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Introduction

The development of set theory created a new trend in mathematical research. On one
hand it produced strong techniques such as transfinite recursion to solve long-standing
open problems, and on the other hand the new theories enabled us to prove that it is
impossible to answer certain questions within the framework of ZF'C’; that is the usual
axioms of set theory. Proving these so called consistent and independent statements is
a very active and rapidly growing area of mathematics, specifically of analysis as well.
My dissertation presents a collection of my results of this type from the field of real
analysis.

In Chapter 1 we deal with the problem of existence of measurable envelopes. This
notion (which is also called hull or cover) originates from the theory of analytic sets.
First we show that it is not true in general that with respect to an outer measure every
subset of the measure space has a measurable envelope. Then we prove that in the case
of Hausdorff measures in Euclidean spaces this question is independent of ZFC.

Chapter 2 considers measurability of Sierpiriski sets in the plane. We show that
a set with countable vertical sections and co-countable horizontal sections cannot be
Hausdorff measurable. More surprisingly, we also prove that if we replace countable by
negligible, then the existence of such a set is already independent.

In Chapter 3 we investigate the connection between the notions of H? -measurability
and H%-measurability. We also consider the connections between classes of negligible
sets, and the corresponding questions concerning products of Hausdorff measures. We
give a (consistent) answer to a question of T. Keleti.

In Chapter 4 first we summarize the known (but still unpublished) results of M.

Laczkovich concerning solvability cardinals for systems of difference equations. Then we



prove that it is consistent that this cardinal is wy in the case of Borel functions. This
answers a question of Laczkovich. In addition we deal with the Baire 1 case as well.

Chapter 5 is about linear orders representable by (point-wise ordered) real Baire 1
functions. Due to a classical theorem such an order cannot contain an increasing or
decreasing sequence of length w;. We investigate the fine structure of these representable
orders and conjecture that the converse of the above theorem is consistent.

Finally, Chapter 6 considers increasing (with respect to the point-wise order) trans-
finite sequences of functions defined on metric spaces. We settle the continuous case

and show that the answer in the Baire 1 case is independent even of ZFC + —-CH.
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Chapter 1
Measurable Envelopes

In the present chapter (based on [Ell]) we are dealing with the following definition,

which was motivated by the theory of analytic sets.

Definition 1.0.1 Let A be a o-algebra of subsets of a set X. We call a set H C X
small (with respect to A) if every subset of H belongs to A. The o-ideal of small subsets
is denoted by Ay. We say that A € A is a measurable envelope of H C X (with respect
to A) if H C A and for every B € A such that H C B C A we have A\ B € A,.

I have learned the terminology ‘every subset of X has a measurable envelope’ from
D. Fremlin. Another usual expression is ‘(X,.4) admits covers’ (see e.g. [Kec|), and

‘measurable hull with respect to A’ is also used.

For example it is not hard to see that if A is the Borel, Lebesgue or Baire o-algebra
in R", then Ay is the o-ideal of countable, Lebesgue negligible and first category sets,
respectively. One can also prove that with respect to the Lebesgue or Baire o-algebra,
every subset of R™ has a measurable envelope, while in the case of the Borel sets this is
not true. What makes these notions interesting is a theorem of Szpilrajn-Marczewski,
stating that if A is a o-algebra on X such that every subset of X has a measurable
envelope with respect to A, then A is closed under the Souslin operation [Kec, 29.13|.

So the problem of envelopes has been considered for various o-algebras for a long

time (see e.g. [Mal and [Pa]).
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In this chapter we investigate the case A = M, where ;1 is an outer measure on
X and M,, is the o-algebra of p-measurable sets (in the sense of Carathéodory). First
we show that the o-finite case is easy. Therefore we turn to Hausdorff measures, which
are probably the most natural examples of non-o-finite measures. We prove, that this
question cannot be answered in ZFC.

As an application we give a short proof of the known statement that the existence of
an H!-measurable Sierpiniski set (see the definition below) is consistent with ZFC' (this

is proven for the so called ‘one dimensional measures’ in |[DP, 3.11]).

1.1 Measurable Envelopes with Respect to Outer

Measures

If i is a o-finite outer measure on a set X, then it is easy to check that every subset
of X has a measurable envelope (with respect to M,). It is also known [Frl|, as the

following example shows, that o-finiteness is essential.

Example 1.1.1 Put X = ws X wy and let v be the outer measure on X that is 0 for

countable subsets and 1 otherwise. Define

p(H) =Y [v(HN ({a} xw)) +v(H N (we x {a}))];
acw
that is, let u(H) be the number of uncountable horizontal and vertical sections. We claim

that wy X wy has no measurable envelope.

Proof. One can easily see that . is an outer measure, H € M,, iff H is either countable
or co-countable on each section, and H € (M,,), iff H is countable on each section.
Suppose now that M is a measurable envelope of w; X wy. Clearly M N ({a} X we) is
countable for every o € wy \ wy and M is co-countable on each horizontal section. But
this gives a contradiction, as for any A C wy\w; of cardinal w; we have that M N (A X ws)

is also of cardinal wy, but the projection to the second coordinate of this set is the whole
wo. O
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Remark The same construction on w; X w; does not work. Indeed, one can easily show

that for any H C w; X w; the set
HU{(a,0) Ew; Xxwy :a< fand HN ({a} X wp) is uncountable }U

U{(r, 8) € w1 X wy: B <aand HN (w; x {8}) is uncountable}

is a measurable envelope of H.

So the next question is open.

Question 1.1.2 Is it true that if p is an outer measure on a set X of cardinality wq,

then every subset of X has a measurable envelope?

1.2 Measurable Envelopes with Respect to Hausdorff

Measures

As we have already mentioned, for o-finite outer measures our problem is trivial. That
is why it is natural to examine the case of Hausdorff measures, which are probably the
most well-known non-o-finite measures. Let H% denote the d-dimensional Hausdorff
measure in R™. If p is an outer measure, then instead of ‘with respect to M’ we shall
sometimes say ‘with respect to u’.

First we state some useful lemmas. Let A denote one-dimensional Lebesgue measure.

Lemma 1.2.1 Let B C R"™ be Borel such that 0 < HY(B) < oco. Then there exists a
bijection f between B and the interval I = [0, HY(B)] such that both f and its inverse
preserve the Borel sets, measurable sets and zero sets, and which is measure preserving

between the measure spaces (B, H?) and (I, \).

Proof. [Kec, 12.B| shows that B is a standard Borel space, hence we can apply [Kec,
17.41]. 0

Our next lemma reads as follows.

Lemma 1.2.2 Letn € N, d > 0 and H C R" be arbitrary. Then the following state-

ments are equivalent:
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1. H is H%measurable,

2. HYB) = HYBNH)+HYBNHC) for every B C R™ Borel set with 0 < HY(B) <

o0,

3. HN B is H%measurable for every B C R™ Borel set with 0 < H%(B) < oo,

4. for every B C R"™ Borel set with 0 < H%(B) < oo, we have HN B = AUN, where
A is Borel and N is H-negligible.

Proof. Straightforward using the Borel regularity of Hausdorff measures. UJ

Remark In fact we could also assume that the above B is compact, but we shall not
need this.

Now we are able to characterize H%small sets. H%negligible sets are clearly small
with respect to H¢, and one could think that the converse also holds. However, this is

far from being true.

Statement 1.2.3 Let n € N, d > 0 and H C R" be arbitrary. Then H s small with

respect to He iff each of its subsets is either He-negligible, or of infinite H%-measure.

Proof. It is enough to show that if D C R and 0 < H%(D) < oo, then D has a non-H¢-
measurable subset. Suppose on the contrary, that this is not true. Then in particular
D itself is measurable. Choose a Borel set B containing D with the same H%measure,
and apply the previous lemma to B. We obtain that DN B =D = AU N as in the
lemma, in particular D contains a Borel set A of positive finite % measure. But then
by Lemma 1.2.1 we can find a non-H%measurable subset in A which contradicts our

assumptions. 0]

Remark It can be proved (in ZFC') that non-negligible small sets do indeed exist. For
such an example see e.g. [Fr2, 439G].

Now we turn to the problem of envelopes. If d = 0 or d > n then every subset of R"
is H%-measurable, hence every subset has a measurable envelope. If d = n then H? is

o-finite, therefore we get the same conclusion. But in the remaining cases we have
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Theorem 1.2.4 The following statement is independent of ZFC': for all n € N and

0 < d <n every subset of R has a measurable envelope with respect to HC.
Before the proof we need several lemmas and a well-known definition.

Definition 1.2.5 add(N) is the minimal cardinal x for which there are xk Lebesgue

negligible sets A, (a < k) in R such that U, A, is of positive outer measure.
The next lemma concerning add(N) is also well-known.

Lemma 1.2.6 Suppose that H, (o« < ) are Lebesque measurable for some p < add(N).

Then their union Uy<,H, ts also Lebesgue measurable.

Proof. We prove this by transfinite induction on . We have to show that U,<,H,
is Lebesgue measurable. Define A, = H, \ Ug<oHp for every oo < u. The sets A, are
clearly disjoint, and they are Lebesgue measurable by the inductional hypothesis. Thus
only countably many of them can be of positive measure. The union of this countable
family is obviously measurable, and the union of the remaining sets is also measurable
by u < add(N'). This completes the proof, as Uy, A = Ua<, Ha. O

The following lemma is essentially contained in [Fe, 2.5.10].

Lemma 1.2.7 Let 0 < d < n and suppose add(N') = 2%. Then there exists a disjoint
family {M, : a < 2*} of H%-measurable subsets of R™ of finite H%-measure, such that a
set H C R" is H%-measurable iff H N M, is H%-measurable for every o < 2°.

Proof. Let {B, : a < 2“} be an enumeration of the Borel subsets of R" of positive
finite H%measure, and put M, = B, \ (Us<aBs). These are clearly pairwise disjoint
sets of finite H%measure. Moreover, add(N) = 2% together with Lemma 1.2.6 and
Lemma 1.2.1 applied to B, give that M, is Hmeasurable for every o < 2*. The other
direction being trivial we only have to verify that if H C R" is such that H N M, is
Hemeasurable for every o < 2%, then H is itself H%measurable. By Lemma 1.2.2 we
only have to show that H N B, is H%measurable for every o < 2*. But B, = Up<a M3,
therefore H N B, = Up<o(H N M,), thus Lemma 1.2.1 applied to B, and Lemma 1.2.6
yield that H N B, is H%measurable, which completes the proof. 0
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Definition 1.2.8 non*(/\) is the minimal cardinal s such that in every subset of the
reals of positive outer Lebesgue measure we can find a subset of positive outer Lebesgue
measure and of cardinal < k.

cov(N) is the minimal cardinal x such that R can be covered by x Lebesgue negligible

sets.

Remark non*(N') < cov(N) is consistent with ZFC as it holds in the so called ‘random

real model’, see [LM, Lemma §].

Now we can turn to the proof of Theorem 1.2.4.

Proof. First we show that add(N') = 2¢ implies that for every n € Nand 0 < d < n
every subset of R™ has a measurable envelope with respect to H?. (This proves that
this statement is consistent, as add(N) = 2¢ follows e.g. from CH or MA.) Fix n, d
and H C R"™. Let {M, : @ < 2¥} be as in Lemma 1.2.7. As M, is of finite measure for
every a < 2, we can find a H%measurable set H, such that H N M, c H, C M, and
HYH N M,) = HY(H,). We claim that A = Uy<ooH,, is a measurable envelope of H.
Clearly A is H%measurable by Lemma 1.2.7. Suppose H C B C A, B is H%measurable
and C' C A\ B. We want to show that C' is measurable, therefore it is sufficient to check
that C'N M, is measurable for every a < 2“, which is obvious, as it is of H%measure
7Zero.

Next we prove that for n = 2 and d = 1 it is consistent that there exists a subset
of the plane without a H!-measurable envelope. We assume non*(N') < cov(N). One
can easily find a set A C R of full outer measure and of cardinal non*(N), and we
claim that A x R has no H'-measurable envelope. Otherwise, if M is such an envelope,
then it is (one dimensional) Lebesgue measurable on each vertical and horizontal line,
therefore it is Lebesgue negligible on all vertical lines over R\ A and co-negligible on all
horizontal lines. As non*(N) < cov(N), R\ A is not negligible, hence we can choose a
set B C R\ A of positive outer measure and of cardinal non*(A'). Then the projection
of the set (B x R) N M to the second coordinate consists of non*(N') zero sets, on the

other hand, it is the whole line, a contradiction. 0

Remark The second direction of this proof (the last paragraph, in which we show a set

without a measurable envelope) is due to D. Fremlin [Frl].
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In fact, it is not much harder to see that non*(N') < cov(N') implies the existence of
subsets of R without H%measurable envelopes for any 0 < d < [5] and n > 2. Indeed,
%

we can replace R x R by the square of a d dimensional Cantor set in R[Z] of positive

and finite H%measure, and repeat the above argument.

However, we do not know the answer to the following question.

Question 1.2.9 Is it consistent that there exists a subset of R™ without a H%-measurable

envelope forn =1,0<d <1 or forn>2, [3] <d<n?



Chapter 2
Hausdorfl Measurable Sierpinski Sets

The well-known Sierpinski sets (see the definition below) are fundamental examples of
non-measurable objects. Indeed, as the Fubini Theorem shows, they cannot be Lebesgue
measurable. However, if we consider Hausdorff measures, which are natural generaliza-
tions of Lebesgue measure, we arrive at a surprising phenomenon.

In this chapter we investigate the existence of two kinds of Sierpinski sets measurable
with respect to Hausdorff measures.

The content of the chapter can essentially be found in [El1].

Definition 2.0.1 A set S C R? is a Sierpiriski set in the sense of measure if S is (one
dimensional) Lebesgue negligible on each vertical line, but co-negligible (that is, the
complement of S is negligible) on each horizontal line. A set S C R? is a Sierpiniski set
in the sense of cardinality if S is countable on each vertical line, but co-countable on

each horizontal line.

2.1 Sierpinski Sets in the Sense of Cardinality

As all subsets of the plane are H%measurable for d = 0 or d > 2, the existence of
Hemeasurable Sierpinski sets in the sense of cardinality for these d is equivalent to the
existence of Sierpinski sets in the sense of cardinality, which is known to be equivalent

to C'H |Tr|. The following theorem answers the question for the other d.
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Theorem 2.1.1 For 0 < d < 2 there exists no H%-measurable Sierpinski set in the

sense of cardinality.

