
HOMOLOGICAL CHARACTERIZATION OFLEAN ALGEBRASIstv�an �Agoston1, Vlastimil Dlab2 and Erzs�ebet Luk�a
s1Abstra
t. Certain 
lasses of lean quasi-hereditary algebras play a 
entral role inthe representation theory of semisimple 
omplex Lie algebras and algebrai
 groups.The 
on
ept of a lean semiprimary ring, introdu
ed re
ently in [ADL℄ is givenhere a homologi
al 
hara
terization in terms of the surje
tivity of 
ertain indu
edmaps between Ext1-groups. A stronger 
ondition requiring the surje
tivity of theindu
ed maps between Extk-groups for all k � 1, whi
h appears in the re
ent workof Cline, Parshall and S
ott on Kazhdan{Lusztig theory, is shown to hold for alarge 
lass of lean quasi-hereditary algebras.Throughout the paper R will denote a basi
 semiprimary ring with identity;thus the (Ja
obson) radi
al J of R is nilpotent and R=J is a �nite produ
tof division rings. Let us �x a 
omplete ordered set of primitive orthogonalidempotents (e1; e2; : : : ; en) and de�ne for 1 � i � n the idempotent elements"i = ei + ei+1 + : : :+ en; set "n+1 = 0. Thus, we have �xed an order on the setof the 
orresponding simple (right) R-modules S(i) and their proje
tive 
oversP (i) ' eiR, 1 � i � n. The 
orresponding left R-modules will be denoted bySÆ(i) and P Æ(i), respe
tively.The (right) standard modules �(i) are de�ned by �(i) ' eiR=eiR"i+1R.The submodule eiR"i+1R will be denoted by V (i). Thus we have the exa
tsequen
e 0!V (i)!P (i)!�(i)! 0. Similarly, we 
an de�ne the left standardmodules �Æ(i) and the 
orresponding kernels V Æ(i).The module �(i) is S
hurian if EndR ��(i)� is a division ring. It is easyto see that �(i) is S
hurian if and only if �Æ(i) is S
hurian.The ring R is quasi-hereditary (see [CPS℄) with respe
t to the order(e1; e2; : : : ; en) if �(i) is S
hurian for every 1 � i � n and the regular moduleRR has a �ltration RR = X1 � X2 � : : : � X` � X`+1 = 0 su
h that everyfa
tor Xi=Xi+1, 1 � i � ` is isomorphi
 to a standard module �(j) for some1991 Mathemati
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2 ISTV�AN �AGOSTON, VLASTIMIL DLAB AND ERZS�EBET LUK�ACS1 � j � n. For basi
 fa
ts 
on
erning quasi-hereditary algebras we refer thereader to [DR1℄ and [DR2℄.Let us now re
all the de�nition of a top embedding ([ADL℄). Let X and Ybe arbitrary (right) R-modules. An embedding f : X!Y is 
alled a top em-bedding if it indu
es an embedding �f : X= radX = topX! topY = Y= radY .In this 
ase we write X t�Y . Note that, for a submodule X � Y , the 
onditionX t�Y is equivalent to radX = radY \X . A �ltration X = X1 � X2 � : : : �Xm � Xm+1 = 0 of a module X is 
alled a top �ltration of X if Xi t�X forevery 2 � i � m. IfM is a 
lass of modules, then we will say that X has a top�ltration byM if X has a top �ltration X = X1 � X2 � : : : � Xm � Xm+1 = 0su
h that the fa
tor modules Xi=Xi+1 belong toM for 1 � i � m.The semiprimary ring R is 
alled lean with respe
t to the order(e1; e2; : : : ; en) if eiJ2ej � eiJ"mJej for m = min f i; j g and 1 � i; j � n.Theorem 2.1 of [ADL℄ asserts that A is lean if and only if V (i) t� radP (i) andV Æ(i) t� radP Æ(i) for all 1 � i � n.Lemma 1. Let X be an arbitrary R-module and S a semisimple submodule ofradX. Denote by Y the fa
tor module X=S. Then the following statements areequivalent:(a) S t� radX;(b) there exists an extension � 2 Ext1(topY; S) su
h that the following diagramis 
ommutative:�` : 0 �! S �! X �! Y �! 0??y ??y� : 0 �! S �! X 0 �! topY �! 0;(
) there exists a semisimple module T and an extension � 2 Ext1(T; S) su
hthat the following diagram is 
ommutative:�` : 0 �! S �! X �! Y �! 0??y' ??y� : 0 �! S ��! X 00 �! T �! 0.Proof. To prove (a)) (b), observe that sin
e S is semisimple, S t� radX impliesthat S is a dire
t summand of radX . Let C be a dire
t 
omplement of S inradX . Then we have the following diagram with the natural maps:C C??y ??y0 �! S �! X �! Y �! 0??y ??y0 �! S �! X=C �! Y 0 �! 0.



