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1 Bevezet�es magyarulA doktori disszert�a
i�o h�arom 
ikkre �ep�ul, egy a v�eletlen 0-1 polit�opokr�ol sz�ol[BP01℄ �es kett}o az Erd}os-Szekeres t�etel t�emak�or�eben mozog [PV01℄, [P02℄.Az els}o r�an�ez�esre egym�ast�ol t�avol �all�o t�emak�or�oket a kombinatorika �es ageometria k�oz�os hat�ara k�oti �ossze.Az els}o r�eszben v�eletlen 0-1 polit�opokkal foglalkozunk, amely n�eh�any n-dimenzi�os 0-1 vektor konvex burka. Ezen polit�opok tulajdons�agai, f}oleg astrukt�ur�altak, igen fontos szerepet kapnak a kombinatorikus optimaliz�a
i�o-ban, ahol gyakran a polit�op lapjainak egy teljes, illetve r�ovid le��r�asa a 
�el.A 0-1 oplit�opok t�obb oszt�aly�ara is kider�ult, hogy ez a feladat igen neh�ez,mint p�eld�aul az utaz�o �ugyn�ok polit�op [GP℄, [ABCC℄ �es a v�ag�aspolit�op [DL℄eset�eben. M�eg arra az �artatlannak t}un}o k�erd�esre sem tudunk felelni, hogy"H�any lapja van az utaz�o�ugyn�ok polit�opnak? vagy a v�ag�aspolit�opnak?".K. Fukuda �es G. M. Ziegler t�obb el}oad�ason �es 
ikkben h��vt�ak fel a �gyelmeterre a sz�ep �es fontos probl�em�ara �es k�erdeztek r�a az n-dimenzi�os 0-1 polit�opoklapsz�am�anak egy j�o fels}o be
sl�es�ere. Jel�olje g(n) ezt a maximumot. Majd-hogynem elemi, miszerint 2n! a g(n) egy fels}o be
sl�ese. A fels}o be
sl�esekjav��t�asa mellett az als�o be
sl�esek ter�en az exponen
i�alis, hasonl�o kaptaf�aragy�artott, be
sl�esek voltak a legjobbak. B�ar�any Imr�evel k�oz�os eredm�enybenbel�attuk hogy g(n) szuperexponen
i�alisan n}oT�etel L�etezik egy pozit��v 
 konstans, hogyg(n) > � 
nlogn�n4 :Az als�o be
sl�est ad�o konstruk
i�o v�eletlen. Az eredm�eny alap�otlete Dyer,F�uredi �es M
Diarmid [DFM℄ egy gy�ony�or}u eredm�eny�eb}ol val�o. }Ok azt vizs-g�alj�ak, hogy az N 
s�u
s�u v�eletlen polit�op, ami az egyszer}ubb sz�amolhat�os�agkedv�e�ert egy �1 polit�op, mely N �ert�ek eset�en t�olti ki a �1 ko
k�at, azazlesz a t�erfogata l�enyeg�eben a teljes �1 ko
ka t�erfogata. Itt kider�ul, hogy av�eletlen polit�opok egy j�ol le��rhat�o fel�ulet k�ozel�eben vannak. Kider�ul, hogytetsz}oleges 
4 � 1 �es 
5 � 1 mellett a k�ovetkez}o tartom�anyban tudjuk j�olkezelni a v�eletlen polit�opokatexpf
4(logn)2g < N < exp�
5 nlogn� :(�) Egy kis kit�er}ovel a (�) tartom�anyban egy a kor�abbi fels}o be
sl�est jav��t�obe
sl�est adunk 5



T�etel B�armely N 
s�u
s�u n-dimenzi�os 0-1 polit�op lapjainak sz�ama legfeljebb�
8n log Nn �n2A doktori disszert�a
i�o m�asodik r�esz�eben az Erd}os - Szekeres t�etellel �esannak szerte�agaz�o m�odos��t�asaival illetve �altal�anos��t�asaival foglalkozunk. Eza fejezet k�et 
ikkre �ep�ul, az egyik egy �on�all�o eredm�eny, a m�asik Pavel Valtr-relk�oz�os munka.A s��k egy ponthalmaz�ara azt mondjuk hogy �altal�anos helyzetben vannak,ha semmelyik h�arom pont nem esik egy egyenesre. Egy v�eges ponthalmazraa s��kon azt mondjuk hogy konvex helyzetben vannak ha egy konvex soksz�og
s�u
sainak halmaza. A r�esz alapt�etele Erd}os �es Szekeres [ES35℄ h��res t�etele:T�etel (Erd}os{Szekeres) B�armely k � 3 eset�en l�etezik egy legkisebb eg�eszsz�am f(k), hogy a s��k b�armely legal�abb f(k) �altal�anos helyzet}u pontja k�oztvan k, melyek konvex helyzetben vannak.Egy (a; b; 
) ponth�armas orient�a
i�oja a s��kon pozit��v, ha az �altaluk alko-tott h�aromsz�og 
s�u
sai az �oramutat�o j�ar�as�aval megegyez}oen k�orbej�arva a sor-rend ab
, ellenkez}oleg negat��v. K�et rendezett t elem}u ponthalmaz (p1; : : : ; pt)�es (p01; : : : ; p0t) azonos elrendez�es}uek, ha b�armely i; j; l v�alaszt�as eset�en a(pi; pj; pl) �es (p0i; p0j; p0l) ponth�armas orient�a
i�oja azonos. A s��k egy X pon-thalmaza egy k-oszt�aly, ha az X1; : : : ; Xk azonos m�eret}u halmazok diszjunktuni�oja �es az (x1; : : : ; xk); x1 2 X1; : : : ; xk 2 Xk pont k-asok mindegyikeazonos elrendez�es}u. Ha m�eg az is teljes�ul, hogy x1; : : : ; xk konvex helyzetbenvannak akkor X egy konvek k-oszt�aly (1. �abra).
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PSfrag repla
ements
luster Fig.1A m�asodik r�esz egyik f}o eredm�enye a parti
i�os Erd}os{Szekeres t�etel.T�etel (A parti
i�os Erd}os{Szekeres t�etel) B�armely k � 3 eset�en l�eteznek
 = 
(k); 
0 = 
0(k) konstansok melyekre teljes�ul a k�ovetkez}o. Ha X a s��k egyv�eges �altal�anos helyzet}u ponthalmaza, akkor l�etezik egy legfeljebb 
0 m�eret}uX 0 r�eszhalmaza, hogy az X n X 0 ponthalmaz felbonthat�o legfeljebb 
 darabk-oszt�alyra.Az el}oz}o t�etelre a k = 4 esetben f�uggetlen eredm�enyt igazolunk:T�etel Ha X a s��k egy �altal�anos helyzet}u ponthalmaza, akkor l�etezik egy legfel-jebb 
0 m�eret}u X 0 r�eszhalmaza, hogy X nX 0 ponthalmaz felbonthat�o legfeljebb26 konvex k-oszt�alyra.N�ezz�uk meg mi t�ort�enik, ha parti
i�os t�etelb}ol elhagyjuk a "konvex" felt�e-telt, azaz m�ar 
sak egy nagy k-oszt�alyt keres�unk. Ebben az esetben nem
sak s��kra, de tetsz}oleges dimenzi�oban I. B�ar�any �es P. Valtr [BV98℄ igazolt�akaz �all��t�as pozit��v sz�azal�ekos v�altozat�at, "Same Type Lemma" n�even.T�etel (Same Type Lemma) B�armely m; d � 1 term�eszetes sz�amokhozl�etezik egy 
(m; d) konstans, hogy ha X1; : : : ; Xm � Rd v�eges ponthalma-zok �es SiXi �altal�anos helyzet}u, akkor vannak Yi � Xi; jYij � 
(m; d)jXijr�eszhalmazok, melyekre az Y1; : : : ; Ym halmazok b�armely transzverz�alisa azo-nos elrendez�es}u.Az, hogy k azonos m�eret}u halmaz azonos elrendez�es}u, �eppen azt je-lenti, hogy az uni�ojuk egy k-oszt�aly. Ez igaz�ab�ol egy szepar�alts�agot jelent,amit a dolgozatban h�arom k�ul�onb�oz}o m�odon is de�ni�alunk. Bevezet�unk egy�uj fogalmat a m�atrix-parti
i�ot (�-parti
i�o). Egy �-parti
i�ot szepar�altnak7



nevez�unk, ha tetsz}oleges hipers��k az egy oszlopban l�ev}o elemek k�oz�ul legfel-jebb d darabot metsz, tov�abb�a kiegyens�ulyozottnak nevezz�uk a �-parti
i�otha az egy oszlopban l�ev}o ponthalmazok m�erete azonos (pontos de�ni
i�ot l�asdk�es}obb). Ezek seg��ts�eg�evel tudjuk megfogalmazni a Same Type Lemma par-ti
i�os v�altozat�at.T�etel B�armely m; d � 1 term�eszetes sz�amokhoz l�etezik egy legkisebb nm;dterm�eszetes sz�am, hogy ha X1; : : : ; Xm � Rd azonos m�eret}u halmazok �esaz uni�ojuk �altal�anos helyzet}u, akkor l�etezik a halmazok egy kiegyens�ulyozottszepar�alt �-parti
i�oja legfeljebb nm;d oszloppal.A fenti t�etel bizony��t�asa sor�an az egy dimenzi�os esetben, nm;1-re egy ex-ponen
i�alis fels}o be
sl�est kapunk. A m�eg oly egyszer}unek t}un}o probl�emaellen�ere sem siker�ult a pontos �ert�eket meghat�arozni. Azonban adunk egykvadratikus als�o �es fels}o be
sl�est az nm;1 �ert�ek�ere:T�etel �m� 12 � � �m + 12 �+ 1 � nm;1 � (m� 1)2 + 1
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2 On 0-1 polytopes with many fa
ets2.1 Introdu
tionA 0-1 polytope is, by de�nition, the 
onvex hull of some 0-1 ve
tors fromn-spa
e. Properties of 0-1 polytopes, espe
ially stru
tured ones, play animportant role in 
ombinatorial optimization where the target is, quite often,a 
omplete or 
on
ise des
ription of the fa
ets of the polytope. This taskturned out to be diÆ
ult for several 
lasses of 0-1 polytopes, most notably forthe traveling salesman polytope [GP℄, [ABCC℄ and for the 
ut polytope [DL℄.We don't know for instan
e the answer to the inno
ent question "How manyfa
ets has the traveling salesman polytope? or the 
ut polytope?" It was K.Fukuda and G. M. Ziegler who, in several le
tures and papers [F℄, [KRSZ℄,[Z℄ have drawn attention to this attra
tive and important problem, and askedfor good estimates for the maximum number of fa
ets an n-dimensional 0-1polytope 
an have. Write g(n) for this maximum. It is almost elementaryto see that 2n! is an upper bound for g(n). Stronger is the result of Fleiner,Kaibel, and Rote [FKR℄: g(n) � 30(n� 2)!for large enough n. Using the blowing up te
hnique [KRSZ℄ and T. Christof's
onstru
tion of a 13-dimensional 0-1 polytope with more than 3:613 fa
ets, it
an be shown that, again for large enough n,g(n) > 3:6n:Earlier, Fukuda gave a similar example with 3:26n fa
ets (see [KRSZ℄), basedon the 
omputational experien
e [F℄ 
on
erning the behavior of the numberof fa
ets in random 0-1 polytopes, as the number of verti
es 
hanges. ImreB�ar�any and me proved that g(n) grows superexponentially:Theorem 2.1. There is a positive 
onstant 
 su
h thatg(n) > � 
 nlogn�n4 :The 
onstru
tion giving this lower bound is random. It is perhaps in-stru
tive to see here how the number of fa
ets of random polytopes behave.The best analogy 
omes from the random polytope PN = P nN whose ver-ti
es v1; : : : ; vN are 
hosen randomly, independently and uniformly from thesphere Sn�1. The expe
ted number of fa
ets, E[fn�1(PN)℄, of PN is asymp-toti
ally 
onstN when n is �xed and N !1. But here we are interested in9



the 
ase when n !1 and N < 2n. There is a simple formula in Bu
hta etal. [BMT℄ whi
h 
an be used to show that in the range 2n < N < 1:5n, say,�
1 log Nn �n2 < E[fn�1(PN)℄ < �
2 log Nn �n2with suitable positive 
onstants 
1 and 
2.Note that a 0-1 polytope has all of its verti
es on a sphere. It is temptingto believe that a random 0-1 polytope, KN , on N verti
es behaves similarly.This may be even true for arbitrary 0-1 polytopes as well. In parti
ular, itseems likely that g(n) < (
3n)n2 :Here and throughout the �rst part 
; 
1; : : : and b; b1; : : : denote positive
onstants that are independent of n and N .2.2 The model, the result, the ideaWrite C = Cn = [�1; 1℄n for the n-dimensional �1 
ube. (This is more
onvenient to work with.) Let Z be a random variable distributed uniformlyover f�1; 1g, and let Z1; : : : ; Zn be independent random variables ea
h dis-tributed like Z. Set Z = (Z1; : : : ; Zn). Thus Z is uniformly distributed overthe 2n verti
es of C. Take N independent 
opies of Z, namely Z1; : : : ; ZNand de�ne KN = 
onvfZ1; : : : ; ZNg ;the 
onvex hull of the ve
tors Z1; : : : ; ZN . This is going to be our random0-1, or rather �1, polytope on N verti
es. Note, however, that some verti
esmay be repeated. (KN is one of the usual models of random �1 polytopes.)We 
an state our main result now. Assumeexpf
4(logn)2g < N < exp�
5 nlogn� :(�)Here one 
an take any 
onstants 
4 � 1 and 
5 � 1.Theorem 2.2. Under 
ondition (�)E[fn�1(KN )℄ > (
6 logN)n4 :If the expe
ted number of fa
ets is large, then, of 
ourse, there has to bean example where the number of fa
ets is large. We will, in fa
t, prove thisstronger statement in a form that implies Theorem 2.2.10



