
STANDARDLY STRATIFIED ALGEBRAS AND TILTINGIstv�an �Agoston1;2, Dieter Happel, Erzs�ebet Luk�a
s1 and Luise UngerAbstra
t. The 
on
ept of the 
hara
teristi
 tilting module and of the Ringel dual forquasi-hereditary algebras is generalized for the setting of standardly strati�ed algebras.In a fundamental arti
le C.M. Ringel investigated homologi
al properties ofF(�) (the 
ategory of modules that are �ltered by standard modules) and the duallyde�ned 
ategory F(r) for quasi-hereditary algebras [R℄. Moreover, he 
onstru
tedthe 
hara
teristi
 tilting module T whi
h turned out to be quite important anduseful in appli
ations. He also showed that what is now 
alled the Ringel dualEnd� T is again quasi-hereditary. The aim of this arti
le is to show how theseresults generalize to standardly strati�ed algebras.More pre
isely, we will show that there is always a 
hara
teristi
 tilting moduleT su
h that the opposite of the endomorphism algebra End� T is again standardlystrati�ed. It turns out that spe
i�
 properties of T 
hara
terize the 
ase when �is quasi-hereditary. We will apply these results to obtain bounds for the �nitisti
dimensions of standardly strati�ed algebras, but we refer to [AHLU℄ for optimalbounds.Many of our results and arguments have a 
lear prede
essor in Ringel's arti-
le, however the subtle di�eren
es originating from the more general setting aresometimes revealing also in the quasi-hereditary situation.We should mention that the theory of standardly strati�ed algebras, like thatof quasi-hereditary algebras, has a natural 
ounterpart in the theory of Lie-algebrasas illustrated by the re
ent work of Futorny, K�onig and Mazor
huk (see [FM1℄,[FM2℄, [FKM1℄, [FKM2℄, [FKM3℄).In the �rst se
tion we have 
olle
ted the ne
essary de�nitions and basi
 fa
tsfrom the literature about standardly strati�ed algebras. Some statements of te
h-ni
al 
hara
ter are also in
luded in this se
tion. The se
ond se
tion then 
ontainsthe main results of the paper.After 
ompleting this paper, we have learned about the work of Platze
k andReiten ([PR℄); in parti
ular they have also obtained parts of 2.1 and 2.2, using adi�erent proof.Part of this resear
h was done in the framework of a German{Hungarian ex-
hange program. The authors gratefully a
knowledge the support.1991 Mathemati
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t Classi�
ation. Primary 16E30, 16E10, 16G10.1 Resear
h partially supported by Hungarian NFSR grants no. T016432 and T0234342 This resear
h was done while the author held the Bolyai Resear
h Fellowship1



2 �AGOSTON, HAPPEL, LUK�ACS AND UNGER1. Properties of standardly strati�ed algebrasIn what follows, we re
all some de�nitions and basi
 results from [D℄, [ADL℄,[DR℄, [AR℄ and [R℄ and derive some easy 
onsequen
es.Throughout the paper � will be a basi
 �nite dimensional algebra over a �eldk. For simpli
ity we assume that k is algebrai
ally 
losed, but by slightly mod-ifying some of the dimension arguments, all our results generalize to the 
ase ofan arbitrary �eld. The 
ategory of �nite dimensional left �-modules will be de-noted by �-mod. Maps will be written on the opposite side of the s
alars, thus the
omposition of two maps f : X ! Y and g : Y ! Z in �-mod is denoted by fg.In the following (�;�) will denote the algebra � together with a �xed order-ing on a 
omplete set f e1; : : : ; en g of primitive orthogonal idempotents (given bythe natural ordering of the indi
es). For 1 � i � n let P (i) = �ei be the inde-
omposable proje
tive �-module and S(i) the simple top of P (i). The standardmodule �(i) = ��(i) is by de�nition the maximal fa
tor module of P (i) without
omposition fa
tors S(j) for j > i. We will also need parti
ular fa
tor modules ofthe standard modules: for 1 � i � n we denote by ��(i) = ���(i) the proper stan-dard module, whi
h is the maximal fa
tor module of �(i) su
h that the multipli
ity
ondition [ ��(i) : S(i)℄ = dimk Hom�(P (i); ��(i)) = 1holds. Note that End� ��(i) ' k, so ��(i) is a s
hurian module.We de�ne dually the 
ostandard modules r(i) and proper 
ostandard modules�r(i). Thus r(i) is the maximal submodule of the inje
tive envelope I(i) of S(i)without 
omposition fa
tors S(j) for i < j, while �r(i) is the maximal submoduleof r(i) that satis�es the multipli
ity 
ondition[ �r(i) : S(i)℄ = dimk Hom�( �r(i); I(i)) = 1:We use the notation � = �� = f�(1); : : : ;�(n) g, and we de�ne the sets ��, rand �r similarly.Given a 
lass of modules C � �-mod, we denote by F(C) the full sub
ategoryof �-mod 
ontaining all modules that are �ltered by modules in C. In parti
ular,we shall be mostly interested in the 
ategories F(�), F( ��), F(r) and F( �r).The pair (�;�) is 
alled standardly strati�ed if �� 2 F(�) (
f. [CPS2℄, [D℄,[ADL℄; but see also [Wi℄ and [APT℄). Note that this properly generalizes the 
on-
ept of quasi-hereditary algebras where one further requires that the endomorphismalgebras of the standard modules are isomorphi
 to k (
ompare for example [DR℄ or[CPS1℄ for equivalent de�nitions). Thus we may also note that a standardly strati-�ed algebra (�;�) is quasi-hereditary if and only if �(i) = ��(i) for all 1 � i � n.The left-right symmetry of the 
onditions for quasi-hereditary algebras is re-pla
ed for standardly strati�ed algebras by the following theorem (see [D,2.2℄ or[ADL,2.2℄). We denote by D the duality with respe
t to k.Theorem 1.1. For a k-algebra (�;�) the following are equivalent.(i) �� 2 F(�), i. e. � is standardly strati�ed.(ii) D(��) 2 F( �r).Next, we shall re
all some basi
 homologi
al fa
ts about standard and proper
ostandard modules whi
h we shall use freely later on; the statements are eitherwell-known (
f. [DR,1.2,1.3℄ or [R,Ch.3℄) or 
an be easily proved using similarmethods.



