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Abstract

Our geometric conceptsewlved rst through the discovery of NonEuclidean
geometry. The discovery of quantum medanicsin the form of the noncomnut-
ing coordinates on the phasespaceof atomic systemsertails an equally drastic
ewolution. We describe a basic construction which extends the familiar duality
betweenordinary spacesand commutativ ealgebrasto a duality betweenQuotient
spacesand Noncommnutativ e algebras. The basic tools of the theory, K-theory,
Cyclic cohomology Morita equivalence,Operator theoretic index theorems, Hopf
algebra symmetry are reviewed. They cover the global aspects of nhoncommnuta-
tive spacessud asthe transformation ! 1= for the noncomnutativ e torus T2
which are unseenin perturbativ e expansionsin  such asstar or Moyal products.
We discussthe foundational problem of "what is a manifold in NCG" and explain
the fundamertal role of Poincareduality in K-homology which is the basicreason
for the spectral point of view. This leads us, when specializing to 4-geometries
to a universalalgebracalled the "Instanton algebra". We describe our joint work
with G. Landi which gives noncomnutativ e spheresS* from represenations of
the Instanton algebra. We show that any compact Riemannian spin manifold
whoseisometry group hasrank r 2 admits isospectral deformations to non-
commutativ e geometries. We give a survey of seweral recent developmerts. First
our joint work with H. Moscovici on the transversegeometry of foliations which
yields a di eomorphism invariant (rather than the usual covariant one) geom-
etry on the bundle of metrics on a manifold and a natural extension of cyclic
cohomologyto Hopf algebras. Second,our joint work with D. Kreimer on renor-
malization and the Riemann-Hilbert problem. Finally we describe the spectral
realization of zerosof zeta and L-functions from the noncommutativ e space of
Adele classeson a global eld and its relation with the Arth ur-Selberg trace for-
mula in the Langlands program. We end with a tentalizing connection between
the renormalization group and the missing Galois theory at Archimedian places.



| Intro duction

There are two fundamertal sourcesof “bare' facts for the mathematician. These
are, on the one hand the physical world which is the sourceof geometry, and on the
other hand the arithmetic of numberswhich is the sourceof numker theory. Any theory
concerningeither of these subjects can be tested by performing experimerts either in
the physical world or with numbers. That is, there are somereal things out there to
which we can confrort our understanding.

If one looks badk at the 23 problems of Hilbert then one nds that, fortunately, the
twertieth certury sawv very important discoverieswhich nobody could have foreseerby
1900. Two of them (of courseby no meansthe only discoveries)involve Hilb ert space
in a crucial way and will be of particular importance for this talk: The rst oneis
guantum medanics, and the second,equally important in a sense|s the extensionof
class eld theory to the non-akelian case,thanks to the Langlandsprogram.

In this lecture I'll take both of thesediscoveriesas a pretext and point towards the
extensionof our familiar geometricalconceptsbeyond the classical,commnutativ e case.
My aim is to discussthe foundation of noncomnutative geometry

Il Geometry

Before | do that, let me remind you, using a simple example, of the power of
abstraction in mathematics. Around 1800, Mathematicians wondered whether it is
true that Euclid's fth axiom is actually super uous. For instance Legendreproved
that if you have one triangle whoseinternal anglessumto then that is enoughto
guarartee ordinary Euclideangeometry Howewver, aswe all know Euclid's fth axiom
is not super uous and NonEuclideanGeometry givesa cournter-example. The simplest
model of NonEuclidean Geometry is probably the Klein model. The points of the
geometricspaceX are the points inside an ellipse,

The lines are the intersectionsof the ordinary Euclidean lines with X. If you take a
point p, outside the line  then there are distinct lines which don't meet (i.e. are
parallelto ) but meetead other at p.

At rst this was consideredas an esotericexampleand Gaussdidn't publish his dis-
covery, but after sometime it becameclear that rather than just being a strange
courter-example, it was somethingwith remarkable beauty and power. The question
then became\what is the sourceof this beauty and power?" Often in mathematics,
understandingcomesfrom generalisation,instead of consideringthe object per se what
onetries to nd are the conceptswhich embody the power of the object.



A rst generalisationis the Erlangen program of Klein and the theory of Lie groups
which attributes the beauty of this exampleto its symmetries, namely the group of
projective transformations of the plane which presene the ellipse.
The secondconceptual generalisationis Riemannian geometry as explained in Rie-
mann's inaugural lecture ([E4]) in which he re ected on the hypothesesof geometry
and introducedtwo key notions: the conceptsof manifold and line element
By a manifold Riemann meart "any spaceyou can think of whose points can vary
cortinuously'. For example, a manifold could be a cortinuous collection of colours,
the parameter spacefor some medanical systemor, of course,space. In his lecture
Riemann explainedthat it is possible,essehally proceedingby induction, to label the
points of sud a spaceby a nite collection of real numbers.
In Riemannian geometry the distance betweentwo points x and y is given by the
following ansatz

Z

d(x;y) = Inff  dsj is a path betweenx andyg (1)

Expanding d(x; y) nearthe diagonal,after raisingit to an evenpower to ensuresmaoth-

nessgivesa local formula for ds. The rst casehe consideredwas the quadratic case
(although he explicitly mertionned the quartic case). From the Taylor expansionhe
obtained, in the quadratic case,the well-known formula for the metric,

d$? = g dx dx : (2)

Riemann's conceptof geometry di ers greatly from that of Klein becauseKlein's for-
mulation is basedon the idea of rigid motions whereasin Riemannian geometryrigid
motions are no longer possiblebecauseof the variability of the curvature and the ex-
traordinary freedomin the choice of the componerts g

The basic notions of ordinary geometry do make sense for examplea straight line is
given by the gealesicequation,

?x 1 N dx dx
gz - 29 @ *o 7 dt dt
but what really vindicated the point of view of Riemann,with respectto that of Klein,
was another major discovery of the twertieth certury, GeneralRelativity.

One can get a glimpseof this from the following simple fact. If we take the Mink owski
metric and perturb it to dx? + dy? + dz2 (1 + 2V(X;y;Zz))dt? using the Newtonian
potertial V (X;y;z), then the gealesic equation can be re-written in the obvious ap-
proximation to obtain Newton's law of motion. This makesclear that the variability
of the g is preciselynecessaryn order to get a good geometricmodel of the physical
universe.

It is interesting to note that Riemannwas well aware of the limits of his own point of
view asis clearly expressedn the last pageof his inaugural lecture; ([24])

"Questions about the immeasurably large are idle questionsfor the explanation of
Nature. But the situation is quite di erent with questionsabout the immeasurably
small. Upon the exactnesswith which we pursuephenomenoninto the in nitely small,
does our knowledge of their causal connectionsessetially depend. The progressof
recert certuries in understandingthe medanismsof Nature dependsalmost ertirely
on the exactnessof construction which has becomepossiblethrough the invertion of
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the analysisof the in nite and through the simple principles discoveredby Archimedes,
Galileo and Newton, which modern physicsmakesuse of. By cortrast, in the natural
sciencewherethe simple principles for sut constructionsare still lacking, to discover
causalconnectionsone pursuesphenomenoninto the spatially small, just sofar asthe
microscope permits. Questionsabout the metric relations of Spacein the immeasurably
small are thus not idle ones.

If one assumeghat bodies exist independerily of position, then the curvature is
everywhereconstarn, and it then follows from astronomicalmeasuremets that it can-
not be di erent from zero;or at any rate its reciprocal must be an areain comparison
with which the range of our telescoscan be neglected.But if sud an independence
of bodies from position doesnot exist, then one cannot draw conclusionsabout metric
relations in the in nitely small from those in the large; at every point the curvature
can have arbitrary valuesin three directions, provided only that the total curvature
of every measurableportion of Spaceis not perceptibly di erent from zero. Still more
complicatedrelations can occur if the line elemen cannot be represeted, aswas pre-
supposed, by the squareroot of a di erential expressionof the seconddegree. Now
it seemsthat the empirical notions on which the metric determinations of Spaceare
based,the conceptof a solid body and that of a light ray, losetheir validity in the
in nitely small; it is therefore quite de nitely conceiable that the metric relations of
Spacein the in nitely small do not conformto the hypothesesof geometry;and in fact
oneought to assumethis assaoon asit permits a simpler way of explaining phenomena.

The questionof the validity of the hypothesesof geometryin the in nitely smallis
connectedwith the questionof the basisfor the metric relations of space.In connection
with this question,which may indeedstill be ranked as part of the study of Space the
above remark is applicable,that in a discretemanifold the principle of metric relations
is already cortained in the conceptof the manifold, but in a continuousone it must
come from something else. Therefore, either the reality underlying Spacemust form
a discrete manifold, or the basisfor the metric relations must be sough outsideit, in
binding forcesacting upon it.

An answver to thesequestionscan be found only by starting from that conception
of phenomenawhich hashitherto beenapproved by experience,for which Newton laid
the foundation, and gradually modifying it under the compulsionof facts which cannot
be explained by it. Investigationslike the one just made, which begin from general
concepts, can sere only to insure that this work is not hindered by too restricted
concepts,and that progressn comprehendinghe connectionof things is not obstructed
by traditional prejudices.

This leadsus away into the domain of another science the realm of physics,into
which the nature of the present occasiondoesnot allow usto erter".

[l Quantum mechanics

In fact quantum medanics shaved that indeed the parameter space,or phase
spaceof the mecanical system given by a single atom fails to be a manifold. It is
important to corvince oneselfof this fact and to understand that this conclusionis
indeeddictated by the experimental ndings of spectroscopy. The information we get
from the light coming from distant stars is of spectral nature, the spectral lines are
absorption or emissionlines
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One caninfer from this spectral information the chemicalcomposition of the star since
the simple elemerts have recognisablespectra. Thesespectra obey experimenrtally dis-
covered laws, the most notable being the Ritz-Rydberg combination principle. The
principle can be stated asfollows; spectral lines are indexedby pairs of objects. These
objects could be numbers, greekletters, or any kind of labels. The statemen of the
principle then is that certain pairs of spectral lines, whenexpressedn terms of frequen-
cies,do add up to give another line in the spectrum. Moreover, this happensprecisely
when the labels are of the form i; j and j; k.

What Heiserberg understaod, by analogy with the classicaltreatment of the interac-
tion of a medanical systemwith the electromagnetic eld, is that this Ritz-Rydberg
combination principle actually dictates an algebraicformula for the product of any two
obsenable physical quartities attached to the atomic system.



— vic

10 000 T

|-
w h~O1S

20 000

30 000 ! 2 B I 1
140 000 =
50 000
60 000
70 000
180 000
190 000

100 000

110 000 vy Y 1 vy

k k

Heiserberg wrote down the formula for the product of two obsenables;
(AB)ax) = Adi) Ban (1)
and he noticed of coursethat this algebrahe had found is no longer comnutativ e,
AB 6 BA (2)

Now Heiserberg didn't know about matrices, he just worked it out, but he was told
later by Born, Jordan and Dirac that the algebrahe had worked out was known to
mathematiciansasthe algebraof matrices.

Physicists often tell jokessud as: A physicist walks down the main street of a strange
town looking for a laundrette. He seesa shopwith signsin the window saying “bakery'
‘grocers' “laundrette’, so he erters. Howewer, the shopis owned by a mathematician
and when the physicist asks\when will the washing be ready?” the mathematician
replies\w e don't cleanclothes,we just sell signs!".

In the caseof Heiserberg and alsothat of Einstein who was helped out by Riemann,
this was no joke.

Howewer, soon after Heiserberg's discovery, Schrodinger came up with his equation
so physicists happily returned to the study of partial di erential equations, and the
messageof Heiserberg was buried to a great extert. Most of my work has beenan
attempt to take this discovery of Heiserberg seriously On re ection, this discovery
actually clearly displays the limitation of Riemann'sformulation of geometry If welook
at the phasespaceof an atomic systemand follow Riemann'sprocedureto parametrize
its points by nitely many real numbers,we rst split the manifold into the levelson
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which someparticular function is constart, but we then needto iterate this processand
apply it to the level hypersurfaces.However, accordingto Heiserbergthis doesn't work

becauseas soon as we make the rst measuremety we alter the situation drastically.

The right way to think about this new phenomenonis to think in terms of a new kind

of spacein which the coordinates do not commute.

The starting point of noncomnutative geometryis to take this new notion of space
seriously

IV Noncomm utativ e geometry

The basisof noncomnutativ e geometryis twofold.
On the onehand there is a wealth of examplesof spacesvhosecoordinate algebrais no
longer commutativ e but which have obvious relevancein physicsor mathematics. The
rst examplescame,aswe saw above, from phasespacein quantum medanicsbut there
aremany others, sut asthe leafspacef foliations, the dualsof nonakelian groups,the
spaceof Penrosetilings, the Brillouin zonein solid state physics,the noncomnutativ e
tori which appear naturally in string theory and in M-theory compacti cation, and the
Adele classspacewhich aswe shall seebelow provides a natural spectral realisation of
zerosof zetafunctions. Finally variousrecert modelsof space-timeitself are interesting
examplesof noncomnutativ e spaces.
On the other hand the stretching of geometricthinking imposedby passingto noncom-
mutativ e spacedorcesoneto rethink about most of our familiar notions. The di cult y
is not to add arbitrarily the adjective quartum to our geometricwords but to dewvelop
far readhing extensionsof classicalconcepts ranging from the simplestwhich is measure
theory, to the most sophisticatedwhich is geometryitself.
Let us rst discussin greater detail the generalprinciplesthat allow to construct huge
classesf sud spacesi,it is a vital ingrediert indeed sincethere is no way to build a
satisfactory theory without being able to test it on a large variety of examples. We
have two principles which allow us to construct examples.
The rst is deformation from the commutativ e to the noncomnutativ e which allows to
explore the neighborhood of the conmutativ e world.
The seconds anewand very important mathematical principle; the quotient operation.
Most of the spaceswe are concernedwith are not de ned by naming every one of their
points, but by giving a much bigger set and dividing it by an equivalencerelation.
It turns out that there are two ways of extendingthe geometric- algebraicduality

Space$ Commutativ e algebra @

between a spaceX and the algebra of functions on that space,when you want to
identify two points a and b. The rst way which givesthe usual algebra of functions
asseiated to the quotient is to restrict oneselfto functions which have the samevalue
at the two points.

A= ff:f(a) = f(bg: )

The secondway is to keepthe two points a and b, but to allow them to “speak’ to eadh
other by using matrices with o -diagonal elemens. It consists,instead of taking the
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subalgebragivenby 442, to adjoin to the algebraof functions on f a; bg the identi cation
of a with b. The obtained algebrais the algebraof two by two matrices

— — faa fab .
B= 1= foa foo - ®)

When one computesthe spectrum of this algebrait turns out that it is composed
of only one point, so the two points a and b have beenidentied. As we shall see
this secondmethod is very powerful and allows one to construct thousands of very
interesting examples.It allows to re ne the above duality of algebraicgeometryto,

Quotient-Space$ Noncomnutativ e algebra (4)

in the situation where the spaceoneis cortemplating is obtained by the operation of
guotient.

At rst sight it might seemthat, asfar asthe generaltheory is concerned passingfrom
the commutativ e to the noncomnutativ e situation would just be a matter of cleverly
rewriting in algebraicterms our familiar geometricnotions without using comnutativ-
ity anywhere. If noncomnutative geometrywas just that it would be boring indeed.
Fortunately, even at the coarsestlevel which is measuretheory, it becameclear at the
beginning of the seerties that the noncomnutativ e world is full of beautiful totally
unexpected facts which have no commnutativ e courterpart whatscever. The prototype
of sud facts is the following

Noncommnutativ e measurespaceswlve with time! (5)

In other words there is a "gad-given' one parameter group of automorphismsof the
algebraM of measurablecoordinates. It is given by the group homomorphism, ([[l])

“R1 Out(M) = Aut(M)=Int(M) (6)

from the additive group R to the group of automorphism classesof M modulo inner
automorphisms.

| discoveredthis fact in 1972when working on the Tomita-Takesakitheory ([g]) and
it convinced methat there are amazingfeaturesof noncomnutativ e spacesvhich have
no courterpart in the static commutativ e case.