Theorem 2.3. Under 
ondition (�), there exists a polytope KN withfn�1(KN) > (
7 logN)n4 :The proof of this result is based on several lemmas, some of them quiteinvolved. So we �rst present the basi
 idea, whi
h is simple, rather informally.Assume x 2 C and de�nep(x;N) = Prob[x 2 KN ℄:General prin
iples would tell that, for most x 2 C; p(x;N) is either 
lose toone or 
lose to zero. To be more spe
i�
, setP (t) = fx 2 C : p(x;N) � tg:Our approa
h is based on the fa
t that for all small " > 0 and large nP (1� ") � P ("), of 
ourse, but the drop from 1� " to " is very abrupt: P (")is in a small neighbourhood of P (1�"). This shows that P (1�") � KN withhigh probability. But only a tiny fra
tion of KN lies outside P (") : most ofthe boundary of P (") is outside KN . Thus most of the boundary of P (") is
ut o� by fa
ets of KN . These fa
ets lie outside P (1 � "). Comparing thesurfa
e area of P (") with the amount a fa
et 
an 
ut o� from it gives thelower bound.But how to �nd the sets P (1� ") and P (")? This is the point where weextensively use a beautiful result of Dyer, F�uredi, and M
Diarmid [DFM℄.Their target was to determine the thresholdN = N(n) su
h thatKN 
ontainsmost of the volume of C. As they prove, this happens at N = ( 2pe)n. Theirmethod des
ribes where p(x;N) drops from one to zero as n ! 1 andN = e�n. The analysis 
arries over for other values of N . In our 
ase higherpre
ision is required as we need a good estimate on how fast p(x;N) dropsfrom one to zero. We were able to 
ontrol this only where the 
urvature ofthe boundary of P (") behaves ni
ely. This is perhaps the spot where theexponent n=2 for PN (the random spheri
al polytope) is lost and we only getn=4 for KN .In the next se
tion we give another upper bound on the number of fa
etsof a 0-1 polytope. Then we state four lemmas related to p(x;N). After somegeometri
 ba
kground, together with the proof of Theorems 2.2 and 2.3 weprove the probabilisti
 lemmas and geometri
 lemmas.2.3 Another upper bound on the numbers of fa
ets ofa 0-1 polytopeIn the range given by 
ondition (�) we 
an improve the bound of Fleiner,Kaibel, and Rote [FKR℄. In fa
t, the bound below is better as long as N is11



less than exponential in n.Theorem 2.4. Every n-dimensional 0-1 polytope with N verti
es has atmost �
8n log Nn �n2fa
ets.Proof. We are going to use the following volume estimate from [B�aF℄ and[CP℄. Given points x1; : : : ; xN from Bn, the eu
lidean unit ball of Rn,vol 
onvfx1; : : : ; xNgvolBn � �
0n log Nn �n2 ;where 
0 is a universal 
onstant.Now let z1; : : : ; zN be some verti
es of the 
ube. De�ne the polytope Pas P = 
onvfz1; : : : ; zNg. Let �i stand for the proje
tion onto the subspa
exi = 0. Note that all the verti
es of �i(P ) lie in an (n� 1)-dimensional ballof radius pn� 1 (a
tually, on its boundary). The above estimate gives thenvoln�1�i(P )voln�1 pn� 1Bn�1 � � 
0n� 1 log Nn� 1�n�12 :Let L1; : : : Lm be the fa
ets of P . Note that voln�1�i(Lj) 
annot be zerofor all i, and it is at least 1=(n�1)! if it is nonzero. So summing the equalitiesPm1 voln�1�i(Lj) = 2voln�1�i(P ) for all i we getm(n� 1)! � nXi=1 mXj=1 voln�1�i(Lj) = nXi=1 mXj=1 voln�1�i(Lj)= 2 nX1 voln�1�i(P )� 2nvoln�1 pn� 1Bn�1� 
0(n� 1) log Nn� 1�n�12 :The estimate in the theorem follows now readily.2.4 Results of Dyer, F�uredi and M
DiarmidFrom now on we will denote ve
tors (or points) by underlining in order todistinguish them from s
alars. (We a
tually used this notation for the randomvertex Z.) So given a ve
tor x 2 C de�neq(x) = inffProb[Z 2 H℄ : x 2 H;H a halfspa
eg12



and for � > 0 de�neQ� = fx 2 C : q(x) � expf��ngg:Note that Q� is a 
onvex polytope. In fa
t, it is the k-
ore of the verti
es ofC (with k = 2ne��n), see [BP℄ and [E℄. We introdu
e the fun
tionf(x) = 12(1 + x) log(1 + x) + 12(1� x) log(1� x);de�ned for x 2 (�1; 1); at x = �1 the limit exists and equals log 2. Forx = (x1; : : : ; xn) we set F (x) = 1n nX1 f(xi):Again, for positive � we de�neF � = fx 2 C : F (x) � �g:f and 
onsequently F are ni
ely behaving, stri
tly 
onvex fun
tions whose
onne
tion to KN will be
ome 
lear soon. To explain how q and F are relatedwe are going to show, following [DFM℄,Lemma 2.1. For x 2 (�1; 1)n, we have q(x) � expf�nF (x)g.Proof. (from [DFM℄) Che
k, �rst, that K(t), the so-
alled 
umulant gener-ating fun
tion equalsK(t) = logE[expftZg℄ = log 
osh t:Then K 0(t) = tanh t and for ea
h x 2 (�1; 1) there is a unique t withx = K 0(t) = tanh t, and t = h(x) = 12 log 1 + x1� x:Note, further, thatf(x) = �K(h(x)) + xh(x) and h(x) = f 0(x):Assume now that F (x) = � (� > 0). Then x is on the boundary of F �.In order to estimate q(x) we need to �nd a halfspa
e H of the form fz :t(z� x) � 0g with Prob[Z 2 H℄ as small as possible. Consider the halfspa
eH(x) (with 0 62 H(x)) whose bounding hyperplane is tangent to F � at x. SoH(x) = fz : t(z � x) � 0g13



with tj = f 0(xj) j = 1; : : : ; n. Markov's inequality says Prob[X � 0℄ �E[eX ℄. Using thisq(x) � Prob[Z 2 H(x)℄ = Prob" nXj=1 tj(Zj � xj) � 0#� E "exp( nXj=1 tj(Zj � xj))# = nYj=1E[expftj(Zj � xj)g℄= nYj=1 expfK(tj)� xjtjg = exp(� nXj=1(xjtj �K(tj)))= expf�nF (x)g:It is surprising that this trivial estimate is sharp. Dyer, F�uredi, andM
Diarmid show, for 
ertain values of x, thatq(x) � expf�n(F (x) + �)gwith � "small". We will make this statement quantitative in Lemma 2.3.We have to set a few parameters next. Let � be de�ned as� = logNn or N = e�n:Then 
ondition (�) reads as
4 (logn)2n < � < 
5 1logn:We will need several small "i that are all of the form (with 
onstant bi > 0)"i = bir�n = biplogNn :The main dis
overy of Dyer, F�uredi, and M
Diarmid is that Q� and F �are 
lose to ea
h other and both of them approximate KN quite well asN = e�n (� a 
onstant) and n!1. We will use several results from [DFM℄.The next one is essentially part (b) of Lemma 2.1 of [DFM℄.Lemma 2.2. For large enough nProb[Q��"1 � KN ℄ > 0:99:14



De�ne C� = 110C, this is a shrunk 
opy of C. Dyer, F�uredi and M
Diarmidprove (the proof is hard) that F � � Q� for every � > � if n is large. Wemake this statement quantitative within C�.Lemma 2.3. For large enough nF ��"2 \ C� � Q��"1 :The next result is simple and is related to part (a) of Lemma 2.1 [DFM℄Lemma 2.4. For large enough n, at least half of the surfa
e area of F �+"3lying in C� is missed by KN with probability at least 0.99.One of our targets will be a
hieved on
e the last three Lemmas have beenproved. Namely, the part of KN lying in C� is weakly sandwi
hed betweenF ��"2 and F �+"3 with high probability. Here "weakly sandwi
hed" meansthat F ��"2 \ C� � KNand KN misses half of C� \ �F �+"3 .2.5 Geometri
 lemmas, proof of Theorem 2.3We will need some geometri
 properties ofC� \ �F �where � = �� "i.Lemma 2.5. voln�1(C� \ �F �) � 12(0:99p2n�)nvoln�1Sn�1Lemma 2.6. Let H be a 
losed halfspa
e whi
h is disjoint from C� \F ��"2.Then H 
ontains at most(3n("2 + "3))n�12 voln�1Sn�1of the surfa
e area of C� \ �F �+"3 .Using Lemmas 2.2, 2.4, 2.5, 2.6 we 
an now give the proof of Theorem2.3.Proof. As we have seen, KN is weakly sandwi
hed between F ��"2 and F �+"3with probability 0.98. Let KN be su
h a �1 polytope. Ea
h fa
et of KN 
utso� at most (3n("2 + "3))n�12 voln�1Sn�115



of the surfa
e area of C� \ �F �+"3 . In view of weak sandwi
hing, at leasthalf of the surfa
e area is 
ut o�. Thus there are at least0:5(0:99p2n(� + "3))n(3n("2 + "3))n�12 � (
7 logN)n4fa
ets.Of 
ourse this proves Theorem 2.2 as well : The random �1 polytope KNis weakly sandwi
hed with high probability soE[fn�1(KN)℄ � 0:98(
7 logN)n4 :2.6 Auxiliary lemmasWe �x the one-to-one 
orresponden
e between x 2 (�1; 1) and t 2 R viat = f 0(x) = h(x) = 12 log 1 + x1� x and x = K 0(t) = tanh tthroughout the paper. This indu
es a one-to-one 
orresponden
e betweenx 2 intC and t 2 Rn with t = n gradF (x):Lemma 2.7. The fun
tiong(t) = f(tanh t)t2 = � 1t2 log 
osh t+ tanh ttis stri
tly de
reasing on [0;1). Its limit at t = 0 is 1=2.The value of g(t) is 0:497::: when tanh t = 0:1 implying12:02t2 � f(tanh t) � 12t2; for t 2 [�0:1; 0:1℄:The last inequality shows that, when x = (x1; : : : ; xn) 2 int C� , and t =(t1; : : : ; tn) with xj = tanh tj,12:02n jtj2 � F (x) � 12n jtj2:Let ! 2 Sn�1 be a unit ve
tor and de�ne x(!; �) as the unique point (ifexists) on the boundary of F � wheret(!; �) = n gradF (x(!; �)) = #(!; �)!for some positive #(!; �). De�ne supp! = fi 2 f1; : : : ; ng : !i 6= 0g. Wehave 16



Lemma 2.8. x(!; �) is wellde�ned when0 < � < jsupp!jn log 2and #(!; �) is stri
tly in
reasing in �.De�ne 
 = f! 2 Sn�1 :r n3 logn ! 2 Cg:It is simple 
onsequen
e of Dvoretzky's theorem [D℄ that for large enough n,Prob[! 2 
j! 2 Sn�1℄ > 0:99:We will use this in the proof ofLemma 2.9. Assume ! 2 
, and � < 1606 log n . Then x(!; �) 2 C�.2.7 Proof of the lemmasProof of lemmas 2.2 and 2.4Proof. (Lemma 2.2) This is a 
opy of the proof of Lemma 2.1(b) from [DFM℄with the parameters adjusted properly. Suppose KN is full-dimensional andthere exists a point x 2 Q�nKN (where � = ��"1 ). Then there is a fa
et ofKN , spanned by Zi1; : : : ; Zin , su
h that the 
orresponding halfspa
e 
ontainsKN but ex
ludes x. Let J = fj1; : : : ; jng and de�ne the event EJ :The points Zj1; : : : ; Zjn span a hyperplane and for one of the two 
orre-sponding halfspa
es H both Prob[Z 62 H℄ � e��n and the event fZj : j 62Jg � H o

urs.It is 
lear that in our 
ase the event EI with I = fi1; : : : ; ing o

urs. LetE denote the event that KN is not full dimensional. ThenfQ� 6� KNg � E [[all J EJ :Thus, with notation D = f1; : : : ; ng,Prob[Q� 6� KN ℄ � Prob[E℄ +XallJ Prob[EJ ℄= Prob[E℄ + �Nn�Prob[ED℄:17



