
STRATIFIED ALGEBRASIstv�an �Agoston1, Vlastimil Dlab2, F.R.S.C. and Erzs�ebet Luk�a
s3Les alg�ebres strati��eesR�esum�e. Le 
on
ept de l'alg�ebre strati��ee est en relation dire
te ave
 la th�eorie desrepr�esentations des alg�ebres de Lie 
omplexes semi-simples de dimension �nie et estune g�en�eralisation naturelle du 
on
ept de l'alg�ebre quasi-h�er�editaire: les alg�ebres quasi-h�er�editaires ne sont autres que les alg�ebres strati��ees de dimension globale �nie. Deplus, les autres 
ara
t�erisations des alg�ebres quasi-h�er�editaires, aussi bien homologiquesque numeriques, r�esultent immediatement des 
ara
t�erisations respe
tives des alg�ebresstrati��ees. Bien que la motivation originale pour l'�etude des alg�ebres strati��ees viennede la g�en�eralisation de la 
at�egorie O de Bernstein{Gelfand{Gelfand qui �et�e introduitedans le travail de Futorny et Mazor
huk, 
e 
on
ept entre dans le 
ontexte g�en�eralepr�esent�e de fa�on ind�ependante par Cline, Parshall et S
ott. Un expos�e pr�eliminaire surles r�esultats de set arti
le a �et�e pr�esent�e aut S�eminaire d'Alg�ebre �a Paris en Mai, 1997.1. De�nitions and notationLet A be a basi
 
onne
ted �nite dimensionalK-algebra and AA = �ni=1 P (i) =�ni=1 eiA its (right) regular representation. Denote by e = (e1; e2; : : : ; en) the 
om-plete sequen
e of its inde
omposable orthogonal idempotents and put "i =Pnt=i "t,1 � i � n, "n+1 = 0. Thus the symbol (A; e) will denote the algebra A withthe �xed order e of the idempotents ei, or equivalently, with the �xed order�S(1); S(2); : : : ; S(n)� of the (right) simple A-modules S(i) = P (i)Æ radP (i) =eiAÆei radA. Let us remark that this way we have also �xed the order of the leftinde
omposable proje
tive A-modules P Æ(i) = Aei and the left simple A-modulesSÆ(i) = AeiÆ radAei.Definition 1.1. For a given algebra (A; e), the sequen
e of the right standardA-modules � = ��(1);�(2); : : : ;�(n)�and the sequen
e of right proper standard A-modules� = ��(1);�(2); : : : ;�(n)�1991 Mathemati
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2 ISTV�AN �AGOSTON, VLASTIMIL DLAB AND ERZS�EBET LUK�ACSis de�ned by �(i) = eiA=ei radA"i+1A; 1 � i � n; and�(i) = eiA=ei radA"iA; 1 � i � n;respe
tively. The sequen
e of left standard modules �Æ and of left proper standardmodules �Æ is de�ned similarly. Moreover, de�ne the right 
ostandard A-modulesr(i) and the right proper 
ostandard A-modules r(i) by:r(i) = HomK(�Æ(i);K); 1 � i � n; andr(i) = HomK(�Æ(i);K); 1 � i � n:Although most of our statements will have their dual 
ounterparts, formulatedfor the opposite algebra, we shall usually refrain from stating both statements ex-pli
itly.Let us observe that, for anyK-algebraA and any order e, �(n) is proje
tive and�(1) is a simple A-module. Clearly, [�(i) : S(i)℄ = 1 and thus Di = EndA�(i) 'EndA S(i) ' eiAeiÆei radAei ' EndA SÆ(i) is a division algebra for all 1 � i � n.Let us write di = [Di : K℄. In fa
t, one 
an see immediately that �(i) = �(i) (and
onsequently, �Æ(i) = �Æ(i)) if and only if EndA�(i) ' eiAeiÆeiA"i+1Aei = Di,i. e. if and only if eiA"i+1Aei = ei radAei.Definition 1.2 Let � be a �xed set of (right) A-modules from mod-A, the 
ategoryof all right A-modules of �nite length. A module X 2 mod-A is said to be �-�lteredif there is a 
hain of submodulesX = X1 � X2 � : : : � Xt � Xt=1 = 0su
h that XsÆXs+1 2 � for all 1 � s � t. Denote by F(�) the full sub