V A basic example

Let usstart with a prototype exampleof quotient spacein which the distinction between
the quotient operations (42) and (4-f) appearsclearly, and which played a key role in
1980at the early stageof the theory ([Q]). This exampleis the following: considerthe
2-torus

M = R?=72: (1)

The spaceX which we contemplate is the spaceof solutions of the di erential equation,
dx = dy X;y 2 R=Z (2)

where 2]0;1[isa xed irrational number.



ya dx=qdy xyl R/Z

Thus the spacewe are interestedin here is just the spaceof leaves of the foliation
de ned by the dierential equation 52 We can label such a leaf by a point of the
transversal given by y = 0 which is a circle S = R=z, but clearly two points of the
transversalwhich di er by aninteger multiple of giveriseto the sameleaf. Thus

X =8=2z (3)

i.e. X isthe quotient of S by the equivalencerelation which identi es any two points
on the orbits of the irrational rotation

Rx=x+ mod1: 4)

When we deal with St asa spacein the various categories(smooth, topological, mea-
surable)it is perfectly descriked by the correspnding algebraof functions,

Ct(sh) cC(sh L*(sh): (5)

When one appliesthe naive operation (42) to passto the quotient, one nds, irrespec-
tiv e of which category oneworks with, the trivial answer

A=cC: (6)

The operation (4{3) however givesvery interesting algebras,by no meansreducedto
C. Elemerts of the algebraB asseiated to the transversal S by the operation (43
are just matrices a(i; j ) wherethe indices (i; j) are arbitrary pairs of elemerts i; j of
St which belongto the sameleaf, i.e. give the sameelemen of X . The algebraicrules
are the sameas for ordinary matrices. In the above situation sincethe equivalenceis
given by a group action, the construction coincideswith the crossedproduct familiar
to algebraistfrom the theory of certral simple algebras.

An elemen of B is given by a power series

X
b= b,U" (7)

n2z

whereead b, is an elemert of the algebra5{g, while the multiplication rule is given by
Uhu '=h R *: (8)
Now the algebra5{§ is generatedby the function V on S?,

V()=exp2 i) 2 st (9)



and it follows that B admits the generatingsystem(U;V) with presenation given by
the relation

VU= UV = exp2i : (10)
Thus, if for instancewe work in the smaoth categorya genericelemert b of B is given
by a power series X

b= bnU"V™; b2 S(z9) (11)

72

where S(z?) is the Schwartz spaceof sequencesf rapid decay on z2.

This algebrais by no meanstrivial and hasa very rich and interesting algebraicstruc-
ture. It is (canonicallyup to Morita equivalence)assaiated to the foliation 5{ and the
interplay betweenthe geometryof the foliation and the algebraicstructure of B begins
by noticing that to a closal transversalT of the foliation correspnds canonically a
nite projective module over B. Elemerts of the module asseiated to the transversal
T are rectangular matrices, (i;j) where(i;j) 2 T S! whilei andj belongto the
sameleaf, i.e. give the sameelemen of X. The right action of a(i; j) 2 B is by matrix
multiplication.

From the transversal x = 0, one obtains the following right module over B. The
underlying linear spaceis the usual Schwartz space,

S(R)=f; (s2C 8s2Rg (12)

of smooth functions on the real line all of whosederivativesare of rapid decg.
The right module structure is given by the action of the generatorsU;V

(U)S)= (s+ ); (V)s)=€" (s) 8s2R: (13)

One of coursechedksthe relation 5{I) and it is a beautiful fact that asa right module
over B the spaceS(R) is nitely geneated and projective (i.e. complemerns to a free
module). It follows that it hasthe correct algebraicatributes to desene the name of
\noncommutativ e vector bundle" accordingto the dictionary,

Space Algebra

Vector bundle Finite projective module.

The concretedescription of the general nite projective modulesover A is obtained by
combining the results of [62, B0, 63. They are classi ed up to isomorphismby a pair
of integers(p;g) such that p+q 0 andthe correspnding modulesH ., are obtained
by the above construction from the transversalsgiven by closedgealesicsof the torus
M.
The algebraiccourterpart of a vector bundle is its spaceof smooth sectionsC?! (X; E)
and onecanin particular computeits dimensionby computing the trace of the identit y
endomorphismof E. If oneappliesthis method in the above noncomnutativ e example,
one nds

dimg(S) = : (14)

The appearanceof non integral dimensionis very exciting and displays a basicfeature
of von Neumann algebrasof type Il. The dimensionof a vector bundle is the only
invariant that remainswhen one looks from the measuretheoretic point of view (i.e.
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when one takesthe third algebrain 5. The von Neumannalgebrawhich describes
the quotient spaceX from the measuretheoretic point of view is the crossedproduct,

R=L'(SY)> Rz (15)

and is the well known hyper nite factor of type Il;1. In particular the classi cation of
nite projective modulesE over R is given by a positive real number, the Murray and
von Neumanndimension

dimg(E) 2 R, : (16)

The next surpriseis that eventhough the dimensionof the above module is irrational,

when we compute the analogueof the rst Chern class,i.e. of the integral of the
curvature of the vector bundle, we obtain an integer. Indeedthe two commuting vector
elds which spanthe tangernt spacefor an ordinary (commutativ e) 2-torus correspnd
algebraicallyto two commuting derivations of the algebraof smooth functions. These
derivations cortinue to make sensewhen the generatorsU and V of C! (T2) no longer
comnmute but satisfy 5{I0 sothat they generateB = C! (12). They are given by the
sameformulas asin the commutativ e case,

. @ ., @
1= 2 iU @ ;2= 2V @ (17)
P P
sothat ;( bnU"V™) =21 nbnU"V™ and similarly for ,. One still has of
course

12 21 (18)
and the ; are still derivations of the algebraB = C? (12),

(b = ;(HP+ b () 8b;°2 B: (19)

The analoguesf the notions of connectionand curvature of vector bundlesare straight-
forward to obtain ([Q]) sincea connectionis just given by the asseiated covariant
di erentiation r on the spaceof smaoth sections. Thus hereit is given by a pair of
linear operators,

rj:S(R)! S(R) (20)

sud that
r,-(b)=(r,-)b+ J(b) 8 2S;b2B: (21)
One cheds that, asin the usual case,the trace of the curvature =71 1r o 1 o 1,

is independert of the choice of the connection. Now the remarkable fact hereis that
(up to the correct powers of 2 i) the total curvature of S is an integer. In fact for
the following choice of connectionthe curvature is constart, equalto * sothat the
irrational number disappearsin the total curvature, 1

2is
ri)®= =— (8 (r2)9= 19: (22)
With this integrality, one could get the wrong impressionthat the algebraB = C?t (12)
looks very similar to the algebraC?* (T2) of smooth functions on the 2-torus. A striking

di erence is obtained by looking at the rangeof Morsefunctions. The rangeof a Morse

11



function on T2 is of coursea connectedinterval. For the above noncomnutativ e torus
T2 the range of a Morse function is the spectrum of a real valued function suc as

h=U+U + (V+V) (23)

and it can be a Cantor set, i.e. havein nitely many disconnectedpieces. This shovs
that the onedimensionalpictures of our spacet? aretruly di erent from what they are
in the comnutativ e case. The above noncomnutativ e torus T2 is the simplestexample
of noncomnutativ e manifold, it arisesnaturally not only from foliations but alsofrom
the Brillouin zonein the Quantum Hall e ect as understood by J. Bellissard, and in
M-theory aswe shall seenext. In the Quantum Hall e ect, the above integrality of the
total curvature correspndsto the obsened integrality of the Hall conductivity
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The analogueof the Yang-Mills action functional and the classi cation of Yang-Mills
connectionson the noncomnnutativ e tori wasdeveloppedin [p4], with the primary goal
of nding a"manifold shadav" for thesenoncomnutativ e spaces.Thesemoduli spaces
turned out indeedto t this purposeperfectly, allowing for instanceto nd the usual
Riemannianspaceof gaugeequivalenceclasse®f Yang-Mills connectionsasan invariant
of the noncomnutativ e metric.

The next surprise camefrom the natural occurence(as an unexpected guest) of both
the noncomnutativ e tori and the componerts of the Yang-Mills connectionsin the
classi cation of the BPS statesin M-theory [B7].

In the matrix formulation of M-theory the basicequationsto obtain periodicity of two
of the basiccoordinates X; turn out to be the following,

UinUil:Xj'*'ag;i:l;z (24)

wherethe U; are unitary gaugetransformations.
The multiplicativ e commutator U;U,U; *U, * is then certral and in the irreducible case
its scalarvalue = exp2 i bringsin the algebraof coordinatesonthe noncomnutativ e
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torus. The X; are then the componerts of the Yang-Mills connections. It is quite
remarkablethat the samepicture emergedrom the other information onehasabout M-
theory concerningits relation with 11 dimensionalsupergravity and that string theory
dualities could be interpreted using Morita equivalence. The latter relatesthe values
of on an orbit of SL(2;z) and simply illustrates that the leaf-spaceof the original
foliation is independert of which transversalis usedto parametrizeit. This type of
relation between for instance and 1= would be invisible in a purely deformation
theoretic perturbativ e expansionlik e the one given by the Moyal product.

Nekraso and Schwarz [[74 shaved that Yang-Mills gaugetheory on noncomnutativ e
R* gives a conceptual understanding of the nonzeroB- eld desingularization of the
moduli spaceof instantons obtained by perturbing the ADHM equations.

In [[79], Seiberg and Witten exhibited the unexpected relation betweenthe standard
gaugetheory and the noncomnutativ e one, and clari ed the limit in which the ertire
string dynamicsis descriked by a gaugetheory on a noncomnutativ e space.

One should understand from the very start that foliations provide an inexhaustible
sourceof interestingexamplesof noncomnutativ e spaces.In the above exampleof T2 we

could make useof the special vector elds on the torus in orderto obtain the analogues
of elemertary notions of di erential geometry It is quite important to dewelop the

generaltheory independertly of these special featuresand this is what we shall do in

section VII. We shall start by the noncomnutativ e analoguesof topology and vector

bundleswhich are necessarypreliminary steps.

VI Topology

The dewelopmern of the topologicalideaswas prompted by the work of Israel Gel'fand,
whose C* algebrasgive the required framework for noncomnutativ e topology. The
two main driving forceswerethe Novikov conjectureon homotopy invarianceof higher
signaturesof ordinary manifoldsaswell asthe Atiy ah-Singerindex theorem. It hasled,
through the work of Atiy ah, Singer,Brown, Douglas,Fillmore, Miscenko and Kasparo/
[@ [B] [6] [ [B] to the recognition that not only the Atiy ah-Hirzebrud K-theory but
more importantly the dual K-homology admit Hilb ert spacetechniquesand functional
analysisastheir natural framework. The cyclesin the K-homology group K (X) of a
compact spaceX are indeed given by Fredholm represemations of the C* algebra A
of cortinuous functions on X. The certral tool is the Kasparov bivariant K-theory. A
basicexampleof C* algebrato which the theory appliesis the group ring of a discrete
group and this makesit clear that restricting oneselfto commutativ e algebrasis an
undesirableassumption.

For a C algebraA, let Ko(A), K1(A) be its K theory groups. Thus Ky(A) is the
algebraicK theory of the ring A and K,(A) is the algebraic K, theory of the ring
A  Co(R) = Co(R;A). If Al B isamorphismof C algebras,then there are induced
homomorphismsof abelian groups Ki(A) ! K;(B). Bott periodicity provides a six
term K theory exact sequencdor eat exactsequenced! J! A! B! 0ofC
algebrasand excision shaws that the K groupsinvolved in the exact sequenceonly
depend on the respective C algebras. As an exerciceto appreciatethe power of this
abstract tool one should for instanceusethe six term K theory exact sequencedo give
a short proof of the Jordan curve theorem.
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Discretegroups, Lie groups, group actions and foliations give rise through their corvo-
lution algebrato a canonicalC algebra,and henceto K theory groups. The analytical

meaning of these K theory groups is clear as a receptaclefor indices of elliptic op-
erators. Howewer, thesegroupsare di cult to compute. For instance, in the caseof
semi-simpleLie groupsthe free abelian group with one generatorfor ead irreducible
discrete seriesrepresemation is cortained in Ko C, G whereC, G is the reducedC al-
gebraof G. Thus an explicit determination of the K theory in this casein particular

involvesan enumeration of the discrete series.

We introduced with P. Baum [g] a geometrically de ned K theory which specializes
to discrete groups, Lie groups, group actions, and foliations. Its main features are
its computability and the simplicity of its de nition. In the caseof semi-simpleLie

groupsit elucidatesthe role of the homogeneouspaceG=K (K the maximal compact
subgroup of G) in the Atiyah-Sdimid geometric construction of the discrete series
[L0]. Using elliptic operators we constructed a natural map from our geometrically
de ned K theory groupsto the above analytic (i.e. C algebra) K theory groups.
Much progresshas beenmade in the past yearsto determine the range of validity of
the isomorphism betweenthe geometrically de ned K theory groups and the above
analytic (i.e. C algebra) K theory groups. We refer to the three Bourbaki seminars
7], @7, [IJ for an update on this topic and for a preciseaccourt of the various
cortributions. Among the most important cortributions are those of Kasparos and
Higson who showved that the conjecturedisomorphismholds for all amenablegroups,
thus proving the Novikov conjecturefor all amenablegroupsand the Kadison conjecture
(i.e. the absenceof nontrivial idempotents in the reducedC -algebra) for all torsion
freeamenablegroups. The conjecturedisomorphismalsoholds for real semi-simpleLie

groupsthanks in particular to the work of A. Wassermann.Moreover the recern work
of V. La orgue crossedthe barrier of property T, shawing that it holds for cocompact
subgroupsof rank one Lie groups and also of SL(3;R) or of p-adic Lie groups. He
alsogave the rst generalconceptualproof of the isomorphismfor real or p-adic semi-
simple Lie groups (and asa corollary a direct K-theoretic proof of the construction of
all discreteseriesrepresemations by Dirac-induction). The proof of the isomorphismis
certainly accessibldor all connectedocally compactgroups. The proof by G. Yu of the

analogue(due to J. Roe) of the conjecturein the cortext of coarsegeometryfor metric

spacesvhich areuniformly embeddablein hilbert spaceand the work of G. SkandalisJ.

L. Tu, J. Roe and N. Higsonon the groupoid casegot very striking consequencesuc as
the injectivit y of the map for exactC, () dueto Kaminker, Guertner and Ozawa, but

recent progressdueto Gromov, Higson,La orgue and Skandalisgivescourterexamples
to the generalconjecturefor locally compactgroupoids for the simple reasonthat the
functor G ! Ko(C, (G)) is not half exact, unlike the functor given by the geometric
group. This makesthe generalproblem of computing K (C, (G)) really interesting. It

shows that besidesdetermining the large classof locally compactgroupsfor which the
original conjectureis valid, one should understand how to take homological algebra
into accoun to deal with the correct generalformulation.

VIl Dieren tial Topology

The dewelopmernt of di erential geometricideas,including de Rham homology connec-
tions and curvature of vector bundles, etc... took place during the eighties thanks to
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cyclic cohomologywhich camefrom two di erent horizons ([[L4] [LH (7] [L8).
In the commutativ e case,for a compactspaceX , we have at our disposalin K -theory
a tool of great relevance,the Chern character

ch:K (X)! H (X:Q) (1)

which relatesthe K -theory of X to the cohomologyof X . When X is a smooth manifold
the Chern character may be calculated explicitly by the di erential calculusof forms,
currents, connectionsand curvature. More precisely given a smaoth vector bundle E
over X, or equivalertly the nite projective module, E= C! (X;E) over A = C! (X)
of smooth sectionsof E, the Chern character of E

ch(E) 2 H (X;R) (2)
is represered by the closeddi erential form:
ch(E) = trace(exp(r 2=2 i)) (3)

for any connectionr on the vector bundle E. Any closedde Rham current C on the
manifold X determinesamap ' ¢ from K (X) to C by the equality

' c(E) = hC;ch(E)i (4)

wherethe pairing betweencurrents and di erential forms is the usual one.

One obtains in this way numerical invariants of K -theory classesvhoseknowledgefor
arbitrary closedcurrents C is equivalert to that of ch(E).

The noncomnutativ e torus gave a striking examplewhereit was obviously worthwhile
to adapt the above construction of di erential geometryto the noncomnutativ e frame-
work ([EQ]). As aneasypreliminary steptowards cyclic cohomologyonecanreformulate
the essetial ingrediert of the construction without direct referenceto derivations in
the following way ([[L7]).

By acycleof gimensionn we meanatriple ( ;d; R) where( ;d) is agradeddi erential
algebra,and : "! cCisaclosedgradedtrace on . R

Let A be an algebraover c. Then a cycle over A is givenby acycle( ;d; ) anda
homomorphism :A! 0

Thus a cycle over an algebraA is a way to embed A as a subalgebraof a di erential
gradedalgebra(DGA). We shall seein f) below the role of the gradedtrace.

The usual notions of connectionand curvature extend in a straightforward mannerto
this cortext ([[L7]).

Let A ! be a cycle over A, and E a nite projective module over A. Then a

connectionr onEisalinearmapr :E! E A !sud that

r(x)=(r )x+ dXx); 8 2E; x2A: (5)

Here E is a right module over A and ! is consideredas a bimodule over A using the
homomorphism :A! ©andthe ring structure of . Let uslist a number of easy

properties ([IL1)):

a) Let e 2 Enda (E) be an idempotent and r a connectionon E; then 7! (e 1)
is a connectionon eE.
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b) Any nite projective module E admits a connection.
c)The spaceof connectionsis an a ne spaceover the vector space

Homa(EE A 1): (6)

d) Any connectionr extendsuniquely to alinear mapof E= E , into itself suc
that
r¢ =@ )+ d; 8 2E; !'2 (7

e) Themap = r 2 of Eto Eis an endomorphism: 2 End (E) and with (T) =
rT ( 1)%Tr,onehas T)= T T forall T2 End (E).

f) For n even,n = 2m, the equality
Z

HEEL D= & ™ ®)

de nes an additive map from the K -group Ko(A) to the scalars.

