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Abstract

Our geometric conceptsevolved �rst through the discovery of NonEuclidean
geometry. The discovery of quantum mechanics in the form of the noncommut-
ing coordinates on the phasespaceof atomic systemsentails an equally drastic
evolution. We describe a basic construction which extends the familiar dualit y
betweenordinary spacesand commutativ ealgebrasto a dualit y betweenQuotient
spacesand Noncommutativ e algebras. The basic tools of the theory, K-theory,
Cyclic cohomology, Morita equivalence,Operator theoretic index theorems,Hopf
algebra symmetry are reviewed. They cover the global aspects of noncommuta-
tiv e spaces,such as the transformation � ! 1=� for the noncommutativ e torus T2

�
which are unseenin perturbativ e expansionsin � such asstar or Moyal products.
We discussthe foundational problem of "what is a manifold in NCG" and explain
the fundamental role of Poincaredualit y in K-homology which is the basicreason
for the spectral point of view. This leads us, when specializing to 4-geometries
to a universalalgebracalled the "Instan ton algebra". We describe our joint work
with G. Landi which gives noncommutativ e spheresS4

� from representations of
the Instanton algebra. We show that any compact Riemannian spin manifold
whose isometry group has rank r � 2 admits isospectral deformations to non-
commutativ e geometries.We give a survey of several recent developments. First
our joint work with H. Moscovici on the transversegeometry of foliations which
yields a di�eomorphism invariant (rather than the usual covariant one) geom-
etry on the bundle of metrics on a manifold and a natural extension of cyclic
cohomologyto Hopf algebras. Second,our joint work with D. Kreimer on renor-
malization and the Riemann-Hilbert problem. Finally we describe the spectral
realization of zeros of zeta and L-functions from the noncommutativ e spaceof
Adele classeson a global �eld and its relation with the Arth ur-Selberg trace for-
mula in the Langlands program. We end with a tentalizing connection between
the renormalization group and the missing Galois theory at Archimedian places.
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I In tro duction

There are two fundamental sourcesof `bare' facts for the mathematician. These
are, on the one hand the physical world which is the sourceof geometry, and on the
other hand the arithmetic of numberswhich is the sourceof number theory. Any theory
concerningeither of thesesubjects can be tested by performing experiments either in
the physical world or with numbers. That is, there are somereal things out there to
which we can confront our understanding.
If one looks back at the 23 problems of Hilb ert then one �nds that, fortunately, the
twentieth century saw very important discoverieswhich nobody could have foreseenby
1900. Two of them (of courseby no meansthe only discoveries) involve Hilb ert space
in a crucial way and will be of particular importance for this talk: The �rst one is
quantum mechanics,and the second,equally important in a sense,is the extensionof
class�eld theory to the non-abelian case,thanks to the Langlandsprogram.
In this lecture I'll take both of these discoveries as a pretext and point towards the
extensionof our familiar geometricalconceptsbeyond the classical,commutativ e case.
My aim is to discussthe foundation of noncommutativ e geometry.

I I Geometry

Before I do that, let me remind you, using a simple example, of the power of
abstraction in mathematics. Around 1800, Mathematicians wondered whether it is
true that Euclid's �fth axiom is actually super
uous. For instance Legendreproved
that if you have one triangle whoseinternal anglessum to � then that is enoughto
guarantee ordinary Euclidean geometry. However, as we all know Euclid's �fth axiom
is not super
uous and NonEuclideanGeometry givesa counter-example. The simplest
model of NonEuclidean Geometry is probably the Klein model. The points of the
geometricspaceX are the points inside an ellipse,

D
p

The lines are the intersectionsof the ordinary Euclidean lines with X. If you take a
point p, outside the line � then there are distinct lines which don't meet � (i.e. are
parallel to �) but meet each other at p.
At �rst this was consideredas an esotericexampleand Gaussdidn't publish his dis-
covery, but after some time it becameclear that rather than just being a strange
counter-example, it was somethingwith remarkable beauty and power. The question
then became\what is the sourceof this beauty and power?" Often in mathematics,
understandingcomesfrom generalisation,insteadof consideringthe object per se what
one tries to �nd are the conceptswhich embody the power of the object.
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A �rst generalisationis the Erlangen program of Klein and the theory of Lie groups
which attributes the beauty of this example to its symmetries, namely the group of
projective transformations of the plane which preserve the ellipse.
The secondconceptual generalisation is Riemannian geometry as explained in Rie-
mann's inaugural lecture ([26]) in which he re
ected on the hypothesesof geometry
and introducedtwo key notions: the conceptsof manifold and line element.
By a manifold Riemann meant `any spaceyou can think of whosepoints can vary
continuously'. For example, a manifold could be a continuous collection of colours,
the parameter spacefor somemechanical system or, of course,space. In his lecture
Riemannexplainedthat it is possible,essentially proceedingby induction, to label the
points of such a spaceby a �nite collection of real numbers.
In Riemannian geometry the distance between two points x and y is given by the
following ansatz:

d(x; y) = Inff
Z



dsj
 is a path betweenx and yg (1)

Expanding d(x; y) nearthe diagonal,after raising it to an evenpower to ensuresmooth-
nessgivesa local formula for ds. The �rst casehe consideredwas the quadratic case
(although he explicitly mentionned the quartic case). From the Taylor expansionhe
obtained, in the quadratic case,the well-known formula for the metric,

ds2 = g�� dx� dx� : (2)

Riemann's conceptof geometry di�ers greatly from that of Klein becauseKlein's for-
mulation is basedon the idea of rigid motions whereasin Riemannian geometry rigid
motions are no longer possiblebecauseof the variabilit y of the curvature and the ex-
traordinary freedomin the choiceof the components g�� .
The basic notions of ordinary geometry do make sense,for examplea straight line is
given by the geodesicequation,

d2 x �

dt2 = �
1
2

g�� (g��;� + g��;� � g� �;� )
dx�

dt
dx�

dt
(3)

but what really vindicated the point of view of Riemann,with respect to that of Klein,
was another major discovery of the twentieth century, GeneralRelativit y.
One can get a glimpseof this from the following simple fact. If we take the Minkowski
metric and perturb it to dx2 + dy2 + dz2 � (1 + 2V(x; y; z))dt2 using the Newtonian
potential V(x; y; z), then the geodesic equation can be re-written in the obvious ap-
proximation to obtain Newton's law of motion. This makesclear that the variabilit y
of the g�� is preciselynecessaryin order to get a good geometricmodel of the physical
universe.
It is interesting to note that Riemann was well aware of the limits of his own point of
view as is clearly expressedin the last pageof his inaugural lecture; ([26])
"Questions about the immeasurably large are idle questions for the explanation of
Nature. But the situation is quite di�eren t with questionsabout the immeasurably
small. Upon the exactnesswith which we pursuephenomenoninto the in�nitely small,
does our knowledge of their causal connectionsessentially depend. The progressof
recent centuries in understanding the mechanismsof Nature dependsalmost entirely
on the exactnessof construction which has becomepossiblethrough the invention of
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the analysisof the in�nite and through the simpleprinciplesdiscoveredby Archimedes,
Galileo and Newton, which modern physicsmakesuseof. By contrast, in the natural
scienceswherethe simple principles for such constructionsare still lacking, to discover
causalconnectionsonepursuesphenomenoninto the spatially small, just so far as the
microscopepermits. Questionsabout the metric relationsof Spacein the immeasurably
small are thus not idle ones.

If one assumesthat bodies exist independently of position, then the curvature is
everywhereconstant, and it then follows from astronomicalmeasurements that it can-
not be di�eren t from zero;or at any rate its reciprocal must be an area in comparison
with which the rangeof our telescopescan be neglected.But if such an independence
of bodies from position doesnot exist, then onecannot draw conclusionsabout metric
relations in the in�nitely small from those in the large; at every point the curvature
can have arbitrary values in three directions, provided only that the total curvature
of every measurableportion of Spaceis not perceptibly di�eren t from zero. Still more
complicatedrelations can occur if the line element cannot be represented, as was pre-
supposed, by the squareroot of a di�eren tial expressionof the seconddegree. Now
it seemsthat the empirical notions on which the metric determinations of Spaceare
based, the concept of a solid body and that of a light ray, lose their validit y in the
in�nitely small; it is therefore quite de�nitely conceivable that the metric relations of
Spacein the in�nitely small do not conform to the hypothesesof geometry;and in fact
oneought to assumethis assoon asit permits a simpler way of explaining phenomena.

The questionof the validit y of the hypothesesof geometryin the in�nitely small is
connectedwith the questionof the basisfor the metric relationsof space.In connection
with this question,which may indeedstill be ranked as part of the study of Space,the
above remark is applicable,that in a discretemanifold the principle of metric relations
is already contained in the concept of the manifold, but in a continuous one it must
comefrom somethingelse. Therefore, either the reality underlying Spacemust form
a discretemanifold, or the basisfor the metric relations must be sought outside it, in
binding forcesacting upon it.

An answer to thesequestionscan be found only by starting from that conception
of phenomenawhich hashitherto beenapproved by experience,for which Newton laid
the foundation, and gradually modifying it under the compulsionof facts which cannot
be explained by it. Investigations like the one just made, which begin from general
concepts, can serve only to insure that this work is not hindered by too restricted
concepts,and that progressin comprehendingthe connectionof things is not obstructed
by traditional prejudices.

This leadsus away into the domain of another science,the realm of physics, into
which the nature of the present occasiondoesnot allow us to enter".