STANDARDLY STRATIFIED ALGEBRAS AND TILTING 3Lemma 1.2. The following statements hold for (�;�).(i) Hom� ��(i);�(j)� = 0 for i > j.(ii) Ext1� ��(i);�(j)� = 0 for i � j.(iii) Hom� � �r(i); �r(j)� = 0 for i < j.(iv) Ext1� � �r(i); �r(j)� = 0 for i < j.(v) Hom� ��(i); �r(j)� = 0 for i 6= j.(vi) Ext1� ��(i); �r(j)� = 0 for every i; j.Moreover, if (�;�) is standardly strati�ed, then the equalities of (ii), (iv) and(vi) will also hold if we repla
e Ext1 with Ext` for arbitrary ` > 1.Note that the previous statements imply that for any modules X 2 F(�)and Y 2 F( �r) the multipli
ities [X : �(i)℄ and [Y : �r(j)℄, giving the number ofo

urren
es of a 
ertain fa
tor in a �ltration, are well-de�ned.We will also need the indu
tive building pro
edure of standardly strati�edalgebras (
ompare for example [D℄). For this let (�;�) be a standardly strati�edalgebra. Re
all that f e1; : : : ; en g was a 
omplete ordered set of primitive orthogonalidempotents. For 1 � i � n we put "i =Pnj=i ej and "n+1 = 0. The fa
tor algebras�i = �=�"i+1� are again standardly strati�ed in the indu
ed order.For 1 � i � n we de�ne �i = f�(1); : : : ;�(i) g and �ri = � �r(1); : : : ; �r(i) 	.If we identify the �i-modules with their images under the 
anoni
al in
lusion fun
-tor to �-mod, we 
an summarize some basi
 fa
ts 
on
erning the relationship ofthe standard and 
ostandard modules for � and the 
orresponding algebras �i asfollows. (The proof is obvious, hen
e it is omitted.)Lemma 1.3. For the algebra (�;�) the following statements hold.(i) ��i(j) = ��(j) for 1 � j � i � n.(ii) �r�i(j) = �r�(j) for 1 � j � i � n.(iii) F(��i) = F(��) \ �i-mod = F(�i).(iv) F( �r�i) = F( �r�) \ �i-mod = F( �ri).(v) F(��i) \ F( �r�i) � F(��) \ F( �r�).The next two lemmaswill be useful in identifying the sets �� andr, respe
tively.Sin
e the proofs of the two statements are similar, we shall give the proof only forthe �rst of the lemmas.Lemma 1.4. Let (�;�) be given and assume that a set fD(1); : : : ; D(n) g of �-modules with topD(i) ' S(i) satis�es the multipli
ity 
onditions [D(i) : S(i)℄ = 1for every i and [D(i) : S(j)℄ = 0 for j > i. Assume also that P (i) 2F�D(i); : : : ; D(n)� for all 1 � i � n. Then D(i) ' ��(i) for all i.Proof. Sin
e topP (i) ' S(i), and topD(j) ' S(j), the �ltration 
ondition P (i) 2F�D(i); : : : ; D(n)� implies that there is an exa
t sequen
e0!Ki!P (i)!D(i)! 0;with Ki 2 F�D(i); : : : ; D(n)�. The multipli
ity 
onditions on D(i) and the de�-nition of ��(i) implies that the map P (i)!D(i) fa
tors through ��(i), hen
e theabove sequen
e 
an be 
ompleted to the following 
ommutative diagram.0 ! Ki ! P (i) ! D(i) ! 0# # jj0 ! �Ki ! ��(i) ! D(i) ! 0