Of courseone canreformulate f) by dualizing the closedgradedtrace R, i.e. by consid-
ering the homology of the quotient = ;] ([pQ]) and one might be tempted at rst
sight to assertthat a noncomnutativ e algebra often comesnaturally equipped with a
natural embeddingin a DGA which should su ce for the Chern character. This how-
ever would be rather naive and would overlook for instancethe role of integral cycles
for which the above additive map only a ects integer values.
The starting point of cyclic cohomologyis the ability to comparedi erent cycleson
the samealgebra. In fact the invariant of K -theory de ned in f) by a given cycle only
dependson the multilinear form

Z

Y@ ah) = (@) d( (@) d( (%) :::d( (@) g8a 2 A 9)

(called the character of the cycle) and the functionals thus obtained are exactly those
multilinear forms on A sud that

' iscyclici.e.
t@%ahia)=( )" (aha%iina’)  8a 2A; (10)

b' = 0 where
(b')(@%:::;a"t) = X ( 1y (@%::;dad*;amt)y+( )Mt @ttalal;an)

0
(11)
This secondcondition meansthat ' is a Hochsdild cocycle. In particular sud a '
admits a Hochsdild class
I")2H"(A;A) (12)

for the Hochsaild cohomologyof A with coe cien ts in the bimodule A of linear forms
OonA.

The n-dimensionalcyclic cohomolay of A is simply the cohomologyH C"(A) of the
sulwomplexof the Hochsdild complexgiven by cochains which are cyclici.e. ful Il [LQ.
One has an olvious \forgetful* map

HC"(A) | H"(A:A) (13)
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but the real story starts with the following long exact sequenceavhich allows in many
casesto compute cyclic conomologyfrom the B operator acting on Hochsdild coho-
mology:

Theorem 1. The following triangle is exact:

H (AJA)
HC (A) P HC (A)

The operator S is obtained by tensoringcyclesby the canonical2-dimensionalgenerator
of the cyclic cohomologyof C.
The operator B is explicitly de ned at the cochain level by the equality

0

Its conceptualorigin liesin the notion of cobordism of cycleswhich allows to compare
di erent inclusion of A in DA asfollows. By a chain of dimensionn + 1 we shall
mean a quadruple ( ;@ ;d; ) where and @ are dierential graded algebrasof

dimengjonsn + 1 and n with a given surjective morphismr : ! @ of degree0, and
where : "1 1 cisa gradedtrace sud that
Z
dl =0; 8! 2 "sudhthatr(!)=0: (14)

R
By the bomlgpdarycﬁsudw a chain we meanthe cycle (@ ;d; ) wherefor 192 (@) "
onetakes °!0= diforany ! 2 " with r(!) = ! % One easily cheds, using the
surjectivity of r, that %isa gradedtrace on @ and is closedby construction.

We shall say that two cyclesA ! and A !0 Oover A are cotordant if there exists
again  ®with boundary €0 (where €0 is obtained from ° by changingthe sign
of ) and a homomorphism % A1 ®Osychthat r %= (; 9.

The conceptualrole of the operator B is clari ed by the following result,

Theorem 2. Two cyclesover A are colordant if and only if their characters 1; 2 2
HC"(A) dier byan elementof the imageof B, whee

B:H™(A;A)! HC"(A):

The operators b;B given as above by

0
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0

satisfyl? = B?= 0andbB = Bband periodic cyclic conomologywhich is the induc-
tivelimit of the HC"(A) underthe periodicity map S admits an equivalert description
asthe cohomologyof the (b;B) bicomplex.

With thesenotations one hasthe following formula for the Chern character of the class
of an idempotent e, up to normalization one has

Chp(e)= (e 1=2) e e @ e€ (15)

where appears2n times in the right hand side of the equation.
Both the Hochsdild and Cyclic cohomologiesof the algebraA = C! (V) of smooth
functions on a manifold V were computedin [[L§ and [[L7].
Let V be a smooth compact manifold and A the locally convex topological algebra
C! (V). Thenthe followingmap' ! C. is a canonicalisomorphismof the cortinuous
Hochsdild cohomologygroup H¥(A; A ) with the spaceof k-dimensional de Rham
currents on V:
1 X
rC-;defl":::"df"izE () (FOf @i f )

25,

Under the isomorphismC the operator I B :HK(A;A )! HK 1(A;A ) is (k times)
the de Rham boundary b for currerts.
Theorem 3. Let A be the locally convextopological algeba C! (V). Then

1) For eachk, HCK(A) is canonically isomorphicto the direct sum

Kerb Hyg 2(V;C) Hyk 4(V;C)

wheee Hq(V; C) is the usualde Rham homolay of V and b the de Rham boundary.

2) The periodic cyclic cohnomolay of C! (V) is canonically isomorphic to the de
Rham homolagy H (V;C), with ltr ation by dimension.

As soon as we passto the noncomnutativ e case,more subtle phenomenaarise. Thus
for instancethe lItration of the periodic cyclic homology(dual to periodic cyclic coho-
mology) together with the lattice Ko(A) HCe(A), for A = C! (T?), givesan even
analogueof the Jacobian of an elliptic curve. More preciselythe lItration of HC,,
yields a canonicalfoliation of the torus H C.,=K, and one can show that the foliation
algebraassaiated as above to the canonicaltransversalsegmen [0; 1] is isomorphicto
Ct (12).

A simple example of cyclic cocycle on a nonakelian group ring is provided by the
following formula. Any group cocyclec 2 H (B) = H () givesrise to a cyclic
cocycle' ¢ onthe algebraA = C

0 if Q:::g.61
if g:iigh=1
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wherec 2 Z"( ;C) is suitably normalized, and the formula is extendedby linearity to
C. The cyclic cohomologyof group rings is given by,

Theorem 4. [P7 Let be a discrete group, A = C its groupring.

a) The Hochschildcohomolgy H (A;A ) is canonically isomorphic to the coho-
molagy H ((B ) S';c) of the free loop space of the classifying space of

b) The cyclic cohomolagy HC (A) is canonically isomorphicto the st-equivariant
cohomolay H ((B ) $'; ).
The role of the free loop spacein this theorem is not accidertal and is claried in
generalby the equality
B =BS!
of the classifying spaceB of the cyclic category with the classifying spaceof the
compactgroup St. We refer to appendix XVI 11 for this point.

As we saw in sectionV the integral curvature of vector bundleson T2 was surprisingly
giving an integer, in spite of the irrationality of . The conceptualunderstanding of
this type of integrality result liesin the existenceof a natural lattice of integral cycles
which we now descrike.

De nition. Let A be an algeba, a Fredholm module over A is given by:

1) a representationof A in a Hilbert space H;
2) anoperator F = F , F2= 1, on H suchthat

[F;a] is a compact operator for anya 2 A:

Sud a Fredholm module will be called odd. An evenFredholm module is given by an
odd Fredholm module (H; F) asabove together with a z=2 grading , = , ?2=1
of the Hilbert spaceH sud that:

a) a=a 8a2A
b) F= F .
The above de nition is, up to trivial changes,the sameas Atiyah's de nition [d] of

abstract elliptic operators, and the sameas Kasparo/'s de nition [B] for the cyclesin
K -homology KK (A; C), when A is a C -algebra.

The main point is that a Fredholm module over an algebraA givesrisein a very simple
mannerto a DGA cortaining A. Onesimply de nes ¥ asthe linear spanof operators
of the form, _

I = &°[F;aY]:::[F;a] & 2A
and the di erential is given by

d=F! ( D*IF 8! 2 X

One easily ches that the ordinary product of operators gives an algebra structure,
ko k+* andthat d?2 = 0 owingto F2 = 1.

Moreover if one assumeghat the sizeof the di erential da = [F;a] is cortrolled, i.e.
that

‘n+l

jdaj is trace class

19



then one obtains a natural closedgradedtrace of degreen by the formula,
Z
I = Trace(!)

(with the supertrace Trace( ! ) in the even case,see[B4q] for details).
Hencethe original Fredholm module givesrise to a cycleover A. Sud cycleshave the
remarkable integrality property that when we pair them with the K theory of A we
only get integersasfollows from an elemenary index formula ([38]).
We let Ch (H;F) 2 HC"(A) be the character of the cycle ass@iated to a Fredholm
module (H;F) over A. This formula de nes the Chern characterin K -homology
Cyclic cohomologygot many applications [B7]], it led for instanceto the proof of the
Novikov conjecturefor hyperbolic groups[L9. Basically, by extendingthe Chern-Weil
characteristic classego the generalframework it allowsfor many concretecomputations
of di erential geometricnature on noncomnutativ e spaces. It also shoved the depth
of the relation betweenthe classi cation of factors and the geometry of foliations.
Von Neumannalgebrasarisevery naturally in geometryfrom foliated manifolds (V; F).
The von Neumann algebra L! (V;F) of a foliated manifold is easyto descrite, its
elemerns arerandomoperators T = (T¢), i.e. boundedmeasurablefamilies of operators
T; parametrizedby the leavesf of the foliation. For eat leaff the operator T; actsin
the Hilb ert spaceL?(f ) of squareintegrable densitieson the manifold f . Two random
operators are identi ed if they are equal for almost all leavesf (i.e. a set of leaves
whoseunion in V is negligible). The algebraicoperations of sumand product are given
by,

(Ta+ T2)e = (To)e + (T2)e 5 (TaT2)r = (To)s (T2)s ; (16)
i.e. are e ected pointwise.
All typesof factors occur from this geometricconstruction and the cortin uousdimen-
sions of Murray and von-Neumannplay an essetial role in the longitudinal index
theorem.
Using cyclic cohomologytogether with the following simple fact,

\A connectedgroup can only act trivially on a homotopy

invariant cohomologytheory", (17

oneproves(cf. [2Q]) that for any codimensiononefoliation F of a compactmanifold V
with non vanishing Godbillon-Vey classone has,
Mod(M) has nite covolumein R, ; (18)

whereMod(M) is the ow of weights of M = Lt (V;F).

In the recert yearsJ. Cuntz and D. Quillen ([3] [24] ) have deweloped a power-
ful new approad to cyclic cohomologywhich allowed them to prove excisionin full
generalily.

VI Il Calculus and In nitesimals

The certral notion of noncomnutative geometry comesfrom the identi cation of the
noncomnutativ e analogueof the two basic conceptsin Riemann's formulation of Ge-
ometry, namely those of manifold and of in nitesimal line elemen. Both of these
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noncomnmutativ e analoguesare of spectral nature and conbine to give rise to the no-
tion of spectral triple and spectral manifold, which will be described belon. We shall
rst describe an operator theoretic framework for the calculus of in nitesimals which
will provide a natural homefor the line elemern ds.

| rst haveto make a little excursion,and | want it asnaive aspossible.| want to turn
bad to an extremely naive questionabout what is anin nitesimal. Let me rst explain
oneanswver that was proposedfor this intuitiv eidea of in nitesimal and let me explain
why this answer is not satisfactory and then give another answer which hopefully is
satisfactory So, | remenber quite a long time agoto have seenan answer which was
proposedby non standard analysis. The book | wasreading[[7§] was starting from the
following problem:

You play a gameof throwing darts at sometarget called

!

and the questionwhich is askedis: what is the probability dp(x) that actually whenyou
sendthe dart you land exactly at a given point x 2 ? Then the following argumert
was given: certainly this probability dp(x) is smaller than 1=2 becauseyou can cut
the target into two equal halves, only one of which cortains x. For the samereason
dp(x) is smallerthan 1=4, and soon and soforth. Sowhat you nd out is that dp(x)
is smaller than any positive real number . On the other hand, if you give the answer
that dp(x) is O, this is not really satisfactory becausewheneer you sendthe dart it
will land somewhere.So now, if you ask a mathematician about this naive question,
he might very well answer: well, dp(x) is a 2-form, or it's a measure,or somethinglike
that. But then you cantry to ask him more precisequestions,for instance "what is

the exponertial of 1_ " And then it will be hard for him to give a satisfactory
dp(x)

answver, becauseyou know that the Taylor expansionof the function f (y) = e v is zero
at y = 0. Now the book | was reading claimedto give an answer, and it waswhat is
calleda non standard number. Sol worked on this theory for sometime, learning some
logics, until evertually | realizedthere was a very bad obstruction preverting oneto
get concreteanswvers. It is the following: it's a little lemmathat one can easily prove,
that if you are given a non standard number you can canonically produce a subsetof
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the interval which is not Lebesguemeasurable.Now we know from logic (from results
of Paul Cohenand Solovay) that it will forever be impossibleto produce explicitely a
subsetof the real numbers, of the interval [0; 1], say, that is not Lebesguemeasurable.
So,what this says is that for instancein this example,nobody will actually be able to

name a non standard number. A nonstandard number is somesort of chimera which

is impossibleto grasp and certainly not a concreteobject. In fact when you look at

nonstandardanalysisyou nd out that exceptfor the useof ultraproducts, which is very
e cient, it just shifts the order in logic by one step; it's not doing much more. Now,

what | want to explainis that to the above naive questionthere is a very beautiful and
simple answer which is provided by quantum medanics. This answer will be obtained
just by going through the usual dictionary of quartum medanics, but looking at it

more closely So,let usthuslook at the rst two lines of the following dictionary which

translates classicalnotions into the languageof operatorsin the Hilb ert spaceH:

Complex variable Operator in H
Real variable Selfadjoirt operator
In nitesimal Compact operator
In nitesimal of order Compact operator with characteristic values
eatisfying n=0O(n );n! 1
Integral of an in nitesimal T = Coe cien t of logarithmic
of order 1 divergencen the trace of T:

The rst two lines of the dictionary are familiar from quantum medanics. The range
of a complexvariable correspndsto the spectrum of an operator. The holomorphic
functional calculus givesa meaningto f (T) for all holomorphic functions f on the
spectrum of T. It is only holomorphic functions which operate in this generality which
re ects the di erence betweencomplexand real analysis. When T = T is selfadjoirt
then f (T) hasa meaningfor all Borel functions f .

The sizeof the in nitesimal T 2 K is governedby the order of decay of the sequence
of characteristicvalues , = ,(T)asn! 1 . In particular, for all real positive the
following condition de nes in nitesimals of order

n(T)=0(n ) whenn! 1 Q)

(i.e. there existsC > O such that ,(T) Cn 8n 1). Innitesimals of order
alsoform a two{sided ideal and moreover,

T; oforder ;) T,T, oforder i+ »: (2)

Hence,apart from commutativit y, intuitiv e properties of the in nitesimal calculusare
ful lled.

Sincethe sizeof an in nitesimal is measuredby the sequence , #0 it might seemthat
onedoesnot needthe operator formalism at all, and that it would be enoughto replace
the ideal K in L(H) by the ideal co(N) of sequencegorvergingto zeroin the algebra
"1 (N) of bounded sequences.A variable would just be a bounded sequenceand an
in nitesimal asequence ,; ! 0. Howewer, this commnutativ e versiondoesnot allow
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for the existenceof variableswith rangea cortinuum sinceall elemens of ** (N) havea
point spectrum and a discretespectral measure.Only noncoommutativity of L (H) allows
for the coexistenceof variables with Lebesguespectrum together with in nitesimal
variables. As we shall seeshortly, it is preciselythis lack of commutativit y between
the line elemen and the coordinates on a spacethat will provide the measuremen of
distances.

The integral is obtained by the following analysis,mainly dueto Dixmier ([2§]), of the
logarithmic divergenceof the partial traces

b( 1
Tracey (T) = W(T); T O: 3)
0

In fact, it is usefulto de ne Trace (T) for any positive real > 0 by piecewisea ne
interpolation for noninteger .

De ne for all order 1 operatorsT 0

1 z Trace (T) d_

T) = — 4
(T) og . iog (4)
which is the Cesaromean of the function m}gg (M) over the scalinggroup R, .
For T 0, anin nitesimal of order 1, one has
Trace (T) C log (5)

sothat (T) is bounded. The essetial property is the following asymptotic additivity
of the coe cient (T) of the logarithmic divergence(f):

log(log )

j (Te+ To) (Ty) (T2)j 3C log

(6)

for T, 0.