Proof. For d = 2 the statement is obvious by the Fubini Theorem. Let 0 < d < 2 and

Cy/2 be a symmetric self-similar Cantor set in [0, 1] of dimension d/2.
Lemma 2.1.2 There exists 0 < ¢ < oo, such that
HCayo x Cajo = ¢ (HY?|Capa x HY?|Cypa).

Proof. Since K = Cy/5 X Cyys is also self-similar, it is easy to see that 0 < HUK) < oo,

therefore if we let
HY(K)

(H?(Cay2))*

then 0 < ¢ < oo and the two above outer measures agree on K. By the self-similarity

of K they also agree on the basic open sets, and as any open set is the disjoint union of
countably many of these, the outer measures agree on all open sets. Hence (by finiteness)

on all Borel sets as well, from which the lemma follows. 0]

Now we can complete the proof of Theorem 2.1.1 as follows. Note that if S is an
H%measurable Sierpiniski set in the sense of cardinality, then SN K is a H%measurable
set, which is countable on each vertical section of K and co-countable on each horizontal
section of K. But this gives a contradiction, once we apply the previous lemma and the
Fubini Theorem. 0

2.2 Sierpinski Sets in the Sense of Measure

The question concerning Sierpinski sets in the sense of measure is more complicated.
Just as above, for d = 0 or d > 2 H%measurability is not really a restriction, and we
know that the existence of Sierpinski sets in the sense of measure is independent of ZFC
[Lal, Theorem 2|. For d = 2 no such set can be H%measurable by the Fubini Theorem,

while in the remaining cases we have the following.
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Theorem 2.2.1 For 0 < d < 2 the ezistence of H%-measurable Sierpinski sets in the

sense of measure is independent of ZFC.

Remark While preparing a paper containing the above results I realized, that the
consistency of the existence of an H%measurable Sierpinski sets in the sense of measure

is known, when d = 1. This is proven for the so called ‘one dimensional measures’ in

IDP, 3.11).

Proof. On one hand, for example non*(N) < cov(N') implies that there are no Sier-
pinski sets of any kind [Lal, Theorem 2|.

On the other hand, we assume add(N) = 2¢ and prove the existence of H4-
measurable Sierpinski sets in the sense of measure, separately for all 0 < d < 1,d =1
and all 1 <d < 2.

If d = 1, then our statement is a consequence of [DP, 3.10|, but we present another
proof here. By |Lal, Theorem 2| and add(N) = 2¢ we can find a Sierpinski set in the
sense of measure, and by 1.2.4 this set has a H%measurable envelope. It is not hard to
check that this envelope possesses the required properties.

Now let 0 < d < 1. Enumerate the Borel subsets of R? of positive finite H%measure
as {B, : o < 2¥} and also R as {z, : @ < 2¥}. We can assume that S is a Sierpinski set
in the sense of measure, such that the cardinality of every vertical section is less than
2% (the proof in [Lal] provides such a set). Then put

S1=SU | JBa\ (| BsU({xs:8<a} xR)).
a<2¥ B<a

Sy is a Sierpinski set in the sense of measure as its horizontal sections contain the
horizontal sections of S, the vertical section over x is still of Lebesgue measure zero,
since add(N) = 2, and © = x, for some a < 2* so this section is increased only in
the first o steps, and always by a set of finite H%measure, therefore of zero Lebesgue
measure. What remains to check is that S; is H%measurable. By Lemma 1.2.2 we
only have to prove that S; N B, is H?-measurable for every a < 2. We show this by
induction on « as follows. Put

Ao=|JBsU({zp: B <a} xR)

[B<a
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Then
S1NBy=51N[(Ba\Aa) U (BaNAL)| =
[S1 N (Ba \ Aa)]U[S1 N (Ba NAL)] = [Ba \ Au] U [S1 N (B, NAL)] =
[Ba \ 4] U (Ba N Bgn SOLU [ (Ba 1 ({5} x R) N Sy)].
B<a B<a

Now we apply Lemma 1.2.1 to B, in view of add(N) = 2¥. Then the first expression
in the last line is clearly H%measurable, and the same holds for the second expression
by our inductional hypotheses. In order to see this for the last one we note that B, N
({zp} x R)N S is of cardinal less than 2* for every 8 < «, thus H%negligible, but when
we construct B, N ({z3} x R)N.S; out of this set, we increase it only in the first 3 steps,
and always by a H%measurable set. This completes the proof of the case 0 < d < 1.

Finally, let 1 < d < 2. As above, let {B, : a < 2¥} = {B C R : B Borel,0 <
HY(B) < oo} and also {z, : a < 2¢} = R. Put

Do=Bu\[|JBsU({zs:8<a} xR)U(R x {x5: 8 < a})]
B<a
for every o < 2*. Since D, C B, D, is (two dimensional) Lebesgue negligible, therefore
{z e R: AN(({z} x R)n D,) > 0} is Lebesgue negligible, thus contained in a Borel set

N, of Lebesgue measure zero. Define

S1=SULJ Da\ (Na x RNIN [ (Do (Na x R)))-

a<2¥ a<2¥

First we check that S; is a Sierpinski set in the sense of measure. If R x {z} is a
horizontal line, then x = z, for some o < 2¥. D, and R x {z,} are disjoint for every

¢ > a, therefore our set is not modified after the first o steps. Hence
[S\ SN (R x {za})  [[J(De N (Ne x RN (R x {za}),
{La

which is Lebesgue negligible on this horizontal line by add(N) = 2¥. Similarly, on a

vertical line {z,} X R

S0 ({za} x R) C[SU(J(De \ (Ne x R)IN ({za} x R),

{<la
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which is again a zero set. What remains to show is the H%measurability of S;. It is
again sufficient to prove by induction on « that S; N B, is H%measurable for every

a < 2¥. Just like above, we apply Lemma 1.2.1 to B,.
SiNB, =

[S1 N D U[SiNBan (| BsU({ws:8<al xR)U (R {z5: 8 < a}))].

[B<a
where the expression in the first brackets equals D, \ (N, x R), which is clearly H¢-

measurable, while the second expression equals

Bon([JBsnS)IU[({zs: 6 < a} x R)NSJU[R x {z5: 5 < a}) N S1]),

B<a

from which the H?-measurability follows, since BzNS; is H%measurable for every 8 < a
by the inductional hypothesis, while {zg : § < a} x Rand R x {23 : § < a} are of

H?-measure zero in B,. OJ

However, we do not know the answer to the following.

Question 2.2.2 Let 0 < d < 2. Is it consistent, that there exist Sierpinski sets in the

sense of measure, but there exists no H%-measurable one?



Chapter 3

The Classes of Negligible and
Measurable Sets with Respect to

Hausdorff Measures

In our next chapter we present some (still unpublished) results demonstrating the strange
behaviour of the classes of negligible and measurable sets with respect to Hausdorff
measures. The topic was motivated by the following question of T. Keleti [Kell| : Does
H%-measurability imply H%-measurability, or vice versa? We give (a consistent) answer

to this question in the last section of the chapter.

3.1 Relations Between Classes of Negligible Sets

In the first section we investigate the possible inclusions between the classes of negligible
sets with respect to geometric measures. For the sake of completeness we formulate the

following simple statement.

Statement 3.1.1 Let 0 < d; < dy < n and H C R™. Then H"(H) = 0 implies

H®=(H) = 0, but the converse is not true in general.

Proof. Trivial. O
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Next we turn to the case of products of Hausdorff measures, as they turn out to
exhibit an interesting behaviour. For the sake of simplicity we only consider the following
three outer measures in R?: HY/2 x H', H' x H/? and H?/?. Just as one would expect,
these three measures coincide in many cases. (E.g. the restrictions of these measures

agree on nice sets of finite measure.) However, the following holds.

Theorem 3.1.2 There is no inclusion between the classes of H'/? x H -negligible, H' x
HY2-negligible and H>?-negligible sets in R?.

Proof. We remark here, that all our examples will be in addition compact.

Let C; C R be a d-dimensional self-similar symmetric Cantor set, and let us denote
[0,1] by I.

Clearly, I x C} o is H'/? x H'-negligible but not H' x H/?-negligible.

In order to show that Cyy x Cs3/4 is H/? x H'-negligible but not H3/%-negligible it is
enough to note that this set is a self-similar set of dimension 3/2, thus its H>*/?-measure
is positive (and finite).

As our last example we show that D = {(z,2) : © € I} is H*/?*-negligible but not
H/? x H'-negligible. By the symmetric role played by H'/? x H' and H' x H/? this will
complete the proof. Obviously H*?(D) = 0. Now we prove that (H'/? x H')(D) = ooc.
Suppose on the contrary that D C U2, (A, x B;) such that > HY2(A;) x H'(B;) < oo.
Then for every i € N we have either H/2(4;) < oo or H'(B;) = 0. In both cases either
H'(A;) = 0 or H(B;) = 0 holds. Thus H'(D N (A; x B;)) = 0, which contradicts
HY(D) > 0. O

3.2 Relations Between Classes of Measurable Sets

Now we answer (consistently) the above mentioned question of T. Keleti.

Theorem 3.2.1 Let 0 < d; < dy < n. Then H®-measurability does not imply H® -
measurability in R". If add(N) = 2% holds (e.g. under CH or MA), then H%-

measurability does not imply H%®-measurability in R™.
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Proof. Let C C R" be compact such that 0 < H%(C) < co. Then by Lemma 1.2.1
there exists a set H C C' that is not H%-measurable. But clearly H%(H) = 0, so the
first statement of the theorem is verified.

To prove the second half, let C C R™ be compact such that 0 < H%(C) < oo,
and let {B, : @ < 2“} be an enumeration of the Borel subsets of R™ of positive finite
H%-measure, and M, = B, \ (Us<aBs) as in Lemma 1.2.7.

Let us also enumerate the ordered pairs (A, N) where A C C'is Borel and N C C'is
H%-negligible Borel as {(Aq, No) : o < 29}

Now we define a transfinite sequence {z, : @ < 2*} of points of C' as follows.

LIfCN(UsgsaMp) & Ag UN,U{xs: B < a}, then let

ZTo € (CN(UpsaMp)) \ (Ag UN, U{zs: 8 < a}).

In this case we say that x, is of Type I.

I1. Suppose now that C'N(UgsaMpg) C AaUN,U{xs: < a}. Let us apply Lemma
1.2.1 to C and H®. By add(N) = 2¥ we have H2({zp : B < a}) = 0. Thus Mg
(8 < a), N, and {z5: 3 < a} cannot cover C' (we apply add(N) = 2 again). But M,
(a < 2¥) clearly cover C, so CN(UpgsaMp) C NoU{xs: 8 < a} cannot hold. Therefore
we can choose x, € C'N (UgsqMjg) such that

To € Au \ (No U{zg: B < a}).

In this case we say that z, is of Type II.
Now define
H ={z,: x4 is of Type I}.

First we check that H is H%-measurable. By Lemma 1.2.7 it is enough to show
that H N M, is H%-measurable for every a < 2*. But x, € Upsa Mg for every o < 2%,
therefore |H N M,| < |a| < 2, so Lemma 1.2.1 applied to B, and add(N) = 2¢ yield
that H N M, is H%-measurable.

In order to prove that H is not H%-measurable, first note that if it were H%-
measurable, then by Lemma 1.2.2 we could find a pair (A,, N,) such that A, C H C
A, UN,. But z, is either of Type I, in which case =, € H and z, ¢ A, U N,, or of
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Type 11, in which case z, ¢ H and z, € A,. These are both absurd, so the proof is
complete. 0

Question 3.2.2 Is this true in ZFC?

Next we consider the classes of measurable sets with respect to the above measures
HY? x HY, H' x HY? and H?/2.

Theorem 3.2.3 Measurability with respect to H'Y? x H' does not imply measurability
with respect to H*/? in R2.

Proof. We have already seen that U4 x C3/4 is HY? x H'-negligible, but 0 <
H3/2(C3/4 x C374) < co. Therefore every subset of this set is H'/? x H'-measurable,
and so it is enough to find a subset that is not H>/?-measurable. But this is obvious by
Lemma 1.2.1. U

Theorem 3.2.4 Measurability with respect to H'/? x H' does not imply measurability
with respect to H' x HY? in R2.

Proof. We can repeat the above argument with / X /5. The only difference is that
we replace Lemma 1.2.1 by [Kec, 17.41] and apply it to the restriction of H'/2 x H!
to the o-algebra of Borel subsets of I x (2, which is clearly a continuous finite Borel

measure. [l

These last two theorems can be strengthened as follows. However, the following is
not a ZFC theorem.

Theorem 3.2.5 It is consistent, that there exists a product set A x R C R? that is
HY/2 x H'-measurable (that is, A is HY/*-measurable), but neither H' x HY/?-measurable

nor H32-measurable.

Proof. We shall prove, that if A C I is H'/?>-measurable but not Lebesgue measurable,
then A x R possesses the required properties. This is sufficient, as the existence of such

a set is consistent by Theorem 3.2.1.
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The fact, that A x R is H'/2? x H'-measurable is obvious.

Clearly, 0 < (H'xHY2)(Ix C9) < 00. By [Fe, 2.10.45] we also have 0 < (H*/2)(I x
C1/2) < 0o. As this set is compact, it is measurable with respect to all our measures, so
it is sufficient to show that A x R is not measurable in I x C /» with respect to HE < H/?
and H*/2.

Clearly (A xR)N (I x Cyy5) = A x Cyys.

Just as above, the restriction of H' x H'/? or H3/? to the Borel o-algebra of I x C ),
is a continuous finite Borel measure, so |Kec, 17.41] (and the Borel regularity of our
outer measures) yield that it is enough to prove that A x Cy/, # B U N, where B is
Borel and N is a null-set (with respect to H* x H/2 or H?/?).

Suppose on the contrary, that this equation holds. Then A x Cy /2 = (pr; B x Cy/2) U
(N '\ (pr;B x C2)), and the two terms on the right hand side are disjoint. (pr, is the
projection on the first coordinate.) Therefore N\ (pr;B x Ci3) = (A \ pr;B) x Ci/s
and so (A \ pr;B) x Cy/2 C N is a null-set.

In the case of H' x H'/? this immediately gives H'(A\ pr,B) = 0. To get the same
in the case of H*? we refer to |Fe, 2.10.45| again. But pr;B C A is an analytic set,
hence Lebesgue measurable [Kec, 29.16|, therefore A itself is also Lebesgue measurable,

which contradicts our assumptions. ([l

Question 3.2.6 Is this true in ZFC'?

