where no des ha v e nonnegativ e w eigh ts). This class of problems is called

source lo cation problems , b ecause it comes from the follo wing application: giv en a

(h yp er)graph H = ( V;E) , decide where to lo cate the set of sources S � V suc h that

no des ha v e go o d edge-connectivit y to this source set, and lo cation costs are minimized.

Source lo cation problems ha v e recen tly b een in tensiv ely studied, not only in undirected

structures but also in directed ones (e.g. digraphs). In this thesis w e will concen trate on

generalizations of the follo wing problem.

Problem 6.1 (Source Lo cation in Graphs) . L et us b e given a gr aph G = ( V; E) , a weight

function w : V ! R+ and a r e quir ement function r : V ! R+ on the no des. Find a

nonempty subset of no des S such that � G(S; v) � r (v) for every no de v 2 V � S and

w(S) :=
P

s2 S w(s) is minimum.

This problem w as raised in [ 1 ] where they sho w the NP -completeness of this problem.

Ho w ev er, it is sho wn in [ 1 ] that the sp ecial case when w is constan t can b e solv ed in

O(jV jM ) time, where M is the time needed for one maxim um �o w computation in our

net w ork. A minor observ ation sho ws that the same algorithm solv es another sp ecial case,

namely when r is constan t, but the authors of [ 1 ] giv e another algorithm for this case that

121
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impro v es the running time to O(jVj(jE j + jV j logjV j)) .

In this section w e in tro duce a generalization of Problem 6.1 for (undirected) h yp ergraphs.

Then w e generalize the problem further and form ulate an abstract source lo cation problem.

Of course w e can not solv e this problem in general (it con tains an NP -complete problem),

but w e observ e that it can b e solv ed with an adaptation of the greedy algorithm in tro duced

in [ 1 ] in the sp ecial case when the requiremen t and the w eigh t functions are compatible

(see the de�nition in Section 6.2 ). This con tains the case when either of these functions

is uniform (constan t, in other w ords), but in the subsequen t subsection w e giv e another

algorithm for uniform requiremen t function that giv es a b etter running time. In ev ery

case w e also sp ecialize our results for the h yp ergraphic source lo cation problem, to o. The

results presen ted in this c hapter app eared in [ 6 ].

6.1 Problem form ulation

A straigh tforw ard generalization of Problem 6.1 in tro duced ab o v e is the follo wing:

Problem 6.2 (Source Lo cation in Hyp ergraphs) . L et us b e given an undir e cte d hyp er gr aph

H = ( V;E) , a weight function w : V ! R+ and a r e quir ement function r : V ! R+ on

the no des. Find a nonempty subset of no des S such that � H (S; v) � r (v) for every no de

v 2 V � S, and w(S) :=
P

s2 S w(s) is minimum.

By Theorem 1.2 w e can reform ulate the problem in the follo wing w a y: �nd a subset of

no des S suc h that dH (X ) � maxf r (v) : v 2 X g for ev ery ; 6= X � V � S and w(S)

is minim um. Ho w ev er, since Problem 6.1 is a sp ecial case of this problem, this is an

NP -complete problem. In what follo ws w e will concen trate on the t w o sp ecial cases of

this problem that w ere solv able for graphs; namely the constan t w eigh t and the constan t

requiremen t case, or more precisely a common generalization of these t w o cases when

these t w o functions are compatible. W e will sho w that the algorithms giv en in [ 1 ] can

b e mo di�ed appropriately to w ork in this more general setting, to o. What is more, w e

will sho w that they w ork in an ev en more abstract en vironmen t, to o. T o this end let us

in tro duce the follo wing, abstract form of Problem 6.2 . Recall that a set function d : 2V ! R

is p osimo dular if it satis�es d(X ) + d(Y) � d(X � Y) + d(Y � X ) for an y X; Y � V .