An easyconsequencef (B) is that any limit point of the nonlinearfunctionals
for | 1 denes a positive and linear trace on the two{sided ideal of in nitesimals
of order 1,

In practice the choiceof the limit point isirrelevant becausen all important examples
T is a measurable operator, i.e.:

(T) corvergeswhen ! 1 : (7)

Thus the value (T) is independent of the choiceof the limit point andis denoted
Z

T: (8)

The rst interesting exampleis provided by pseuddli erential operatorsT on a di er-
grtiable manifold M. When T is of order 1 in the above sense;t is measurableand

T is the non-comnutativ e residueof T ([EY]). It hasa local expressionin terms of
the distribution kernelk(x;y), x;y 2 M. For T of order 1 the kernel k(x;y) diverges
logarithmically nearthe diagonal,

k(x;y) = a(x)logjx yj+ 0(1) (for y! x) 9)
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where a(x) is a 1{density independen of the choice of Riemannian distancejx j.
Then onehas (up to normalization),
Z Z
T= a(x): (20)
M
The right hand side of this formula makessensefor all pseuddali erential operators (cf.
[B9]) sinceonecanseethat the kernel of suc an operator is asymptotically of the form

X
k(y)=  axx y) a(x)logjx yj+ 0(1) (11)

where a(x; ) is homogeneouof degree k in , and the 1{density a(x) is de ned
intrinsically. R

The sameprinciple of extensionof to in nitesimals of order< 1 worksfor hypoelliptic
operators and more generallyaswe shall seebelow, for spectral triples whosedimension
spectrum is simple.

We cannow gobadk to our initial naive questionabout the target and the darts, we nd
that quantum medanicsgivesus an obvious in nitesimal which answersthe question:
it is the inverseof the Dirichlet Laplacian for the domain . Thus there is now a
clear meaningfor the exponertial of d—; that's the well known heat kernelwhich is an
in nitesimal of arbitrarily large order as we expectedfrom the Taylor expansion.
From the H. Weyl theorem on the asymptotic behavior of eigervaluesof it follows
that dpis of order 1, and that givena function f on the product f dp is measurable,
while Z Z

fdp= f(Xqg;X2)dxs " dxz (12)

givesthe ordinary integral of f with respect to the measuregiven by the area of the
target.

IX Spectral triples

In this sectionwe shall comebadk to the two basicnotions introducedby Riemannin

the classicalframework, those of manifold and of line element We shall seethat both

of thesenotions adapt remarkably well to the noncomnutativ e framework and this will

lead us to the notion of spectral manifold which honcomnutative geometryis based
on.

In ordinary geometry of courseyou can give a manifold by a cooking recipe, by charts
and local di eomorphisms, and one could be tempted to proposean analogouscooking
recipein the noncomnutativ e case. This is pretty much what is achieved by the general
construction of the algebrasof foliations and it is a good test of any generalidea that

it should at least cover that large classof examples.

But at a more conceptuallevel, it wasrecognizedong agoby geometorsthat the main
quality of the homotopy type of an oriented manifold is to satisfy Poincare duality
not only in ordinary homologybut alsoin K-homology Poincare duality in ordinary
homologyis not su cien t to describe homotopy type of manifolds [B{] but D. Sullivan
[B7] showved (in the simply connectedPL caseof dimension 5 ignoring 2-torsion) that
it is sucient to replaceordinary homology by K O-homology Moreover the Chern
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character of the K O-homologyfundamertal classcontains all the rational information
on the Pontrjagin classes.

The characteristic property of di er entiable manifolds which is carried over to the
noncomnmutativ e caseis Poincare duality in K O-homology [B7].

Moreover, aswe saw above in the discussionof Fredholm modules, K -homologyadmits
a fairly simple de nition in terms of Hilbert spaceand Fredholm represemations of
algebras.

For an ordinary manifold the choice of the fundamertal cycle in K-homology is a
re nement of the choice of orientation of the manifold and in its simplest form is a
choice of Spin-structure. Of coursethe role of a spin structure is to allow for the
construction of the correspnding Dirac operator which givesa correspnding Fredholm
represemation of the algebraof smooth functions.

What is rewarding is that this will not only guide us towards the notion of noncomnu-
tativ e manifold but alsoto a formula, of operator theoretic nature, for the line elemen
ds.

The in nitesimal unit of length\ds" should be an in nitesimal in the senseof section
VIII and oneway to get an intuitiv e understandingof the formula for dsis to consider
Feynmandiagramswhich physicist usecurrertly in the computations of quartum eld
theory. Let us contemplate the diagram

which is involved in the computation of the self-energyof an electronin QED. The
two points x and y of space-timeat which the photon (the wiggly line) is emitted and
reabsorled are very closeby and our ansatzfor ds will be at the intuitiv e level,

ds= : (1)

The right hand side has good meaningin physics,it is called the Fermion propagator
and is given by

=D * (2)
whereD is the Dirac operator.
We thus arrive at the following basicansatz,

ds=D *!; 3
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In somesenseit is simpler than the ansatzgiving ds®> asg dx dx , the point being
that the spin structure allows really to extract the squareroot of ds? (asis well known
Dirac found the correspnding operator as a di erential squareroot of a Laplacian).

The rst thing we needto do is to ched that we are still able to measuredistances
with our \unit of length" ds. In fact we saw in the discussionof the quartized calculus
that variableswith cortinuous range cart comnmute with \in nitesimals” sud as ds
and it is thus not very surprising that this lack of commutativit y allowsto compute,in
the classicalRiemannian case,the gealesicdistance d(x; y) betweentwo points. The
preciseformula is

dix;y) = Supfif(x) f(y)i; f2A; KkD;flk 1g 4)

whereD = ds ! asabove and A is the algebraof smooth functions. Note that if ds
hasthe dimensionof a length L, then D hasdimensionL ! and the above expression
for d(x; y) alsohasthe dimensionof a length.

Thus we seein the classicalgeometric casethat both the fundamenal cycle in K -
homology and the metric are encaled in the spectral triple (A;H;D) whereA is the
algebra of functions acting in the Hilbert spaceH of spinors, while D is the Dirac
operator.
To get familiar with this notion one should ched that we recover the volume form of
the Riemannianmetric by the equality (valid up to a normalization constart [B8])
Z Z
fids"=  fPgdx 5)

Mn

but the rst interestingpoint is that besideghis coherencevith the usualcomputations
there are new simple questionswe can ask now sud as "what is the two-dimensional
measureof a four manifold” in other words "what is its area?". Thus one should
compute 7

ds” (6)

It is obvious from invariant theory that this should be proportional to the Hilbert{
Einstein action but doing the direct computation is a worthwile exercice(cf. [62] [E1]),

the exact result being 7 7
1 P
= 7
ds? w2, r gadix (7)
whereasabove dv = P g d*x is the volumeform, ds= D ! the length elemen, i.e. the

inverseof the Dirac operator and r is the scalar curvature.

In the generalframework of Noncomnutative Geometry the con uence of the Hilb ert
spaceincarnation of the two notions of metric and fundamenal classfor a manifold led
very naturally to de ne a geometricspaceas given by a spectral triple:

(A;H;D) (8)

whereA is a concretealgebraof coordinatesrepreseied on a Hilb ert spaceH and the
operator D is the inverseof the line elemen.

ds= 1=D: 9)

26



This de nition is ertirely spectral; the elemerts of the algebraare operators, the points,
if they exist, come from the joint spectrum of operators and the line elemen is an
operator.

The basicproperties of sud spectral triples are easyto formulate and do not make any
referenceto the commutativit y of the algebraA. They are

[D;a] is boundedfor any a2 A ; (20)

D=D and(D+ ) !isacompactoperator8 6X: (11)

(Of courseD is an unboundel operator).

There is no di cult y to adapt the above formula for the distancein the generalnon-
commutativ e case,one usesthe same,the points x and y being replacedby arbitrary
states' and on the algebraA. Recall that a state is a normalized positive linear
form on A sud that ' (1) = 1,

":Al c;'(aa 0; 8a2A;'(1l)=1: (12)
The distancebetweentwo statesis given by,
d(; )= Supfj' (a) (a)j; a2 A ; k[D;alk 1g: (13)

The signi cance of D is two-fold. On the onehand it de nes the metric by the above
equation,on the other handits homotopy classrepresets the K-homology fundamertal
classof the spaceunder consideration.

It is crucial to understandfrom the start the tension betweenthe conditions 9{I) and
9{I1 The rst condition would be trivially fullled if D were boundedbut condition
9{11 shows that it is unbounded. To understand this tension let us work out a very
simple case. We let the algebra A be generatedby a single unitary operator U. Let
us show that if the index pairing betweenU and D, i.e. the index of PUP where P
is the orthogonal projection on the positive eigenspacef D, does not vanishthen the
number N (E) of eigervaluesof D whoseabsolutevalue is lessthan E grows at least
likeE whenE ! 1 . This meansthat in the above circumstanceds= D ! is of order
oneor less.

To prove this we choosea smooth function f 2 C?! (R) identically onenear0, even
and with Support (f) [ 1;1]. Wethenlet R(") = f ("D ). One rst shaws ([Bg]) that
the operator norm of the comnmutator [R("); U] tendsto O like". It then follows that
the trace norm satis es

K[R(");Ulks  C"N(1=") (14)

as one seesusing the cortrol of the rank of R(") from N (1="). The index pairing is
givenby Trace(U [F;U]) whereF is the signof D and onehas,

Trace(U [F;U]) = Illrrg) Trace(U [F;U]JR(")) = [i!rrg)Trace(U FIU;R(M)) : (15)

Thus the limit being non zerowe get a lower bound on the trace norm of [U;R(")] and
henceon" N % which shavsthat N(E) grows at leastlike E whenE ! 1 .
This shaws that ds cannot be too small (it cannotbe of order > 1). In fact whends
is of order 1 one hasthe following index formula,

Z

Index (PUP) = % U 1[D;U]jds: (16)
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The simplest casein which the index pairing betweenD and U does not vanish, with
ds of order 1, is obtained by requiring the further condition,

U ![D;U]= 1: (17)

It is a simple exerciseto compute the geometryon S = Spectrum(U) given by an
irreducible represemation of condition [[]. One obtains the standard circle with length
2 .

The above index formula is a special caseof a generalresult ([Bg]) which computesthe
n-dimensionalHochsdild classof the Chern character of a spectral triple of dimension
n.

Theorem 5. Let (H;F) be a Fredholm module over an involutive algeba A. LetD be
an unboundel selfadjoint operator in H suchthat D ! is of order 1=n, SignD = F,
and suchthat for any a 2 A the operators a and [D; a] are in the domain of all powers
of the derivations , givenby (x) = [jDj;x]. Let , 2 HC"(A) be the Chern character
of (H;F). B

For every n-gipensional Hochschildcyclec 2 Zn (A A), ¢ = a al::: a", one
hash,;c = a’[D;al]:::[D;a"]jDj ".

We refer to for precisenormalization and to [Bg| for the detailed proof. By con-
struction, this formula is scaleinvariant, i.e. it remainsunchangedif we replaceD by
D for 2 R,. The operatorsT. of the form

X
T = a’[D;a']l:::[D;a"]jDj " (18)

are measurablein the senseof sectionVI11.

The long exact sequencef cyclic cohomology(SectionVI ) shows that the Hochsaild
classof , isthe obstruction to a better summability of (H; F), indeed , belongsto the
image S(HC" 2(A)) (which is the caseif the degreeof summability can be improved
by 2) if and only if the Hochsdild cohomologyclassl ( n) 2 H"(A; A ) is equalto O.

In particular, the above theorem implies nonvanishing of residueswhen the cohomo-
logical dimensionof ch (H; F) is not lower than n:

Corollary . With the hypothesisof Theorem 5 and if the Hochschildclassof ch (H;F)
pairs nontrivially with H,(A; A) one has
Z
jDj " 6 0: (29)

In other words the residueof the function (s) = Trace(jDj °) at s = n cannotvanish.

In higherdimension,the Hochsdild classof the charactersu ces to determinethe index
pairing with the K -theory classof an idempotent e provided the lower dimensional
componerts of ch(e) vanish. As we sav above these componerts are given, up to
normalization by,
1

chh(e)= e > e e (20)
(with 2n tensor signs)and as sudh cannot vanish. But both Hochsaild and cyclic co-
homologyare Morita invariant, which implies that the classof ch(e) in the normalized
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(b;B) bicomplex (in homology) does not changewhen we project ead of its compo-
nerts ch,(e) on the commutant of a matrix algebraM4(C) A. The formula for this
projection hch,(e)i in terms of the matrix componerts e; ,

e=[g]l; & 2MgO)°\ A (21)

is the following,

1
A~ o1 aliz azia eIzﬂio (22)

_ X
hch, (€)i = i, 5

and there are very interesting situations in which all the lower componerts hch; (e)i
actually vanish,
behj(e)i=0 j <m: (23)

For m = 1 for instancewe cantake g = 2 and the condition hchp(€)i = 0 meansthat e

is of the form,
t z

z (1 1
(The equatione? = ethenmeansthat t>+z z=t,tz+z(1 t)=z,z t+(1 t)z =z,
z z+ (1 t)>= (1 t) which shavsthat the algebrageneratedby the componerts z,
z , t of e is abelian).

It then follows automatically that hchi(e)i is a Hochsdild cycle and henceby theorem
5,that if ds= D 1! is of order% the index pairing is given by,

Z

IndexD} = e % [D; e’ ds’: (25)

e= (24)

Exactly as above this shaws that ds cannot be of order > % if the index pairing is
non zero, and we also get the analogueof equation 9{LTin the form,

e % [D;e? = (26)

wherehi is simply the projection on the comrrutantRof My(C) in L(H).

This equationtogetherwith P§impliesthat the area ds? is anintegersinceit is given
by a Fredholm index. One can show that the algebraA generatedby the componerts
of eis C(S?) the algebraof cortin uousfunctions on S? and that any Riemannianmetric
g on S? with xed volume form givesa solution to the above equations.

There is a corverseto that result ([BQ]) but it requiresthe further hypothesisthat D
is of order one:

[D;ejliec]=0 (27)
where the g; are the componerts of the idempotent e, i.e. are the generatorsof the
algebra.

This order one condition is the courterpart in our operator theoretic setting of the
\quadratic" nature of Riemann'sequationds® = g dx dx . It is easierto formulate
in terms of the squareroot which we extracted using the spin structure. We shall
comelater to the correct formulation of the order one condition whenthe algebraA is
noncomnutativ e.
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To end this sectionlet us move on to the four dimensionalcase,i.e. n = 2. We take
g= 4,i.e. we dealwith M4(C).
We rst determinethe C algebrageneratedby M4(C) and a projection e = e sud

that e % = 0 asabove and whosetwo by two matrix expressionis of the form,

i1— 1 G2 28
] b1 G2 (28)

whereeat ¢ isa2 2 matrix of the form,
q= : (29)

Sincee = e, both qu; and o, are selfadjoirt, moreover since e % = 0,wecan nd
t =1t sud that,

_t 0 . _ @ 0
qll - 0 t ' q22 - 0 (1 t) (30)
We let ¢p2 = , wethen getfrome= e,
1 = : (31)
We thus seethat the comnutant A of M4(C) is generatedby t; ; and we rst need
to nd the relations imposedby the equality €* = e.
In terms of e = t 1qt , the equation €2 = e meansthat t> t+ gq = O,
t2 t+qqg= Oand][t g = 0. This shovsthat t commuteswith , , and and

sinceqq = ¢ g is a diagonal matrix
= : = : = : = (32)

sothat the C algebraA is abelian, with the only further relation, (besidest = t ),

+ +t2 t=0: (33)
This is enoughto ched that,
A = C(S% (34)
where S* appearsnaturally as quaternionic projective space,
S*= Py(H): (35)
The original C algebrais thus,
B = C(SY Mu(C): (36)

We shall now ched that the two dimensionalcomponert hCh,(e)i automatically van-
ishesas an elemert of the (normalized) (b,B)-bicomplex so that,

hChy(e)i = 0; n=0; 1 (37)

30



With g= , We get,
IChy(e)i = t % (dgdgq dqg dog) (38)
+q(dg dt dtdg)+ g (dtdg dqdt)
wherethe expectationin the right hand sideis relativeto M,(C) and we usethe notation

dx instead of the tensor notation.
The diagonalelemerns of | = dqdg are

ly=dd +dd ;'!'!,=d d +d d
while for ! °= dqg dgwe get,
19=d d +dd ;1%=d d +d d

It follows that, sincet is diagonal,

t % (dgdg dq dg = 0: (39)

The diagonalelemerns of qdqg dt = are
n= d dt+ d dt; »= d dt+ d dt
while for °= g dqdt they are
9= ddt+ d dt; = d dt+ d dt:
Similarly for = gdtdg and °= g dtdgonegetsthe required cancellationsso that,
hChy(e)i = O; (40)

It follows thusthat hCh,(e)i is a Hochsdild cycle and that for any ds= D ! of order
%1 commuting with M4(C), the index pairing of D with e is
z 1
IndexD} = e 5 [D;e]*ds*: (41)

Exactly as above this shaws that ds cannot be of order > %1 if the index pairing is
non zero, and we also get the analogueof equation 9{LTin the form,

e 5 Dief = (42)
wherehi is simply the projection on the commutant of M4(C) in L(H).

