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1 Bevezetés magyarul

A doktori disszertacié harom cikkre épiil, egy a véletlen 0-1 politépokrdl szol
[BPO1] és ketté az Erdés-Szekeres tétel témakdrében mozog [PVO01], [P02].
Az elsé réanézésre egymastol tavol allo témakoroket a kombinatorika és a
geometria kozos hatara koti ossze.

Az elsé részben véletlen 0-1 politopokkal foglalkozunk, amely néhany n-
dimenziés 0-1 vektor konvex burka. Ezen politéopok tulajdonsigai, fleg a
strukturaltak, igen fontos szerepet kapnak a kombinatorikus optimalizacio-
ban, ahol gyakran a politop lapjainak egy teljes, illetve rovid leirdsa a cél.
A 0-1 oplitépok tobb osztalyara is kideriilt, hogy ez a feladat igen nehéz,
mint példdul az utazé iigynok politép [GP], [ABCC] és a végaspolitép [DL]
esetében. Még arra az artatlannak tiiné kérdésre sem tudunk felelni, hogy
"Hany lapja van az utazoiigynok politépnak? vagy a vagaspolitépnak?”.
K. Fukuda és G. M. Ziegler tobb el6adason és cikkben hivtak fel a figyelmet
erre a szép és fontos problémara és kérdeztek ra az n-dimenziés 0-1 politopok
lapszaménak egy j6 fels becslésére. Jeldlje g(n) ezt a maximumot. Majd-
hogynem elemi, miszerint 2n! a g(n) egy fels6 becslése. A fels6 becslések
javitasa mellett az als6 becslések terén az exponencidlis, hasonlé kaptafara
gyartott, becslések voltak a legjobbak. Barany Imrével kozos eredményben
beldttuk hogy g(n) szuperexponencialisan né

Tétel Létezik eqy pozitiv ¢ konstans, hogy

9(n) > <locgnn>2'

Az alsé becslést add konstrukcié véletlen. Az eredmény alapdtlete Dyer,
Fiiredi és McDiarmid [DFM] egy gyonyérii eredményébél vals. Ok azt vizs-
galjak, hogy az N csucsi véletlen politop, ami az egyszeriibb szdmolhatdsag
kedvéért egy +1 politop, mely N érték esetén tolti ki a +1 kockat, azaz
lesz a térfogata lényegében a teljes +1 kocka térfogata. Itt kideriil, hogy a
véletlen politopok egy jél leirhato feliilet kozelében vannak. Kideril, hogy
tetszéleges ¢4 < 1 és ¢5 > 1 mellett a kovetkezd tartomanyban tudjuk jol
kezelni a véletlen politopokat

(%) exp{cs(logn)?} < N < exp {65 lngLn} .

Egy kis kitérével a (%) tartomanyban egy a korabbi felsé becslést javité
becslést adunk



Tétel Barmely N csiucsi n-dimenzios 0-1 politop lapjainak szama legfeljebb

N\ 2
(csnlog —)
n

A doktori disszertdacié masodik részében az Erddés - Szekeres tétellel és
annak szertedgaz6 modositasaival illetve dltaldnositasaival foglalkozunk. Ez
a fejezet két cikkre épiil, az egyik egy ondallo eredmény, a masik Pavel Valtr-rel
kozos munka.

A sik egy ponthalmazara azt mondjuk hogy dltaldnos helyzetben vannak,
ha semmelyik hdrom pont nem esik egy egyenesre. Egy véges ponthalmazra
a sikon azt mondjuk hogy konver helyzetben vannak ha egy konvex sokszog
csicsainak halmaza. A rész alaptétele Erdds és Szekeres [ES35] hires tétele:

Tétel (ErdGés—Szekeres) Bdrmely k > 3 esetén létezik eqy legkisebb egész
szam f(k), hogy a sik barmely legaldbb f(k) dltaldnos helyzetd pontja kézt
van k, melyek konvex helyzetben vannak.

Egy (a,b,c) ponthdrmas orientdcidja a sikon pozitiv, ha az altaluk alko-
tott haromszog cstcsai az éramutaté jarasaval megegyezoen korbejarva a sor-
rend abc, ellenkez6leg negativ. Két rendezett ¢ elemii ponthalmaz (py, ..., p;)
és (py,...,p}) azonos elrendezésliek, ha barmely i, j,[ vilasztds esetén a
(pi,pjs21) és (pi, P, py) ponthdrmas orientdcidja azonos. A sik egy X pon-
thalmaza egy k-osztdly, ha az Xy, ..., X} azonos méretii halmazok diszjunkt
unidja és az (z1,...,xx), 21 € Xq,...,x, € Xj pont k-asok mindegyike
azonos elrendezésti. Ha még az is teljesiil, hogy x1, ... , z; konvex helyzetben
vannak akkor X egy konvek k-osztdly (1. dbra).



(non-convex) 4-clustering convex 4-clustering
(nem konvex) 4-osztaly konvex 4-osztaly
Fig.1

A masodik rész egyik f6 eredménye a particios Erdos—Szekeres tétel.

Tétel (A particiés ErdGs—Szekeres tétel) Barmely k > 3 esetén léteznek
c=c(k),d = (k) konstansok melyekre teljesiil a kivetkezd. Ha X a sik eqy
véges dltaldnos helyzetd ponthalmaza, akkor létezik eqy legfeljebb ¢ méreti
X' részhalmaza, hogy az X \ X' ponthalmaz felbonthatd legfeljebb ¢ darab
k-osztdlyra.

Az el6z6 tételre a k = 4 esetben fiiggetlen eredményt igazolunk:

Tétel Ha X a sik eqy dltaldinos helyzeti ponthalmaza, akkor létezik eqy legfel-
jebb ¢ méreti X' részhalmaza, hogy X \ X' ponthalmaz felbonthato legfeljebb
26 konvex k-osztdlyra.

Nézziik meg mi torténik, ha particids tételbol elhagyjuk a ”konvex” felté-
telt, azaz mar csak egy nagy k-osztdlyt keresiink. Ebben az esetben nem
csak sikra, de tetszéleges dimenziéban I. Barany és P. Valtr [BV98] igazoltdk
az allitas pozitiv szazalékos véltozatat, ”Same Type Lemma” néven.

Tétel (Same Type Lemma) Bdrmely m,d > 1 természetes szimokhoz
létezik egy c(m,d) konstans, hogy ha Xi,...,X,, C R? véges ponthalma-
zok és \J; Xi dltaldnos helyzett, akkor vannak Y; C X;,|Y;| > c(m,d)|X;
részhalmazok, melyekre az Y1, ... ,Y,, halmazok bdrmely transzverzdlisa azo-
nos elrendezést.

Az, hogy k azonos méretli halmaz azonos elrendezésii, éppen azt je-
lenti, hogy az unidjuk egy k-osztaly. Ez igazabdl egy szeparaltsagot jelent,
amit a dolgozatban harom kiilénb6z6 mdédon is definidlunk. Bevezetiink egy
ij fogalmat a matrix-particiét (u-particié). Egy p-particiét szeparaltnak
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neveziink, ha tetszoleges hipersik az egy oszlopban 1év6 elemek koziil legfel-
jebb d darabot metsz, tovabba kiegyensulyozottnak nevezziik a p-particiét
ha az egy oszlopban 1év6 ponthalmazok mérete azonos (pontos definiciét lasd
késébb). Ezek segitségével tudjuk megfogalmazni a Same Type Lemma par-
ticids valtozatat.

Tétel Barmely m,d > 1 természetes szamokhoz létezik egy legkisebb np, q
természetes szam, hogy ha Xi,...,X,, C R? azonos méretd halmazok és
az uniojuk dltalanos helyzeti, akkor létezik a halmazok eqy kiegyensilyozott
szepardlt p-particidja legfeljebb ny, 4 oszloppal.

A fenti tétel bizonyitdsa sordn az egy dimenzids esetben, n,, -re egy ex-
ponencidlis fels6 becslést kapunk. A még oly egyszeriinek tiin6 probléma
ellenére sem sikeriilt a pontos értéket meghatarozni. Azonban adunk egy
kvadratikus alsé és felsé becslést az ny,; értékére:

Tétel

-1 1
{mQ J{m; J+1§nm,1§(m—1)2+1



2 On 0-1 polytopes with many facets

2.1 Introduction

A 0-1 polytope is, by definition, the convex hull of some 0-1 vectors from
n-space. Properties of 0-1 polytopes, especially structured ones, play an
important role in combinatorial optimization where the target is, quite often,
a complete or concise description of the facets of the polytope. This task
turned out to be difficult for several classes of 0-1 polytopes, most notably for
the traveling salesman polytope [GP], [ABCC] and for the cut polytope [DL].
We don’t know for instance the answer to the innocent question ”How many
facets has the traveling salesman polytope? or the cut polytope?” It was K.
Fukuda and G. M. Ziegler who, in several lectures and papers [F], [KRSZ],
[Z] have drawn attention to this attractive and important problem, and asked
for good estimates for the maximum number of facets an n-dimensional 0-1
polytope can have. Write g(n) for this maximum. It is almost elementary
to see that 2n! is an upper bound for g(n). Stronger is the result of Fleiner,
Kaibel, and Rote [FKR]:

g(n) < 30(n —2)!

for large enough n. Using the blowing up technique [KRSZ] and T. Christof’s
construction of a 13-dimensional 0-1 polytope with more than 3.6'% facets, it
can be shown that, again for large enough n,

g(n) > 3.6".

Earlier, Fukuda gave a similar example with 3.26" facets (see [KRSZ]), based
on the computational experience [F] concerning the behavior of the number
of facets in random 0-1 polytopes, as the number of vertices changes. Imre
Barany and me proved that g(n) grows superexponentially:

Theorem 2.1. There is a positive constant ¢ such that

9(n) > <l§gnn>2'

The construction giving this lower bound is random. It is perhaps in-
structive to see here how the number of facets of random polytopes behave.
The best analogy comes from the random polytope Py = PJ whose ver-
tices vy, ... ,vy are chosen randomly, independently and uniformly from the
sphere S™~'. The expected number of facets, E[f, 1(Py)], of Py is asymp-
totically const N when n is fixed and N — oc. But here we are interested in
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the case when n — oo and N < 2". There is a simple formula in Buchta et
al. [BMT] which can be used to show that in the range 2n < N < 1.5", say,

c1 log —
n

with suitable positive constants ¢; and cs.

Note that a 0-1 polytope has all of its vertices on a sphere. It is tempting
to believe that a random 0-1 polytope, Ky, on N vertices behaves similarly.
This may be even true for arbitrary 0-1 polytopes as well. In particular, it
seems likely that

NN
NN

< Elfurs(P)] < (caton )

n
2 .

g(n) < (esn)

Here and throughout the first part ¢,c¢q,... and b,by,... denote positive
constants that are independent of n and N.

2.2 The model, the result, the idea

Write C = C™ = [-1,1]" for the n-dimensional £1 cube. (This is more
convenient to work with.) Let Z be a random variable distributed uniformly
over {—1,1}, and let 7y, ..., Z, be independent random variables each dis-
tributed like Z. Set Z = (Z1,... ,Z,). Thus Z is uniformly distributed over
the 2" vertices of C'. Take N independent copies of Z, namely Z,,... ,Zy
and define

Ky =conv{Z,,...,Zy} ,

the convex hull of the vectors Z,,...,Z,. This is going to be our random

0-1, or rather 41, polytope on N vertices. Note, however, that some vertices

may be repeated. (K is one of the usual models of random +1 polytopes.)
We can state our main result now. Assume

(%) exp{cs(logn)?} < N < exp {05107;”} .
Here one can take any constants ¢4, < 1 and c¢5 > 1.
Theorem 2.2. Under condition (*)

Elfn 1(Ky)] > (cglog N)1.