I I I Quan tum mechanics

In fact quantum mechanics showed that indeed the parameter space,or phase
spaceof the mechanical system given by a single atom fails to be a manifold. It is
important to convince oneselfof this fact and to understand that this conclusion is
indeeddictated by the experimental �ndings of spectroscopy. The information we get
from the light coming from distant stars is of spectral nature, the spectral lines are
absorption or emissionlines
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One can infer from this spectral information the chemicalcomposition of the star since
the simple elements have recognisablespectra. Thesespectra obey experimentally dis-
covered laws, the most notable being the Ritz-Rydberg combination principle. The
principle can be stated as follows; spectral lines are indexedby pairs of objects. These
objects could be numbers, greek letters, or any kind of labels. The statement of the
principle then is that certain pairs of spectral lines,whenexpressedin terms of frequen-
cies,do add up to give another line in the spectrum. Moreover, this happensprecisely
when the labels are of the form i; j and j; k.

What Heisenberg understood, by analogy with the classicaltreatment of the interac-
tion of a mechanical systemwith the electromagnetic�eld, is that this Ritz-Rydberg
combination principle actually dictates an algebraicformula for the product of any two
observable physical quantities attached to the atomic system.
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Heisenberg wrote down the formula for the product of two observables;

(A B)( i;k ) = A ( i;j ) B ( j;k ) (1)

and he noticed of coursethat this algebrahe had found is no longer commutativ e,

A B 6= B A (2)

Now Heisenberg didn't know about matrices, he just worked it out, but he was told
later by Born, Jordan and Dirac that the algebra he had worked out was known to
mathematiciansas the algebraof matrices.
Physicistsoften tell jokessuch as: A physicist walks down the main street of a strange
town looking for a laundrette. He seesa shopwith signsin the window saying `bakery'
`grocers' `laundrette', so he enters. However, the shop is owned by a mathematician
and when the physicist asks \when will the washing be ready?" the mathematician
replies\w e don't cleanclothes,we just sell signs!".
In the caseof Heisenberg and also that of Einstein who was helped out by Riemann,
this was no joke.
However, soon after Heisenberg's discovery, Schrodinger came up with his equation
so physicists happily returned to the study of partial di�eren tial equations, and the
messageof Heisenberg was buried to a great extent. Most of my work has been an
attempt to take this discovery of Heisenberg seriously. On re
ection, this discovery
actually clearlydisplays the limitation of Riemann'sformulation of geometry. If welook
at the phasespaceof an atomic systemand follow Riemann'sprocedureto parametrize
its points by �nitely many real numbers, we �rst split the manifold into the levelson
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which someparticular function is constant, but we then needto iterate this processand
apply it to the level hypersurfaces.However, accordingto Heisenberg this doesn't work
becauseas soon as we make the �rst measurement, we alter the situation drastically.
The right way to think about this new phenomenonis to think in terms of a new kind
of spacein which the coordinates do not commute.
The starting point of noncommutativ e geometry is to take this new notion of space
seriously.

IV Noncomm utativ e geometry

The basisof noncommutativ e geometry is twofold.
On the onehand there is a wealth of examplesof spaceswhosecoordinate algebrais no
longer commutativ e but which have obvious relevancein physicsor mathematics. The
�rst examplescame,aswesaw above, from phasespacein quantum mechanicsbut there
aremany others,such asthe leafspacesof foliations, the dualsof nonabelian groups,the
spaceof Penrosetilings, the Brillouin zonein solid state physics,the noncommutativ e
tori which appear naturally in string theory and in M-theory compacti�cation, and the
Adele classspacewhich aswe shall seebelow providesa natural spectral realisation of
zerosof zeta functions. Finally variousrecent modelsof space-timeitself are interesting
examplesof noncommutativ e spaces.
On the other hand the stretching of geometricthinking imposedby passingto noncom-
mutativ espacesforcesoneto rethink about most of our familiar notions. The di�cult y
is not to add arbitrarily the adjective quantum to our geometricwords but to develop
far reaching extensionsof classicalconcepts,rangingfrom the simplestwhich is measure
theory, to the most sophisticatedwhich is geometryitself.
Let us �rst discussin greater detail the generalprinciples that allow to construct huge
classesof such spaces,it is a vital ingredient indeed sincethere is no way to build a
satisfactory theory without being able to test it on a large variety of examples. We
have two principles which allow us to construct examples.
The �rst is deformation from the commutativ e to the noncommutativ e which allows to
explore the neighborhood of the comutativ e world.
The secondis a newandvery important mathematicalprinciple; the quotient operation.
Most of the spaceswe are concernedwith are not de�ned by naming every oneof their
points, but by giving a much bigger set and dividing it by an equivalencerelation.
It turns out that there are two ways of extending the geometric- algebraicduality

Space$ Commutativ e algebra (1)

between a spaceX and the algebra of functions on that space,when you want to
identify two points a and b. The �rst way which gives the usual algebraof functions
associated to the quotient is to restrict oneselfto functions which have the samevalue
at the two points.

A = f f ; f (a) = f (b)g: (2)

The secondway is to keepthe two points a and b, but to allow them to `speak' to each
other by using matrices with o�-diagonal elements. It consists,instead of taking the
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subalgebragivenby 4-2, to adjoin to the algebraof functionson f a;bg the identi�cation
of a with b. The obtained algebrais the algebraof two by two matrices

B =
�

f =
�

f aa f ab

f ba f bb

��
: (3)

When one computes the spectrum of this algebra it turns out that it is composed
of only one point, so the two points a and b have been identi�ed. As we shall see
this secondmethod is very powerful and allows one to construct thousands of very
interesting examples.It allows to re�ne the above duality of algebraicgeometryto,

Quotient-Space$ Noncommutativ e algebra (4)

in the situation where the spaceone is contemplating is obtained by the operation of
quotient.
At �rst sight it might seemthat, asfar asthe generaltheory is concerned,passingfrom
the commutativ e to the noncommutativ e situation would just be a matter of cleverly
rewriting in algebraicterms our familiar geometricnotions without using commutativ-
it y anywhere. If noncommutativ e geometry was just that it would be boring indeed.
Fortunately, even at the coarsestlevel which is measuretheory, it becameclear at the
beginning of the seventies that the noncommutativ e world is full of beautiful totally
unexpected facts which have no commutativ e counterpart whatsoever. The prototype
of such facts is the following

Noncommutativ e measurespacesevolve with time! (5)

In other words there is a `god-given' one parameter group of automorphismsof the
algebraM of measurablecoordinates. It is given by the group homomorphism,([1])

� : R ! Out(M ) = Aut( M )=Int( M ) (6)

from the additive group R to the group of automorphism classesof M modulo inner
automorphisms.
I discovered this fact in 1972when working on the Tomita-Takesaki theory ([2]) and
it convinced me that there are amazingfeaturesof noncommutativ e spaceswhich have
no counterpart in the static commutativ e case.

V A basic example

Let usstart with a prototypeexampleof quotient spacein which the distinction between
the quotient operations (4-2) and (4-3) appearsclearly, and which played a key role in
1980at the early stageof the theory ([40]). This exampleis the following: considerthe
2-torus

M = R2=Z2 : (1)

The spaceX which we contemplate is the spaceof solutionsof the di�eren tial equation,

dx = � dy x; y 2 R=Z (2)

where� 2]0; 1[ is a �xed irrational number.
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Thus the spacewe are interested in here is just the spaceof leaves of the foliation
de�ned by the di�eren tial equation 5-2. We can label such a leaf by a point of the
transversal given by y = 0 which is a circle S1 = R=Z, but clearly two points of the
transversalwhich di�er by an integer multiple of � give rise to the sameleaf. Thus

X = S1=� Z (3)

i.e. X is the quotient of S1 by the equivalencerelation which identi�es any two points
on the orbits of the irrational rotation

R� x = x + � mod1: (4)

When we deal with S1 as a spacein the various categories(smooth, topological, mea-
surable) it is perfectly described by the corresponding algebraof functions,

C1 (S1) � C(S1) � L1 (S1) : (5)

When oneappliesthe naive operation (4-2) to passto the quotient, one�nds, irrespec-
tiv e of which categoryoneworks with, the trivial answer

A = C : (6)

The operation (4-3) however givesvery interesting algebras,by no meansreducedto
C. Elements of the algebraB associated to the transversal S1 by the operation (4-3)
are just matrices a(i; j ) where the indices (i; j ) are arbitrary pairs of elements i; j of
S1 which belongto the sameleaf, i.e. give the sameelement of X . The algebraicrules
are the sameas for ordinary matrices. In the above situation sincethe equivalenceis
given by a group action, the construction coincideswith the crossedproduct familiar
to algebraist from the theory of central simple algebras.
An element of B is given by a power series

b=
X

n2 Z

bnUn (7)

whereeach bn is an element of the algebra5-5, while the multiplication rule is givenby

UhU� 1 = h � R� 1
� : (8)

Now the algebra5-5 is generatedby the function V on S1,

V(� ) = exp(2� i� ) � 2 S1 (9)
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and it follows that B admits the generatingsystem(U;V) with presentation given by
the relation

VU = � UV � = exp2� i� : (10)

Thus, if for instancewe work in the smooth categorya genericelement b of B is given
by a power series

b =
X

Z2

bnm UnV m ; b 2 S(Z2) (11)

whereS(Z2) is the Schwartz spaceof sequencesof rapid decay on Z2.
This algebrais by no meanstrivial and hasa very rich and interesting algebraicstruc-
ture. It is (canonicallyup to Morita equivalence)associated to the foliation 5-2 and the
interplay betweenthe geometryof the foliation and the algebraicstructure of B begins
by noticing that to a closed transversalT of the foliation corresponds canonically a
�nite projective module over B. Elements of the module associated to the transversal
T are rectangular matrices, � (i; j ) where (i; j ) 2 T � S1 while i and j belong to the
sameleaf, i.e. give the sameelement of X . The right action of a(i; j ) 2 B is by matrix
multiplication.
From the transversal x = 0, one obtains the following right module over B. The
underlying linear spaceis the usual Schwartz space,

S(R) = f � ; � (s) 2 C 8s 2 Rg (12)

of smooth functions on the real line all of whosederivativesare of rapid decay.
The right module structure is given by the action of the generatorsU;V

(� U)(s) = � (s + � ) ; (� V )(s) = e2� is � (s) 8s 2 R : (13)

One of coursechecks the relation 5-10, and it is a beautiful fact that asa right module
over B the spaceS(R) is �nitely generated and projective (i.e. complements to a free
module). It follows that it has the correct algebraicatributes to deserve the name of
\noncommutativ e vector bundle" accordingto the dictionary,

Space Algebra

Vector bundle Finite projective module.