To complete the above list of theorems, what remains to prove is that measurability
with respect to H*/? does not imply measurability with respect to H/? x H' in R2. As
above, the natural way would be to find a subset of D = {(z,z) : x € I} that is not

H'/? x H'-measurable. Surprisingly enough, this is not possible.
Statement 3.2.7 FEvery subset of D = {(x, ) : x € I} is H'/? x H'-measurable.

Proof. It is enough to show that every subset is either of measure 0 or of measure oc.

Let H C D and suppose (HY? x H')(H) < oo. Then we can find a sequence
A; x B; C R? such that H C UX,(A; x B;) and Y o2, HY?(4;) x HY(B;) < oo. But
H C UR,(S; x S;) and Y00, HY2(S;) x H(S;) < oo hold as well, where S; = A; N B;.
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Then for every i, either H'(S;) = 0 or H/2(S;) < oo. This latter also implies H!(S;) = 0,
so HY2(S;) x H(S;) = 0, hence H is of H'/? x H'-measure zero. O

The above behaviour is unexpected indeed, as every non-H%zero compact (or even
analytic) subset of R™ contains a compact set of positive finite H%measure [Fe, 2.10.48].
In the last theorem of the chapter we show that the above attempt to prove that
the above two kinds of measurabilities are not related was hopeless: surprisingly we can

prove a positive result here.

Theorem 3.2.8 Measurability with respect to H*'? implies measurability with respect
to HY/? x H! in R2.

Proof. Suppose that H C R? is not H'/? x H'-measurable. We have to prove that it is
also not H*/?-measurable. Put p = H'/? x H'. As H is not p-measurable, we can find
a set S C R? such that
w(S) < u(SNH)+ pu(SnH).

Clearly 0 < u(S) < oco. Choose € > 0 such that u(S N H) + u(SNHY) — u(S) > e.
As Hausdorff measures are Borel regular, we can choose two sequences A; and B; of
Borel sets in R such that S C U2, A4; x B; and Y0, HY2(A;) x HY(B;) < u(S) + ¢.
By replacing each rectangle A; x B; by finitely many smaller rectangles (by a recursion
on i), we may assume that our rectangles A; x B; are pairwise disjoint. We claim that

H N (A; x B;) is not p-measurable for some i. Otherwise, for every i we have

(A x By) = pu((A; x B) N H) + u((A; x B) N H)

SO
ZM(AZ- x B;) = Z,u((AZ- x B;))NH) + Z 1((A; x B;) N HE)
and then - - o
(U (As x By)) = (U2 (Ai x By) N H) + (U2, (A; x By) N HE).
But

1(S) + e > (U (A; x By)) = u(U2  (A; x B)) N H) + p(UR (A; x B)) N HY) >
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> p(SNH)+ p(SNHY),

contradicting the choice of €.

So let A = A; and B = B; be Borel sets such that H N (A x B) is not g-measurable.
Clearly, 0 < u(Ax B) < o0, 50 0 < HY?(A) < oo and 0 < H'(B) < oo. By |Fe, 2.10.45]
0 < H3?(A x B) < oo, therefore the two outer measures H'/2 x H' and H3/? restricted
to the Borel subsets of A x B are constant multiples of each other (apply [Kec, 17.41]
to A x B, which is a standard Borel space by [Kec, 12.B]). But both outer measures are
Borel regular, so they are constant multiples of each other in A x B as outer measures
as well. Thus H N (A x B) is also not H3/>-measurable, so H is not H>/>-measurable,

which completes the proof. ([l



Chapter 4

Solvability Cardinals and Systems of

Difference Equations

This chapter is devoted to the theory of solvability cardinals (see the definitions below).
As most results of the area have not been published yet, we present a brief summary
here. Everything mentioned in this summary (together with the basic definitions related
to solvability cardinals) is due to M. Laczkovich [La3]. Section 4.1 and 4.2 contain results

by the author.

Definition 4.0.1 A difference operator is a mapping D : R® — RF of the form

n

(Df)(z) = Zazf@ +b;),

i=1
where a; and b; are real numbers; that is D assigns to every function f a linear combi-

nation of certain translates of f.

Difference operators show up in various branches of analysis. They were probably
first defined in Fourier analysis, but they are also related to the theory of generalized
derivatives, to the notions of symmetric continuity and differentiability, to the so called

Difference Property and to group-algebras as well.

Definition 4.0.2 A difference equation is a functional equation

Df =y,



CHAPTER 4. SOLVABILITY CARDINALS 26

where g is a given function and f is the unknown, while a system of difference equations
is

where [ is an arbitrary set of indices.

A linear algebraic argument shows that such a system is solvable iff each of its finite
subsystems is solvable [La2]. However, if we are interested e.g. in bounded solutions,

then this result is no longer true. This motivates the following.

Definition 4.0.3 Let F C R be a class of real functions. The solvability cardinal of F
is the minimal cardinal x(F) with the property that if every subsystem of size less than
k(F) of a system of difference equations has a solution in F, then the whole system has

a solution in F.
The following results were proved by M. Laczkovich |La3].

1. 5K(R®) = w (this is a reformulation of the statement preceding the last definition).
2. k({f:|f| £1}) =w, but k({f : f is bounded}) = wy.

3. k({f : f is a trigonometric polynomial}) = wq, but ({f : f is a polynomial}) =
3.

4. k(C(R)) = wy, moreover, {f : fis a trigonometric polynomial} C F C C(R)

implies k(F) = w;.

Definition 4.0.4 cof(N) is the minimal possible cardinal of a family C of Lebesgue

negligible subsets of the reals such that every negligible set is covered by a member of

C.

(As the negligible Borel sets form such a family, cof (V) < 2¢.)

And so the last result of Laczkovich we mention reads as follows.

5. If M is the set of Lebesgue measurable real functions, then (cf(non(N)))* <
k(M) < (cof(N))*. Consequently, CH implies that k(M) = ws.
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Finally, the following question was posed by Laczkovich: What can we say about
k({f : f is Borel})? He noted, that he only expects a consistent answer. We give such

an answer in the next section.

4.1 Borel Solutions to Systems of Difference Equations

First we prove an auxiliary lemma.

Lemma 4.1.1 There exist non-empty perfect subsets {P, : a < 2“} of R and real
numbers {p, : a < 2*} such that

(Po+ Gos1) N (P +Gpa) =0 (a# B),
and for every o < 2¥

(Pa+g)N(Pat+g2) =0 (91,92 € Gag1,91 # G2),

where G, is the additive subgroup of R generated by {ps : B < a}.

Proof. Let P C R be a non-empty perfect set that is linearly independent over the
rationals [vN]. We can choose P, C P and p, € P (o < 2¢) such that P, N Pz = ()
for every a # [ and such that p, ¢ Ps for every a, < 2¢. It is a straightforward

calculation to check that all the requirements are fulfilled. 0

Theorem 4.1.2 x({f : f is Borel}) > ws.

Proof. For every a < w; let B, C P, be a Borel set of class a (that is not of any

smaller class). Define A, = B, + G, and also a system of difference equations:

Ap, [ = APQ(Z XA;;) (a <wi),

B<w1

where (A f)(x) = f(x 4+ h) — f(z) is what we originally called difference operator. We
claim, that every countable subsystem of this system has Borel solution, but the whole

system does not.
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To prove the first statement we have to check that for every a < w; the first «

equations have a common Borel solution. We show that the Borel function

Z XAg

B

will do. If v < 3, then Apg is periodic mod p,, so A, xa, = 0. Therefore, in view of the

properties required in Lemma 4.1.1, we obtain that for v < «

AP«/(Z XAg) = APW(Z XAB)y

B<wi BLa

which proves this part of the theorem.
In order to show that the whole system has no Borel solution it is sufficient to check
that the functions on the right hand side of the equations are of unbounded Baire class.

But this is not hard to see, as Ay, (D5, Xa,) restricted to P, equals —xg,. O

Corollary 4.1.3 It is consistent, that x({f : f is Borel}) = wy = (2¥)%.

Proof. The cardinal of the set of difference operators, as well as that of the set of Borel
functions is 2¥. Therefore the cardinal of the set of difference equations is also 2*, from
which we get x({f : f is Borel}) < (2¥)*. Thus C'H; that is wy = (2¥)* implies our

statement. O

Question 4.1.4 What can be said in ZFC?

Remark 1) By the above theorem we can always assume that every subsystem of
cardinal at most w; of the system we consider has a Borel solution. Let us assign to
every such subsystem the minimal o < w; for which it has a Baire « solution. We claim,
that the set of these « is bounded in w;. Indeed, if we could find subsystems of size
at most w; with arbitrarily large «, then the union of w;-many appropriate subsystems
would itself be a subsystem of cardinal w; without a Borel solution.

So if every subsystem of cardinal at most w; of a system has a Borel solution,

then there exists an a < w; such that every such subsystem has a Baire a solution.
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Consequently, in order to prove x({f : f is Borel}) = wy it would be sufficient to prove
k({f: f is Baire a}) < w, for every a < w;.

2) For 2 < a < w; the proof of the last theorem probably gives r({f
f is Baire a}) > wy. However, we still need an appropriate notion of rank for Baire «

functions, which we were able to neither define, nor find in the literature so far.

This remark shows why we are interested in solvability cardinals of Baire a functions.

The simplest case, namely C(R) is solved already. So we take one step further.

4.2 Baire 1 Solutions to Systems of Difference Equa-

tions

As opposed to the case 2 < o < w;, we conjecture that x({f : f is Baire 1}) = w;.
However, we can prove this in some special cases only. What makes these cases inter-
esting is that in almost all proofs and examples in this area, every difference operator
D is of the form D = Ay; that is (Df)(z) = (Anf)(z) = f(z+h) — f(x). In particular,

we shall show that the proofs of the previous section do not work in the Baire 1 case.

Theorem 4.2.1 Let D;f = g; (i € I) be a system of difference equations, and suppose
that for every i € I there exists h; € R such that D; = Ay,. Then if every countable

subsystem has a Baire 1 solution, then the whole system has one as well.

Proof. First suppose that the group G generated by {h; : i € I} is not dense in R. Tt
is well-known, that this implies that G = Zd for some d € R, so GG is countable. This
yields that there are only countably many distinct left hand sides of our equations. But
every pair of equations is solvable, so for a given left hand side there is only one possible
right hand side. Therefore we have only countably many distinct equations, and thus
the system is solvable by the assumption.

Now we may assume that G is dense. We can find a sequence i,, € I (n € N) such
that the group generated by {h;, : n € N} is also dense. By assumption, there exists a
common Baire 1 solution f* to the equations Ay, f = g;, (n € N). We claim, that f*

is a solution to the whole system.
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So let i € I be arbitrary. We have to prove Ay, f* = g;. As {h;} U{h;, : n € N} is

also countable, we can choose a Baire 1 function f; such that
Ap, fi = giand Ay, f1=g;, (n€N).
Put fo = f* — f1. Then for every n

Ahinf2 = Ahin(f* - f1) = Ahinf* - Ahinfl = Gi, — Yi, = 0,

thus f, is periodic mod h;, for every n. Therefore it is also periodic mod elements of
the group generated by {h;, : n € N}, which is dense in R. Hence f, must be a constant
function ¢, otherwise it would attain two distinct values on dense sets, so it would have
no point of continuity, which is absurd as f is Baire 1 [Kec, 24.15].

Thus

Ap f*=0p(i+(f = H)=An(fi+ o) =Anfi+ A fo=g+Apc=g+0=g,

which completes the proof. 0

In the rest of our chapter we take a small step towards proving x({f : f is Baire 1}) =
wy. We investigate the special case when every difference operator consists of at most

two terms. First we need two lemmas.

Lemma 4.2.2 Let a,b € R\ {0}. The solutions to the equation
fle+b)—af(zr)=0

are the functions of the form
(@) = o(x)(|al*)",

where ¢ is an arbitrary function periodic mod b if a > 0, and an arbitrary function
anti-periodic mod b if a < 0 (that is (x +b) = —p(x) for every z € R).
In addition, f is Baire 1 iff ¢ is Baire 1.

Proof. Straightforward calculations. O
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Lemma 4.2.3 Let ay,as, by, by € R\{0}. Suppose that the equations f(x+by)—aif(x) =
0 and f(x + by) —asf(x) = 0 have a common Baire 1 solution which is not identically

zero. Then |ai|" = |ag|'/".

Proof. Suppose that this is not true. Then by the previous lemma there exist two
Baire 1 functions ¢; and ¢, such that ¢;(x)(Jai]|/*)* = @a(z)(|as|'/")", where ¢, and
9 are periodic (or anti-periodic) mod by and by, respectively. We may assume that both
functions are periodic, otherwise we could consider ¢;(z) = ¢;(2x) for i = 1,2. We can

also assume that |a;|'/** < |a|'/*2, and therefore

p1(z) = pa(z)c”,

where ¢ > 1. Finally, as ¢ is not identically zero, we can also suppose (by applying an
appropriate translation if needed) that ¢;(0) # 0.

Since ¢ is periodic mod by, p1(nby) # 0 for every n € Z. As ¢* # 0, this yields that
pa(nby) # 0 for every n € Z, but ¢y is periodic mod bs, so pa(nby + kby) # 0 for every
n,k € Z. Consequently, p1(nb; + kbs) # 0 for every n, k € Z.

Let us now suppose that by /by € Q. Then ¢; and ¢y are periodic mod a common
value p. But it is easy to see that this is impossible, since ¢* # 1 when z # 0.

Therefore by /by ¢ Q. Then it is well-known that for every (non-singular) interval
I C R there exist integers n, k € Z with k arbitrarily large such that nb; + kb, € I. By
substituting kb, into the above equation we get @1 (kbs) = po(kby)c*? for every k € Z,
thus ¢1(kbs) = @2(0)c*2 for every k € Z. Therefore o, (nby + kby) = 2(0)c2 for every
n, k € Z, which yields that ¢; is unbounded on I. As I was arbitrary, ¢ is unbounded
on every subinterval of R. But ¢; is Baire 1, so it has a point of continuity, hence it

must be bounded on some interval, a contradiction. 0

Remark The above lemma is closely related to the well-known statements that the
identity function is not the sum of two measurable periodic functions, though it is
surprisingly the sum of two periodic functions (see e.g. [LR] or [Kel2]). Indeed, taking
logarithm in the above proof gives something very similar to this. The only problem is
that our functions can vanish at certain points, and so in our case the argument above

was more convenient.
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Theorem 4.2.4 Let D;f = g; (i € I) be a system of difference equations, and suppose
that every difference operator consists of at most two terms; that is for every i € I the

equation is of the form
0 Fa+ 0) + a0 fa+ 07) = g

Then if every countable subsystem has a Baire 1 solution, then the whole system has one

as well.