If the expected number of facets is large, then, of course, there has to be
an example where the number of facets is large. We will, in fact, prove this
stronger statement in a form that implies Theorem 2.2.

10



Theorem 2.3. Under condition (), there exists a polytope Ky with
fn—l(KN) > (C7 IOg N)%

The proof of this result is based on several lemmas, some of them quite
involved. So we first present the basic idea, which is simple, rather informally.
Assume x € C and define

p(z, N) = Problz € Ky].

General principles would tell that, for most x € C, p(x, N) is either close to
one or close to zero. To be more specific, set

P(t)={xz € C :p(z,N) > t}.

Our approach is based on the fact that for all small ¢ > 0 and large n
P(1—¢) C P(e), of course, but the drop from 1 —¢ to ¢ is very abrupt: P(e)
is in a small neighbourhood of P(1—¢). This shows that P(1—¢) C Ky with
high probability. But only a tiny fraction of Ky lies outside P(g) : most of
the boundary of P(¢) is outside K. Thus most of the boundary of P(e) is
cut off by facets of K. These facets lie outside P(1 — ¢). Comparing the
surface area of P(¢) with the amount a facet can cut off from it gives the
lower bound.

But how to find the sets P(1 —¢) and P(g)? This is the point where we
extensively use a beautiful result of Dyer, Fiiredi, and McDiarmid [DFM].
Their target was to determine the threshold N = N(n) such that Ky contains
most of the volume of C'. As they prove, this happens at N = (%)" Their
method describes where p(z, N) drops from one to zero as n — oo and
N = e®". The analysis carries over for other values of N. In our case higher
precision is required as we need a good estimate on how fast p(z, N) drops
from one to zero. We were able to control this only where the curvature of
the boundary of P(e) behaves nicely. This is perhaps the spot where the
exponent n/2 for Py (the random spherical polytope) is lost and we only get
n/4 for Ky.

In the next section we give another upper bound on the number of facets
of a 0-1 polytope. Then we state four lemmas related to p(z, N). After some
geometric background, together with the proof of Theorems 2.2 and 2.3 we
prove the probabilistic lemmas and geometric lemmas.

2.3 Another upper bound on the numbers of facets of
a 0-1 polytope

In the range given by condition (%) we can improve the bound of Fleiner,
Kaibel, and Rote [FKR]. In fact, the bound below is better as long as N is

11



less than exponential in n.

Theorem 2.4. Fvery n-dimensional 0-1 polytope with N wvertices has at

most R
(et )

cgn log —

n

Proof. We are going to use the following volume estimate from [B4F] and

facets.

[CP]. Given points zy,...,zy from B", the euclidean unit ball of R",
ol conv{zy,...,x c N\ 2
v V{ 15 ) N} < ‘0 lOg— :
vol B™ n n
where ¢g is a universal constant.
Now let z1,..., 2y be some vertices of the cube. Define the polytope P
as P = conv{zy,...,2zy}. Let m; stand for the projection onto the subspace

x; = 0. Note that all the vertices of m;(P) lie in an (n — 1)-dimensional ball
of radius yv/n — 1 (actually, on its boundary). The above estimate gives then

VOln_lﬂ'i(P) ( Co N )nT_l
< log .
vol,,_1 v/n—1B"1 n—1 n—1
Let Ly, ... Ly, be the facets of P. Note that vol,_ym;(L;) cannot be zero

for all 7, and it is at least 1/(n—1)! if it is nonzero. So summing the equalities
ST vol,_imi(L;) = 2vol,—ym;(P) for all i we get

SRS 5 TN 30 ot

i=1 j=1 i=1 j=1

=2 Z vol, 1m;(P)
1

N \ =
< 2nvol, 1 vVn — 1B" ! i log .
(n—=1) "n

The estimate in the theorem follows now readily. O

2.4 Results of Dyer, Firedi and McDiarmid

From now on we will denote vectors (or points) by underlining in order to
distinguish them from scalars. (We actually used this notation for the random
vertex Z.) So given a vector z € C' define

q(z) = inf{Prob[Z € H]: x € H, H a halfspace}

12



and for § > 0 define

Q" ={z € C: q(z) > exp{—pn}}.

Note that Q? is a convex polytope. In fact, it is the k-core of the vertices of
C (with k = 2"¢=P"), see [BP] and [E]. We introduce the function

fla) = %(1 +a)log(1 + ) + %(1 _ 2)log(1 — x),

defined for x € (—1,1); at x = +1 the limit exists and equals log2. For
z = (x1,...,,) we set

1 n
Fla)= -3 ()
1
Again, for positive 3 we define
FP={zeC:F(z)<p}

f and consequently F' are nicely behaving, strictly convex functions whose
connection to Ky will become clear soon. To explain how ¢ and F' are related
we are going to show, following [DFM],

Lemma 2.1. Forz € (—1,1)", we have q(z) < exp{—nF(z)}.

Proof. (from [DFM]) Check, first, that K (), the so-called cumulant gener-
ating function equals

K (t) = log E[exp{tZ}] = log cosh .

Then K'(t) = tanht and for each z € (—1,1) there is a unique ¢ with
r = K'(t) = tanh ¢, and
1 1+

t:h(:c)zilogl_x.

Note, further, that
f(z) = =K(h(z)) + zh(z) and h(z) = f'(x).

Assume now that F(z) = 8 (8 > 0). Then z is on the boundary of F”.
In order to estimate ¢(z) we need to find a halfspace H of the form {z :
t(z —x) > 0} with Prob[Z € H| as small as possible. Consider the halfspace

H(z) (with 0 ¢ H(x)) whose bounding hyperplane is tangent to F” at z. So

H(z) ={z:t(z—2z) >0}

13



with t; = f'(z;) 7 = 1,...,n. Markov’s inequality says Prob[X > 0] <
E[eX]. Using this

q(z) < Prob[Z € H(z)] = Prob [i ti(Z; —x;) >0

<FE

exp {Z ti(Z; — %‘)}] = HE[eXp{tj(Zj — )}

= HGXP{K(tj) — xjtj} = exp {— > (it — K(tj))}

i=1

= exp{—nF(z)}.
O

It is surprising that this trivial estimate is sharp. Dyer, Fiiredi, and
McDiarmid show, for certain values of z, that

q(z) > exp{—n(F(z) +A)}

with A 7small”. We will make this statement quantitative in Lemma 2.3.
We have to set a few parameters next. Let a be defined as

log N
o= 8 or N =¢e%".
n
Then condition (x) reads as
| 2 1
04( o8 ’ﬂ) < o <cs
n logn

We will need several small ¢; that are all of the form (with constant b; > 0)
o} Viog N
n n

The main discovery of Dyer, Fiiredi, and McDiarmid is that Q“ and F*
are close to each other and both of them approximate Ky quite well as
N =" (3 a constant) and n — oo. We will use several results from [DFM].
The next one is essentially part (b) of Lemma 2.1 of [DFM].

Lemma 2.2. For large enough n

Prob[Q*~*' C Ky] > 0.99.
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Define C* = %C, this is a shrunk copy of C. Dyer, Fiiredi and McDiarmid
prove (the proof is hard) that F? C Q® for every a > 3 if n is large. We
make this statement quantitative within C*.

Lemma 2.3. For large enough n
Fee2 O g Qa_al.
The next result is simple and is related to part (a) of Lemma 2.1 [DFM]

Lemma 2.4. For large enough n, at least half of the surface area of F*3
lying in C* 1s missed by Ky with probability at least 0.99.

One of our targets will be achieved once the last three Lemmas have been
proved. Namely, the part of Ky lying in C* is weakly sandwiched between
Fo=¢2 and F*® with high probability. Here ”weakly sandwiched” means
that

Fe=2nC*C Ky

and Ky misses half of C* N oF**es,

2.5 Geometric lemmas, proof of Theorem 2.3
We will need some geometric properties of
C*NOF”
where § = a + ¢;.
Lemma 2.5. vol,_;(C* NOF?) > 1(0.99/2n3)"vol,_; 5"

Lemma 2.6. Let H be a closed halfspace which is disjoint from C* N F*=2.
Then H contains at most

(3n(es + £3)) "7 vol,_;S™!
of the surface area of C* N OF***3,

Using Lemmas 2.2, 2.4, 2.5, 2.6 we can now give the proof of Theorem
2.3.

Proof. As we have seen, Ky is weakly sandwiched between F* ¢2 and F®*¢3
with probability 0.98. Let K be such a £1 polytope. Each facet of Ky cuts
off at most

(3n(es + £3)) "7 vol,_;S™!

15



of the surface area of C* N OF*™*3. In view of weak sandwiching, at least

half of the surface area is cut off. Thus there are at least

050.99yla T e)" (1

n—1

(3n(eg +¢€3)) 2
O

facets.
Of course this proves Theorem 2.2 as well : The random +1 polytope Ky

is weakly sandwiched with high probability so
E[fn—l (KN)] Z 098(67 IOg N)% .

2.6 Auxiliary lemmas
We fix the one-to-one correspondence between z € (—1,1) and t € R via

1 1
t=f'(x) = h(z) = 5 log J_ri and 7 = K'(t) = tanh ¢

throughout the paper. This induces a one-to-one correspondence between

z € intC' and t € R™ with
t =ngradF(z).

Lemma 2.7. The function

f(tanht 1
g(t) = % = —t—Qlogcosht +

is strictly decreasing on [0,00). Its limit at t =0 is 1/2.

The value of g(t) is 0.497... when tanh¢ = 0.1 implying

tanh ¢

1 1
mﬁ < f(tanht) < 5752, for t € [-0.1,0.1].
The last inequality shows that, when z = (xy,... ,2,) € int C* | and t =
(tl, ce ,tn) with xr; = tanhtj,
1
—t]P < F(z) <
2.02n
Let w € S™ ! be a unit vector and define
exists) on the boundary of F? where
t(w, B) = n gradF(z(w, ) = V(w, B)w

|~

2.

S

w, #) as the unique point (if

B o
—

for some positive ¥(w, 3). Define suppw = {i € {1,... ,n}: w; # 0}. We

have
16



Lemma 2.8. z(w, f3) is welldefined when

supp w| 1
— 10

0<pB< g2

and Y(w, ) is strictly increasing in [3.

— n—1, n
Q={wes "/310gng60}'

It is simple consequence of Dvoretzky’s theorem [D] that for large enough n,

Define

Problw € QJw € S" 1 > 0.99.
We will use this in the proof of

Lemma 2.9. Assume w €, and 3 < m. Then z(w, 3) € C*.

2.7 Proof of the lemmas

Proof of lemmas 2.2 and 2.4

Proof. (Lemma 2.2) This is a copy of the proof of Lemma 2.1(b) from [DFM]
with the parameters adjusted properly. Suppose K is full-dimensional and
there exists a point z € Q°\ Ky (where 3 = a.—¢&; ). Then there is a facet of
Ky, spanned by Z; ,... ,Z; , such that the corresponding halfspace contains
Ky but excludes z. Let J = {ji,...,Jjn} and define the event E;:

The points Z; ,...,Z; span a hyperplane and for one of the two corre-
sponding halfspaces H both Prob[Z ¢ H| > e™"" and the event {Z; : j ¢
J} C H occurs.

It is clear that in our case the event E; with I = {iy,... ,i,} occurs. Let

E denote the event that Ky is not full dimensional. Then
{QﬁgKN}CEUUEJ-
all J
Thus, with notation D = {1,... ,n},
Prob[Q” ¢ Ky] < Prob[E] + Y _ Prob[E;]

all J

— Prob|E] + (N

n)Prob[ED].