The concretedescriptionof the general�nite projectivemodulesover A � is obtainedby
combining the results of [62, 40, 63]. They are classi�ed up to isomorphismby a pair
of integers(p;q) such that p+ q� � 0 and the corresponding modulesH �

p;q are obtained
by the above construction from the transversalsgiven by closedgeodesicsof the torus
M .
The algebraiccounterpart of a vector bundle is its spaceof smooth sectionsC1 (X ; E)
and onecan in particular computeits dimensionby computing the trace of the identit y
endomorphismof E. If oneappliesthis method in the above noncommutativ eexample,
one �nds

dimB(S) = � : (14)

The appearanceof non integral dimensionis very exciting and displays a basic feature
of von Neumann algebrasof type I I. The dimension of a vector bundle is the only
invariant that remainswhen one looks from the measuretheoretic point of view (i.e.
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when one takes the third algebra in 5-5). The von Neumann algebrawhich describes
the quotient spaceX from the measuretheoretic point of view is the crossedproduct,

R = L1 (S1) > �

R � Z (15)

and is the well known hyper�nite factor of type I I1. In particular the classi�cation of
�nite projective modulesE over R is given by a positive real number, the Murray and
von Neumanndimension,

dimR (E) 2 R+ : (16)

The next surpriseis that even though the dimensionof the above module is irrational,
when we compute the analogueof the �rst Chern class, i.e. of the integral of the
curvature of the vector bundle, we obtain an integer. Indeedthe two commuting vector
�elds which spanthe tangent spacefor an ordinary (commutativ e) 2-torus correspond
algebraically to two commuting derivations of the algebraof smooth functions. These
derivations continue to make sensewhen the generatorsU and V of C1 (T2) no longer
commute but satisfy 5-10 so that they generateB = C1 (T2

� ). They are given by the
sameformulas as in the commutativ e case,

� 1 = 2� iU
@

@U
; � 2 = 2� iV

@
@V

(17)

so that � 1 (
P

bnm UnV m ) = 2� i
P

nbnm UnV m and similarly for � 2. One still has of
course

� 1� 2 = � 2� 1 (18)

and the � j are still derivations of the algebraB = C1 (T2
� ),

� j (bb0) = � j (b)b0+ b� j (b0) 8b;b02 B : (19)

The analoguesof the notionsof connectionandcurvature of vector bundlesarestraight-
forward to obtain ([40]) since a connection is just given by the associated covariant
di�eren tiation r on the spaceof smooth sections. Thus here it is given by a pair of
linear operators,

r j : S(R) ! S(R) (20)

such that
r j (� b) = (r j � )b+ � � j (b) 8� 2 S ; b2 B : (21)

One checks that, as in the usual case,the trace of the curvature 
 = r 1r 2 � r 2r 1,
is independent of the choiceof the connection. Now the remarkable fact here is that
(up to the correct powers of 2� i ) the total curvature of S is an integer. In fact for
the following choiceof connectionthe curvature 
 is constant, equal to 1

� so that the
irrational number � disappearsin the total curvature, � � 1

�

(r 1� )(s) = �
2� is

�
� (s) (r 2� )(s) = � 0(s) : (22)

With this integrality, onecould get the wrong impressionthat the algebraB = C1 (T2
� )

looksvery similar to the algebraC1 (T2) of smooth functions on the 2-torus. A striking
di�erence is obtainedby looking at the rangeof Morsefunctions. The rangeof a Morse
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function on T2 is of coursea connectedinterval. For the above noncommutativ e torus
T2

� the rangeof a Morse function is the spectrum of a real valued function such as

h = U + U� + � (V + V � ) (23)

and it can be a Cantor set, i.e. have in�nitely many disconnectedpieces.This shows
that the onedimensionalpictures of our spaceT2

� are truly di�eren t from what they are
in the commutativ e case.The above noncommutativ e torus T2

� is the simplestexample
of noncommutativ e manifold, it arisesnaturally not only from foliations but also from
the Brillouin zone in the Quantum Hall e�ect as understood by J. Bellissard, and in
M-theory aswe shall seenext. In the Quantum Hall e�ect, the above integrality of the
total curvature correspondsto the observed integrality of the Hall conductivity
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The analogueof the Yang-Mills action functional and the classi�cation of Yang-Mills
connectionson the noncommutativ e tori wasdevelopped in [64], with the primary goal
of �nding a "manifold shadow" for thesenoncommutativ espaces.Thesemoduli spaces
turned out indeed to �t this purposeperfectly, allowing for instanceto �nd the usual
Riemannianspaceof gaugeequivalenceclassesof Yang-Mills connectionsasan invariant
of the noncommutativ e metric.
The next surprisecamefrom the natural occurence(as an unexpected guest) of both
the noncommutativ e tori and the components of the Yang-Mills connectionsin the
classi�cation of the BPS states in M-theory [67].
In the matrix formulation of M-theory the basicequationsto obtain periodicit y of two
of the basiccoordinates X i turn out to be the following,

Ui X j U� 1
i = X j + a� j

i ; i = 1; 2 (24)

wherethe Ui are unitary gaugetransformations.
The multiplicativ ecommutator U1U2U� 1

1 U� 1
2 is then central and in the irreducible case

its scalarvalue� = exp2� i� brings in the algebraof coordinateson the noncommutativ e
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torus. The X j are then the components of the Yang-Mills connections. It is quite
remarkablethat the samepicture emergedfrom the other information onehasabout M-
theory concerningits relation with 11 dimensionalsupergravit y and that string theory
dualities could be interpreted using Morita equivalence. The latter relates the values
of � on an orbit of SL(2; Z) and simply illustrates that the leaf-spaceof the original
foliation is independent of which transversal is used to parametrize it. This type of
relation between for instance � and 1=� would be invisible in a purely deformation
theoretic perturbativ e expansionlike the onegiven by the Moyal product.
Nekrasov and Schwarz [74] showed that Yang-Mills gaugetheory on noncommutativ e
R4 gives a conceptual understanding of the nonzero B-�eld desingularization of the
moduli spaceof instantons obtained by perturbing the ADHM equations.
In [75], Seiberg and Witten exhibited the unexpected relation between the standard
gaugetheory and the noncommutativ e one, and clari�ed the limit in which the entire
string dynamicsis described by a gaugetheory on a noncommutativ e space.

One should understand from the very start that foliations provide an inexhaustible
sourceof interestingexamplesof noncommutativ espaces.In the aboveexampleof T2

� we
could make useof the special vector �elds on the torus in order to obtain the analogues
of elementary notions of di�eren tial geometry. It is quite important to develop the
generaltheory independently of thesespecial featuresand this is what we shall do in
section VI I. We shall start by the noncommutativ e analoguesof topology and vector
bundleswhich are necessarypreliminary steps.

VI Topology

The development of the topological ideaswasprompted by the work of Israel Gel'fand,
whoseC* algebrasgive the required framework for noncommutativ e topology. The
two main driving forceswerethe Novikov conjectureon homotopy invarianceof higher
signaturesof ordinary manifoldsaswell asthe Atiy ah-SingerIndex theorem. It hasled,
through the work of Atiy ah, Singer,Brown, Douglas,Fillmore, Miscenko and Kasparov
[4] [5] [6] [7] [8] to the recognition that not only the Atiy ah-Hirzebruch K-theory but
more importantly the dual K-homology admit Hilb ert spacetechniquesand functional
analysisas their natural framework. The cyclesin the K-homology group K � (X ) of a
compact spaceX are indeed given by Fredholm representations of the C* algebra A
of continuousfunctions on X. The central tool is the Kasparov bivariant K-theory. A
basicexampleof C* algebrato which the theory appliesis the group ring of a discrete
group and this makes it clear that restricting oneselfto commutativ e algebrasis an
undesirableassumption.
For a C � algebra A, let K 0(A), K 1(A) be its K theory groups. Thus K 0(A) is the
algebraic K 0 theory of the ring A and K 1(A) is the algebraic K 0 theory of the ring
A 
 C0(R) = C0(R; A). If A ! B is a morphism of C � algebras,then there are induced
homomorphismsof abelian groups K i (A) ! K i (B ). Bott periodicit y provides a six
term K theory exact sequencefor each exact sequence0 ! J ! A ! B ! 0 of C �

algebrasand excision shows that the K groups involved in the exact sequenceonly
depend on the respective C � algebras. As an exerciceto appreciatethe power of this
abstract tool oneshould for instanceusethe six term K theory exact sequenceto give
a short proof of the Jordan curve theorem.
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Discretegroups,Lie groups,group actionsand foliations give rise through their convo-
lution algebrato a canonicalC � algebra,and henceto K theory groups. The analytical
meaning of these K theory groups is clear as a receptaclefor indices of elliptic op-
erators. However, thesegroups are di�cult to compute. For instance, in the caseof
semi-simpleLie groups the free abelian group with one generator for each irreducible
discreteseriesrepresentation is contained in K 0 C �

r G whereC �
r G is the reducedC � al-

gebraof G. Thus an explicit determination of the K theory in this casein particular
involvesan enumeration of the discreteseries.
We introduced with P. Baum [9] a geometrically de�ned K theory which specializes
to discrete groups, Lie groups, group actions, and foliations. Its main features are
its computability and the simplicity of its de�nition. In the caseof semi-simpleLie
groupsit elucidatesthe role of the homogeneousspaceG=K (K the maximal compact
subgroup of G) in the Atiy ah-Schmid geometric construction of the discrete series
[10]. Using elliptic operators we constructed a natural map � from our geometrically
de�ned K theory groups to the above analytic (i.e. C � algebra) K theory groups.
Much progresshas beenmade in the past yearsto determine the range of validit y of
the isomorphism between the geometrically de�ned K theory groups and the above
analytic (i.e. C � algebra) K theory groups. We refer to the three Bourbaki seminars
[11], [12], [13] for an update on this topic and for a preciseaccount of the various
contributions. Among the most important contributions are those of Kasparov and
Higson who showed that the conjectured isomorphismholds for all amenablegroups,
thusproving the Novikov conjecturefor all amenablegroupsand the Kadisonconjecture
(i.e. the absenceof nontrivial idempotents in the reducedC � -algebra) for all torsion
freeamenablegroups. The conjecturedisomorphismalsoholds for real semi-simpleLie
groupsthanks in particular to the work of A. Wassermann.Moreover the recent work
of V. La�orgue crossedthe barrier of property T, showing that it holds for cocompact
subgroupsof rank one Lie groups and also of SL(3; R) or of p-adic Lie groups. He
alsogave the �rst generalconceptualproof of the isomorphismfor real or p-adic semi-
simple Lie groups(and as a corollary a direct K-theoretic proof of the construction of
all discreteseriesrepresentations by Dirac-induction). The proof of the isomorphismis
certainly accessiblefor all connectedlocally compactgroups. The proof by G. Yu of the
analogue(due to J. Roe) of the conjecturein the context of coarsegeometryfor metric
spaceswhich areuniformly embeddablein hilbert space,and the work of G. SkandalisJ.
L. Tu, J. Roe andN. Higsonon the groupoid casegot very striking consequencessuch as
the injectivit y of the map � for exactC �

r (�) dueto Kaminker, Guentner andOzawa, but
recent progressdue to Gromov, Higson,La�orgue and Skandalisgivescounterexamples
to the generalconjecturefor locally compactgroupoids for the simple reasonthat the
functor G ! K 0(C �

r (G)) is not half exact, unlike the functor given by the geometric
group. This makesthe generalproblem of computing K (C �

r (G)) really interesting. It
shows that besidesdetermining the large classof locally compactgroupsfor which the
original conjecture is valid, one should understand how to take homological algebra
into account to deal with the correct generalformulation.

VI I Di�eren tial Topology

The development of di�eren tial geometricideas,including de Rham homology, connec-
tions and curvature of vector bundles,etc... took place during the eighties thanks to
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cyclic cohomologywhich camefrom two di�eren t horizons([14] [15] [16] [17] [18]).
In the commutativ e case,for a compactspaceX , we have at our disposal in K -theory
a tool of great relevance,the Chern character

ch : K � (X ) ! H � (X ; Q) (1)

which relatesthe K -theory of X to the cohomologyof X . When X is a smooth manifold
the Chern character may be calculatedexplicitly by the di�eren tial calculusof forms,
currents, connectionsand curvature. More precisely, given a smooth vector bundle E
over X , or equivalently the �nite projective module, E = C1 (X ; E) over A = C1 (X )
of smooth sectionsof E, the Chern character of E

ch(E) 2 H � (X ; R) (2)

is represented by the closeddi�eren tial form:

ch(E) = trace(exp(r 2=2� i )) (3)

for any connectionr on the vector bundle E. Any closedde Rham current C on the
manifold X determinesa map ' C from K � (X ) to C by the equality

' C (E) = hC; ch(E)i (4)

wherethe pairing betweencurrents and di�eren tial forms is the usual one.
One obtains in this way numerical invariants of K -theory classeswhoseknowledgefor
arbitrary closedcurrents C is equivalent to that of ch(E).
The noncommutativ e torus gave a striking examplewhereit wasobviously worthwhile
to adapt the above construction of di�eren tial geometryto the noncommutativ e frame-
work ([40]). As an easypreliminary steptowardscyclic cohomologyonecanreformulate
the essential ingredient of the construction without direct referenceto derivations in
the following way ([17]).

By a cycleof dimensionn wemeana triple (
 ; d;
R

) where(
 ; d) is a gradeddi�eren tial
algebra,and

R
: 
 n ! C is a closedgradedtrace on 
.

Let A be an algebraover C. Then a cycle over A is given by a cycle (
 ; d;
R

) and a
homomorphism� : A ! 
 0.
Thus a cycle over an algebraA is a way to embed A as a subalgebraof a di�eren tial
gradedalgebra(DGA). We shall seein f) below the role of the gradedtrace.
The usual notions of connectionand curvature extend in a straightforward manner to
this context ([17]).
Let A

�
� ! 
 be a cycle over A , and E a �nite projective module over A . Then a

connectionr on E is a linear map r : E ! E 
 A 
 1 such that

r (� x) = (r � )x + � 
 d� (x) ; 8 � 2 E ; x 2 A : (5)

Here E is a right module over A and 
 1 is consideredas a bimodule over A using the
homomorphism� : A ! 
 0 and the ring structure of 
 � . Let us list a number of easy
properties ([17]):

a) Let e 2 EndA (E) be an idempotent and r a connectionon E; then � 7! (e 
 1)r �
is a connectionon eE.
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b) Any �nite projective module E admits a connection.
c)The spaceof connectionsis an a�ne spaceover the vector space

HomA (E; E 
 A 
 1) : (6)

d) Any connectionr extendsuniquely to a linear map of eE = E 
 A 
 into itself such
that

r (� 
 ! ) = (r � )! + � 
 d! ; 8 � 2 E ; ! 2 
 : (7)

e) The map � = r 2 of eE to eE is an endomorphism: � 2 End
 ( eE) and with � (T) =
r T � (� 1)degT Tr , onehas � 2(T) = � T � T � for all T 2 End
 ( eE).
f) For n even, n = 2m, the equality

h[E]; [� ]i =
1

m!

Z
� m ; (8)

de�nes an additive map from the K -group K 0(A ) to the scalars.

Of courseonecan reformulate f) by dualizing the closedgradedtrace
R

, i.e. by consid-
ering the homologyof the quotient 
 =[
 ; 
] ([60]) and one might be tempted at �rst
sight to assertthat a noncommutativ e algebraoften comesnaturally equipped with a
natural embedding in a DGA which should su�ce for the Chern character. This how-
ever would be rather naive and would overlook for instance the role of integral cycles
for which the above additive map only a�ects integer values.
The starting point of cyclic cohomologyis the abilit y to comparedi�eren t cycleson
the samealgebra. In fact the invariant of K -theory de�ned in f) by a given cycle only
dependson the multilinear form

' (a0; : : : ; an) =
Z

� (a0) d(� (a1)) d(� (a2)) : : : d(� (an )) 8 aj 2 A (9)

(called the character of the cycle) and the functionals thus obtained are exactly those
multilinear forms on A such that

' is cyclic i.e.

' (a0; a1; : : : ; an) = (� 1)n ' (a1; a2; : : : ; a0) 8 aj 2 A ; (10)

b' = 0 where

(b' )(a0; : : : ; an+1 ) =
nX

0

(� 1)j ' (a0; : : : ; aj aj +1 ; : : : ; an+1 )+( � 1)n+1 ' (an+1 a0; a1; : : : ; an) :

(11)
This secondcondition meansthat ' is a Hochschild cocycle. In particular such a '
admits a Hochschild class

I (' ) 2 H n(A ; A � ) (12)

for the Hochschild cohomologyof A with coe�cien ts in the bimodule A � of linear forms
on A .
The n-dimensionalcyclic cohomology of A is simply the cohomologyH Cn(A ) of the
subcomplexof the Hochschild complexgiven by cochains which are cyclic i.e. ful�ll 10.
One hasan obvious \forgetful" map

H Cn(A ) I� ! H n(A ; A � ) (13)
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but the real story starts with the following long exact sequencewhich allows in many
casesto compute cyclic cohomologyfrom the B operator acting on Hochschild coho-
mology:

Theorem 1. The following triangle is exact:

H � (A ; A � )
B . - I

H C � (A ) S� ! H C � (A )

The operator S is obtainedby tensoringcyclesby the canonical2-dimensionalgenerator
of the cyclic cohomologyof C.
The operator B is explicitly de�ned at the cochain level by the equality

B = AB 0 ; B0 ' (a0; : : : ; an� 1) = ' (1; a0; : : : ; an� 1) � (� 1)n ' (a0; : : : ; an� 1; 1)

(A )(a0; : : : ; an� 1) =
n� 1X

0

(� 1)(n� 1)j  (aj ; aj +1 ; : : : ; aj � 1) :

Its conceptualorigin lies in the notion of cobordism of cycleswhich allows to compare
di�eren t inclusion of A in DGA as follows. By a chain of dimensionn + 1 we shall
mean a quadruple (
 ; @
 ; d;

R
) where 
 and @
 are di�eren tial graded algebrasof

dimensionsn + 1 and n with a given surjective morphism r : 
 ! @
 of degree0, and
where

R
: 
 n+1 ! C is a gradedtrace such that

Z
d! = 0 ; 8 ! 2 
 n such that r (! ) = 0: (14)

By the boundary of such a chain we mean the cycle (@
 ; d;
R0) where for ! 0 2 (@
) n

one takes
R0! 0 =

R
d! for any ! 2 
 n with r (! ) = ! 0. One easily checks, using the

surjectivit y of r , that
R0 is a gradedtrace on @
 and is closedby construction.

