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Abstract

This report is written to fulfill the require-
ments for the subject "Directed Studies 1".
During this semester I concentrated on ba-
sic option pricing of European and Ameri-
can options, but the goal and the next step
of the general project work in the next 2
semesters will be pricing baskets which can
contain different options and bonds.

1 Introduction

The objective of this report is to estab-
lish the foundations of the theory of pric-
ing financial products on a basic concep-
tual level, as well as presenting two deriva-
tive pricing-models with their implementa-
tion on Python.

We can classify financial market instru-
ments into two different classes; the un-
derlying stocks: shares, bonds, foreign
currencies and their respective derivatives.
Derivatives are contracts that guarantee
some payment or delivery in the future con-
tingent on the behavior of the underlying
asset, they can be used to reduce risk by
allowing a party to fix a price for a future
transaction now.

The basic intuition that underlies valu-
ation is the absence of arbitrage. An arbi-
trage opportunity is an investment strategy
that exploits different prices for the same
asset and generates riskless profit by si-
multaneously entering into transactions in
these markets. Such a disparity between
the prices cannot persist for a long time.

Throughout this report, we are only go-
ing to consider options, which is a contract
that gives to its owner, the right, but not
the obligation, to buy or sell a specific quan-
tity of an underlying asset at a specified
strike price. There are two types of option;

• Call options: they give their holder
the right to buy the underlying asset
by a certain expiry date T for a cer-
tain price.

• Put options: they give their holder the
right to sell the underlying asset by
a certain date for a certain price K,
which is referred to as the strike price.

The payoff for the options is (γ(ST −K))+ ,
where γ = 1 for call options and γ = −1 for
put options. American options can be exer-
cised at any time up to the expiration date
in contrast to European options that can be
exercised only on the expiration date itself.
The main goal of pricing theory is to de-
termine the price of a derivative at an arbi-
trary time t < T .
Under the assumptions of the Black-Scholes
model, European options have a closed
price formula, while there does not exist a
closed form for pricing an American option.
The two most popular pricing methods for
American options are the binomial pricing
method and the LSM method, which we
will discuss in this report.

2 Black-Scholes Model
One of the essential assumptions of the
Black-Scholes model is that the underlying
asset, most commonly a stock, is modelled
as a geometric Brownian motion, and the
LSM method is based on the same mod-
elling framework.

A stochastic process {St}t∈R+ is said to
follow a Geometric Brownian motion if it
satisfies the following stochastic differential
equation (SDE):

dSt = µStdt+ σStdWt

where Wt is a Wiener process, µ ∈ R is the
drift and σ ∈ R is the volatility.
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It can be seen that given any initial value
S0, the SDE has the following solution:

St = S0 exp

((
µ− σ2

2

)
t+ σWt

)
.

Black Scholes Formula
Within the Black-Scholes framework, the

option prices have an explicit formula which
is the following for call options:
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While that of a Put option can be priced
similarly

3 Binomial options pric-
ing model

The simplest technique for pricing an op-
tion involves constructing a binomial tree.
A binomial tree is a diagram representing
different possible paths that might be fol-
lowed by the stock price over the life of an
option. The underlying assumption is that
the stock price follows a random walk. In
each time step δt, it has a certain prob-
ability pu of moving up by a certain per-
centage amount u and a certain probability
pd = 1 − pu of moving down by a certain
percentage d. The condition u < 1+R < d
has to be satisfied for the model to be
arbitrage-free, where R is the risk free rate.
In the limit, as the time step δt → 0 be-
comes smaller, this model approaches the
Black–Scholes model.

Let us consider the one-step binomial
model. The values of options at maturity
is just their payoff, and to determine their
values at time zero, we consider the gen-
eral portfolio (ϕ, ψ), namely ϕ of the stock
S (worth ϕS0) and ψ of the cash bond B
(worth ψB0). If the portfolio were to be
built at time zero it would cost ϕS0 +ψB0,
one tick later it would be worth one of these
possible values:

• ϕSu+ψB0exp(rδt) after an up move

• ϕSd+ψB0exp(rδt) after a down move

We set up the portfolio such that there is
no uncertainty in its value. We then argue
that, because the portfolio has no risk, the

return it earns must equal the risk-free in-
terest rate. This enables us to work out the
cost of setting up the portfolio and therefore
the option’s price, thus the problem reduces
to solving these two equations.