For any �xed set S of dimension less than n, Prob[Z 2 S℄ � 12 , soProb[E℄ � �Nn�2�(N�n) < 0:001 if n is large enough.To bound Prob[ED℄ suppose Z1; : : : ; Zn are aÆnely independent. Let H1and H2 be the two halfspa
es they determine. If Prob[Z 62 H1℄ � e��n, thenProb[Zj 2 H1 : j = n+ 1; : : : ; N ℄ � (1� e��n)N�nand similarly for H2. Hen
eProb[EDjZ1; : : : ; Zn a�. indep.℄ � 2(1� e��n)N�n < 2 expf�(N � n)e��ng:By removing the 
onditioning we get the same bound on Prob(ED). Hen
eProb[Q� 6� KN ℄ � Prob(E) + �Nn�Prob[ED℄< 0:001 + 2 expfn logN � (N � n)e��ng< 0:001 + 2 exp�n(e��n + logN)�Ne��n	 :Here � = � � "1, N = e�n, "1 = b1plogNn , and 
onsequently Ne��n = e"1n =expfb1plogNg. By 
ondition (�) this is mu
h larger than the other termn(e��n + logN) in the exponent if b1 is 
hosen large enough. For instan
e,with b1 � 3=p
4 and large enough nProb[Q� 6� KN ℄ < 0:001 + 2 expf�n2g < 0:01:Proof. (Lemma 2.4) Let x be any point of the boundary of F � (where � =� + "3). Then, using 2.1Prob[x 2 KN ℄ � Nq(x) � N expf�nF (x)g �� expf�n� �ng = expf�"3ng < 0:001if n is large enough. Then the expe
tation of the surfa
e area of C� \ �F �
ontained in KN is at mostZC�\�F� Prob[x 2 KN ℄dx � 0:001voln�1(C� \ �F �):So the probability that half of C�\�F � is missed by KN is at least 0.998.The proof of lemma 2.3 18



The target is to show that the inequality q(x) � expf�nF (x)g in Lemma2.1 is rather sharp. First we need a quantitative version of Lemma 4.4 of[DFM℄. We assume � = �� ".Lemma 2.10. For every positive integer n the following holds. If 0 � xi �0:1, ti = h(xi) (i = 1; : : : ; n) and nF (x) � 10, thenProb" nXi=1 ti(Zi � xi) � 0# � expn�nF (x)� 3pnF (x)o :Proof. (It goes via exponential 
entering and a Berry-Ess�een type theorem,just like in [DFM℄.) Let X1; : : : ; Xn be independent dis
rete random vari-ables and set X =PXi. De�ne new random variables Wi with distributionProb[Wi = y℄ = ey Prob[Xi = y℄E[eXi ℄ :Set W =PWi and observeProb[W = y℄ = Xyi:P yi=y nYi=1 eyi Prob[Xi = yi℄E[eXi ℄=  nY1 E[eXi ℄!�1 ey Prob[X = y℄:Apply this with Xi = tiZi where, as usual, Zi is uniform over f�1; 1gProb" nX1 tiZi = w# = exp( nX1 K(ti)) e�w Prob[W = w℄:It is easy to 
he
k that E[Wi℄ = ti tanh ti = tixi. Let Y = W � E[W ℄ =W �P tixi. With this notationProb" nX1 ti(Zi � xi) � 0# = exp( nX1 K(ti)) Xw�P tjxj e�w Prob[W = w℄= exp( nX1 (K(ti)� tixi))Xy�0 e�y Prob[Y = y℄:HereP(K(ti)�tixi) = �P f(xi) so we have to show thatPy�0 e�yProb[Y =y℄ is not too small. Setting Yj = Wj � E(Wj) we have Y = PYj andE(Yj) = 0. Easy 
al
ulations give�2j = E[Y 2j ℄ = t2j
osh2 tj and E[jY 3j j℄ = �2 
osh tj � 1
osh tj� �3j :19



We need a few simple estimates: when 0 � xi � 0:1,0 � ti � h(0:1) = 0:1003353 : : : and 1 � 
osh ti � 1:00503 : : : :It is easy to 
he
k that E[jYjj3℄E[Y 2j ℄ = tj(1 + tanh2 tj)is an in
reasing fun
tion in tj. Thus, in the given range,M = maxj E[jYjj3℄E[Y 2j ℄ � 0:102 : : : :De�ne � =qP �2j . Now Berry's theorem (see [Fe℄) says that, under thepresent 
onditions, for all n, the distribution of 1p�Pn1 Yj di�ers from thatof the standard normal by at most 334 M� :Now � =vuut nX1 �2j =vuut nX1 t2j
osh2 tj � 11:00503 : : :vuut nX1 t2j �� 0:99p2nF (x) � 0:99p20 > 4:427:Sin
e the standard normal between 0 and p� > p4:427 > 2:1 is larger than0:49, Berry's theorem implies that,Prob"0 � Pnj Yjp� � p�# > 0:49� 2334 M� > 110 :With thisXy�0 e�y Prob[Y = y℄ � X0�y�� e�y Prob[Y = y℄� e�� Prob[0 � nX1 Yj � �℄ � 110e�� � e�3pnF (x);sin
e � = qP �2j � qP t2j � p2:02nF (x) < 3pnF (x) � log 10, be
ausenF (x) � 10. 20



Lemma 2.11. Assume �i > 0 for i = 1; : : : ; m. ThenProb" mX1 �i(Zi � 0:1) � 0# � 1m2 expf�mf(0:1)g:Proof. Let H�, H respe
tively be the halfspa
esH� = (x 2 Rm : mX1 �i(xi � 0:1) � 0) ;H = (x 2 Rm : mX1 (xi � 0:1) � 0) :De�ne � : Rm ! Rm to be the 
y
li
 shift of the 
omponents of x, that is,�(x1; : : : ; xm) = (xm; x1; : : : ; xm�1). The orbit of x under � is, by de�nition,fx; �(x); �2(x); : : : g. As �m(x) = x, any orbit has at most m elements. Ifx 2 H then so is �(x). At least one element of ea
h orbit with x 2 H is inH� as otherwisemXj=1 �j(�k(x)j � 0:1) < 0 for all k = 0; 1; : : : ; m� 1:Summing these inequalities for all k we getmXj=1(�1 + : : :+ �m)(xj � 0:1) < 0;a 
ontradi
tion. Now we see thatProb" mX1 �i(Zi � 0:1) � 0# = Prob[Z 2 H�℄� 1mProb [jfi : Zi = 1gj � 0:55m℄= 1m 12m mXk=0:55m�mk� � 1m2 expf�mf(0:1)gas a simple 
al
ulation using Stirling formula reveals.Proof. (Lemma 2.3) We have to show that q(x) � expf�(�� "1)ng for ea
hx 2 F ��"2\C�, or, in other words, every halfspa
e H interse
ting F ��"2\C�
ontains at least 2n expf�(� � "1)ng verti
es of C. It suÆ
es to show thisfor halfspa
es H whose bounding hyperplane Ho is tangent to F ��"2 \ C�.21



We show �rst, that H 
ontains a point x with F (x) = � � "2 on itsboundary. If Ho tou
hes F ��"2 then the point of tangen
y satis�es this
ondition. If not, then H 
ontains a point y with F (y) < �� "2 and there isa smallest fa
e of C� 
ontaining y. Sin
e the verti
es of C� are not 
ontainedin F ��"2 there is a point x on this fa
e with F (x) = �� "2.By symmetry we 
an suppose that all 
omponents of x are nonnegativeand in in
reasing order. Let n1 2 f1; : : : ; ng be su
h that xn1 < 0:1 andxn1+1 = 0:1. Set t = n gradF (x) and let t� be the normal to Ho. We willprove the lemma assuming that t� is in the relative interior of the normal
one to F ��"2 \ C� at the point x; this assumption means thatt�i = ti for i = 1; : : : ; n1t�i > ti for i = n1 + 1; : : : ; n:The statement of the lemma for general t� follows from this easily.Next we have to 
onsider 
ases a

ording to where the terms of the sumPn1 f(xi) = n(�� "2) are 
on
entrated. If n1 � n� 2000, then Lemma 2.10applies: 
he
k that Pn11 f(xi) � n(� � "2) � 2000f(0:1) > 10 if n is large.Choose the last, at most 2000, Zi to be 1 (i = n1 + 1; : : : ; n). We getProb" nXi=1 t�i (Zi � xi) � 0# � 2�2000Prob" n1Xi=1 ti(Zi � xi) � 0#� 2�2000 exp8<:� n1Xi=1 f(xi)� 3vuut n1Xi=1 f(xi)9=;� expn�n(�� "2)� 3pn(�� "2)� 2000 log 2o� exp f�n(� � "1)g :The last inequality follows when n and thus N is large enough if one 
hooseshere, with "i = biplogNn , i = 1; 2,b2 � 2b1 + 3:If n1 < n� 2000, then set n2 = n1 + 2000 and writeProb" nXi=1 t�i (Zi � xi) � 0# � Prob" n2Xi=1 ti(Zi � xi) � 0#��Prob" n2Xi=n1+1(t�i � ti)(Zi � xi) + nXi=n2+1 t�i (Zi � xi) � 0# :22



Lemma 2.10 applies to the �rst probability sin
ePn2i=1 f(xi) � 2000f(0:1) >10. It givesProb" n2Xi=1 ti(Zi � xi) � 0# � exp8<:� n2Xi=1 f(xi)� 3 vuut n2Xi=1 f(xi)9=; :Lemma 2.11 works for the se
ond fa
tor and shows that it is at least1(n� n1)2 expf�(n� n1)f(0:1)g:The last two inequalities 
ombine toProb" nXi=1 t�i (Zi � xi) � 0#� expn�nF (x)� 3pnF (x)� 2000f(0:1)� 2 log(n� n1)o :The exponent here is �n(�� "2)� 3pn(�� "2)� 2000f(0:1)� 2 log(n�n1)whi
h is larger than �n(�� "1), if, in the de�nition of "2, the 
onstant b2 is
hosen large enough.Proof of the geometri
 lemmasProof. (Lemma 2.5) A routine argument shows how to 
ompute the produ
t
urvature �(x) of the surfa
e given impli
itly by F (x) = �: it gives, at thepoint x 1�(x) = jgradF (x)jndetF 00 = jtjnQni=1 11�x2i � (2n�)n2(0:99)�n � (0:99p2n�)nsin
e x 2 C� implies x2i � 0:01. We use this in the well-known formula [BF℄giving the surfa
e area as the integral of 1�(x) on Sn�1. Now with � = �+ "3voln�1(�F � \ C�) = Z!2Sn�1 1�(x)d!� Z!2
(0:99p2n�)nd! � 12(0:99p2n�)nvoln�1Sn�1:23



Proof. (Lemma 2.6) We 
an assume that the tou
hing hyperplane Ho of thehalfspa
e H is tangent to F ��"2 \ C� at the point x with F (x) = �� "2.We assume, by symmetry, that all xi � 0. If x is in intC� then H iswellde�ned with normal t = n gradF (x).If x is not in intC� then we 
an assume (as in the proof of Lemma 2.3)that the outer normal t� of H is in the relative interior of the normal 
oneto C� \ F ��"2 at x. Then t� 
an be 
hosen so thatt�i = ti = f 0(xi) for 0 � xi � 0:1; andt�i � ti = f 0(0:1) for xi = 0:1Assume y 2 H \ C�. Then, as yi � xi � 0 if xi = 0:1,nXi=1 ti(yi � xi) � nXi=1 t�i (yi � xi) � 0;showing that H \ C� � fz : t(z � x) � 0g. So we may assume that thenormal ve
tor of H is just t = n gradF (x).Now let w 2 H \ F �+"3 \ C�. Set u = w � x whi
h is 
learly in 2C�.Then with suitable �i 2 [0; xi℄ we haveF (w) = F (x) + (w � x)gradF (x) + 12(w � x)TF 00(x)(w � x)+ 16 nXi=1 f 000(�i)n (wi � xi)3� �� "2 + 12n nXi=1 11� x2i u2i + 16n nXi=1 2�i(1� �2i )2u3i� �� "2 + 12n nXi=1 u2i � 11� x2i � 2xi3(1� x2i )2ui� � �� "2 + juj23n :On the other hand w 2 F �+"3, so� + "3 � F (w) � �� "2 + juj23nimplying juj �p3n("2 + "3):This shows that the 
ut-o� from �F �+"3 by the halfspa
e H is 
ontained ina ball of radius p3n("2 + "3) so its surfa
e area is at most(3n("2 + "3))n�12 voln�1Sn�1:24