Problem 6.3 (Abstract Source Lo cation) . W e ar e given a function d : 2V ! R+ that is

p osimo dular and submo dular, a weight function w : V ! R+ and a r e quir ement function

r : V ! R+ on the no des. Find a subset of no des S with w(S) minimum subje ct to

d(X ) � maxf r (v) : v 2 X g for every X � V � S: (6.1)
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F or brevit y , a set S � V satisfying ( 6.1 ) will b e called source set . As a remark w e men-

tion that the nonnegativit y of the function d is not really a restriction: an arbitrary p osi-

mo dular function d0
attains its minim um at the empt y set, so de�ning d(X ) = d0(X ) � d0(; )

giv es a nonnegativ e p osimo dular function and w e can mo dify the requiremen t function sim-

ilarly to b e able to reduce the more general problem without the nonnegativit y constrain ts

to our problem. On the other hand, the nonnegativit y of the w eigh t function is a natural

requiremen t, since an y sup erset of a v alid source set is again a v alid source set. Also, w e

could ha v e required the nonempt yness of a source set: that w ould not ha v e c hanged the

problem signi�can tly .

In the follo wing sections w e will sho w that the sp ecial case of this abstract problem when

the requiremen t and the w eigh t functions are compatible can b e solv ed using appropriate

adaptations of the algorithms giv en in [ 1 ].

Let us in tro duce some terminology . A set X � V is called de�cien t if d(X ) < maxf r (v) :

v 2 X g. It is ob vious that a set S is a v alid source set if and only if it meets ev ery de�cien t

set, whic h is equiv alen t to requiring that S has to meet ev ery minimal de�cien t set .

6.2 Compatible requiremen t- and w eigh t function

In this section w e will giv e an algorithm to solv e Problem 6.3 in the sp ecial case when

the requiremen t- and w eigh t functions are compatible. This is an adaptation of the greedy

algorithm giv en in [ 1 ]. Let us de�ne �rst what w e mean b y these functions b eing compatible.

De�nition 6.4. Two functions r; w : V ! R ar e c omp atible if ther e is an or dering

v1; v2; : : : ; vn of V such that r (v1) � r (v2) � � � � � r (vn ) and w(v1) � w(v2) � � � � � w(vn) .

Observ e that compatibilit y of t w o functions can b e easily c hec k ed in O(n logn) time and

it is indeed a symmetric relation. No w w e can giv e the greedy algorithm to solv e Problem

6.3 : in this algorithm w e only assume the p osimo dularity of the function d but w e lea v e

one question op en that will only b e answ ered when d is also submo dular!

Algo rithm GREED Y

b egin

INPUT A p osimo dula r function d : 2V ! R+ given with a function evaluation o racle, a

requirement function r : V ! R+ and a w eight function w : V ! R+ on the �nite set

V . Assume that r and w a re compatible functions.

OUTPUT A minimum w eight source set S.

1.1. Let S = V . Order V s.t. r (v1) � r (v2) � � � � � r (vn ) and w(v1) � w(v2) � � � � �

w(vn) .
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1.2. F o r i = 1 to n do

1.3. (*) If there is no de�cient set X with S \ X = f vi g then S := S � vi .

1.4. Output S.

end

One thing remains to mak e clear: ho w to implemen t Step (*); to b e able to do this w e

will also assume the submo dularit y of the function d. Let us sp eak ab out this later and �rst

c hec k the correctness of the algorithm: the follo wing argumen t w as taugh t to the author b y

András F rank. Let us denote the curren t set S in the i th iteration b efor e executing step (*)

b y Si (so S1 = V ) and let the output of the algorithm b e Sn+1 = f vi 1 ; vi 2 ; : : : ; vi t g for some

t � 0. A simple inductiv e argumen t sho ws that Si is a v alid source set for an y i b et w een 1

and n + 1 . W e only need to sho w that Sn+1 has minim um w eigh t among the source sets.

If, in the i th step of the for lo op, Si � vi is not a v alid source set then there m ust b e a

de�cien t set X i with Si \ X i = f vi g. W e can assume that this X i is minimal de�cien t: there

is a minimal de�cien t set in X i but it m ust con tain vi otherwise Si w as not a v alid source

set. In particular X i � f v1; v2; : : : ; vi g whic h also implies that maxf r (v) : v 2 X i g = r (vi ) .

W e will sho w that these sets X i 1 ; X i 2 ; : : : ; X i t are pairwise disjoin t minimal de�cien t sets.