This equation together with (41) implies the integrality of the 4-dimensionalvolume,
Z
ds*2 N; (43)
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sinceit is given by a Fredholm index.

Onecanshaw that the algebraA generatedby the componerts of e is C(S*) the algebra
of cortinuousfunctions on S* and that any Riemannianmetric g on S* givesa solution
to the above equations,provided its volume form is,

1 _

v ——d ~d™~d ~d : 44

1 o (44)

As in the two dimensionalcasethere is a corverse,assumingthe order one condition
onD.

The next questionis how is D to be chosenfrom within the homotopy classwhich

characterizesits K -homology class?There are two answersto this question. The rst

usesthe naive idea of a formal metric,

xd
G= dx g (dx) 2 $(A); (45)

;=1

and the choiceof D is performedby minimizing the action functional,

V4
A= [D;x 1g ([D;x 1) jD “; (46)

;=1

amongthe D's which ful Il equation (42) holding G xed.

The minimum is then given by the Dirac operator asseiated to the unique Riemannian
metric with volume form v in the conformalclassof g dx dx .

The secondway to selectD from within its K-homology classis to use an action
functional with the largest possibleinvariance group which is the unitary group of
Hilb ert space. The correspnding action is then spectral and only dependsupon the
eigervaluesof D. The simplestsud action is of the form, [p8]

S(D) = Tracef (D)): (47)

wheref is an even function vanishingat 1 . If we take for f a step function equalto
lin[ ;], thevalueof S(D) is,

N() = # eigervaluesofD in[ ;]: (48)
This step function N () is the superposition of two terms,
N() =HN() i+ Nose() :

The oscillatory part Ngs() is the sameas for a random matrix, governed by the
statistic dictated by the symmetriesof the systemand doesnot concernus here. The
averagepart N () i is computed by a semiclassicalapproximation and the leading
term in the asymptotic expansionis,

2L

4
— 4
> ds (49)
which by (43) is independert of the choiceof D in its K -homologyclass.
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If we restrict ourselesto solutions given by ordinary Riemannian metrics the next
term in the asymptotic expansionis the Hilbert{Einstein action functional for the
Riemannianmetric, 7
2
P~ 4

r d*x 50
Other nonzeroterms in the asymptotic expansionare cosmological,Weyl gravity and
topological terms.

X Noncomm utativ e 4-manifolds and the Instan ton algebra

In this section, basedon our collaboration with G. Landi ([E4]), we shall show that the
basicequation for an instanton in dimension4, namely

e=ef=e (1)

and
hcho(e)i = 0; hchy(e)i = 0 (2)

(where ch, are the componerts of the Chern character,

chh(e) = e % e .. e 3)

and hi is the projection onto the commutant of a 4 4 matrix algebra) do admit
noncomnutativ e solutions. In other wordsthe algebrageneratedby the 16 componerts
of the 4 4 matrix,

e=[g] (4)

will be noncomnutativ e.

In fact this prompts usto introduce,a priori, the algebraA with 16 generatorse; and
whosepresertation is givenby the relations (1) and (2). The relation hchg(e)i = 0 just
meansthat

€11+ €+ €33+ €14= 2 ()
and the equation e = e de nes the involution in A. The relation €® = e is easyto
comprehendas a quadratic relation betweenthe generators.
The relation hchy(e)i = 0 is more delicate to understandsinceit involvestensorsand

the simplestway to think about it is to represem the ; asoperatorsin Hilbert space
H. What we askthen is that,

X 1
€& = gk &i=0 (6)

wherethe meansthat we take the classmodulo the scalarmultiples of 1.
This allows to de ne what is a unitary represemation of the algebraA and we can
endov its elemerns, i.e. polynomials in the noncomnuting generatorse;, with the
C -norm,

kxk = supk (x)k (7)
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where rangesthrough all unitary represemations. It is easyto show that for x 2 A
the suprenmum is nite sincein any unitary represemation, the e; satisfy,

k (e)k 1 (8)

as matrix elemerns of a selfadjoirt idempotent.

De nition.  We let C(Gr) bethe C completion of A and C! (Gr) the smath closure
of A in C(Gr).

The letter Gr standsfor the Grassmanianbut our construction haslittle to do with the
known \noncommutativ e Grassmanians".The really non-trivial condition is the cubic
condition g. In fact aswe sawv above the sameconstruction in dimension2 doesgive a
commutative answer namely P1(C).

One should obsene from the outset that the compactLie group SU(4) acts by auto-
morphisms,
PSU(4) Aut (C! (Gn) 9)

by the following operation,

e! UeU (20)
whereU 2 SU(4) isviewedasa4 4 matrix and e= [g; ] is as above.
What we saw in sectionIX is that there is a surjection,

C(Gr) ! C(S% (11)

while the correspnding symmetry group breaks down to SO(4), the isometry group
of the 3-spherefrom which S* is obtained by suspension. We shall now show that the
algebraC(Gr) is noncomnutativ e by constructing explicit surjections,

C(Gr)! C(S% (12)

whoseform is dictated by natural deformationsof the 4-spheresimilar in spirit to the
above deformation of T2 to T2.
We rst determinethe C algebrageneratedby M,4(C) and a projection e = e sud

that e % = 0 asabove and whosetwo by two matrix expressionis of the form,

i1— %1 G2
] 1 Cp2 (13)

whereeat ¢; isa2 2 matrix of the form,

q= : (14)

where = exp2 i is acomplexnumber of modulus one, di erent from -1 for corve-
nience. Sincee = e, both q;; and o, are selfadjoirt, moreover since e % =0, we
can nd t =1t sud that,

t O 1t 0
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We let a2 = , wethen getfrome= e,

b1 = : (16)
We thus seethat the comnutant B of M4(C) is generatedby t; ; and we rst need
to nd the relations imposedby the equality €* = e.
In terms of e = 1qt , the equation €2 = e meansthat t> t+ gq = O,
t? t+qqg= Oand][t g = 0. This shovsthat t commuteswith , , and and

sinceqq = ¢ g is a diagonal matrix
= : = : = : = (17)

sothat the C algebraB is not abelianfor dierent from 1. The only further relation
is, (besidest = t ),

+ +1t? t=0: (18)
We denote by S* the correspnding noncomnutativ e space,sothat C(S*) = B . It is
by construction the susgensionof the noncomnutativ e 3-sphereS® whosecoordinate
algebrais generatedby and asabovefor the specialvaluet = 1=2. This noncomnu-
tativ e 3-sphereis related by analytic cortinuation of the parameterq to the quantum
group SU(2)4 but the usual theory requiresq to be real whereaswe needa complex
number of modulus one which spoils the unitarit y of the copraduct.
We shall now ched that the two dimensionalcomponert hCh,(e)i automatically van-
ishesas an elemert of the (normalized) (b,B)-bicomplex.

hChy(e)i = 0; n=0; L (29)

With q= , We get,
. 1
hChyi(e)i = t 5 (dgdg dq do) (20)
+g(dg dt dtdq)+ q (dtdg dqdt)

wherethe expectationin the right hand sideis relativeto M,(C) and we usethe notation
dx instead of the tensor notation.
The diagonalelemerns of ! = dqdg are computedas above,

ly=dd +dd ;'!'!,=d d +d d
while for ! °= dg dqwe get,
19=d d +dd ;!%=d d +d d

It follows that, sincet is diagonal,

t % (dgdg dgdg = 0: (22)
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The diagonalelemens of qdg dt = are
n= d dt+ d dt; »= d dt+ d dt
while for °= g dqdt they are
9= ddt+ d dt; 5= d dt+ d dt:
Similarly for = gdtdg and °= g dtdgonegetsthe required cancellationsso that,
hChy(e)i = O; (22)

It follows thusthat hCh,(e)i is a Hochsdild cycle and that for any ds= D ! of order
%1 commuting with M4(C), the index pairing of D with e is
Z
1
IndexD} = e 5 [D;e]*ds*: (23)

Exactly as above this shaws that ds cannot be of order > %1 if the index pairing is
non zero, and we also get the analogueof equation 9{LTin the form,

e % [D;e]* = (24)

wherehi is simply the projection on the commutant of M4(C) in L(H).

This equation together with (23) implies the integrality of the 4-dimensionalvolume,
Z

ds*2 N; (25)

sinceit is given by a Fredholm index. We shall refer to [B5] for the explicit construc-
tion of solutions of (24). It should be clear to the reader that this amply justi es
the clari cation to which we turn next, of the notion of manifold in Noncomnutativ e
Geometry,

Xl Noncomm utativ e Spectral Manifolds

In our discussionin sectionIX of the K-homology fundamertal classof a manifold we
skipped over the nuance between K-homology and KO-homology This nuanceturns
out to be essetial in the noncomnutativ e case. Thusto descrike the fundamertal class
of anoncomnuative spaceby a spectral triple (A;H; D), will requirean additional "real
structure" on the Hilbert spaceH given by an artilinear isometry J. The anti-linear
isometry J is givenin Riemanniangeometryby the chargeconjugation operator and in
the noncomnutativ e caseby the Tomita-Takesakiantilinear conjugation operator [B].
The action of A satis es the commutation rule, [a;0°’] = 0 8a;b2 A where

PP=JbJ * 8b2 A (1)

so H becomesan A-bimodule using the represemation of A A° where A° is the
opposite algebra, given by,

a B! albJ!? 8a:b2 A (2)
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This allowsto overcomethe main di cult y ofthe noncomnutativ ecasewhichisthat the
diagonalin the squareof the spaceno longercorrespndsto an algebrahomomorphism
(the mapx y! xy isnolongeran algebrahomomorphism),

The fundamentalclassof a noncommutativ e spaceis a class in the K R{homology of
the algebraA  A° equipped with the involution

x y)=y ) 8xy2A 3)

where A° denotesthe algebraoppositeto A. The K R-homology cycle represering
is given by a spectral triple, as above, equipped with an anti-linear isometry J on H
which implemerts the involution ,

Jwl 1= (w) Sw2A A% 4)

K R-homology([B] [B3]) is periodic with period 8 and the dimensionmodulo 8 is speci ed
by the following commutation rules. OnehasJ? =", JD = "DJ, J = "%J where
" 0002 £ 1:1g and with n the dimensionmodulo 8,

In[0 1 2 3 4 5 6 7|
"1 1 -1 -1 -1 -1 11
"1 411 1 1 -1 11
"0 1 -1 1 -1

The class speci es only the stable homotopy classof the spectral triple (A;H;D)
equipped with the isometry J (and z=2{grading if n is even). The non-trivialit y of
this homotopy classshaws up in the intersectionform

K (A) K (A)! z (5)

which is obtained from the Fredholmindex of D with coe cientsin K (A A°). Note
that it is de ned without using the diagonalmap m : A A ! A, which is not
a homomorphismin the noncomnutativ e case. This form is quadratic or symplectic
accordingto the value of n modulo 8.

The Kasparor intersectionproduct [g] allowsto formulate the Poincare duality in terms
of the invertibili ty of ,

9 2KR,(A° A); A = idpo; a0 = ida : (6)

It implies the isomorphismK (A) oK (A).

The condition that D is an operator of order one becomes
[D;a];’]=0 8a;b2 A: (7)

(Notice that since a and b’ comnute this condition is equivalert to [[D;a%;h =
0 8ab2A)

One canshow that the von NeumannalgebraA ®°generatedby A in H is automatically
nite and hyper nite and there is a completelist of sud algebrasup to isomorphism.
The algebraA is stable under smaoth functional calculusin its norm closureA = A
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sothat Kj(A) ' K;j(A), i.e. Kj(A) dependsonly on the underlying topology (de ned
by the C algebraA). The integer = h; i 2 z givesthe Euler characteristic in the
form

= RangKo(A) RangKi(A) (8)

and the general operator theoretic index formula of section 13 below, gives a local
formula for

We gave in [E(] the necessaryand su cien t conditions that a spectral triple (with real
structure J) shouldful Il in orderto comefrom an ordinary compactRiemannianspin
manifold. Theseconditionsextendin a straightforward mannerto the noncomnutativ e
case([pQ]). To appreciatethe richnessof exampleswhich ful Il them we shall just quote
the following result ([6H)]),

Theorem 6. Let M be a compact Riemannian spin manifold. Then if the isometry
group of M hasrankr 2, M admits a non-trivial one parameter isosgectral defor-
mation to nonmmmutative geometriesM .

The group Aut* (A) of automorphisms of the involutive algebraA, which are imple-
mented by a unitary operator U in H comnuting with J,

(x)=UxU ! 8x2A; 9)

plays the role of the group Di * (M) of di eomorphisms preservingthe K-homology
fundamenal classfor a manifold M .

In the generalnoncomnutativ e case parallel to the normal subgroupint A Aut A of
inner automorphismsof A,

(fy=ufu  8f 2 A (10)

whereu is a unitary elemen of A (i.e. uu = u u = 1), there existsa natural foliation
of the spaceof spectral geometrieson A by equivalenceclassef inner deformations
of a given geometry To understand how they arise we needto understand how to
transfer a given spectral geometryto a Morita equivalert algebra. Given a spectral
triple (A;H;D) and the Morita equivalence[g] betweenA and an algebraB where

B = Enda (E) (11)

whereE is a nite, projective, hermitian right A{module, one getsa spectral triple on
B by the choice of a hermitian connection on E. Sud a connectionr is a linear map
r :E! E a 3 satisfyingthe rules ([38])

r(a=(r )at da 8 2E;a2A (12)

(;r ) (r;)=dC;) 8; 2E (13)

whereda= [D;a] and where } L(H) is the A{bimodule of operators of the form
A= @a[D;h]; a;bh2A: (14)

Any algebraA is Morita equivalert to itself (with E = A) and when one appliesthe
above constructionin the above cortext onegetsthe inner deformationsof the spectral
geometry
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Sud a deformationis obtained by the following formula (with suitable signsdepending
on the dimensionmod 8) without modifying neither the represemation of A in H nor
the anti-linear isometry J

D! D+A+JAJ ! (15)

where A = A is an arbitrary selfadjoirt operator of the form [[4 The action of the
group Int(A) on the spectral geometriesis simply the following gaugetransformation
of A

w(A) = u[D;u ]+ uvAu : (16)

The required unitary equivalenceis implemerted by the following represemation of the
unitary group of A in H,
ul! wud t=u)°: (17)

The transformation (15) is the identity in the usual Riemannian case. To get a non-
trivial exampleit su ces to considerthe product of a Riemanniantriple by the unique
spectral geometryon the nite-dimensional algebraAr = My(C) of N N matrices
onc, N 2. Onethen hasA = C1 (M) Ag, Int(A) = C! (M;PSU(N)) and
inner deformationsof the geometry are parameterizedby the gaugepotentials for the
gaugetheory of the group SU(N). The spaceof pure states of the algebraA, P(A),
is the product P = M Py 1(C) and the metric on P(A) determinedby the formula
(9.13) dependson the gaugepotertial A. It coincideswith the Carnot metric [b4 on
P de ned by the horizontal distribution given by the connectionasseiated to A. The
group Aut( A) of automorphismsof A is the following semi{direct product

Aut(A)=U> Di *(M) (18)

of the local gaugetransformation group Int(A) by the group of di eomorphisms.

XI'l  Test with space-time

What we have donesofar is to stretch the usual framework of ordinary geometry
beyond its commutativ e restrictions (set theoretic restrictions) and of coursenow it's
not perhapsa bad ideato test it with what we know about physicsand to try to nd
a better model of space-timewithin this new framework. The best way is to start
with the hard core information one has from physicsand that can be summarizedby
a Lagrangian. This Lagrangianis the Einstein Lagrangian plus the standard model
Lagrangian. | am not goingto write it down, it's a very complicated expressionsince
just the standard model Lagrangian comprises v e typesof terms. But one can start
understandingsomethingby looking at the symmetry group of this Lagrangian. Now,
if it were just the Einstein theory, the symmetry group of the Lagrangianwould just
be, by the equivalenceprinciple, the di eomorphism group of the space-timemanifold.
But becauseof the standard model piecethe symmetry group of this Lagrangianis not
just the di eomorphism group, becausethe gaugetheory has another huge symmetry
group which is the group of mapsfrom the manifold to the small gaugegroup, namely
U, SU, SUj;asfar asweknow. Thus,the symmetry group G of the full Lagrangianis
neither the di eomorphism group nor the group of gaugetransformationsof seconckind
nor their product, but it is their semi-direct product. It is exactly like what happens
with the Poincare group whereyou have translations and Lorentz transformations, so
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it is the semi-direct product of thesetwo subgroups. Now we can ask a very simple
guestion: would there be somespaceX sothat this group G would be equalto Di (X)?
If sud a spacewould exist, then we would have somechanceto actually geometrize
completely the theory, namelyto be ableto say that it's pure gravity on the spaceX .
Now, if you look for the spaceX amongordinary manifolds, you have no chancesince
by a result of John Mather the di eomorphism group of a (connected) manifold is a
simplegroup. A simplegroup cannothave a nontrivial normal subgroup,soyou cannot
have this structure of semi-direct product.

