
REALIZATIONS OF FROBENIUS FUNCTIONSIstv�an �Agoston1, Erzs�ebet Luk�as2 and Claus Mihael RingelAbstrat. In an earlier paper [ALR℄ we studied the so-alled Frobenius funtions onertain translation quivers. Here we show that the lassi�ation given there is in somesense omplete: every Frobenius length funtion on the wingW (n) and the tube T (n) isequivalent to the length funtion on a onvex subquiver of the Auslander{Reiten quiverof the module ategory over some algebra A.1. IntrodutionLet � = (�0;�1; �) be a translation quiver (without multiple arrows), and letf : �0�!ZZ be an integral valued funtion de�ned on the verties of �. For anyz 2 �0 a non-projetive vertex we de�ne the defet of the funtion f at the vertex z(or rather on the mesh ending at z) by Æ(z) = Æf (z) = f(z) + f(�z) � Py! z f(y).We all the funtion f a Frobenius funtion if Æ(z) 6= 0 implies Æ(z) > f(z) andÆ(z) > f(�z). A Frobenius funtion with positive values only will said to be positive.Meshes with non-zero defet are alled inomplete meshes ; otherwise we say that f isadditive on the mesh. Two Frobenius funtions are said to be equivalent providedthey have the same set of inomplete meshes. A typial example of a positiveFrobenius funtion is the dimension funtion on the stable Auslander{Reiten quiverof a �nite dimensional sel�njetive algebra over a �eld k. A Frobenius length funtionis a positive Frobenius funtion for whih Æ(z)� f(z) = Æ(z)� f(�z) = 1 wheneverthe mesh ending at the vertex z is inomplete. A typial example of a Frobenius(length) funtion is the length funtion ` on the stable Auslander{Reiten quiver ofa �nite dimensional sel�njetive algebra over a �eld k.In [ALR℄ we studied in detail positive Frobenius funtions on ertain translationquivers. In partiular, we investigated the ases of the wingsW (n), the stable tubesT (n) and the related translation quivers ZZA1 and ZZA11 and gave a full desriptionof the equivalene lasses of Frobenius funtions on these quivers by desribinggeometrially the possible on�gurations of inomplete meshes. The aim of thispaper is to give algebrai realizations for Frobenius length funtions on W (n) andT (n). We want to prove the following two theorems.1991 Mathematis Subjet Classi�ation. Primary 16G70, 16G20.1 Researh partially supported by the Foundation for Hungarian Higher Eduation and Re-searh and by Hungarian NFSR grant no. T0234342 Researh partially supported by Hungarian NFSR grant no. T0164321



2 ISTV�AN �AGOSTON, ERZS�EBET LUK�ACS AND CLAUS MICHAEL RINGELTheorem 1. Let f be a positive Frobenius length funtion on the translation quiverW (n). Then there exists a �nite dimensional, basi speial biserial algebra C and atranslation subquiver � of the Auslander{Reiten quiver �(C), isomorphi to (henemay be identi�ed with) W (n), so that:(i) the length funtion on � is equivalent to f ;(ii) the inomplete meshes of � with respet to f are preisely those from whiha projetive-injetive vertex in the Auslander{Reiten quiver �(C) has been re-moved to obtain �.Theorem 2. Let f be a positive Frobenius length funtion on the translation quiverT (n). Then there exists a �nite dimensional speial biserial algebra C and a trans-lation subquiver � of the Auslander{Reiten quiver �(C), isomorphi to (hene maybe identi�ed with) T (n), so that:(i) the length funtion on � is equivalent to f ;(ii) � an be obtained from a omponent of �(C) by removing all the projetive-injetive verties;(iii) the inomplete meshes of � with respet to f are preisely those from whiha projetive-injetive vertex in the Auslander{Reiten quiver �(C) has been re-moved.Both theorems assert that we may realize positive Frobenius length funtionsat least up to equivalene. It is easy to see that for a stable tube T (n) not allpositive Frobenius length funtions themselves an be realized in this way. For awing W (n), our proof of Theorem 1 will give a realization of all positive Frobeniuslength funtions whih are basi in the sense of [ALR℄ (we are going to reall thede�nition below). Note that every Frobenius length funtion on W (n) is equivalentto a basi Frobenius length funtion [ALR℄.Let us �x some of the notation used throughout the paper. In partiular, wewill need a oordinatization for the relevant translation quivers: the wings W (n)and the stable tubes T (n), but also ZZA1 and ZZA11. The set of verties of ZZA11 isthe set ZZ�ZZ of integral lattie points in the plane. There are arrows (i; j)!(i+1; j)and (i; j)!(i; j + 1), and the translation is de�ned by �(i; j) = (i � 1; j � 1) forany (i; j) 2 ZZ� ZZ. We introdue ZZA1 as the full subquiver of ZZA11 on the set ofverties f(i; j) 2 ZZ� ZZ j i � j g. For W (n) we �x a standard embedding, mappingthe projetive verties p1;p2; : : : ;pn to the points (1; 1); (1; 2); : : : ; (1; n). Hene,W (n) = f(i; j) j 1 � i � j � n g. Finally, we also onsider ZZA1 as the universalover of T (n) so that the verties on the mouth of T (n) orrespond to the boundaryf(i; i) j i 2 ZZ g of ZZA1. The standard oordinatization of T (n) maps the points ofT (n) to the strip f(i; j) j 1 � i � j; i � n g.Reall from [ALR℄ that to any Frobenius funtion f on the wing W (n) we anattah a binary vetor (f1; f2; : : : ; fn) = �f(p1); f(p2); : : : ; f(pn)�, (i. e. a vetorwhere fi = fj for i < j implies that there is an index ` suh that i < ` < jand f` < fi) and to this a rooted embedded binary tree B(f) on the vertex setf 1; 2; : : : ; n g by the following reursion. If fr is the (unique) minimal element ofthe binary vetor, then the root of the tree will be the vertex r. Furthermore, weput an arrow going from r to the root of the binary tree assigned to the vetor(f1�fr; : : : ; fr�1�fr) and an arrow going from the root of the binary tree assignedto (fr+1 � fr; : : : ; fn � fr) into the vertex r. The �rst arrow (if it exists) will be