Assume that this is not the case and supp ose i j < i k are suc h that X i j \ X i k 6= ; . It is

clear that vi k =2 X i j b ecause X i j � f v1; v2; : : : ; vi j g. But vi j 2 X i k can not hold either since

in the i k th iteration X i k is only co v ered b y vi k from among the no des of Si k whic h also

con tains vi j . But then w e ha v e a con tradiction from

r (vi j ) + r (vi k ) > d (X i j ) + d(X i k ) � d(X i j � X i k ) + d(X i k � X i j ) � r (vi j ) + r (vi k ):

(The �rst inequalit y follo ws from the de�ciency of sets X i j and X i k and the last is b e-

cause they are minimal de�cien t sets.) F rom these observ ations the optimalit y of the

algorithm follo ws: w e ha v e giv en an optimal co v ering of the disjoin t minimal de�cien t sets

X i 1 ; X i 2 ; : : : ; X i t .

6.3 Implemen tation of Step (*)

The only thing to sho w is the subroutine that implemen ts Step (*). W e note that a

subroutine c hec king whether a giv en set S is a v alid source set or not w ould also su�ce but

the one w e ga v e is easier to implemen t in our case (and also giv es a b etter running time).

In the i th iteration w e de�ne the set function di : 2V � Si ! R with di (X ) := d(X + vi ) for

an y X � V � Si . Clearly , Si � vi is a v alid source set if and only if minf di (X ) : X �

V � Si g � r (vi ) . In order to b e able to decide this w e should b e able to minimize the

p osimo dular function d o v er the nonempt y subsets, or in other w ords w e should b e able to
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minimize an in tersecting p osimo dular function. It is an op en question already men tioned

in [ 38 ] whether this can b e done for an arbitrary p osimo dular set function d. Therefore w e

also assume that d (and th us di for ev ery i ) is submo dular in the rest of this section. So

an y algorithm for submo dular function minimization will solv e this problem. This yields

the follo wing result:

Theorem 6.5. A lgorithm GREED Y solves the A bstr act Sour c e L o c ation Pr oblem with c om-

p atible r e quir ement and weight function in O(n SFM(n; 
 )) time.

Here SFM(n; 
 ) denotes the time needed to decide whether a submo dular function on

an n elemen t ground set tak es on a v alue b elo w a giv en b ound, where the function is giv en

b y an oracle and 
 denotes the time of a call to this oracle.

W e men tion that the dual solution (disjoin t de�cien t sets) can b e obtained, since al-

gorithms for submo dular function minimization can pro duce these, to o. W e also p oin t

out that deciding whether a submo dular function tak es a v alue less than a giv en b ound

B can b e form ulated as Problem 6.3 with uniform w eigh t function (follo wing the ideas of

Nara y anan [ 35 ], for example), so an y algorithm solving Problem 6.3 with uniform w eigh t

function will need essen tially at least SFM(n; 
 ) time.

The follo wing corollary is a direct extension of Theorems 1 and 2 of [ 1 ] and it impro v es

the result (Theorem 24) in [ 38 ] b y a factor of n :

Corollary 6.6. Pr oblem 6.3 with a uniform weight function (and arbitr ary r e quir ements)

c an b e solve d in O(n SFM(n; 
 )) time.

Another corollary of Theorem 6.5 is that Problem 6.3 with a uniform requiremen t func-

tion (and arbitrary w eigh ts) can b e solv ed in O(n SFM(n; 
 )) time. Ho w ev er, in Section

6.4 w e will impro v e the running time for this sp ecial case.

W e can sp ecialize our algorithm to the h yp ergraphic source lo cation problem: in this

case Step (*) can b e regarded as a minim um (S � vi ; vi ) cut problem in our h yp ergraph

H = ( V;E) that can b e translated to a maxim um-�o w problem in a graph that has O(n+ jEj)

no des and O(jjEjj) edges, where jjEjj denotes the sum of the cardinalities of the h yp eredges.