17



For any fixed set S of dimension less than n, Prob[Z € S] <
Prob[E] < (¥)2=(V=") < 0.001 if n is large enough.

To bound Prob[Ep] suppose Z,, ... , Z, are affinely independent. Let H;
and H, be the two halfspaces they determine. If Prob[Z ¢ H,] > e=°", then

1
bE SO

Prob[Z, € Hi:j=n+1,... ,N] < (1—¢ )N
and similarly for Hy. Hence
Prob[Ep|Z,,...,Z, aff. indep.] <2(1 —e P")N™" < 2exp{—(N —n)e ""}.

By removing the conditioning we get the same bound on Prob(Ep). Hence

Prob[Q° ¢ Ky] < Prob(E) + <N

n

)Prob[ED]
< 0.001 + 2exp{nlog N — (N — n)e "}
< 0.001 + 2exp {n(e " +log N) — Ne 7"} .

Here 0 =a — ¢, N =€, &1 = bl—lengN, and consequently Ne " = ef1" =
exp{b/log N}. By condition (x) this is much larger than the other term

n(e #" +log N) in the exponent if b; is chosen large enough. For instance,
with by > 3/,/cs and large enough n

Prob[Q” ¢ Ky] < 0.001 + 2exp{—n?} < 0.01.

O

Proof. (Lemma 2.4) Let 2 be any point of the boundary of F* (where 3 =
« + ¢3). Then, using 2.1

Prob[z € Ky] < Nq(z) < Nexp{-nF(z)} <
< exp{an — n} = exp{—e3n} < 0.001

if n is large enough. Then the expectation of the surface area of C* N OF?
contained in K is at most

/ Problz € Ky]dz < 0.001vol,_;(C* N dF"?).
C*NOFA

So the probability that half of C*NOF? is missed by Ky is at least 0.998. O

The proof of lemma 2.3

18



The target is to show that the inequality ¢(z) < exp{—nF'(x)} in Lemma
2.1 is rather sharp. First we need a quantitative version of Lemma 4.4 of
[DFM]. We assume f = a +&.

Lemma 2.10. For every positive integer n the following holds. If 0 < x; <
0.1, t; =h(x;) (i=1,...,n) and nF(z) > 10, then

Prob [i ti(Z,
i=1

Proof. (It goes via exponential centering and a Berry-Esséen type theorem,
just like in [DFM].) Let Xi,...,X, be independent discrete random vari-
ables and set X = >  X;. Define new random variables WW; with distribution

Prob[X; = y]
EleXi]

> exp {—nF(l) -3 nF(g)} :

Prob[W; = y| = ¢"

Set W = > W, and observe

n

Prob[W = y] = Z H L]_yi]

yiy yi=y i=1

= (H E[eXi]> e’ Prob[X = y].

Apply this with X; = ;Z; where, as usual, Z; is uniform over {—1, 1}

Prob [Z t:Z; = w| = exp {Z K(ti)} e~ Prob[W = w].
1 1

It is easy to check that E[W;] = t;tanht; = t;x;. Let Y =W — E[W] =
W — > t;x;. With this notation

Prob [Zt ) > 0| =exp {Z K(t } Z e " Prob[W = w)]

w>y tix;

= exp {Z(K(tl) — tzxz)} Z e Y Prob[Y = y].

1 y>0

Here » (K (t;)—tiz;) = — Y f(:) so we have to show that ) e ™¥Prob[Y" =
y| is not too small. Setting V; = W; — E(W,) we have 7= > Y, and
E(Y;) = 0. Easy calculations give

2

s 1
0! = E[Y]] = —2%— and E[|Y}'|] = (2 cosht; — coshtv> ol

cosh” ¢;
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We need a few simple estimates: when 0 < z; < 0.1,
0 <t; <h(0.1) =0.1003353 ... and 1 < cosh¢; < 1.00503. .. .

It is easy to check that

= t;(1 + tanh®¢,)

is an increasing function in ¢;. Thus, in the given range,

E[Y;)]
M = 2= <0.102... .
mjax BN -

Define o = />~ 3. Now Berry’s theorem (see [Fe]) says that, under the

present conditions, for all n, the distribution of ﬁ >°1Y; differs from that
of the standard normal by at most

31
4 o

Now

= 2 — l__ >
7 21:0] Zl: cosh?t; = 1.00503 ...

> 0.99\/2nF(z) > 0.99v/20 > 4.427.

Since the standard normal between 0 and /o > +/4.427 > 2.1 is larger than
0.49, Berry’s theorem implies that,

Y 33M 1
Prob |0 < &L= < >049 —2—— > —,
R Y < Vo 10~ 10
With this
Z e Y ProblY = y| > e Y Prob[Y = y]
y>0 0<y<o

3

. 1
> e "Probl0 <) ¥ < o] > T o3/ (@)
1

since 0 = (/> 07 < (/317 < \/2.02nF(z) < 3\/nF(z) — log 10, because
nF(z) > 10. O
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Lemma 2.11. Assume a; >0 fori=1,... ,m. Then

m

Prob [Z o;(Z; —0.1) >0

1

> exp{-mf(0.1)}

Proof. Let H*, H respectively be the halfspaces

H*:{xERm Zal ;i >0}
H:{QER’”:Z(@—OJ)ZO}.

1

Define 0 : R™ — R™ to be the cyclic shift of the components of x, that is,
o(x1,. .. Tm) = (Tm, T1, ..., Tm_1). The orbit of z under o is, by definition,
{z,0(z),0%(x),...}. As ¢™(z) = z, any orbit has at most m elements. If
x € H then so is o(z). At least one element of each orbit with x € H is in
H* as otherwise

Z ); —0.1) <0 forallk=0,1,...,m—1.

Summing these inequalities for all £ we get

m

(a1 + ...+ ap)(z; —0.1) <0,
j=1

a contradiction. Now we see that

Prob [Za ;1 —0.1)>0

= Prob[Z € H"]

1
> —Prob[|{i: Z = 1}| > 0.55m]
m

m

oo > ()= arew(omso)

k=0.55m

as a simple calculation using Stirling formula reveals. O

Proof. (Lemma 2.3) We have to show that g(z) > exp{—(a —&1)n} for each
x € F* 2N C*, or, in other words, every halfspace H intersecting F'*~*>NC*
contains at least 2" exp{—(a — &1)n} vertices of C. It suffices to show this
for halfspaces H whose bounding hyperplane H? is tangent to F*~°2 N C*.
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We show first, that H contains a point x with F(z) = a — €y on its
boundary. If H? touches F*°2 then the point of tangency satisfies this
condition. If not, then H contains a point y with F(y) < o — e and there is
a smallest face of C* containing y. Since the vertices of C* are not contained
in F®2 there is a point z on this face with F(z) = a—&,.

By symmetry we can suppose that all components of x are nonnegative
and in increasing order. Let n; € {1,...,n} be such that z,, < 0.1 and
Tp,41 = 0.1. Set t = ngradF(z) and let t* be the normal to H°. We will
prove the lemma assuming that ¢* is in the relative interior of the normal
cone to F*7¢2 N C* at the point z; this assumption means that

t;k:tz forizl,...,nl
tr >t fori=n;+1,... ,n.

The statement of the lemma for general t* follows from this easily.

Next we have to consider cases according to where the terms of the sum
1 f(w;) = n(a — &) are concentrated. If ny > n — 2000, then Lemma 2.10
applies: check that Y 7" f(z;) > n(a —e9) —2000£(0.1) > 10 if n is large.
Choose the last, at most 2000, Z; to be 1 (i =ny; +1,... ,n). We get

Prob [Z t:(Z; —x;) > 0
i=1

Z 2_2000Prob [Z tz(Zl — xz) Z 0

=1

> 2 e =3 f(ai) - 3
i=1

> exp {—n(a —&9) — 3y/n(a —g3) — 2000 log 2}
> exp{—n(a —e)}.

The last inequality follows when n and thus N is large enough if one chooses
here, with g; = b;Y8N ;=1 2,

n

by > 2b; + 3.

If n; < n — 2000, then set ny = n; + 2000 and write

X

Prob [Z t:(Zi — ;) > 0
i=1

n2
i=1

x Prob [ Moot —t)(Zi—m)+ > t(Zi—x) >0
i=ni1+1 i=nas+1
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Lemma 2.10 applies to the first probability since Y2, f(z;) > 2000/(0.1) >
10. It gives

no n2
Prob [Z ti(Z; —x;) > 0] >expq — Zf(%) —
i=1 i=1

Lemma 2.11 works for the second factor and shows that it is at least

bt
(n—mnq)?

exp{—(n —ny)f(0.1)}.

The last two inequalities combine to

Zt ) >0

> exp {—nF(l) —3y/nF(z) —2000f(0.1) — 2log(n — nl)} :

Prob

The exponent here is — —&9) —3y/n(a —e9) —2000/(0.1) — 21log(n — ny)
which is larger than — (a — &), if, in the definition of &, the constant by is
chosen large enough. O

Proof of the geometric lemmas

Proof. (Lemma 2.5) A routine argument shows how to compute the product
curvature x(x) of the surface given implicitly by F(z) = 3: it gives, at the
point x

1 _ [gradF(z)" 1 (2n3)2

EERTY T e

since z € C* implies 27 < 0.01. We use this in the well-known formula [BF]
giving the surface area as the integral of —1= on S™~'. Now with 3 = a 4¢3

1
vol,_1(OFP N C*) = / ——dw

wesn—1 k()

(0.994/2n3)"vol,_ S™".

DN |

2/ (0.991/2n3)"dw >
weN



Proof. (Lemma 2.6) We can assume that the touching hyperplane H® of the
halfspace H is tangent to F* > N C* at the point z with F(z) = o — es.
We assume, by symmetry, that all z; > 0. If x is in int C* then H is
welldefined with normal ¢ = n gradF'(z).
If 2 is not in int C* then we can assume (as in the proof of Lemma 2.3)
that the outer normal ¢t* of H is in the relative interior of the normal cone
to C* N F* %2 at x. Then t* can be chosen so that

tr =t = f'(z;) for 0 < z; <0.1,and

)

Assume y € H N C*. Then, as y; — x; < 0 if 7; = 0.1,

n n
Zti(yi — ;) > th(yz — ;) >0,
i=1 i=1

showing that HNC* C {z : t(z —z) > 0}. So we may assume that the
normal vector of H is just t = ngradF(z).
Now let w € HN F**3 N C*. Set u = w — z which is clearly in 2C*.

Then with suitable ¢; € [0, x;] we have
F(w) = F(z) + (w — z)gradF(z) + %(w —z)"F"(2)(w — z)
IR (©)
35

=1

+ (U}i — xi)?’

n

1 1 1 2,
> — _ 24 s L
=« 52+2n21—x3“’+6n;(1—g3)2“’

i=1

S L z": o 1 21; N N
o — & - u; — U; o — €& —_—.
= P lop i \1—22 3(1—-a22 ') 7 2" 3n

i=1

On the other hand w € F**%3, 50

> [ > — —_
a+e3> Flw) > a 52+3n

implying
‘Q| < vV 3’n(€2 + 83).

This shows that the cut-off from dF**%¢ by the halfspace H is contained in
a ball of radius y/3n(ey + £3) so its surface area is at most

(3n(s2 + £3)) "7 vol,_1 S L.
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Proof of the auxiliary results

Proof. (Lemma 2.7) It is elementary to see that lim;_,o g(¢) = 1/2. We have
to show that, for all ¢ € (0,00), ¢'(t) < 0, or, what is the same, #3¢'(t) < 0.
Direct computation gives

2

h(t) = t*¢'(t) = 2logcosht — 2t tanh ¢ + .
cosh”t

As lim;_,o h(t) = 0, it is enough to see that h'(t) is nonpositive:
2t? sinh

B () = — t sn; t<
cosh” ¢

Proof. (Lemma 2.8) Fix w. Let ¥ € (0,00) and define
r; =tanhdw; 1=1,...,n.