REALIZATIONS OF FROBENIUS FUNCTIONS 3`oloured' by ', and the seond one (if it exists) by  . The arrows oloured by ' willbe alled '-arrows, those oloured by  are the  -arrows. A binary vetor is alledbasi if the minimal elements of the binary vetors onsidered in the above reursionare always 1. It is easy to see that if (f1; f2; : : : ; fn) is a basi binary vetor, andB(f) the assoiated binary tree, then fi is equal to the number of verties in theunique path in the underlying unoriented graph of B(f) from the vertex i to theroot r. (Note that the rooted embedded binary tree B(f) was denoted by ~B(f) in[ALR℄, but here we will use this simpli�ed notation.) A positive Frobenius funtionon W (n) is alled basi if the restrition of f to the projetive verties gives a basibinary vetor.The struture of the paper is as follows: we desribe the onstrutions in Setion2, �rst those onerning the realization of Frobenius funtions on a wingW (n), thenthose dealing with the tube T (n). All proofs are deferred to Setion 3. We wouldlike to mention that the ideas used in the paper rely very muh on ideas ontainedin the works [HW℄ and [WW℄. In partiular we use the expliit desription of theAuslander{Reiten sequenes for speial biserial algebras, given in [WW℄ (see also[BR℄). For unexplained notation and bakground we refer to [ALR℄ and [R℄.2. Constrution of the algebrasIn what follows, k will be an arbitrary �eld. We will onsider k-algebras (notneessarily �nite dimensional) whih will be given as path algebras of some �nitequiver modulo some relations.Thus let C be suh a k-algebra. The C-modules onsidered will always be leftmodules. We will `multiply the arrows' of the quiver from the left: if � and � arearrows in the quiver, then �� will stand for the path with � followed by �. Theategory of all left C-modules whih are �nite dimensional over k will be denotedby C-mod.The aim of this setion is to desribe in detail some �nite dimensional, basispeial biserial algebras C and part of their Auslander{Reiten quivers. These are thealgebras whose existene is asserted in Theorem 1 and Theorem 2. The onstru-tions presented here are omplete, but proofs are deferred to Setion 3. We separatethe two ases, �rst we will deal with a wing W (n), then the onstrution will bemodi�ed in order to over the ase of a stable tube T (n). In addition, a typialexample is exhibited in detail in Setion 2 and used as an illustration throughoutthe paper.The ase of a wing W(n). We �x a basi Frobenius length funtion onW (n)and are going to exhibit an algebra C satisfying the requirements of Theorem 1.First, we will onstrut the quiver of C.We start with the binary tree B = B(f) orresponding to the basi binaryvetor (f1; f2; : : : ; fn) as de�ned above and let B be the algebra given by the quiverB = B(f) together with the relations ' = 0 for all arrows of type ' and  . Wedenote by r the root of B. (Note that it is well known how to attah to f a basitilting An(k)-module with dimension vetor (f1; f2; : : : ; fn); here An(k) is the quiveralgebra over k for the linearly ordered quiver of type An; see [HR℄. The algebra Bis just the orresponding tilted algebra.)We de�ne the onvex subquiver A+ of B formed by the endpoints of the '-arrows in B, and let A0 be the set of verties of B not belonging to A+. Notie that



4 ISTV�AN �AGOSTON, ERZS�EBET LUK�ACS AND CLAUS MICHAEL RINGELA+ is the disjoint union of the maximal '-paths of B without their starting points.In order to stress that a vertex i belongs to A+, we will sometimes write i+ insteadof i. Let A� be an additional opy of the quiver A+, hene isomorphi to A+, withthe orrespondene i 7! i� giving the isomorphism (the inverse isomorphism fromA� to A+ being denoted by j 7! j+).Finally we de�ne the quiver C on the disjoint union of B andA� with additionalarrows going from A� to B as follows. If there is a maximal '-path in B of lengthat least 1 starting in i and ending in j, then j belongs to A+ and we add a '-arrowfrom j� to i. If there is a maximal  -path starting in i and ending in j, and if jbelongs to A+, then we add an  -arrow from j� to i.Thus for the sets of verties we have C = A+ [ A0 [ A�, and B is the fullsubquiver of C generated by A+[A0. We will denote by B� the full subquiver of Cgenerated by A0[A�. To emphasize a duality between B and B�, we oassionallywrite B = B+.We note the following property of C. Every vertex is the starting point of atmost one '-arrow and at most one  -arrow, and it is also the end point of at mostone '-arrow and at most one  -arrow.Example. Start with the basi binary vetor(4; 3; 5; 6; 7; 4; 2; 1; 2; 3; 6; 5; 4):The quiver B(f) has the following shape (the dots indiate where a '-arrow followsa  -arrow). In ontrast to a usual onvention, the root of the tree (vertex 8) isdrawn at the left, not at the bottom of the piture; in this way, all arrows pointdownwards (this will be helpful for visualizing `strings').
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The subquiver A+ has three omponents, namely 7 ! 2 ! 1, 3 and 12 ! 11,therefore the quiver of C is as follows (again we have added dots in order to indiatethe positions where a '-arrow and a  -arrow follow eah other, in any order). Somearrows are drawn urved in order to indiate the loal similarity.