This yields the follo wing result:

Theorem 6.7. A lgorithm GREED Y solves the Sour c e L o c ation Pr oblem in Hyp er gr aphs with

c omp atible r e quir ement and weight function in O(nM (n + jEj; jjEjj)) time, wher e M (n0; m0)

denotes the time ne e de d for a maximum-�ow c omputation in a gr aph with n0
no des and m0

e dges.
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6.4 Impro ving the running time for uniform require-

men ts

In this section w e will giv e an algorithm to solv e Problem 6.3 in the sp ecial case when the

requiremen t function is constan t, that is r (v) = k , 8v 2 V , for some k 2 R+ . This is an

adaptation of the algorithm solving a sp ecial case of this problem that w as giv en in [ 1 ].

Let us mak e one simple observ ation: minimal de�cien t sets are disjoin t in this case. This

is pro v ed b y the follo wing argumen t. Supp ose X and Y are t w o suc h sets with X \ Y 6= ; .

Since they can not con tain eac h other, ; 6= X � Y ( X and ; 6= Y � X ( Y whic h giv es

a con tradiction together with

k + k > d (X ) + d(Y) � d(X � Y) + d(Y � X ) � k + k:

(The �rst inequalit y follo ws from de�ciency and the last from minimalit y .)

In [ 37 ] Queyranne in tro duces the notion of a p enden t pair and giv es an algorithm to

�nd a p enden t pair. The algorithm computes an ordering of the no des (that will b e called

Max-Adj ordering here) and �nds the p enden t pair using this ordering. This Max-Adj

ordering is nothing else but the appropriate generalization of the ordering used in the

algorithm b y Nagamo c hi and Ibaraki to �nd a minim um cut in a graph. Let us giv e the

de�nitions and results.

De�nition 6.8. If h : 2V ! R is a symmetric submo dular function then an or dering

(v1; v2; : : : ; vn) is a Max-Adj or dering for this function if it satis�es the fol lowing:

h(f vi g) � h(f v1; : : : ; vi g) � h(f vj g) � h(f v1; : : : ; vi � 1; vj g) 82 � i � j � n:

W e note that the �rst elemen t v1 of suc h an ordering can b e sp eci�ed arbitrarily .

De�nition 6.9. If h : 2V ! R is a symmetric submo dular function then an or der e d p air

of no des (s; t) is c al le d a p endent p air if

h(f tg) = min f h(X ) : X � V; s =2 X; t 2 X g:

Lemma 6.10 ([ 37 ]) . If (v1; v2; : : : ; vn ) is a Max-Adj or dering for the function h then

(vn� 1; vn ) is a p endent p air. Such an or dering c an b e c alculate d with O(n2) c al ls to the

h -value or acle and O(n2) other op er ations.

After these preliminaries w e can presen t the algorithm that solv es Problem 6.3 when the

requiremen t function is uniform. Let us �rst giv e a sk etc h of this algorithm.

W e w an t to calculate a minim um w eigh t source set S and w e start with S = ; . The

main idea is the follo wing: the minimal de�cien t sets form a subpartition of V . In eac h
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step of the algorithm w e �nd a suitable pair of no des that is not separated b y a (y et

unco v ered) minimal de�cien t set. Then w e con tract this pair of no des, and rep eat this

un til one minimal de�cien t set b ecomes a singleton. Then w e notice this and include an

elemen t of this set in S. But what shall w e do with the minimal de�cien t sets that are

already co v ered? W e should someho w increase the v alue of function d on sets that con tain

suc h a set: this is b est describ ed using an auxiliary graph and its cut function.

After a certain n um b er of suc h con tractions ev ery no de in the resulting set is the image

of a con tracted set in the original ground set. F or ev ery suc h con tracted set w e remem b er

the �c heap est� elemen t in it, i.e. the one with the smallest w eigh t. This is done with the

ancestor function in the algorithm b elo w. This w a y , when w e con tract a minimal de�cien t

set in to a singleton w e can pic k the c heap est elemen t from it to include in our set S. The

correct form ulation of the algorithm is describ ed b y the follo wing pseudo co de.

Algo rithm CONST ANT_DEMAND

b egin

INPUT A p osimo dula r and submo dula r function d : 2V ! R+ , a requirement k 2 R+

and a w eight function w : V ! R+ on the �nite set V .