Howewer, we can useour dictionary, and in this dictionary if we browsethrough it, we
nd that what correspndsto di eomorphisms for a non comnutativ e spaceis just the
group Aut™ (A) of automorphismsof the algebraof coordinates A, which presene the
fundamental classin K -homology as descrilked above in section XI.

Now there is a beautiful fact which is that when an algebrais not commutativ e, then
amongits automorphismsthere are very trivial ones,there are automorphismswhich
arethere for free, | meanthe inner ones,which asseiate to an elemer x of the algebra
the elemert uxu . Of courseuxu ! is not, in generalequalto x becausethe algebra
is not commnutativ e, and theseautomorphismsform a normal subgroupof the group of
automorphisms. Thus you seethat the group Aut™* (A) hasthe sametype of structure,
namely it has a normal subgroup of internal automorphismsand it has a quotient.
Now it turns out that there is one very natural non comnutativ e algebra A whose
group of internal automorphismscorrespnds to the group of gaugetransformations
and the quotient Aut™ (A)=Int(A) correspnds exactly to di eomorphisms [E4. It is
amusing that the physicsvocabulary is actually the sameas the mathematical vocab-
ulary. Namely in physicsyou talk about internal symmetriesand in mathematicsyou
talk about inner automorphisms,you could call them internal automorphisms. Now
the correspnding spaceis a product M F of an ordinary manifold M by a nite non-
commutativ e spaceF . The correspnding algebraAr is the direct sum of the algebras
C, H (the quaternions),and M3(C) of 3 3 complexmatrices.

The algebraAg correspndsto a nite spacewherethe standard model fermionsand
the Yukawa parameters(masseof fermionsand mixing matrix of Kobayashi Maskawa)
determine the spectral geometryin the following manner. The Hilb ert spaceis nite-
dimensionaland admits the set of elemenary fermionsasa basis. For examplefor the
rst generationof quarks, this setis

U ;UR;d;dg; UL UR;dL;dR: (1)

The algebra Ag admits a natural represemation in Heg (see[b3]) and the Yukawa
coupling matrix Y determinesthe operator D.

The detailed structure of Y (and in particular the fact that color is not broken)
allows to ched the axioms of noncomnutative geometry

The next step consistsin the computation of internal deformations
D! D+A+JAJ ! (2)

(cf. sectionXl), of the product geometryM F whereM is a 4{dimensional Rieman-
nian spin manifold. The computation givesthe standard model gaugebosons ;W ;Z,
the eight gluonsand the Higgs elds ' with accuratequartum numbers.

Now the next question that comesabout is how do we recover the original action
functional which contained both the Einstein-Hilbert term as well as the standard
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model ? The answer is very simple: the Fermionic part of this action is there from the
start and one recovers the bosonicpart as follows. Both the Hilb ert{Einstein action
functional for the Riemannian metric, the Yang{Mills action for the vector potertials,
the self interaction and the minimal coupling for the Higgs elds all appear with the
correctsignsin the asymptotic expansionfor large of the number N () of eigervalues
of D which are (cf. [p8)),

N() = # eigervaluesofD in[ ;]: 3)
Exactly asabove, this step function N () is the superposition of two terms,
N() =hN() i+ Nose() :

The oscillatory part Nos() is the sameas for a random matrix, governed by the
statistic dictated by the symmetriesof the systemand doesnot concernus here. The
averagepart N () i is computed by a semiclassicabppraximation from local expres-
sionsinvolving the familiar heat equation expansionand deliversthe correctterms. We
shoved above in section IX, that if one studies natural preserations of the algebra
generatedby A and D onenaturally getsonly metricswith a xed volumeform sothat
the bothering cosmologicalterm doesnot erter in the variational equationsasseiated
to the spectral action IN() i. It is tempting to speculatethat the phenomenological
Lagrangian of physics, combining matter and gravity appearsfrom the solution of an
extremely simple operator theoretic equationalongthe lines described above in sections
IX and X.

XI'Il  Operator theoretic Index Formula

The power of the generaltheory comesfrom deeper generaltheoremssud asthe
local computation of the analogueof Pontrjagin classesi.e. of the componerts of the
cyclic cocycle which is the Chern character of the K-homology classof D and which
make sensein general. This result allows, using the in nitesimal calculus,to go from
local to global in the generalframework of spectral triples (A;H; D).

The Fredholm index of the operator D determines(in the odd case)an additive map
K1(A) ! z givenby the equality

" ([u]) = Index(PuP) ; u2 GL1(A) (1)

whereP is the projector P = £F, F = Sign(D).

This map is computed by the pairing of K;(A) with the following cyclic cocycle
(a°%:::;a") = Trace(a’[F;a']:::[F;a"]) 8d 2 A (2)

where F = Sign D and we assumethat the dimensionp of our spaceis nite, which
meansthat (D + i) ! is of order 1=p alson pis an odd integer. There are similar
formulasinvolving the grading in the evencase,andit is quite satisfactory ([B3] [B4])
that both cyclic cohomologyand the chern Character formula adapt to the in nite
dimensionalcasein which the only hypothesisis that exp( D?) is atrace classoperator.
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It isdicult to computethe cocycle in@generalbecausethe formula (g) involvesthe
ordinary trace instead of the local trace and it is crucial to obtain a local form of
the above cocycle.

This problem is solved by a generalformula which we now descrike.

Let us make the following regularity hypothesison (A;H;D)

aand [D:a] 2 \ Dom ¥; 8a2 A (3)
where is the derivation (T) = [jDj; T] for any operator T.
We let B denote the algebrageneratedby (a), ¥([D;a]). The usual notion of di-
mensionof a spaceis replacedby the dimension spectrum which is a subsetof C. The
precisede nition of the dimensionspectrum is the subset c of singularities of the
analytic functions
b(z) = Trace(hDj ?) Rez>p; b2 B: 4)

The dimension spectrum of a manifold M is the setf0;1;:::;ng, n = dimM; it is
simple. Multiplicitie s appear for singular manifolds. Cantor setsprovide examplesof
complexpoints z 2 R in the dimensionspectrum.

We assumethat is discrete and simple, i.e. that |, can be extendedto c= with
simple polesin .

We refer to for the caseof a spectrum with multipliciti es. Let (A;H;D) be a
spectral triple satisfying the hypothesis(B) and (). The local index theorem s the
following, [BH):

Theorem 7.
1. The equality 7
P = Res- Trace(PjDj ?)

de nes a trace on the algeba genented by A, [D;A] and jDj*, where z 2 C.

2. Thereis only a nite number of non{zero terms in the following formula which
de nes the odd componentsé' n)n=1:3:: Of & cocyclein the bicomplex(b;B) of A,
X L .
'@ ah) = Gk @°[D;at)kd):::[D;a" k) jDpj " Ak 8a 2 A
k
whee the following notations are usal: T = r X(T) andr (T) = D?T TD?,
k is a multi-index, jkj = ky + 111+ ky,

Cok = ( 1)jkjp§(k1!:::kn!) Y(ke+ 1) (kit kot it ko +n)) L jkj+g

3. The pairing of the cyclic cohomol@y class(' ,) 2 HC (A) with K1(A) givesthe
Fredholmindex of D with coe cients in K1(A).

For the normalization of the pairing betweenHC and K (A) see[Bg]. In the evencase,
i.e. whenH is z=2 gradedby
= ; %=1 a=a 8a2A; D= D ;

there is an analogousformula for a cocycle (' ), n even, which gives the Fredholm
ldex of D with coe cien tsin Ko. However,' o is not expressedn terms of the residue
becauseit is not local for a nite dimensionalH.
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XIV  Dieomorphism invariant Geometry

The power of the above operator theoretic local trace formula liesin its generality and
in the existenceof really new geometricexamplesto which it applies.

In this sectionwe shall explain how the transversestructure of foliations is descrited by
a spectral triple (A;H;D) with simple dimensionspectrum. This allows moreover to
give a precisemeaningto di eomorphism invariant geometryon a manifold M, by the
construction of a spectral triple (A;H;D) wherethe algebraA is the crossedproduct
of the algebra of smooth functions on the nite dimensionalbundle P of metrics on
M by the natural action of the di eomorphism group of M. While ordinary geometric
constructionsare "covariant” with respectto di eomorphisms, our construction ([B7]) is
"Invariant" inasmuch asthe algebranow incorporatesthe full group of di eomorphisms
and the metrics involved are canonical.

The operator D is an hypoelliptic operator ([B8]) which is directly asseiated to the
reduction of the structure group of the manifold P to a group of triangular matrices
whose diagonal blocks are orthogonal. By constructionthe berof P ! M is the
quotient F*=S0O(n) of the GL* (n){principal bundle F* of oriented frameson M by
the action of the orthogonal group SO(n) GL™(n). The spaceP admits a canonical
foliation: the vertical foliation V. TP,V = Ker andonthe bersV andonN =
(TP)=V the following Euclideanstructures. A choiceof GL* (n){in variant Riemannian
metric on GL™ (n)=SO(n) determinesa metric on V. The metric on N is de ned
tautologically: for every p2 P onehasa metricon T (;(M) which is isomorphicto N
by .

We rst considerthe hypoelliptic signatureoperator Q onF *. It is not a scalaroperator
but it actsin the tensor product

Ho=L*F*;v) E 1)
whereE is a nite dimensionalrepresemation of SO(n) speci cally given by
E=~P, ~R";P,=S*R": (2)
The operator Q is the graded sum,
Q= (dydv dvd,) (dy+dy) 3)

where the horizortal (resp. vertical) di erentiation dy (resp. dy) is a matrix in the
horizortal and vertical vector elds X; and YX as well as their adjoints (which also
involve scalars). When n is equalto 1 or 2 modulo 4 one has to replaceF ™ by its
product by S* sothat the dimensionof the vertical b er is even (it is then 1+ 24
) and the vertical signature operator makessense.The longitudinal part is not elliptic
but only transversally elliptic with respect to the action of SO(n). Thus to get an

hypoelliptic operator onerestricts Q to the Hilbert space,
H=(L%F*;v) E)S°M (4)
and one takesthe following algebraA,
A=Cl(P)> Di *;P=F*"=S0(n): (5)
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Let us note that the operator Q is in fact the image under the right regular represen-
tation of the ane group G +ine Of a (matrix valued) hypoelliptic symmetric elemen

in the envelopping algebraU(G4sfine ). By an easyadaptation of a theorem of Nelson
and Stinespring, it then follows that Q is essetally selfadjoirt (with coreany dense
Gaf 1 ine -invariant subspaceofthe spaceof C! vectorsof the right regular represemation

of Gaf f ine)-

Theorem 8. [B7] Let A be the crosse product C (P) > Di * actingin H asalove.

1. The equality DjDj = Q de nes a spectral triple (A;H;D) which satis es the
hypothesesof theorem 7; its dimension spectrum is simple and given by =
fO;1;:2n+ M g,

2. The cocycle' j given by the local index formula (theorem 7) is the image by the
characteristic map of a universal Gelfand-Richs cohomolay class.

The equality DjDj = Q de ning D while Q is a di erential operator of secondorder,
is characteristic of "quartic" geometries.

The computation of the local index formula for di eomorphism invariant geometry
[B7] was quite complicated even in the caseof codimension 1 foliations: there were
innumerableterms to be computed; this could be done by hand, by 3 weeksof eight
hours per day tedious computations, but it was of coursehopelessto proceedby direct
computationsin the generalcase.Henri and | nally found how to get the answer for
the generalcaseafter discovering that the computation generateda Hopf algebraH (n)
which only dependson n= codimension of the foliation, and which allows to organize
the computation provided cyclic cohomologyis suitably adaptedto Hopf algebrasasin
the next section.

The Hopf algebraH (n) only dependsupon the integern andis neither comnutativ e nor
cocommutative. We provedin [B7] that it is isomorphicto the bicrossedproduct Hopf
algebra([[7Q], [69, [71]) asseiated to the following pair of subgroupsof G = Di (R").
Welet G; G bethe subgroupof a ne di eomorphisms,

k(x)= Ax+b 8x2R" (6)
andwelet G, G be the subgroup,
''2G;'(0)=0;"%0)=1: (7)

Given' 2 G it has a unique decompsition' = k wherek 2 G;, 2 G, which
allows to perform the bicrossedproduct construction.

XV  Characteristic classes for actions of Hopf algebras

Hopf algebrasarise very naturally from their actions on noncomrutativ e algebras[39].
Givenan algebraA, an action of the Hopf algebraH on A is given by a linear map,

H A! A; h a! h(a (1)
satisfying hi(h,a) = (hihz)(a), 8h; 2 H, a2 A and

X
h(a) = hy(@hg(l  8ab2 A;h2 H: )
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wherethe coproduct of h is,

X
( h)= ha he 3

In concreteexamples,the algebra A appears rst, together with linear mapsA ! A
satisfying a relation of the form (f)) which dictates the Hopf algebrastructure. This is
exactly what occuredin the above example(see[B7] for the description of H(n) and its
relation with Di ( R")).
The theory of characteristic classesfor actions of H extendsthe construction [fiQ] of
cyclic cocyclesfrom a Lie algebraof derivations of a C algebra A, together with an
invariant trace onA.
This theory wasdeweloppedin [B7] in order to solve the above computational problem
for di eomorphism invariant geometrybut it wasshowvn in []] that the correct frame-
work for the cyclic cohomologyof Hopf algebrasis that of modular pairs in involution.
It is quite satisfactory that exactly the samestructure emergedfrom the analysis of
locally compact quartum groups. The resulting cyclic conomologyappearsto be the
natural candidate for the analogueof Lie algebracohomologyin the cortext of Hopf
algebras. We x a group-like elemert  and a character of H with () = 1. They
will play the role of the module of locally compactgroups.
We then introduce the twisted antip ode,
X X
S(y) = Y)Sw@) ;s Y2H;, y= Yo Yo 4)

We shall say that the modular pair ( , ) isin involution if the ( , )-twisted antip ode
is an involution,

( '8)=1: (5)

We asseiate a cyclic complex (in fact a -mo dule, where s the cyclic category),
to any Hopf algebratogether with a modular pair in involution. More preciselythe
following graded vector spaceH} .y = fH "g, 1 equipped with the operators given
by the following formulas (B){(§]) de nes a module over the cyclic category . First,
by transposing the standard simplicial operators underlying the Hochsdild homology
complex of an algebra, one asseiatesto H, viewed only as a coalgebra,the natural
cosimplicialmodule fH "g, 1, with faceoperators ; : H " 1 H M,

o(h* A" hH=1 pt ::p o pt
i(ht oo A H=nt o h ::: h"; 81 j n 1
(6)
o(ht ooh"hH=hpt oo opnt
and degeneracyoperators ; :H "1 H M,
i(ht oo o™y =nht oo ™) o ™0 0 (7)

The remaining two essetial features of a Hopf algebra { product and antipode { are
brough into play, to de ne the cyclic operators ,:H "! H ",

ot o )= (" i§tht) hr oo ht (8)
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The theory of characteristic classesappliesto actionsof the Hopf algebraon an algebra
endoved with a -invariant -trace. A linear form on A isa -trace underthe action
of Hi onehas,

(@)= (b (@) 8a;b2 A (9)

A -trace onA is -invariant under the action of H i
(h(a)b) = (aS(h)(b)) 8a;b2 A; h2 H: (20)

Note that equation (g) is an excellert guidein orderto construct Hopf algebraactions,
sinceby the modular theory any positive linear functional on an algebraA givesrise
to an (unbounded) automorphism of its weak closureful lling equation (B).

The theory of characteristic classesfor actions of Hopf algebrasis governed by the
following generalresult:

Theorem 9. ([E7]) LetH be a Hopf algeba endowe with a modular pair in involution

Then H\; = fH "g, 1 equipped with the operators given by (B){(§]) de nes a module

over the cyclic category . Let H act on an algeba A endowe with a -invariant
-trace , then the following de nes a canonical map fromHC . (H) to HC (A),

(ht ::: hM)2CMA); (hr it hM(X0%iinxM) =
(x°ht(x1) :: h"(xM):

We refer to [B] for the discussionof the remarkable agreemen of this theory with the
standard theory of quantum groupsand their locally compactversions.

XVI  Hopf algebras, Renormalization and the Riemann-Hilb ert problem

We descrike in this sectionour joint work with Dirk Kreimer. Perturbative renormal-
ization is by far the most successfultechnique for computing physical quartities in
quartum eld theory. It is well known for instancethat it accurately predicts the rst
ten decimal placesof the anomalousmagnetic momert of the electron.