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We de�ne the algebra C to be the path-algebra of the quiver C modulo therelations ' = 0 and  ' = 0 for all arrows of type ' and  in C, all ommutativityrelations for the paths going from i� to i+ for i 2 A+, plus the following zerorelations: if i; j 2 A+ with an arrow i '�! j and � is the '-path from i� to i+, thenwe set the produt '� = 0.We note here that, alternatively, we ould have de�ned C as the matrix algebraC = �B I+0 A� � ;where A� is the path algebra of A�, the bimodule I+ is the diret sum of theindeomposable injetive B-modules orresponding to the verties in A+, with theright ation of A� on I+ given by the anonial isomorphism A� ' EndB(I+).We have ompleted the onstrution of C: In order to verify that C is as required,we need to onsider its Auslander{Reiten quiver. Given a vertex i, we denoteby PC(i) the indeomposable projetive C-module orresponding to i and by IC(i)the indeomposable injetive C-module orresponding to i (similar notation will beused when we onsider indeomposable projetive or injetive modules over otheralgebras). It is easy to see that IC(i) = PC(i�) is a projetive-injetive C-modulefor every i 2 A+. We laim that the onvex subquiver of the Auslander{Reitenquiver of C spanned by PC(r) and IC(n) with the projetive-injetive modules IC(i)for i 2 A+ removed, gives a required representation of the Frobenius funtion f .In order to verify this laim, we will work with the following fator algebraC = C=J of C: Let J be the diret sum of the soles of the projetive C-modulesPC(i�) with i 2 A+. This is an ideal of C. Sine the modules PC(i�) with i 2 A+are projetive-injetive, the ideal J annihilates every other indeomposable module.The quiver of C remains the same as that of C, i. e. it is C, and besides the relationsfor C, we add the new relations � = 0 for every path � going from i� to i for some



6 ISTV�AN �AGOSTON, ERZS�EBET LUK�ACS AND CLAUS MICHAEL RINGELi 2 A+. These paths will be alled Nakayama paths . The only di�erene betweenthe Auslander{Reiten quivers of C and C is that in the latter we have removedthe projetive-injetive modules IC(i) = PC(i�) with i 2 A+, and have broken the� -orbits at these plaes.Observe �rst that both C and C are speial biserial algebras, thus we may usethe desription of the Auslander{Reiten sequenes for these algebras given in [WW℄.Due to the tehnial requirements in [WW℄, we will obtain in this way an expliitdesription of the onvex subquiver spanned by PC(r) = PC(r) and IC(n) = IC(n)in C-mod rather than in C-mod (but, as we have noted, this does not matter).Note that both PC(r) and IC(n) are so-alled string modules . Thus in order todesribe the orresponding subquiver, we �rst make a few observations onerningstrings and string modules over C and C. The proofs, like all others, will be deferredto the last setion.Reall the de�nition of a string. Suppose u = (u1; u2; : : : ; ut) is a sequeneof verties in C suh that for every i = 1; : : : ; t � 1 we have either ui '�!ui+1 orui   �ui+1. We also will assume that no substring is a 0 path in the algebra C (i. e.strings annot ontain Nakayama paths). Suh a sequene is alled a string fromu1 to ut over C.Note that de�ning strings in this way, we give a diretion to the walks in thegraph C whih orrespond to non-zero elements in C. Hene a string from a to b isdi�erent from a string from b to a for any verties a 6= b of C. With this de�nitionwe have the following uniqueness result for strings.Lemma 2.1. For any a; b 2 C we have at most one string from a to b over C.To eah string u over C we an attah a uniquely de�ned indeomposable C-module M(u), alled a string module (see for example [WW℄). Observe that u 6= vimplies that M(u) 6'M(v).The previous lemma shows that we may introdue the following notation: ifa; b 2 B and there exists a string from a to b, then the orresponding unique stringmodule will be denoted by M(a; b).In order to deal with the expliit struture of the Auslander{Reiten quivers ofC and C, respetively, we �rst observe a partial symmetry of the graph C.If x is a vertex of C, write '(x) = y and '�1(y) = x provided that there is a'-arrow from x to y in C. In partiular, '(x) is de�ned for all verties in A� and'�1(x) is de�ned for all verties in A+.Also, we write '!(x) = y provided the longest '-path (possibly of length 0)whih starts in x and whih does not inlude a Nakayama path, ends in y. Similarly,we write '�!(y) = x provided the longest '-path whih ends in y and wih doesnot inlude a Nakayama path, starts in x. Note that these funtions '! and '�!are de�ned for all verties of C. They are not inverse to eah other, but they dosatisfy the relations '!'�!'! = '! and '�!'!'�! = '�!. It is lear that theimage of '! is the set of verties of B = B+ = A0 [ A+, that of '�! is the setof verties of B� = A0 [ A� and it follows that the restrition of '! is a bijetionfrom the set of verties of B� to the set of verties of B+, with the inverse mapbeing '�! . To simplify the notation, we write i� for '�!(i) for any vertex i of B+.Thus for example, 1� = r, where r is the root of the binary tree B = B+.We deal with the  -arrows similarly: If there is a  -arrow in C from x to y,then we write  (x) = y and  �1(y) = x: Also, we de�ne  ! and  �! as above: we



