
LEAN QUASI-HEREDITARY ALGEBRASIstv�an �Agoston1, Vlastimil Dlab2 and Erzs�ebet Luk�a
s1Abstra
t. A 
lass of quasi-hereditary algebras, related to a variety of appli
a-tions, is introdu
ed and studied in the paper. We 
all these algebras lean; theyare 
hara
terized by the property that the spe
ies of 
onse
utive 
entralizer alge-bras of proje
tive modules, de�ned by a heredity sequen
e of idempotents, 
an beobtained by restri
tions. Lean algebras are also 
hara
terized in terms of the so-
alled top �ltrations (of the radi
al of the algebra). Furthermore, some 
anoni
al
onstru
tions of lean algebras are given for any ordered spe
ies.In 
onne
tion with their studies of highest weight 
ategories arising inthe representation theory of 
omplex semisimple Lie algebras and algebrai
groups, Cline, Parshall and S
ott introdu
ed the notion of a quasi-hereditaryalgebra ([CPS1℄, [PS℄). This 
on
ept, de�ned purely in ring theoreti
al terms,has shortly proved to play an important role in a number of appli
ations. No-tably, the Bernstein{Gelfand{Gelfand 
ategory O ([BGG℄) has been shown tobe a 
ategori
al sum of blo
ks whi
h are equivalent to module 
ategories overquasi-hereditary algebras (see e.g. [S℄). Re
ent work of Cline, Parshall and S
ott([CPS2℄), Beilinson, Ginsburg and Soergel ([BGS℄) and Dyer ([D℄) indi
ate thatthe quasi-hereditary algebras whi
h appear in the respe
tive appli
ations areof a very parti
ular type. The present paper represents an attempt to des
ribea 
lass of quasi-hereditary algebras with additional properties in terms of theso-
alled top �ltrations whi
h may prove to be of importan
e in this 
onne
tion.These algebras have a parti
ular aÆnity to the A(
) 
onstru
tion of [DR2℄: thespe
ies of the 
entralizers of proje
tive modules (in a pres
ribed order) are ob-tained by the su

essive restri
tions. In a separate paper, we shall provide ahomologi
al 
hara
terization of this 
lass whi
h will lead to a study of the rele-vant formal (quadrati
) algebras as de�ned by Beilinson and Ginsburg ([BG℄).1991 Mathemati
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2 ISTV�AN �AGOSTON, VLASTIMIL DLAB AND ERZS�EBET LUK�ACS1. Preliminaries. Top �ltrationsLet R be a semiprimary ring with identity; thus the (Ja
obson) radi
al Jof R is nilpotent and R=J is Artinian. For simpli
ity we will assume that R isbasi
, i. e. R=J is the produ
t of division rings. If f e1; e2; : : : ; en g is a 
ompleteset of primitive orthogonal idempotents, then we shall usually �x an order of theidempotents (e1; e2; : : : ; en). For a given order of the primitive idempotents weshall de�ne the idempotent elements "i = ei + ei+1 + : : :+ en for 1 � i � n; let"n+1 = 0. The prin
ipal inde
omposable proje
tive (right) module isomorphi
to eiR will be denoted by P (i) and its simple top by S(i). The 
orrespondingleft modules will be P Æ(i) and SÆ(i). Clearly, "iR ' n�j=i P (j) for 1 � i � n.The spe
ies of R is de�ned as S(R) = (D1; D2; : : : ; Dn ; iWj ; 1 � i; j � n),where Di = eiRei=eiJei and iWj = eiJej=eiJ2ej . Thus, if R = A is a �nitedimensional K-algebra over a 
entral �eld K then Di is a �nite dimensionaldivision ring over K and iWj a Di-Dj-bimodule with K a