4 �AGOSTON, HAPPEL, LUK�ACS AND UNGERwith all verti
al maps surje
tive. If �Ki 6= 0 then there is an index j < i su
h thatHom( �Ki; S(j)) 6= 0. Consequently Hom(Ki; S(j)) 6= 0, whi
h 
ontradi
ts the fa
tthat Ki 2 F�D(i); : : : ; D(n)� and Hom� �D(`); S(j)� = 0 for j < i � `. Thus�Ki = 0, so D(i) ' ��(i) for every 1 � i � n. utLemma 1.5. Let (�;�) be given and assume that a set fN(1); : : : ; N(n) g of �-modules with So
N(i) ' S(i) satis�es the multipli
ity 
onditions [N(i) : S(j)℄ = 0for j > i. Assume also that I(i) 2 F�N(i); : : : ; N(n)� for all 1 � i � n, so thatN(i) o

urs only on
e as a fa
tor of a �ltration of I(i). Then N(i) ' r(i) for alli. Let us turn now to some global homologi
al properties of the 
ategories F(�)and F( �r).Re
all from [AR℄ that a full sub
ategory C of �-mod whi
h is 
losed under iso-morphisms and dire
t summands is 
alled resolving , if C is 
losed under extensions,
ontains the kernels of epimorphisms in C and �� 2 C. The notion of 
oresolvingis de�ned dually. The sub
ategory C is 
alled 
ontravariantly �nite in �-mod, ifevery X 2 �-mod has a right C-approximation, i. e. there is a morphism FX ! Xwith FX 2 C su
h that the indu
ed morphism Hom�(C;FX ) ! Hom�(C;X) issurje
tive for all C 2 C. If X admits a right C-approximation then it admits also aminimal right C-approximation: this is a right C-approximation whi
h in additionis also right minimal in the sense that its restri
tion to any nonzero summand isnonzero. Note that for a 
ontravariantly �nite sub
ategory whi
h is resolving everyright approximation is surje
tive (
f. [AR,3.3℄): indeed, the proje
tive 
over has tofa
tor over the right approximation. The notion of a 
ovariantly �nite sub
ategoryis de�ned dually. A sub
ategory of �-mod whi
h is both 
ontravariantly �nite and
ovariantly �nite is 
alled fun
torially �nite.In the next statement we have 
olle
ted some basi
 properties of the 
ategoriesF(�) and F( �r) for standardly strati�ed algebras. The statements are either knownor follow easily from results in the literature.Theorem 1.6. Let (�;�) be a standardly strati�ed algebra. Then the followingstatements hold:(i) F(�) is a fun
torially �nite and resolving sub
ategory of �-mod.(ii) F( �r) is a 
ovariantly �nite and 
oresolving sub
ategory of �-mod.(iii) F(�) = �X 2 �-mod jExt1� �X;F( �r)� = 0	.(iv) F( �r) = � Y 2 �-mod jExt1� �F(�); Y � = 0	.Proof. The set of standard modules � always satis�es Ext1� ��(i);�(j)� = 0 forj � i, hen
e F(�) is fun
torially �nite, as stated in [R,Theorem 2℄. The fa
t thatit is also resolving will follow from [DR,1.5℄. This gives (i). The statement of (iv) is
ontained in [ADL,3.1℄, using the standard k-duality. The statement of (ii) followsfrom (i), (iv) and [AR,3.3℄. Finally, (iii) follows from (iv) and [AR,1.10℄. utNote that although F( �r) is not 
losed under kernels of epimorphisms (hen
enot resolving), we do have the following spe
ial 
ase whi
h we shall need later.Lemma 1.7. Let X 2 F( �ri) and assume that there exists a non-zero homomor-phism f 2 Hom� �X; �r(i)�. Then f is surje
tive, and Ker f 2 F( �ri).