We shall say that two cyclesA
�

� ! 
 and A
� 0

� ! 
 0 over A are cobordant if there exists

a chain 
 00with boundary 
 � e
 0 (where e
 0 is obtained from 
 0 by changing the sign
of

R
) and a homomorphism� 00: A ! 
 00such that r � � 00= (�; � 0).

The conceptualrole of the operator B is clari�ed by the following result,

Theorem 2. Two cyclesover A are cobordant if and only if their characters � 1; � 2 2
H Cn(A ) di�er by an elementof the imageof B , where

B : H n+1 (A ; A � ) ! H Cn(A ) :

The operators b;B given as above by

(b' )(a0; : : : ; an+1 ) =
nX

0

(� 1)j ' (a0; : : : ; aj aj +1 ; : : : ; an+1 ) + (� 1)n+1 ' (an+1 a0; a1; : : : ; an)
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B = AB 0 ; B0 ' (a0; : : : ; an� 1) = ' (1; a0; : : : ; an� 1) � (� 1)n ' (a0; : : : ; an� 1; 1)

(A )(a0; : : : ; an� 1) =
n� 1X

0

(� 1)(n� 1)j  (aj ; aj +1 ; : : : ; aj � 1)

satisfy b2 = B 2 = 0 and bB = � Bb and periodic cyclic cohomologywhich is the induc-
tiv e limit of the H Cn(A ) under the periodicit y map S admits an equivalent description
as the cohomologyof the (b;B ) bicomplex.
With thesenotations onehasthe following formula for the Chern character of the class
of an idempotent e, up to normalization onehas

Chn(e) = (e � 1=2) 
 e 
 e 
 ::: 
 e; (15)

where
 appears2n times in the right hand sideof the equation.
Both the Hochschild and Cyclic cohomologiesof the algebra A = C1 (V) of smooth
functions on a manifold V were computed in [16] and [17].

Let V be a smooth compact manifold and A the locally convex topological algebra
C1 (V). Then the following map ' ! C' is a canonicalisomorphismof the continuous
Hochschild cohomologygroup H k(A ; A � ) with the spaceof k-dimensional de Rham
currents on V:

hC' ; f 0 df 1 ^ : : : ^ df k i =
1
k!

X

� 2 Sk

" (� ) ' (f 0; f � (1) ; : : : ; f � (k) )

8 f 0; : : : ; f k 2 C1 (V).

Under the isomorphismC the operator I � B : H k (A ; A � ) ! H k� 1(A ; A � ) is (k times)
the de Rham boundary b for currents.

Theorem 3. Let A be the locally convextopological algebra C1 (V ). Then

1) For each k, H Ck(A ) is canonically isomorphic to the direct sum

Ker b� Hk� 2(V; C) � Hk� 4(V; C) � � � �

where Hq(V; C) is the usual de Rham homology of V and b the de Rham boundary.

2) The periodic cyclic cohomology of C1 (V ) is canonically isomorphic to the de
Rham homology H � (V; C), with �ltr ation by dimension.

As soon as we passto the noncommutativ e case,more subtle phenomenaarise. Thus
for instancethe �ltration of the periodic cyclic homology(dual to periodic cyclic coho-
mology) together with the lattice K 0(A ) � H Cev(A ), for A = C1 (T2

� ), givesan even
analogueof the Jacobian of an elliptic curve. More precisely the �ltration of H Cev

yields a canonicalfoliation of the torus H Cev=K0 and onecan show that the foliation
algebraassociated as above to the canonicaltransversalsegment [0; 1] is isomorphicto
C1 (T2

� ).

A simple example of cyclic cocycle on a nonabelian group ring is provided by the
following formula. Any group cocycle c 2 H � (B �) = H � (�) gives rise to a cyclic
cocycle ' c on the algebraA = C�

' c(g0; g1; : : : ; gn) =
�

0 if g0 : : : gn 6= 1
c(g1; : : : ; gn ) if g0 : : : gn = 1
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wherec 2 Z n(� ; C) is suitably normalized,and the formula is extendedby linearity to
C�. The cyclic cohomologyof group rings is given by,

Theorem 4. [22] Let � be a discrete group, A = C� its group ring.

a) The Hochschildcohomology H � (A ; A � ) is canonically isomorphic to the coho-
mology H � ((B �) S1

; C) of the free loop space of the classifyingspace of � .

b) The cyclic cohomology H C � (A ) is canonically isomorphic to the S1-equivariant
cohomology H �

S1 ((B �) S1
; C).

The role of the free loop spacein this theorem is not accidental and is clari�ed in
generalby the equality

B � = BS1

of the classifying spaceB � of the cyclic category with the classifying spaceof the
compactgroup S1. We refer to appendix XVI I I for this point.

As we saw in sectionV the integral curvature of vector bundleson T2
� wassurprisingly

giving an integer, in spite of the irrationalit y of � . The conceptualunderstanding of
this type of integrality result lies in the existenceof a natural lattice of integral cycles
which we now describe.

De�nition. Let A be an algebra, a Fredholm module over A is given by:

1) a representationof A in a Hilbert space H;

2) an operator F = F � , F 2 = 1, on H suchthat

[F; a] is a compact operator for any a 2 A :

Such a Fredholm module will be called odd. An evenFredholm module is given by an
odd Fredholm module (H; F ) as above together with a Z=2 grading 
 , 
 = 
 � , 
 2 = 1
of the Hilb ert spaceH such that:

a) 
 a = a
 8 a 2 A

b) 
 F = � F 
 .

The above de�nition is, up to trivial changes,the sameas Atiy ah's de�nition [4] of
abstract elliptic operators, and the sameas Kasparov's de�nition [8] for the cyclesin
K -homology, K K (A; C), when A is a C � -algebra.

The main point is that a Fredholm module over an algebraA givesrise in a very simple
manner to a DGA containing A . Onesimply de�nes 
 k as the linear spanof operators
of the form,

! = a0 [F; a1] : : : [F; ak] aj 2 A

and the di�eren tial is given by

d! = F ! � (� 1)k ! F 8 ! 2 
 k :

One easily checks that the ordinary product of operators gives an algebra structure,

 k 
 ` � 
 k+ ` and that d2 = 0 owing to F 2 = 1.

Moreover if one assumesthat the sizeof the di�eren tial da = [F; a] is controlled, i.e.
that

jdajn+1 is trace class;
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then oneobtains a natural closedgradedtrace of degreen by the formula,
Z

! = Trace(! )

(with the supertrace Trace(
 ! ) in the even case,see[36] for details).
Hencethe original Fredholm module givesrise to a cycleover A . Such cycleshave the
remarkable integrality property that when we pair them with the K theory of A we
only get integersas follows from an elementary index formula ([36]).
We let Ch� (H ; F ) 2 H Cn(A ) be the character of the cycle associated to a Fredholm
module (H; F ) over A . This formula de�nes the Chern character in K -homology.
Cyclic cohomologygot many applications [21], it led for instance to the proof of the
Novikov conjecturefor hyperbolic groups[19]. Basically, by extending the Chern-Weil
characteristicclassesto the generalframework it allowsfor many concretecomputations
of di�eren tial geometricnature on noncommutativ e spaces.It also showed the depth
of the relation betweenthe classi�cation of factors and the geometryof foliations.
Von Neumannalgebrasarisevery naturally in geometryfrom foliated manifolds(V; F ).
The von Neumann algebra L 1 (V; F ) of a foliated manifold is easy to describe, its
elements arerandomoperatorsT = (Tf ), i.e. boundedmeasurablefamiliesof operators
Tf parametrizedby the leavesf of the foliation. For each leaf f the operator Tf acts in
the Hilb ert spaceL 2(f ) of squareintegrabledensitieson the manifold f . Two random
operators are identi�ed if they are equal for almost all leaves f (i.e. a set of leaves
whoseunion in V is negligible). The algebraicoperationsof sumand product are given
by,

(T1 + T2)f = (T1)f + (T2)f ; (T1 T2)f = (T1)f (T2)f ; (16)

i.e. are e�ected pointwise.
All typesof factors occur from this geometricconstruction and the continuousdimen-
sions of Murray and von-Neumann play an essential role in the longitudinal index
theorem.
Using cyclic cohomologytogether with the following simple fact,

\A connectedgroup can only act trivially on a homotopy
invariant cohomologytheory",

(17)

oneproves(cf. [20]) that for any codimensiononefoliation F of a compactmanifold V
with non vanishing Godbillon-Vey classonehas,

Mod(M ) has �nite covolume in R�
+ ; (18)

whereMod(M ) is the 
o w of weights of M = L 1 (V; F ).
In the recent yearsJ. Cuntz and D. Quillen ([23] [24] [25] ) have developed a power-
ful new approach to cyclic cohomologywhich allowed them to prove excision in full
generality.