ting 
entrally for1 � i; j � n. When we want to stress the order of the idempotents, we willspeak about an ordered spe
ies .The tra
e �MX of a module M on a module X is de�ned as the sub-module of X spanned by all submodules whi
h are homomorphi
 images ofM : �MX =P f Im f j f 2 Hom(M;X) g. Thus, given an order (e1; e2; : : : ; en),every module has a �ltration obtained by taking the tra
es of the proje
tiveR-modules "iR, 1 � i � n on X :X = �"1RX � �"2RX � : : : � �"iRX � : : : � �"nRX � �"(n+1)RX = 0 :Denoting by X(i) the tra
e �"iRX , we 
an see easily that X(i) = X"iR. Weshall 
all this the tra
e �ltration of X (with respe
t to a given order). Inparti
ular, for X = RR we get in this way a 
hain of two-sided idempotentideals Ii = R(i) = R"iR.Of parti
ular interest are the (right) standard modules �(i). For 1 �i � n, the module �(i) is the �rst non-zero fa
tor in the tra
e �ltration of P (i):�(i) = P (i)Æ�P (i)(i+1)�. Similarly, we 
an de�ne the left standard modules�Æ(i). Thus we 
an write the following exa
t sequen
es:0!V (i)!P (i)!�(i)! 0 ;0!U(i)!�(i)!S(i)! 0 ;0!V (i)! radP (i)!U(i)! 0 :Hen
e V (i) ' P (i)(i+1) and U(i) ' rad�(i). Of 
ourse, there are similarsequen
es for the left modules V Æ(i); P Æ(i);�Æ(i); UÆ(i) and SÆ(i).



LEAN QUASI-HEREDITARY ALGEBRAS 3In 
ase R = A is a �nite dimensional K-algebra, where K is a 
entral �eld,the K-dual of �Æ(i), 1 � i � n will be denoted by r(i) and they will be referredto as the (right) 
ostandard modules . Clearly, �(i) is the largest fa
tor moduleof P (i) su
h that the 
omposition fa
tors are all isomorphi
 to some S(j) forj � i; and dually, r(i) is the largest submodule of Q(i), the inje
tive hull ofS(i), for whi
h the 
omposition fa
tors are isomorphi
 to some S(j) for j � i.We should also note that the sequen
e � = ��(1);�(2); : : : ;�(n)� depends onthe 
hoi
e of the order (e1; e2; : : : ; en).We shall 
all the module �(i) S
hurian if EndR ��(i)� is a division ring.It is easy to see that �(i) is S
hurian if and only if �Æ(i) is S
hurian. Thesequen
e � is S
hurian if every �(i) is S
hurian for 1 � i � n. Note that�(i) is S
hurian if and only if S(i) does not appear as a 
omposition fa
tor ofrad�(i).Re
all that the ring R is 
alled quasi-hereditary with respe
t to the order(e1; e2; : : : ; en) if � is S
hurian and the fa
tor modules Ii=Ii+1 for 1 � i � nfrom the tra
e �ltration of RR are dire
t sums of �(i)'s (or equivalently, thesame 
onditions hold for left modules). For basi
 properties of quasi-hereditaryalgebras we refer to [DR1℄ and [DR5℄.An embedding of a module X into a module Y will be 
alled a top embed-ding if it indu
es an embedding of topX = X= radX into topY = Y= radY .In this 
ase we shall write X t�Y . Clearly, for X � Y the 
ondition X t�Y isequivalent to radX = radY \X , or in fa
t to radX � radY \X .Lemma 1.1. Let X � Y � Z be R-modules.(a) X t�Z implies X t�Y .(b) X t�Y and Y t�Z implies X t�Z.(
) Suppose X t�Z. Then Y=X t�Z=X if and only if Y t�Z.Proof. We shall prove only (
) as the �rst two statements are straightforward.Then we have the following sequen
e of equivalent 