STANDARDLY STRATIFIED ALGEBRAS AND TILTING 5Proof. Let K = Ker f and let 0 = X0 � X1 � � � � � Xs = X be a �ltrationof X with fa
tors in �ri. By 1.2.(iv), we may assume that the fa
tors isomorphi
to �r(i) appear at the end of the �ltration. If r = maxf j jXj � K g, then therestri
tion of f to Xr+1 will give us a non-zero map �f : Xr+1ÆXr! �r(i). Sin
eHom� � �r(j); �r(i)� = 0 for j < i, we get that Xr+1=Xr ' �r(i), and sin
e �r(i) iss
hurian, we get that f is surje
tive.We shall pro
eed by indu
tion on the number [X : �r(i)℄ = t to show thatK 2 F( �ri). Clearly, t > 0, and if t = 1, then K = Xs�1, hen
e K 2 F( �ri). Soassume that t > 1. We may also assume that Xs�1 6= K. This gives a non-zero(hen
e surje
tive) map �f : Xs�1! �r(i). Thus, we get the following 
ommutativediagram: 0 0# #0 ! K 0 ! K ! �r(i) ! 0# # jj0 ! Xs�1 �! X ! �r(i) ! 0:�f# #f�r(i) �r(i)# #0 0Observe that [Xs�1 : �r(i)℄ < [X : �r(i)℄, hen
e by indu
tion we get that K 0 2F( �ri). Sin
e K is the extension of K 0 by �r(i), we are done. utFinally, we re
all some results about the homologi
al dimensions of the standardand proper 
ostandard modules. The (proje
tively de�ned) �nitisti
 dimension ofa 
lass of modules C � �-mod is de�ned byfin:dimC = sup f proj:dimX jX 2 C; proj:dimX <1g :The inje
tively de�ned �nitisti
 dimension is de�ned similarly, and will be denotedby inj:fin:dimC. The �nitisti
 dimension of the algebra � is the the �nitisti
dimension of the whole module 
ategory �-mod. With this notation, we state tworesults from [DR,2.2℄ and [AHLU,3.4℄.Proposition 1.8. Let (�;�) be a standardly strati�ed algebra. Then we have thefollowing:(i) sup f proj:dimX jX 2 F(�) g � n� 1.(ii) inj:fin:dimF( �r) � n� 1. 2. Main resultsWe keep the notation from the previous se
tion. First we re
all some additionalterminology from tilting theory. A �-module T is 
alled a tilting module if:(a) proj:dim� T <1;(b) Exti�(T; T ) = 0 for all i > 0;(
) there exists an exa
t sequen
e 0 ! �� ! T 0 ! T 1 ! � � � ! Tm ! 0 withT j 2 addT for all j. (Re
all that addT is the full sub
ategory of �-mod whoseobje
ts are dire
t sums of dire
t summands of T ).



6 �AGOSTON, HAPPEL, LUK�ACS AND UNGERThe notion of a 
otilting module is de�ned dually. For more details on tilting theorywe refer to [H℄ or [AR℄.Let X 2 �-mod. We may asso
iate to X the following useful sub
ategories. Wedenote byX? the full sub
ategory of �-mod with obje
ts Y satisfying Exti�(X;Y ) =0 for all i > 0 and by ?X the full sub
ategory of �-mod with obje
ts Y satisfyingExti�(Y;X) = 0 for all i > 0. Note that ?X is a typi
al example of a resolvingsub
ategory for X 2 �-mod. We denote by fa
X the full sub
ategory of �-mod
onsisting of those modules Y whi
h are epimorphi
 images of modules in addX .Note that for a tilting module T we have T? � fa
T .Finally, if C is a 
lass of modules in �-mod, we denote by bC the full sub
ategoryof those �-modules for whi
h there exists a �nite C-resolution, i. e. an exa
t sequen
e0!Xs!� � �!X1!X0!X! 0with Xi 2 C for all 0 � i � s. Dually, one may de�ne �C as the full sub
ategory ofmodules with a �nite C-
oresolution.We now turn to the generalizations of Ringel's results on the 
hara
teristi
tilting module for standardly strati�ed algebras [R℄.For X 2 �-mod we denote by 
(X) the kernel of a proje
tive 
over of X andby 
�(X) the 
okernel of an inje
tive envelope of X . For ea
h natural number i � 1we set 
i(X) = 
�
i�1(X)� (where 
0(X) = X) and 
�i(X) = 
��
�i+1(X)�.Theorem 2.1. Let (�;�) be a standardly strati�ed algebra. Then there exists atilting module �T su
h that F( �r) = T?.Proof. By 1.6.(ii) we know that F( �r) is a 
oresolving and 
ovariantly �nite sub
at-egory of �-mod. By dualizing [AR,5.5℄, it suÆ
es to show that for ea
h X 2 �-modthere exists an exa
t sequen
e0!X!F1!� � �!Ft! 0with Fi 2 F( �r) for all 1 � i � n (i. e. that �F( �r) = �-mod).Sin
e F( �r) is 
oresolving, thus 
ontains all inde
omposable inje
tive �-modules, it is enough to show that for ea
hX 2 �-mod there exists an integer d su
hthat 
�d(X) 2 F( �r), i. e. by 1.6.(iv) we should show that Ext1� �F(�);
�d(X)� =0 for some d.If Z 2 F(�), we know by 1.8.(i) that proj:dim� Z � n�1, hen
e Extn�(Z;X) =0 for all X 2 �-mod. But Extn�(Z;X) ' Ext1� �Z;
�n+1(X)�, hen
e 
�n+1(X) 2F( �r), as required. This �nishes the proof. utWe will 
all the multipli
ity-free tilting module T with T? = F( �r) the 
har-a
teristi
 tilting module for a standardly strati�ed algebra (�;�). Observe, thatby applying k-duality, 1.1 gives the existen
e of the 
hara
teristi
 
otilting modules(with dual properties) for algebras � for whi
h the opposite algebra is standardlystrati�ed.In the sequel we will show further properties of this tilting module.Proposition 2.2. Let (�;�) be a standardly strati�ed algebra and let T be the
hara
teristi
 tilting module. Then we have the following:(i) F(�) \ F( �r) = addT .(ii) F(�) � ?T .(iii) F(�) = �addT .(iv) proj:dim� T = maxf proj:dim�X jX 2 F(�) g � n� 1.