This gives a point z € C with ngradF(z) = YJw. For fixed w € S" 1,
the mapping ¥ — F(z) = - Y7, f(tanhdw;) is strictly increasing and
continuous, it is 0 at ¥ = 0 and its limit at ¢ — oo is %|supp w|log?2. This
proves the first part of the statement. The second part follows from the
monotonicity of 9 — = 37" | f(tanh dw;). O

Proof. (Lemma 2.9) Define A\ = Asw e Q, e Cand Jw e C7,

310gn
so there is a point z € C with ngradF(z) = Jw. We may assume, by

symmetry, that all w; > 0. Of course x; = tanh 2 “swi- At this point

1
606 logn

|2
- 202n

‘10_

Monotonicity implies then, that
0 < 2(w, B); = tanh d(w, B)w; <

A
< tanh 1—0wi <tanh0.1 < 0.1

foralli=1,... ,n. O
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3 The Erdos and Szekeres theorem

3.1 Introduction

A set of points in the plane is said to be in general position if it contains
no three points on a line. A finite set of points in the plane is in conver
position, if it is the vertex set of a convex polygon. In this part of the work
we investigate generalizations of the following famous result of Erdds and
Szekeres [ES35]:

Theorem 3.1 (ErdSs and Szekeres). For any k > 3 there is a least in-
teger f(k) such that any set of at least f(k) points in general position in the
plane contains k points in convex position.

For a triple (a, b, ¢) of points in general position in the plane, we say that
its orientation is “4”, if the clockwise order of the vertices of the triangle
abc is a,b,c. Otherwise we say that the orientation of (a,b,c) is “=”. We
say that two ¢-tuples of points in general position (py,...,p;) and (p},...,p})
have the same order type, if the orientations of the two triples (p;, p;, pi) and
(pi; P, ) are equal for each choice of distinct indices i, j,/. A finite planar

point set X is called a k-clustering, if it is a disjoint union of k sets Xy, ..., X;
of equal sizes such that all k-tuples (z1,...,2¢), ©1 € Xy,..., 2, € X}, have
the same order type. If, moreover, x1, s, ..., x; are in convex position, then

X is called a convex k-clustering (see Fig.1).
Barany and Valtr [BV98] proved the following generalization of the Erd6s—
Szekeres theorem:

Theorem 3.2 (positive fraction Erdés—Szekeres theorem). For any k
3 there is an € > 0 such that if X is a finite set of points in general position
in the plane with |X| > f(k) then it contains a convex k-clustering of size at
least £,| X|. (f(k) is the function from the Erdds—Szekeres theorem.)

For k = 4 this was proved earlier by Nielsen [N95]. Solymosi [SO88] proved
in his master thesis a closely related result, that among n points in the plane
there is a sequence of ¢,n elements such that any r consecutive are in convex
position.

Repeated applications of the positive fraction Erdés—Szekeres theorem
show that any set of n points in general position in the plane can be parti-
tioned into at most ¢ logn convex k-clusterings and a remaining set of size
at most ¢,. Gil Kalai asked if ¢, logn can be replaced by ¢, which would
give a strengthening of the positive fraction Erdds—Szekeres theorem. It is
easy to see for k£ = 3. P. Valtr and me proved it for arbitrary k:

27
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Theorem 3.3 (partitioned Erd6s—Szekeres theorem). For every k >
3 there are two constants ¢ = c(k), ¢ = (k) such that the following holds.
If X is a finite set of points in general position in the plane then it has a
subset X' of size at most ¢’ such that X \ X' can be partitioned into at most
¢ convex k-clusterings.

The proof gives Theorem 3.3 with constants ¢(k) = k°**) and ¢ (k) =
f(k)—1, where f(k) < 4F is the number from the Erd8s-Szekeres theorem. If
| X'| is sufficiently large, then ¢/(k) can be lowered to rr(k) — 1, where rr(k) is
the so-called Ramsey-remainder for convex sets (see Section 3.3 for details).
Both bounds on ¢(k) are optimal, while the best lower bound on ¢(k) is
exponential in .

If the special case when k£ = 4 we can give an upper bound:

Theorem 3.4. ¢(4) < 26

In the case of £ = 4 Gyula Kérolyi investigated a closely related problem:
when can a set of 4n points be partitioned into n convex (vertex-disjoint but
possibly intersecting) quadrilaterals [KA02].

The proof of Theorem 3.3 relies on the positive fraction Erdés—Szekeres
theorem (Theorem 3.2). Pach and Solymosi [PS98| proved that Theorem 3.2
holds with ¢, = a~** for some fixed @ > 1. We give the following better
bound:

Theorem 3.5 (Exponential bound). Theorem 3.2 holds with ¢, = k -
2—3219.

Further we show that there is a # > 1 such that Theorem 3.2 does not
hold with the constants g, = 7.

The proof of Theorem 3.4 is based on another partitional statement, a

generalization of the same type lemma. This beautiful result of Barany and
Valtr holds in any dimension. Given sets Y7,...,Y,, a collection yq,... ,yn
where y; € Y] is a transversal of the sets Yi,...,Y,,.
Same Type Lemma [BV98| For any natural numbers m,d > 1 there exists
a constant ¢(m,d) such that if X1,...,Xm C R are finite sets and |J; X;
is in general position, there are subsets Y; C X; , |Yi| > ¢(m,d)|X;| such
that every transversal of the sets Yi,...,Y,, has the same geometric (order)
type.

Pach and Solymosi [PS98] generalized the same type lemma for disjoint
convex sets.

Each d+ 1 points in general position may have two different orientations,

“4+” and “-”. Here the geometric type means the collection of orientations of
the (dTl) d + 1-tuples, i.e. two point sets of size m have the same geometric
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type , under a given order of the points, if the d + 1 points taken from each
set from the same d + 1 positions have the same orientation. We will call
sets like Y7, ... ,Y,, to be separated in "algebraic” sense. We will define two
other types of separation: ”geometric” and ”combinatorial”.

The sets Xi,...,X,, are separated in ”geometric” sense, if each hyper-
plane H intersects at most d sets from convXy,... , convX,,.

The number ¢,, 4 is the number of bipartitions of m points in R? in general
position by hyperplanes. The sets Xy,...,X,, are separated in ”combinato-
rial” sense, if the number of bipartitions of the sets by hyperplanes which do
not meet any of the sets convX, is equal to ¢, 4.

We will prove in section 6 that all these definitions are equivalent and
therefore call the sets Xy, ..., X,, with either property separated.

We need some further definitions to formulate a partitioned version of the
same type lemma.

We call M a matrix-partition (or p-partition, for short) with N columns
on the sets Xi,...,X,, C R¢ if

(4) M = (M;j)mxn, M;; C X;
(ZZ) Mijl N Mij2 = @, fOY all i,jl,jg(jl 7é ]2)
(i) My =X; forall i

J

Combining this with separability, we call the u-partition M a separat ed p-
partition if the sets in each column are separated. We call the p-partition
balanced if the sets in the same column have the same size. Clearly, in this
case | X1| = ... = |X,;|. We can look at a culomn of a balanced separated
p-partition as an m-cluster.

The “partitioned” same type lemma:

Theorem 3.6. For all natural numbers m, d there exists a least integer np, 4
such that if finite sets X1,..., X,, C R? have the same size and |J; X; is in
general position, then there exists a balanced, separated p-partition with at
most Ny, q columns on these sets.

The proof of Theorem 3.6 goes by a double induction, based on two
lemmas and gives an exponential bound in m for n,, ;. Better bounds in
lower dimensions would yield better bounds in higher dimensions too.

There are asymptotically tight bounds for n,, ;, namely

Theorem 3.7.

m—1 m—+1
{ 5 JL 5 J+1§nm,1§(m—1)2+1
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3.2 The exponential bound, Theorem 3.5

Let X be a set of n points in general position in the plane. We may suppose
that n > 232 Tt follows from the best known upper bounds [ES35, TV9§]
on the function f(k) from the Erdds-Szekeres theorem (Theorem 3.1) that
among any 4* points in general position it is always possible to find 4k
points in convex position. Therefore, if we choose randomly and uniformly
a 4**_point subset X, of X and consequently randomly and uniformly a 4k-
point subset X; of X, then X, is in convex position with probability at
least 1/(%14:). Clearly, every 4k-point subset of X is chosen for X; with the

(22)

: iy (')
In convex position.

If X is a 4k-point subset of X in convex position, then we say that its
subset Y of size 2k supports X if the points of X; sorted in the clockwise
order alternately belong to Y and to X\ Y. Clearly, X; is supported by two
subsets.

Since X has (272) 2k-point subsets, there is a 2k-point subset Y of X
2k)!

: n) s (ny < ARG (k) (2k)!
which supports at least 2 - g‘ifk) /( ) > (44k)(4k)' ( 554)k)4£2k)'

()" % it
4k-point subsets of X in convex position. We fix such a set Y.

Let y1,...,y2 be the points of Y listed in the clockwise order. For each
t = 1,...,2k, let T; denote the region outside of convY bounded by the
segment y;4;.1 and by parts of the lines y; 1v;, ¥i119i+2 (indices are counted
modulo 2k) — see Fig.2

same probability. It follows that X contains at least 4k-point subsets

(n—4k)2k
932k2

>
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Fig.2
Observation 1. If Y = {y1,...,yar} supports a 4k-point subset X, of X,
then X1 = Y U {xy,..., 29}, where x; lies in the interior of T; for each
i=1,..., 2k, 0

For ¢ = 1,...,2k, let t; denote the number of points of X lying in the
2%

interior of 7;. It follows from Observation 1 that Y supports at most Hti
i=1

4k-point sets. Thus,

(n — 4k)2
932k? < H ti.
i=1
If o denotes the k-th smallest number ¢;, then Hfﬁl t; < aFfnk. Tt follows

that
(n—4k)2k < oFnk
232k2 —
and thus
(n—4k)?> n—-8k n
= T 932k, > 932k > 932k

Let I C {1,...,2k} be a set of k indices 7 with #; > o > 55 — 1. For each
i € I, we fix a set C; of |5 — 1] points of X in the interior of T;. Then the

n

sets C; U {y;},4 € I, form a convex k-clustering of size k - [ 5| O

—1.

(07
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In the proof of Theorem 3.5 we used that the best known bounds on
f(k) give f(k) < 4*. If the conjecture of Erdés and Szekeres [ES61] that
f(k) = 2872 4+ 1 is true then the above proof gives still a better constant
e =k - 216k

3.3 The partitioned version of the Erd6s-Szekeres the-
orem

In the whole proof, & > 3 is fixed and K := 232(k+1)+1,

For t > 3, we say that a family {X;, Xs,..., X;} of ¢ planar point sets
has the same-type property, if all t-tuples (zy,...,z;), ©1 € X1,..., 2, € X},
have the same order type (and we say that the pair {X7, Xy} of two planar
point sets has the same-type property, if convX;NconvX, = (). If, moreover,
x1,%9,...,T; are in convex position, then we say that the sets Xy, Xo,..., X}
are in convex position.