HOMOLOGICAL CHARACTERIZATION OF LEAN ALGEBRAS 3Note that Y 0 ' XÆ(C � S) = X= radX = topX ' topY .Sin
e the impli
ation (b) ) (
) is trivial, we have to show only that(
)) (a). We need that XJ2 \ S = 0. Let us assume that 0 6= S0 = XJ2 \ S.Then 0 6= �(S0) = '(S0) � '(XJ2) = '(X)J2. But '(X) � X 00 and X 00J2 = 0,a 
ontradi
tion. Thus S t� radX . utProposition 2. Let PR be an inde
omposable proje
tive R-module andV � radP . Denote by W the fa
tor module P=V . Then the following areequivalent:(a) V t� radP ;(b) Ext1(topW;S)!Ext1(W;S) is an epimorphism for every simple mod-ule S.Proof. (a) ) (b) Consider a non-split exa
t sequen
e 0!S!X!W ! 0;thus S � radX . Using the proje
tivity of P we get the following 
ommutativediagram: 0 ! V ! P ! W ! 0#' # 0 ! S ! X ! W ! 0 .Here  is an epimorphism, sin
e S � radX . It follows that ' is also anepimorphism. We get that S t� radX sin
e V t� radP by assumption. Thus,by Lemma 1, the sequen
e 0!S!X!W ! 0 is a lifting of a sequen
e0!S!X 0! topW ! 0 along the natural map W ! topW , so it is in theimage of Ext1(topW;S)!Ext1(W;S).(b) ) (a) To prove that V t� radP , it is suÆ
ient to show thatV=V 0 t� radP=V 0 for an arbitrary maximal submodule V 0 of the module V .Hen
e 
onsider the following 
ommutative diagram:0 ! V ! P ! W ! 0??y ??y0 ! V=V 0 ! P=V 0 ! W ! 0 .Sin
e V=V 0 is simple, (b) implies that there is a 
ommutative diagram0 ! V=V 0 ! P=V 0 ! W ! 0??y ??y0 ! V=V 0 ! Z ! topW ! 0 .By Lemma 1, we get that V=V 0 t� radP=V 0. ut



4 ISTV�AN �AGOSTON, VLASTIMIL DLAB AND ERZS�EBET LUK�ACSUsing Proposition 2 and the left dual version of it, we get immediately thefollowing 
hara
terization of lean semiprimary rings.Theorem 3. Let (e1; e2; : : : ; en) be a 
omplete set of primitive orthogonalidempotents of the semiprimary ring R and let all standard modules �(i)be S
hurian. Then R is lean with respe
t to the given order of idempo-tents if and only if the natural maps Ext1 �S(i); S(j)�!Ext1 ��(i); S(j)� andExt1 �SÆ(i); SÆ(j)�!Ext1 ��Æ(i); SÆ(j)� are epimorphisms for all 1 � i; j � n.Proof. Proposition 2 implies that the surje
tivity of the maps given above isequivalent to the 
ondition that V (i) t� radP (i) and V Æ(i) t� radP Æ(i) for all1 � i � n. In turn, by Theorem 2.1 of [ADL℄, this is equivalent to the fa
t thatR is lean. utIn what follows, let us restri
t our attention to the 
ase when R = A is a�nite dimensional K-algebra, where K is a �eld. For every 1 � i � n, denoteby r(i) the K-dual of �Æ(i), and 
all the modules r(i) the (right) 
ostandardmodules . Using this terminology, we get the following 
hara
terization of leanquasi-hereditary K-algebras.Corollary 4. Let A be a quasi-hereditary K-algebra with respe
t to theorder (e1; e2; : : : ; en). Then A is lean with respe
t to the same orderif and only if the natural maps Ext1 �S(i); S(j)�!Ext1 ��(i); S(j)� andExt1 �S(j); S(i)�!Ext1 �S(j);r(i)� are epimorphisms for 1 � i; j � n.In their 
ontributions to the Workshop on Representation Theory held inOttawa in August 1992, B.J. Parshall and L.L. S
ott emphasized the importan
eof the surje
tivity of all natural maps Extk �S(i); S(j)�!Extk ��(i); S(j)�,k � 1, for the Kazhdan{Lusztig theory. In this 
onne
tion, the following theo-rem and its 
orollary seem to be of some interest.Theorem 5. Let A be a quasi-hereditary K-algebra with respe
t to the or-der (e1; e2; : : : ; en) su
h that V (i) t� radP (i) for 1 � i � n. Suppose that forevery 1 � i � n, the module V (i) has a top �ltration by �(j)'s and P (j)'s,i+ 1 � j � n. Then the natural maps Extk �S(i); S(j)�!Extk ��(i); S(j)� aresurje
tive for all 1 � i; j � n and k � 1.For the proof of Theorem 5 we shall need the following simple lemma.Lemma 6. Let 0!X �!Y !Z! 0 be a short exa
t sequen
e with a top em-bedding �. If, for a module S and for some k � 1, the natural mapsExtk(topX;S)!Extk(X;S) and Extk(topZ; S)!Extk(Z; S) are surje
tive,then so is the natural map Extk(topY; S)!Extk(Y; S).