OUTPUT A minimum w eight source set S.

1.1. Let S = ; , V 0 = V + s with a new no de s and G = ( V 0; E) an auxilia ry graph: in the

b eginning E is empt y but later w e add edges in E (one endp oint of these will alw a ys b e

s). De�ne the symmetric submo dula r function h : 2V 0
! R b y h(X ) = d(X ) + kdG(X )

fo r any X � V and h(X ) = h(V 0 � X ) if s 2 X � V 0
.

1.2. F o r each v 2 V

1.3. ancestor(v) := v .

1.4. If d(f vg) < k then S := S + v and add an edge b et w een s and v to G (so the

function h changes here!).

1.5. End fo r.

1.6. While jV 0j > 2 and 9v 2 V 0 � s with (s; v) =2 E

1.7. Construct the Max-Adj o rdering of V 0
fo r the function h sta rting with s and tak e

the last t w o elements in this o rdering (a p endent pair) (vn0� 1; vn0) .

1.8. Contract vn0� 1 and vn0
into a no de v0

and let the ancesto r of v0
b e the cheap er of the

ancesto r of vn0� 1 and that of vn0
(so V 0

gets smaller: the function h and the graph

G follo w these changes the obvious w a y).

1.9. If h(f v0g) < k then add an edge b et w een s and v0
to G and S := S + ancestor(v0)

(function h changes, to o!).

1.10. End while.

1.11. Output S.
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end

Let us pro v e the correctness of the ab o v e algorithm. In the argumen tation b elo w w e will

think of the set V as the original ground set, while the set V 0
alw a ys means the curren t

ground set after some con tractions (note that s is nev er con tracted with an y other no de).

Also, for a set X � V w e will use the notation X 0
for the image of this set after the

con tractions made so far: this only mak es sense if there is no set Y � V with X \ Y 6= ;

and (V � X ) \ Y 6= ; that w as con tracted.

Lemma 6.11. In Step 1.7 of the ab ove algorithm

(i) if X � V is a minimal de�cient set that is not c over e d yet (i.e. S \ X = ; with the

curr ent S) then the image X 0
of X makes sense, and

(ii) ther e is no (yet unc over e d) minimal de�cient set X � V for which jX 0\f vn0� 1; vn0gj =

1.

Pr o of. Initially ( i ) is true. A t an y stage, if ( i ) is true, then the statemen t of ( ii ) mak es

sense: assume it is not true and there is a minimal de�cien t set X � V for whic h X 0

separates vn0� 1 and vn0
. But then d(X 0) = h(X 0) since X is not co v ered y et b y S and

k > d (X ) = d(X 0) = h(X 0) � h(vn0) � k;

giv es a con tradiction (the second inequalit y follo ws from the prop erties of the Max-Adj

ordering; for the last inequalit y observ e that w e alw a ys assure in the algorithm that h(v) �

k for singletons v 2 V 0� s). Finally , if ( ii ) is true then ( i ) will b e true in the next iteration,

after con tracting vn0� 1 and vn0
, to o.

Lemma 6.12. A lgorithm CONST ANT_DEMAND solves Pr oblem 6.3 with uniform r e-

quir ement function in O(n3
 + n3) time (wher e 
 denotes the time of a c al l to the d-value

or acle).

Pr o of. The correctness of the algorithm follo ws from Lemma 6.11 and the de�nition of the

ancestor function. It is straigh tforw ard to c hec k that Step 1.7 dominates the algorithm

whic h giv es the running time indicated ab o v e.

If w e sp ecialize our algorithm to h yp ergraphs, that is to Problem 6.2 , then w e can

substitute Step 1.7 of our algorithm with a similar subroutine describ ed in [ 32 ]. This

yields the follo wing running time:

Lemma 6.13. A lgorithm CONST ANT_DEMAND solves Pr oblem 6.2 with uniform r e-

quir ement function in O(n2 log(n) + njjEjj) time ( jjEjj denotes the sum of the c ar dinalities

of the hyp er e dges).