Proof. If any of the equations consists of a single term, then it has a unique solution,
so we are clearly done. Thus by applying a translation and then by multiplying by a

real number we may assume that every equation is of the form
f(x+b;) —aif(z) = gi.

Suppose first that for some 41,9, € I we have |a; |'/% # |a;,|"/%2. Then it easily
follows from Lemma 4.2.3 that the two corresponding equations have a unique common
Baire 1 solution. This clearly solves the whole system, as every triple of equations is
solvable.

b = ¢ for every i € I.

So we can assume that there exists a ¢ > 0 such that |a,]
If we now replace f by f(x)/c® (and modify g; appropriately), then our equations will
be of the form f(x +b;) £ f(z) = ¢g;. And then we can finish the proof by repeating
the argument of the proof of Theorem 4.2.4 with a modification; we choose two sets b;

separately for the two types of equations. 0



Chapter 5

Linearly Ordered Sets of Real Baire 1

Functions

The set-theoretic nature of the next chapter is two-fold. On one hand, the vast majority
of the results are based on techniques of Set Theory. On the other hand, when concluding
the chapter (Theorem 5.5.4 and Question 5.5.5) we consider consistency results.

The problem we are dealing with (basically following [EI2]) can be formulated as
follows.

Any set F of real valued functions defined on an arbitrary set X is partially ordered
by the pointwise order; that is f < g iff f(z) < g(x) for all z € X. In other words put
f<giff f(z) < g(z) for all x € X and f(z) # g(z) for at least one x € X. Our aim
will be to investigate the possible order types of the linearly ordered (or simply ‘ordered’
from now on) subsets of this partially ordered set, which is the same as to characterize
the ordered sets that are similar to an ordered subset of F. Here two ordered sets are
said to be similar iff there exists an order preserving bijection between them, and such
a bijection from an ordered set onto an ordered subset of F is often referred to as a
‘representation’ of the ordered set. We sometimes say that the set is represented ‘on
X’. An ordered set similar to a representable one is also representable, so we can talk
about ‘representable order types’ as well.

Since the functions in an ordered set are somehow ‘above each other’, one could think
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that this ordered set must be similar to a subset of the real line. As we shall see this is
far from being true.

The problem of finding long sequences in F; that is representing big ordinals has
been studied for a long time. It was Miklés Laczkovich who posed the question how one
can characterize the representable ordered sets, particularly in the case when X = R
and F is the set of Baire 1 functions. What makes this problem interesting is that
the corresponding questions about continuous (that is Baire 0) and Baire o functions
(av > 1) are completely solved. In the continuous case an ordered set is representable iff
it is similar to a subset of R (an easy exercise), and for av > 1 the question has turned
out to be independent of ZFC [Ko.

The known facts about the case = 1 are the followings. The first is a classical
theorem of Kuratowski asserting that there is no increasing or decreasing sequence of
length wy of real Baire 1 functions [Kur, §24. II1.2°|; that is w; is not representable (in
the sequel representable will always mean representable by real Baire 1 functions). The
other is Péter Komjath’s Theorem stating that no Souslin line is representable [Ko|. (A
Souslin line is a non-separable ordered set that does not contain an uncountable family
of pairwise disjoint open intervals; that is ccc but not separable. The existence of Souslin
lines is independent of ZFC' [Je, Theorems 48,50].)

The main goal of this chapter is to present a few constructions of representable
ordered sets which show that Kuratowski’s Theorem is ‘not too far’ from being a char-
acterization. In Section 2 we prove that certain operations result representable order
types, and then in Section 3 and 4 we show that everything is representable that can be
built up by certain steps, like forming countable products or replacing points by ordered
sets.

We would also like to point out that if we restrict ourselves to the case of character-
istic functions, we arrive at the problem of families of sets linearly ordered by inclusion.
Indeed, x4 < xp iff A & B. The case of real Baire 1 functions corresponds to the
problem of representing ordered sets by ambiguous subsets of the real line. (A set is
called ambiguous iff it is F, and Gs at the same time.) It is not hard to check that

almost everything proved in this chapter is valid for this case as well, moreover, a kind
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of characterization of ordered sets that are representable by ambiguous sets is given in
the last section.

For a topological space X the set of order types representable by real valued Baire 1
functions is denoted by R(X). The set of order types representable by ambiguous
subsets is denoted by Ro(X).

5.1 Preliminaries
We shall frequently use the following simple lemma.

Lemma 5.1.1

(i) Let X and Y be metric spaces, f : X — R Baire 1 and g : Y — X continuous.
Then fog:Y — R is Baire 1.

(ii) Let X be a metric space and X, C X (n € N) F,, sets such that X =J,—, X,,. If
f: X — R is relatively Baire 1 on each X,, (n € N) then f is Baire 1.

Let us first consider the following question, which shall be a useful tool in the sequel.
Which Polish spaces are equivalent to the real line in the sense that the same ordered
sets can be represented on them? We shall ignore the countable metric spaces as it is
easy to see that if an order type is representable on such a space then it is similar to a

subset of the real line. Denote by C' the Cantor set.

Theorem 5.1.2 R(X) = R(C) = R(R) for any o-compact uncountable metric space
X.

Proof. It is obviously enough to prove the first equality. Let X be compact for the
time being, then a classical theorem asserts that there exists a continuous surjection
F:C — X [Kur, §41, VI.3a|. If {f, : @ € I'} is an ordered set of Baire 1 functions
defined on X, one can easily verify that {f, o F' : a € I'} is also ordered, similar to
the former ordered set as a consequence of the surjectivity of F' and consists of Baire 1

functions defined on C' by lemma 5.1.1.
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In the general case X = U2, X, where X,, C X is compact and let again be
{fa : @ € '} an ordered set of Baire 1 functions on X. We shall show that this set is
representable on the interval [0, 1] and therefore on C' as well, since [0, 1] is a compact
metric space and we can apply what we have proven in the previous case.

Fix a set H, C (£, —=7) for each n € N homeomorphic to the Cantor set and also
a homeomorphism g, : H, — C. We can choose furthermore continuous surjections
F,:C — X, (n € N) since X,, is a compact metric space. Now we represent the set in

the following way. For each a € I let

faoF,o0g, on H, (n€N)
Jo =
0 on [0,1]\ U, H,,.

Indeed, the map g, — fo (o € T') turns out to be a similarity as F, o g, is surjective
and moreover in view of Lemma 5.1.1 it is straightforward to verify that g, is a Baire 1
function on [0, 1] for each o € T

In order to check the opposite direction let {f, : @ € T'} be an ordered set of Baire 1
functions on the Cantor set. According to a classical theorem every uncountable compact
metric space contains a subspace homeomorphic to C [Kur, §36, V.1|, which easily
generalizes to the case of uncountable o-compact metric spaces since if X = Uy X,
X, compact, then at least one X, is uncountable. We can therefore fix a homeomorphism
h:C —Y C X and for a € I let

B faoh™ onY
go 0 on X \Y.

One can easily prove in the above manner that this is an ordered set of Baire 1 functions

similar to the above one. [l

As the next corollary shows, the above theorem implies the surprising fact that all
the complicated ordered sets represented in the following sections are also representable

by functions of connected graphs.

Corollary 5.1.3 A representable ordered set is also representable by Darboux Baire 1

functions and consequently by Baire 1 functions of connected graphs.



CHAPTER 5. LINEARLY ORDERED SETS OF BAIRE 1 FUNCTIONS 37

Proof. It is well-known that the graph of a Baire 1 function is connected iff it is Darboux
[Br, I1.1.1]. By the previous theorem we can assume that the set is represented on the
Cantor set. It is not hard to extend the representing functions by a common continuous
function to the complement of the Cantor set which makes the representing functions
Darboux and Baire 1 by Lemma 5.1.1. 0

Next we show that there are at most two distinct possible sets R(X) for all uncount-

able Polish spaces X.
Theorem 5.1.4 R(X) = R(R\ Q) for any non-o-compact Polish space X .

Proof. We apply the argument of Theorem 5.1.2. In one direction we use that every
Polish space is the continuous image of the irrationals [Kur, §36, II.1|, while in the
other direction we apply Hurewicz’s Theorem [Kec, Theorem 7.10| asserting that every
non-o-compact Polish space contains a homeomorphic copy of the irrationals as a closed

subspace. 0

This leaves the question open whether all uncountable Polish spaces are equivalent

or not.
Question 5.1.5 Does R(C) = R(R\ Q) hold?

Remark In order to give an affirmative answer it would be enough to prove that every
ordered set of Baire 1 functions on the irrationals can be represented by Baire 1 functions
on the reals. Indeed, on one hand every uncountable Polish space contains a subset which
is homeomorphic to the Cantor set [Kur, §36, V.1|, and on the other hand every Polish
space is the continuous image of R\ Q hence the above argument works.

Moreover, it can be shown that a Baire 1 function defined on the irrationals can be
extended to the reals as a Baire 1 function, but so far we were unable to do this in an

order preserving way.
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5.2 Operations on Representable Ordered Sets

Now we investigate whether the class of representable sets are closed under certain
operations. We shall make use of these operations when constructing complicated rep-

resentable ordered sets.

Definition 5.2.1 For an arbitrary ordered set X we call X x {0,1} with the lexico-
graphical order the duplication of X.

Question 5.2.2 Is it true that the duplication of a representable set is also repre-

sentable?
In most cases this question can be replaced by the following statement.

Statement 5.2.3 Let X be an ordered set such that the duplication of X s repre-
sentable. Then so is the ordered set obtained by replacing every x € X by a representable

set Yy; that is {(z,y) : ©x € X,y € Y, } with the lexicographical order.

Proof. First we replace the points of the real line by uncountable closed sets in the
following way. Let P : [0,1] — [0, 1]* be a Peano curve, that is a continuous surjection,
and let P be its first coordinate function. Then P; : [0,1] — [0, 1] is also a continuous
surjection, moreover the preimages P; ' ({c}) are uncountable closed sets for all ¢ € [0, 1].
In virtue of Theorem 5.1.2 we may assume that the duplication of X is represented on
[0, 1] by the pairs of functions f, < g, (x € X). If we consider the functions f, o P, and
gz © Py we obtain a similar ordered set of Baire 1 functions, but in the latter set any two
distinct elements differ on an uncountable closed sets, for if f, and g, attained different
values at c, then f, o P and g, o P, differ on P *({c,}). Since this is a compact metric
space we may assume that Y, is represented on it. By composing with a increasing
homeomorphism between R and the interval (f,.(c;),gz(c:)) we also can assume that
the functions representing Y, only attain values between f,(c,) and g.(c.).

Now we claim that the following representation will do. For x € X and y € Y, let

i = { foo Py on 0,1\ P ({ex)
(z:y)

the function representing y on P '({c.}).
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These functions are easily seen to be Baire 1 so what remains to show is that the

representation is order preserving. In the first case 1 < x5 so f;, < ¢, hence
h(l“l,yl) < gm0 P < fo, 0P < h($27y2)‘

Finally, in the second case w1 = 7o = x and y; < yp. Obviously Ay, and h(gy,)
differ on P;*({c,}) only, where they are defined according to the order of Y, therefore
h(Lyl) < h(x7y2). O

Statement 5.2.4 Let X be an ordered set such that the duplication of X 1is repre-

sentable. Then X* endowed with the lexicographical order is also representable.

Proof. As in the previous proof we can represent the duplication of X such that
for every © € X the representing functions f,, g, : R — [0,1] are different constant
functions on a suitable Cantor set C',. Denote d, the difference of these two values. In
the next step, for every fixed x; € X let us represent the duplication of X on C,, in the
same manner as above; that is for each zo € X let fu, 45, G120 : R — [0,min(3, dy, )]
be zero outside C,, such that they are different constants on a suitable Cantor set
Cer oy C Cpy. Let dg, ,, denote the difference of the two values. Then we proceed
inductively and make sure that 0 < fo, 20000 orpwns: < min(%,dwhn,,xn). It is not

hard to see that -
(Il, o, . . ) = Z fx1,...,zn
n=1

is the required representation, as the uniform limit of Baire 1 functions is Baire 1 itself
[Kur, §31, VIII.2|. O

Remark Instead of using the same set X at each level, we can prove in exactly the same
way that if the duplication of X, is representable for every n € N then so is [[°7; X,
and more generally we can also use different sets at a level; that is we can correspond a

set Xy, .z, toeach zq,...,x,.

However, we do not know the answer to the question concerning longer products.

As a simple transfinite induction shows, the following two questions are equivalent.
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Question 5.2.5 Is it true that if the duplication of X is representable, then the dupli-
cation of X% is also representable? Or equivalently, is it true, that if the duplication of

X is representable, then so is X for every a < wq?

Corollary 5.2.6 Suppose that the duplications of representable orders are also repre-

sentable. Then X is representable for every representable X and o < wy.

Proof. We prove this by induction on a. If & = 8+ 1 then X is similar to X” x X.
But X7 is representable by the inductional hypothesis, so is its duplication by our
assumption, therefore we can apply Statement 5.2.3 and we are done.

If v is a limit ordinal, then [0, «) can be written as the disjoint union of [, a,+1) for
a suitable sequence «,, (n € N). The interval [a,, a,,11) is similar to an ordinal (3, < «,

so X is similar to [[°7, X8 and we are again done by the previous remark. ([l

Remark As above, we can generalize this result as well to Hﬁ <o Xp and also to the

case when at each level we correspond an arbitrary representable set to each point.

Next we pose another question.

Question 5.2.7 Is it true that the completion (as an ordered set) of a representable

ordered set is also representable?

Definition 5.2.8 Let X and X,, (n € N) be ordered sets. We say that X is a blend
of the sets X, if there exist pairwise disjoint subsets H, C X (n € N) such that
X =UX  H, and H, is similar to X,,.

Statement 5.2.9 Suppose that duplications and completions of representable sets are

also representable. Then so is a blend X of the representable sets X,,.

Proof. Let H, be as in the definition. By the hypothesis the completion of H,, x {0, 1}
is representable for each n € N and we may assume that it is represented on the interval

(n,n+1). Let z € X; that is x € H,, for exactly one n, and let

the function representing (z,0)  on (n,n+ 1)
the function representing
sup{(y,i) € H,, x {0,1} :y <z} on (m,m+1)if m#n

0 elsewhere,
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where ‘sup’ means supremum according to the order of the completion of H,, x {0,1}.
fr is Baire 1 as the usual argument shows so we only have to check that this latter set
of functions is similar to the original one. Let z,y € X, v < y and z € Hy, y € H; for
some k and [. If £ = [ then f, < f, is obvious while if k # [ then one can easily check
that f, < f, on (k,k+ 1), ({,l + 1) and on the complement of their union, moreover
fu # fy on (k,k+ 1) since f, is not less here then the function representing (z,1). O

5.3 The First Construction

In the sequel we present a few constructions of representable sets which have such a rich
structure in some sense that we may hope to be able to produce all the representable

order types this way.

