
P-BASES FOR TORSION-FREE REGULAR MODULESIstv�an �Agoston1 and Andrew P. Dean1Abstra
t. In [R℄ a general approa
h is o�ered to the theory of in�nitedimensional representations over tame hereditary algebras. Amongother things many 
on
epts, like that of torsion and torsion-free mod-ules, divisibility, et
., known from the theory of abelian groups, are
arried over to the tame hereditary situation. In this approa
h one ofthe most important invariants of torsion-free modules is their rank. Inour short note we will show that the rank of the torsion-free regularmodule M , originally de�ned by Ringel using a 
ertain embedding ofM into a divisible module, 
an be understood as the 
ardinality of amaximal independent set for a suitably de�ned dependen
e relation.1. Preliminaries. First we re
all some de�nitions and basi
 results from [R℄.Let A be a tame hereditary algebra, �nite dimensional over a �eld k. One
an de�ne a torsion theory on the 
ategory of (right) A-modules as follows.A module M is 
alled torsion if it is spanned by its �nite dimensional regularand preinje
tive submodules, while M is torsion-free if every �nite dimensionalsubmodule of M is preproje
tive. The torsion submodule of a module M isthe largest submodule whi
h is torsion and it will be denoted by T (M). We
all a module M regular if it has no �nite dimensional preinje
tive or pre-proje
tive dire
t summands. It 
an be shown that a module M is regular ifand only if Hom (M;P ) = 0 for all �nite dimensional preproje
tive modules Pand Hom (I;M) = 0 for all �nite dimensional preinje
tive modules I (
f. x4.2of [R℄). The 
lass of torsion regular modules over A forms an exa
t abeliansub
ategory, 
losed under extensions (Theorem 4.4 of [R℄).1980 Mathemati
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2 �AGOSTON AND DEANA module M is 
alled divisible if Ext (S;M) = 0 for every simple regularmodule S. A
tually, if M is divisible then Ext (N;M) = 0 for all regularmodules N (Proposition 4.7 of [R℄). As Ringel has shown, there exists a uniqueinde
omposable torsion-free divisible module, denoted by Q (Theorem 5.3 of[R℄). The endomorphism ring of Q is a division ring. Every torsion-free moduleM 
an be embedded into a dire
t sum Y of 
opies of Q in su
h a way that thequotient Y=M is torsion regular. Moreover, if there is su
h an embedding intoY = �I Q then the 
ardinality of the index set I depends only on the moduleM (Theorem 5.5 of [R℄). This 
ardinality is 
alled the rank of M and willbe denoted by rkM . One 
an show that the rank is additive on short exa
tsequen
es of torsion-free modules (Proposition 2.2 of [DZ℄). An important fa
tis that for �nite dimensional preproje
tive modules the rank is just the negativeof the defe
t of the module (Proposition 5.6 of [R℄).A submodule N of the module M is 
alled torsion 
losed in M if M=N istorsion-free. The interse
tion of all torsion-
losed submodules of M 
ontaininga parti
ular submodule N is 
alled the torsion-
losure of N in M and will bedenoted by NM or simply by N . Clearly NM is the full preimage of T (M=N)in M . For any submodule N of M the rank of N must satisfy rkN � rkN(Proposition 2.1 of [ADS℄). The following simple observation will show thattaking the torsion 
losure of a module is of �nitary 
hara
ter.Lemma 1.1. Let N = fNi j i 2 Ig be a dire
ted set of torsion-
losedsubmodules of a module M . Then N = [i2INi �M is also torsion-
losed in M .Proof. Let us take an arbitrary submodule W � M su
h that N � Wand W=N is �nite dimensional. We have to show that W=N is preproje
tive.Let W 0 be a �nite dimensional preimage of W=N in M , i.e. W 0 �M su
h thatW 0 + N = W . Consider W 0 \ N = W 0 \ ( [i2INi) = [i2I(Ni \W 0). Sin
e W 0is �nite dimensional and N is dire
ted, there exists an index i 2 I su
h thatW 0 \N =W 0 \Ni. Then:W=N = (W 0 +N)=N �=W 0=W 0 \N =W 0=W 0 \Ni �= (W 0 +Ni)=Ni �M=Ni.Sin