Proof of the auxiliary resultsProof. (Lemma 2.7) It is elementary to see that limt!0 g(t) = 1=2. We haveto show that, for all t 2 (0;1), g0(t) � 0, or, what is the same, t3g0(t) � 0:Dire
t 
omputation givesh(t) = t3g0(t) = 2 log 
osh t� 2t tanh t+ t2
osh2 t :As limt!0 h(t) = 0, it is enough to see that h0(t) is nonpositive:h0(t) = �2t2 sinh t
osh3 t � 0:Proof. (Lemma 2.8) Fix !. Let # 2 (0;1) and de�nexi = tanh#!i i = 1; : : : ; n:This gives a point x 2 C with ngradF (x) = #!. For �xed ! 2 Sn�1,the mapping # �! F (x) = 1nPni=1 f(tanh#!i) is stri
tly in
reasing and
ontinuous, it is 0 at # = 0 and its limit at # ! 1 is 1n jsupp!j log 2. Thisproves the �rst part of the statement. The se
ond part follows from themonotoni
ity of # �! 1nPni=1 f(tanh#!i).Proof. (Lemma 2.9) De�ne � = q n3 log n . As ! 2 
, �! 2 C and �10! 2 C�,so there is a point x 2 C with n gradF (x) = �10!. We may assume, bysymmetry, that all !i � 0. Of 
ourse xi = tanh �10!i. At this pointF (x) � 12:02n j �10!j2 > 1606 logn:Monotoni
ity implies then, that0 � x(!; �)i = tanh#(!; �)!i << tanh �10!i � tanh 0:1 < 0:1for all i = 1; : : : ; n.
25
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3 The Erd}os and Szekeres theorem3.1 Introdu
tionA set of points in the plane is said to be in general position if it 
ontainsno three points on a line. A �nite set of points in the plane is in 
onvexposition, if it is the vertex set of a 
onvex polygon. In this part of the workwe investigate generalizations of the following famous result of Erd}os andSzekeres [ES35℄:Theorem 3.1 (Erd}os and Szekeres). For any k � 3 there is a least in-teger f(k) su
h that any set of at least f(k) points in general position in theplane 
ontains k points in 
onvex position.For a triple (a; b; 
) of points in general position in the plane, we say thatits orientation is \+", if the 
lo
kwise order of the verti
es of the triangleab
 is a; b; 
. Otherwise we say that the orientation of (a; b; 
) is \�". Wesay that two t-tuples of points in general position (p1; : : : ; pt) and (p01; : : : ; p0t)have the same order type, if the orientations of the two triples (pi; pj; pl) and(p0i; p0j; p0l) are equal for ea
h 
hoi
e of distin
t indi
es i; j; l. A �nite planarpoint setX is 
alled a k-
lustering, if it is a disjoint union of k sets X1; : : : ; Xkof equal sizes su
h that all k-tuples (x1; : : : ; xk), x1 2 X1; : : : ; xk 2 Xk, havethe same order type. If, moreover, x1; x2; : : : ; xk are in 
onvex position, thenX is 
alled a 
onvex k-
lustering (see Fig.1).B�ar�any and Valtr [BV98℄ proved the following generalization of the Erd}os{Szekeres theorem:Theorem 3.2 (positive fra
tion Erd}os{Szekeres theorem). For any k �3 there is an "k > 0 su
h that if X is a �nite set of points in general positionin the plane with jXj � f(k) then it 
ontains a 
onvex k-
lustering of size atleast "kjXj. (f(k) is the fun
tion from the Erd}os{Szekeres theorem.)For k = 4 this was proved earlier by Nielsen [N95℄. Solymosi [SO88℄ provedin his master thesis a 
losely related result, that among n points in the planethere is a sequen
e of 
rn elements su
h that any r 
onse
utive are in 
onvexposition.Repeated appli
ations of the positive fra
tion Erd}os{Szekeres theoremshow that any set of n points in general position in the plane 
an be parti-tioned into at most 
k logn 
onvex k-
lusterings and a remaining set of sizeat most 
0k. Gil Kalai asked if 
k logn 
an be repla
ed by 
k, whi
h wouldgive a strengthening of the positive fra
tion Erd}os{Szekeres theorem. It iseasy to see for k = 3. P. Valtr and me proved it for arbitrary k:27



Theorem 3.3 (partitioned Erd}os{Szekeres theorem). For every k �3 there are two 
onstants 
 = 
(k), 
0 = 
0(k) su
h that the following holds.If X is a �nite set of points in general position in the plane then it has asubset X 0 of size at most 
0 su
h that X nX 0 
an be partitioned into at most
 
onvex k-
lusterings.The proof gives Theorem 3.3 with 
onstants 
(k) = kO(k2) and 
0(k) =f(k)�1, where f(k) < 4k is the number from the Erd}os{Szekeres theorem. IfjXj is suÆ
iently large, then 
0(k) 
an be lowered to rr(k)�1, where rr(k) isthe so-
alled Ramsey-remainder for 
onvex sets (see Se
tion 3.3 for details).Both bounds on 
0(k) are optimal, while the best lower bound on 
(k) isexponential in k.If the spe
ial 
ase when k = 4 we 
an give an upper bound:Theorem 3.4. 
(4) � 26In the 
ase of k = 4 Gyula K�arolyi investigated a 
losely related problem:when 
an a set of 4n points be partitioned into n 
onvex (vertex-disjoint butpossibly interse
ting) quadrilaterals [KA02℄.The proof of Theorem 3.3 relies on the positive fra
tion Erd}os{Szekerestheorem (Theorem 3.2). Pa
h and Solymosi [PS98℄ proved that Theorem 3.2holds with "k = ��k2 for some �xed � > 1. We give the following betterbound:Theorem 3.5 (Exponential bound). Theorem 3.2 holds with "k = k �2�32k.Further we show that there is a � > 1 su
h that Theorem 3.2 does nothold with the 
onstants "k = ��k.The proof of Theorem 3.4 is based on another partitional statement, ageneralization of the same type lemma. This beautiful result of B�ar�any andValtr holds in any dimension. Given sets Y1; : : : ; Ym a 
olle
tion y1; : : : ; ymwhere yi 2 Yi is a transversal of the sets Y1; : : : ; Ym.Same Type Lemma [BV98℄ For any natural numbers m; d � 1 there existsa 
onstant 
(m; d) su
h that if X1; : : : ; Xm � Rd are �nite sets and SiXiis in general position, there are subsets Yi � Xi , jYij � 
(m; d)jXij su
hthat every transversal of the sets Y1; : : : ; Ym has the same geometri
 (order)type.Pa
h and Solymosi [PS98℄ generalized the same type lemma for disjoint
onvex sets.Ea
h d+1 points in general position may have two di�erent orientations,\+" and \-". Here the geometri
 type means the 
olle
tion of orientations ofthe � md+1� d+ 1-tuples, i.e. two point sets of size m have the same geometri
28



type , under a given order of the points, if the d+ 1 points taken from ea
hset from the same d + 1 positions have the same orientation. We will 
allsets like Y1; : : : ; Ym to be separated in "algebrai
" sense. We will de�ne twoother types of separation: "geometri
" and "
ombinatorial".The sets X1; : : : ; Xm are separated in "geometri
" sense, if ea
h hyper-plane H interse
ts at most d sets from 
onvX1; : : : ; 
onvXm.The number tm;d is the number of bipartitions ofm points in Rd in generalposition by hyperplanes. The sets X1; : : : ; Xm are separated in "
ombinato-rial" sense, if the number of bipartitions of the sets by hyperplanes whi
h donot meet any of the sets 
onvXi is equal to tm;d.We will prove in se
tion 6 that all these de�nitions are equivalent andtherefore 
all the sets X1; : : : ; Xm with either property separated.We need some further de�nitions to formulate a partitioned version of thesame type lemma.We 
all M a matrix-partition (or �-partition, for short) with N 
olumnson the sets X1; : : : ; Xm � Rd if(i) M = (Mij)m�N ;Mij � Xi(ii) Mij1 \Mij2 = ;; for all i; j1; j2(j1 6= j2)(iii) [j Mij = Xi for all iCombining this with separability, we 
all the �-partition M a separat ed �-partition if the sets in ea
h 
olumn are separated. We 
all the �-partitionbalan
ed if the sets in the same 
olumn have the same size. Clearly, in this
ase jX1j = : : : = jXmj. We 
an look at a 
ulomn of a balan
ed separated�-partition as an m-
luster.The \partitioned" same type lemma:Theorem 3.6. For all natural numbers m; d there exists a least integer nm;dsu
h that if �nite sets X1; : : : ; Xm � Rd have the same size and SiXi is ingeneral position, then there exists a balan
ed, separated �-partition with atmost nm;d 
olumns on these sets.The proof of Theorem 3.6 goes by a double indu
tion, based on twolemmas and gives an exponential bound in m for nm;1. Better bounds inlower dimensions would yield better bounds in higher dimensions too.There are asymptoti
ally tight bounds for nm;1, namelyTheorem 3.7.�m� 12 � � �m+ 12 �+ 1 � nm;1 � (m� 1)2 + 129



3.2 The exponential bound, Theorem 3.5Let X be a set of n points in general position in the plane. We may supposethat n > 232k. It follows from the best known upper bounds [ES35, TV98℄on the fun
tion f(k) from the Erd}os-Szekeres theorem (Theorem 3.1) thatamong any 44k points in general position it is always possible to �nd 4kpoints in 
onvex position. Therefore, if we 
hoose randomly and uniformlya 44k-point subset X0 of X and 
onsequently randomly and uniformly a 4k-point subset X1 of X0, then X1 is in 
onvex position with probability atleast 1=�44k4k �. Clearly, every 4k-point subset of X is 
hosen for X1 with thesame probability. It follows that X 
ontains at least ( n4k)(44k4k ) 4k-point subsetsin 
onvex position.If X1 is a 4k-point subset of X in 
onvex position, then we say that itssubset Y of size 2k supports X1 if the points of X1 sorted in the 
lo
kwiseorder alternately belong to Y and to X1 nY . Clearly, X1 is supported by twosubsets.Sin
e X has � n2k� 2k-point subsets, there is a 2k-point subset Y of Xwhi
h supports at least 2 � ( n4k)(44k4k )=� n2k� > (n�4k)2k� (2k)!(4k)!(44k4k ) > (n�4k)2k �(2k)!(44k)4k > (n�4k)2k232k24k-point subsets of X in 
onvex position. We �x su
h a set Y .Let y1; : : : ; y2k be the points of Y listed in the 
lo
kwise order. For ea
hi = 1; : : : ; 2k, let Ti denote the region outside of 
onvY bounded by thesegment yiyi+1 and by parts of the lines yi�1yi; yi+1yi+2 (indi
es are 
ountedmodulo 2k) { see Fig.2

30



Fig.2Observation 1. If Y = fy1; : : : ; y2kg supports a 4k-point subset X1 of X,then X1 = Y [ fx1; : : : ; x2kg, where xi lies in the interior of Ti for ea
hi = 1; : : : ; 2k. �For i = 1; : : : ; 2k, let ti denote the number of points of X lying in theinterior of Ti. It follows from Observation 1 that Y supports at most 2kYi=1 ti4k-point sets. Thus, (n� 4k)2k232k2 � 2kYi=1 ti:If � denotes the k-th smallest number ti, then Q2ki=1 ti � �knk. It followsthat (n� 4k)2k232k2 � �knkand thus � � (n� 4k)2232kn > n� 8k232k > n232k � 1:Let I � f1; : : : ; 2kg be a set of k indi
es i with ti � � > n232k � 1. For ea
hi 2 I, we �x a set Ci of d n232k � 1e points of X in the interior of Ti. Then thesets Ci [ fyig; i 2 I, form a 
onvex k-
lustering of size k � d n232k e. �31