onditions:Y=X t�Z=X(Y \ radZ) +X � radY +XY \ radZ = (Y \ radZ)\(radY +X):But Y \ radZ \(radY + X) = Y \ � radY + (radZ \X)� = Y \(radY +radX) = Y \ radY = radY . Thus the initial 
ondition is equivalent toY \ radZ = radY , that is to Y t�Z. ut



4 ISTV�AN �AGOSTON, VLASTIMIL DLAB AND ERZS�EBET LUK�ACSA �ltration X = X1 � X2 � : : : � Xm � Xm+1 = 0 of a module X is
alled a top �ltration of X if Xi t�X for every 2 � i � m. In view of Lemma 1.1,this is equivalent to the 
ondition that Xi=Xi+1 t�X=Xi+1 for every 2 � i � m.It also follows that any given top �ltration of a module X 
an be re�ned to atop �ltration where the fa
tors of 
onse
utive terms all have simple tops.Our interest will be dire
ted mainly towards those modules where the tra
e�ltration (or a part of it) is a top �ltration.2. Lean semiprimary ringsLet R be a basi
 semiprimary ring with radi
al J and let (e1; e2; : : : ; en)be a 
omplete ordered set of primitive orthogonal idempotents. We say that Ris lean with respe
t to this order if eiJ2ej = eiJ"mJej for every 1 � i; j � n,where m = min f i; j g. R will be 
alled lean quasi-hereditary if and only if R islean and quasi-hereditary with respe
t to the same order.Clearly, for R to be lean is equivalent to the 
ondition that the spe
iesS(Ct) of the 
entralizer ring Ct = "tR"t 
an be obtained from S(R), the (or-dered) spe
ies of R, by restri
ting it to the indi
es f t; t + 1; : : : ; n g. Thatis to say, if S(R) = (D1; D2; : : : ; Dn ; iWj ; 1 � i; j � n), then S(Ct) =(Dt; Dt+1; : : : ; Dn ; iWj ; t � i; j � n).In general there are many (quasi-hereditary) algebras whi
h are not lean.Consider for example the simple 
ase of the (hereditary) path K-algebra Aof the graph r2 �- r1 �- r3 ; here the graph of the 
orresponding (hereditary)
entralizer algebra C2 is r2 ��- r3, and thus not just the restri
tion of the originalgraph. Of 
ourse, this re
e
ts the fa
t that �� 2 e2J2e3 but �� 62 e2J"2Je3.We should note, however, that in the 
ase of hereditary algebras, an admissibleorder of the idempotents (i. e. where eiJej 6= 0 implies i < j) always gives alean order.The following theorem formulates the relationship between lean rings andtop tra
e �ltrations.Theorem 2.1. Let R be a semiprimary ring with radi
al J and (e1; e2; : : : ; en)a 
omplete ordered set of primitive orthogonal idempotents. Assume that thestandard modules �(i) are S
hurian for 1 � i � n. Then the following 
ondi-tions on R are equivalent:(1) R is lean with respe
t to the given order, that is eiJ2ej = eiJ"mJej for1 � i; j � n and m = min f i; j g;(2) the tra
e �ltration of U(i) is a top �ltration and V (i) t� radP (i) for 1 �i � n;(2Æ) the tra
e �ltration of UÆ(i) is a top �ltration and V Æ(i) t� radP Æ(i) for1 � i � n;



LEAN QUASI-HEREDITARY ALGEBRAS 5(3) V (i) t� radP (i) and V Æ(i) t� radP Æ(i) for 1 � i � n;(4) the tra
e �ltrations of U(i) and of UÆ(i) are top �ltrations for 1 � i � n.To prove the theorem, we shall formulate �rst a few lemmas.Lemma 2.2. For a given sequen
e (e1; e2; : : : ; en) and an index 1 � i � nV (i) t� radP (i)if and only if eiJ2ej = eiJ"i+1Jej for every j > i :Proof. The proof follows from the following string of equivalent statementsexpressing the fa