e M=Ni is torsion-free by assumption, W=N is preproje
tive. Hen
e N istorsion-
losed.Corollary 1.2. If N = fNi j i 2 Ig is a dire
ted set of submodules of amodule M then [i2INi = [i2IN i. In parti
ular for any submodule N of M the



P-BASES FOR TORSION-FREE REGULAR MODULES 3torsion 
losure N is the union of the torsion 
losures of all �nite dimensionalsubmodules of N .2. A dependen
e relation for torsion-free regular modules. For the restof the paper, unless otherwise stated, let M be a torsion-free regular module.We shall de�ne a dependen
e relation on a subset of all submodules of M . LetP be an inde
omposable proje
tive module of rank 1 (that is, of defe
t �1).De�ne the set WP = WP (M) as WP = fW � M j W �= Pg. For W 2 WPand P � WP we say that W depends on P if and only if W � PM , where PMdenotes the torsion 
losure of the submodule generated by the elements of P .We 
all a set P � WP independent if no element W 2 P depends on P n fWg.The set P � WP is 
alled a generating set for WP if every element of WPdepends on P .We want to show that this relation satis�es all the standard properties oflinear dependen
e relations. We will need the following observation.Lemma 2.1. Let W 2 WP and P � WP . Then W depends on P if andonly if W \ P 6= 0.Proof. The ne
essity of the 
ondition is obvious from the de�nition. Toshow the other dire
tion, assume that W \ P 6= 0. Observe that rkW = 1implies rkW = 1. Sin
e W \ P is torsion 
losed in W and is non-zero byassumption, we must have that W � P . Hen
e W depends on P .The next proposition shows that our dependen
e relation is of �nitary
hara
ter.Proposition 2.2. Let W be an element ofWP . If W depends on P � WPthen it also depends on a �nite subset F � P .Proof. Assume that W � P . Sin
e dimkW <1, by Corollary 1.2 we getthat there is a �nite dimensional submodule N � hPi su
h that W � N . Sin
ethere is a �nite subset F � P su
h that N � hFi, we obtain that W dependson F .Finally, we 
an show that the ex
hange property is also satis�ed.Proposition 2.3. Let W 2 WP and P � WP . If W depends on P butdoes not depend on P 0 = P n fXg for some element X 2 P then X depends onP 00 = (P n fXg) [ fWg.



4 �AGOSTON AND DEANProof. By assumption we have P 0 � P 00 � P , hen
e X does not dependon P 0. Thus Lemma 2.1 implies that X embeds into P=P 0 and the torsion
losure of its image is the whole module P=P 0. Hen
e we get that rkP=P 0 = 1.Consequently, we must have P 00 = P . Thus X � P 00, that is, X depends onP 00. From the ex
hange property and the �nitary 
hara
ter of our dependen
erelation we get all the standard theorems on the existen
e of bases, the invari-an
e of their 
ardinality et
. A basis for WP with respe
t to this relation willbe 
alled a P -basis for M .3. Independent sets, generating sets and the rank. We turn now to thequestion of 
hara
terizing the spe
i�
 properties of our dependen
e relation.Theorem 3.1. A set P = fPi j i 2 Ig � WP is independent if and only if(i) Pi \ hPj 2 P j j 6= ii = 0 for every i 2 I (that is, �i2I Pi �M);(ii) M= �i2I Pi is regular.Proof. Assume �rst that the 
onditions (i) and (ii) are satis�ed, thus wehave M= �i2I Pi regular. Then 
onsider the following diagram:0 �! �i2I Pi ��! M �! M= �i2I Pi �! 0??y�iPi ���.  ??y�iQwhere �i is the 
anoni
al proje
tion and �i is an embedding of Pi into Q. Sin
eM= �i2I Pi is regular, Ext (M= �i2I Pi; Q) = 0, hen
e there exists a map  : M !Q su
h that  � = �i�i. Thus Ker � P n fPig and Ker \ Pi = 0. So P isindependent.Assume now that P � WP is independent. Thus by Lemma 2.1 we getthat Pi \ hPj 2 P j j 6= ii � Pi \ (P n fPig) = 0. Hen
e we get (i). To prove
ondition (ii), assume P = fP� j � < �g for some 
ardinal �. We will proveby trans�nite indu
tion that M� = M= ��<�P� is regular for ea
h � � �. Theargument we use is essentially from Ringel's proof of Proposition 4.3 of [R℄,but we in
lude it here for the sake of 
ompleteness.