In the proof of Theorem 3.5 we used that the best known bounds onf(k) give f(k) � 4k. If the 
onje
ture of Erd}os and Szekeres [ES61℄ thatf(k) = 2k�2 + 1 is true then the above proof gives still a better 
onstant"k = k � 2�16k.3.3 The partitioned version of the Erd}os-Szekeres the-oremIn the whole proof, k � 3 is �xed and K := 232(k+1)+1.For t � 3, we say that a family fX1; X2; : : : ; Xtg of t planar point setshas the same-type property , if all t-tuples (x1; : : : ; xt), x1 2 X1; : : : ; xt 2 Xt,have the same order type (and we say that the pair fX1; X2g of two planarpoint sets has the same-type property , if 
onvX1\
onvX2 = ;). If, moreover,x1; x2; : : : ; xt are in 
onvex position, then we say that the sets X1; X2; : : : ; Xtare in 
onvex position.We say that a sequen
e (X1; X2; : : : ; Xt) of planar point sets has thesequential same-type property , if the family fX1; X2; : : : ; Xi; Xi+1 [ Xi+2 [� � �[Xtg has the same-type property for ea
h i = 1; : : : ; t�1. A 
ru
ial notionin our proof is the notion of so-
alled s-
on�gurations. An s-
on�guration isa �nite set X of points in general position in the plane whi
h is partitionedinto s+ 1 sets C1; : : : ; Cs; Y su
h that:(i) Ci is a 
onvex (k + 1)-
lustering for ea
h i = 1; : : : ; s,(ii) for ea
h i = 1; : : : ; s, one of the k+1 
lusters of Ci is denoted Ci so thatthe sequen
e (C1; : : : ; Cs; Y ) has the sequential same-type property, and(iii) jC1j = jC2j = � � � = jCsj = jXjK = jY jK�s(k+1) , where K = 232(k+1)+1.Sometimes we mean by an s-
on�guration not the set X but the 
orre-sponding (2s + 1)-tuple (C1; : : : ; Cs;C1; : : : ; Cs;Y ) of sets. The de�nition ofan s-
on�guration is somewhat te
hni
al. At this point we give two remarksto it:Remark 1: The 
onvex (k+1)-
lustering Ci 
an be partitioned almost 
om-pletely into few (k + 1) 
onvex k-
lusterings (Observation 2 in Se
tion 3.3).Moreover, if we use the points of the 
luster Ci � Ci elsewhere in the �nalpartition, then the rest of Ci is a 
onvex k-
lustering. It is the reason whywe require Ci to be a 
onvex (k + 1)-
lustering.Remark 2: s-
on�gurations are de�ned so that the following two 
ondi-tions hold. An s-
on�guration 
an be partitioned almost 
ompletely into abounded number of (s+1)-
on�gurations (Lemma 1 below), and if s is large32



enough (s = 2k2 suÆ
es) then an s-
on�guration 
an be partitioned almost
ompletely into a bounded number of 
onvex k-
lusterings (Lemma 2 below).Here are the two key lemmas:Lemma 1. For s = 1; : : : ; 2k2, every s-
on�guration is a disjoint union ofat most 8s2 (s+1)-
on�gurations and a remaining set of size at most 25s2K.Lemma 2. Every (2k2)-
on�guration is a disjoint union of at most 2K logK
onvex k-
lusterings and a remaining set of size at most 4k.Lemma 1 will be obtained using the separation method of P�or [P02℄,Lemma 2 relies on Theorem 3.5 and on the Erd}os-Szekeres theorem on mono-tone subsequen
es (Theorem 3.8 in Se
tion 3.3). We now derive Theorem 3.3from Lemmas 1 and 2.Proof of Theorem 3.3. Let X be a �nite set of points in general position inthe plane. We may suppose that jXj is divisible by 2K (this 
an be a
hievedby removing at most 2K� 1 points from X). By Theorem 3.5, X 
ontains a
onvex (k + 1)-
lustering C1 with ea
h 
luster of size jXjK . We denote one ofthe 
lusters by C1.Let l be a line (\ham-sandwi
h 
ut") 
utting ea
h of the sets C1; X n C1into two equal parts. Let C1 = C11[C21 ; XnC1 = Y 1[Y 2 be the 
orrespondingpartitions su
h that jC11 j = jC21 j; jY 1j = jY 2j = (K � (k + 1))jC11 j, and that lseparates C11 [ Y 2 from C21 [ Y 1.We partition the 
onvex (k + 1)-
lustering C1 into two 
onvex (k + 1)-
lusterings C11 ; C21 of equal sizes by 
utting ea
h 
luster of C1 into two equalparts (the 
luster C1 is 
ut into the above subsets C11 ; C21).We obtain a partition of the set X into two 1-
on�gurations Xj =(Cj1;Cj1;Y j); j = 1; 2. Applying �rst Lemma 1 (2k2-times) and then Lemma 2on ea
h part, we get a partition of ea
h of the two 1-
on�gurations Xj into atmost  2k2�1Ys=1 8s2! � 2K logK = kO(k2) 
onvex k-
lusterings and a remainingset of size at most 2 � kO(k2) � 25(2k2)2K + kO(k2) � 4k = kO(k2). Theorem 3.3follows. �Proof of Lemma 1Claim 1. If a family fC1; : : : ; Cs; Y g of s+1 �nite point sets has the same-type property, then there is a 
losed strip S bounded by two parallel lines su
hthat Y � S and Ci \ S = ; for i = 1; : : : ; s.33



Fig.3Proof. Let u be a segment 
onne
ting a pair of points in C1 [ � � � [ Cs su
hthat its distan
e to 
onvY is smallest possible. Let v be a segment of lengthdist(u; 
onvY ) 
onne
ting a point of u with a point of 
onvY (see Fig.3).Further, let p be the line perpendi
ular to v going through the point v \
onvY , and let q be the other line of the same dire
tion tangent to 
onvY .Then the strip S bounded by the lines p; q 
ontains 
onvY and no point ofC1[� � �[Cs (otherwise a segment 
onne
ting a point of S\(C1[� � �[Cs) withone of the end-points of u would be 
loser to 
onvY than u { a 
ontradi
tion).�Claim 2. (i) Let N � 1 be an integer, and let C; Y be two disjoint �nite setsof points in the plane su
h that jY j = N � jCj and C [ Y 
ontains no pair ofpoints on a horizontal line. Then there are partitions Y = Y 1[Y 2[Y rem; C =C1 [C2 [Crem su
h that Y 1 [C2 is separated from Y 2 [C1 by a horizontalline, jY xj = N � jCxj for x 2 f1; 2; remg, and jCremj � 1.(ii) Let C;D; Y be three pairwise disjoint �nite sets of points with jY j =N � jCj = N � jDj, where N � 1 is an integer. Suppose further that C [D[Yis in general position and any two of the sets C;D; Y are separated from ea
hother by a horizontal line. Then there are partitions Y = Y 1[Y 2[Y rem; C =C1 [ C2 [ Crem; D = D1 [D2 [Drem su
h that:1. jY xj = N � jCxj = N � jDxj for ea
h x 2 f1; 2; remg,2. jCremj = jDremj � 1, and3. the triple (Cj; Dj; Y j) has the same-type property, for j = 1; 2.Proof. (i) LetNC be the multiset of points of C, ea
h taken with multipli
ityN . Consider the multiset Y [NC of size 2N jCj, and 
hoose a horizontal linep su
h that at most N jCj points of Y [ NC lie stri
tly above p and also atmost N jCj points of Y [NC lie stri
tly below p.If no point of C lies on p, we may suppose that also no point of Y lies onp. The line p determines suitable partitions of Y; C with Y rem = Crem = ; inthis 
ase. 34



If a point 
 2 C lies on p, set Crem := f
g and put N suitable pointsof Y to Y rem. Then the line p will again determine suitable partitions ofY n Y rem; C n Crem.(ii) We distinguish two 
ases (other 
ases are obtained by symmetry).Case 1: the sets C;D; Y appear in the order C;D; Y from top to bottom. (seeFig.4)

Fig.4We use a \sweep-line" argument. We take a horizontal line p separatingC from D. We rotate p in the 
lo
kwise order. During the rotation we are
hanging the 
enter of rotation so that at ea
h moment p 
uts C[D into twoequal parts (the partition determined by p 
hanges at �nitely many momentswhen two points of C [D lie on p) { see Fig.4 (several positions of p duringthe rotation are shown by dotted lines). Moreover, we 
an pro
eed so thatp always 
ontains at most one point of Y . Let p+ be the open halfplane ofpoints to the right of p, and let p� be the open halfplane opposite to p+. Werotate p until we a
hieve jp+ \ Y j � N � (jp+ \Cj+ 12 jp \Cj). Then we stopand denote the �nal position of p by p0.If p passes through a point of Y immediately before it gets to its �nalposition p0, then p0 
ontains no point of C[D[Y and it gives us the requiredpartitionsC1 = C \ p+0 , C2 = C \ p�0 ,D1 = D \ p�0 , D2 = D \ p+0 ,Y 1 = Y \ p+0 , Y 2 = Y \ p�0 , 35



Crem = Drem = Y rem = ;.Otherwise p 
ontains a point 
 2 C and a point d 2 D either in theposition p0 or immediately before it. In these 
ases we setCrem = f
g, Drem = fdg,C1 = C \ p+0 , C2 = C \ p�0 ,D1 = D \ p�0 , D2 = D \ p+0 ,and we appropriately 
hoose a partition Y = Y 1 [ Y 2 [ Y rem su
h thatjY remj = N; Y 1 � p+0 ; Y 2 � p�0 .Case 2: the sets C;D; Y appear in the order C; Y;D from top to bottom.We take a verti
al line to the left of C [D [ Y and sweep it to the rightso that it 
uts C and D in the same proportions at any moment. We de�nep+ and p� as above and stop as soon as jY \ (p [ p�)j � N � jC \ p+j. Thenwe 
ontinue similarly as in Case 1. Details are left to the reader. �A weak (s+1)-
on�guration is a (2s+3)-tuple (C1; : : : ; Cs+1;C1; : : : ; Cs+1;Y )su
h that (C1; : : : ; Cs;C1; : : : ; Cs;Y [ Cs+1) is an s-
on�guration and Cs+1 isone of the 
lusters of a 
onvex (k + 1)-
lustering Cs+1 of size jCs+1j = jC1j.Proof of Lemma 1. Let X = (C1; : : : ; Cs;C1; : : : ; Cs;Y ) be a non-emptys-
on�guration. By Claim 1, there is a 
losed strip S su
h that Y lies in Sand C1 [ � � � [Cs lies outside of S. We may suppose that the lines boundingS are horizontal. Let S+ (resp. S�) be the open halfplane of points above(resp. below) S.The size of Y is jXj � s(k + 1) jXjK � jXj2 . Therefore, by Theorem 3.5, Y
ontains a 
onvex (k+1)-
lustering Cs+1 of size (k+1) jXj=2K=2 = (k+1) jXjK . Fixa 
luster Cs+1 in Cs+1.In the sequel, the weak (s+1)-
on�gurationX = (C1; : : : ; Cs+1;C1; : : : ; Cs+1;Y nCs+1) will be partitioned into a bounded number of (s+1)-
on�gurations anda small remaining set.We apply Claim 2(i) on the sets Cs+1; Y n Cs+1. We obtain partitionsCs+1 = C1s+1[C2s+1[Crems+1 and Y nCs+1 = Y 1[Y 2[Y rem su
h that C1s+1[Y 2 isseparated from C2s+1[Y 1 by a horizontal line, jC1s+1j = jY 1jK�(s+1)(k+1) , jC2s+1j =jY 2jK�(s+1)(k+1) , jCrems+1j � 1, jY remj � K � (s+ 1)(k + 1).For ea
h i = 1; : : : ; s, we take an arbitrary partition Ci = C1i [C2i [Cremiwith jCxi j = jCxs+1j for ea
h x 2 f1; 2; remg. Finally, for ea
h i = 1; : : : ; s +1, we partition the 
onvex (k + 1)-
lustering Ci into three 
onvex (k + 1)-
lusterings C1i ; C2i ; Cremi arbitrarily so that, for ea
h x 2 f1; 2; remg, Cxi is oneof the 
lusters of Cxi .The two obtained (2s+3)-tuplesX i = (Ci1; : : : ; Cis+1;Ci1; : : : ; Cis+1;Y i); i =1; 2, are weak (s + 1)-
on�gurations forming a partition of X nXrem, where36



jXremj � K.Both X1 and X2 satisfy the assumptions in the following lemma:Claim 3. Let X = (C1; : : : ; Cs+1;C1; : : : ; Cs+1;Y ) be a weak (s+1)-
on�gurationsu
h that the sets Cs+1; Y are separated from ea
h other by a horizontal lineand also ea
h Ci; i = 1; : : : ; s, is separated from Cs+1 [ Y by a horizontalline. Further, let w(X) denote the number of indi
es i 2 f1; : : : ; sg su
hthat Ci � S+ and the triple Ci; Cs+1; Y does not have the same-type prop-erty. Then X 
an be partitioned \
omponentwise" into two weak (s + 1)-
on�gurations Xj with w(Xj) � w(X)=2 and a remaining set Xrem of sizeat most K. (A partition of X = (C1; : : : ;Y ) into X1; X2; Xrem is 
ompo-nentwise, if Xj = (Cj1; : : : ;Y j), j = 1; 2; rem, and Ci = C1i [ C2i [ Cremi ,Ci = C1i [ C2i [ Cremi , Y = Y 1 [ Y 2 [ Y rem, i = 1; : : : ; s+ 1.)Proof. Suppose that Ci1; : : : ; Cir are the 
lusters Ci 
ontributing to w(X),i.e. they are the 
lusters Ci in S+ su
h that the triple Ci; Cs+1; Y does nothave the same-type property. Moreover, suppose that they are ordered inthe order in whi
h they are seen (within an angle smaller than �) from anypoint in Cs+1 [ Y , see Fig.Cij. The linear order Ci1 ; : : : ; Cir is well-de�nedbe
ause the family fC1; : : : ; Cs; Cs+1 [ Y g has the same-type property.�gThe partition X = X1 [X2 [XremWe apply Claim 2(ii) on the triple of sets Cidr=2e; Cs+1; Y . It gives uspartitions Cidr=2e = C1idr=2e [ C2idr=2e [ Cremidr=2e, Cs+1 = C1s+1 [ C2s+1 [ Crems+1,Y = Y 1 [ Y 2 [ Y rem.We further partition ea
h set Ci; i 6= idr=2e; s+1, into three parts C1i ; C2i ; Cremiarbitrarily so that jCxi j = jCxs+1j for ea
h x 2 f1; 2; remg. Finally, any par-tition of ea
h (k + 1)-
lustering Ci into three (k + 1)-
lusterings C1i ; C2i ; Cremisu
h that Cxi is a 
luster of Cxi (i = 1; : : : ; s+1; x = 1; 2; rem) �nishes the re-quired partition of X into two weak (s+1)-
on�gurations Xj = (Cj1; : : : ; Y j),j = 1; 2, and a remaining set Crem1 [ � � � [ Crems+1 [ Y rem of size at most K.(For ea
h j = 1; 2 we have w(Xj) � r=2 = w(X)=2 be
ause either only the
lusters Cjit; 1 � t < dr=2e, or only the 
lusters Cjit; dr=2e < t � r, 
ontributeto w(Xj) { see Fig.Cij.) �Sin
e the partition in Claim 3 is 
omponentwise, ea
h of the sub
on�gu-rations X1; X2 obtained in Claim 3 satis�es the assumptions in Claim 3 andClaim 3 
an be again applied on ea
h of them. We iterate Claim 3 blog2 s+1
times. We obtain a partition of a weak (s + 1)-
on�guration X into (atmost) 2blog2 s+1
 � 2s weak (s + 1)-
on�gurations Xj with w(Xj) = 0 (sin
eafter blog2 s + 1
 iterations of Claim 3 we get w(Xj) � w(X)=2blog2 s+1
 <s=s = 1) and a remaining set of size at most (2 � 2blog2 s+1
 � 1)K < 4sK.Analogously, we 
an 
onsequently partition ea
h Xj into at most 2s weak37