REALIZATIONS OF FROBENIUS FUNCTIONS 7put  !(x) = y; provided the longest  -path whih starts in x and whih does notinlude a Nakayama path, ends in y; and  �!(y) = x provided the longest  -pathwhih ends in y and whih does not inlude a Nakayama path, starts in x:Note that, for any vertex of C, there is at most one '-arrow and one  -arrowwhih starts at this vertex and at most one of eah type whih ends at this vertex.Thus the above maps and partial maps are well-de�ned.Sine the verties of B are indexed by the numbers from 1 to n, they maybe onsidered as being totally ordered. Atually, this ordering may be reoveredfrom the binary tree struture of B. Using the orrespondene '�! between theverties of B and B� we get a similar total ordering on the verties of B�. Thenext lemma shows that this ordering, given by (1�; 2�; : : : ; n�), oinides with theordering determined by the binary tree struture of B�, provided we swith therole of the '- and  -arrows.Lemma 2.2. For i = 1; : : : ; n� 1 we have:i+ 1 = �'! �1(i) if i 2  (C),'�1 !(i) if i 62  (B+);(i+ 1)� = � !'�1(i�) if i� 2 '(C), �1'!(i�) if i� 62 '(B�).Note that the ases for i+1 and for (i+1)� are not disjoint; if both onditionsare satis�ed, then the two expressions will oinide.Using this notation and the duality between B+ and B�, we an ompletelydesribe the subquiver under onsideration.Proposition 2.3. The string modules Mi;j = M(i�; j) exist for every pair of in-dies 1 � i � j � n, and together they form a onvex subquiver U of the Auslander{Reiten quiver of C. This subquiver U is isomorphi to W (n), with Mi;j orrespond-ing to the point (i; j) in the standard embedding of W (n). This is also an isomor-phism of translation quivers when the verties of U are onsidered as C-modules.In order to onlude the proof of Theorem 1, we will need only the followingstatement.Lemma 2.4. Denote by `(i; j) the omposition length of the module Mi;j , de�nedabove. Then `(i; j) = f(i; j) for every (i; j) 2 W (n).We have illustrated these results for the Auslander{Reiten quiver of the algebraC given by our Example in the �gure on the next page.The ase of a stable tube T (n). Reall �rst from [ALR℄ that for everyFrobenius funtion f on T (n) there is a maximal subwing U of T (n), isomorphi toW (n), so that f is additive on the meshes outside U .Thus let us take a Frobenius length funtion f on T (n) and hoose a maximalwing, denoted by W (n), ontaining all the inomplete meshes. We may assumethat the restrition of f to the wing is basi, sine we will represent our Frobeniusfuntion only up to equivalene.
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REALIZATIONS OF FROBENIUS FUNCTIONS 9The restrition of f to W (n) will give us a tree B = B(f), as explained above,and we may onstrut the graph C as before. In order to get a representation ofthe Frobenius funtion on the whole of T (n), we have to add to C one  -arrow,joining the root r of the tree B(f) to the vertex n, and then to take the path algebramodulo relations as de�ned previously (now inluding also those new relations of thetype ' = 0 or  ' = 0 whih arise from adding the new  -arrow). Unfortunately,by adding this new  -arrow, we get a yle in the graph, hene the orrespondingalgebra will be in�nite dimensional and in general it will not have almost splitsequenes.In order to obtain a �nite dimensional algebra, we an do the following. Replaethe root r of the binary tree B(f) by two verties, r and r0, and a '-arrow joiningr0 to r in the following way. The old  -arrow (if any) in C going to r will now stillgo to r, while the old '-arrow will go to r0. The old '-arrow going from r will nowstill go from r, while the newly added  -arrow, joining r to the vertex n will gofrom r0. The loal situation around r and r0 is shown on the following diagram.r.............................................................................' .............................................................................'............................................................................. ............................................................................. ... ... =) r0 r.............................................................................' .............................................................................' .............................................................................'............................................................................. ............................................................................. ... ...We denote the new graph by D, and the orresponding algebras by D and D,respetively. As before, D is obtained from D by fatoring out the Nakayama pathsfor every i 2 A+.From our earlier example we will get the following graph D.
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10 ISTV�AN �AGOSTON, ERZS�EBET LUK�ACS AND CLAUS MICHAEL RINGELWe note �rst that the maps '!, '�! ,  ! and  �! are still well de�ned, andwe also keep the notation i� to denote '�!(i) for 1 � i � n. Observe, however,that now 1� = r0.If we onsider the strings over D, de�ned analogously to strings over C, it isobvious that the uniqueness of strings stated in Lemma 2.1 does not hold any moreunder the new irumstanes. For example, there are many strings from r to n:apart from the \straightforward"  �1-path between them, one may get anotherpath by adding a step from n to r0 on the inverse of the newly added  -arrow, thenontinuing to r on a '-arrow and �nally repeating the walk along the  �1-pathfrom r to n. By repeating the proedure we obtain in�nitely many suh paths.A ruial fat in this example is that, in order to get new paths, we have togo through the inverse of the new arrow r0  �!n at least one. Thus for a string u,denote by w(u) the number of ourenes of this arrow in u; we all it the windingnumber of u. Now we may formulate the following uniqueness statement.Lemma 2.5. For any a; b 2 D and any natural number t � 0, we have at most onestring from a to b over D with winding number equal to t.This allows us to de�ne Mt(a; b) to be the unique string module orrespondingto a string from a to b with winding number t, provided suh a string exists. Withthis notation we have the following proposition.Proposition 2.6. The string modules Mt(i�; j) exist for every pair of indies 1 �i � j � n, and t = 0 and for every 1 � i; j � n and t > 0. The isomorphismlasses of these modules form a omponent S of the Auslander{Reiten quiver of D.This omponent S is isomorphi, as a quiver, to the underlying quiver of T (n), withMt(i; j) orresponding to the point (i; t � n + j) in the standard oordinatization ofT (n). This is also an isomorphism of translation