P-BASES FOR TORSION-FREE REGULAR MODULES 5Assume �rst that � = � + 1 for some ordinal �. By assumption M� =M= ��<� P� is regular. Sin
e P is independent, by Lemma 2.1 we get that P�embeds into M� as P̂� ; a
tually it embeds even into the torsion-free module~M� = M�=T (M�) as ~P� . We will show �rst that ~M�= ~P� is regular. Sin
e Mwas regular, it is enough to 
he
k that ~M�= ~P� has no preinje
tive submodules.Let us assume that ~W � ~M� is a submodule 
ontaining ~P� and ~W= ~P� isinde
omposable preinje
tive. But then for the defe
t of ~W we get: Æ( ~W ) =Æ( ~P�) + Æ( ~W= ~P�) = �1 + Æ( ~W= ~P�) � 0, and this 
ontradi
ts the fa
t that~M� is torsion-free. Thus ~M�= ~P� is regular. Consider now the following exa
tsequen
e:0 �! (T (M�) + P̂�)=P̂� �!M�=P̂� �! (M�=P̂�)=�(T (M�) + P̂�)=P̂�� �! 0.Here the �rst term is isomorphi
 to T (M�), and sin
e it is the torsion submoduleof the regular module M� , it is regular. On the other hand the last term isisomorphi
 to ~M�= ~P� , whi
h was just shown to be regular, too. ThusM�=P̂� �=M= ��<�P� =M�, as an extension of two regular modules, is also regular.Assume now that � is a limit ordinal and for every � < � the module M�is regular. Suppose that M� = M= ��<�P� has an inde
omposable preinje
tivesubmodule W= ��<�P� where ��<�P� �W �M . Let W 0 be a �nite dimensionalsubmodule ofM satisfyingW =W 0+ ��<�P�. ThenW 0\ ��<�P� =W 0\ ��<� P�for some � < �. Thus:W= ��<�P� = �W 0 + ��<�P��= ��<�P� �=W 0=�W 0 \ ��<�P�� ==W 0=�W 0 \ ��<� P�� �= �W 0 + ��<� P��= ��<� P� �M� ;and this would 
ontradi
t the regularity of M� . Thus M� is also regular. This�nishes the proof.Theorem 3.2. A subset P � WP is a generating set if and only if M=hPiis torsion, i.e. if and only if P =M .Proof. We will again use the argument of Ringel from the proof of Propo-sition 4.3 of [R℄. The suÆ
ien
y is obvious from the de�nitions. For the otherdire
tion let us assume that P is a generating set. Assume that P 6=M . Thenthe module ~M =M=P is a non-zero torsion-free regular module. But then theremust exist a non-zero homomorphism ' : P ! ~M , otherwise ~M would be
omea module over an algebra of �nite representation type, and as su
h it would be



6 �AGOSTON AND DEANa dire
t sum of �nite dimensional inde
omposable submodules, 
ontradi
tingthe fa
t that ~M is torsion-free and regular. Sin
e rkP = 1, we get that ' mustbe an embedding. But P is proje
tive, so this also gives an embedding of Pinto M and the image P0 is disjoint from P . Thus P0 does not depend on P ,
ontradi
ting the assumption that P was a generating set for M .Finally we want to show that the 
ardinality of a P -basis for M is rkM .Theorem 3.3. Let P = fPi j i 2 Ig � WP be an independent set. ThenrkP = jPj. In parti
ular if P is a P -basis for M then jPj = rkM .Proof. Let us take N = P . Then the module N= �i2I Pi is the torsionsubmodule of the module M= �i2I Pi, and the latter is regular by Theorem 3.1.Thus N= �i2I Pi must also be regular. If we now embed the module N into adire
t sum Y of 
opies of the module Q in su
h a way that Y=N is torsionregular, then Y= �i2I Pi is also torsion regular. Hen
e rkN = rk �i2I Pi. But
learly rk �i2I Pi = jI j = jPj, thus we are done.The previous result shows that the 
ardinality of a P -basis for M wouldbe the same if we have started with another inde
omposable proje
tive moduleP 0 whi
h is of rank 1. As a matter of fa
t we did not use that our set WPwas \homogeneous": it would have been possible to de�ne our dependen
erelation for the set W =W(M) = fN �M j N is inde
omposable proje
tive,rkN = 1g.4. Further results. Let us take an independent set P = fPi j i 2 Ig � WP .Then by Theorem 3.1 we get that �i2I Pi � M and M= �i2I Pi is regular. If wetake a proje