(s+1)-
on�gurations Xjl and a remaining set of size at most 4sK su
h thatw(Xjl) = 0 holds also if we repla
e S+ by S� in the de�nition of the param-eter w. This means that the 
on�gurations Xjl are (s+ 1)-
on�gurations.Thus, ea
h of the two weak (s+1)-
on�gurations X1; X2 obtained aboveClaim 3 
an be partitioned into at most (2s)2 = 4s2 (s+ 1)-
on�gurationsand a remaining set of size at most (2s + 1)4sK � 12s2K. Sin
e X1; X2form a partition of X n Xrem (where jXremj � K), we obtain a partitionof X into 8s2 (s + 1)-
on�gurations and a remaining set of size at most2 � 12s2K +K � 25s2K. This �nishes the proof of Lemma 1. �Proof of Lemma 2The proof of Lemma 2 relies on another famous result of Erd}os and Szek-eres [ES35℄:Theorem 3.8 (Erd}os{Szekeres lemma). Any sequen
es of (k � 1)2 + 1distin
t real numbers 
ontains a monotone subsequen
e of length k.Proof of Lemma 2. LetX = (C1; : : : ; Cs; C1; : : : ; Cs; Y ) be an s-
on�guration,where s = 2k2. By Claim 3 and by the pigeon-hole prin
iple, there is a line lseparating Y from at least k2 of the 
lusters Ci. Let Ci1; : : : ; Cik2 be k2 su
h
lusters listed in the order in whi
h they are seen (within an angle smallerthan �) from any point of Y .By the Erd}os-Szekeres theorem on monotone subsequen
es (Theorem 3.8),the sequen
e i1; : : : ; ik2 
ontains a monotone subsequen
e j1; : : : ; jk�1 of lengthk � 1.Claim 4. The k sets Y; Cj1; : : : ; Cjk�1 are in 
onvex position.Proof. Sin
e Y is separated from k�1[i=1 Cji by a line, it suÆ
es to show that forea
h i = 1; : : : ; k�3 the set Cji+1 
annot lie in the 
onvex hull of Cji[Cji+2[Y .We use the sequential same-type property of the sequen
e (C1; : : : ; Cs; Y ).If the sequen
e ji; ji+1; ji+2 is in
reasing, then (Cji; Cji+1; Cji+2; Y ) has thesequential same-type property. Otherwise the sequen
e ji; ji+1; ji+2 is de-
reasing and (Cji+2; Cji+1; Cji; Y ) has the sequential same-type property. Inthe �rst 
ase the triple fCji; Cji+1; Cji+2 [ Y g has the same-type property, inthe latter 
ase the triple fCji+2; Cji+1; Cji [ Y g has the same-type property.In either 
ase, Cji+1 lies outside of the 
onvex hull of Cji [ Cji+2 [ Y . Thelemma is proved. �38



We now need the following 
orollary of Theorem 3.5 and a simple obser-vation.Corollary 3.1. The set Y is a disjoint union of at most K logK 
onvexk-
lusterings and two remaining sets Y0; Y1 with jY0j = jXjK ; jY1j � f(k).Proof. By Theorem 3.5, Y is a disjoint union of a 
onvex k-
lustering anda remaining set Y 0 of size at most maxf�1� 1K � jY j; f(k)g. Applying Theo-rem 3.5 on Y 0, we get a partition of the set Y into two 
onvex k-
lusteringsand a remaining set of size at most maxf�1� 1K �2 jY j; f(k)g.After K logK appli
ations of Theorem 3.5, we obtain a partition of Yinto K logK 
onvex k-
lusterings and a remaining set Yrem of size at mostmaxf�1� 1K�K logK jY j; f(k)g � maxf 1K jY j; f(k)g � jXjK + f(k):If jYremj � jXjK then we �nish the whole partition by partitioning Yrem intotwo subsets Y0; Y1, where jY0j = jXjK .Otherwise we repeatedly enlarge Yrem by 
hoosing an arbitrary of theK logK k-
lusterings and moving one point from ea
h of its 
lusters to Y0.Ea
h repetition of this step enlarges jYremj by k, so we 
an a
hieve thatjXjK � jYremj � jXjK + (k � 1), and then we make any partition Yrem = Y0 [ Y1with jY0j = jXjK . �Observation 2. Every 
onvex (k + 1)-
lustering is a union of k + 1 
onvexk-
lusterings and a remaining set of size at most k � 1.Proof. Let C be a 
onvex (k + 1)-
lustering and let t be the size of a 
lusterin C. Set t0 := t mod k.We 
an easily partition C into t0 points and k+1 
onvex k-
lusterings, ea
hdisjoint from one of the 
lusters of C and having size k � bt=k
 or k � bt=k+1
.� By Corollary 3.1, Y is a disjoint union of at most K logK 
onvex k-
lusterings and two remaining sets Y0; Y1 with jY0j = jXjK ; jY1j � f(k). ByClaim 4, the sets Y0; Cj1; : : : ; Cjk�1 form a 
onvex k-
lustering. Further, ea
hof the k � 1 sets Cj1 n Cj1; : : : ; Cjk�1 n Cjk�1 is a 
onvex k-
lustering.By Observation 2, ea
h of the remaining 2k2� (k�1) (k+1)-
lusteringsCi 
an be partitioned into k + 1 
onvex k-
lusterings and a remaining set ofat most k � 1 points. 39



The s-
on�guration X is partitioned into at most K logK+1+(k�1)+(2k2 � (k � 1))(k + 1) < 2K logK 
onvex k-
lusterings and a remaining setof size at most f(k) + (2k2 � (k � 1))(k � 1) < 4k. �Con
luding remarks1. Upper bounds on the 
onstants 
(k); 
0(k). Our proof gives Theo-rem 3.3 with 
(k) = kO(k2), 
0(k) = kO(k2). It is easy to lower 
0(k) to f(k)�1(and keep 
(k) = kO(k2) at the same time). As long as the remaining setof points has size bigger than f(k) � 1, it 
ontains a 
onvex k-
lustering ofsize k, i.e., k points in 
onvex position, and we may redu
e the size of theremaining set by it. The number of 
onvex k-
lusterings will in
rease by atmost kO(k2) � k�1 = kO(k2), thus staying at most kO(k2). This bound on 
0(k)
annot be improved in general, sin
e any set of f(k) � 1 points with no kpoints in 
onvex position 
ontains no non-empty 
onvex k-
lustering.If jXj is suÆ
iently large, then 
0(k) 
an be lowered to rr(k), the so-
alled Ramsey-remainder for 
onvex sets, de�ned as the smallest number rsu
h that any set of suÆ
iently many points in general position in the plane
an be partitioned into k-tuples of points in 
onvex position and a remainingset of size at most r (see [ETV96℄ for estimates on the numbers rr(k)).2. An upper bound on "k and a lower bound on 
(k). Let Ck=2 bethe set of 2k=2�2 points with no 
onvex (k=2)-gon 
onstru
ted by Erd}os andSzekeres [ES61℄. We may suppose that no pair of points in Ck=2 lies on ahorizontal line. We repla
e ea
h point of Ck by the same number L of pointswhi
h are very 
lose together, form a so-
alled L-
up (e.g., see [TV98℄ for thede�nition), and any line trough two of them is almost horizontal.Then any 
onvex k-
lustering has all points of at least � k=2 
lusters
ontained in the same L-
up, and therefore its size is at most (� 2 � 22�k=2)-fra
tion of our set. This gives an upper bound � �p1=2�k on the 
onstant "kin Theorem 3.2 (it 
an be improved to � (1=2+")k by 
onsidering C(1�")k in-stead of Ck=2). Consequently, we get a lower bound � �p2�k on the 
onstant
(k) in Theorem 3.3 (it 
an be improved to � (2� ")k).3. Higher dimensions. For any d � 3, an analogue of Theorem 3.3 in IRdholds. We simply proje
t the set X � IRd orthogonally to a plane 
hosen sothat the proje
tion is a set in general position. Then we apply Theorem 3.3.The obtained partition gives us a partition of the original set X into at mostkO(k2) 
onvex k-
lusterings and a remaining set of size at most kO(k2). In fa
t,40



if jXj is divisible by k and suÆ
iently large, then we 
an partition the wholeset X into 
onvex k-
lusterings be
ause the Ramsey-remainder for 
onvexsets is 0 in this 
ase (see [KA02℄).3.4 The partitioned "Same Type Lemma"Denote by nm;d the smallest number (probably in�nite) su
h that for all �nitesets X1; : : : ; Xm � Rd a balan
ed separated �-partition with at most nm;d
olumns exists. To prove the theorem, we have to show that nm;d is �nite,and the following two lemmas will do this.Lemma 3.1. If nd+1;d is �nite for a given dimension d, then so are all nm;dnumbers, where m > d+ 1 andnm;d � (nd+1;d)( md+1)Lemma 3.2. The number n2;1 is equal to 2. If nd+1;d�1 is �nite, thennd+1;d � 2nd+1;d�1Proof of Theorem 3.6. If nd;d�1 is �nite, then by the �rst lemma nd+1;d�1 is�nite too and by the se
ond lemma nd+1;d is also �nite. Sin
e n2;1 is �nite,we get by indu
tion that nd+1;d is �nite for all d. The �rst lemma proves nowour theorem.Proof of the lemmasWe will need new notions, the partial �-partition and the re�nement ofthe �-partition:The �-partition M is partial on the set I � [m℄ = f1; : : : ; mg, if thematrix M has only entries in the rows i 2 I and it satis�es the 
onditionsfor �-partitions in the rows i 2 I. A partial �-partition is balan
ed if the
ardinality of the sets in one 
olumn is equal, of 
ourse only for sets whi
h arein a row with index from I. A partial balan
ed �-partition 
an be extendedto a balan
ed �-partition M . For example partition all other sets Xi i 62 Iby taking 
are only on the 
ardinality of the entries.If we have a balan
ed �-partition M , we 
an repla
e some of its 
olumnsby a balan
ed �-partition of the sets of these 
olumns. Then we get a newbalan
ed �-partition. We will 
all this the re�nement of the �-partition.Note that the re�nement of a re�nement of a �-partition is also a re�nementof the original one. 41