Chapter 7

Op en problems

I don't think that an y one ev er has �nished a thesis (ar an y mathematical writeup) without

lea ving some of the questions he or she w an ted to answ er op en. Let me en umerate the

problems that I w as w ondering ab out during writing this thesis.

1. Maximizing sk ew-sup ermo dular functions, maximizing crossing (in tersect-

ing) negamo dular functions . In Section 1.4 w e ha v e observ ed that a maximizing

oracle can b e implemen ted for a crossing sup ermo dular function p : 2V ! R giv en

with an ev aluation oracle b y using standard submo dular function minimization tec h-

niques. Ho w ev er this is unkno wn if the function p is only sk ew-sup ermo dular. The

simplest op en problem is whether a maximizing oracle can b e implemen ted for an

in tersecting negamo dular function p : 2V ! R giv en with an ev aluation oracle. Note

that these problems w ere almost alw a ys presen t in our abstract algorithms, ev en in

Section 6.2 , where w e w an ted to minimize an in tersecting p osimo dular function.

2. Rank-resp ecting augmen tation of a h yp ergraph with negamo dular con-

strain ts for 
 = 2 . This problem is a sligh t generalization of the r ank-r esp e cting

no de-to-ar e a c onne ctivity augmentation pr oblem in hyp er gr aphs . In Section 4.4.3 w e

ha v e solv ed this problem for an y 
 � 3 but w e did not b other ab out the 
 = 2

case, as the in teresting sp ecial case (the no de-to-area connectivit y augmen tation in

graphs) has already b een solv ed b y Ishii and Hagiw ara.

3. Rank-resp ecting global arc-connectivit y augmen tation of mixed h yp er-

graphs. In Section 4.4.2 w e ha v e sho wn that the Algorithm GREED YCO VER applied

to the global arc-connectivit y augmen tation of a mixed h yp ergraph M �nds graph

edges plus a h yp eredge that is at most one bigger than the rank of M . Probably ,

similarly to the results in Section 4.4.3 w e could solv e the rank-resp ecting v ersion of

this problem, to o.
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4. Co v ering a (p ositiv ely) sk ew-sup ermo dular function of form p0 � dG with

graph edges, where p0 do es not tak e the v alue 1. In the pro ofs of the NP -

completeness of Problem 4.1 one seems to need that the sk ew-sup ermo dular function

often tak es the v alue 1. P ossibly this is a k ey p oin t, as w as the case with the no de-

to-area connectivit y augmen tation in graphs, and w e p ossibly obtain a p olynomially

solv able problem if w e restrict ourselv es to functions of the ab o v e form.

5. Co v ering a crossing sup ermo dular function with graph edges. Benczúr and

F rank [ 5 ] has solv ed the problem of c overing a symmetric cr ossing sup ermo dular func-

tion with gr aph e dges . Probably this could b e generalized to not necessarily symmetric

functions, to o. An application w ould b e the glob al ar c-c onne ctivity augmentation of

mixe d hyp er gr aphs with gr aph e dges .

6. Minim um no de-cost partition constrained co v ering of a a symmetric p osi-

tiv ely crossing sup ermo dular function (with graph edges). In Section 5.4 w e

ha v e solv ed the minim um- and the degree-sp eci�ed v ersion of Problem 5.25 . The min-

im um no de-cost v ersion do es not follo w straigh tforw ardly from the degree-sp eci�ed

v ersion as usually , b ecause of the partition constrain ts. Ho w ev er, probably this is

p olynomially solv able, to o.
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Összefoglaló

A dolgozat nagyobb részében azzal a hagyományos élösszefügg®ség-növelési feladattal

foglalkozunk, amikor új élek illetve hiperélek hozzáadásával kell egy gráf illetve hiper-

gráf élösszefügg®ségét megnövelni. Hangsúlyozzuk, hogy míg a növelend® hipergráf tar-

talmazhat irányított hiperéleket is, addig a növel® (hiper)gráf mindig irányítatlan ebben

a dolgozatban. A legfontosabb célfüggvény mindig a hozzáadandó új (hiper)élek összmé-

retének minimalizálása. Ezeket a feladatokat mindig egy ferdén szupermoduláris halmaz-

függvény gráfélekkel avagy hiperélekkel való fedésének absztrakt feladatává fogalmazzuk