ϕSu + ψB0exp(rδt) = f(u)

ϕSd + ψB0exp(rδt) = f(d)

where f is our claim on the stock S.
If we bought this (ϕ, ψ) portfolio and

held it, the equations guarantee that we
achieve our goal and we have synthesized
the derivative. When we rewrite the for-
mula for the value V of the (ϕ, ψ) portfolio,
we get:

V = exp(−rδt) ((1− q) f(d) + qf(u))

where q =
exp(rδt)− d

u− d

This is the discounted expected value of the
claim under the risk-neutral measure.

We can generalize the case of the one-step
model to an arbitrary n-step model. During
each time step, the stock either moves up to
u times its initial value or moves down to
d times its initial value. After calculating
the value of the option at the final layer of
the tree, we traverse backwards through the
layers of the tree, calculating the value of
the claim at each node similar to what we
did in the one-step model, until we reach
the root of the tree.

American options on the other hand have
more optionality than just choosing be-
tween two alternatives at the maturity date.
The buyer of the option then has to make
decisions from moment to moment to decide
when and if to call the option. The buyer
of an American call has the choice when to
stop, and that choice can only use price in-
formation up to the present moment. The
payoff of the option at that (stopping) time
τ is:

(Sτ −K)+

and the value of the option is (maximised
over all possible stopping strategies):

sup
τ
EQ
(
e−rτ (Sτ −K)+

)
We now move on to consider how Ameri-
can options can be valued using a binomial
tree such as that in. The procedure is to
work back through the tree from the end
to the beginning, testing at each node to
see whether early exercise is optimal. The
value of the option at the final nodes is the
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same as for the European option. At earlier
nodes the value of the option is the greater
of the payoff from early exercise and the dis-
counted expected value (under the risk free
rate) of future payoffs.

4 Longstaff-Schwartz
Method (LSM)

We present here the LSM algorithm for the
special case of pricing American options.
This is done by approximating the optimal
path-wise stopping rule that maximizes the
value of the American option.

The basic idea of the Longstaff-Schwartz
algorithm, is to use least-squares regression
on a finite set of functions to approximate
conditional expectation values.

First of all, the time axis has to be dis-
cretized —i.e., if the American option is
alive within the time horizon [0, T ], early
exercise is only allowed at discrete times
0 < t1 < t2 < · · · < tN = T .

For a given time tj , decision to perform
early exercise is carried out if the payoff
from immediate exercise exceeds the contin-
uation value —i.e. the value of the option
in case it was not exercised at tj . This con-
tinuation value can be expressed as condi-
tional expectation of the option payoff with
respect to the risk-neutral pricing measure
Q. We start the algorithm by generating
multiple paths representing the behaviour
of the stock over the time horizon.

• The first step of the actual algorithm
is to determine the cashflow vector CtN

at the last time step TN . These cash-
flows are the payoff of the option in the
terminal value of each simulation path
i.

Ci,tN = (Si,tN −K)
+

• Second, we consider the spot prices at
time-step tN−1, and estimate the ex-
ercise value, selecting only the in-the-
money paths, i.e:(

Si,tN−1
−K

)+
> 0

• In order to obtain the continuation val-
ues, LSM regress the discounted fu-
ture cash-flows onto a finite set of ba-
sis functions of our values for the spot
price. The regression is done by us-
ing the values from all of the paths.
In my implementation, the relationship
between the variables is modelled as a

second degree polynomial. If S is the
spot price, aj are coefficients and Bj is
the set of basis functions, then the con-
tinuation value for path i with values
Si,tn at time tn is:

Conti,tn−1
=
∑
j

aj(tn)Bj(S)

• Once both continuation and exercise
values are ready, early exercise is per-
formed if:

Ci,tn−1
> Conti,tn−1

• Once we finish our backward iteration
process and reach the initial point, we
can build a cashflow or value matrix,
and the option value is given by the
arithmetic average of the values.

I would like to note that I implemented
both of these methods via Python. .
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