t that V (i) t� radP (i):eiJ"i+1R t� eiJeiJ2 \ eiJ"i+1R = eiJ"i+1JeiJ2ej \ eiJ"i+1Rej = eiJ"i+1Jej for all 1 � j � n :However, the last equality is trivial for j � i, sin
e "i+1Rej = "i+1Jej andJ"i+1J � J2; moreover, for j > i, the left-hand side 
ollapses to eiJ2ej sin
eJ"i+1Rej � Jej � J2ej . utLemma 2.3. For a given sequen
e (e1; e2; : : : ; en) and indi
es 1 � i; j � n� radP Æ(j)�(i)=� radP Æ(j)�(i+1) t� radP Æ(j)=� radP Æ(j)�(i+1)if and only if eiJ2ej = eiJ"iJej :Proof. As in the proof of the previous lemma, we write down equivalent state-ments, expressing the top embedding from the lemma:R"iJej=R"i+1Jej t� Jej=R"i+1Jej ;R"iJej \(J2ej +R"i+1Jej) = J"iJej +R"i+1Jej ;ekR"iJej \(ekJ2ej + ekR"i+1Jej) == ekJ"iJej + ekR"i+1Jej for all 1 � k � n :For k < i, the last equality is trivial, sin
e both sides equal ekJ"iJej . We 
analso verify easily that for k > i, both sides equal ekR"i+1Jej ; just observe thatekR"iJ � ekR"i+1J � ekRekJ � ekJ2 and ekJ"iJ � ekJ � ekR"i+1J . Hen
ethe only genuine 
ondition remains for k = i: eiJ2ej = eiJ"iJej . ut



6 ISTV�AN �AGOSTON, VLASTIMIL DLAB AND ERZS�EBET LUK�ACSUsing these lemmas we get the following proposition.Proposition 2.4. Let R be a semiprimary ring with S
hurian standard mod-ules �(i). Then the following are equivalent:(a) V (i) t� radP (i) for 1 � i � n;(b) eiJ2ej = eiJ"iJej for 1 � i � j � n;(
) the tra
e �ltration of UÆ(j) is a top �ltration for 1 � j � n.Proof. Note that the fa
t that �(i) is S
hurian means that eiJ"iR = eiJ"i+1R.In parti
ular, this implies that the equation in (b) always holds for i = j.Now the equivalen
e of (a) and (b) follows from Lemma 2.2 and the S
hurianproperty, while the equivalen
e of (b) and (
) is an immediate 
onsequen
e ofLemma 2.3, sin
e rad�Æ(j)=� rad�Æ(j)�(i+1) ' radP Æ(j)=� radP Æ(j)�(i+1) fori < j. utOf 
ourse, we 
an formulate also the dual of Proposition 2.4.Proposition 2.4Æ. Let R be a semiprimary ring with S
hurian standard mod-ules �Æ(i). Then the following are equivalent:(aÆ) V Æ(i) t� radP Æ(i) for 1 � i � n;(bÆ) ejJ2ei = ejJ"iJei for 1 � i � j � n;(
Æ) the tra
e �ltration of U(j) is a top �ltration for 1 � j � n.Now we are ready to prove Theorem 2.1.Proof of Theorem 2:1. We will use the 
onditions of Proposition 2.4 as wellas those of its dual, Proposition 2.4Æ. Now, 
ondition (1) of the theorem isequivalent to (b) and (bÆ); 
ondition (2) is equivalent to (a) and (
Æ); 
ondition(2Æ) to (aÆ) and (
); 
ondition (3) to (a) and (aÆ); �nally 
ondition (4) to (
)and (
Æ). ut3. Spe
ial 
lasses of lean quasi-hereditary algebrasFrom now on we will assume that R = A is a �nite dimensional algebraover a 
entral �eld K. As before, (e1; e2; : : : ; en) will be a �xed order of aset of primitive orthogonal idempotents and we shall assume that A is quasi-hereditary with respe
t to this order.In this se
tion we will des
ribe two 
lasses of lean algebras: shallow andreplete, whi
h in some sense lie in the opposite ends of the spe
trum of leanquasi-hereditary algebras. We will also 
onstru
t 
anoni
al shallow and repletealgebras for any given spe
ies.