quivers, when the verties of Sare onsidered as D-modules.Denote by U the maximal wing f(i; j) j 1 � i � j � n g in S. Thus U onsistsof those modules in S whose underlying string has winding number 0.Note that by \doubling" the vertex r, we will not get the original Frobeniusfuntion f on U , but we will get one equivalent to f .Lemma 2.7. Denote by `(i; j) the length of the module orresponding to the vertex(i; j) in S. Then we have `(1; j) = f(1; j) + 1 for 1 � j � n. Thus ` and f areequivalent Frobenius length funtions on U , and hene they have the same set ofinomplete meshes on S.In this way we have obtained a realization of f on T (n) up to an equivalene,as stated in Theorem 2. If we want to obtain a realization of f itself, we should notinsist on working with �nite dimensional algebras only.We onsider the ase of a positive Frobenius length funtion on T (n) andassume that f is basi on a maximal wing whih ontains the inomplete meshes.We go bak to the onstrution of D, but keep the root \together", as was originallythe ase in B(f) and C (i. e. not replaing it with r0 '�! r). Denote by E theorresponding algebra over this quiver with the usual relations. The new arrowr  �!n makes the algebra E in�nite dimensional. Note that the ategory of (left)E-modules in general will not have Auslander{Reiten sequenes. For instane, in



REALIZATIONS OF FROBENIUS FUNCTIONS 11our Example there is no almost split sequene starting with the simple moduleorresponding to the vertex 12.On the other hand, it is lear that the ategory of (left) E-modules an be iden-ti�ed with the full subategory of (left) modules M over D for whih multipliationby the arrow r0 '�! r is an isomorphism of the orresponding vetor spaesMr0 andMr. This subategory, as indiated, will not have Auslander{Reiten sequenes ingeneral. However, it ontains the full omponent S, de�ned in Proposition 2.6, ofthe Auslander{Reiten quiver of D, and it is lear that S will remain a full omponentof the \partial" Auslander-Reiten quiver within this subategory. Furthermore, ifwe onsider the elements of this omponent as E-modules, the length funtion onS will oinide with the original Frobenius funtion f , thus giving a realization ofthe funtion itself (not only up to equivalene).3. The proofsProof of Lemma 2:1. Suppose the statement is false and take a minimal ounterex-ample, i.e. onsider points a; b 2 C suh that there are two di�erent strings froma to b and assume that the sum of the lengths of the two strings is minimal. Let(a = u0; : : : ; u1; : : : : : : ; us = b) and (a = v0; : : : ; v1; : : : : : : ; vt = b) be two suhstrings, with (ui; : : : ; ui+1) (for 0 � i � s� 1) and (vj ; : : : ; vj+1) (for 0 � j � t� 1)the maximal oriented subpaths of the two strings. As a onsequene of the mini-mality assumption, we may assume that the �rst string starts with a '-arrow, whilethe seond with  �1.Sine  (C) � B, we see that a 2 B. Now, it follows by indution that u2i�1 2A+ and u2i 2 A0 for i � 1, and it is easy to see that the �rst string ompletelybelongs to B.The minimality of the strings learly implies that, if the �rst string ends witha '-arrow, then the seond one will have to end in a  �1-step. This would lead toa ontradition, sine then we would have b 2 A+, but  is not de�ned on vertiesof A+. Hene s and t are even, and b 2 A0, furthermore the last arrow of theseond string is a '-arrow. Now we an use indution one more to show thatvt�(2i+1) 2 A� and vt�2i 2 A0 for every i � 0. In partiular we �nd that a 2 A0.
�a = u0 = v0 ÆÆÆ ÆÆÆ

ÆÆ
Æ
�v1�v+1
�u1
ÆÆ
Æ
ÆÆ
Æ �v2�u2 ÆÆ

Æ
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12 ISTV�AN �AGOSTON, ERZS�EBET LUK�ACS AND CLAUS MICHAEL RINGELSine v2i+1 2 A�, we an take the orresponding elements w2i+1 = v+2i+1 2 A+,i. e. we have v2i+1 = w�2i+1 for 0 � i � t=2. The onstrution of C shows that theexistene of an oriented '-path in B from  2 B to d 2 A+ is equivalent to theexistene of an oriented '-path in C from d� to . Similarly for the  -paths. Thiswill give us a nontrivial string from a to a through the elements a = u0; u1; : : : ; us =vt; wt�1; vt�2; wt�3; : : : ; v0 = a with all the intermediate steps inside B. But B is atree, so we get a ontradition. utProof of Lemma 2:2. Observe �rst that the natural ordering of the tree B impliesthat the following holds for 1 � i � n� 1:i+ 1 = 8>>>>>>><>>>>>>>:
'! �1(i) if i 2  (B) (note: '! �1(i) is the �rst ele-ment of the  branh of the sub-tree whose root is i | if there isstill suh a branh);'�1 !(i) if i =2  (B) (note: '�1 !(i) is the root of thetree whose ' branh we have just�nished).This establishes the formula for i + 1 in the ase i =2  (B+). We still haveto show that the �rst formula is also valid if i 2  (C) n  (B) =  (A�). So let �1(i) = j�; then we get '! �1(i) = '!(j�) = '�1�''!(j�)� = '�1(j) ='�1� ! (j�)� = '�1 !(i), as required.Turning now to the formulas for (i + 1)�, if i� 62 '(B�), then we have i ='!(i�) 2 A0. Sine i < n, we get from here i 2  (C), hene we may use the �rstformula for i + 1 to get i + 1 = '! �1(i). Sine  �1(i) 2 B�, we get (i + 1)� ='�!'! �1(i) =  �1(i) =  �1'!(i�). Thus the seond ase of the formula holds.As for the �rst ase, note that the ondition i� 2 '(C) is equivalent to the on-dition i� = '(i�), where i 2 A+. Now, if i 2  (C) (and equivalently, i� 2  �1(C)),then using the �rst ase of the formula for i+ 1, we get i+ 1 = '! �1(i), and asin the previous ase, (i + 1)� = '�!'! �1(i) =  �1(i) =  !(i�) =  !'�1(i�),as required. Finally, if i 62  (C), then i 2 A+ implies that i� 62  �1(C), thus,in partiular,  !(i�) = i�. Note that i 2 A+ also implies that i 62  �1(C),i. e.  !(i) = i. Hene by the seond ase of the formula for i + 1 we get(i+1)� = '�!(i+1) = '�!�'�1 !(i)� = '�1'�!(i) = i� =  !(i�) =  !'�1(i�).Thus the �rst ase of the formula for (i+ 1)� is fully proved. utProof of Proposition 2:3. The string from 1� = r to 1 is the '-path from the root of Bto the vertex 1. Thus M1;1 ' PC(r). We use the haraterization of the irreduiblemaps given in [WW℄ to show indutively that the other string modules also exist,and that there are irreduible maps going from Mi;j to Mi+1;j for 1 � i < j � nand to Mi;j+1 for 1 � i � j < n.Aording to [WW℄, for a string (a; : : : ; b) there are at most two irreduiblemorphisms going from the module M(a; b): one to a string module M(a; ) andone to a string module M(d; b). We get the orresponding strings by the followingalgorithm.(1) If �a; : : : ; b;  �1(b)� is a string, then we omplete it by '-arrows to a string�a; : : : ; b; : : : ; '! �1(b) = �. Otherwise let v be the �rst element in (a; : : : ; b)suh that the string (v; : : : ; b) ontains only  �1-arrows. Then either a 6= v, in