Definition 5.3.1 Let a be an ordinal number and I = [0, 1]. We denote by I the set

of transfinite sequences in I of length a with the lexicographical order (i.e. I* = {f :
fra—1I}and f < giff f(7) =g(7y) and f(5) < g(B) for some 3 and every v < f3).

When o > wy, then due to Kuratowski’s Theorem |Kur, §24, 111.2°|, I* is not repre-

sentable as it contains a subset of type w;. However the following holds.
Theorem 5.3.2 [ is representable for all o < wy.

Proof. For a < w the assertion follows from Statement 5.2.3 by induction. Denote
by H =[]2,[0,1] the Hilbert cube; that is the topological product of countably many
copies of the closed unit interval. It is well-known that H is a compact metric space so
it is sufficient to represent I* on H. We show that this is possible even by characteristic
functions, in other words there exists a system of ambiguous subsets of H which is
of order type I“ when ordered by inclusion. First we define an order of type I* on
H. As a < w; there exists a bijection ¢ : N — « so we can assign to each element
a = (a1, as,...) € H a transfinite sequence x = (ay») : n € N). Since this is a bijection
between H and ¢ it induces an order of type I“ on H which we shall denote by <g.
We claim that the sets of the form H, = {y € H : y <y x} constitute a system of sets
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possessing all the properties we need. First of all H, & H, iff v <y y thus {H, : v € H}
is of order type I*. We still have to check that H, C H is ambiguous for all z € H.
First we show that it is F,. Indeed,

H, = (ﬂ {W,92,--) € H:ypi0) = T} N {Yp1) < %—%m})

B<a \v<p

so it is sufficient to check that the members of the union are F), sets, but this is obvious
as they are intersections of certain closed sets and an open set.

Similarly {y € H : v <gy y} is also F,, and as {z} is F,,, H, is the complement of
an F, set hence Gs. O

In view of Kuratowski’s Theorem it is natural to ask whether every representable set
can be embedded into /¢ for a suitable @ < w;. We show in two steps that this is not

true.
Lemma 5.3.3 %" cannot be embedded into I¢ for any o < wy.

Proof. Suppose on the contrary that f : It — [% is an order-preserving injec-
tion and let f = (fo, f1,.-., fs,...) where fz : I*™' — [ (8 < «) are the coordinate
functions. As fo : I*" — I is monotone, and for distinct values of ¢ € I the con-
vex hulls of the sets fo({zo,...,28,...,24 : &y = ¢}) are non-overlapping intervals in
I, all but countably many of them are singletons. Therefore we can fix ag such that
fo((ag,z1,...,28,...,24)) is constant. Once we have already chosen a., for each v < 8
such that f,((ao,..., @y, Ty41,-..,24)) is constant then as before for distinct values of
x3 we obtain essentially pairwise disjoint image sets and thus we can fix ag € I such

that fs((ao,...,as,g41,...,%,)) is constant. But then eventually we get

f((ag,...,ap,...,0)) = f((ao,...,ap,...,1)),

contradicting the injectivity of f. U

Statement 5.3.4 There exists a representable set that is not embeddable into 1 for

any o < wy.
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Proof. The duplication of the real line is representable as it is similar to a subset of
I?, hence if we replace w; arbitrary points of R by the sets I* (o < w;) we obtain a
representable set. In virtue of the previous lemma and Statement 5.2.3 this set possesses

the required property. U

This negative result shows how to go on to find new representable sets by iteration.

Definition 5.3.5 Let H be an arbitrary set of ordered sets. We define an increasing
transfinite sequence S, (a € On) of sets as follows.

Let Sy = HU{0} and S, be the set of ordered sets that can be obtained by replacing
the points of a set X € (Jz_, Sp by sets Y € Uy, S5 (z € X).

Finally, let S(H) denote the set of order types of (J .0, Sa-

Lemma 5.3.6 S(H) is a set indeed as there exists an ordinal o such that Sz = S, for
every 3 > a.

Proof. Let k be a infinite cardinal such that |H| < k for every H € H. A simple
transfinite induction shows that |X| < k for all X € S, and o € On. We choose a
cardinal p of cofinality greater than s (e.g. 27), and claim that o = p will do.

First we show that S, = (J;_, Ss. Choose X € S,; that is Y, Z, € U,_,, Sp and fix
B,y <a(ye€Y)suchthat Y € Sgand Z, € Sg, (y €Y). The set {B}U{B,:y €Y}
is at most of power k which is less then the cofinality of o thus we can find a §* < «
such that 3,8, < 8* (y € Y). But then X € S5 C Uz, S5

Secondly, we check by transfinite induction that Sg = S, for all 3 > a. Suppose

Sy =8, for a <y < [ andlet X € Sg; thatis Y, Z, € |J.,_,5,. However,

v<p
UsS =l Sa=58.=]5s
v<B 7<B <a
which implies X € S, by repeating the above argument. U

Theorem 5.3.7 If H is a set of ordered sets such that the duplications of the elements

of H are representable, then the elements of S(H) are also representable.
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Proof. We prove by transfinite induction on « the seemingly stronger statement that
even the duplications of elements of S(H) are representable. For a = 0 this is just a
reformulation of our assumption. Suppose now that the statement holds for all § < «
and let X € S,; that is Y, Z, € Us., Sp- As Z, € Up., S5 Zy % {0,1} is representable
by the inductional hypothesis. Moreover if we replace the points of Y by the sets
Z, x {0,1} what we obtain is exactly the duplication of X, which therefore turns out
to be representable as by the inductional hypothesis Y x {0, 1} is representable and so
we can apply Statement 5.2.3. O

Definition 5.3.8 If H is a set of ordered sets, then let
HY ={Y:Y C X¥ X € H},

and let H* be the closure of H under the operations X — X“ (o < wy). (This closure

can be formed by a similar transfinite construction as S(H).)

Corollary 5.3.9 If H is a set of ordered sets such that the duplications of the elements
of H are representable, then the elements of S(H)¥ are also representable. This holds

even for S(H)*, assuming that the duplications of representable sets are representable.

Remark 1) We could define similar notions with products instead of powers, or even
with the more complex constructions mentioned in the remark following Statement 5.2.4,
but in fact we would not get more, as in the case we are interested in, there are always
at most continuum many sets involved, thus we can put them together (e.g. replace the
points of R by them) to form a huge set X that contains each of them, and so the power
of this set X contains subsets similar to all these above constructions.

2) If we begin our procedure of building large representable orders, we can start
with some set of simple ordered sets, for example the ones representable by constants
or even continuous functions. In both cases we have H = {R}. It is not hard to prove
that we will not get too far this way as I will not be in S(H). (The proof goes by
transfinite induction. Note that any non-trivial subinterval of /“ contains a copy of

I¥ and that building up a set X by replacing each element y of a set Y by X, is the
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same as partitioning X into subintervals that are ordered similarly to Y such that each
subinterval is similar to the corresponding X,.) Therefore we prefer starting with the
set of ‘unboundedly wide trees’, {I%: a < w;}.

3) According to the previous theorems S({/® : @ < w;}) contains order types of
representable duplication only, as the duplication of I is a subset of I**!. However,
SH{I* : a < w}) # R(R) as every element of the former set contains a non-trivial
subinterval that is similar to a subset of I for some «, while if X is as in the proof of
Statement 5.3.4, then X* does not. Therefore S({I* : o < wy})¥ is a strictly larger class
of representable orders. This holds for S({I® : @ < w;})* as well, under the assumption
about duplications.

It seems quite plausible that if we are allowed to replace points by arbitrarily large
sets of the form I (of course @ < wy), and allowed to form countable products, then
we can build up every set not containing a sequence of length w;. Moreover it can be
shown that S({I® : & < w;})* is closed under duplication, completion and blends. (The
definition of these notions for order types instead of ordered sets is obvious.) Together

with Kuratowski’s Theorem this motivates the following question.

Question 5.3.10 Does either S({I* : a < w1})* = R(R) or S({I*: a < w1 })* = R(R)
hold?

5.4 The Second Construction

Now we turn to another approach of the problem which results in a notion very similar

to S(H).

Statement 5.4.1 Let {f, : « € T'} be an ordered set of functions defined on a second
countable topological space and possessing the Baire property. If any two functions differ

on a set of second category then the ordered set is similar to a subset of the real line.

Proof. Recall that an ordered set is similar to a subset of R iff it is separable and does

not contain more than countably many pairs of consecutive elements.
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First we prove separability. Let X be the second countable space and suppose for
the time being that X is a Baire space; that is every non-empty open subset is of second
category. Denote by B a countable base of the space not containing the empty set.
We construct a countable dense subset M of {f, : @ € T'} in the following way. If for
U,V € Band p,q € Q there exists h € {f, : @ € '} such that p < h on a residual subset
of U and h < q on a residual subset of V' then we choose such an h. M is obviously
countable and to verify that it is dense let (f, g) be an open interval of the ordered set.
If this interval is empty then we are done so we may assume that there exists an element

ho of the ordered set in the interval. Obviously

X(f<ho)=UX(f<p<ho)

peQ

and
X(ho<g)=|JX(ho<q<y)
q€Q
where the sets on the left hand side are by assumption of second category hence for some
pand ¢ X(f < p < hy) and X(hg < ¢ < g) are of second category as well. It is easy
to see that a set of second category which also possesses the Baire property is residual
in some non-empty open subset, moreover this open set can be chosen to be an element
of B. As f, g and hy have the Baire property X (f < p < hg) and X (hy < g < g) have
it as well so we can find U,V € B in which these sets are residual respectively. But
this means that for U,V € B and p,q € Q there exists an element of the ordered set,
namely hg, satisfying all the conditions of the definition of M so there must be such an
element h € M as well. We show that h € (f,g). X is a Baire space hence U is not
of first category therefore there exists © € U for which f(z) < p < h(x) and similarly
y € V for which h(y) < ¢ < g(y). But this implies f < h < g proving the separability.
Let now f; < g; (i € I) be distinct consecutive elements in the ordered set. Like
above, for every 7 € [
X(fi<gi)= UX<fi <p<gi)
peQ
hence for a suitable p; X (f; < p; < g;) is of second category and we can thus fix U; € B

in which this set is residual. We show that the map i — (p;, U;) is injective which implies
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that I is countable. Indeed, if i # ¢ and (p;,U;) = (ps,Uy) = (p,U) than, as U is of
second category, we obtain that for some z € U f;(z) < p < gi(x) and fir(z) < p < gi(2)
contradicting the consecutiveness of the pairs.

Finally, if X is not a Baire space than as a consequence of Banach’s Union Theorem
|[Kur, §10, ITI| we can write it as X = G U A where G is an open subset which is a
Baire space as a subspace and A is of first category. If we consider the restrictions of
the functions to G we obtain a similar ordered set as any two functions differ on a set of
second category in X hence they can not coincide on G. In fact, by the same argument
they differ in GG on a set of second category and thus we can apply what we have proven

in the previous case. 0]

This statement enables us to simplify the structure of a represented set X in the
following way. Zorn’s lemma implies that we can find a maximal subset of X in which
every two elements differ on a set of second category. As this subset must be separable
we can choose a countable dense subset M of it. The maximal intervals of X \ M are
of a simpler structure than X since any two elements of such an interval coincide on
a residual set, moreover it follows from Kuratowski’s Theorem that all elements of the
interval coincide on a common residual set. We can thus go on and repeat this procedure

inside this residual set. This motivates the following.

Definition 5.4.2 Let H be an arbitrary set of ordered sets. We call elements of H and
the empty set sets of rank 0. For an ordinal o we say that an ordered set X is of rank
at most « if there exists a countable subset M C X such that all maximal intervals [
of X \ M are of rank at most [ for some 3 < a where  may depend on I. The class of
ordered sets of rank at most « is denoted by T,.

Finally, let 7 (H) be the set of order types of |J,co, Ta-

Lemma 5.4.3 If X s a set of rank at most « then it is similar to a set obtained by

replacing the points of R by elements of Uﬁ<a Tjs.

Proof. Let M C X be the countable subset as in the definition. Recall that every
countable ordered set can be embedded into Q and fix a ¢ : M — Q order preserving

injective map.
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A maximal interval I of X \ M splits M into two parts M; and M, in a natural way.
Define
F(I) =sup{p(x) : x € M},

where we may assume the supremum to be finite as we may attach a first and a last
element to X which may also be elements of M. Now if 1, I and I3 are distinct maximal
intervals following each other in this order then we can find an element x € M between
Iy and I, and y € M between I, and I3 therefore F(I;) < F(I3) as ¢(x) < ©(y).
Similarly, F'(I;) = F(I3) implies that there is exactly one x € M between [; and Is.
Consequently we can map X to the real line via ¢ and F' in an order preserving way
such that the preimage of a real number is one of the followings: the empty set, a single
point, a maximal interval, a maximal interval plus an extra point to the left or right or
two intervals and a point in between. But these sets are obviously elements of (5., T

hence the lemma follows. [l

Corollary 5.4.4 IfR € H then T(H) C S(H) thus T (H) is a set indeed.

Corollary 5.4.5 If the duplication of every element of rank 0 is representable then so

is every element of T (H).

Remark 7 (H) = S(H) fails in general as the examples H = {R} or H = {X : X C [}
show, since in both cases 7 (H) is a subset of the order types of {X : X C I“}.

However, the following question is open.
Question 5.4.6 Does S({I* :a < w1}) =T{I*:a <wi}) or SHIY: a < w })¥ =
THI* :a<wi})? or SH{IY:a<w})* =THI*: a <wi})* hold?
5.5 Concluding Remarks

First we give a characterization of Ro(R), which in fact does not show too much about

the structure of these orders. This is motivated by the way our constructions worked.
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Theorem 5.5.1 An ordered set X is representable by ambiguous sets iff there exists an
order on a compact metric space such that certain initial segments are ambiguous and

ordered similarly to X by inclusion.

Proof. If we have such an order then of course the initial segments will do. Conversely,

let {H, : x € X} be a representation by ambiguous sets. Let
a < biff 3r € X such that a« € H, and b ¢ H,.