LEAN QUASI-HEREDITARY ALGEBRAS 7Re
all ([DR4℄) that a quasi-hereditary algebra A is 
alled shallow withrespe
t to the order (e1; e2; : : : ; en) if the modules U(i) = rad�(i) and UÆ(i) =rad�Æ(i) are semisimple for 1 � i � n.It follows from 
ondition (4) of Theorem 2.1 that shallow algebras are lean,sin
e 
learly, any �ltration of a semisimple module is a top �ltration. In fa
t,we have the following 
hara
terization of shallow algebras.Theorem 3.1. Let A be a quasi-hereditary algebra with respe
t to an order(e1; e2; : : : ; en). Then the following 
onditions on A are equivalent:(1) eiJ2ej = eiJ"MJej for every 1 � i; j � n, where M = max f i; j g;(2) the tra
e �ltration of radP (i) is a top �ltration and the 
onse
utive fa
tors� radP (i)�(j)Æ� radP (i)�(j+1) are semisimple for 1 � j < i � n;(2Æ) the tra
e �ltration of radP Æ(i) is a top �ltration and the 
onse
utive fa
tors� radP Æ(i)�(j)Æ� radP Æ(i)�(j+1) are semisimple for 1 � j < i � n;(3) V (i) t� radP (i), V Æ(i) t� radP Æ(i), and the tra
e �ltrations of V (i) andV Æ(i) are top �ltrations for 1 � i � n;(4) A is shallow, i. e. U(i) and UÆ(i) are semisimple for 1 � i � n.Before proving the theorem we need the following observation.Lemma 3.2. For a given sequen
e (e1; e2; : : : ; en) and an index 1 � i � n�(i)J2 = 0if and only if eiJ2ej = eiJ"i+1Jej for all j � i :Proof. Clearly, the 
ondition eiJ2ej = eiJ"i+1Jej is equivalent to eiJ2ej �eiJ"i+1Jej . From the de�nition of �(i) we get that �(i)J2 = 0 if and onlyif eiJ2 � eiJ"i+1A and this is equivalent to the 
ondition that eiJ2ej �eiJ"i+1Aej holds for every 1 � j � n. But the last 
ondition is always satis�edfor j > i sin
e eiJ2ej � eiJej � eiJ"i+1Aej . On the other hand, for j � i wehave eiJ"i+1Aej = eiJ"i+1Jej , hen
e the statement follows. utProposition 3.3. Let R be a semiprimary ring with S
hurian standard mod-ules �(i). Then the following are equivalent:(a) � radP Æ(j)�(i)Æ� radP Æ(j)�(i+1) t� radP Æ(j)Æ�P Æ(j)�(i+1) for 1 � j <i � n;(b) eiJ2ej = eiJ"iJej for 1 � j � i � n;(
) �(i)J2 = 0 for 1 � i � n.