The physical motivation behind the renormalization technique is quite clear and goes
bad to the conceptof e ectivemassin nineteencertury hydrodynamics. To appreciate
it, oneshoulddive under water with a ping-pong ball and start applying Newton's law,

F=ma (1)

to compute the initial accelerationof the ball B when we let it loose (at zero speed
relative to the water). If onenaively appliesfl, one nds (seethe QFT courseby Sidney
Coleman) an unrealistic initial accelerationof about 20g! In fact as explainedin loc.
cit. due to the interaction of B with the surrounding eld of water, the inertial mass
m involvedin fl] is not the bare massmg of B but is modi ed to

m=mg+ 3 M )
whereM is the massof the water occupiedby B.

46



It followsfor instancethat the initial accelerationa of B is given, usingthe Archimedean
law, by
(M mgg= mo+3iM a (3)

and is always of magnitude lessthan 2g.

The additional inertial mass m = m mg is due to the interaction of B with the
surounding eld of water and if this interaction could not be turned o (which is the
caseif we deal with an electroninstead of a ping-pong ball) there would be no way to
measurethe bare massmy.

The analogy between hydrodynamics and electromagnetismled (through the work of
Thomson,Lorentz, Kramers: : : [BQ)) to the crucial distinction betweenthe bare parame-
ters, sudr asmg, which ernter the eld theoretic equations,and the obsened parameters,
sudh asthe inertial massm.

A quartum eld theory in D = 4 dimensions,is given by a classicalaction functional,
Z
S(A)= L (A)d* (4)

whereA is a classical eld and the Lagrangianis of the form,
m2
L(A) = (@)%=2 — A+ Lin(A) (5)

whereLi,:(A) is usually a polynomial in A and possiblyits derivatives.
One way to descrite the quantum elds (x), is by meansof the time orderedGreen's
functions,

Gn(X1;::5Xn) = hOJT  (xp)::: (Xn)jOi (6)
where the time ordering symbol T meansthat the (X;)'s are written in order of in-
creasingtime from right to left.

The probability amplitude of a classical eld con guration A is given by,

e 7)
and if one could ignore the renormalization problem, the Green'sfunctions would be
computedas, Z

i S(A)
Gn(Xy;iiXxn) =N €77 A(X1) it A(xn) [dA] (8)
whereN is a normalization factor required to ensurethe normalization of the vacuum

State,
h0j 0i = 1: (9)

If onecould ignorerenormalization, the functional integral B would be easyto compute
in perturbation theory, i.e. by treating the term Ly, in B asa perturbation of

m? .
Az (10)

With obvious notations the action functional splits as

Lo(A) = (@)*=2

S(A) = So(A) + Sint(A) (11)
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wherethe free action Sy generatesa Gaussianmeasureexp(i So(A)) [dA] = d .

The seriesexpansionof the Green'sfunctionsis then givenin terms of Gaussianintegrals
of polynomials as,

Z

b3
Gn(X1;::iXn) = i"=nl  A(Xy):::A(xn) (Sint(A)"d
n=0 )4 - ! .
i"=nl S (A)"d
n=0

The variousterms of this expansionare computedusing integration by parts under the
Gaussianmeasure . This generatesa large number of terms U(), ead beinglabelled
by a Feynman graph , and having a numerical value U() obtained as a multiple
integral in a nite number of space-timevariables. As a rule the unrenormalizedvalues
U() are givenby nonsensicadivergen integrals.

The conceptually really nasty divergencesare called ultraviolet and are asseiated to
the presenceof arbitrarily large frequenciesor equivalertly to the unboundednessof
momertum spaceon which integration hasto be carried out. Equivalertly, when one
attempts to integrate in coordinate space,one confrorts divergencesalong diagonals,
re ecting the fact that products of eld operatorsare de ned only on the con guration
spaceof distinct spacetimepoints.

The physics resolution of this problem is obtained by rst introducing a cut-o in
momenrtum space(or any suitable regularization procedure)and then by cleverly mak-
ing useof the unobsenability of the bare parameters,sud asthe bare massmg. By
adjusting, term by term of the perturbative expansion,the dependenceof the bare
parameterson the cut-o parameter, it is possiblefor a large classof theories, called
renormalizable,to eliminate the unwanted ultraviolet divergences.

The main calculational complication of this subtraction procedureoccursfor diagrams
which possession-trivial subdivergencesi.e. subdiagramswhich are already divergen.
In that situation the procedure becomesvery involved sinceit is no longer a simple
subtraction, and this for two obvious reasons:i) the divergencesre no longer given by
local terms, and ii) the previous corrections(those for the subdivergenceshave to be
taken into accourt.

To have an examplefor the conmbinatorial burdenimposedby thesedi culties consider
the problem below of the renormalization of a two-loop four-point function in massless
scalar 4 theory in four dimensions,given by the following Feynmangraph:

o x
dl): ié

We work in the Euclideanframework and introducea cut-o ~ which we assumeto be
always much biggerthan the squareof any external momertum p;. Analytic expressions

It cortains a divergern subgraph:
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for these Feynman graphs are obtained by utilizing a map  which assignsintegrals
to them accordingto the Feynmanrules and employs the cut-o  to the momertum
integrations. Then [ 2] are given by

Z

[y = ekl K1

K2 (k+ pi+ )2

and Z

e = D)
12(1 + p1 + p2)?

It is easyto seethat [ [M] decommsesnto the form blog (wherebis a real number)

plus terms which remain nite for ! 1 , and hencewill producea divergencewhich

is a non-local function of external momerta
lo ‘ d*l (*
J 21 + py + po)?

Fortunately, the courterterm L log generatedto subtract the divergencein
[ ] will preciselycancelthis non-local divergencein 21,

That this type of cancellationoccursat any order of perturbation theory, i. e. that the
two diseasesabove actually cure eat other in generalis a very non-trivial fact that
took decadedo prove [[/9.
The detailed combinatorics is governedby the R operation of Bogoliubov and Parasiuk
(for a 1PI graph ) X

R() =U() + C()U( =) (12)

[ B(pi;1; po; I

log log(p: + p2)*:

6

which preparesa given graph with unrenormalizedvalue U() by adding the courtert-
ermsC( ). The latter are constructedby induction using

0 1
X

c() = TRBUO +  c()u( =)K (13)

6

where, using dimensional regularization T is just the extraction of the pole part in
D =4 . The renormalizedgraph is then given by

X
R() =U() +C() + C()H)U( =): (14)

6

For a mathematician the intricacies of the detailed conmbinatorics and the lack of any
obvious mathematical structure underlying it make it totally inaccessiblejn spite of
the existenceof a satisfactory formal approad to the problem [BT].
This situation wasdrastically changedby the discovery by Dirk Kreimer ([2]) who un-
derstood that the formula for the R operation in fact dictates a Hopf algebracoproduct
on the free commutativ e algebraH ¢ generatedby the 1PI graphs ,

X
= 1+ 1 + = (15)
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(In fact he rst formulated it in terms of rooted trees, but the graph formulation is
easierto explain).

This Hopf algebrais comnutativ easan algebraand we shoved in [#4], [Aq] that it is the
dual Hopf algebraof the enveloppingalgebraof a Lie algebraG whosebasisis labelled
by the oneparticle irreducible Feynmangraphs. The Lie bracket of two sudt graphsis
computedfrom insertions of one graph in the other and vice versa. The correspnding
Lie group G is the group of charactersof H.

The next breakthrough camefrom our joint discovery [Af] that identical formulas to
equations (12, 13, 14) occur in the solution of the Riemann Hilbert problem for an
arbitrary pronilpotent Lie group G!

This really unveils the true nature of this seemingly complicated conbinatorics and
shows that it is a special caseof a general extraction of nite valuesbasedon the
Riemann-Hilbert problem.

The Riemann-Hilbert problem comesfrom Hilb ert's 215 problem which he formulated
asfollows:

\Prove that there always exists a Fuchsian linear di erential equationwith given
singularities and given monadromy.”

In this form it admits a positive answer due to Plemelj and Birkho (cf. [E{] for a
careful exposition). When formulated in terms of linear systemsof the form,

X A
yi(2) = A(2)y(2) ; A(2) = S (16)

2S

(where S is the given nite set of singularities, 1 62S, the A are complex matrices
sud that X
A =0 17)

to avoid singularities at 1 ), the answver is not always positive [g], but the solution
exists when the monodromy matrices M are su cien tly closeto 1. It can then be
explicitly written asa seriesof polylogarithms [f7].

Another formulation of the Riemann-Hilbert problem, intimately tied up to the classi-
cation of holomorphicvector bundleson the RiemannsphereP;(C), is in terms of the
Birkho decomposition

@= @'+ z2C (18)

wherewelet C  P;(C) beasmooth simplecurve,C the componert of the complemen
of C cortaining 1 62C and C. the other componert. Both and  are loops with
valuesin GL,(C),

(2) 2 G = GLy(C) 8z2c (29)

and  are boundary valuesof holomorphic maps(still denotedby the samesymbol)
:C ! GLy(C): (20)

The normalization condition (1 ) = 1 ensuresthat, if it exists, the decompsition
(18) is unique (under suitable regularity conditions).
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The existenceof the Birkho decompsition (18) is equivalert to the vanishing,
a(Lj)=20 (22)

of the Chern numbersn; = ¢;(L;) of the holomorphic line bundles of the Birkho -
Grothendiedk decomposition,
E = Lj (22)

where E is the holomorphic vector bundle on P,(C) asseiated to , i.e. with total
space:
(C. c[ (¢ c": (23)

The above discussionfor G = GL,(C) extendsto arbitrary complexLie groups.

When G is a simply connectednilpotent complexLie group the existence(and unique-

ness)of the Birkho decomposition (18) is valid for any . Whentheloop :C! G

extendsto aholomorphicloop: C; ! G, the Birkho decompsitionisgivenby . = |,
= 1. In general,for zo 2 C, the ewaluation,

Il (202G (24)

is a natural principle to extract a nite value from the singular expression (zp). This
extraction of nite valuesis a multiplicativ eremoval of the pole part for a meromorphic
loop whenwe let C be an in nitesimal circle certered at z,.
We are now ready to apply this procedurein Quantum Field Theory. First, using di-
mensionalregularization, the bare (unrenormalized)theory givesriseto a meromorphic
loop,

(2)2G; z2cC (25)

Our main result 435, is that the renormalizedtheory is just the ewaluation at the
integer dimensionzy, = D of space-timeof the holomorphic part . of the Birkho
decompsition of

In fact, the original loopd! (d) not only dependsupon the parametersof the theory
but alsoonthe additional \unit of mass" requiredby dimensionalanalysis. We shaved
in [A9 that the mathematical conceptsdevelopped in our earlier papers provide very
powerful tools to lift the usual conceptsof the -function and renormalization group
from the spaceof coupling constars of the theory to the complexLie group G.

We rst obsened that even though the loop (d) doesdepend on the additional pa-
rameter

boo(d); (26)
the negative part in the Birkho decompsition,
(d= (" -(d (27)
is actually independert of ,
@@ (d) = 0: (28)

This is a restatemen of a well known fact and follows immediately from dimensional
analysis. Moreover, by construction, the Lie group G turns out to be graded, with
grading,

t2 AutG; t2R; (29)
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inherited from the grading of the Hopf algebraH of Feynmangraphsgiven by the loop
number,
L() = loop number of (30)

for any 1Pl graph .
The straightforward equality,

¢ ()= ¢( (d) 8t2RrR;"=D d (31)

shows that the loops  assaiated to the unrenormalizedtheory satisfy the striking
property that the negative part of their Birkho decommsition is unaltered by the
operation,

M eCO); (32)

In other words, if we replace (") by «( (")) we dont changethe negative part of its
Birkho decompmsition. We settled now for the variable,

"= D d2 cnfog: (33)

We give in [A9 a complete characterization of the loops (") 2 G ful lling the above
striking invariance. This characterizationonly involvesthe negativepart (") of their
Birkho decompmsition which by hypothesisful lls,

" «( (") Y isconvergen for"! O: (34)
It is easyto seethat the limit of (34) for " ! 0 de nes a one parametersubgroup,
Fil2G;t2R (35)

and that the generator = @@Ft o Of this one parameter group is related to the
residueof

1
Res = — — 36
Re @ u . (36)

by the simple equation,
= Y Res ; (37)

whereY = & isthe grading.

This is straightforward but our result is the following formula (39) which gives (")
in closedform as a function of . We shall for cornvenienceintroduce an additional
generatorin the Lie algebraof G (i.e. primitiv e elemens of H ) sud that,

[Z0; X]= Y(X) 8X 2 Lie G: (38)
The scattering formula for (") is then,
(") = lim e {(=r70) go. (39)
Both factorsin the right hand side belongto the semidirect product,
€=G> R (40)
of the group G by the grading, but of coursethe ratio (39) belongsto the group G.
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This shows ([£9) that the higher pole structure of the divergencesds uniquely deter-
mined by the residueand givesa strong form of the t'Ho oft relations, which will come
as an immediate corollary.
The main new result of [A9], specializing to the masslesscaseand taking ' 2 as an
illustrativ eexampleto x ideasand notations, is that the formula for the bare coupling
constart,

Go=02:125"" (41)

whereboth gZ; = g+ gandthe eld strengthrenormalizationconstan Z3 arethought
of as power series(in g) of elemerts of the Hopf algebraH, doesde ne a Hopf algebra
homomorphism,

Hcwm q.o Hk (42)

from the Hopf algebraHcy of coordinates on the group of formal di eomorphisms of
C sud that,
'(0)=0; ' %0) = id (43)

to the Hopf algebraHk of the masslesgheory. We had already constructedin [fg] a
Hopf algebrahomomorphismfrom Hcy to the Hopf algebraof rooted trees, but the
physical signi cance of this construction was unclear.
The homomorphism (42) is quite di erent in that for instance the transposedgroup
homomorphism,

G ! Di (0 (44)

lands in the subgroupof odd di eomorphisms,
(2= ' (2 8z: (45)

Moreover its physical signi cance is transparert. In particular the imageby of =
Y Res isthe usual -function of the coupling constart g.

Wediscoveredthe homomorphism(42) by lengthy concretecomputationswhich werean
excellert test for the explicit ways of handling the copraduct, coassoiativit y, symmetry
factors :: that underly the theory.

As a corollary of the construction of we get an action by (formal) di eomorphisms of
the group G on the spaceX of (dimensionless)coupling constarts of the theory. We
canthen in particular formulate the Birkhno decomposition directly in the group,

DI (X) (46)

of formal di eomorphisms of the spaceof coupling constarts.

Theorem 10. ([£9)) Letthe unrenormalizel e ective coupling constantge (") be viewel
as a formal power seriesin g and let ge (") = G, (") (g (")) ! beits (opposite)
Birkho decomposition in the group of formal di e omorphisms. Then the loop ge (")
is the bare coupling constant and ge ., (0) is the renormalizel e ective coupling.

This result is now, in its statemert, no longerdepending upon our group G or the Hopf
algebraH. But of coursethe proof makesheary useof the above ingredierts. It is a
challengeto physiciststo nd a direct proof of this result.

Finally the Birkho decompmsition of a loop,

(") 2 Di (X); (47)
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admits a beautiful geometricinterpretation. If we let X be a complex manifold and
passfrom formal di eomorphisms to actual ones,the data (47) is the initial data to
perform, by the clutching operation, the construction of a complexbundle,

P=(S" X)[ (8§ X) (48)
over the sphereS = P,(C) = S* [ S , andwith berX,
X I P I S: (49)
The meaningof the Birkho decomposition,
M= "'+ (50)
is then exactly captured by an isomorphismof the bundle P with the trivial bundle,

S X: (51)

XVI | Num ber theory

| shall concludethesenotes by giving a brief glimpse at the connection betweennon-
commutativ e geometryand number theory. There are two points of contact of the two
subjects, the rst givesa spectral interpretation of zerosof zeta and L-functions in
terms of a construction involving adeles,more speci cally the noncomnutativ e space
of adeleclasses.The secondhasto do with the missing Galois theory at Archimedean
places. For the specialists of quarntum chaoslooking for a spectral realization of the
non-trivial zerosof the Riemann zeta function from the quartization of classicalme-
chanical systems,the adelesmight look rather exotic at rst sight and we rst needto
explain briey (for non specialists) why ldelesand Adeles are natural and important
in number theory.
Let us start with the reciprocity law (Gauss1801)

_ = ( pywo P

vy P 1
5 (p) = ©= (mod2) o

where™ and p are odd primesand 5 is the Legendresymbol whosevalueis +1 if the
equation

x2=" (mod p) (2)
admits a solution, and is 1 if it doesnot.
For instance, with * = 5 we seethat whether the equation x? = 5(mod p) admits a

solution only dependsupon p(mod 5), i.e. only on the last digit of p. Thus the answer
is the samefor p = 7 and p = 1997or for p = 19 and p = 1999. It follows that the
primes p thus fall into classes The languageof Adelesand Idelesextendsthis simple
notion of classesof primesto those of ideal classesand then of Idele classes

To the proof of Dirichlet of the existenceof in nitely many primes in an arithmetic
progressioncorresmnds the construction of an L-function asseiated to a character
modulo m,
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Y 1 3
1 (@p*° ©)

More generallya Hede L-function is assaiated to a character of the ideal classgroup

modulo m and in fact alsoto a Gressenbarakter which is a character of the Idele class

group of a number eld k.