STANDARDLY STRATIFIED ALGEBRAS AND TILTING 7Proof. Clearly, T 2 F( �r), sin
e T is a tilting module and F( �r) = T?, by 2.1.Furthermore, by 1.6.(iii) we infer that T 2 F(�). Hen
e, addT � F(�) \ F( �r).Conversely, assume that X 2 F(�) \ F( �r). Then, by an earlier remark,X 2 F( �r) = T? � fa
T . Consider a minimal addT -approximation of X :(�) 0!K! ~T !X ! 0with ~T 2 addT . By Wakamatsu's Lemma (as stated in [AR,1.3℄; see also [Wa℄) weinfer that Ext1�(T;K) = 0 and so, together with the fa
t that X; ~T 2 T?, we getthat K 2 T? = F( �r). Sin
e X 2 F(�), we know by 1.6.(iii) that Ext1�(X;K) = 0,hen
e (�) splits and so X 2 addT . This shows the �rst assertion.The se
ond assertion follows immediately from (i) and 1.2.To prove (iii), let X 2 F(�). Sin
e F( �r) = T? is 
ovariantly �niteand 
oresolving by 1.6.(ii), by Wakamatsu's Lemma we have an exa
t sequen
e0!X!FX !QX ! 0 with FX 2 F( �r) and Ext1�(QX ;F( �r)) = 0. ThusQX 2 F(�), and therefore FX 2 F(�), sin
e F(�) is 
losed under extensions.Hen
e FX 2 F(�) \ F( �r) = addT by (i). Iterating this pro
ess yields an exa
tsequen
e 0 ! X = X0 �! T 0 f0�! T 1 f1�! � � � fr�1�! T r fr�! T r+1 � � �for ea
h natural number r with T i 2 addT and Xi = Kerfi 2 F(�) for all i.Let d = proj:dim� T (observe that d < 1 by 1.8.(i)) and 
hoose su
h a se-quen
e with r = d. Then for i > 0 we have that Exti�(T;Xd) = Extd+i(T;X0) = 0,so by 2.1 we get Xd 2 T? = F( �r). Sin
e by 
onstru
tion also Xd 2 F(�) we inferagain by (i) that Xd 2 addTThe 
onverse in
lusion is 
lear sin
e addT � F(�) and F(�) is 
losed underkernels of epimorphisms (
f. 1.6.(i)).To prove (iv), re
all �rst that, as we have already observed, 1.8.(i) impliesthat the proje
tive dimension of modules in F(�) is bounded by n � 1. So, lett = maxf proj:dimX jX 2 F(�) g and 
hoose X 2 F(�) with proj:dimX = t.Consequently, Extt(X;�) 6= 0. Sin
e T 2 F(�), it is enough to show that t �proj:dim� T .So, let d = proj:dim� T . Then it is well-known (
ompare for example[H,Ch.3,2.2℄) that there exists an exa
t sequen
e0!��!T 0!T 1!� � �!T d! 0with T j 2 addT for all j.By (ii) we have X 2 ?T , hen
e for every s > d we have Exts(X; ��) 'Exts�d� (X;T d) = 0, hen
e proj:dim�X = t � d, as required. utAs an illustration of the previous results, let us 
onsider the following example.Example 2.3. Let � be the fa
tor algebra kQ=I of the path algebra kQ, whereQ : r1 �-�� r2O n
 and I = h
2; �
; ��i:



8 �AGOSTON, HAPPEL, LUK�ACS AND UNGERThe algebra has the following left and right regular representations:�� = 121 2 � 21 2 ; �� = 121 � 21 21 :Here, the left standard and proper 
ostandard modules 
an be des
ribed as follows:�(1) = 1 ; �(2) = 21 2 ; �r(1) = 1 ; �r(2) = 12 :Clearly � is standardly strati�ed but not quasi-hereditary. The 
hara
teristi
 tiltingmodule for � with the natural ordering has the following de
omposition:�T = 1 � 12 11 2 :One 
an easily 
he
k that indeed T 2 F(�) \ F( �r).Theorem 2.4. Let (�;�) be a standardly strati�ed algebra. Then the followingstatements are equivalent(i) (�;�) is quasi-hereditary.(ii) gl:dim� <1.(iii) The 
hara
teristi
 tilting module T is also 
otilting and F(�) = ?T .(iv) F(�) = ?T for some 
otilting module T .Proof. The equivalen
e of (i) and (ii) is well-known (see, for example, [PS,4.3℄,[Wi,1.7℄ and [D,2.6℄).The fa
t that if (�;�) is quasi-hereditary then (iii) holds is 
ontained in[R,Theorem 5, Corollary 4℄. We shall, however, give a di�erent proof for the impli-
ation (ii)) (iii).Thus suppose that (ii) holds. It is well-known that over an algebra of �niteglobal dimension any tilting module is also a 
otilting module (see, for example[H℄), hen
e the 
hara
teristi
 tilting module T is also 
otilting.Sin
e 2.2.(ii) gives the in
lusion F(�) � ?T , we have to show only that ?T �F(�). Let N = �ni=1 �r(i) and d = inj:dim�N . Thus inj:dim� Y � d for allY 2 F( �r). Let us take X 2 ?T and 
onsider a minimal F(�)-approximation ofX , whi
h exists and is surje
tive sin
e F(�) is fun
torially �nite and resolving by1.6.(i). So we have an exa
t sequen
e(�) 0!KX!FX !X! 0with FX 2 F(�). Now by Wakamatsu's lemma, Ext1� �F(�);KX� = 0, hen
e1.6.(iv) gives that KX 2 F( �r) = T?. Note that we also have KX 2 ?T , sin
eX;FX 2 ?T and ?T is resolving.Sin
e N 2 F( �r) = T? � fa
T , by taking su