One can easily see that this is a partial order on the compact metric space. By Zorn’s
lemma every partial order can be extended to an order, thus denote <* such an extension.
We only have to show that H, is an initial segment indeed of <* for each x € X. So
let a € H,, b <* a and show that b € H,. If this was not true then b ¢ H,, a € H, and
b <* a would hold, which contradicts the definition of <*. O

Question 5.5.2 Does R(R) = Ro(R) hold?
One can show that this is equivalent to the following.

Question 5.5.3 Suppose X 1is representable. Is it also representable by Baire 1 func-

tions that attain irrational values only?

To summarize our results we may say that the class of representable ordered sets
seems to be quite close to the ones not containing sequences of length w;. Our last

theorem asserts that one actually can not prove in ZF (' that these two classes coincide.

Theorem 5.5.4 The statement that a set is representable iff it does not contain a se-

quence of length wy is not provable in ZFC.

Proof. A Souslin line does not contain such a long increasing sequence otherwise
{(Za,Tat2) + @ < wy is a limit ordinal} would be an uncountable system of pairwise
disjoint non-empty open intervals. The case of decreasing sequences is similar. Therefore
in view of Komjath’s Theorem and the independence of the existence of Souslin lines

the theorem follows. O

Finally we pose a fundamental question.
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Question 5.5.5 Is it consistent with ZFC' that an ordered set is representable iff it

does not contain a sequence of length wy ?



Chapter 6

Transfinite Sequences of Functions on

Metric Spaces

In this chapter our aim will be to investigate the possible lengths of the increasing
or decreasing well-ordered sequences of functions with respect to the order defined in
Chapter 5. As we have already mentioned, a classical theorem [Kur, §24.11I, Theorem
2’| asserts that if F is the set of Baire 1 functions defined on a Polish space X, then there
exists a monotone sequence of length £ in F iff { < w;. P. Komjath [Ko| proved that
the corresponding question concerning Baire a functions for 2 < a < w; is independent
of ZFC.

In the present chapter we investigate what happens if we replace the Polish space X
by an arbitrary metric space. (These results can be found in [EK].)

Section 6.1 considers chains of continuous functions. We show that for any metric
space X, there exists a chain in C'(X,R) of order type £ iff |{] < d(X). Here, d(X)
denotes the density of the space X; that is

d(X) = max(min{|D|: D C X & D = X}, w)

In particular, for separable X, every well-ordered chain has countable length, just as for
Polish spaces.
Section 6.2 considers chains of Baire 1 functions on separable metric spaces. Here,

the situation is entirely different from the case of Polish spaces, since on some separable
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metric spaces, there are well-ordered chains of every order type less than ws. Further-
more, the existence of chains of type ws and longer is independent of ZFC + —CH.
Under MA, there are chains of all types less than (2¥)", whereas in the Cohen model,

all chains have type less than ws.

6.1 Sequences of Continuous Functions

Lemma 6.1.1 For any topological space X : If there is a well-ordered sequence of length
¢ in C(X,R), then £ < d(X)*.

Proof. Let {f, : @ < &} be an increasing sequence in C(X,R), and let D C X be
a dense subset of X such that d(X) = max(|D|,w). By continuity, the f,[D are all
distinct; so, for each o < &, choose a d, € D such that f,(d,) < fat1(ds). For each
d € D the set E; = {a : d, = d} is countable, because every well-ordered subset of R is
countable. Since { = J,cpp Fa, we have |§| < max(|D|,w) = d(X). O

The converse implication is not true in general. For example, if X has the countable
chain condition (ccc), then every well-ordered chain in C(X,R) is countable (because

X x R is also ccc). However, the converse is true for metric spaces:

Lemma 6.1.2 If (X, o) is any metric space and < is any total order of the cardinal
d(X), then there is a chain in C(X,R) which is isomorphic to <.

Proof. First, note that every countable total order is embeddable in R, so if d(X) = w,
then the result follows trivially using constant functions. In particular, we may assume
that X is infinite, and then fix D C X which is dense and of size d(X). For each n € w,
let D,, be a subset of D which is maximal with respect to the property Vd,e € D, [d #
e — o(d,e) > 2*7"]. Then |, D, is also dense, so we may assume that | J, D, = D.
We may also assume that < is a total order of the set D. Now, we shall produce
fa € C(X,R) for d € D such that f; < f. whenever d < e.

For each n, if ¢ € D,,, define ¢"(z) = max(0, 27" — o(z,c)). For each d € D, let
v =>{¢lr:ce D, & ¢ < d}. Since every z € X has a neighborhood on which all
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but at most one of the ¢ vanish, we have ¥} € C(X,[0,27"]), and 9]} < ¢? whenever
d < e. Thus, if we let f; =" _ 47, we have f; € C(X,[0,2]), and fq < f. whenever
d < e. But also, if d € D,, and d < e, then ¢}(d) = 0 < 27" = ¢?(d), so actually
fa < fe whenever d < e. O

Putting these lemmas together, we have:

Theorem 6.1.3 Let (X, 0) be a metric space. Then there exists a well-ordered sequence
of length £ in C(X,R) iff £ < d(X)T.

Corollary 6.1.4 A metric space (X, o) is separable iff every well-ordered sequence in
C(X,R) is countable.

6.2 Sequences of Baire 1 Functions

If we replace continuous functions by Baire 1 functions, then Corollary 6.1.4 becomes
false, since on some separable metric spaces, we can get well-ordered sequences of every
type less than w,. To prove this, we shall apply some basic facts about C* on P(w). As
usual, for z,y C w, we say that  C* y iff z\y is finite. Then  C* y iff z\y is finite and
y\z is infinite. This C* partially orders P(w).

Lemma 6.2.1 If X C P(w) is a chain in the order C*, then on X (viewed as a subset

of the Cantor set 2 = P(w)), there is a chain of Baire 1 functions which is isomorphic
to (X, C*).

Proof. Note that for each x € X,

fyeX:ycray=Jlye X:Vnzmyn) <)}

mew

which is an F, set in X. Likewise, the sets {y € X : y D" =}, {y € X : y C* z},
and {y € X : y D" x}, are all F,, sets in X, and hence also Gy sets. It follows that if
fz : X — {0,1} is the characteristic function of {y € X : y C* x}, then f,: X - Risa
Baire 1 function. Then, {f, : z € X} is the required chain. [l
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Lemma 6.2.2 For any infinite cardinal k, suppose that (P(w),C*) contains a chain
{0 a <k} (ie, a<f— x4 Cxg}). Then (P(w),C*) contains a chain X of size Kk
such that every ordinal £ < k™ is embeddable into X.

Proof. Let S = U1§n<w K" Fors = (ay1,...,0n_1,0,) € S, let sT = (ay,..., 01, an+
1). Starting with the x(,) = 4, choose x, € P(w) by induction on length(s) so that
Ts = To~0 C" Ts~q C" T3~ C" xe+ whenever s € S and 0 < o < f < K. Let
X ={zs:s € S}. Then, whenever x,y € X with x C* y, the ordinal  is embeddable
in (z,y) ={z € X :2 C* 2z C* y}. From this, one easily proves by induction on £ < k™
(using cf(§) < k) that £ is embeddable in each such interval (z,y). O

Since P(w) certainly contains a chain of type w;, these two lemmas yield:

Theorem 6.2.3 There is a separable metric space X on which, for every & < wq, there

15 a well-ordered chain of length & of Baire 1 functions.

Remark This sharpening of my original version (I only proved that uncountable chains

exist) is due to K. Kunen.

Under CH, this is best possible, since there will be only 2* = w; Baire 1 functions
on a separable metric space, so there could not be a chain of length ws. Under =CH,
the existence of longer chains of Baire 1 functions depends on the model of set theory.
It is consistent with 2 being arbitrarily large that there is a chain in (P(w), C*) of type
2¢; for example, this is true under MA [vD]. In this case, there will be a separable X
with well-ordered chains of all lengths less than (2*)". However, in the Cohen model,
where 2 can also be made arbitrarily large, we never get chains of type wy. We shall

prove this by using the following lemma, which relates it to the rectangle problem:

Lemma 6.2.4 Suppose that there is a separable metric space Y with an wo-chain of
Borel subsets, {B, : @ < wa} (s0, a < f — B, ; Bg). Then in wy X wa, the well-order
relation < is in the o-algebra generated by the set of all rectangles, {S x T : S,T €

P(u)g)}.
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Proof. Each B, has some countable Borel class. Since there are only w; classes, we
may, by passing to a subsequence, assume that the classes are bounded. Say, each B,
is a X)) set for some fixed p < w;.

Let J = w®, and let A C Y x J be a universal 22 set; that is, A is EZ inY xJ
and every Y subset of Y is of the form A7 = {y : (y,j) € A} for some j € J [Kur,
§31]. Now, for a, 3 < ws, fix yo € Bay1\Ba, and fix jg € J such that A% = Bg.
Then o < B iff (ya,js) € A. Thus, {(Ya,js) : @ < [ < wy} is a Borel subset of
{Yo : @ < wo} x {jsg : B < wa}, and is hence in the o-algebra generated by open

rectangles, so <, as a subset of ws X wy, is in the o-algebra generated by rectangles. [J

Theorem 6.2.5 Assume that V[G] is an extension of V' by > wo Cohen reals, where
the ground model, V', satisfies CH. Then in V[G], no separable metric space can have

a chain of length ws of Baire 1 functions.

Proof. By [Kun], in V[G], the well-order relation in wy X ws is not in the o-algebra
generated by all rectangles. Now, suppose that {f, : @ < wy} is a chain of Baire one
functions on the separable metric space X. Let B, = {(z,7) € X xR : r < f,(2)}.
Then the B, form an ws-chain of Borel subsets of the separable metric space X x R, so

we have a contradiction by Lemma 6.2.4. ([l

Remark In my original version I used Q-sets [Ha| to show that long chains of Baire 1
functions exist, and proved the other direction in the above way (Lemma 6.2.4 and
Theorem 6.2.5). Then K. Kunen replaced the Q-set argument by the stronger above

one, using the C*-idea.
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Summary

Problems in real analysis are often of set-theoretic nature. On one hand in some cases
the question itself involves set theory, and on the other hand many questions can be
answered using methods of set theory. This is the case for example when a statement
turns out to be independent of ZFC. In my dissertation I collect my results of this
type.

In Chapter 1 we deal with the problem of existence of measurable envelopes. We
prove among others that in the case of Hausdorff measures in Euclidean spaces this
question is independent of ZFC'.

The main result of Chapter 2 is that the existence of Hausdorff measurable Sierpinski
sets is also independent.

In Chapter 3 we investigate the connection between the classes of negligible (and also
of measurable) sets with respect to certain geometric measures. We give a (consistent)
answer to a question of T. Keleti.

Chapter 4 deals with solvability cardinals for systems of difference equations. We
prove that it is consistent that this cardinal is ws in the case of Borel functions. This
answers a question of M. Laczkovich. In addition we deal with the Baire 1 case as well.

Chapter 5 is about linear orders representable by (point-wise ordered) real Baire 1
functions. Due to a classical theorem such an order cannot contain an increasing or
decreasing sequence of length w;. We investigate the fine structure of these representable
orders and conjecture that the converse of the above theorem is consistent.

Finally, Chapter 6 considers increasing (with respect to the point-wise order) trans-
finite sequences of functions defined on metric spaces. We settle the continuous case

and show that the answer in the Baire 1 case is independent even of ZFC + -CH.



Magyar nyelvii osszefoglalas

A valos fliggvénytanban igen gyakoriak egyfel§l a halmazelméleti modszerekkel
megvalaszolhato kérdések, ilyenek példaul a ZFC' axiomarendszertdl fiiggetlennek bi-
zonyulo allitdsok, maésfelsl pedig az 6nmagukban is halmazelméleti jellegti problémak.
Disszertaciom az ilyen tipust eredményeimet tartalmazza.

Az els6 fejezet a burok létezésének probléméjaval foglalkozik. Bebizonyitjuk tébbek
kozott, hogy a Hausdorff mértékek esetén ez a kérdés fiiggetlen a ZFC axiémarendsz-
ertol.

A masodik fejezet 6 eredménye, hogy Hausdorff mértékekre nézve mérhetd Sierpinski
halmaz létezése is fiiggetlen.

A harmadik fejezet néhany geometriai mérték szerinti nullhalmazok (ill. mérhetd
halmazok) osztalyainak kapcsolatarol szol. Keleti Tamas egy kérdését is megvalaszoljuk
(konzisztencia erejéig).

A negyedik fejezetben differencia-egyenletrendszerek megoldhatoségi szamossagait
vizsgaljuk. Bemutatjuk az ismert (de még publikalatlan) eredményeket, majd igazoljuk,
hogy a Borel fliggvények esetében konzisztens, hogy ez a szamossag w,. Ezzel Laczkovich
Miklos egy kérdésére valaszolunk. Foglalkozunk emellett a Baire 1 esettel is.

Az 6todik fejezet a valos Baire 1 fiiggvényekkel reprezentédlhato rendezésekrol szol.

Végiil a hatodik fejezetben tobbek k6zott megmutatjuk, hogy fiiggetlen még Z F'C +
—(C'H-t6] is, hogy szeparabilis metrikus tereken milyen hosszti névé transzfinit soroza-

tokat lehet épiteni Baire 1 fliggvényekbdl.
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The development of set theory created a new trend in mathematical research. On one
hand it produced strong techniques such as transfinite recursion to solve long-standing
open problems, and on the other hand the new theories enabled us to prove that it is
impossible to answer certain questions within the framework of ZFC'; that is the usual
axioms of set theory. Proving these so called independent (that is something that can
be neither proved, nor disproved) and consistent (something that cannot be disproved)
statements is a very active and rapidly growing area of mathematics, specifically of
analysis as well. The Continuum Hypothesis (CH), Martin’s Axiom (M A) and forcing
together with a lot of related techniques provide a large number of consistent theorems,
which can be used to prove consistent statements in analysis as well.

My dissertation presents a collection of my results of this type from the field of real
analysis, partly on the basis of [1], |2] and [3]. In the sequel chapters and theorems are

numbered as in the dissertation.

1 The Existence of Measurable Envelopes

It was an error in a paper by Lebesgue that called attention to the fact that projec-
tions and continuous images of Borel sets are not necessarily Borel. Continuous images
of Borel sets are now called analytic sets or Souslin sets. 1t can be shown that we ob-
tain the same class by projections or by using the so called Souslin operation as well.
The beautiful and involved theory of analytic sets has a large number of applications
in diverse fields of mathematics. E.g. it can be useful in showing that a given set is
measurable, and surprisingly it can also be used to prove that a set is Borel. For example
the above proof of Lebesgue can be corrected this way.