The quickestway to introducethe Idele classgroup of a number eld k isto understand

(Cf. Iwasava Ann. of Math. 57 (1953)) that such a eld sits uniquely as a discrete
cocompactsub eld of a unique locally compact( semi-simpleand non discrete)ring A

L(s; )=

k A; k cocompact 4)
called the ring of Adelesof k. One then has,
Idele classgroup of k = GL1(K)nGL1(A); (5)

and a Gressenhbarakter is a character of this locally compact group. lwasava and
Tate shoved how to use analysison adelesto prove the basic properties of the Hede
L -functions which werethen extendedto L-functions asseiated to automorphic forms
which appear in the action of GL,(A) on the Hilb ert space

L2(GLn(k)NGLn(A)) : (6)

To understandthe other languageinvolvedin the basicdictionary which underliesthe
anglandsprogramlet us go bad to the equation(2) sy with * = 5and simply ac%oi_n
5to the eld Q of rational numb%@which givesan algebraicextensionK = Q(  5)
of Kk = Q. The Galoisgroup Gal(Q( 5): Q) = Gal(K : k) is of coursez=2 in this case
and admits an obvious non trivial one dimensionalrepresemation . In general,the

Artin L-function asseiated to a represemation

Gal(K :k)! GL(n;cC) (7)
of the Galoisgroup of a nite Galois extensionK of k, is

Y
L(s; )= Lp(s; ) (8)
P
wherep runs through the prime idealsof k and the local L factor is givenat unrami ed
p by,
Lo(s; ) =det(L  ( )N(p) °) 9)
where is the Frobeniusautomorphism of p.

When K=k is an abelian extensionand a one dimensionalrepresemation it follows
from class eld theory that de nes a character modulo the conductor of K=k and
that the Artin L-function equalsthe Hedke L-function. This Artin reciprocity law is a
far readhing extensionof the Gaussreciprocity law (1).

The Langlandsprogram extendsHedke's theory of Euler products asseiated to auto-
morphic forms on GL(2) to arbitrary reductive groupsG and givesa correspndance,
extending Artin's reciprocity law to the non-Abelian case betweenautomorphic repre-
serations of G and represemations,

Gal(K :k)! "G (10)
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in the Langlandsdual " G of G.

A basictool of the theory is the trace formula [[76] which extendsto the adelic cortext
the Selbergtrace formula. The trace formula is the equality obtained by computing in
two di erent ways the trace of operators of the form,

Trace(C (f)) (12)
where (for G = GL,), isthe natural represemation of GL,(A) in the Hilbert space
L2(GLn(K)NGL,(A)) (12)

where is a Grossenbarakter, and C isacuto. The Grossenharakter allowsone
to restrict to vectorswith a xed behaviour relativeto GL;.

The spectral side of the trace formula is obtained from the harmonic analysis of the
represemation . The geometricside expresseshe trace asa sum of orbital integrals.

The restriction imposedin (12) by the Gressenharakter shows that the casen = 1
becomestrivial and concertrates essetially on the SL,, aspect for n 2. Sofar the
zerosof L-functions do not appear in this language.

Our cortribution to this subject is to shav that both the zerosof L-functions and the
Riemann-Weil explicit formulas appear directly in a re nement of the trace formula
obtained asfollows. Instead of restricting the Hilb ert space,

L#(GLn(k)nGLy(A)) (13)

by the choiceof Grossenbarakter asabove, oneintroduceson the full Hilbert space
(13) a ner cuto operator Q taking careof the \GL ;" behaviour of vectors.

To understandin which way the correspnding trace formula re nes the Arth ur trace
formula, it is simplestto restrict to the caseof GL;. In order to simplify even further
we shall replacethe number eld k by a function eld of positive characteristic. This
allows for a straightforward de nition of the cuto operators Q as the orthogonal
projection on the subspace,

Q  L3GL1(k)nGL1(A)) (14)

spannedby the vectors 2 S(A) (averagedon GL(k)) which vanish as well as their
Fourier transform for jxj > . Note that we useFourier transform on the additive group
of adelessothat the spaceGL;(k)nA of Adele classeds implicit in this constru%ion.
To de ne this Fourier transformation we neededto choosea basiccharacter = v
of the additive group A for which the lattice k is selfdual.

The spectral computation of the trace of Q (f) involvesall the nortrivial zerosof
Hedke L-functions and is given by the following formula ([F3]),
|
X !
TraceQ (f)) =2 f (k) log®
GLq
X 1 Z
+10) + (1) N o+ fG2d @+ o) (15)
L(; 3+ ):0 IR

2B=N?
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whereB isthe openstrip B = 2cC;jRe j<i ,N ; i+ isthe multiplicit y of
%+ asa zeroof the L function L(; s), varying through Groessenharakters(modulo

principal ones),N being the module,
N = Mod(k): (16)

R
Also2log® = D2l u d ,andthe measured (z) isthe harmonicmeasureof 2 C
with respect to the line iR. In particular if the zero% + isonthe critical lined (2)

is just the Dirac massat z = . Finally the Fourier transform of f is given by,
Z
o 2)= f(uh (Wju*du: (17)

GL1(A)

The geometricsideof the trace formula hassofar only befully justi ed in the simpli ed
situation whereonly nitely many placesare used. It is then given by the following

formula ([[73))

X X %o f (ku)
TraceQ (f)) =2 f(k) log® + _ _d u+ o(l); (18)
GLq v;k kvjl uj
whereead kK, is elﬂ)eddedln (GL1(k)nGL1(A)) by the mapu! (1;1;: i 1l)and

the principal value %s unlquely determinedby the pairing with the unlquedlstrlbutlon
on k, which agreeswith for u 6 1 and whose Fourier transform relativeto
vanishesat 1.

By proving that it ertails the positivity of the Weil distribution, we shoved in [[[3] that
the validity of the geometricside, i.e., the global trace formula, is equivalert to the
Riemann Hypothesisfor all L-functions with Gressenharakter.

Jl UJ

Theorem 11. The following two conditions are equivalent:
a) When ! 1, onehas,for all f 2 S(GL;(k)nGL1(A)) with compact support,

X
Trace@Q (f)) = 2 f(k) log® +

GLq v;k

X Zo f(ku) |
K J1 uj

+0o(1); (19)

b) All L functions with Gressenchaakter on k satisfy the Riemann Hypothesis.

We have thus obtained a spectral interpretation of the zerosof zeta and L-functions
as an absorption spectrum, i.e., as missing spectral lines. All zerosdo play a role in
the spectral side of the trace formula, but while the critical zerosdo appear perse,the
noncritical onesappear asresonancesnd erter in the trace formula through their har-
monic potential with respect to the critical line. The spectral sideis ertirely canonical,
and its validity is justi ed in the global case[[/3. It is quite important to understand
why a crucial negative sign in the analysisof the statistical uctuations of the zerosof
zetaindicated from the start that the spectral interpretation shouldbe asan absorption
spectrum, or equivalertly should be of a cohomologicalnature.
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Absorption Emission

The number of zerosof zeta whoseimaginary part is lessthan E > 0,
N(E)=# ofzeros ; 0<Im <E (20)

has an asymptotic expression([2q]) given by

N(E) = 25 log 25 1+ g+ o(1) + Noeo(E) 21)

wherethe oscillatory part of this step function is
1 1 .
Noso(E) = — Im log 5 + IE (22)

which is of the order of Log(E) (We assumethat E is not the imaginary part of a zero
and take for the logarithm the branch which is 0 at +1 ). The Euler product formula
for the zetafunction yields (cf. [[72]) a heuristic asymptotic formula for Nsc(E),

1X X9

1
Nosc(E) b " Am=2 Sin(m E IOg p) : (23)
p mey M P

One can comparethis formula with what appearsin the direct atempt [[/] to construct
a spectral realization of zerosof zetafrom quartization of a classicaldynamical system.
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In this theory the quartization of the classicaldynamical system given by the phase
spaceX and hamiltonian h givesrise to a Hilbert spaceH and a selfadjoirt operator
H whosespectrum is the essetial physical obsenable of the system. For complicated
systemsthe only usefulinformation about this spectrum is that, while the averagepart
of the courting function,

N(E) = # eigervaluesof H in [0; E] (24)

is computed by a semiclassicahppraximation mainly asa volumein phasespace,the
oscillatory part,
Noso(E) = N(E) MN(E)i (25)

is the sameasfor arandom matrix, governedby the statistic dictated by the symmetries
of the system.

One can then ([[3]) write down an asymptotic semiclassicabppraximation to the os-
cillatory function Ngs(E)
I
Noso(E) = = Im TraceH (E+i)) tid (26)
0
using the stationary phaseappraoximation of the correspnding functional integral. For
a systemwhosecon guration spaceis 2-dimensional,this gives([fg] (15)),

1X X 1 .
Nosc(E)' - E m Sm(spm(E)) (27)

p

wherethe , arethe primitiv e periodic orbits, the label m correspndsto the number
of traversalsof this orbit, while the corresmpnding instability exponerts are . The
phase Spm(E) is up to a constarnt equalto mE T# where T# is the period of the
primitiv e orbit .

Comparing the formulas one seesa fundamertal mismatch (cf.[[7Z)) which is the overall
minus signin front of formula (23) asopposedto the plus signof (27). This problemis
resohedin our spectral interpretation by the minus sign presert in the spectral side of
the trace formula (15). The point is that the spectral analysisof the action of the Idele
classgroup on the Adele classspaceshows ([[73]) white light with dark absorptionlines
labelled by the zerosof zetaand L-functions. This alsoprovidesthe correctexplanation
for the asymptotic form of the formula for the averagenumber of zeros

IN(E)i (E=2 )(log(E=2 ) 1)+ 7=8+ o(1) (28)

from a semiclassicatomputation for the number of quartum medanical statesin one
degreeof freedomwhich ful Il the conditions

idi Jipi JiH]  E; (29)

whereH = 2 ¢p is the Hamiltonian which generatesthe group involved in the ac-
tion of the Idele classgroup namely the scalingtransformations (see([['J]) for precise
normalization). We are thus computing the areaof,

D =f(p;a;pa Oja  jpi  ijpd  E=2 g (30)
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(sincewe dealwith zetaalonewe restrict ourselhesto evenfunctions sothat we exclude
the regionpg 0 of the semiclassicalp;q) plane). The computation yields
Z
2E E E
1=2 ] dpdg= > log > log > 1 : (31)
In this formula we seein the right hand side the overall term N (E)i which appears
with a minus sign. This shaws that the number of quantum medanical states is
equalto ‘;—E log minusthe rst approximation to the number of zerosof zeta whose
imaginary part is lessthan E in absolute value (one just multiplies by 2 the equality
(31)). Now ZA(ZE)(Z log ) is the number of quantum states in the Hilbert space
L2(R, ;d x) which arelocalizedin R, between ! and and arelocalizedin the dual
group R (for the pairing h; ti = ) between E and E. Thus we seeclearly that
the rst appraximation to N (E) appearsasthe lack of surjectivity of the map which
asseiatesto quartum states with support in D the function on R,
X
EC)() =" (nx) (32)

n2z

R
wherewe assumethe additional conditions (0) = (x)dx = 0.

A ner analysis,which is just what the trace formula is doing, would yield the additional
terms 7=8+ 0o(1) + Nosc(E). The above discussionyields an explicit construction of a
large matrix whosespectrum approahesthe zerosof zetaas ! 1.
While the above discussionclearly givesthe sough for spectral interpretation of zeros
of zetait is unclearthat onecan expect to justify the (geometricsideof) trace formula
without a deeper understanding of the symmetriesof the situation, which might well
involve quantum groups.
As we mertionned earlier, the secondpoint of contact between noncomnutativ e ge-
ometry and number theory hasto do with the missing Galois theory at Archimedean
places.
Let k be a glolal eld, whenthe characteristic of k is p> 1 sothat k is a function eld
over Fq, onehas

K kun Kkap ksep K;

wherek is an algebraicclosureof k, ksep the separablealgebraicclosure kap, the maximal
abelian extensionand k, is obtained by adjoining to k all roots of unity of order prime
to p.

Onede nes the Weil group Wy asthe subgroupof Gal(kay : k) of thoseautomorphisms
which induce on ky, an integral power of the Frobeniusautomorphism

()= ¢ 8 root of 1 of order prime to p:

The main theorem of global class eld theory assertsthe existenceof a canonicaliso-
morphism,
Wk ' Ck = GLl(A):GLl(k),

of locally compactgroups.
When k is of characteristic O, i.e. is a number eld, onehasa canonicalisomorphism,

Gal(Kap : k) " Cy=Dx;
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where D is the connectedcomponernt of identity in the Idele classgroup Cy, but
becauseof the Archimedian placesof k there is no interpretation of Cy analogousto
the Galois group interpretation for function elds. According to A. Weil [[{], \La
recherche d'une interpretation pour Cy si k est un corps de nombres, analogueen
guelgue maniere a l'in terpretation par un groupe de Galois quand k est un corps de
fonctions, me senble constituer I'un des problemesfondamenaux de la theorie des
nombres a I'heure actuelle ; il se peut qu'une telle interpretation renfermela clef de
I'hnypothesede Riemann: ::".

Galoisgroupsare by construction projectivelimits of the nite groupsattachedto nite
extensions.To get connectedgroupsoneclearly needsto relax this niteness condition
which is the sameas the nite dimensionality of the certral simple algebrasof the
Brauer theory. Since Archimedian placesof k are responsible for the non trivialit y of
Dy it is natural to askthe following preliminary question,

\Is there a non trivial Brauer theory of certral simple algebrasover C."

We shavedin [{ that the approximately nite dimensionalsimplecertral algebrasover
C (called factors) provide a satisfactory answer to this question. They are classi ed by
their module,

Mod(M) R, ;

which is a virtual closedsubgroupof R, .

One canin fact go much further and understandthat the renormalization group, once
properly formulated mathematically aswedid in sectionXVI, really appearsasa perfect
ambiguity group betweensolutionsto a (physics) problem. It henceplays a role very
similar to that of the Galoisgroup of an algebraicequationand is an ideal candidatefor
the missing Galois group at the Archimedian place. One can explore this idea further
by making use of the relation betweenthe (conjectural) Hopf algebraof Euler-Zagier
numbers ([B2], [B3]) and the Kreimer Hopf algebra.

XVI 11 App endix, the cyclic category

At the conceptuallevel, cyclic conomologyis a way to embed the nonadditive

category of algebrasand algebrahomomorphismsin an additive category of modules.
The latter is the additive categoryof -mo duleswhere is the cyclic category Cyclic
cohomologyis then obtained asan Ext functor ([L4]).
The cyclic categoryis a small categorywhich canbe de ned by generatorsand relations.
It has the same objects as the small category of totally ordered nite sets and
increasingmapswhich plays a key role in simplicial topology. Let usrecallthat has
oneobject [n] for eat integern, and is generatedby faces j;[n 1]! [n] (the injection
that missesi), and degeneracies;;[n+ 1]! [n] (the surjection which identi es | with
] + 1), with the relations,

= ijafori<y 0= 0 ga o] 1)
8 o
< jj1 1<)
ii= . 1n fi=jori=j+1 (2)
i1 i>j+1:
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To obtain the cyclic category oneaddsfor eady n a newmorphism ,;[n]! [n]sud
that,

ni= i1n1 1 1 n; no= n
i= 1 i n = 2 (3)
n i i 1 n+l ’ n 0 n n+1
n+l — .
IS -

The original de nition of (cf. [[4]) used homotopy classesof non decreasingmaps
from S* to S! of degreel, mappingz=nto z=m andis trivially equivalert to the above.
Given an algebra A one obtains a module over the small category by assigningto
ead integern 0 the vector spaceC" of n + 1-linearforms' (x%:::;x") on A, while
the basicoperations are given by

(I')(XO;...;Xn) - '(XO;"Z;XiXHl;"';Xn), |:O,1;"';n 1
( nl )(XO;"';Xn) - 1 (XnXO,Xl;"';x” 1)
4)
(J')(XO;...;Xn) - '(XO;":;Xj;l,XJ+1"";Xn), j=0,1;"';n
(o' )(X%:iox™) = " (x™x0inx™ 1)

These operations satisfy the relations ([l) (B) and (B). This shaws that any algebraA
givesrise canonicallyto a -mo dule and allows [[[4, P7] to interpret the cyclic cohomol-
ogygroupsHC"(A) asExt" functors. All of the generalproperties of cyclic conomology
sudh asthe long exactsequenceelating it to Hochsdild cohomologyare sharedby Ext
of general -mo dulesand can be attributed to the equality of the classifyingspaceB
of the small category with the classifyingspaceB S* of the compactone-dimensional
Lie group S!. One has

B =BS'=P; (0 (5)
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