REALIZATIONS OF FROBENIUS FUNCTIONS 13whih ase we hoose  = '�1(v), this way obtaining (a; : : : ; ) as a substringof (a; : : : ; b) = �a; : : : ; ; : : : ;  �!'() = b� or a = v and then this type ofmorphisms does not exist.(2) If �'�1(a); a; : : : ; b� is a string, then we omplete it by  �1-arrows to the string�d =  !'�1(a); : : : ; a; : : : ; b�. Otherwise let u be the last element in (a; : : : ; b)suh that the string (a; : : : ; u) ontains only '-arrows. Then either u 6= b, inwhih ase we hoose d =  �1(u), this way obtaining (d; : : : ; b) as a substringof (a; : : : ; b) = �a = '�! (d); : : : ; d; : : : ; b� or u = b and then this type ofmorphisms does not exist.We onsider strings of the form (a; : : : ; u; : : : ; v; : : : ; b) where u is the last ele-ment of the string suh that the substring from a to u is a (possibly empty) '-path,while v is the �rst element of the string suh that the substring from v to b is a(possibly empty)  �1-path.We are going to prove the existene of a morphism of type (1) from Mi;j toMi;j+1 when 1 � i � j < n. If j 2  (C) and (v; : : : ; j;  �1(j)) is a string, thenthe �rst ase of the formula for j +1 in Lemma 2.2 (and the uniqueness of strings)shows that we have a string from i� to j + 1 of the spei�ed form. Otherwisej =  �!(v). Consider the direted  �1-path p = ( !(j); : : : ; v; : : : ; j). Sinej 2 B, we have either  !(j) 2 A+ or  !(j) = r. But  !(j) = r would implyj =  �!(v) =  �!(r) = n, ontraditing j < n. Thus  !(j) 2 A+. If p isof length 0, then learly  !(j) = v. Otherwise � !(j); : : : ; v; : : : ; j;  �1(j)� is aNakayama path, and sine �v; : : : ; j;  �1(j)� is not a string, v =  !(j) must holdin this ase, too. Now, v =  !(j) 2 A+ implies that i� 6= v, hene �i�; : : : ; '�1(v)�is a substring of (i�; : : : ; j), and '�1(v) = '�1 !(j) = j + 1 by Lemma 2.2. Thisproves the seond ase of (1).Now we assume that 1 � i < j � n. We are going to prove the existene ofa morphism of type (2) from Mi;j to Mi+1;j . If i� 2 '(C) and ('�1(i�); i; : : : ; u)is a string, then the formula of Lemma 2.2 for (i + 1)� in the ase i� 2 '(C)shows that there is a string from (i + 1)� to j of the spei�ed form. Otherwisei� = '�!(u). Observe that i 6= j implies that '�!(u) = i� 6= j� = '�!(j), sou 6= j. Hene by the hoie of u we �nd that u 2  (C) and hene u 2 B. But thenu = '!'�!(u) = '!(i�) = i and the new string will go from  �1(u) to j, and here �1(u) =  �1'!(i�) = (i+ 1)� by Lemma 2.2. This proves the seond ase of (2).Thus we have proved that the modules Mi;j (1 � i � j � n) form a subquiverU of the Auslander-Reiten quiver of C isomorphi to the wing W (n). We still haveto show that this subquiver is onvex. Note that for the modulesMi;i (i = 1; : : : ; n)the morphisms of type (2) do not exist, sine the string (i�; : : : ; i) is a maximal'-path, so it an neither be ompleted nor shortened in the spei�ed way. It is alsoworth mentioning that there is no morphism of type (1) going into these modules,sine these morphisms annot go to modules orresponding to maximal '-strings.The only way to leave the wing is by a morphism of type (1) from a module Mi;n.But a morphism of type (1) will map a module M(a; b) with b 2 fn g[A� into amoduleM(a; ) with  2 A�, sine b =2  (C) and in the ase when b =  �!'(), we�nd that '() =2 B+ and so  2 A�. On the other hand, morphisms of type (2) donot hange the end vertex of the string, so one we have left the wing, we annotget bak again by a sequene of irreduible morphisms.It is lear that knowledge of the irreduible maps determines the translationstruture of U for non-projetive verties. Thus to �nish the proof, we still have to



14 ISTV�AN �AGOSTON, ERZS�EBET LUK�ACS AND CLAUS MICHAEL RINGELshow that a projetive vertex in U whih is not projetive inW (n) is the endterm ofan inomplete mesh from whih a projetive-injetive C-module has been removed.More preisely, we will prove that a string module Mi+1;j from U for some 1 � i <j � n is projetive in C-mod if and only if there is an arrow j '�! i in B; moreoverwe will also show that in this aseMi+1;j ' PC(i�) in C-mod. Thus the mesh endingat this vertex will be ompleted with the projetive-injetive module IC(i) = PC(i�)in C-mod.Assume that Mi+1;j is projetive as a C-module for some 1 � i < j � n.Then the string from (i+1)� to j must be of the form �(i+1)�; : : : ; w; : : : ; j� with !(w) = (i+ 1)� and '!(w) = j. Clearly, we must have Mi+1;j ' PC(w) 2 C-mod.Observe �rst that (i+1)� 6= 1� = r, so  !(w) = (i+1)� 62 A+ implies that w 2 A�.Thus w = t� for t = ''!(t�) = ''!(w) = '(j) 2 A+. But then t� = '(w),therefore Lemma 2.2 implies that (t + 1)� =  !(w) = (i + 1)�. So t = i, heneMi+1;j ' PC(i�) and we also have an arrow j '�! i in B.w = t�Æ.................................................................................................' Æ t�:::j = '!(w) Æ.................................................................................................' Æt = i ................................................................................................. Æ (i+ 1)� =  !(w)::: Æ ................................................................................................. Æ ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.... ................................................................. 