8 ISTV�AN �AGOSTON, VLASTIMIL DLAB AND ERZS�EBET LUK�ACSProof. The S
hurian property of � implies that the equivalen
e of (a) and (b)follows from Lemma 2.3, while the equivalen
e of (b) and (
) is a 
onsequen
eof Lemma 3.2. utAs in the 
ase of Proposition 2.4, we 
an also formulate the dual statementProposition 3.3Æ with 
onditions (aÆ), (bÆ) and (
Æ).Proof of Theorem 3:1. We will use the 
onditions of Proposition 3.3 and itsdual. Condition (1) of the theorem is equivalent to (b) and (bÆ); 
ondition (2)to (aÆ) and (
); 
ondition (2Æ) to (a) and (
Æ); 
ondition (3) to (a) and (aÆ);�nally 
onditon (4) to (
) and (
Æ). utWe have seen that shallow algebras are 
hara
terized by the fa
t that theradi
al radP (i) of every prin
ipal inde
omposable module has a top �ltrationwith 
onse
utive fa
tors isomorphi
 to some S(j) for j < i or �(j) for j > i.Thus shallow algebras are \as small as possible" among (lean) quasi-hereditaryalgebras on a given spe
ies. The other extreme is realized by algebras whi
h willbe 
alled replete. A quasi-hereditary algebra A is replete with respe
t to theorder (e1; e2; : : : ; en) if the modules U(i) = rad�(i) and UÆ(i) = rad�Æ(i) havetop tra
e �ltrations with 
onse
utive fa
tors isomorphi
 to dire
t sums of �(j)'sand �Æ(j)'s, respe
tively, for 1 � j < i � n. Let us note that, in parti
ular,replete algebras are lean. Moreover, it will be shown that replete algebras are\as big as possible" among lean (quasi-hereditary) algebras on a given spe
ies,sin
e the radi
al radP (i) of every prin
ipal inde
omposable module has a top�ltration with 
onse
utive fa
tors isomorphi
 to some �(j) for j < i or P (j)for j > i.Theorem 3.4. Let A be a quasi-hereditary algebra with respe
t to an order(e1; e2; : : : ; en). Then the following 
onditions on A are equivalent:(1) the tra
e �ltration of U(i) is a top �ltration with the 
onse
utive fa
tors� radP (i)�(j)Æ� radP (i)�(j+1) isomorphi
 to dire
t sums of �(j)'s (wherej < i), and V (i) t� radP (i) with V (i) proje
tive for 1 � i � n;(1Æ) the tra
e �ltration of UÆ(i) is a top �ltration with the 
onse
utive fa
-tors � radP Æ(i)�(j)Æ� radP Æ(i)�(j+1) isomorphi
 to dire
t sums of �Æ(j)'s(where j < i), and V Æ(i) t� radP Æ(i) with V Æ(i) proje
tive for 1 � i � n;(2) V (i) t� radP (i) and V Æ(i) t� radP Æ(i) with both V (i) and V Æ(i) proje
tive;(3) A is replete, i. e. U(i) and UÆ(i) have top �ltrations with fa
tors isomorphi
to �(j) and �Æ(j), respe
tively, for 1 � j < i � n.The theorem is a 
onsequen
e of the following proposition and its dual.



LEAN QUASI-HEREDITARY ALGEBRAS 9Proposition 3.5 Let A be a quasi-hereditary algebra with respe
t to an order(e1; e2; : : : ; en). Then the following 
onditions on A are equivalent:(i) V Æ(j) is proje
tive for 1 � j � n;(ii) U(i) has a �-�ltration, i. e. a �ltration where the fa
tors of 
onse
utiveterms are all isomorphi
 to �(k)'s for 1 � k < i � n.Proof. We 
an easily see that 
ondition (i) 
an be reformulated as(i0) proj:dim�Æ(j) � 1 for 1 � j � n.Also, in view of Theorem 1 of [DR5℄, for a quasi-hereditary algebra A 
ondition(ii) is equivalent to(ii0) Ext1 �U(i);r(j)� = 0 for 1 � i; j � n.Consider now the exa
t sequen
e 0!U(i)!�(i)!S(i)! 0. By applyingthe fun
tor Hom ��;r(j)� to the sequen
e and taking into the a

ount thatExtt ��(i);r(j)� = 0 for 1 � i; j � n and t � 1 (