ategory ofmod-A of all �-�ltered A-modules.We will 
onsider mainly the sub
ategories F(�) and F(�) of mod-A. EveryX 2 F(�) has a 
anoni
al �-�ltration given by a re�nement of the tra
e �ltrationX = X(1) � X(2) � : : : � X(i) = tra
e"iAX = X"iA � X(n) � X(n+1) = 0;here, for ea
h 1 � i � n, the module X(i)ÆX(i+1) is a dire
t sum of �(i)-s (
f.[DK℄). Similarly, any X 2 F(�) has a 
anoni
al �-�ltration given by a re�nementof the proper tra
e �ltration whi
h itself is a re�nement of the tra
e �ltration of X :: : : X(i) = X(i;0) � X(i;1) � : : : � X(i;j) = tra
e"iA radX(i;j�1) == X("i radA"i)jA � : : : � X(i;hi) = X(i+1) � : : : ;here, for ea
h 1 � i � n, the module X(i;j)ÆX(i;j+1) is a dire
t sum of �(i)'s forevery 0 � j � hi � 1.Definition 1.3. The algebra (A; e) is said to be strati�ed of type s =(s1; s2; : : : ; sn), where si = �1, if ea
h fa
tor A"iAÆA"i+1A of the tra
e �ltra-tion of AA belongs to F(��si); here �+1 = � and ��1 = �. In parti
ular, (A; e)is standardly strati�ed if it is a strati�ed algebra of type 1 = (+1;+1; : : : ;+1) (
f.[CPS℄).Remark. Note that the type of a strati�ed algebra is not uniquely de�ned; in fa
t,s1 
an be both +1 and �1 for any strati�ed algebra. Moreover, those algebraswhi
h are both of type s and �s, and 
onsequently both of type +1 and �1 aresaid to be fully standardly strati�ed algebras and are of parti
ular interest.



STRATIFIED ALGEBRAS 32. Strati�ed algebrasThe �rst part of the following lemma is related to a 
hara
terization of heredityideals in [DR℄.Lemma 2.1. Let e be an inde
omposable idempotent and A(AeA) be proje
tive.Then the multipli
ation map Ae 
eAe eAmult:�! AeAis bije
tive, eAeeA is proje
tive and A(AeA) 2 F(Ae). Observe that eAe(eA) isproje
tive if and only if eA 2 F��(e)� and [AeA : Ae℄ = length�(e), where�(e) = eAÆe radAeA.Following an idea of Se
tion 2 in [D℄, we 
an derive the following results.Theorem 2.2. An algebra (A; e) is strati�ed of type s if and only if the oppositealgebra (Aopp; e) is strati�ed of type �s. In parti
ular, every right proje
tive A-module is �-�ltered if and only if every left proje
tive A-module is �-�ltered.Theorem 2.3. If (A; e) is a strati�ed algebra of type s = (s1; s2; : : : ; sn), then(A; e) has a strati�
ation in the sense of [CPS℄. In parti
ular,dimK A = nXi=1 1di dimK �Æsi(i) � dimK ��si(i);where �+1(i) = �(i), �Æ+1(i) = �Æ(i), ��1(i) = �(i), �Æ�1(i) = �Æ(i), if andonly if (A; e) is strati�ed of type (s1; s2; : : : ; sn).Theorem 2.4 (
f. [D℄). Let (A; e) be a strati�ed algebra. Then the followingstatements are equivalent:(i) gl:dimA <1;(ii) �(i) = �(i) for all 1 � i � n;(iii) (A; e) is quasi-hereditary.The following is a general form of the Bernstein{Gelfand{Gelfand law.Theorem 2.5. Let (A; e) be a strati�ed algebra of type s = (s1; s2; : : : ; sn). Thendj [P Æ(i) : �Æsj (j)℄ = di [��sj (j) : S(i)℄ for all 1 � i; j � n:In parti
ular, if (A; e) is a standardly strati�ed algebra, thendj [P Æ(i) : �Æ(j)℄ = di [�(j) : S(i)℄ for all 1 � i; j � n:Moreover, if all di = dj = 1 (as it is the 
ase when K is algebrai
ally 
losed) thenwe get the \
lassi
al" BGG-re
ipro
ity relation[P Æ(i) : �Æ(j)℄ = [�(j) : S(i)℄and the Cartan matrix C(A) of A has a produ
t de
ompositionC(A) = �tr ��Æ:Let us 
on
lude this se
tion with a 
anoni
al 
onstru
tion of the shallow algebraover a given K-spe
ies S = (Di; iWj j 1 � i; j � n) (
f. [ADL℄) and a numeri
al
hara
terization of shallow algebras.