tion map �i : �i2I Pi ! Pi and 
ompose it with an embedding�i : Pi ! Q then we 
an extend this map to a homomorphism  i :M ! Q. Letus 
hoose su
h a homomorphism  i for ea
h i 2 I . Then we have the followingproposition.Proposition 4.1. Let P = fPi j i 2 Ig � WP be an independent set forthe torsion-free module M and 	 = f i j i 2 Ig � Hom (M;Q) be a set ofhomomorphisms as de�ned above. Then 	 is independent over End (Q).Proof. Assume that �i1 i1 + � � � + �in in = 0 for some elements�i1 ; : : : ; �in 2 End (Q) and some indi
es i1; : : : ; in 2 I . We may assume



P-BASES FOR TORSION-FREE REGULAR MODULES 7that the indi
es are all distin
t. Sin
e Pij � Ker i` for j 6= `, we get thatPij � Ker�ij ij for 1 � j � n. But sin
e Ker ij \ Pij = 0, we must havethat Ker�ij 6= 0 so �ij = 0 for every 1 � j � n. Thus 	 is independent overEnd (Q).As an appli
ation of our 
on
epts we will 
on
lude with a statement whi
hgeneralizes Proposition 6.1.2 of [R℄.Proposition 4.2. LetM be a torsion-free (not ne
essarily regular) moduleof �nite rank, and let N �M be a submodule su
h that M=N is torsion. ThenM=N is regular if and only if rkN = rkM .Proof. Assume �rst thatM=N is regular. Then an embedding ofM into adire
t sum �i2IQ with a torsion regular 
okernel yields an embedding of N intothe same dire
t sum with a 
okernel term whi
h is also torsion regular. Hen
erkN = rkM .Assume now that rkN = rkM = n. Then we have the following diagram:0 �! N �N�! n�1 Q = Y 0 �! Y 0=N �! 0??y'0 ??y' ??y'000 �! M �M�! n�1 Q = Y 00 �! Y 00=M �! 0:Here '0 is the embedding of N into M , the modules Y 0=N and Y 00=M aretorsion regular, and the existen
e of ' follows from Ext (Y 0=N; Y 00) = 0. Sin
ethe modules M=N and Y 00=M are torsion, we get that Y 00=N is also torsion,hen
e Im'Y 00 = Y 00. This immediately gives that ' is a monomorphism, asotherwise the exa
t sequen
e0 �! Ker' �! Y 0 �! Im' �! 0would give that rk Im' < rkY 0 = n, and then we would have that rk Im'Y 00 �rk Im' < n = rkY 00, whi
h 
ontradi
ts the fa
t that Im'Y 00 = Y 00.To prove that ' is an epimorphism we will show �rst that Cok' is torsionregular. Take a P -basis P = fP1; P2; : : : ; Png for Y 0. Then it embeds intoY 00 as '(P) = f'(P1); '(P2); : : : ; '(Pn)g � WP (Y 00). Sin
e Im'Y 00 = Y 00, wemust have '(P)Y 00 = Y 00, so Theorem 3.2 implies that '(P) is a generatingset for WP (Y 00). Sin
e rkY 00 = n = j'(P)j, we get that '(P) is a P -basis



8 �AGOSTON AND DEANfor Y 00. So Y 00=h'(P)i is torsion regular by Theorem 3.1. Hen
e Cok' �=(Y 00=h'(P)i)ÆIm'=h'(P)i is also torsion regular.From the fa
t that Cok' is torsion regular we get that Ext (Cok'; Im') =0 hen
e the embedding ' : Y 0 ! Y 00 splits. As Y 00 is torsion-free, this impliesthat Cok' = 0, i.e. ' is an epimorphism.Finally, sin
e Cok' = 0, the Snake Lemma gives us that Ker'00 �=Cok'0 =M=N . Sin
e '00 is a homomorphism between torsion regular modules,Ker'00 is torsion regular. Hen
e M=N is torsion regular, as required.It is easy to 
onstru
t examples to show that the assumption on the �nite-ness of rkN = rkM is ne
essary. Take for instan
e a module Q1 isomorphi
to Q with two disjoint non-zero �nite dimensional submodules: P0; P1 � Q1.(Sin
e So
Q1 is not simple, one 
an obviously �nd su
h submodules.) Let usalso 
hoose arbitrary non-zero �nite dimensional submodules Pi � Qi �= Q fori = 2; 3; : : :. Take M = 1�i=1Qi, N = 1�i=0Pi. Then obviously rkN = rkM = �0with N = M . But M=N 
annot be regular as otherwise one 
ould extend thehomomorphism 1�i=0Pi �0�! P0 ��! Q to a homomorphism 1�i=1Qi  �! Q. ThenKer � 1�i=1Pi, hen
e Ker � 1�i=1PiM =M , 
ontradi
ting the fa
t that  6= 0,sin
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