f. Theorem 1 of [DR5℄), weget that Ext1 �U(i);r(j)� ' Ext2 �S(i);r(j)�. Now by using K-duality we getthe following string of equivalent 
onditions:proj:dim�Æ(j) � 1 for 1 � j � n ;Ext2 ��Æ(j); SÆ(i)� = 0 for 1 � i; j � n ;Ext2 �S(i);r(j)� = 0 for 1 � i; j � n ;Ext1 �U(i);r(j)� = 0 for 1 � i; j � n :This shows the equivalen
e of 
onditions (i0) and (ii0). utProof of Theorem 3:4. Clearly, in view of Theorem 2.1, ea
h of the 
onditionsimplies that A is lean. The rest will now follow from Proposition 3.4 (andits dual). Namely, the fa
t that Ext1 ��(i);�(j)� = 0 for 1 � j � i � nimplies that the existen
e of any �-�ltration for a module M is equivalent tothe 
ondition that the fa
tors of the tra
e �ltration are dire
t sums of �(i)'s.utCorollary 3.6. The global dimension of a replete algebra is at most 2.Proof. This is a 
onsequen
e of Theorem 3 of [DR3℄. However, for the sake of
ompleteness we give a short proof here.We have seen that the proje
tivity of the modules V (i) implies thatproj:dim�(i) � 1 for 1 � i � n. Thus from the existen
e of a �-�ltrationfor U(i) we also get that proj:dimU(i) � 1 as well. Finally from the exa
tsequen
e 0!U(i)!�(i)!S(i)! 0we obtain that proj:dimS(i) � 2 for 1 � i � n, as required. ut



10 ISTV�AN �AGOSTON, VLASTIMIL DLAB AND ERZS�EBET LUK�ACSIn view of the 
hara
terizations of shallow and replete algebras (Theo-rems 3.1 and 3.4), it is natural to de�ne the following two \intermediate" 
lassesof lean quasi-hereditary algebras. A quasi-hereditary algebra A is said to beright medial if all radP (i) for 1 � i � n have top �ltrations with fa
tors iso-morphi
 to some �(j) with 1 � j � n, i 6= j. An algebra is said to be leftmedial if all radP Æ(i) for 1 � i � n have top �ltrations with fa
tors isomorphi
to some �Æ(j) with 1 � j � n, i 6= j, i. e. if the opposite algebra Ao is rightmedial. Using Propositions 3.3 and 3.5 and the quasi-heredity of A we 
ansee that this is equivalent to requiring that every radP (i), 1 � i � n has top�ltration with fa
tors isomorphi
 to S(j), 1 � j < i and P (j), i < j � n. Other
hara
terizations, similar to the ones given for shallow and replete algebras, 
anbe given for these two 
lasses, too.4. Canoni
al 
onstru
tionsIn this �nal se
tion we are going to 
onstru
t the \
anoni
al" shallow,medial and replete quasi-hereditary algebras over a given ordered spe
ies. LetS = (D1; D2; : : : ; Dn ; iWj ; 1 � i; j � n) be an ordered spe
ies with iWi = 0for all 1 � i � n. Let T (S) be the tensor algebra over S:T (S) = ��W �W
2 �W
3 � : : : ;where � = D1�D2� : : :�Dn ,W = �i;j iWj is a �-�-bimodule with � operatingvia the proje
tions, all tensor produ
ts are over � and the multipli
ation isindu
ed by W
r
�W
s ' W
r+s. Of 
ourse, T (S) is, in general, in�nitedimensional.De�ne the following ideals in T (S):IS = hiWj 
 jWk j j < max f i; k giIMr = hiWj 
 jWk j j < kiIM` = hiWj 
 jWk j i > ji andIR = hiWj 
 jWk j j < min f i; k giPut H(S) = T (S)=IH for H = S;Mr;M`; and R :We should mention here that the algebra S(S) was already 
onstru
ted in[DR4℄, while R(S) was de�ned in [DR3℄ and 
alled there a peaked algebra on S.Theorem 4.1. The algebras S(S), Mr(S), M`(S), and R(S) are quasi-hereditary algebras with the ordered spe
ies S. The algebra S(S) is shallow,Mr(S) right medial, M`(S) left medial, and R(S) replete.