We say that a sequence (X, Xs,...,X;) of planar point sets has the
sequential same-type property, if the family {X;, Xo,..., X;, X;j11 U X;10 U
---UX;} has the same-type property for each i = 1,...,¢—1. A crucial notion
in our proof is the notion of so-called s-configurations. An s-configuration is
a finite set X of points in general position in the plane which is partitioned
into s + 1 sets Cy,...,Cs, Y such that:

(i) C; is a convex (k + 1)-clustering for each i =1,...,s,

(ii) for each i =1,...,s, one of the k+1 clusters of C; is denoted C; so that
the sequence (C, ..., Cs, Y) has the sequential same-type property, and
(iii) |C| = |Cy| =+ =|Cs| = KK‘ = %, where K = 232(k+1)+1

Sometimes we mean by an s-configuration not the set X but the corre-
sponding (2s + 1)-tuple (Cy,...,Cs;Cy,...,C5;Y) of sets. The definition of
an s-configuration is somewhat technical. At this point we give two remarks
to it:

Remark 1: The convex (k+1)-clustering C; can be partitioned almost com-
pletely into few (k + 1) convex k-clusterings (Observation 2 in Section 3.3).
Moreover, if we use the points of the cluster C; C C; elsewhere in the final
partition, then the rest of C; is a convex k-clustering. It is the reason why
we require C; to be a convex (k + 1)-clustering.

Remark 2: s-configurations are defined so that the following two condi-
tions hold. An s-configuration can be partitioned almost completely into a
bounded number of (s+ 1)-configurations (Lemma 1 below), and if s is large
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enough (s = 2k? suffices) then an s-configuration can be partitioned almost
completely into a bounded number of convex k-clusterings (Lemma 2 below).
Here are the two key lemmas:

Lemma 1. For s = 1,...,2k?, every s-configuration is a disjoint union of
at most 8s? (s+1)-configurations and a remaining set of size at most 25s>K .

Lemma 2. Every (2k?)-configuration is a disjoint union of at most 2K log K
convex k-clusterings and a remaining set of size at most 4%,

Lemma 1 will be obtained using the separation method of Pér [P02],
Lemma 2 relies on Theorem 3.5 and on the Erdds-Szekeres theorem on mono-
tone subsequences (Theorem 3.8 in Section 3.3). We now derive Theorem 3.3
from Lemmas 1 and 2.

Proof of Theorem 3.3.  Let X be a finite set of points in general position in
the plane. We may suppose that | X| is divisible by 2K (this can be achieved
by removing at most 2K — 1 points from X ). By Theorem 3.5, X contains a
convex (k 4 1)-clustering C; with each cluster of size KK‘ We denote one of
the clusters by C}.

Let [ be a line (“ham-sandwich cut”) cutting each of the sets C1, X \ C;
into two equal parts. Let C; = C]UC?, X\C; = Y'UY? be the corresponding
partitions such that |C]| = |C?|,|Y"| = |V?| = (K — (k+1))|C]], and that [
separates C| UY? from CZ2U Y.

We partition the convex (k + 1)-clustering C; into two convex (k + 1)-
clusterings C{,C? of equal sizes by cutting each cluster of C; into two equal
parts (the cluster C| is cut into the above subsets C], C?).

We obtain a partition of the set X into two 1-configurations X7 =
(C];C7:Y7), j =1,2. Applying first Lemma 1 (2k2-times) and then Lemma 2
on each part, we get a partition of each of the two 1-configurations X7 into at

2k2 -1
most < H 832> 2K log K = k%) convex k-clusterings and a remaining
s=1

set of size at most 2 - kO*") . 25(2k2)2 K 4 kO**) . 4k = EO**)  Theorem 3.3
follows. O

Proof of Lemma 1

Claim 1. If a family {Cy,...,Cs, Y} of s+ 1 finite point sets has the same-
type property, then there is a closed strip S bounded by two parallel lines such
that Y € S and C;NS =0 fori=1,...,s.
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Fig.3

Proof. Let u be a segment connecting a pair of points in Cy U --- U Cy such
that its distance to convY is smallest possible. Let v be a segment of length
dist(u, convY’) connecting a point of u with a point of convY (see Fig.3).
Further, let p be the line perpendicular to v going through the point v N
convY, and let ¢ be the other line of the same direction tangent to convY'.

Then the strip S bounded by the lines p, ¢ contains conv} and no point of
C1U- - -UC; (otherwise a segment connecting a point of SN(CyU- - -UC;) with
one of the end-points of u would be closer to convY than u —a contradiction).
O

Claim 2. (i) Let N > 1 be an integer, and let C,Y be two disjoint finite sets
of points in the plane such that |Y| = N - |C| and C UY contains no pair of
points on a horizontal line. Then there are partitions Y = Y'UY2uY ™™ C =
C'UC? U™ such that Y' U C? is separated from Y? U C' by a horizontal
line, |Y*| = N -|C?| for xz € {1,2,rem}, and |C™™| < 1.

(11) Let C, D,Y be three pairwise disjoint finite sets of points with |Y| =
N-|C| = N-|D|, where N > 1 is an integer. Suppose further that CUDUY
s in general position and any two of the sets C, D,Y are separated from each
other by a horizontal line. Then there are partitions Y = Y'UY2UY ™ C =
CtuCc?ucCr™, D= D'UD?U D™ such that:

1. |[Y*| =N -|C*| = N - |D*| for each x € {1,2,rem},

2. |Cr™| = |Dr*™| < 1, and

3. the triple (C7, D7, Y7) has the same-type property, for j = 1,2.

Proof. (1) Let NC' be the multiset of points of C', each taken with multiplicity
N. Consider the multiset Y UNC' of size 2N|C|, and choose a horizontal line
p such that at most N|C| points of Y U NC lie strictly above p and also at
most N|C| points of Y U NC' lie strictly below p.

If no point of C' lies on p, we may suppose that also no point of Y lies on
p. The line p determines suitable partitions of Y, C' with Y™™ = O™ = () in
this case.
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If a point ¢ € C lies on p, set C™ := {¢} and put N suitable points
of Y to Y™ . Then the line p will again determine suitable partitions of
Y \ Yrem, C \ Crem.

(ii) We distinguish two cases (other cases are obtained by symmetry).

Case 1: the sets C, D,Y appear in the order C, D,Y from top to bottom. (see
Fig.4)

Fig.4

We use a “sweep-line” argument. We take a horizontal line p separating
C from D. We rotate p in the clockwise order. During the rotation we are
changing the center of rotation so that at each moment p cuts CU D into two
equal parts (the partition determined by p changes at finitely many moments
when two points of C'U D lie on p) — see Fig.4 (several positions of p during
the rotation are shown by dotted lines). Moreover, we can proceed so that
p always contains at most one point of Y. Let p™ be the open halfplane of
points to the right of p, and let p~ be the open halfplane opposite to p*. We
rotate p until we achieve [p* NY'| > N - ([p* N C|+ 3|p N CJ). Then we stop
and denote the final position of p by py.

If p passes through a point of Y immediately before it gets to its final
position pg, then pg contains no point of CUDUY and it gives us the required
partitions

C'=Cnpf, C?*=Cnypy,

D'=Dnp,, D>=DnNpg,

Yi=Ynpl,Y2=Ynp,,
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Otherwise p contains a point ¢ € C and a point d € D either in the
position py or immediately before it. In these cases we set

crem = {c}, D™ = {d},

C'=Cnpf, C?=Cnp,,

D'=Dnpy, D> =DnNpg,
and we appropriately choose a partition ¥ = Y!' U Y2 U Y™ such that
Yrem| = N, Y Cpd,Y? Cpg.

Case 2: the sets C, D,Y appear in the order C,Y, D from top to bottom.
We take a vertical line to the left of C'U D UY and sweep it to the right
so that it cuts C' and D in the same proportions at any moment. We define
pT and p~ as above and stop as soon as [Y N (pUp~ )| > N-|CNp*|. Then
we continue similarly as in Case 1. Details are left to the reader. U

A weak (s+1)-configurationis a (2s+3)-tuple (Cy,...,Cs41;C1, ..., Csi1;Y)
such that (Cy,...,Cs;Ch,...,Cs; Y UCyyq) is an s-configuration and Cyq is
one of the clusters of a convex (k + 1)-clustering C,; of size |Cyi1| = |Cy].

Proof of Lemma 1. Let X = (Cy,...,Cs;C4,...,C5;Y) be a non-empty
s-configuration. By Claim 1, there is a closed strip S such that Y lies in §
and Cy U - - UCYy lies outside of S. We may suppose that the lines bounding
S are horizontal. Let ST (resp. S~) be the open halfplane of points above
(resp. below) S.

The size of Y is | X| — s(k + 1)% > % Therefore, by Theorem 3.5, Y
contains a convex (k+ 1)-clustering Cys; of size (k+ 1)% = (k+ 1)% Fix
a cluster Cs;q in Cyyy.

In the sequel, the weak (s+1)-configuration X = (Cy,...,Cs11;C1, ..., Csi1; Y\
Cs41) will be partitioned into a bounded number of (s+ 1)-configurations and
a small remaining set.

We apply Claim 2(i) on the sets Cy1,Y \ Cs41. We obtain partitions
Cyr1 = CLUCE  UCHT and Y \Cyyq = YUY 2UY ™™ such that CL, ,UY? is

separated from CZ,,UY" by a horizontal line, |C},,| = K(s‘-ls—/il‘k-i—l c2,,| =
Y2 rem rem
K(s‘+71k+1 Iy < 1L Y™ <K — (s+1)(k+1).

For each i = 1,..., s, we take an arbitrary partition C; = C} UC? U Cre™
with |CF| = \CHI\ for each z € {1,2,rem}. Finally, for each i =1,... s+
1, we partition the convex (k + 1)-clustering C; into three convex (k + 1)-
clusterings C}, CZ?, Cf*™ arbitrarily so that, for each = € {1,2,rem}, C? is one
of the clusters of C7.

The two obtained (2s+3)-tuples X* = (C{,...,C., ;C},...,Cl ;Y i=

1,2, are weak (s + 1)-configurations forming a partition of X \ Xxrem, Where
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‘Xrem‘ S K
Both X! and X? satisfy the assumptions in the following lemma:

Claim 3. Let X = (Cy,...,Cs11;Ch, ..., Csi1;Y) be a weak (s+1)-configuration
such that the sets Cs1,Y are separated from each other by a horizontal line
and also each C;,i = 1,...,s, is separated from Cs 1 UY by a horizontal
line. Further, let w(X) denote the number of indices i € {1,...,s} such
that C; C ST and the triple C;,Cy11,Y does not have the same-type prop-
erty. Then X can be partitioned “componentwise” into two weak (s + 1)-
configurations X; with w(X;) < w(X)/2 and a remaining set Xyem of size
at most K. (A partition of X = (Cy1,...;Y) into X1, Xy, Xiem is compo-
nentwise, if X7 = (C{,...;Y7), j = 1,2,rem, and C; = C! U C? U CI*™,
Ci=Cluctucr™ Yy =Ytuyzuyrem i=1,...,s+1.)

