Topics in Ring Theory Problem set # 2: solutions February 21, 2024

. A reminder: aring R is (left) hereditary if and only if every homomorphic image of every injective (left)
module is injective (for example, Z is hereditary). (Note that it can be shown that this is equivalent
to the fact that submodules of projective modules are projective.) Prove that if R is hereditary then
for every M, N € R-Mod left R-module EXt]E(M, N) =0 for all k> 1.

Solution. If R is left hereditary, then M has a projective resolution of length 1. Thus the terms of higher index are
all 0. When we apply the functor Homp(—, N) to this complex, the higher terms (and hence the higher cohomologies),
starting with index 2 will be 0.

a) Let A, B be cyclic abelian groups. Determine the groups Ext} (A, B).
b) Do the same when A and B are arbitrary finite abelian groups.

Solution. a) If A ~ Z, that is A is the infinite cyclic group, then A is projective, hence Extflz(A, B) = 0 for each
B. Suppose now that A ~ Z,, and let us consider the projective resolution of A: we have 05252 —7n—0
where ¢ is the multiplication by n. We can apply the functor Homy(—, B) to obtain the following long exact se-
quence: 0—Homy/(Zy, B) — Homy/(Z, B) HomﬁilB) Homy(Z, B) — Ext% (Zn,B) — 0. Observe that Homy(Z,B) ~ B
and when we apply the canonical isomorphism, the action of the morphism Hom(y, 1p) is multiplication by n. Hence
Exté(Zn,B) ~ B/nB. In case B ~ Z this is isomorphic to Z,,. When B is a finite cyclic group, i.e. B =~ Z,, then
B/nB >~ Zm [nZm =~ L(pm, n)- Summing up:
Ext},(Z, B) ~ 0
Ext} (Zn,Z) ~ Zn
Exty(Zn, Zm) ~ Lm n)
— b) For finite abelian groups use the fundamental theorem of abelian groups, the previous result and the fact that the

Ext functors — similarly to Hom — preserve finite direct sums.

. Let 0= K,— P, 1—~---—P,—FPy— M —0 be exact and suppose that P; is projective for all 7.
Prove that Ext} (M, N) ~ Ext% "(K,, N) for every k > n.

Solution. Let us break the projective resolution and break it to short exact sequences, i.e. write it as the Yoneda
product of the following seuqnces: 0 — K;_1 — P; —+ K; =0, ahol 0 < i <n—1s Kg = M. We can apply the functor

Homp(—, N) to these sequences. The corresponding long exact sequences will contain the following segments:
<= Ext (P, N) = Ext (K;, N) = Ext“ ! (K;_1, N) = ExtiH (P, N) — - -

Since for £ > 0 we have 0’s at the two ends of the segment above, the middle morphism must be an isomorphism.
Thus: Ext¥ (M, N) = Extfy (Ko, N) ~ Ext} ' (K1,N) ~ -+ ~ Ext}, "(Kn, N) for each k > n. (Remark: The method
described above where the computation of higher Ext’s is reduced to the computation of lower ones is called dimension

shifting.)

Suppose that the resolution in the previous problem is minimal and N is simple. Prove that
Exti(M,N) ~ Homp(K,, N).

Solution. From the solution of the previous problem we know that Ext% (M, N) ~ Exth(Kn—_1,N). Let us now look
at the short exact sequence 0 — K, — P,_1 — K,_1 — 0 and apply the functor Hompg(—, N). We get the following
exact sequence: 0— Homp(Kn—1, N) = Hompg(Pn—1,N) = Hompg(Kn, N) = Exth(Kn,_1,N) = Exth(Pn_1,N) = 0.
We can now use that the projective resolution was minimal and that N is simple: from these facts it follows that
P,-1/Rad P,—1 ~ K,/Rad Ky, hence the map Hompg(K,—1,N)—Hompg(Py,—_1,N) is not only injective but it is
also surjective. This implies that the map Hompg (K, N) %Ext}%(Kn_l,N) is an isomorphism, giving the required
isomorphism Ext% (M, N) ~ Hompg(Kn, N).
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a) Draw a graph I' and admissible ideal I of relations, so that A ~ KT'/I.
b) Determine the dimension of Ext% (1, 1).

Solution. a) The vertices of the graph are given by the isomorphism types of simples, while the arrows can be read
from the structure of indecomposable projectives: when in the semisimple module Rad(e;A)/ Rad?(e;A) (i.e. in the
“second layer” of the projective module e; A) there are k basis elements of type j (i.e. composition factors of type j)
then we draw k arrows from i to j. (The graph obtained this way from the algebra A is called the Gabriel quiver of A.)

The relations can be also read from the structure of projectives. Thus the graph of the given algebra is:

Toq
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and the relations are I = (a4, Ba, de,ea). With these data we have A ~ KT'/I. —b) Take the projective resolution of
the module 1 and use the isomorphisms given in the earlier problems #2/3 and #2/4:

2 1 4 2 1
~—>13—>2—>1—>13—>2—>1—>0
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30 1) =~ Extp(4,1) ~ Hompg(1, 1). Thus the

The method of dimension shifting gives Ext3 (1, 1) ~ Ext%(

required dimension is 1.