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t, S(S) ' ��W �( �t>it>j iWt
 tWj) ;and Mr(S), M`(S) and R(S) are isomorphi
 to��W �(� i0Wi1 
 : : :
 itWit+1 
 : : :
 im�1Wim) ;where the summation runs through all sequen
es (i0; i1; : : : ; it; : : : ; im�1; im),m � 2, subje
t to i1 > i2 > : : : > im ;i0 < i1 < : : : < im�1 ; andi0 < i1 < : : : < it > : : : > im�1 > im ; 0 � t � m;respe
tively.Proof. For the proof of the statement about S(S) we refer to [DR4℄. Similarly,it was shown in [DR3℄ that R(S) is quasi-hereditary. Thus we shall only provehere that R(S) is replete and leave the veri�
ation of the statements aboutMr(S) and M`(S) to the reader.To show that R(S) is replete, we 
an 
ombine Theorem 2 and the Proposi-tion of Se
tion 6 in [DR3℄; then we get that V (i) and V Æ(i) are both proje
tivefor 1 � i � n; moreover, it follows from the 
onstru
tion that eiJejJek = 0for i > j < k; thus Propositions 2.4 and 2.4Æ imply that V (i) t� radP (i) andsimilarly V Æ(i) t� radP Æ(i) for 1 � i � n. utLet us note here that usually neither shallow, nor replete algebras areuniquely de�ned for a given spe
ies. In the following example we give theregular representations of algebras whi
h are shallow, right medial, left medialand replete, but whi
h are not isomorphi
 to the 
anoni
al algebras de�nedabove.Consider the ordered K-spe
ies given by the graphr1 -� r2 -� r3 -� : : : -� rnThen for n = 4 the following 
omposition series 
harts des
ribe the regularrepresentations of shallow, right medial, left medial and replete algebras over
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ies. SS = 121 � 21 32 � 32 43 � 43 ;MrMr = 121 � 21 321 � 32 41 321 � 4321 ;M`M` = 121 32 43 � 21 32 43 � 32 43 � 43 ;RR = 121 32 41 321 � 21 32 41 321 � 32 41 321 � 4321 :Finally, to justify the remarks pre
eding Theorem 3.4, we 
an state thefollowing theorem, part of whi
h 
an also be found in [DR4℄.Theorem 4.2. Let A be a lean quasi-hereditary algebra with ordered spe
iesS = S(A) = (D1; D2; : : : ; Dn ; iWj ; 1 � i; j � n). Then for S = S(S) andR = R(S) we have dimK eiSej � dimK eiAej � dimK eiRej for 1 � i; j � n;in parti
ular, dimK S � dimK A � dimK R and equality holds if and only if Ais either shallow or replete, respe
tively, with respe
t to the given order.Proof. For the inequalities 
on
erning shallow algebras we refer to [DR4℄. A
tu-ally, the minimality of the dimension of shallow algebras is valid even withoutthe restri
tion that A is lean.To show that dimK eiAej � dimK eiRej for 1 � i; j � n, we shall pro
eedby downward indu
tion on i+ j. The 
ase i = j = n is trivial, sin
e the quasi-heredity of A and R implies that dimK enAen = dimK enRen = dimK Dn.Assume now that i + j < 2n and suppose that i � j (the other 
ase willfollow by symmetry). The fa
t that A and R are lean implies that VA(i) 'eiA"i+1A t� radPA(i) and VR(i) ' eiR"i+1R t� radPR(i). Thus for the proje
-tive 
over of VA(i) we get P �VA(i)� ' �k>iPA(k)dik where dik = dimDk iWk ,and similarly, VR(i) ' �k>iPR(k)dik (sin
e VR(i) is itself proje
tive). Hen
e wehave: dimK VA(i)ej � dimK P �VA(i)�ej =Xk>i dik � dimK PA(k)ej ;and the indu
tion hypothesis implies that the last term is not greater thanPk>i dik � dimK PR(k)ej = dimK VR(i)ej : Sin
e for T = A or T = R we have
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tor spa
es, wehave proved the inequality. Finally, if we have equality everywhere, then VA(i)(and V ÆA(i)) must be isomorphi
 to the proje
tive 
over P �VA(i)� (or P �V ÆA(i)�,respe
tively) for 1 � i � n, thus implying that A is replete. utReferen
es[BG℄ Beilinson, A., Ginsburg, V., Mixed 
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ott, L.L., The homologi
al dual of a highestweight 
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