VI I I Calculus and In�nitesimals

The central notion of noncommutativ e geometry comesfrom the identi�cation of the
noncommutativ e analogueof the two basic conceptsin Riemann's formulation of Ge-
ometry, namely those of manifold and of in�nitesimal line element. Both of these
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noncommutativ e analoguesare of spectral nature and combine to give rise to the no-
tion of spectral triple and spectral manifold, which will be described below. We shall
�rst describe an operator theoretic framework for the calculus of in�nitesimals which
will provide a natural homefor the line element ds.
I �rst have to make a little excursion,and I want it asnaive aspossible. I want to turn
back to an extremelynaivequestionabout what is an in�nitesimal. Let me�rst explain
oneanswer that wasproposedfor this intuitiv e idea of in�nitesimal and let me explain
why this answer is not satisfactory and then give another answer which hopefully is
satisfactory. So, I remember quite a long time ago to have seenan answer which was
proposedby non standard analysis. The book I wasreading[78] wasstarting from the
following problem:
You play a gameof throwing darts at sometarget called 


and the questionwhich is askedis: what is the probabilit y dp(x) that actually whenyou
sendthe dart you land exactly at a given point x 2 
? Then the following argument
was given: certainly this probabilit y dp(x) is smaller than 1=2 becauseyou can cut
the target into two equal halves, only one of which contains x. For the samereason
dp(x) is smaller than 1=4, and so on and so forth. So what you �nd out is that dp(x)
is smaller than any positive real number � . On the other hand, if you give the answer
that dp(x) is 0, this is not really satisfactory, becausewhenever you sendthe dart it
will land somewhere.So now, if you ask a mathematician about this naive question,
he might very well answer: well, dp(x) is a 2-form, or it's a measure,or somethinglike
that. But then you can try to ask him more precisequestions,for instance "what is
the exponential of � 1

dp(x) ". And then it will be hard for him to give a satisfactory

answer, becauseyou know that the Taylor expansionof the function f (y) = e� 1
y is zero

at y = 0. Now the book I was reading claimed to give an answer, and it was what is
calleda non standard number. SoI workedon this theory for sometime, learning some
logics, until eventually I realized there was a very bad obstruction preventing one to
get concreteanswers. It is the following: it's a little lemma that onecan easily prove,
that if you are given a non standard number you can canonically produce a subsetof
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the interval which is not Lebesguemeasurable.Now we know from logic (from results
of Paul Cohenand Solovay) that it will forever be impossibleto produce explicitely a
subsetof the real numbers,of the interval [0; 1], say, that is not Lebesguemeasurable.
So,what this says is that for instancein this example,nobody will actually be able to
name a non standard number. A nonstandardnumber is somesort of chimera which
is impossibleto grasp and certainly not a concreteobject. In fact when you look at
nonstandardanalysisyou �nd out that exceptfor the useof ultraproducts, which is very
e�cien t, it just shifts the order in logic by one step; it's not doing much more. Now,
what I want to explain is that to the above naive questionthere is a very beautiful and
simple answer which is provided by quantum mechanics. This answer will be obtained
just by going through the usual dictionary of quantum mechanics, but looking at it
moreclosely. So, let us thus look at the �rst two linesof the following dictionary which
translatesclassicalnotions into the languageof operators in the Hilb ert spaceH:

Complex variable Operator in H

Real variable Selfadjoint operator

In�nitesimal Compact operator

In�nitesimal of order � Compact operator with characteristic values
� n satisfying � n = O(n� � ) ; n ! 1

Integral of an in�nitesimal
R
� T = Coe�cien t of logarithmic

of order 1 divergencein the trace of T :

The �rst two lines of the dictionary are familiar from quantum mechanics. The range
of a complex variable corresponds to the spectrum of an operator. The holomorphic
functional calculus gives a meaning to f (T) for all holomorphic functions f on the
spectrum of T. It is only holomorphic functions which operate in this generality which
re
ects the di�erence betweencomplexand real analysis. When T = T � is selfadjoint
then f (T) hasa meaningfor all Borel functions f .
The sizeof the in�nitesimal T 2 K is governedby the order of decay of the sequence
of characteristic values� n = � n (T) asn ! 1 . In particular, for all real positive � the
following condition de�nes in�nitesimals of order � :

� n(T) = O(n� � ) when n ! 1 (1)

(i.e. there exists C > 0 such that � n (T) � Cn� � 8 n � 1). In�nitesimals of order �
also form a two{sided ideal and moreover,

Tj of order � j ) T1T2 of order � 1 + � 2 : (2)

Hence,apart from commutativit y, intuitiv e properties of the in�nitesimal calculusare
ful�lled.
Sincethe sizeof an in�nitesimal is measuredby the sequence� n # 0 it might seemthat
onedoesnot needthe operator formalism at all, and that it would be enoughto replace
the ideal K in L(H) by the ideal c0(N) of sequencesconverging to zero in the algebra
`1 (N) of bounded sequences.A variable would just be a bounded sequence,and an
in�nitesimal a sequence� n ; � n ! 0. However, this commutativ e versiondoesnot allow
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for the existenceof variableswith rangea continuum sinceall elements of `1 (N) havea
point spectrum and a discretespectral measure.Only noncommutativity of L (H) allows
for the coexistenceof variables with Lebesguespectrum together with in�nitesimal
variables. As we shall seeshortly, it is precisely this lack of commutativit y between
the line element and the coordinates on a spacethat will provide the measurement of
distances.

The integral is obtained by the following analysis,mainly due to Dixmier ([28]), of the
logarithmic divergenceof the partial traces

TraceN (T) =
N � 1X

0

� n(T) ; T � 0: (3)

In fact, it is useful to de�ne Trace� (T) for any positive real � > 0 by piecewisea�ne
interpolation for noninteger �.

De�ne for all order 1 operators T � 0

� � (T) =
1

log�

Z �

e

Trace� (T)
log�

d�
�

(4)

which is the Cesaromeanof the function Trace� (T )
log � over the scalinggroup R�

+ .
For T � 0, an in�nitesimal of order 1, onehas

Trace� (T) � C log� (5)

so that � � (T) is bounded. The essential property is the following asymptoticadditivity
of the coe�cien t � � (T) of the logarithmic divergence(5):

j� � (T1 + T2) � � � (T1) � � � (T2)j � 3C
log(log �)

log�
(6)

for Tj � 0.

An easyconsequenceof (6) is that any limit point � of the nonlinear functionals � �

for � ! 1 de�nes a positive and linear trace on the two{sided ideal of in�nitesimals
of order 1,
In practice the choiceof the limit point � is irrelevant becausein all important examples
T is a measurable operator, i.e.:

� � (T) convergeswhen � ! 1 : (7)

Thus the value � (T) is independent of the choiceof the limit point � and is denoted
Z
� T : (8)

The �rst interesting exampleis provided by pseudodi�eren tial operators T on a di�er-
entiable manifold M . When T is of order 1 in the above sense,it is measurableandR
� T is the non-commutativ e residueof T ([29]). It has a local expressionin terms of
the distribution kernel k(x; y), x; y 2 M . For T of order 1 the kernel k(x; y) diverges
logarithmically near the diagonal,

k(x; y) = � a(x) logjx � yj + 0(1) (for y ! x) (9)
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where a(x) is a 1{density independent of the choice of Riemannian distance jx � yj.
Then onehas (up to normalization),

Z
� T =

Z

M
a(x): (10)

The right hand sideof this formula makessensefor all pseudodi�eren tial operators (cf.
[29]) sinceonecanseethat the kernelof such an operator is asymptotically of the form

k(x; y) =
X

ak(x; x � y) � a(x) logjx � yj + 0(1) (11)

where ak(x; � ) is homogeneousof degree� k in � , and the 1{density a(x) is de�ned
intrinsically.

The sameprinciple of extensionof
R
� to in�nitesimals of order< 1 works for hypoelliptic

operatorsand moregenerallyasweshall seebelow, for spectral triples whosedimension
spectrum is simple.
We cannow goback to our initial naivequestionabout the target and the darts, we �nd
that quantum mechanicsgivesus an obvious in�nitesimal which answers the question:
it is the inverseof the Dirichlet Laplacian for the domain 
. Thus there is now a
clear meaningfor the exponential of � 1

dp , that's the well known heat kernel which is an
in�nitesimal of arbitrarily large order as we expectedfrom the Taylor expansion.
From the H. Weyl theorem on the asymptotic behavior of eigenvaluesof � it follows
that dp is of order 1, and that given a function f on 
 the product f dp is measurable,
while Z

� f dp =
Z



f (x1; x2) dx1 ^ dx2 (12)

gives the ordinary integral of f with respect to the measuregiven by the area of the
target.

IX Spectral triples

In this sectionwe shall comeback to the two basicnotions introducedby Riemann in
the classicalframework, thoseof manifold and of line element. We shall seethat both
of thesenotions adapt remarkably well to the noncommutativ e framework and this will
lead us to the notion of spectral manifold which noncommutativ e geometry is based
on.

In ordinary geometryof courseyou can give a manifold by a cooking recipe, by charts
and local di�eomorphisms, and onecould be tempted to proposean analogouscooking
recipe in the noncommutativ ecase.This is pretty much what is achievedby the general
construction of the algebrasof foliations and it is a good test of any generalidea that
it should at least cover that large classof examples.