Finally, if there is an arrow j '�! i in B, then i 2 A+ implies that there is anarrow i� '�! i� in C, hene i� 2 '(C). Thus the formula of Lemma 2.2 for (i+1)�in the ase i� 2 '(C) shows that (i+ 1)� =  !'�1(i�) =  !(i�), and we also havej = '!(i�). Sine the string from (i+ 1)� to j is unique, we get Mi+1;j ' PC(i�),as required.This �nishes the proof. utWe should mention that instead of proving the existene of irreduible mapsof type (2) between modules Mi;j and Mi+1;j , for 1 � i < j � n, we ould �rstshow the existene of these morphisms for the modulesMi;i+1 andMi+1;i+1 | thisis a simple speial ase of the general argument | and then, by indution on thedi�erene j � i, show that �Mi+1;j+1 = Mi;j for 1 � i � j < n. This would alsoimply the existene of all required morphisms of type (2).Proof of Lemma 2:4. Proposition 2.3 gives us that the length funtion `(i; j) de�nedon W (n) is a Frobenius length funtion with the same set of inomplete meshesas the original Frobenius funtion f . What remains to be shown is that the twofuntions are atually equal. To this end it is enough to show that the two fun-tions agree on the projetive verties of the wing W (n), sine the extension of abasi binary vetor to a Frobenius length funtion on W (n) is unique (f. [ALR℄,Lemma 5.1).Any projetive vertex of W (n) orresponds to a string module of the formM1;j =M(1�; j) for 1 � j � n, and the omposition length of this module oinides



REALIZATIONS OF FROBENIUS FUNCTIONS 15with the number of verties in the unique path (string) from the root 1� = r to thevertex j in the binary tree B = B(f). On the other hand, sine the given Frobeniusfuntion was basi, this is also the value of fj = f(pj).Thus the omposition length of the modules Mi;j for 1 � i � j � n is f(i; j),as required. utProof of Theorem 1. By Lemma 2.4 and Proposition 2.3 the algebra C togetherwith the subquiver U gives the required realization. utProof of Lemma 2:5. It is enough to prove that for any a; b 2 D there is at mostone string from a to b with winding number equal to 0. Namely, every string uwith winding number equal to k > 0 an be partitioned uniquely into substringsas follows: u = (u1; : : : ui1 ; ui1+1; : : : ; ui2 ; : : : uik ; uik+1; : : : ; ut), where uij = n,uij+1 = r0 for 1 � j � k, furthermore the winding number of the substrings(u1; : : : ; ui1), (ui1+1; : : : ; ui2),: : : , (uik+1; : : : ; ut) is 0. Then, using the uniquenessof the strings with winding number equal 0, we see that the knowledge of theendterms of the string and of the winding number uniquely determines the string.Thus we an work with strings over the graph D0 obtained from D by removingthe arrow r0  �!n. Furthermore, by ollapsing the arrow r0 '�! r to one vertex r,any string over D0 gives a string over C. Two distint strings over D0 from a to bwould go to distint strings over C, sine learly, a given string over D0 from a to ban be reovered from the ollapsed one and the knowledge of the endpoints a andb, by replaing '�! r by '�! r0 '�! r, if neessary. Thus the uniqueness result ofLemma 2.1 gives the required statement. utProof of Proposition 2:6. We use again the lassi�ation of irreduible morphismsby [WW℄, desribed earlier in the proof of Proposition 2.3.First we have to show that for 1 � i; j � n the following sequene of irre-duible morphisms of type (1) exist: M0(i�; i)!M0(i�; i+ 1)!� � �!M0(i�; n)!M1(i�; 1)!M1(i�; 2)!� � �!M1(i�; n)!M2(i�; 1)!� � �.Similarly, for 1 � i; j � n the following sequene of irreduible morphisms oftype (2) exist: � � �!M2((n � 1)�; j)!M2(n�; j)!M1(1�; j)!M1(2�; j)!� � �!M1(n�; j)!M0(1�; j)! : : :!M0((j � 1)�; j)!M0(j�; j).Observe that the existene of string modules of typeM0(i�; j) for 1 � i � j � nand of the spei�ed irreduible morphisms between them follows from the proof ofProposition 2.3. Note �rst that, having winding number 0, these strings are note�eted by the existene of the new arrow r0  �!n. Seondly, none of the stringsunder onsideration will start with r or end with r0. Thus, the required strings overD an be obtained from the orresponding strings over C by replaing the steps oftype '�! r in the interior of the string with '�! r0 '�! r; if the string starts withr0, take the string over C starting with r and add r0 '�! r. The morphisms will notbe e�eted beause the formulas of Lemma 2.2 are still valid in this new graph D.Next, the existene of the modules Mt(i�; j) for t > 0 and 1 � i; j � n andof the morphisms Mt(i�; j)!Mt(i�; j + 1) for 1 � j < n of type (1) follows fromthe existene of the modulesM0(1�; j) and of morphismsM0(1�; j)!M0(1�; j+1).This an be seen by writing the orresponding string from i� to j with windingnumber t as the onatenation of a string from i� to n, then of t� 1 opies of thestring from 1� = r0 to n and �nally of the string from 1� to j. (The various piees