Proof of Lemma 3.1. Let I1; : : : ; Ir � [m℄ be all the subsets of [m℄ of d + 1elements ( r = � md+1�). Take the "trivial" �-partition on the sets with 1
olumn, Mi1 = Xi i = 1; : : : ; m, and re�ne it in several steps, su
h thatafter the l-th step there will be no hyperplane meeting the 
onvex hulls ofthe d+ 1 sets Ml1j; : : : ;Mld+1j for all j, where Il = fl1; : : : ; ld+1g.In the l-th step we will re�ne all the 
olumns in the following way: We takethe sets in a 
olumn and produ
e a balan
ed separated �-partition for thesets in the rows 
orresponding to Il. This is a partial �-partition for all thesets and has at most nd+1;d new 
olumns whi
h will repla
e the one 
olumnwe took. We extend it to a balan
ed �-partition and do this re�nement forall the 
olumns. At the end we will have a balan
ed �-partition, and therewill be no hyperplane interse
ting the 
onvex hull of any d + 1 sets in thesame 
olumn. This means that the balan
ed �-partition is separated andthe lemma is proved sin
e in ea
h of the r steps the size of the matrix wasmultiplied by at most nd+1;d.In Lemma 3.2 �rst we prove the starting step (d = 1) and then theindu
tion.Proof of Lemma 3.2. Let X1; X2 � R jX1j = jX2j = l then there is a pointa 2 R, su
h that jfx j x 2 X1 [X2 x � agj = land de�ne M11 = fx 2 X1jx � agM12 = fx 2 X1jx > agM21 = fx 2 X2jx > agM22 = fx 2 X2jx � agNow M is an �-partition with 2 
olumns on the sets X1 and X2 andjM11j+ jM12j = jM11j+ jM22j = jM21j+ jM22j = lwhi
h shows that M is balan
ed and separated, too.In the se
ond part of the lemma we have to show that nd+1;d � 2nd+1;d�1assuming nd+1;d�1 is �nite. Let X1; : : : ; Xd+1 � Rd be �nite sets of size l andsuppose that the set [iXi is in general position. It is well known that there isa hyperplane S, su
h that the perpendi
ular proje
tion of [iXi to S is still ingeneral position (in fa
t, almost all hyperplanes satisfy this 
ondition). LetX 0i be the image of Xi under this proje
tion, and take a balan
ed separated�-partition M 0 on these sets, with at most nd+1;d�1 
olumns. Let M be the42



balan
ed �-partition on the sets X1; : : : ; Xd+1 indu
ed by M 0 and from nowon we examine only one of its 
olumns, and for simpli
ity of notation we
all these sets now X1; : : : ; Xd+1. To prove our lemma, we have to divideall the sets X1; : : : ; Xd+1 into 2 parts in a balan
ed way that both partsare separated. The proje
tion of these sets are separated in the hyperplaneS. By Radon's theorem there is only one partition of d + 1 points in Rd�1 ,among all the 2d, whi
h 
annot be separated by a hyperplane, whi
h means,in 
ombinatorial sense, that there are 2d � 1 hyperplanes in S whi
h miss[i
onvX 0i and divide them in di�erent ways. Take for ea
h hyperplane in Sthe hyperplane in Rd as its inverse image under the perpendi
ular proje
tionto S. These hyperplanes avoid [iXi and divide them in 2d � 1 di�erentways. Sin
e there are 2d di�erent bipartitions of the set [d + 1℄, there isone remaining bipartition ( I � [d + 1℄; I
 = [d + 1℄ n I), for whi
h we needseparability.For te
hni
al reasons it will be useful to 
hange the point-set to a mea-surable set whi
h is 
lose to the point-set in the following way: Repla
e allpoints by a ball 
entered at the point and of radius ", and denote the new setsby K1; : : : ; Kd+1. Sin
e [iXi is in general position it is possible to 
hoose "so small that no hyperplane 
an meet d+ 1 of the balls.Now we assume that the measure is distributed uniformly on these balls,su
h that ea
h of them have measure one( i.e. we divide the Lebesgue mea-sure by the volume of the ball of radius " and denote it by � ). We de�ne afun
tion f : Sd :! Rd whi
h is odd. Take H = (t;h) 2 Sd, where t is a realnumber and h is a d-dimensional ve
tor not equal to zero. LetH+i = fxjhx;hi � tg \Kiand H�i = fxjhx;hi < tg \Ki = Ki nH+iFurther let H�i = � H+i if i 2 IH�i if i 62 INow we 
an de�ne f at (t;h) as follows:f((t;h)) = ��(H�1 )� �(H�d+1); : : : ; �(H�d)� �(H�d+1)� 2 RdIt's easy to 
he
k that (�H)+i = H�i , and we 
an extend the de�nition toH = (+1; 0) by 
hoosing(+1; 0)�i = H�i = � ; if i 2 IKi if i 62 I43



and for H = (�1; 0) (�1; 0)�i = H�i = � Ki if i 2 I; if i 62 IThe fun
tion f maps Sd into Rd and it is 
ontinuous and odd so Borsuk'stheorem applies: there exists an H 2 Sd (of 
ourse not one of the poles)su
h that f(H) = 0. The hyperplane SH = fxj hx;hi = t g meets at most dballs of radius " with a 
enter in [iXi, therefore one of the sets Kj has beenavoided by SH and so �(H�j ) = r is an integer number and a hyperplane T (aslight perturbation of the one 
orresponding to H) 
an be 
hosen su
h thatit doesn't meet [iXi and on a given side it 
ontains r points from Xi if i 2 Iotherwise it 
ontains l � r points. If T+ denotes one half-spa
e generatedby T , then the �-partition of two 
olumns are now the subsets of Xi \ T+ ifi 2 I and XjnT+ if j 62 I. The properties of H show that this partition isbalan
ed and separated.Remark If d = 2 the above proof gives the following statement that willbe needed in the next se
tion: If three equal sized sets X1; X2 and X3 areseparated by two parallel lines in the plane, then there exists a line f whi
hdivides the sets into Xi1 and Xi2 for i = 1; 2; 3, su
h that X11; X22 and X31are on the same side of f andjX11jjX12j = jX21jjX22j = jX31jjX32jare equal (probably in�nite).3.5 Better bound on the k = 4 
aseFirst we give an other proof for the 
ase k = 4, and after this we improve it26, as said at the beginning. Observe that among any 5 points in the planethere are 4 in 
onvex position, and therefore it would be enough to bound X0by a �nite number, sin
e then we 
an remove 4 points in 
onvex position, andin
rease N by 1, adding a 
olumn with 4 sets of 1 element to our partition.Proof. Let us divideX in 4 equal sets X1; X2; X3 and X4 by dropping at most3 points. By Theorem 3.6 there exists a balan
ed, separated �-partition Mwith at most n4;2 
olumns. Some 
olumns of this matrix are already in
onvex position, and we 
an use them as they are in our de
omposition.So we 
an redu
e further investigations to a given 
olumn, where the setsare not in 
onvex position. From now on we suppose that X = [4iXi, whereX1; X2; X3; X4 are separated and of equal size, say 2l, and for any transversal44



fx1; x2; x3; x4g , xi 2 Xi the point x4 is in the 
onvex hull of the other three,x4 2 
onvfx1; x2; x3g. The assumption of even size enlarges X0. Be
ause thesets are separated, there are lines a1; a2 and a3, su
h that on one side of ai isXi; X4 and all other sets Xj; j 6= i; 4 are on the opposite side. Now 
hoosethe lines e1; e2 and e3, ea
h parallel to the 
orresponding line ai, su
h thatei divides the set Xi into two sets of equal size, Xi1 and Xi2, with Xi2 onthe same side of ei as X4. Clearly there exists a line li parallel to ai and eiseparating Xi from X4. Now the two parallel lines ei and li separate Xi1,Xi2 and X4. Let us denote by 2S the set derived from S by doubling andslightly perturbing its points. Now 
hoose the line fi to divide the equalsized sets 2Xi1; 2Xi2; and X4 as in the remark of the previous se
tion. Sin
ewe doubled some of the sets, we will need some 
orre
tion at the end, butthis means only a 
onstant in the size of X0.Let X 04i; X 004i the two halves of X4 divided by fi. Corresponding to theprevious notation, let X 0i1; X 00i1; X 0i2; X 00i2 the sets derived from the sets Xi1; Xi2after dividing them by fi, i.e.:� = jX 011jjX11j = jX 012jjX12j = jX 041jjX4j ;� = jX 021jjX21j = jX 022jjX22j = jX 042jjX4j ;
 = jX 031jjX31j = jX 032jjX32j = jX 043jjX4jIt is easy to see that the following 4-tuples of sets are separated and in
onvex position (Fig. 1.):X 011; X 012; X 041; X2 (�1)X 0011; X 0012; X 0041; X3 (�1)X 021; X 022; X 042; X3 (�2)X 0021; X 0022; X 0042; X1 (�2)X 031; X 032; X 043; X1 (�3)X 0031; X 0032; X 0043; X2 (�3) (i)For example 
hoose the �rst 4-tuple, X 011; X 012; X 041; X2 One 
an see on Figure5. that the line e1 separates X 011 from the other 3 sets. Further the lines f1,a3, a1 in order separate X 012, X 041 and X2 from the remaining 3 sets.45



PSfrag repla
ements X 011 X 0011X 012X 0012 X1

X 041 X 0041 X4
X2 X3a1

e1
l1f1

a3
Fig.5These six 4-tuples 
over the set X several times, so we need to re-du
e them so that they give a partition of X. The 4 sets of one 4-tupleare not equal sized, therefore we pres
ribe the size of the sets in order by�1X 011; �1X 0011; �2X 021; �2X 0021; �3X 031; �3X 0031 To 
onstru
t the sets themselves,we have to 
he
k �rst that at least the size of the sets Xi are as big as the sumof it's parts. Therefore we will get 4 equalities for the ratios �1; �2; �3 whi
hhave to be ful�lled in order to 
ontinue the 
onstru
tion. Let us denote thesubsets by Y�� with subs
ripts like the 
orresponding X�� sets , ex
ept Y 0i andY 00i for i = 1; 2; 3 whi
h are the 4th sets of the 4-tuples listed above. First we
al
ulate their sizes, in order �1�l; �1(1��)l; �2�l; �2(1��)l; �3
l; �3(1�
)l,where 0 � �i � 1 for all i = 1; 2; 3. 46



�1�l = jY 011j = jY 012j = jY 041j = jY 02 j�1(1� �)l = jY 0011j = jY 0012j = jY 0041j = jY 003 j�2�l = jY 021j = jY 022j = jY 042j = jY 03 j�2(1� �)l = jY 0021j = jY 0022j = jY 0042j = jY 001 j�3
l = jY 031j = jY 032j = jY 043j = jY 01 j�3(1� 
)l = jY 0031j = jY 0032j = jY 0043j = jY 002 jSin
e X1 = Y 011 [ Y 0011 [ Y 012 [ Y 0012 [ Y 01 [ Y 001X2 = Y 021 [ Y 0021 [ Y 022 [ Y 0022 [ Y 02 [ Y 002X3 = Y 031 [ Y 0031 [ Y 032 [ Y 0032 [ Y 03 [ Y 003X4 = Y 041 [ Y 0041 [ Y 042 [ Y 0042 [ Y 043 [ Y 0043where ea
h line is a partition of the 
orresponding Xi, we get 4 equalities forthe sizes (ea
h equation divided by l)2 = 2�1 + �2(1� �) + �3
2 = 2�2 + �3(1� 
) + �1�2 = 2�3 + �1(1� �) + �2� = 4� �1(1 + �)� �2(2� �)2 = �1 + �2 + �3The solution is �1 = 2 + 2�
 � 2
3 + �� + �
 + 
�� �� � � 
�2 = 2 + 2
�� 2�3 + �� + �
 + 
�� �� � � 
�3 = 2 + 2�� � 2�3 + �� + �
 + 
�� �� � � 
where we 
an 
he
k that 0 � �1; �2; �3 � 1.Now the sizes of our sets Y 011; : : : ; Y 0043 are known, but how to 
hoosethem. Take the set X1 and 
hoose �rst the sets Y 011; Y 0011; Y 012; Y 0012 and theremaining points from X1 
an be distributed between Y 01 and Y 001 arbitrarily.The distribution of X2 and X3 are similar. To distribute the points of X4we take the arrangement of the lines f1; f2 and f3 whi
h partitions the setX4 into at most 7 parts. In ea
h part we distribute the points into 3 partsof size �1 : �2 : �3. It is 
lear that we 
an put together the sets Y 041; : : : ; Y 0043from these parts. 47



During these steps we don't 
are about some (�nitely many) points whi
hdo not satisfy our partition requirements. As we doubled some points forexample, at the end we probably have to remove one point from a set. Sin
ethese are just �nitely many points they may be appended to X0.Remark This immediately gives a bound of 6n4;2 but we 
an obtain 26.Proof of Theorem 3.4. To show, that N � 26 we need a better separation ofthe �rst 4 sets. We 
hange ea
h point of X to a nowhere zero measure dis-tributed on the plane, 
on
entrated on a dis
 
entered at the point (similarlyto the proof of Lemma 2.2). One 
an a
hieve this by distributing � measureoutside a dis
 of radius �.Choose an arbitrary dire
ted line l and divide X into 4 equal partsX1; X2; X3 and X4 by three lines l1; l2; l3 all parallel to l (Figure 6).PSfrag repla
ements
X1 X2 X3 X4l1 l2 l3

Fig.6Take the verti
al line as l, su
h that the dire
tion points upwards. Forea
h 0 � " � 1 there is a well de�ned halfspa
e H" with boundary line H0"for whi
h jH" \X2jjX2j = 1� " andjH" \X3jjX3j = "and H" is below H0" . Let �(") = jH" \X1jjX1j
(") = 1� jH" \X4jjX4j48



Clearly �(0) = 
(0) = 1 , �(1) = 
(1) = 0 and �; 
 are 
ontinuous fun
tionsin ". Let "(l) = min" fminf�("); 
(")g � "gWe are looking for a line l with�("(l)) = "(l)
("(l)) = "(l)At least one of the two equalities holds for every line, so turning l around(by 180o, at the end the dire
tion of the starting line has been 
hanged) weget that the rolls of � and 
 
hange. Sin
e "(l) was a 
ontinuous fun
tiontherefore we had to pass a line l0 for whi
h�("(l0)) = "(l0) and
("(l0)) = "(l0)Choosing this line and the 
orresponding lines l1; l2; l3 and H0" (l0) (Figure7) we get a partition of X into the sets Z1; : : : ; Z4; Y1; : : : ; Y4, where X1 =Z1 [ Y1; : : : ; X4 = Z4 [ Y4. The shadowed parts are the Zi and the whiteparts the Yi sets by indexing them from left to right.
PSfrag repla
ements

l0
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Fig.7Now separating Z1; Z2; Z4 by h as in the remark after Lemma 2.2 we gettwo parts. The light shadow part by adding a part of Z3 to it, is already aseparated 4-tuple (non
onvex). Doing the same for Z1; Z3; Z4 we get againa non
onvex separated 4-tuple and the rest is a 
onvex separated 4-tuple.The previous theorem repla
es the non
onvex ones by 2 � 6 = 12 
onvexparts. The same is true for the sets Y1; : : : ; Y4 and we get at most 26 
onvex4-tuples. 49