Proof. Suppose that C;,,...,C; are the clusters C; contributing to w(X),
i.e. they are the clusters C; in S* such that the triple C;, Cs,1,Y does not
have the same-type property. Moreover, suppose that they are ordered in
the order in which they are seen (within an angle smaller than 7) from any
point in Csyq UY, see Fig.Cij. The linear order Cj,,...,C; is well-defined
because the family {C1,...,Cs, Csy1 UY'} has the same-type property.

figThe partition X = X7 U Xy U Xiem

We apply Claim 2(ii) on the triple of sets C;, ., Cs1,Y. It gives us
partitions C;, ,, = Cj UC] UCE . Coy = Cpy UCE UCKT,
Y =Y'uy2uyrem

We further partition each set C;, i # i, 21, s+1, into three parts C}, CZ, Cr™
arbitrarily so that |C7| = |C?,,| for each x € {1,2,rem}. Finally, any par-
tition of each (k + 1)-clustering C; into three (k + 1)-clusterings C}, C?,CI*™
such that C? is a cluster of C¥ (i = 1,...,s+ 1,z = 1,2, rem) finishes the re-
quired partition of X into two weak (s + 1)-configurations X; = (CJ,...,Y7),
J = 1,2, and a remaining set C{*" U --- U C{$] U Y™ of size at most K.
(For each j = 1,2 we have w(X;) < r/2 = w(X)/2 because either only the

clusters Cijt, 1 <t < [r/2], or only the clusters C7, [r/2] <t < r, contribute
to w(X;) - see Fig.Cij.) O

Since the partition in Claim 3 is componentwise, each of the subconfigu-
rations X, X, obtained in Claim 3 satisfies the assumptions in Claim 3 and
Claim 3 can be again applied on each of them. We iterate Claim 3 |log, s+1|
times. We obtain a partition of a weak (s + 1)-configuration X into (at
most) 20825+ < 25 weak (s + 1)-configurations X; with w(X;) = 0 (since
after |log, s + 1] iterations of Claim 3 we get w(X;) < w(X)/2!ls25+1 <
s/s = 1) and a remaining set of size at most (2 - 20825+ — 1)K < 4sK.
Analogously, we can consequently partition each X; into at most 2s weak
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(s 4+ 1)-configurations X;; and a remaining set of size at most 4sK such that
w(X;;) = 0 holds also if we replace S* by S~ in the definition of the param-
eter w. This means that the configurations X, are (s + 1)-configurations.
Thus, each of the two weak (s + 1)-configurations X', X? obtained above
Claim 3 can be partitioned into at most (2s)? = 4s?> (s + 1)-configurations
and a remaining set of size at most (2s + 1)4sK < 12s?K. Since X', X?
form a partition of X \ X™™ (where |X™™| < K), we obtain a partition
of X into 8s* (s + 1)-configurations and a remaining set of size at most
2125 K + K < 2552K. This finishes the proof of Lemma 1. 0J

Proof of Lemma 2

The proof of Lemma 2 relies on another famous result of Erdos and Szek-
eres [ES35]:

Theorem 3.8 (Erdds—Szekeres lemma). Any sequences of (k — 1) + 1
distinct real numbers contains a monotone subsequence of length k.

Proof of Lemma 2.  TLet X = (Cy,...,Cs,C4,...,C5,Y) be an s-configuration,
where s = 2k2. By Claim 3 and by the pigeon-hole principle, there is a line [
separating Y from at least k” of the clusters C;. Let Cj,, ..., Cj, be k* such
clusters listed in the order in which they are seen (within an angle smaller
than 7) from any point of V.

By the Erdés-Szekeres theorem on monotone subsequences (Theorem 3.8),

the sequence iy, . .., 72 contains a monotone subsequence ji, ..., jx_1 of length
k—1.
Claim 4. The k sets Y,Cj,,...,Cj,_, are in convex position.

k—1
Proof. Since Y is separated from U C;, by a line, it suffices to show that for
i=1
eachs=1,..., k=3 theset Cj_ cannot lie in the convex hull of C;,UC}, ,UY".
We use the sequential same-type property of the sequence (Ci,...,C,,Y).

If the sequence jj, jit1, jito is increasing, then (Cj,,Cj.,,,Cj,.,,Y) has the
sequential same-type property. Otherwise the sequence j;, j;11, jiro is de-
creasing and (Cj,,,,Cj,,,,C;,,Y) has the sequential same-type property. In

i+29 i1

the first case the triple {C},,Cj,.,, Cj,,, UY } has the same-type property, in
the latter case the triple {C},,,,C},,,,C;, UY} has the same-type property.

In either case, C},,, lies outside of the convex hull of C}, UCj,,, UY. The
lemma is proved. O
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We now need the following corollary of Theorem 3.5 and a simple obser-
vation.

Corollary 3.1. The set Y is a disjoint union of at most Klog K convex
k-clusterings and two remaining sets Yy, Yy with |Yy| = ‘LK‘, V1| < f(k).

Proof. By Theorem 3.5, Y is a disjoint union of a convex k-clustering and
a remaining set Y of size at most max{(1 — +) Y|, f(k)}. Applying Theo-
rem 3.5 on Y, we get a partition of the set Y into two convex k-clusterings
and a remaining set of size at most max{ (1 — %)2 Y, f(k)}.

After Klog K applications of Theorem 3.5, we obtain a partition of Y
into K log K convex k-clusterings and a remaining set Ve, of size at most

max{(l . %) VL £} < max{ Y] £} < B+ b,

If |Yiem| > ‘LK‘ then we finish the whole partition by partitioning Y., into

two subsets Yy, Yy, where |Yy| = %

Otherwise we repeatedly enlarge Y., by choosing an arbitrary of the
K log K k-clusterings and moving one point from each of its clusters to Yj.
Each repetition of this step enlarges |Yiem| by k, so we can achieve that
% < |Yiem| < % + (k — 1), and then we make any partition Yiem = Yo U Y]

with Yo = . O

Observation 2. Every convez (k + 1)-clustering is a union of k + 1 convex
k-clusterings and a remaining set of size at most k — 1.

Proof. Let C be a convex (k + 1)-clustering and let ¢ be the size of a cluster
in C. Set ty :=t mod k.

We can easily partition C into tq points and k41 convex k-clusterings, each
disjoint from one of the clusters of C and having size k- [t/k| or k- |t/k+1].
O

By Corollary 3.1, YV is a disjoint union of at most K log K convex k-

clusterings and two remaining sets Y, Y] with |Yg| = %, Y| < f(k). By
Claim 4, the sets Yy, Cj,, ..., C}, , form a convex k-clustering. Further, each

of the k — 1 sets C;, \ Cj,,...,Cj,_, \ Cj,_, is a convex k-clustering.

By Observation 2, each of the remaining 2k? — (k—1) (k+1)-clusterings
C; can be partitioned into k£ + 1 convex k-clusterings and a remaining set of
at most £ — 1 points.
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The s-configuration X is partitioned into at most K log K + 1+ (k—1) +
(2k* — (k—1))(k+ 1) < 2K log K convex k-clusterings and a remaining set
of size at most f(k) + (2k% — (k — 1)) (k — 1) < 4F. O

Concluding remarks

1. Upper bounds on the constants c(k),c (k). Our proof gives Theo-
rem 3.3 with ¢(k) = kO*), ¢/(k) = k%) Tt is easy to lower ¢ (k) to f(k)—1
(and keep ¢(k) = kO**) at the same time). As long as the remaining set
of points has size bigger than f(k) — 1, it contains a convex k-clustering of
size k, i.e., k points in convex position, and we may reduce the size of the
remaining set by it. The number of convex k-clusterings will increase by at
most k°¢*") . k=1 = kO*") thus staying at most k°**). This bound on ¢ (k)
cannot be improved in general, since any set of f(k) — 1 points with no k
points in convex position contains no non-empty convex k-clustering.

If |X| is sufficiently large, then ¢/(k) can be lowered to rr(k), the so-
called Ramsey-remainder for convez sets, defined as the smallest number r
such that any set of sufficiently many points in general position in the plane
can be partitioned into k-tuples of points in convex position and a remaining
set of size at most 7 (see [ETV96] for estimates on the numbers rr(k)).

2. An upper bound on ¢; and a lower bound on c¢(k). Let Cy/, be
the set of 2¥/2=2 points with no convex (k/2)-gon constructed by Erdés and
Szekeres [ES61]. We may suppose that no pair of points in Cj, lies on a
horizontal line. We replace each point of C} by the same number L of points
which are very close together, form a so-called L-cup (e.g., see [TV98] for the
definition), and any line trough two of them is almost horizontal.

Then any convex k-clustering has all points of at least ~ k/2 clusters
contained in the same L-cup, and therefore its size is at most (~ 2 - 227#/2)-

k
fraction of our set. This gives an upper bound ~ ( 1/2) on the constant g,
in Theorem 3.2 (it can be improved to ~ (1/2+¢)* by considering C(;_.); in-

stead of Cy/9). Consequently, we get a lower bound ~ (ﬂ)k on the constant
c(k) in Theorem 3.3 (it can be improved to ~ (2 — &)*).

3. Higher dimensions. For any d > 3, an analogue of Theorem 3.3 in IR*
holds. We simply project the set X C R? orthogonally to a plane chosen so
that the projection is a set in general position. Then we apply Theorem 3.3.
The obtained partition gives us a partition of the original set X into at most
EO*?) convex k-clusterings and a remaining set of size at most kO In fact,
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if | X'| is divisible by k and sufficiently large, then we can partition the whole
set X into convex k-clusterings because the Ramsey-remainder for convex
sets is 0 in this case (see [KA02]).

3.4 The partitioned ”Same Type Lemma”

Denote by n,, 4 the smallest number (probably infinite) such that for all finite
sets X1,...,X,, C R? a balanced separated p-partition with at most n, 4
columns exists. To prove the theorem, we have to show that n,, 4 is finite,
and the following two lemmas will do this.

Lemma 3.1. If ngy14 is finite for a given dimension d, then so are all ny, 4
numbers, where m > d + 1 and

Nm,d < (nd+1,d)(dTl)
Lemma 3.2. The number ny, is equal to 2. If ngi1.4-1 8 finite, then

Nat1,d < 2Ng41,d-1

Proof of Theorem 3.6. If ngq_; is finite, then by the first lemma ng4,1 4-1 is
finite too and by the second lemma 74414 is also finite. Since ng is finite,
we get by induction that ngy 4 is finite for all d. The first lemma proves now
our theorem. O

Proof of the lemmas

We will need new notions, the partial p-partition and the refinement of
the p-partition:

The p-partition M is partial on the set I C [m] = {1,...,m}, if the
matrix M has only entries in the rows ¢ € I and it satisfies the conditions
for p-partitions in the rows ¢ € I. A partial p-partition is balanced if the
cardinality of the sets in one column is equal, of course only for sets which are
in a row with index from /. A partial balanced p-partition can be extended
to a balanced p-partition M. For example partition all other sets X; ¢ & [
by taking care only on the cardinality of the entries.

If we have a balanced p-partition M, we can replace some of its columns
by a balanced p-partition of the sets of these columns. Then we get a new
balanced p-partition. We will call this the refinement of the p-partition.
Note that the refinement of a refinement of a p-partition is also a refinement
of the original one.
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Proof of Lemma 3.1. Let I, ... ,I, C [m] be all the subsets of [m] of d + 1
elements ( r = (d’j:l)). Take the ”trivial” p-partition on the sets with 1
column, M;; = X; i = 1,...,m, and refine it in several steps, such that
after the [-th step there will be no hyperplane meeting the convex hulls of
the d + 1 sets M j,... , M,,,,; for all j, where I; = {l;,... ,lq41}.

In the [-th step we will refine all the columns in the following way: We take
the sets in a column and produce a balanced separated pu-partition for the
sets in the rows corresponding to ;. This is a partial p-partition for all the
sets and has at most ng441 4 new columns which will replace the one column
we took. We extend it to a balanced p-partition and do this refinement for
all the columns. At the end we will have a balanced p-partition, and there
will be no hyperplane intersecting the convex hull of any d + 1 sets in the
same column. This means that the balanced p-partition is separated and
the lemma is proved since in each of the r steps the size of the matrix was
multiplied by at most ng4 4. O

In Lemma 3.2 first we prove the starting step (d = 1) and then the
induction.