16 ISTV�AN �AGOSTON, ERZS�EBET LUK�ACS AND CLAUS MICHAEL RINGELare joined by the inverse of the arrow r0  �!n). Similar onsiderations show theexistene of the spei�ed morphisms Mt(i�; j)!Mt�(i + 1)�; j� of type (2) with1 � i < n and t > 0 between modules with winding number t.Finally, we onsider the \onneting morphisms" Mt(i�; n)!Mt+1(i�; 1) oftype (1) for 1 � i � n and t � 0. As in the previous ase, the string orrespondingto Mt(i�; n) an be written as the onatenation of a sring from i� to n and of topies of the string from 1� to n. Sine by adding at the end the vertex  �1(n) = r0gives a string (no zero relation is involved), the algorithm implies that the irreduiblemorphism must go from Mt(i�; n) to Mt+1�i�; '!(r0)� = Mt+1(i�; 1), as required.Similarly, the string modules of the form Mt(n�; j) for 1 � j � n and t > 0 will bemapped to Mt�1(1�; j) by a morphism of type (2), sine n� =2 '(D). Hene one hasto ut o� the whole substring from n� to r0, thus dereasing the winding numberby one.The fat that S is a full omponent of the Auslander{Reiten quiver of D an beshown by observing (as in the proof of Proposition 2.3) that there is no irreduiblemorphism of type (1) going into the modules M0(i�; i), and there is no irreduiblemorphism of type (2) leaving from these modules, sine these modules orrespondto maximal '-strings. Otherwise all the other verties of S have two inoming andtwo outgoing arrows.To �nish the proof, we need only note that the proof given for the position of theprojetive verties over C , given in the proof of Proposition 2.3 goes through almostverbatim for this situation. The only thing we still have to hek is that neitherthe modules outside U nor the modules M0(1�; j) for 1 � j � n an be projetiveover D. To this end, note �rst that all these modules ontain a simple ompositionfator of type orresponding to r0 = 1� in their top. Thus we have to show onlythat PD(1�) annot our among the modules in S. But PD(1�) ' M1(r; 1), andsine r =2 '�!(D), we are done.In partiular, observe that there are no inomplete meshes outside U . utWe remark here that the deomposition of the strings with higher windingnumber as a onatenation of maximal substrings with winding number equal to 0orresponds to �ltrations of these modules with quotients belonging to U . In par-tiular, the module Mt(i�; j) for t > 0 will have a �ltration where the �rst quotient(whih is a submodule of Mt(i�; j)) is isomorphi to M0(i�; n), then t� 1 quotientsfollow, eah isomorphi to M0(1�; n), and �nally the top quotient is isomorphi toM0(1�; j).Proof of Lemma 2:7. The length of the string from 1� to j for 1 � j � n is alwaysgreater by 1 than that of the string from r to j (sine we start with the arrow1� = r0 '�! r). On the other hand, sine we started with a Frobenius funtionwhih was basi on U , the values f(1; j) for 1 � j � n are equal to the length of thestring from the root r of the tree B = B(f) to j. Thus indeed, `(1; j) = f(1; j) + 1for 1 � j � n. This implies, in partiular, that the sequenes �f(1; 1); : : : ; f(1; n)�and �`(1; 1); : : : ; `(1; n)� give rise to the same binary tree and hene, by Theorem 1.3of [ALR℄, the Frobenius funtions ` and f are equivalent, i. e. they have the sameset of inomplete meshes on S = T (n). utProof of Theorem 2. Lemma 2.7 and Proposition 2.6 show that the algebra D andthe subquiver S of the Auslander{Reiten quiver of D gives the required realization.ut



REALIZATIONS OF FROBENIUS FUNCTIONS 17Aknowledgment. The authors gratefully aknowledge the partial support ofa German{Hungarian ooperation projet for making possible the reiproal visitsduring whih muh of the work was ompleted. They are indebted to the referreefor many helpful suggestions onerning the �nal presentation of the paper.Referenes[ALR℄ I. �Agoston, E. Luk�as, C.M. Ringel, Frobenius funtions on translationquivers, in: Representation Theory of Algebras, R. Bautista, R. Mart��nez-Villa, J.A. de la Pe~na (editors), CMS Conferene Proeedings 18 (1996),17{37.[BR℄ M.C.R. Butler, C.M. Ringel, Auslander{Reiten sequenes with few middleterms, with appliations to string algebras, Comm. Algebra 15 (1987),145{179.[HW℄ D. Hughes, J. Washb�ush, Trivial extensions of tilted algebras, Pro. Lon-don Math. So. (3), 46 (1983), 347{364.[R℄ C.M. Ringel, Tame algebras and integral quadrati forms, Springer LetureNotes in Mathematis 1099, 1984.[WW℄ B. Wald, J. Washb�ush, Tame biserial algebras. J. Algebra 95 (1985),480{500.Mathematial Institute, Hungarian Aademy of Sienes, P.O.Box 127,1364 Budapest, HungaryE-mail: agoston�s.elte.huDepartment of Algebra, Institute of Mathematis, Tehnial Univer-sity of Budapest, P.O.Box 91, 1521 Budapest, HungaryE-mail: lukas�math.bme.huFakult�at f�ur Mathematik, Universit�at Bielefeld, 33501 Bielefeld 1,Postfah 100131, GermanyE-mail: ringel�mathematik.uni-bielefeld.de