3.6 Asymptoti
ally tight bounds for nm;1From our previous proofs we know that n2;1 = 2, and thatnm;1 � (n2;1)(m2 ) = 2m(m�1)=2whi
h is super-exponential in m, and even for m = 3 it gives an upper boundof n3;1 � 8 while the truth should be n3;1 = 5 (easy as it seems, I 
ould notprove it). We will prove a quadrati
 upper bound on nm;1 and show that itis the truth up to a 
onstant fa
tor.We prove Theorem 3.7 in two steps.Let's re
all the upper bound of Theorem 3.7 If X1; : : : ; Xm are �nite setsof equal size on the real line and the set Smi Xi is in general position, thenthere is a balan
ed, separated �-partition with at most (m� 1)2 + 1 
olumnson these sets, i.e.: nm;1 � (m� 1)2 + 1Proof. of the upper bound Let X = Smi Xi, and l = jXij the size of the sets.Take m � 1 points, t1; : : : ; tm�1, on the real line whi
h partitions the set Xinto m equal sets T1; : : : ; Tm:�1 = t0 < t1 < : : : < tm�1 < tm =1and for all 1 � i; j � m Tj = fx 2 Xjtj�1 � x < tjgTake the interse
tion of these sets with the sets Xi and denote them for all1 � i; j � m by Ai;j = Xi \ TjDe�ne the matrix S of size m�m with integer entries:Si;j = jAi;jj :The matrix S has the property, that the sum of its entries in a row or a 
olumnare equal (
onstant times a doubly sto
hasti
 matrix), and all of its entriesare nonnegative. We will 
all su
h a nonnegative matrix a "magi
 matrix".We know (see the Remark below or [MM64℄ ) that S is a positive integer
ombination of permutation matri
es P1; : : : ; Pk, where k � (m� 1)2 + 1S = kXi=1 �iPi50



where �i is a positive integer. Let �i be the permutation of Pi. Now we 
an
onstru
t our �-partition M of k elements:Mi;j � Ai;�i(j) and jMi;jj = �iand su
h M exists. (We don't 
are about how these subsets are 
hosen, justthey have to be disjoint)It's 
lear thatM is balan
ed and separated. The points t1; : : : ; tm�1 workas separators for ea
h 
olumn.Remark. We show that a m�m magi
 matrix 
an be written as a positivelinear integer 
ombination of at most m2 � 2m+ 2 permutation matri
es.All matri
es here will have positive integer entries.First we show that for ea
h magi
 matrix D, there exists a permutationmatrix P , su
h that P � D.Suppose that su
h a P permutation matrix does not exist. We know (see[MM64℄ ) that D has a m1 � m2 submatrix, whose entries are all zero andm1 + m2 > m. We may suppose that Di;j = 0 whenever i > m � m1 andj > m�m2. If T denotes the sum of entries in one row of D, then:T �m1 = mXi=m�m1+1 kXj=1 Di;j = mXi=m�m1+1m�m2Xj=1 Di;j � mXi=1 m�m2Xj=1 Di;j = T �(m�m2)what yields m1 +m2 � mThis is a 
ontradi
tion to m1 +m2 > m.Now 
hoose one of the permutation matri
es P1 � D and 
hoose a1 su
hthat a1P1 � Dbut (a1 + 1)P1 � D. Let D2 = D � a1P1, and observe that D2 is a magi
 matrix again, whi
hhas a zero entry, where D has a nonzero (a1) entry. Do this as long Di is notthe 0-matrix and we get: D = kXi=0 aiPi51



a positive linear 
ombination of k permutation matri
es. Claim: P1; : : : ; Pkare linearly independent. Indeed, if they were not, then some Pj 
an bewritten as a linear 
ombination of Pi-s, where i > j. When we have 
hoosenPj we nulli�ed at least one entry of the matrix Dj and therefore all Pi, i > jhave a zero value at that entry. This 
ontradi
tion shows that P1; : : : ; Pkare linear independent permutation matri
es, and therefore k is at most thedimension of the spa
e generated by permutation matri
es, whi
h is m2 �2m+ 2.I 
onje
ture that this is the truth in 1-dimension, but 
ould only prove alower bound whi
h is 4 times smaller. It is enough to work for m = 2r + 1.Re
all the lower bound of Theorem 3.7 For ea
h odd m = 2r+1 there are�nite sets X1; : : : ; Xm of equal size on the real line, su
h that their union isin general position and for all balan
ed separated �-partitions, the number of
olumns is at least r2 + r + 1In the previous proof we used the term \magi
 matrix". The role ofthe magi
 matrix will be taken by a \ni
e matrix". A d matrix is ni
e byde�nition, if the sum of ea
h row is equal.The role of permutation matri
es will be taken by \spe
ial matri
es"whi
h are 0� 1 matri
es with exa
tly one nonzero entry in ea
h row.Proof of the lower bound. The general idea of the proof is to �x a stru
ture ofthe sets, and derive a nonnegative r+1� r+1 ni
e matrix for them, i.e. thesum of the entries is the same in ea
h row. In this �xed stru
ture of the setsthe 
olumns of the �-partitions will 
orrespond to an integer multiple of anr+1� r+1 spe
ial matrix, and from the de�nition we will get that the ni
ematrix 
an be written as an integer linear 
ombination of k spe
ial matri
es,where k = nm;1. The next step will be to show that if every ni
e integerr + 1 � r + 1-matrix 
an be written as positive integer linear 
ombinationof at most k spe
ial matri
es, then all ni
e real r + 1� r + 1 matrix 
an bewritten as a positive linear 
ombination of at most k spe
ial matri
es. Inthe last step we only have to show that, if ea
h ni
e r + 1 � r + 1-matrix
an be written as a positive linear 
ombination of at most k spe
ial matri
es,then k 
annot be less then r2 + r + 1, the dimension of the spa
e of ni
er + 1� r + 1-matri
es.In general for 1 � t � r we 
hoose the sets Xr+1+t so that all of its pointsare in a small " neighbourhood of t ([t � "; t + "℄). The points of the othersets, Xj where 1 � j � r + 1 will be at most " distan
e from a point z + 12where z is a nonnegative integer number at most r (z = 0; : : : ; r, and " 
anbe 
hosen as 16) i.e. Xj � [rz=0[z + 12 � "; z + 12 + "℄. For all 1 � i; j � r + 1let Ai;j = Xi \ [j � 1; j℄52



and di;j = jAi;jj:The matrix d = (dij) is the ni
e integer matrix 
orresponding to the sets.Suppose now thatM is a �-partition with k 
olumns of the setsX1; : : : ; Xm,and take one of its 
olumns for example M1;1; : : : ;M1;m. The sets M1;r+1+twhere 1 � t � r, are in an " neighborhood of t, M1;r+1+t � Xr+1+t �[t� "; t+ "℄, and the sets M1;j � Xj � [rz=0[z + 12 � "; z+ 12 + "℄ 
annot haveelements in the neighborhood of 2 di�erent points of the form z + 12 ; z 2 N .This is 
lear, sin
e otherwise the 
onvex hull ofM1;j would 
ontain an integert0 between 1 and r, t0 2 
onvM1;j, and therefore it 
ontains also its neighbor-hood [t0 � 12 + "; t0 + 12 � "℄ � [t0 � "; t0 + "℄, whi
h 
ontains M1;r+1+t0 . This
ontradi
ts that the sets M1;1; : : : ;M1;m are separated.Denote by ij the integer for whi
h M1;j � [ij + 12 � "; ij + 12 + "℄, and1 � ij � r + 1.Now we know that M1;j � Aj;ij for 1 � j � r + 1. Let S1 be the matrixwhere the (j; i)-th entry is the 
ardinality of the set M1;j \ [i � 1; i℄. Asshowed above the matrix S1 is an integer multiple of a spe
ial matrix, the one
orresponding to the �rst 
olumn. But so are all matri
es Sl 
orresponding tothe l-th 
olumn, where 1 � l � k and therefore the matrix d = (di;j)r+1�r+1,is a positive linear 
ombination of at most k spe
ial matri
es.Given a r + 1� r + 1 ni
e integer matrix d, we 
an easily 
hoose m setsso that the ni
e matrix derived from them is d, and therefore all ni
e integermatri
es 
an be written as a positive integer 
ombination of at most k spe
ialmatri
es.Let D = (D(i; j)) be a ni
e positive real matrix and de�nen0 = 2rmin2�i�r+1D(i; r + 1)Let us de�ne a sequen
e of ni
e integer matri
es as follows:DN = bN �D
where N 2 N and N � n0, su
h that for all 1 � j � r and i = 1; j = r + 1DN(i; j) = bND(i; j)
All other entries (j = r+1; 2 � i � r+1) of the matrixDN are determinedsin
e DN should be a ni
e matrix. A

ording to roundingjDN(i; r + 1)� bND(i; r + 1)
j � r + 153



and so the matrix DN will be a ni
e positive integer matrix for every N � n0.Further as N !1 DNN ! Dand all matri
esDN (N � n0) 
an be written as a positive linear 
ombinationof at most k spe
ial matri
es.DN = kXi aNi SNi where aNi 2 NSin
e there are only �nitely many spe
ial matri
es (exa
tly (r + 1)r+1)we 
an 
hoose a subsequen
e of DN , namely DNj where SNji = SNj0i for alli; j; j 0 2 N . Denote the 
ommon spe
ial matrix by Si = SN1i . Further thesequen
e aN1iN1 ; aN2iN2 ; : : :is bounded, and therefore we 
an even 
hoose a subsequen
e, that is 
onver-gent for all 1 � i � k, and has as limit �i:limj aNjiNj = �iwhere �i is of 
ourse nonnegative.A simple limit argument shows thatD = kXi �iSiso all positive real ni
e matri
es D 
an be written as a nonnegative linear
ombination of at most k spe
ial matri
es. As there are �nitely many k-tuples of spe
ial matri
es, one of them will 
over an open set of the spa
e ofpositive real ni
e matri
es, and therefore the linear 
ombinations over thesek matri
es generate the spa
e of the ni
e matri
es, whi
h has dimensionr2 + r + 1. This proves our lemma thatnm;1 � k � r2 + r + 154



3.7 Equivalen
e of three de�nitions about separatedsetsLemma 3.3. If the sets X1; : : : ; Xm are separated in a "geometri
", "alge-brai
" or "
ombinatorial" sense, then these sets are separated in all threesenses.Proof. We will prove that separated in "algebrai
" sense implies separatedin "geometri
", whi
h implies separated in "
ombinatorial" sense and whi
himplies separated in "algebrai
" sense."algebrai
" ! "geometri
"Let xi 2 Xi and x0m 2 Xm. We know that the orientation of x1; : : : ; xm�1; xmand x1; : : : ; xm�1; x0m is the same, but then so are the orientations x1, : : : ,xm�1, ym, where ym 2 [xm; x0m℄. This means that the setsX1; : : : ; Xd; 
onvXd+1are also separated in the "algebrai
" sense, and therefore the sets 
onvX1; : : : ,
onvXm are separated too in the "algebrai
" sense. But now a hyperplaneinterse
ting at least d+1 of these 
onvex hulls, 
ontains d+1 points havingorientation 0 whi
h is a 
ontradi
tion."geometri
" ! "
ombinatorial"Choose xi 2 Xi 1 � i � m and an arbitrary hyperplane H, missing thepoints xi. Let I � [m℄ the indi
es of the points xi on a given side of H. Weneed to show that (
onv[i2IXi) \ (
onv[i2I
Xi) = ;sin
e then a hyperplane H 0 exists, whi
h has all points of the set Xi on oneside for all i, and divide them in the same way as H divide the points xi.Suppose that (
onv[i2IXi) \ (
onv[i2I
Xi) 6= ;Due to Radon theorem, there are d+ 2 points y1; : : : ; yd+2, we may supposeyi 2 Xi, su
h that 
onv[i2I yi \ 
onv[i2I
 yi 6= ;We 
all this a Radon-partition for the given points. If d + 2 points arein general position, then the Radon-partition is well de�ned. Moving yi
ontinuously toward xi, the Radon-partition has to be unique and thereforeun
hanged. But at the end we must have a di�erent one as at the beginning.55



This shows that our assumption that the interse
tion is not empty was wrong,so H 0 exists."
ombinatorial"! "geometri
" Sin
e d+1 points 
an be separated in anybipartition, so 
an all d+1 sets be separated. Therefore a hyperplane H 
an'tmeet d+1 sets 
onvX1; : : : ; 
onvXd+1 sin
e there would be a Radon-partitiona

ording to this hyperplane for whi
h no hyperplane would separate the setsinto the parts of the Radon-partition.Referen
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