Proof of Lemma 3.2. Let Xy, Xy C R |X;| = |X3| = [ then there is a point
a € R, such that
{r | e XiUXy z<a}|=1

and define

My = {z € Xi|z < a}
My = {z € Xi|z > a}
My = {z € Xp|z > a}
My = {z € Xo|z < a}

Now M is an p-partition with 2 columns on the sets X; and X, and

|Miy| + | Mya| = [Myy| 4 [Maa| = | Moy | + [Mas| =1

which shows that M is balanced and separated, too.

In the second part of the lemma we have to show that ngy14 < 2ng41,4-1
assuming ng41,4—1 is finite. Let Xq,... , Xy C R? be finite sets of size [ and
suppose that the set U; X; is in general position. It is well known that there is
a hyperplane S, such that the perpendicular projection of U; X; to S is still in
general position (in fact, almost all hyperplanes satisfy this condition). Let
X; be the image of X; under this projection, and take a balanced separated
j-partition M’ on these sets, with at most ng441 41 columns. Let A be the
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balanced p-partition on the sets Xi,..., X4 induced by M and from now
on we examine only one of its columns, and for simplicity of notation we
call these sets now Xi,...,X4:1. To prove our lemma, we have to divide
all the sets Xi,..., Xy, into 2 parts in a balanced way that both parts
are separated. The projection of these sets are separated in the hyperplane
S. By Radon’s theorem there is only one partition of d + 1 points in R,
among all the 2¢, which cannot be separated by a hyperplane, which means,
in combinatorial sense, that there are 2¢ — 1 hyperplanes in S which miss
UiCOIlVX; and divide them in different ways. Take for each hyperplane in S
the hyperplane in R? as its inverse image under the perpendicular projection
to S. These hyperplanes avoid U, X; and divide them in 2¢ — 1 different
ways. Since there are 2 different bipartitions of the set [d + 1], there is
one remaining bipartition ( I C [d + 1],1° = [d 4+ 1]\ I), for which we need
separability.

For technical reasons it will be useful to change the point-set to a mea-
surable set which is close to the point-set in the following way: Replace all
points by a ball centered at the point and of radius €, and denote the new sets
by Ki,...,K41. Since U; X; is in general position it is possible to choose ¢
so small that no hyperplane can meet d 4+ 1 of the balls.

Now we assume that the measure is distributed uniformly on these balls,
such that each of them have measure one( i.e. we divide the Lebesgue mea-
sure by the volume of the ball of radius ¢ and denote it by v ). We define a
function f: S?:— R¢ which is odd. Take H = (t,h) € S¢, where t is a real
number and h is a d-dimensional vector not equal to zero. Let

H = {zl(z,h) >t} NK;

and
H” ={z|{z,h) <t} NK,; = Ki\H;’

2

Further let N
. | HT itiel
H; _{ H if i g1

2

Now we can define f at (¢, h) as follows:
f(t.h) = (v(HY) = v(Hg,,), ..., v(Hg) —v(Hj,,)) € R?

It’s easy to check that (—H) = H, , and we can extend the definition to
H = (+1,0) by choosing

e o O ifiel

(+1,0)i = H, _{ K ifigl
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and for H = (—1,0)

e e [ K ifiel
(_1’0)1'_}12'_{@ if i g1

The function f maps S¢ into R? and it is continuous and odd so Borsuk’s
theorem applies: there exists an H € S¢ (of course not one of the poles)
such that f(H) = 0. The hyperplane Sy = {z| (x,h) =t } meets at most d
balls of radius € with a center in U; X;, therefore one of the sets K; has been
avoided by Sy and so v(H;) = r is an integer number and a hyperplane 7' (a
slight perturbation of the one corresponding to H) can be chosen such that
it doesn’t meet U; X; and on a given side it contains r points from X; if 1 € 1
otherwise it contains [ — 7 points. If TF denotes one half-space generated
by T, then the p-partition of two columns are now the subsets of X; N T if
i€ I and X;\T" if j ¢ I. The properties of H show that this partition is
balanced and separated. O

Remark If d = 2 the above proof gives the following statement that will
be needed in the next section: If three equal sized sets X, X5 and X3 are
separated by two parallel lines in the plane, then there exists a line f which
divides the sets into X;; and X;, for i = 1,2, 3, such that X;;, X9 and X3,
are on the same side of f and

Xl [Xa| X
[ Xio|  [Xao| [ Xy

are equal (probably infinite).

3.5 Better bound on the £ = 4 case

First we give an other proof for the case £ = 4, and after this we improve it
26, as said at the beginning. Observe that among any 5 points in the plane
there are 4 in convex position, and therefore it would be enough to bound X,
by a finite number, since then we can remove 4 points in convex position, and
increase N by 1, adding a column with 4 sets of 1 element to our partition.

Proof. Let us divide X in 4 equal sets X1, X5, X3 and X, by dropping at most
3 points. By Theorem 3.6 there exists a balanced, separated p-partition M
with at most n49 columns. Some columns of this matrix are already in
convex position, and we can use them as they are in our decomposition.
So we can reduce further investigations to a given column, where the sets
are not in convex position. From now on we suppose that X = U} X;, where
X1, Xo, X3, X, are separated and of equal size, say 2[, and for any transversal
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{1, 29, 23,24} , x; € X; the point x4 is in the convex hull of the other three,
x4 € conv{zy, x9,23}. The assumption of even size enlarges Xy. Because the
sets are separated, there are lines a1, as and a3, such that on one side of a; is
X, Xy and all other sets X;, j # 7,4 are on the opposite side. Now choose
the lines e;, e5 and e3, each parallel to the corresponding line a;, such that
e; divides the set X; into two sets of equal size, X;; and X;,, with X;» on
the same side of e; as X,. Clearly there exists a line [; parallel to a; and e;
separating X; from X,. Now the two parallel lines e; and [; separate X,
X, and Xy. Let us denote by 2S5 the set derived from S by doubling and
slightly perturbing its points. Now choose the line f; to divide the equal
sized sets 2.X;1,2X;9, and X, as in the remark of the previous section. Since
we doubled some of the sets, we will need some correction at the end, but
this means only a constant in the size of Xj.

Let X:li,XXZ. the two halves of X, divided by f;. Corresponding to the
previous notation, let X;l, X;’l, X;Q, XZ”2 the sets derived from the sets X;;, X9
after dividing them by f;, i.e.:

XL XX
\Xn\ |X12\ ‘X4‘ ,

Xl X X
Xoi| | Xao| X4’

X X X
(X [ Xao| Xy

B

It is easy to see that the following 4-tuples of sets are separated and in
convex position (Fig. 1.):

! !

Xlla X12’ X417 Xo ()‘1)
XYI’ X1’2’ Xélllla Xs ()‘1)
X%l: Xég: X4:1,27 X3 ()‘2) (Z)
X21: XQQ: X4Qa Xl ()\2)
Xlla XIQ’ XA’137 X ()‘3)
X:l’;lla Xé’2: Xz’1’37 Xy ()‘3)

For example choose the first 4-tuple, X;,, X;,, X;;, X5 One can see on Figure
5. that the line e; separates X, from the other 3 sets. Further the lines f;,
as, a; in order separate X,,, X,, and X, from the remaining 3 sets.
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Y/ el

Iy

ai

Fig.5

These six 4-tuples cover the set X several times, so we need to re-
duce them so that they give a partition of X. The 4 sets of one 4-tuple
are not equal sized, therefore we prescribe the size of the sets in order by
MX 1 AMX L A Xo, M X5, As Xy, A3 X5, To construct the sets themselves,
we have to check first that at least the size of the sets X; are as big as the sum
of it’s parts. Therefore we will get 4 equalities for the ratios A;, A9, A3 which
have to be fulfilled in order to continue the construction. Let us denote the
subsets by Y., with subscripts like the corresponding X,, sets , except Yi' and
Yi” for « = 1,2, 3 which are the 4th sets of the 4-tuples listed above. First we
calculate their sizes, in order A\jal, A\ (1 —a)l, Aofl, Ao (1= B)1, A3yl, A3(1—7)L,
where 0 < \; < 1foralli=1,2,3.
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Mal = Yy = Y| = Yyl = Y
M= a)l =Yy = Yy = Yy = Y]
Aol = |Y2,1‘ = |Y2,2‘ = |Y4,2‘ = |Y3/|
Ao(1 = B = |Yy| = |Yon| = |Yio| = |V
Al = Yy | = [Va| = |Vig| = |7
Aa(l =)= |Vy| = [Vyp| = [Vis| = |5 |

Since

XB:Y3/1UY31UY32UY32UY3UY3
Xy =Yy UY, UY,UYUY,UY,

where each line is a partition of the corresponding X;, we get 4 equalities for
the sizes (each equation divided by )

2:2)\14‘)\2(1—5)4-)\3’7

2:2)\2+)\3(1—’}/)+)\104
2:2)\34‘)\1(1—Ot)+)\26:4—)\1(1+04)—)\2(2—5)
2=A+ A+ A3

The solution is

s — 24208y — 2y

" 3taf+ By rya—a—f—nv
N\ — 24 2va - 2«

>T3+af+fBy+ra—a—-fF—vy
\ 2+ 2a8 — 20

3

T3+ af+fBrtra—a— -7

where we can check that 0 < Ay, Ay, A3 < 1.

Now the sizes of our sets Y},,...,Y,; are known, but how to choose
them. Take the set X; and choose first the sets Y,,Y};, Y}, Y;, and the
remaining points from X; can be distributed between Y] and Y, arbitrarily.
The distribution of X5 and X3 are similar. To distribute the points of X,
we take the arrangement of the lines fi, fo and f3 which partitions the set
X, into at most 7 parts. In each part we distribute the points into 3 parts

of size Ay : Ay : A3. It is clear that we can put together the sets Y, ..., Y,
from these parts.
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During these steps we don’t care about some (finitely many) points which
do not satisfy our partition requirements. As we doubled some points for
example, at the end we probably have to remove one point from a set. Since
these are just finitely many points they may be appended to X,. O

Remark This immediately gives a bound of 6145 but we can obtain 26.

Proof of Theorem 3.4. To show, that N < 26 we need a better separation of
the first 4 sets. We change each point of X to a nowhere zero measure dis-
tributed on the plane, concentrated on a disc centered at the point (similarly
to the proof of Lemma 2.2). One can achieve this by distributing € measure
outside a disc of radius e.

Choose an arbitrary directed line [ and divide X into 4 equal parts
X1, Xy, X3 and X, by three lines [y, l5, I3 all parallel to [ (Figure 6).

3

Xy

Fig.6
Take the vertical line as [, such that the direction points upwards. For
each 0 < & < 1 there is a well defined halfspace H. with boundary line H°
for which

H. N X,
DAl g d
) e an
H.N X5
| X
and H. is below H?. Let
|H. N X,
g)=—F—
H. N X,
) =1- e
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Clearly 3(0) =~(0) =1, 5(1) = v(1) = 0 and (3, are continuous functions
in €. Let

e(l) = mEin{min{ﬁ(e),*y(e)} <e}

We are looking for a line [ with

At least one of the two equalities holds for every line, so turning / around
(by 180° at the end the direction of the starting line has been changed) we
get that the rolls of # and 7 change. Since £(I) was a continuous function
therefore we had to pass a line [y for which

(lp) and

(lo)

Choosing this line and the corresponding lines Iy, ls,l3 and H?(ly) (Figure
7) we get a partition of X into the sets Z;,..., 7, Y1, ..., Y,, where X; =

ZiuY,..., Xy = Z,UY,. The shadowed parts are the Z; and the white
parts the Y; sets by indexing them from left to right.