4 ISTV�AN �AGOSTON, VLASTIMIL DLAB AND ERZS�EBET LUK�ACSDefinition 2.6. A basi
 algebra (A; e) is said to be a shallow strati�ed algebra oftype s = (s1; s2; : : : ; sn) if, for every 1 � i � n, rad�Æsi(i) and rad��si(i) aresemisimple.Remark. A shallow strati�ed algebra (A; e) is always lean (in the sense of [ADL℄)and 
learly satis�es rad3A = 0.Now, given an ordered K-spe
ies S, let us de�ne the 
anoni
al shallow strati-�ed algebra SS;s of type s = (s1; s2; : : : ; sn) by SS;s = TSÆI , where I is generatedby all iWj 
 jWk with j < max f i; k g or i + k + sj(k � i) = 2j. Thus, the
anoni
al shallow algebra of type (+1;+1; : : : ;+1) and of type (�1;�1; : : : ;�1)are TSÆhiWj 
 jWk j j < max f i; k g or j = ki and TSÆhiWj 
 jWk j j <max f i; k g or i = ji.Theorem 2.7. Let S = SA be the ordered spe
ies of a strati�ed algebra (A; e) oftype s. Then dimK A � dimK SS;s:Moreover, if dimK A = dimK SS;s, then A is shallow.There is a similar 
onstru
tion of a 
anoni
al fully standardly strati�ed shallowalgebra SS over an ordered spe
ies S:SS = TSÆhiWj 
 jWk j j < max i; k or i = j = ki:Here, rad4 SS = 0 and an analogue of Theorem 2.7 holds.As an illustration of the pre
eding 
onstru
tions, let us remark that the shallowalgebras over a 
omplete quiver on n verti
es (i.e. an oriented graph with an arrowfrom i to j for all pairs 1 � i; j � n, in
luding the loops from i to i) have thefollowing dimensions:dimSQ;s = n(n+ 1)(n+ 2)3 for all types s anddimSQ = n(n+ 1)(2n+ 1)3 :3. Standardly strati�ed algebrasIn this se
tion we sket
h the proof of the main result 
hara
terizing standardlystrati�ed algebras. For situations where � = �, this result redu
es to a 
hara
ter-ization of quasi-hereditary algebras (
f. for example Theorem A.2.6 of [DK℄).Theorem 3.1. Let (A; e) be a K-algebra. Then the following statements are equiv-alent:(i) (A; e) is standardly strati�ed.(ii) Ext2A ��(i);r(j)� = 0 for all 1 � i; j � n.(iii) F(�) = �X jExt1A �X;r(j)� = 0 for all 1 � j � n	.(ii)0 ExtkA ��(i);r(j)� = 0 for all 1 � i; j � n and all k � 1.(iii)0 F(�) = nX jExtkA �X;r(j)� = 0 for all 1 � j � n and all k � 1o.In the proof we will need the following lemma (
f. Proposition A.2.3 of [DK℄).



STRATIFIED ALGEBRAS 5Lemma 3.2. The 
ategory F(�) is 
losed under kernels of epimorphisms.Proof. Let 0!X!Y !Z! 0 be an exa
t sequen
e with Y; Z 2 F(�). First of all,it is 
learly enough to prove that X 2 F(�) if Y 2 F(�) and Z ' �(j) for some1 � j � n; the repeated appli
ation of this result will yield the general result. Toprove this statement, we shall pro
eed by indu
tion on the length of the �-�ltrationof Y , the initial steps being trivial. (Note that the length of the �-�ltration is aninvariant of any module in F(�).)Thus assume that Y has a �-�ltration 0 � Y1 � Y2 � � � � � Y` whi
h isthe re�nement of the proper standard �ltration of the module Y . In parti
ular, ifY=X ' �(j) and Y1 ' �(k) then j � k.If Y1 � X then we get the following exa
t sequen
e: 0!X=Y1!Y=Y1!�(j)! 0, and here the length of the �-�ltration of Y=Y1 is smaller than that of Y .Hen
e, by indu
tion, we get that X=Y1 2 F(�) and this immediatey yields thatX 2 F(�).If Y1 6�X then the natural proje
tion Y !Y=X = �(j) gives a non-zero map' : Y1 = �(k)!�(j). But the existen
e of su
h a map implies that j = k and inthis 
ase ' is an isomorphism. Hen
e X \ Y1 = 0, thus X embeds into Y=Y1. Asimple dimension argument shows that this embedding is an isomorphism, too, i. e.X ' Y=Y1 2 F(�). utProof of Theorem 3:1. In what follows, we shall freely use the following simple fa