But at a more conceptuallevel, it was recognizedlong agoby geometorsthat the main
quality of the homotopy type of an oriented manifold is to satisfy Poincar�e duality
not only in ordinary homologybut also in K -homology. Poincar�e duality in ordinary
homologyis not su�cien t to describe homotopy type of manifolds [30] but D. Sullivan
[31] showed (in the simply connectedPL caseof dimension� 5 ignoring 2-torsion) that
it is su�cien t to replaceordinary homology by K O-homology. Moreover the Chern
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character of the K O-homologyfundamental classcontains all the rational information
on the Pontrjagin classes.

The characteristic property of di�er entiable manifolds which is carried over to the
noncommutativ e caseis Poincar�e duality in K O-homology[31].

Moreover, aswe saw above in the discussionof Fredholm modules,K -homologyadmits
a fairly simple de�nition in terms of Hilb ert spaceand Fredholm representations of
algebras.

For an ordinary manifold the choice of the fundamental cycle in K -homology is a
re�nement of the choice of orientation of the manifold and in its simplest form is a
choice of Spin-structure. Of course the role of a spin structure is to allow for the
construction of the correspondingDirac operator which givesa corresponding Fredholm
representation of the algebraof smooth functions.

What is rewarding is that this will not only guideus towards the notion of noncommu-
tativ e manifold but alsoto a formula, of operator theoretic nature, for the line element
ds.

The in�nitesimal unit of length\ ds" should be an in�nitesimal in the senseof section
VI I I and oneway to get an intuitiv e understandingof the formula for ds is to consider
Feynmandiagramswhich physicist usecurrently in the computationsof quantum �eld
theory. Let us contemplate the diagram

y




x




which is involved in the computation of the self-energyof an electron in QED. The
two points x and y of space-timeat which the photon (the wiggly line) is emitted and
reabsorbed are very closeby and our ansatzfor ds will be at the intuitiv e level,

ds = �� � �� : (1)

The right hand side has good meaningin physics, it is called the Fermion propagator
and is given by

�� � �� = D � 1 (2)

whereD is the Dirac operator.

We thus arrive at the following basicansatz,

ds = D � 1 : (3)
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In somesenseit is simpler than the ansatz giving ds2 as g�� dx� dx� , the point being
that the spin structure allows really to extract the squareroot of ds2 (as is well known
Dirac found the corresponding operator as a di�eren tial squareroot of a Laplacian).

The �rst thing we needto do is to check that we are still able to measuredistances
with our \unit of length" ds. In fact we saw in the discussionof the quantized calculus
that variables with continuous range cant commute with \in�nitesimals" such as ds
and it is thus not very surprising that this lack of commutativit y allows to compute, in
the classicalRiemannian case,the geodesicdistanced(x; y) betweentwo points. The
preciseformula is

d(x; y) = Supfj f (x) � f (y)j ; f 2 A ; k[D; f ]k � 1g (4)

where D = ds� 1 as above and A is the algebraof smooth functions. Note that if ds
has the dimensionof a length L, then D has dimensionL � 1 and the above expression
for d(x; y) alsohas the dimensionof a length.

Thus we seein the classicalgeometric casethat both the fundamental cycle in K -
homology and the metric are encoded in the spectral triple (A ; H; D) where A is the
algebra of functions acting in the Hilb ert spaceH of spinors, while D is the Dirac
operator.
To get familiar with this notion oneshould check that we recover the volume form of
the Riemannianmetric by the equality (valid up to a normalization constant [36])

Z
� f jdsjn =

Z

M n

f
p

g dnx (5)

but the �rst interestingpoint is that besidesthis coherencewith the usualcomputations
there are new simple questionswe can ask now such as "what is the two-dimensional
measureof a four manifold" in other words "what is its area ?". Thus one should
compute Z

� ds2 (6)

It is obvious from invariant theory that this should be proportional to the Hilb ert{
Einstein action but doing the direct computation is a worthwile exercice(cf. [52] [51]),
the exact result being Z

� ds2 =
� 1

48� 2

Z

M 4

r
p

g d4x (7)

whereasabove dv =
p

g d4x is the volumeform, ds = D � 1 the length element, i.e. the
inverseof the Dirac operator and r is the scalarcurvature.

In the generalframework of Noncommutativ e Geometry the con
uence of the Hilb ert
spaceincarnation of the two notions of metric and fundamental classfor a manifold led
very naturally to de�ne a geometricspaceas given by a spectral triple:

(A ; H; D) (8)

whereA is a concretealgebraof coordinatesrepresented on a Hilb ert spaceH and the
operator D is the inverseof the line element.

ds = 1=D: (9)
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This de�nition is entirely spectral; the elements of the algebraareoperators, the points,
if they exist, come from the joint spectrum of operators and the line element is an
operator.
The basicproperties of such spectral triples are easyto formulate and do not make any
referenceto the commutativit y of the algebraA . They are

[D; a] is boundedfor any a 2 A ; (10)

D = D � and (D + � ) � 1 is a compact operator 8 � 62C : (11)

(Of courseD is an unbounded operator).
There is no di�cult y to adapt the above formula for the distance in the generalnon-
commutativ e case,one usesthe same,the points x and y being replacedby arbitrary
states ' and  on the algebraA . Recall that a state is a normalized positive linear
form on A such that ' (1) = 1,

' : �A ! C ; ' (a� a) � 0 ; 8 a 2 �A ; ' (1) = 1: (12)

The distancebetweentwo states is given by,

d(';  ) = Supfj ' (a) �  (a)j ; a 2 A ; k[D; a]k � 1g: (13)

The signi�cance of D is two-fold. On the onehand it de�nes the metric by the above
equation,on the other hand its homotopy classrepresents the K-homologyfundamental
classof the spaceunder consideration.
It is crucial to understandfrom the start the tension betweenthe conditions 9-10and
9-11. The �rst condition would be trivially ful�lled if D were boundedbut condition
9-11 shows that it is unbounded. To understand this tension let us work out a very
simple case. We let the algebra A be generatedby a single unitary operator U. Let
us show that if the index pairing betweenU and D, i.e. the index of PUP where P
is the orthogonal projection on the positive eigenspaceof D, does not vanish then the
number N (E) of eigenvaluesof D whoseabsolutevalue is lessthan E grows at least
like E whenE ! 1 . This meansthat in the above circumstanceds = D � 1 is of order
oneor less.

To prove this we choosea smooth function f 2 C1
c (R) identically onenear0, even

and with Support (f ) � [� 1; 1]. We then let R(") = f ("D ). One �rst shows ([36]) that
the operator norm of the commutator [R("); U] tends to 0 like " . It then follows that
the trace norm satis�es

k[R("); U]k1 � C " N (1=") (14)

as one seesusing the control of the rank of R(") from N (1="). The index pairing is
given by � 1

2 Trace(U� [F; U]) whereF is the sign of D and onehas,

Trace(U� [F; U]) = lim
" ! 0

Trace(U� [F; U] R(")) = lim
" ! 0

Trace(U� F [U;R(")]) : (15)

Thus the limit being non zerowe get a lower bound on the trace norm of [U;R(")] and
henceon " N

�
1
"

�
which shows that N (E) grows at least like E when E ! 1 .

This shows that ds cannot be too small (it cannot be of order � > 1). In fact whends
is of order 1 onehas the following index formula,

Index(PUP) = �
1
2

Z
� U� 1[D; U] jdsj : (16)
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The simplest casein which the index pairing betweenD and U doesnot vanish, with
ds of order 1, is obtained by requiring the further condition,

U� 1[D; U] = 1: (17)

It is a simple exerciseto compute the geometry on S1 = Spectrum(U) given by an
irreducible representation of condition 17. One obtains the standard circle with length
2� .
The above index formula is a special caseof a generalresult ([36]) which computesthe
n-dimensionalHochschild classof the Chern character of a spectral triple of dimension
n.

Theorem 5. Let (H; F ) be a Fredholm module over an involutive algebra A . Let D be
an unbounded selfadjoint operator in H such that D � 1 is of order 1=n , SignD = F ,
and suchthat for any a 2 A the operators a and [D; a] are in the domain of all powers
of the derivations � , givenby � (x) = [jDj; x]. Let � n 2 H Cn(A ) be the Chern character
of (H; F ).

For every n-dimensional Hochschildcycle c 2 Zn (A ; A ), c =
P

a0 
 a1 : : : 
 an , one
hash� n ; ci =

R
�

P
a0 [D; a1] : : : [D; an ] jDj � n .

We refer to [36] for precisenormalization and to [66] for the detailed proof. By con-
struction, this formula is scaleinvariant, i.e. it remainsunchangedif we replaceD by
�D for � 2 R�

+ . The operators Tc of the form

Tc =
X

a0 [D; a1] : : : [D; an ] jDj � n (18)

are measurablein the senseof sectionVI I I.

The long exact sequenceof cyclic cohomology(SectionVI I) shows that the Hochschild
classof � n is the obstruction to a better summability of (H; F ), indeed� n belongsto the
image S(H Cn� 2(A )) (which is the caseif the degreeof summability can be improved
by 2) if and only if the Hochschild cohomologyclassI (� n) 2 H n (A ; A � ) is equal to 0.

In particular, the above theorem implies nonvanishing of residueswhen the cohomo-
logical dimensionof ch� (H ; F ) is not lower than n:

Corollary . With the hypothesisof Theorem 5 and if the Hochschildclassof ch� (H ; F )
pairs nontrivial ly with Hn (A ; A ) one has

Z
� jDj � n 6= 0: (19)

In other words the residueof the function � (s) = Trace(jDj � s) at s = n cannot vanish.