át. Alkalmazásként azonban a következ® élösszefügg®ség-növelési feladatok variánsai le-

begnek a szemünk el®tt: hipergráfok globális illetve lokális élösszefügg®ségének növelése,

vegyes hipergráfok globális élösszefügg®ségének növelése, illetve az úgynevezett node-to-

area élösszefügg®ség-növelési feladat. A variánsok f®leg abban különböznek, hogy meg-

engedjük e tetsz®legesen nagy hiperélek hozzáadását, avagy megpróbáljuk ezek méretét

korlátozni, extrém esetben csak gráféleket engedünk meg.

A megfelel® bevezetések után a dolgozat 3. fejezetében azt az esetet vizsgáljuk, amikor

tetsz®leges méret¶ hiperélek hozzáadása megengedett, és Szigeti Zoltán ide vonatkozó téte-

lét általánosítjuk több irányban is. A 4. fejezetben ezzel éppen ellentétben azt vizsgáljuk,

hogy mi történik, ha az ember csak gráfélek hozzáadásával próbálkozik. Ez a megköze-

lítés megválaszolja azt az esetet, amikor az új hiperélekt®l azt várjuk, hogy a rangot ne

(nagyon) növeljék meg. Végezetül az 5. fejezetben azt vizsgáljuk, hogy mi van, ha ragasz-

kodunk ahhoz, hogy csak gráféleket engedünk meg, de cserébe csak a hipergráfok globális

élösszefügg®ségének növelésére korlátozódunk. A feladat absztrakt alakjának megoldását

Benczúr és Frank tétele szolgáltatja: erre adunk egy viszonylag egyszer¶ bizonyítást, ami

lehet®vé teszi, hogy a feladat partíciókorlátos változatát is megoldjuk.

A dolgozat 6. fejezetében egy másik élösszefügg®ség-növelési fogalmat tekintünk, az úgy-

nevezett forrástelepítési feladatkört. Itt a (hiper)gráf élösszefügg®ségét egy alkalmasan

választott ponthalmaz összehúzásával akarjuk megnövelni. Általánosítjuk Arata és társai

gráfokra vonatkozó eredményeit egy absztrakt formában, ami a hipergra�kus változatot is

magában foglalja.



Summary

The main part of this thesis deals with the traditional notion of edge-connectivity aug-

mentation, when the edge-connectivity of a graph or hypergraph has to be augmented

by introducing new edges or hyperedges. We emphasize that though the hypergraph to

be augmented can even contain directed hyperedges, the new (hyper)edges are always

undirected in this thesis. The most important objective function is always to minimize

the total size of the new (hyper)edges. The problems are always treated in the abst-

ract framework of covering a skew-supermodular function with graph edges or hyperedges.

However, as applications we will consider variants of the following edge-connectivity aug-

mentation problems: global or local edge-connectivity augmentation of hypergraphs, global

arc-connectivity augmentation of mixed hypergraphs, and the so called node-to-area edge-

connectivity augmentation problem. The variants mainly di�er on whether we allow the

addition of arbitrarily large hyperedges, or we restrict the size of these, in the extremal

case we only allow graph edges.

After the appropriate introduction, Chapter 3 deals with the case when we allow hype-

redges of arbitrary size: we generalize the theorem about this case due to Zoltán Szigeti

in many directions. On the other hand in the 4th chapter we try to answer what happens

if one wants to use only graph edges. This approach answers the problem when we want

that the rank of the hypergraph should not increase (too much). Finally, in Chapter 5 we

insist on using only graph edges, but we restrict ourselves to the global edge-connectivity

augmentation of undirected hypergraphs. The abstract form of this problem was solved

by Benczúr and Frank: we give a relatively simple proof of their result which enables us

to generalize it to the partition constrained case, too.

In Chapter 6 we investigate a di�erent edge-connectivity augmentation technique, the

class of the so called source location problems. Here the edge-connectivity of the (hy-

per)graph is to be augmented by contracting a suitable set of nodes. We generalize the

results of Arata et al on graphs to an abstract framework which also includes the hyper-

graphic version of the problem.
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