ts:Ext1A ��(i);r(j)� = 0 for 1 � i; j � n, and furthermore Ext1A �S(i);r(j)� = 0,whenever i � j.Let us observe �rst that the impli
ations (ii)0 ) (ii), (iii)0 ) (iii) and (iii))(i) are trivial, while the impli
ations (i) ) (ii)0 and (iii) ) (iii)0 
an be provedusing Lemma 3.2 and a 
lear indu
tion.Thus, we shall 
on
entrate on proving (ii)) (iii). We would like to show thatF(�) � �X jExt1A �X;r(j)� = 0 for all 1 � j � n	 = F , the opposite in
lusionbeing trivial.Let Y be a module from F . We shall prove by indu
tion on the 
ompositionlength of the module Y that Y 2 F(�).Let i be the maximal index for whi
h [Y : S(i)℄ 6= 0, and letX � Y be a minimalsubmodule 
ontaining a 
ompostion fa
tor isomorphi
 to S(i). Then 
learly, X islo
al, 
ontaining S(i) in its top only, with all 
omposition fators having smallerindex. Thus we have the following exa
t sequen
es:0!X!Y !Z! 0; (3:1:1)0!X 0!�(i)!X! 0: (3:1:2)We want to show �rst that both Z and X belong to F . Let us 
onsider the longexa
t sequen
e obtained from (3.1.1) by applying HomA ��;r(j)�:� � � ! HomA �X;r(j)� !! Ext1A �Z;r(j)� ! Ext1A �Y;r(j)� ! Ext1A �X;r(j)� !! Ext2A �Z;r(j)� ! � � �Here Ext1A �Z;r(j)� = 0 is automati
ally satis�ed for j � i sin
e all the 
ompositionfa
tors of Z have index at most i, and Ext1A �S(k);r(j)� = 0 for k � j. On the



6 ISTV�AN �AGOSTON, VLASTIMIL DLAB AND ERZS�EBET LUK�ACSother hand, if j < i, then HomA �X;r(j)� = 0 (sin
e topX ' S(i)), whi
h togetherwith the assumption that Ext1A �Y;r(j)� = 0 yields that Ext1A �Z;r(j)� = 0. Thus,Z 2 F . Sin
e `(Z) < `(Y ), by indu
tion we get that Z 2 F(�). Furthermore, thisimplies, using 
ondition (ii), that Ext2A �Z;r(j)� = 0 for every j, hen
e we obtainthat X 2 F , as well.To �nish the proof, we have to show that X 2 F(�). It is 
learly enough toshow, that X ' �(i), that is, X 0 = 0. But if X 0 6= 0, then we would get a non-splitextension of X with S(j) for some j < i. The pushout of this extension along thenatural embedding map S(j)!r(j) would result in a non-split extension of X withr(j), a 
ontradi
tion. (The fa
t that the resulting sequen
e does not split 
an beseen as follows: the middle term of the original non-split extension of X with S(j)has a simple top S(i) with i > j, hen
e it has no non-trivial homomorphisms intor(j)). This shows that X 2 F(�), and hen
e that Y 2 F(�). utRemark. There is an analogous 
hara
terization of strati�ed algebras of type s =(s1; s2; : : : ; sn); these are the algebras satisfying:Ext2A ���si(i);rsi(j)� = 0 for all 1 � i; j � n:Referen
es[ADL℄ �Agoston, I., Dlab, V., Luk�a
s, E., Lean quasi-hereditary algebras,in: Representations of Algebras. Sixth International Conferen
e, 1992, Ot-tawa. CMS Conferen
e Pro
eedings 14, 1{14.[CPS℄ Cline, E., Parshall, B.J., S
ott, L.L., Stratifying endomorphism al-gebras, Memoirs of the AMS 591, 1996.[D℄ Dlab, V., Quasi-hereditary algebras revisited, An. St. Univ. Ovidius Con-stantza 4 (1996), 43{54.[DR℄ Dlab, V., Ringel, C.M., Quasi-hereditary algebras, Illinois J. of Math.35 (1989), 280{291.[DK℄ Drozd, Yu.A., Kiri
henko, V.V., Finite dimensional algebras. Ap-pendix on Quasi-hereditary algebras by Dlab, V. Springer-Verlag, 1994.Mathemati
al Institute, Hungarian A
ademy of S
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es, P.O.Box 127,1364 Budapest, HungaryE-mail: agoston�
s.elte.huDepartment of Mathemati
s, Carleton University, Ottawa, Ontario,K1S 5B6, CanadaE-mail: vdlab�math.
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