The results concerning measurability are based on a nice theorem of Szpilrajn-

Marczewski stating that if A is a o-algebra such that every set has a so called mea-
surable envelope, then A is closed under Souslin operation. The definition of measurable
envelope reads as follows.
Definition Let A be a o-algebra on a set X. We say that Y C X is small with respect
to A, if every subset of it is in A. A set A € A is called a measurable envelope of a set
HcC X ,if HC A, and A is minimal in the sense that if B € A and H C B C A, then
A\ B is small with respect to A.



So it is a fundamental problem to decide, which are the o-algebras for which every
subset has a measurable envelope. The question arises naturally: What happens if p is
an outer measure and A consists of the p-measurable sets? It is not hard to see that if u
is o-finite, then every subset has a measurable envelope. However, not every interesting
outer measure is o-finite. D. Fremlin gave the first (purely set-theoretic) example of
an outer measure for which this does not hold. Perhaps the most natural examples of
non-o-finite measures are Hausdorff measures, well-known generalizations of Lebesgue
measure, which are the basic objects of geometric measure theory. Let H¢ stand for

d-dimensional Hausdorff measure. The next theorem is the main result of Chapter 1.

Theorem 1.2.4 The following statement is independent of ZFC': for all n € N and

0 < d < n every subset of R® has a measurable envelope with respect to HC.

Most results of this chapter can be found in [1].

2 Measurable Sierpiniski Sets

Fubini Theorem can fail for non-measurable sets. The following beautiful example
was constructed by Sierpinski using CH. Let < be an order of type w; well-ordering R,
and let

S ={(x,y) eR*: 2z < y}.

Then S contains only countably many points of each horizontal line, but contains all
but countably many points of each vertical line. Therefore Fubini Theorem fails for S,

and so S cannot be Lebesgue measurable.

Definition A set S C R? is a Sierpiriski set in the sense of measure if S is (one
dimensional) Lebesgue negligible on each vertical line, but co-negligible (that is the
complement of S is negligible) on each horizontal line. A set S C R? is a Sierpinski set
in the sense of cardinality if S is countable on each vertical line, but co-countable on

each horizontal line.

As Hausdorff measures are natural generalizations of Lebesgue measure it is an in-
teresting question whether a Sierpinski set can be Hausdorff measurable. Just as one

would expect the following holds.

Theorem 2.1.1 For 0 < d < 2 there ezists no H*-measurable Sierpiriski set in the sense



of cardinality.
However, the last theorem of the chapter is much more surprising.

Theorem 2.2.1 For 0 < d < 2 the existence of H%-measurable Sierpinski sets in the

sense of measure is independent of ZFC.

The content of this chapter can be found in [1].
3 Hausdorff Measurable and Hausdorff Null Sets

In this chapter we investigate the classes of measurable and negligible sets with
respect to Hausdorff measures. One of the motivations is the following question of Tamés
Keleti: Does H%-measurability imply H?%-measurability, or vice versa? In the chapter
we give (a consistent) answer to this question as well. Besides Hausdorff measures we
also consider products of Hausdorff measures, as they turn out to exhibit an interesting
behaviour. For the sake of simplicity we only consider the following three outer measures
in R%: HY2 x H', H' x H'/? and H?/2. Just as one would expect, these three measures
coincide in many cases.

First we deal with the classes of negligible sets. Our first statement is trivial.

Statement 3.1.1 Let 0 < dy < do < n and H C R™. Then H®(H) = 0 implies
He®(H) = 0, but the converse is not true in general.

However, the following surprising fact holds for products.
Theorem 3.1.2 There is no inclusion between the classes of HY? x H'-negligible, H* x
H2-negligible and H3/?-negligible sets in R2.

We remark here, that all our examples can be chosen to be compact.

Then we turn to the classes of measurable sets. First we answer the question of
Keleti.
Theorem 3.2.1 Let 0 < dy < dy < n. Then H%-measurability does not imply H® -
measurability in R™. If add(N) = 2“ holds (e.g. under CH or MA), then H®-
measurability does not imply H®-measurability in R™.

As far as our product measures are concerned, the next two theorems provide counter-
examples to four out of the six possible implications. (In fact, as H'/2xH' and H*' x H!/?

play a symmetric role, essentially we have three pairs of implications.)



Theorem 3.2.3 Measurability with respect to HY? x H' does not imply measurability
with respect to H*/? in R2.

Theorem 3.2.4 Measurability with respect to HY? x H' does not imply measurability
with respect to H' x HY? in R2.
It is also possible to show that the H!/? x H!-measurable sets in these theorems
(only consistently this time) can be chosen to be product sets of the form A x R.
However, we fail to find counter-examples to the last pair of implications, since the
following surprising theorem is valid.

Theorem 3.2.8 Measurability with respect to H>? implies measurability with respect to
HY? x HY in R2.

4 Solvability Cardinals and Systems of Difference Equations
A difference operator is a mapping D : R® — R® of the form

(Df)(x) = Zaif(x + ),

where a; and b; are real numbers; that is D assigns to every function f a linear combi-
nation of certain translates of f.

Difference operators show up in various branches of analysis. They were probably
first defined in Fourier analysis, but they are also related to the theory of generalized
derivatives, to the notions of symmetric continuity and differentiability, to the so called
Difference Property and to group-algebras as well. The following definitions and results

are due to Miklés Laczkovich.

Definition A system of equations
where [ is an arbitrary set of indices, D; is a difference operator and g; is a given

function (for every ¢ € I), and f is the unknown function is called a system of difference

equations.

A linear algebraic argument shows that such a system is solvable iff each of its finite
subsystems is solvable. However, if we are interested e.g. in bounded solutions, then

this result is no longer true. This motivates the following.

4



Definition Let F C RF be a class of real functions. The solvability cardinal of F is
the minimal cardinal x(F) with the property that if every subsystem of size less than
k(F) of a system of difference equations has a solution in F, then the whole system has

a solution in F.

Laczkovich computed the solvability cardinal for most usual classes of functions, and
these values are sometimes quite unexpected. E.g. for functions of absolute value at
most 1 this cardinal equals w, while for bounded functions it is w;. For trigonometric
polynomials it is wy, but for polynomials it is only 3. In addition, for continuous functions
we get wy, and for measurable ones this cardinal is consistently (2¢)7.

Finally, the following question was posed by Laczkovich: What can we say about
k({f : f is Borel})? He noted, that he only expects a consistent answer. My main result
in the chapter is the following.

Corollary 4.1.3 It is consistent, that x({f : f is Borel}) = ws = (2¥)T.

In addition, I also hope to prove this in ZFC. In order to do this I verified that it
would be sufficient to show that x({f : f is Baire a}) < ws holds for every @ < w;. This
leads us to the last topic of the chapter.

Th case v = 0 is simply the case of continuous functions, so it is solved. Therefore
we take one step further, and examine x({f : f is Baire 1}). The following partial result
suggests the conjecture x({f : f is Baire 1}) = w;.

Theorem 4.2.4 Suppose that every difference operator in a system of difference equa-
tions consists of at most two terms. Then if every countable subsystem has a Baire 1

solution, then the whole system has one as well.

What makes this special case interesting is that almost every difference operator
in all the proof and examples in this area is of the form (Df)(z) = f(x + h) — f(z).
Therefore our theorem shows that the above conjecture cannot be disproved by the usual

methods.

5 Chains of Baire 1 Functions with Respect to Point-Wise Order

In this chapter we consider the set of real Baire 1 functions endowed with point-

wise partial order. According to a classical theorem of Kuratowski this set contains no



uncountable increasing or decreasing transfinite sequence with respect to this order. M.
Laczkovich posed the problem of characterizing the possible order types of the linearly
(that is totally) ordered subsets of this partially ordered set of functions. What makes
the Baire 1 case interesting is that the problem is already solved for most usual classes
of functions, including the Baire 0 and the Baire o (v > 2) classes. In this chapter I
collected my results about the Baire 1 class.

First we prove a surprising theorem, which we apply a large number of times later.
By Polish space we mean complete separable metric space, which is one of the basic
notions of real analysis. If X is a Polish space, then R(X) denotes the set of possible
order types of linearly ordered families of real valued Baire 1 functions defined on X.
Two Polish spaces X and Y are said to be equivalent if R(X) = R(Y).

Theorems 5.1.2 and 5.1.4 There are at most two equivalence classes of (uncountable)

Polish spaces.

Then we present a list of results showing that our order types can be of extremely
complicated structure. Roughly speaking we prove that R(R) is closed under countable
operations. In fact we sometimes prove even more, as we can e.g. use the operation that
replaces each point of an ordered set by another ordered set. All in all, these results
suggest that the converse of Kuratowski’s theorem might be true; that is an order type
is in R(R) iff it does not contain a monotone sequence of length w;. But a theorem of

Péter Komjath yields the following.

Theorem 5.5.4 This classification is not provable in ZFC.
So we have to modify our conjecture appropriately.

Question 5.5.5 Is this classification consistent?

Most results of this chapter can be found in [2].

6 Increasing Transfinite Sequences of Functions

In this chapter we investigate how long a monotone (with respect to point-wise order)
transfinite sequence of real valued functions defined on a metric space can be. First we
deal with continuous functions. Let d(X) denote the density of the space X; that is the

minimal cardinal of a dense subspace.



Theorem 6.1.3 Let X be a metric space. Then there exists a well-ordered sequence of
length a of continuous functions defined on X iff a < d(X)*.

Then we turn to the Baire 1 case. The above theorem of Kuratowski also yields that
we can construct an increasing sequence of length o of real valued Baire 1 functions
defined on a complete separable metric space iff &« < w;. The examples of discrete
metric spaces provide examples to show that the situation changes dramatically once
we drop separability. However, the role of completeness is not so clear. We show that
the possible length of sequences does indeed increase if we drop completeness, and also

that an exact bound cannot be given in ZFC.

Theorem 6.2.3 There is a separable metric space X on which, for every a < wsq, there

15 a well-ordered chain of length o of Baire 1 functions.

Under CH, this is best possible, since there will be only 2 = w; Baire 1 functions
on a separable metric space, so there could not be a chain of length w,. But we show

by the next two theorems that the question is independent even of ZFC + —~CH.

Theorem MA + 2¥ > w, implies the existence of a separable metric space on which

there exists a sequence of Baire 1 functions of length ws.

Theorem 6.2.5 If we add wy Cohen reals to a model of ZFC, then in the resulting

model no separable metric space can have a chain of length ws of Baire 1 functions.

The above form of Theorem 6.2.3 was proved by Kenneth Kunen. In my original
version I only showed the existence of uncountable chains. A sharpened version (which
is contained in my thesis) of the last but one theorem is also due to him. All these can
be found in [3].
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A halmazelmélet megjelenése 1j iranyvonalat teremtett az analizis kutatédsaban.
Egyfelsl nagyon erds eszkozok jelentek meg addig nyitott problémak megoldasahoz (ilyen
példaul a transzfinit rekurzio), masfel6l pedig lehetség nyilt olyan tipusu allitasok iga-
zolasara, melyek azt mutatjak, hogy bizonyos kérdésekre nem lehet a szokasos ZFC
axiomarendszerben valaszt adni. Az ilyen tgynevezett konzisztens (tehat nem cafol-
hato), illetve fiiggetlen (se nem bizonyithato, se nem cafolhato) allitasok vizsgalata ma
is rendkiviil aktiv teriilet. A kontinuum-hipotézis (CH), a Martin-axioma (M A) és a
forszolas a hozzajuk kapcsolodo rengeteg 1j technikaval olyan konzisztens tételeket pro-
dukélnak, amelyeket aztan analizisbeli allitdsok konzisztencidjanak igazolédsahoz is fel
lehet hasznalni.

Doktori értekezésemben elsGsorban az ilyen tipusi eredményeimet ismertetem,
részben az |1, |2] és |3] dolgozataim alapjan. A tovabbiakban a fejezeteket és a tételeket

a disszertaciot kovetve szamozzuk.

1. A mérhet6 burok probléméja

Lebesgue egy hibas bizonyitasa hivta fel a figyelmet arra a tényre, hogy Borel hal-
maz vetiilete, illetve folytonos képe nem feltétleniil Borel. A Borel halmazok folytonos
képeként elGallo halmazokat analitikus halmazoknak vagy Szuszlin-halmazoknak nevez-
ziik.  Belathato, hogy vetiiletként, illetve az tgynevezett Szuszlin-operdcio ered-
ményeként ugyanezek a halmazok allnak el§. Ennek a halmazosztalynak azéta gyonyort
és hatalmas elmélete fejl6dott ki, amelynek rengeteg alkalmazésa van a matematika
legkiilonb6zébb teriiletein. Hasznalhato tébbek kozott annak igazolasara, hogy egy
adott halmaz mérhets, s6t meglepé modon az is belathato igy, hogy egy halmaz Borel.
Igy javithato peldaul Lebesgue fenti tételének bizonyitasa.

A mérhetéséggel kapcsolatos eredmények Szpilrajn-Marczewski egy szép tételén ala-
pulnak, amely azt mondja ki, hogy ha egy A o-algebrara nézve az alaphalmaz minden
részhalmazanak van tgynevezett burka, akkor a Szuszlin-operacié nem vezet ki A-bol.

A burkot a kovetkezSképpen definialjuk:

Definici6. Legyen A egy o-algebra egy X alaphalmazon. Azt mondjuk, hogy Y C X
kis halmaz A-ra nézve, ha minden részhalmaza A-beli. Egy A € A halmazt pedig
H C X egy burkdnak neveziink, ha H C A, és A minimélis abban az értelemben, hogy



Be A, HC BC Aesetén A\ B kis halmaz A-ra nézve.

Tehat alapfeladat annak eldontése, hogy mely o-algebrak esetén létezik minden hal-
maznak burka. Természetes kérdés, mi a helyzet, ha p egy kiils6 mérték, A pedig
a p-mérhetd halmazokbdl all. Konnyd latni, hogy a o-véges esetben mindig létezik
minden részhalmaznak burka. D. Fremlin mutatott el@szor (tisztan halmazelméleti)
példat kiils6 mértékre, amelyre ez nem igaz. Disszertaciom elsé fejezetében a geometriai
mértékelméletbdl jol ismert Hausdorff-mértékek esetét vizsgalom, melyek a nem-o-véges
mértékek talan legtermészetesebb példai. A d-dimenziés Hausdorff mértéket H2-vel

jeloljiik. A fejezet f6 eredménye a kovetkezo:

1.2.4. Tétel. Az az dllitds, mely szerint ,tetszdleges n € N-re és tetszdleges 0 < d < n-

re R™ minden részhalmazdnak van burka He-re nézve”, fiiggetlen Z FC-t4l.