1 2 3,
. Let Ax= 2 ®13D 4D 7.
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a) Describe A as a path algebra modulo some relations.
b) Compute dim Ext? (1, 2).
c) Show that for every n € N there exists k > n, such that dim Ext%(1, 2) # 0.

Solution. a) The graph I' is the same as the graph of the previous problem (problem #2/5) while the relations are:
I = (a4, Ba,ea). With these we have A ~ KI'/I. — b) We shall use the method of dimension shifting. To this end
we shall write the projective resolution of the module 1 which “formally” agrees with the resolution in the previous

problem. Now, however, we do not get the last isomorphism; we know only that Ext?l’%( 1, ?) ~ Ext}?/( 4, ?) The

4

dimension of the last extension space can be computed from the exact sequence 0 — 1 — ;4 —0 Namely, the

beginning of the corresponding long exact sequence is as follows:

4 2

2
0 Hompg( 4, 2)— Homp(*, 2

2 2
)= Homp( 1, 7)—=Extp(4, 7)—0.

Here the first two nontrivial terms are 0, while the third one is 1-dimensional. The exactness of the sequence gives that

the dimension of the required extension space is also 1. — ¢) The periodicity of the projective resolution shows that

Ext’f%( 1, M) ~ Ext*+3( 1, M) for each k and M. Thus from part b) we get that for each 3 | k we have Ext*( 1, ? ) #0.
Give a new proof that every projective module is flat.

Solution. A projective module has a projective resolution where all the terms of the resolution are 0 with the ex-
ception of the 0’th term. After applying the tensor functor to this resolution we still get 0’s almost everywhere
thus the i-th homology is 0 for each ¢ > 0. Thus for any projective module Pr and any module pM we have

Torf‘(P, M) = 0 for ¢ > 0. Now, if we apply the functor P® — to an arbitrary sequence 0 - N — K — M — 0 we
R
get that Torf(P, M)—PQRN—PQK—+P®M —0 is exact and since the first term in this sequence is 0, we get that
R R R
the functor P ® — is exact, hence P is flat.
R
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Give a short exact sequence of Abelian groups 0 — Z4 — M — Z4 — 0 which is not split, but the middle
term M is not indecomposable.

Solution. Take the sequence 0— Z4 i)Zz ® Zs ﬁ)Z;; — 0 where the morphisms are defined as follows. If the first
copy of Z4 is generated by an element a, while Zy = (b) and Zs = {(c) then take a(a) = (b,c?) and define 3 as the

natural quotient map. Clearly this sequences is non-split since the decomposition of the middle term is unique.

Let us take the graph I': 1 — 2 <~ 3 — 4 and the path algebra A = KT
a) Find an indecomposable (right) A module M of composition length 4 (there is only one such
module).
b) Let N be the simple module corresponding to vertex 3. Show that dim(Ext (N, M)) = 1, and
describe the middle term of the nonzero elements in this extension space.
c¢) Find as many indecomposable A-modules as you can.

Solution. Let us determine first the structure of the indecomposable projective modules over A:
_ 1 3 4
Aa= ;020 ,7, 0

13
2 4"

can be shown by observing that if the basis element of the vector space corresponding to the first vertex is in, say,

a) There is an indecomposable module whose structure can be described by The fact that it is indecomposable
the first summand then all the other basis elements have to belong to the same summand. — b) Take the projective

resolution of the simple module 3:

3

04)2@4*>2

4, 730
Apply the functor Hom(—, M) to this sequence. The corresponding long exact sequence is:

3

0—Hom(3, 1234)—>H01r1r1(2 4

13 13 1 13

5 ;)7 Hom(2 @ 4, ",°, )= Ext' (3, ,°,)—0.

Here the dimension of the first Hom-space is 0, the dimension of the second is 1, while the dimension of the third is 2.
The additivity of dimensions on exact sequences implies that the dimension of the last Ext-space is 1. It can be shown
(see problem #3/3) that the middle terms of non-zero elements of this one-dimensional Ext-space are all isomorphic,
hence we have to give only one non-split extension of N by M:

13 3
24:—>4EB

0—
Clearly the direct summands of the middle term are indecomposable. — c¢) Here is a complete list of indecomposable

modules:

3 13 13

1.2 3 4 3
Y40 240 2 0 24"

1 3
[ R N S )

Give a characterization of the fact that a short exact sequence is split in terms of homomorphisms,
hence conclude that any additive functor preserves split exact sequences.

Solution. Prove that 0 — A ENGSEN C — 0 is split exact if and only if there exist maps f’ : B— A and g’ : C — B such
that: 1) f'f =14;2) g9’ =1¢;3) gf =0;4) f'g’ =0;5) ff' +g'’g = 15. Observe that the above properties are far

from being independent.
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