essive minimal addT -approximations, the repeated use of Wakamatsu's lemma implies that the kernelterms will all belong to T? � fa
T , hen
e for every r > 0 we get an exa
t sequen
e0!Kr!T r!� � �!T 2!T 1!N! 0with T i 2 addT for all i and Kr 2 T? = F( �r). Let r = d. Thus KX 2 ?T impliesthat we have Ext1�(KX ; N) ' Extr+1(KX ;Kr), and this is 0, sin
e inj:dim�Kr � d.



STANDARDLY STRATIFIED ALGEBRAS AND TILTING 9So KX 2 F(�) by 1.6.(iii), and therefore KX 2 F(�) \ F( �r) = addT by 2.2.(i).But this implies that (�) splits, hen
e X is a dire
t summand of FX 2 F(�),implying that X 2 F(�). Hen
e F(�) = ?T .Sin
e the impli
ation (iii) ) (iv) is trivial, we have to show only that (iv)implies (ii). If F(�) = ?T for a 
otilting module T , we infer by [AR,5.5℄ thatdF(�) = �-mod. Re
all, that this means that for every �-module X there exists anexa
t sequen
e 0!Xs!� � �!X1!X0!X! 0with Xi 2 F(�) for all 0 � i � s. Sin
e by 1.8.(i), proj:dim�Xi < 1 for all i,we infer that proj:dim�X < 1 for every X 2 �-mod. Hen
e gl:dim� <1. This�nishes the proof of the theorem. utWe point out that the in
lusionF(�) � ?T will in general be a proper in
lusionfor a standardly strati�ed algebra even if the 
hara
teristi
 tilting module T is a
otilting module. For this let � 6= k be a lo
al sel�nje
tive k-algebra. Then �is trivially standardly strati�ed. The unique standard module is � = �� with�r = S the unique simple �-module. Then T = ��, hen
e �-mod = ?T , whereasF(�) = addT .We now turn to a more detailed investigation of the 
hara
teristi
 tiltingmodule T of a standardly strati�ed algebra (�;�) and its endomorphism algebra� = End� T . The indu
tive building pro
edure, re
alled in Se
tion 1, indu
es anordering on the inde
omposable summands of T so that if we denote these sum-mands by T (1); : : : ; T (n) to re
e
t this ordering, then T (i) 2 F(�i) \ F( �ri) andthe 
hara
teristi
 tilting module Ti for the fa
tor algebra �i 
an be identi�ed withTi = �ij=1T (j). This follows immediately from 1.3 and 2.2.(i). From now on weshall �x this notation for the summands of T .In the next lemma we have 
olle
ted a few properties of the modules T (i) andthe images of the modules in F( �r) and F(�) under the fun
tors Hom�(T;�) andDHom�(�; T ), respe
tively.Lemma 2.5. Let (�;�) be a standardly strati�ed algebra and let T = �ni=1T (i) bethe 
hara
teristi
 tilting module. Then the following statements hold:(i) [T (i) : �r(j)℄ = 0 for i < j and [T (i) : �r(i)℄ > 0 for every i.(ii) [T (i) : �(j)℄ = 0 for i < j and [T (i) : �(i)℄ > 0 for every i.(iii) For every 1 � i � n there is an exa
t sequen
e(�) 0!Xi!T (i)! �r(i)! 0with Xi 2 F( �ri).(iv) For every 1 � i � n there is an exa
t sequen
e(��) 0!�(i)!T (i)!Yi! 0with Yi 2 F(�i�1).(v) Hom� �T (i); �r(j)� = 0 for i < j and dimk Hom� �T (i); �r(i)� = 1 for all i.(vi) Hom� ��(j); T (i)� = 0 for i < j.