£
9

lo
0
]
h . —
Fig.7

Now separating 7, Z5, Z, by h as in the remark after Lemma 2.2 we get
two parts. The light shadow part by adding a part of Z3 to it, is already a
separated 4-tuple (nonconvex). Doing the same for Z;, Z3, Z, we get again
a nonconvex separated 4-tuple and the rest is a convex separated 4-tuple.
The previous theorem replaces the nonconvex ones by 2 -6 = 12 convex
parts. The same is true for the sets Yi,...,Y,; and we get at most 26 convex
4-tuples. O
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3.6 Asymptotically tight bounds for n,,

From our previous proofs we know that ny; = 2, and that
N1 < (n21)(?) = gm(m-1)/2

which is super-exponential in m, and even for m = 3 it gives an upper bound
of n3; < 8 while the truth should be n3; = 5 (easy as it seems, I could not
prove it). We will prove a quadratic upper bound on n,,; and show that it
is the truth up to a constant factor.

We prove Theorem 3.7 in two steps.

Let’s recall the upper bound of Theorem 3.7 If X1, ..., X,, are finite sets
of equal size on the real line and the set | J." X; is in general position, then
there is a balanced, separated p-partition with at most (m — 1)?> + 1 columns
on these sets, i.e.:

Nma < (m—1)%+1

Proof. of the upper bound Let X = (J" X;, and | = |X;| the size of the sets.
Take m — 1 points, ty,... ,t,,—1, on the real line which partitions the set X
into m equal sets 11, ..., T,:

— =<t <...<typ1 <t, =0
and for all 1 <i,7 <m
Tj:{l'EX|tj_1§l‘<tj}

Take the intersection of these sets with the sets X; and denote them for all
1 <i4,7 <mby
Aij = XinT;

Define the matrix S of size m x m with integer entries:
Sij = |Ai]

The matrix S has the property, that the sum of its entries in a row or a column
are equal (constant times a doubly stochastic matrix), and all of its entries
are nonnegative. We will call such a nonnegative matrix a "magic matrix”.
We know (see the Remark below or [MM64] ) that S is a positive integer

combination of permutation matrices Py, ..., Py, where k < (m —1)2 +1
k
i=1



where ); is a positive integer. Let o; be the permutation of P,. Now we can
construct our p-partition M of k elements:

M;; C Aigyyy and  [M ] =\

and such M exists. (We don’t care about how these subsets are chosen, just
they have to be disjoint)

It’s clear that M is balanced and separated. The points ¢y,... , ¢, 1 work
as separators for each column. O

Remark. We show that a m x m magic matrix can be written as a positive
linear integer combination of at most m? — 2m + 2 permutation matrices.

All matrices here will have positive integer entries.

First we show that for each magic matrix D, there exists a permutation
matrix P, such that P < D.

Suppose that such a P permutation matrix does not exist. We know (see
[MM64] ) that D has a m; X my submatrix, whose entries are all zero and
my + mg > m. We may suppose that D;; = 0 whenever ¢ > m — m; and
Jj > m —my. If T denotes the sum of entries in one row of D, then:

m k m m—ms m m—ms
Tmy= ) > Dij= ) > Di; <Y Y Dij=T-(m—my)
i=m—mi1+1 j=1 i=m—-mi1+1 j=1 i=1 j=1

what yields

m1+m2§m

This is a contradiction to mq + ms > m.
Now choose one of the permutation matrices P, < D and choose a; such
that

(L1P1§D

but
(a1 + 1)P1 f D

Let Dy = D — a; Py, and observe that D, is a magic matrix again, which
has a zero entry, where D has a nonzero (ay) entry. Do this as long D; is not
the 0-matrix and we get:



a positive linear combination of £ permutation matrices. Claim: P,..., P
are linearly independent. Indeed, if they were not, then some P; can be
written as a linear combination of P;-s, where ¢ > j. When we have choosen
P; we nullified at least one entry of the matrix D; and therefore all P;, ¢ > j
have a zero value at that entry. This contradiction shows that Pp,..., P
are linear independent permutation matrices, and therefore k£ is at most the
dimension of the space generated by permutation matrices, which is m? —
2m + 2.

I conjecture that this is the truth in 1-dimension, but could only prove a
lower bound which is 4 times smaller. It is enough to work for m = 2r + 1.

Recall the lower bound of Theorem 3.7 For each odd m = 2r+1 there are
finite sets X1, ..., X, of equal size on the real line, such that their union is
in general position and for all balanced separated -partitions, the number of
columns is at least r> 4+ 1 + 1

In the previous proof we used the term “magic matrix”. The role of
the magic matrix will be taken by a “nice matrix”. A d matrix is nice by
definition, if the sum of each row is equal.

The role of permutation matrices will be taken by “special matrices”

which are 0 — 1 matrices with exactly one nonzero entry in each row.
Proof of the lower bound. The general idea of the proof is to fix a structure of
the sets, and derive a nonnegative r + 1 X r + 1 nice matrix for them, i.e. the
sum of the entries is the same in each row. In this fixed structure of the sets
the columns of the u-partitions will correspond to an integer multiple of an
r+ 1 x r+ 1 special matrix, and from the definition we will get that the nice
matrix can be written as an integer linear combination of k special matrices,
where & = n,, ;. The next step will be to show that if every nice integer
r + 1 X r + I-matrix can be written as positive integer linear combination
of at most k£ special matrices, then all nice real » + 1 x r + 1 matrix can be
written as a positive linear combination of at most k special matrices. In
the last step we only have to show that, if each nice » + 1 X r + I-matrix
can be written as a positive linear combination of at most k& special matrices,
then k cannot be less then r2 + r 4+ 1, the dimension of the space of nice
r+ 1 X r 4+ 1-matrices.

In general for 1 < ¢ < r we choose the sets X, 1, so that all of its points
are in a small € neighbourhood of ¢ ([t — £,¢ 4 €]). The points of the other
sets, X; where 1 < j <1+ 1 will be at most ¢ distance from a point z + %
where z is a nonnegative integer number at most r (z =0,... ,r, and ¢ can
be chosen as §) ie. X; CUl_g[z+3 —e,24+5+¢]. Forall1 <i,j<r+1
let

Aij=Xinj—1,7]
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and
dij = |Aijl.

The matrix d = (d;;) is the nice integer matrix corresponding to the sets.

Suppose now that M is a u-partition with k& columns of the sets X1, ..., X,,,
and take one of its columns for example M, ;,..., M; . The sets M, 1144
where 1 < ¢t < r, are in an ¢ neighborhood of ¢, My, 14 C X,4p144 C
[t —e,t+¢], and the sets M; ; C X; C Ul_g[z+ 3 —¢&, 2+ 3 + ] cannot have
elements in the neighborhood of 2 different points of the form z + %, z e N
This is clear, since otherwise the convex hull of M; ; would contain an integer
t between 1 and r, t € conv M, ;, and therefore it contains also its neighbor-
hood [t — %+, +1—2] D[t —¢e,t +¢], which contains M This
contradicts that the sets M ;,..., M, ,, are separated.

Denote by i; the integer for which M;; C [i; + 1 —¢,i; + 3 + ¢, and
1 < le <r+ 1.

Now we know that M;; C Aj;; for 1 < j <r+1. Let S; be the matrix
where the (j,7)-th entry is the cardinality of the set M;; N [i — 1,i]. As
showed above the matrix S; is an integer multiple of a special matrix, the one
corresponding to the first column. But so are all matrices S; corresponding to
the I-th column, where 1 </ < k and therefore the matrix d = (d; j)r+1xr+1,
is a positive linear combination of at most k special matrices.

Given a r + 1 X r 4+ 1 nice integer matrix d, we can easily choose m sets
so that the nice matrix derived from them is d, and therefore all nice integer
matrices can be written as a positive integer combination of at most £ special
matrices.

Let D = (D(i,j)) be a nice positive real matrix and define

1,741+t "

2r
min2§i§r+1 D(Z, r+ 1)

Ng =
Let us define a sequence of nice integer matrices as follows:

Dy = |N- D]

where N € N and N > ng, such that forall 1 <j<randi=1,7=r+1

Dy (i, j) = [ND(i, )]

All other entries (j = r+1,2 < i < r+1) of the matrix Dy are determined
since Dy should be a nice matrix. According to rounding

|Dy(iy,r +1) = [ND@i,r +1)|]| <r +1

23



and so the matrix Dy will be a nice positive integer matrix for every N > ny.
Further as N — oo

Dy
— =D
N—)

and all matrices Dy (N > ng) can be written as a positive linear combination
of at most k special matrices.

k
DN:ZaZNSiN where a) € N
i

Since there are only finitely many special matrices (exactly (r + 1)"*1)

. N
we can choose a subsequence of Dy, namely Dy, where SZ.NJ = 5,7 for all
i,7,7 € N. Denote the common special matrix by S; = SiNl. Further the
sequence

NI,E,...

is bounded, and therefore we can even choose a subsequence, that is conver-
gent for all 1 <1 < k, and has as limit j;:

ai
lim —— = 4
i N;

where f3; is of course nonnegative.
A simple limit argument shows that

k
D=3 fS

so all positive real nice matrices D can be written as a nonnegative linear
combination of at most k£ special matrices. As there are finitely many k-
tuples of special matrices, one of them will cover an open set of the space of
positive real nice matrices, and therefore the linear combinations over these
k matrices generate the space of the nice matrices, which has dimension
r?2 +r + 1. This proves our lemma that

nm,12k2r2+r+1
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3.7 Equivalence of three definitions about separated
sets

Lemma 3.3. If the sets Xy,...,X,, are separated in a ”geometric”, "alge-
braic” or "combinatorial” sense, then these sets are separated in all three
senses.

Proof. We will prove that separated in ”algebraic” sense implies separated
in "geometric”, which implies separated in "combinatorial” sense and which
implies separated in "algebraic” sense.

"algebraic” — ”geometric”

Let z; € X; and :r;n € X,,. We know that the orientation of z1,... ,Z,,_1,Zm
and zq,... ,xm_l,x;n is the same, but then so are the orientations x, ...,
Tm—1, Ym, Where yp, € [2m, 2z, ]. This means that the sets X, ... , X4, convXqy

are also separated in the ”algebraic” sense, and therefore the sets conv Xy, ...,
convX,, are separated too in the "algebraic” sense. But now a hyperplane
intersecting at least d 4+ 1 of these convex hulls, contains d 4+ 1 points having
orientation 0 which is a contradiction.
"geometric” — ”combinatorial”

Choose z; € X; 1 < i < m and an arbitrary hyperplane H, missing the
points z;. Let I C [m] the indices of the points z; on a given side of H. We
need to show that

(conv UXZ) N (conv U X)) =10
iel icle

since then a hyperplane H' exists, which has all points of the set X; on one
side for all 7, and divide them in the same way as H divide the points x;.
Suppose that

(conv UXZ) N (conv U X;) #0

il iclre
Due to Radon theorem, there are d 4 2 points ¥, ... , Y412, We may suppose
y; € X;, such that
conv LJyZ N conv U y; # 0
iel iele

We call this a Radon-partition for the given points. If d + 2 points are
in general position, then the Radon-partition is well defined. Moving y;
continuously toward z;, the Radon-partition has to be unique and therefore
unchanged. But at the end we must have a different one as at the beginning.

)



This shows that our assumption that the intersection is not empty was wrong,
so H' exists.

”combinatorial” — ”geometric” Since d+1 points can be separated in any
bipartition, so can all d+1 sets be separated. Therefore a hyperplane H can’t
meet d+1 sets convXy, ..., convXy, since there would be a Radon-partition
according to this hyperplane for which no hyperplane would separate the sets
into the parts of the Radon-partition.

O
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