HOMOLOGICAL CHARACTERIZATION OF LEAN ALGEBRAS 5Proof. The bottom sequen
e of the following 
ommutative diagram0 ! X ! Y ! Z ! 0??y ??y ??y0 ! topX ! topY ! topZ ! 0
learly splits. Thus, applying the fun
tor Hom(�; S), we 
an derive easily thefollowing 
ommutative diagram from the long exa
t sequen
es:Extk�1(X;S) ! Extk(Z; S) ! Extk(Y; S) ! Extk(X;S) ! Extk+1(Z; S)x?? x??
 x??� x??� x??0 ! Extk(topZ; S) ! Extk(topY; S) ! Extk(topX;S) ! 0 .Sin
e � and 
 are surje
tive, we get that � is surje
tive as well. utProof of Theorem 5. We pro
eed by indu
tion. Proposition 2 implies that thestatement holds for k = 1. Thus assuming the statement for some k � 1, wewant to show that for every exa
t sequen
e(�) 0!S(j)!X1! : : :!Xk!Xk+1!�(i)! 0there is a 
ommutative diagram of exa
t sequen
es with the natural proje
tion�(i)!S(i):0 ! S(j) ! Y1 ! : : : ! Yk ! P (i) ! �(i) ! 0??y ??y ??y ??y0 ! S(j) ! Z1 ! : : : ! Zk ! Zk+1 ! S(i) ! 0 ,in whi
h the �rst row is equivalent to (�).Let us write (�) as the Yoneda 
omposite of the following exa
t sequen
es:0!S(j)!X1! : : :!Xk!N! 0 and 0!N!Xk+1!�(i)! 0 :In view of the 
ommutative diagrams0 ! V (i) ! P (i) ! �(i) ! 0??y ??y0 ! N ! Xk+1 ! �(i) ! 0and 0 ! S(j) ! Y1 ! : : : ! Yk ! V (i) ! 0??y ??y ??y0 ! S(j) ! X1 ! : : : ! Xk ! N ! 0



6 ISTV�AN �AGOSTON, VLASTIMIL DLAB AND ERZS�EBET LUK�ACSthe sequen
e (�) is equivalent to0!S(j)!Y1! : : :!Yk!P (i)!�(i)! 0 :Now, by the indu
tion hypothesis and by repeated use of Lemma 6, we geta 
ommutative diagram of exa
t sequen
es0 ! S(j) ! Y1 ! : : : ! Yk ! V (i) ! 0??y ??y ??y0 ! S(j) ! Z1 ! : : : ! Zk ! topV (i) ! 0 .Furthermore, in view of Proposition 2, there is a 
ommutative diagram of shortexa
t sequen
es0 ! V (i) ! P (i) ! �(i) ! 0??y ??y0 ! topV (i) ! Z ! �(i) ! 0??y ??y0 ! topV (i) ! Zk+1 ! S(i) ! 0 .Hen
e the theorem follows. utCorollary 7. Let A be a shallow, medial or replete quasi-hereditary alge-bra with respe
t to (e1; e2; : : : ; en). Then the natural maps Extk �S(i); S(j)�!Extk ��(i); S(j)� and Extk �SÆ(i); SÆ(j)�!Extk ��Æ(i); SÆ(j)� are surje
tivefor all 1 � i; j � n and k � 1.The de�nition of shallow, right medial, left medial and replete algebras 
anbe found in [ADL℄. For the 
onvenien
e of the reader, we wish to re
all thatthese algebras are de�ned by the fa
t that V (i) t� radP (i), V Æ(i) t� radP Æ(i)and, respe
tively, V (i) and V Æ(i) have top �ltrations by �(j)'s and �Æ(j)'s, by�(j)'s and P Æ(j)'s, by P (j)'s and �Æ(j)'s and, �nally, by P (j)'s and P Æ(j)'s.Remark 8. Let us point out that, in general, lean quasi-hereditary algebrasdo not satisfy the above surje
tivity 
onditions for higher Ext-groups. Here isa simple example.Let A be the path algebra of the graphr1r2 ��� ��Rr4 - r5��Rr3 ���
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an be des
ribedby the following 
harts of 
omposition fa
tors:AA = 14 � 21 34 � 345 � 45 � 5 :One 
an 
he
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