10 �AGOSTON, HAPPEL, LUK�ACS AND UNGERProof. The �rst two statements follow from the fa
t that T (i) 2 �i-mod but T (i) 62�i�1-mod.By 1.2, we 
an rearrange any �r-�ltration or �-�ltration of T (i) to get thedesired exa
t sequen
es (�) and (��), respe
tively, with Yi 2 F(�i). We still haveto prove that [Yi : �(i)℄ = 0. Thus, let us assume that [Yi : �(i)℄ > 0. Then 1.2.(ii)implies that we 
an get an exa
t sequen
e0!�(i)��(i)! T (i)!Y 0i ! 0with Y 0i 2 F(�i). If we apply now the fun
tor Hom�(�; T ) to this sequen
e, by2.2.(ii) we get the following exa
t sequen
e:0!Hom�(Y 0i ; T )!Hom� �T (i); T �!Hom� ��(i)��(i); T �! 0:Observe that this is a 
ontradi
tion, sin
e Hom� �T (i); T � is an inde
omposableproje
tive right � = End�(T; T )-module. Thus, we get that [T (i) : �(i)℄ = 1, i. e.Yi 2 F(�i�1).The �rst statement of (v) (respe
tively, the statement of (vi)) follows from thefa
t that T (i) 2 �i-mod and �r(j) has simple so
le (respe
tively, �(j) has simpletop) isomorphi
 to S(j).To �nish the proof, let us assume that f; g 2 Hom� �T (i); �r(i)� are linearlyindependent over k = End� � �r(i)�. By 1.7 both maps are surje
tive, with X =Ker f and Kerg in F( �ri), and the independen
e gives that X 6� Ker g. Hen
e therestri
tion of g to X gives a non-zero (hen
e, by 1.7 surje
tive) map 
 : X! �r(i)with Ker 
 2 F( �ri). This yields the following 
ommutative diagram:0 �! X �! T (i) f�! �r(i) �! 0
# (g;f)# jj0 �! �r(i) �1�! �r(i)� �r(i) �2�! �r(i) �! 0with �1 and �2 the �rst in
lusion and se
ond proje
tion, respe
tively. This will implythat we get a surje
tive map T (i) (g;f)�! �r(i)� �r(i), with the kernel in F( �r). ApplyingHom�(T;�) will, as before, yield that the epimorphi
 image of the inde
omposableproje
tive �-module Hom� �T; T (i)� de
omposes into the sum of two isomorphi
dire
t summands, a 
ontradi
tion.This �nishes the proof. utWe should note here that (v) does not imply that [T (i) : �r(i)℄ = 1. As amatter of fa
t, in 
ontrast to the quasi-hereditary situation, for standardly strati�edalgebras it may happen that we have [T (i) : �r(i)℄ > 1:Before formulating our main result about the Ringel dual � = End� T for astandardly strati�ed algebra (�;�), let us introdu
e some notation. We shall denoteby F the fun
tor Hom�(T;�) and by G the fun
tor DHom�(�; T ), both mapping�-mod to �-mod. The left proje
tive �-module F �T (n � i + 1)� will be denotedby R(i). From now on (�;�) will denote the algebra � equipped with the naturalorder 
oming from the indi
es of the proje
tive modules R(i). Note that this is theopposite of the order inherited from � and T . We shall also need the �-modulesF � �r�(n� i+ 1)� = D(i) and G���(n� i+ 1)� = N(i).



STANDARDLY STRATIFIED ALGEBRAS AND TILTING 11Theorem 2.6. Let (�;�) be a standardly strati�ed algebra and T be the 
hara
ter-isti
 tilting module with � = End� T . Using the notation introdu
ed above, we havethe following statements for (�;�):(i) D(i) ' ���(i) for 1 � i � n.(ii) N(i) ' r�(i) for 1 � i � n.(iii) The fun
tor F indu
es an equivalen
e between F( �r�) and F( ���).(iv) The fun
tor G indu
es an equivalen
e between F(��) and F(r�).(v) �� 2 F( ���). In parti
ular, the opposite algebra �op is standardly strati�ed.(vi) The module T 0 = F �D(��)� 2 �-mod is a 
otilting module with F( ���) = ?T 0and F( ���) \ F(r�) = addT 0, i. e. T 0 is the 
hara
teristi
 