A fejezet eredményei nagyrészt [1]-bdl szarmaznak.

2. Mérheté Sierpinski-halmazok

A Fubini-tétel nem mérhet6 halmazokra nem marad érvényben. Erre Sierpinski
konstrualta a kovetkezG gyonyori paldat C'H segitségével. Legyen a < relacio R egy

w1-tipusi jolrendezése, és legyen
S ={(z,y) eR*: x < y}.

Ekkor S minden vizszintes egyenesnek csak megszamlalhatd sok pontjat tartalmazza,
viszont minden fiigg6leges egyenest megszamlalhaté sok pont kivételével tartalmaz. Igy

a Fubini-tétel allitdsa S-re nem érvényes, tehat S nem Lebesgue-mérhetd.

Definicié6. Egy S C R? halmazt megszimldlhato szekcidji Sierpinski-halmaznak
neveziink, ha minden vizszintes egyenesnek csak megszamlalhato sok pontjat tartal-
mazza, viszont minden fiiggéleges egyenest megszamlalhato sok pont kivételével tartal-
maz. Azt mondjuk, hogy S nullmértéki szekcioji Sierpinski-halmaz, ha minden vizsz-
intes egyenesen (egy-dimenzios) nullmértéki, de minden fiigg6leges egyenest nullmértéki
halmaz kivételével tartalmaz.

Mivel a Hausdorff-mértékek a Lebesgue-mérték természetes altalanositésai, érdekes
kérdés, hogy egy Sierpiniski-halmaz lehet-e Hausdorff-mérhet§. A fejezet nem til

megleps eredménye a kovetkezd.



2.1.1. Tétel. 0 < d < 2 esetén nem létezik HE-mérhetd, megszimldlhato szekcidji
Sierpinski-halmaz.
Annél meglep&bb viszont a kovetkezd.

2.2.1. Tétel. 0 < d < 2 esetén HE-mérhetd, nullmértékid szekcioji Sierpinski-halmaz
létezése fiiggetlen Z FC-tdl.

A fejezet eredményei megtalalhatoak [1]-ben.

3. Hausdorff-mérhets és Hausdorfl-null halmazok

Ebben a fejezetben a Hausdorff-mértékek szerint mérhets illetve nullmértéki hal-
mazok osztalyaival foglalkozunk. A témakor vizsgalatat részben Keleti Tamas egy
kérdése inditotta el: ,Mi a kapcsolat R"-ben a H%-mérhet§ és a H9-mérhets hal-
mazok kozott?” Fejezetiinkben (konzisztencia erejéig) erre a kérdésre is valaszt adunk.
A Hausdorff-mértékek mellett Hausdorff-mértékek szorzatait is vizsgaljuk, mivel ezek
tulajdonsigai igen meglepének bizonyulnak. Az egyszertiség kedvéért csak a sikbeli
HY? x HY, HY x HY? és H3/? mértékek esetére szoritkozunk, mely mértékek elvara-
sainknak megfelelGen sok esetben egybeesnek.

El6szor a nullhalmazok osztalyaival foglalkozunk. Trividlis a kovetkezd.
3.1.1. Allitas. Legyen 0 < di < dy < n. FEkkor a H"-nullhalmazok egyittal H®-
nullhalmazok is, viszont a megforditds dltalaban nem igaz.

Azonban a szorzatok esetében meglepé jelenséget tapasztalunk.
3.1.2. Tétel. A HY? x H'-null, H' x HY?-null és H3/?-null halmazok osztdlyai kizitt
semmilyen tartalmazds nem dll fenn.

Megjegyezziik, hogy a bizonyitasban szerepld Osszes ellenpélda kompakt.

Ezutdn a mérhet6ség probléméjara tériink at. Keleti Taméas kérdésére valaszol a
kovetkezd.
3.2.1. Tétel. Legyen 0 < di < dy < n. FEkkor R"-ben a H%-mérhetdséghdl nem
kovetkezik a H¥-mérhetdség, és add(N) = 2¢ esetén (pl. CH wvagy MA) a H®-
mérhetdségbdl sem kivetkezik a H-mérhetdség.

Szorzatmértékeinkre ratérve a lehetséges hat implikaciobol (valojaban H'/2 x H' és

H' x H'? szimmetrikus szerepe miatt ezek lényegében csak harom part jelentenek)



négyrdl dont a kovetkezs két tétel.
3.2.3. Tétel. A H'Y/? x H'-mérhetdséghdl nem kiovetkezik a H>/?-mérhetdség.
3.2.4. Tétel. A HY? x H'-mérhetdségbdl nem kivetkezik a H* x HY/?-mérhetdséy.

Emellett azt is bizonyitjuk (igaz, ezt csak konzisztencia erejéig), hogy a két tételben
a H'? x H'-mérhet6 halmazokat valaszthatjuk A x R alaka hengerhalmazoknak is.
Azonban megleps modon az utolsd két implikaciora nem talalunk ellenpéldat. Fen-

nall ugyanis a kovetkezs.

3.2.8. Tétel. A H>/2-mérhetd halmazok egyittal H' x H'/?-mérhetdek is.

4. Differencia-egyenletrendszerek megoldhat6sigi szamossagai

Differencia-operdtornak neveziink egy D : R® — RF leképezést, ha
(Df)(@) = aif(z+b)
i=1

alakd valamely a; és b; valos szamokkal, azaz a D linearis operator minden fiiggvényhez
bizonyos eltoltjainak linearis kombinaci6jat rendeli.

Differencia-operatorok az analizis szamos teriiletén felbukkannak. Valoszintileg a
Fourier-sorokkal kapcsolatban definidltak Gket elGszor, de kapcsolatban vannak a szim-
metrikus folytonossag és differencidlhatosag fogalmaval, valamint a csoport-algabrak
elméletével, és az ugynevezett differencia-tulajdonsaggal is. A kovetkezd definiciok és

eredmények Laczkovich Miklostol szarmaznak.
Definici6. Egy
egyenletrendszert, ahol I tetszéleges indexhalmaz, D, differencia-operator és g; adott

fiiggvény (minden i € I-re), valamint f az ismeretlen, differencia-egyenletrendszernek

neveziink.

Egy linearis algebrai gondolatmenettel igazolhato, hogy egy differencia-egyenletrend-
szer pontosan akkor megoldhatd, ha minden véges részrendszere megoldhat6. Azonban
ha példaul csak korlatos megoldasokat keresiink, az analdég eredmény nem lesz igaz. Ez

motivalja a kovetkezot.



Definicié. Legyen F C REF valos fiiggvények egy osztilya. F megoldhatdsdgi szd-
mossdgdanak nevezzik, és r(F)-fel jeloljiik azt a minimalis szamossagot, amelyre fen-
nall, hogy amennyiben egy differencia-egyenletrendszer minden x(F)-nal kisebb szé-
mossagu részrendszerének van F-beli megoldésa, akkor az egész rendszernek is van JF-

beli megoldasa.

Laczkovich a legtobb szokasos fiiggvényosztalyra kiszamitotta a megoldhatosagi sza-
mossagot, melynek értéke néha igen megleps. Példaul legfeljebb 1 abszolutérték fiig-
gvényekre w, de korlatos fiiggvényekre w;. Trigonometrikus polinomokra wy, de poli-
nomokra csupan 3. Emellett folytonos fiiggvényekre wy, mérhetGekre pedig konzisztens,
hogy (2¢).

Szintén téle szarmazik a kérdés, hogy mit mondhatunk a Borel fiiggvények oszta-
lyarol. Megjegyzi, hogy véleménye szerint csak konzisztens valasz varhatd. Ebben a

fejezetben f6 eredményem a kdévetkezd.
4.1.3. Kovetkezmény. Konzisztens, hogy k({f : f Borel}) = ws.

Nem tartom azonban elképzelhetetlennek, hogy ez az eredmény ZFC-ben is bi-
zonyithato. Igazoltam ugyanis, hogy x({f : f Borel}) = ws bizonyitasdhoz elegendd
lenne minden o < wi-re k({f : f Baire a}) < wo-t ellendrizni. Igy jutunk a fejezet
utolso témajahoz.

a = (O-re a fenti kérdés épp a folytonos fiiggvényekre vonatkozik, igy megoldott.
Ezért az eggyel bonyolultabb esetet, vagyis x({f : f Baire 1})-et vizsgdlom. FEzzel
kapcsolatban a kovetkezd részeredményem van, amely alapjan ({f : f Baire 1}) = w;-

et sejtem.

4.2.4. Tétel. Tegyiik fel, hogy egy differencia-egyenletrendszerben minden differencia-
operdtor legfeljebb kéttagi. Ekkor igaz, hogy ha minden megszdmldalhato részrendszernek

van Baire 1 megolddsa, akkor az egész rendszernek is van.

Ennek a specialis esetnek az a jelentGsége, hogy a témakorben szinte minden példaban
és bizonyitasban (Df)(x) = f(x + h) — f(x) alaka differencia-operatorok szerepelnek.

Tételiink tehat azt mutatja, hogy a szokasos modszerekkel nem lehet sejtésiinket cafolni.

5. Baire 1 fiiggvények lancai a pontonkénti rendezés szerint



Ebben a fejezetben a valés Baire 1 fliggvények halmazat tekintjiik a pontonkénti
parcialis rendezéssel. Kuratowski klasszikus tétele szerint ez a halmaz nem tartalmaz
nem megszamlalhato nove vagy fogyo transzfinit sorozatot. Laczkovich Miklos vetette fel
a kérdést, hogy milyen rendtipusiiak lehetnek ennek a fiiggvényhalmaznak a linearisan
(azaz teljesen) rendezett részhalmazai. (Azért éppen a Baire 1 eset valt érdekessé, mert
ugyanez a kérdés a legtobb szokasos fiiggvényosztalyra, beleértve a Baire 0 és a Baire «
(2 < «) osztalyokat, mar eldontott.) Ebben a fejezetben a Baire 1 esettel kapcsolatos
eredményeimet gyijtom Ossze.

El6késziiletként bebizonyitunk egy meglepd és énmagaban is érdekes eredményt,
mely késGbb szamtalanszor alkalmazasra keriil. Lengyel tér alatt teljes, szeparabilis
metrikus teret értiink, ami a valos analizis egyik alapfogalma. Az X lengyel téren
értelmezett, valos értékid Baire 1 fiiggvényekbdl 4116 linearis rendezések lehetséges rendti-
pusait R(X)-szel jeloljik. X és Y lengyel terek ekvivalensek, ha R(X) = R(Y).

5.1.2. és 5.1.4. Tétel. A (nem megszamldlhato) lengyel tereknek legfeljebb két
ekvivalencia-osztdlya van.

Ezutan olyan eredményeket ismertetiink, amelyek azt mutatjak, hogy vizsgalt rendti-
pusaink rendkiviil bonyolult struktirajuak lehetnek. Ezt nagy vonalakban tugy fogal-
mazhatnank, hogy R(R) zart a megszamlalhato operaciokra. Valojaban ennél idénként
még tobbet is bizonyitunk, hiszen példaul azt az operaciot is hasznalhatjuk, ami egy
rendezett halmaz minden pontjat egy-egy masik rendezett halmazzal helyettesiti. Min-
dezek alapjan azt sejthetnénk, hogy Kuratowski fenti tétele megfordithato, azaz R(R)
éppen azokbol a rendtipusokbol all, melyek nem tartalmaznak w; hosszt n6vé vagy fogyo
sorozatot. Azonban Komjath Péter egy tételébdl adodik a kovetkezd.

5.5.4. Tétel. A fenti klasszifikdcio nem bizonyithato Z FC-ben.

Igy sejtésiink értelemszerien gyengébb allitasra vonatkozik.
5.5.5. Kérdés. Konzisztens-e, hogy érvényes a fenti klasszifikdicio?

A fejezet nagyrészt [2]-bdl szarmazik.

6. Fiiggvények novs transzfinit sorozatai

Ebben a fejezetben azt vizsgaljuk, hogy metrikus téren értelmezett, valos értéki

fiiggvényekbol milyen hosszti (pontonkénti rendezésre nézve) névé vagy fogyo transzfinit
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sorozatot lehet épiteni. Elgszor folytonos fiiggvényekkel foglalkozunk. d(X)-szel az X
tér strtiségét jeloljiik, azaz minimalis szamossagu sird alterének szdmossagéat.
6.1.3. Tétel. Egy X metrikus téren pontosan akkor létezik folytonos fiigguényekbdl

dllo, v hossziisdgi novd vagy fogyd transzfinit sorozat, ha o < d(X)™.

Ezutén ratériink a Baire 1 fiiggvényekre. Kuratowski fenti tételébdl az is adodik,
hogy teljes, szeparabilis metrikus téren pontosan akkor létezik o hosszusagu sorozat, ha
a < wi. A diszkrét metrikus terek mutatjak, hogy a szeparabilitas elhagyéasaval a helyzet
drasztikusan megvaltozik. Azonban a teljesség esetében ez nem vilagos. Megmutatjuk,

hogy igy is n6 a sorozatok lehetséges hossza, viszont pontos korlat nem adhato.

6.2.3. Tétel. Létezik szepardabilis metrikus tér, amelyen minden o < wo rendszamhoz

van « hosszi Baire 1 fiigguényekbdl dllo novd sorozat.

Ha feltessziik C' H-t, akkor ez a korlat nyilvanvaloan éles, hiszen ekkor csak 2¥ < wo
darab Baire 1 fiiggvény létezik. Azonban két tétel segitségével megmutatjuk, hogy
kérdésiink még a ZFC + ~C'H axiomarendszertdl is fiiggetlen.

Tétel. MA + 2¥ > wy esetén létezik szeparabilis metrikus tér, amelyen van Baire 1

fiigguényekbdl dallo wo hosszi névd sorozat.

6.2.5. Tétel. Ha CH eqy modelljéhez wy Cohen-valost adunk, akkor a kapott ZFC'-
modellben minden szepardbilis metrikus téren értelmezett, Baire 1 fligguényekbdl dllo

novd vagy fogyo sorozat rovidebb mint wo.

A 6.2.3. Tétel K. Kunentdl szarmazik. En eredetileg csak nem megszamlalhato
sorozat létezését igazoltam. O bizonyitotta az utolso elétti (szamozatlan) tétel itt ki-
mondottnal élesebb, disszertaciomban leirt valtozatat is. Mindezek megtalalhatoak [3]-

ban.
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