otilting moduleof �.(vii) � ' End�(T 0) and the ordering given by T 0 gives ba
k the original orderingon �.Proof. To prove that D(i) ' ���(i), we have to show that the 
onditions of 1.4are satis�ed by the modules D(i). Let us apply the fun
tor F to the exa
t se-quen
e (�) in 2.5.(iii). Then sin
e F( �r�) = T? by 2.1, we get an epimorphismF �T (j)�!F � �r(j)�! 0, hen
e for j = n � i + 1 we get that D(i) is a lo
al mod-ule, with topD(i) ' topR(i). The multipli
ity 
onditions on D(i) are implied by2.5.(v), while the �ltration 
ondition R(i) 2 F�D(i); : : : ; D(n)� will follow fromthe �ltration properties of T (n� i+ 1), des
ribed in 2.5.(i) or (iii). Observe thathere we have repeatedly used the fa
t that the fun
tor F is exa
t on short exa
tsequen
es from F( �r�).A similar argument, using 1.5 and 2.5.(ii), (iv) and (vi) will imply that N(i) 'r�(i), as stated in (ii).As we have already observed, F is exa
t on F( �r�), thus by (i) it 
arries F( �r�)into F( ���). By tilting theory (see, for example [H℄ or [M℄) we get that F is anequivalen
e between the two sub
ategories. This proves (iii).Similarly, by 2.2.(ii), the fun
tor G is exa
t on F(��), thus G maps F(��)into F(r�). The fa
t that G is full and faithful on F(�) follows from the fa
tthat G is full and faithful on addT and the existen
e of a �nite T -
oresolution forevery module in F(�) by 2.2.(iii). Finally we show that G is dense, i. e. every�Y 2 F(r�) is isomorphi
 to G(X) for some X 2 F(��): First note that by tiltingtheory we have that �D(T ) is a �-
otilting module. Hen
e by the dual of 2.2 weinfer that F(r�) � D(T )?: Now 
onsider the fun
tor G0 = Hom�(D(T );�): It iseasy to see that this gives an inverse to G.To get (v), one has only to observe that sin
e T 2 F( �r�) is mapped to F (T ) 2F( ���) by (iii), �� ' F (T ) 2 F( ���); now one 
an use the dual of 1.1.To prove (vi), observe �rst that T 0 2 F( ���) by 1.1 and (iii). Next, we willshow that T 0 is Ext-inje
tive in F( ���), i. e. we show that F( ���) � ?T 0. For thislet Y 2 F( ���). Then by (iii) there is X 2 F( �r�) su
h that Y = F (X). Bytilting theory we infer that Exti�(Y; T 0) ' Exti� �X;D(��)� = 0 for i > 0. ThusT 0 is Ext-inje
tive in F( ���). By the dual of 1.6.(iii) we get that T 0 2 F(r�),hen
e addT 0 � F( ���) \ F(r�). On the other hand, by (v) and the dual of 2.1and 2.2 we get that there exists a (basi
) 
otilting module T 00 su
h that addT 00 =F( ���) \ F(r�). Sin
e the number of non-isomorphi
 inde
omposable summandsof T 0 and T 00 must be the same, we get the statement of (vi).The �rst part of (vii) is straightforward sin
e F( �r�) and F( ���) are equivalent
ategories by (iii), hen
e � ' End� �D(��)� ' End� �F (D(��))� = End�(T 0).



12 �AGOSTON, HAPPEL, LUK�ACS AND UNGERFinally, observe, that Hom� �T (j); I(i)� = 0 if j < i and Hom� �T (i); I(i)� 6= 0by 2.5.(i), hen
e for the natural ordering of the summands of T 0 we have T 0(i) 'F �I(n� i+1)�. This implies that after applying the tilting-
otilting pro
edure, weget ba
k the original ordering on �.This �nishes the proof of the theorem. utTo 
on
lude, we shall apply the previous 
onsiderations to obtain a bound forthe proje
tively de�ned �nitisti
 dimension of a standardly strati�ed algebra. Foran optimal bound, obtained by di�erent methods, as well as for a bound on theinje
tively de�ned �nitisti
 dimension, we refer to [AHLU,2.1,3.1℄.Corollary 2.7. Let (�;�) be a standardly strati�ed algebra. Then fin:dim� �2n� 1.Proof. Let X 2 �-mod with d = proj:dim�X < 1. We may assume thatd � n. Sin
e F(�) is 
ontravariantly �nite and resolving (
f. 1.6.(i)), Wakamatsu'sLemma, gives the existen
e of a short exa
t sequen
e 0!KX!FX !X! 0 withFX 2 F(�) and KX 2 F( �r). Sin
e FX 2 F(�) we infer from 1.8.(i) thatproj:dim� FX � n� 1, hen
e proj:dim�KX � d� 1.Sin
e KX 2 F( �r) = T? � fa
T , and it is of �nite proje
tive dimension,repeatedly taking minimal addT -approximations will yield an exa
t sequen
e(�) 0!T r!� � �!T 1!T 0!KX! 0with T i 2 addT for all i. Note that here we may assume that T r 2 addT . Indeed,let s = proj:dimKX and let us denote by Ki the kernel term of the i-th approx-imation. Then by applying Hom�(�;Ks+1) to the short exa
t sequen
es of (�),we get that Ext1(Ks;Ks+1) = Exts+1(KX ;Ks+1) = 0. Hen
e Ks is in addT . Letus apply now Hom�(T;�) to (�); this yields a �nite minimal proje
tive resolutionof the �-module YX = Hom�(T;KX) where � = End�(T ). So proj:dim� YX = r.By 2.6.(v) we get that YX 2 �F( ��). But now the dual of 1.8.(ii) gives us thatr � n � 1. Sin
e from 2.2.(iv) we have proj:dim� T � n � 1, a straightforwardargument gives that proj:dim�KX � 2n� 2, hen
e d � 2n� 1. utReferen
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