In higherdimension,the Hochschild classof the charactersu�ces to determinethe index
pairing with the K -theory classof an idempotent e provided the lower dimensional
components of ch(e) vanish. As we saw above these components are given, up to
normalization by,

chn (e) =
�

e�
1
2

�

 e 
 � � � 
 e (20)

(with 2n tensor signs)and as such cannot vanish. But both Hochschild and cyclic co-
homologyare Morita invariant, which implies that the classof ch(e) in the normalized
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(b;B ) bicomplex (in homology) does not changewhen we project each of its compo-
nents chn(e) on the commutant of a matrix algebraM q(C) � A . The formula for this
projection hchn(e)i in terms of the matrix components eij ,

e = [eij ] ; eij 2 Mq(C)0\ A (21)

is the following,

hchn (e)i =
X �

ei 0 i 1 �
1
2

� i 0 i 1

�

 ei 1 i 2 
 ei 2 i 3 
 � � � 
 ei 2n i 0 (22)

and there are very interesting situations in which all the lower components hchj (e)i
actually vanish,

hchj (e)i = 0 j < m : (23)

For m = 1 for instancewe can take q = 2 and the condition hch0(e)i = 0 meansthat e
is of the form,

e =
�

t z
z� (1 � t)

�
: (24)

(The equatione2 = e then meansthat t2+ z� z = t, tz + z(1� t) = z, z� t+ (1� t) z� = z� ,
z� z + (1 � t)2 = (1 � t) which shows that the algebrageneratedby the components z,
z� , t of e is abelian).

It then follows automatically that hch1(e)i is a Hochschild cycleand henceby theorem
5, that if ds = D � 1 is of order 1

2 the index pairing is given by,

IndexD+
e = �

Z
� 


�
e �

1
2

�
[D; e]2 ds2 : (25)

Exactly as above this shows that ds cannot be of order � > 1
2 if the index pairing is

non zero,and we alsoget the analogueof equation 9-17 in the form,
��

e �
1
2

�
[D; e]2

�
= 
 (26)

whereh i is simply the projection on the commutant of M 2(C) in L (H).

This equationtogether with 25 implies that the area
R
� ds2 is an integersinceit is given

by a Fredholm index. One can show that the algebraA generatedby the components
of e is C(S2) the algebraof continuousfunctions on S2 and that any Riemannianmetric
g on S2 with �xed volume form givesa solution to the above equations.

There is a converseto that result ([50]) but it requiresthe further hypothesisthat D
is of order one:

[[D; eij ]; ek` ] = 0 (27)

where the eij are the components of the idempotent e, i.e. are the generatorsof the
algebra.

This order one condition is the counterpart in our operator theoretic setting of the
\quadratic" nature of Riemann'sequation ds2 = g�� dx� dx� . It is easierto formulate
in terms of the square root which we extracted using the spin structure. We shall
comelater to the correct formulation of the order onecondition when the algebraA is
noncommutativ e.
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To end this section let us move on to the four dimensionalcase,i.e. n = 2. We take
q = 4, i.e. we deal with M 4(C).
We �rst determine the C � algebra generatedby M 4(C) and a projection e = e� such
that



e � 1

2

�
= 0 as above and whosetwo by two matrix expressionis of the form,

[eij ] =
�

q11 q12

q21 q22

�
(28)

whereeach qij is a 2 � 2 matrix of the form,

q =
�

� �
� � � � �

�
: (29)

Sincee = e� , both q11 and q22 are selfadjoint, moreover since


e� 1

2

�
= 0, we can �nd

t = t � such that,

q11 =
�

t 0
0 t

�
; q22 =

�
(1 � t) 0

0 (1 � t)

�
: (30)

We let q12 =
�

� �
� � � � �

�
, we then get from e = e� ,

q21 =
�

� � � �
� � �

�
: (31)

We thus seethat the commutant A of M 4(C) is generatedby t; �; � and we �rst need
to �nd the relations imposedby the equality e2 = e.

In terms of e =
�

t q
q� 1 � t

�
, the equation e2 = e means that t2 � t + qq� = 0,

t2 � t + q� q = 0 and [t; q] = 0. This shows that t commutes with � , � , � � and � � and
sinceqq� = q� q is a diagonalmatrix

�� � = � � � ; �� = � � ; � � � = � � � ; � � � = � � � (32)

so that the C � algebraA is abelian, with the only further relation, (besidest = t � ),

�� � + � � � + t2 � t = 0: (33)

This is enoughto check that,
A = C(S4) (34)

whereS4 appearsnaturally as quaternionic projective space,

S4 = P1(H) : (35)

The original C � algebrais thus,

B = C(S4) 
 M 4(C) : (36)

We shall now check that the two dimensionalcomponent hCh1(e)i automatically van-
ishesas an element of the (normalized) (b,B)-bicomplex so that,

hChn(e)i = 0; n = 0; 1: (37)
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With q =
�

� �
� � � � �

�
, we get,

hCh1(e)i =
��

t �
1
2

�
(dqdq� � dq� dq) (38)

+ q(dq� dt � dt dq� ) + q� (dt dq� dqdt)
�

wherethe expectation in the right hand sideis relativeto M 2(C) andweusethe notation
dx instead of the tensor notation.
The diagonalelements of ! = dqdq� are

! 11 = d� d� � + d� d� � ; ! 22 = d� � d� + d� � d�

while for ! 0 = dq� dq we get,

! 0
11 = d� � d� + d� d� � ; ! 0

22 = d� � d� + d� d� � :

It follows that, sincet is diagonal,
��

t �
1
2

�
(dqdq� � dq� dq)

�
= 0: (39)

The diagonalelements of qdq� dt = � are

� 11 = � d� � dt + � d� � dt ; � 22 = � � d� dt + � � d� dt

while for � 0 = q� dqdt they are

� 0
11 = � � d� dt + � d� � dt ; � 0

22 = � � d� dt + � d� � dt :

Similarly for � = qdt dq� and � 0 = q� dt dq onegets the required cancellationsso that,

hCh1(e)i = 0; (40)

It follows thus that hCh2(e)i is a Hochschild cycle and that for any ds = D � 1 of order
1
4 commuting with M 4(C), the index pairing of D with e is

IndexD+
e =

Z
� 


�
e �

1
2

�
[D; e]4 ds4 : (41)

Exactly as above this shows that ds cannot be of order � > 1
4 if the index pairing is

non zero,and we alsoget the analogueof equation 9-17 in the form,
��

e �
1
2

�
[D; e]4

�
= 
 (42)

whereh i is simply the projection on the commutant of M 4(C) in L (H).

This equation together with (41) implies the integrality of the 4-dimensionalvolume,
Z
� ds4 2 N; (43)

31



sinceit is given by a Fredholm index.
Onecanshow that the algebraA generatedby the components of e is C(S4) the algebra
of continuousfunctions on S4 and that any Riemannianmetric g on S4 givesa solution
to the above equations,provided its volume form is,

v =
1

1 � 2t
d� ^ d� ^ d� ^ d� : (44)

As in the two dimensionalcasethere is a converse,assumingthe order one condition
on D.
The next question is how is D to be chosenfrom within the homotopy classwhich
characterizesits K -homologyclass?There are two answers to this question. The �rst
usesthe naive idea of a formal metric,

G =
dX

�;� =1

dx� g�� (dx� )� 2 
 2
+ (A ) ; (45)

and the choiceof D is performedby minimizing the action functional,

A =
dX

�;� =1

Z
� [D; x � ]g�� ([D; x � ]) � jD � 4j ; (46)

amongthe D's which ful�ll equation (42) holding G �xed.
The minimum is then givenby the Dirac operator associated to the uniqueRiemannian
metric with volume form v in the conformal classof g�� dx� dx� .
The secondway to select D from within its K -homology class is to use an action
functional with the largest possible invariance group which is the unitary group of
Hilb ert space. The corresponding action is then spectral and only dependsupon the
eigenvaluesof D. The simplest such action is of the form, [58]

S(D) = Trace(f (D)): (47)

where f is an even function vanishing at 1 . If we take for f a step function equal to
1 in [� � ; �], the value of S(D) is,

N (�) = # eigenvaluesof D in [� � ; �] : (48)

This step function N (�) is the superposition of two terms,

N (�) = hN (�) i + Nosc(�) :

The oscillatory part Nosc(�) is the same as for a random matrix, governed by the
statistic dictated by the symmetriesof the systemand doesnot concernus here. The
averagepart hN (�) i is computed by a semiclassicalapproximation and the leading
term in the asymptotic expansionis,

� 4

2

Z
� ds4 (49)

which by (43) is independent of the choiceof D in its K -homologyclass.
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If we restrict ourselves to solutions given by ordinary Riemannian metrics the next
term in the asymptotic expansion is the Hilb ert{Einstein action functional for the
Riemannianmetric,

� � 2

96� 2

Z

S4

r
p

g d4x (50)

Other nonzeroterms in the asymptotic expansionare cosmological,Weyl gravit y and
topological terms.

X Noncomm utativ e 4-manifolds and the Instan ton algebra

In this section,basedon our collaboration with G. Landi ([65]), we shall show that the
basicequation for an instanton in dimension4, namely

e = e2 = e� (1)

and
hch0(e)i = 0 ; hch1(e)i = 0 (2)

(where chn are the components of the Chern character,

chn(e) =
�

e �
1
2

�

 e 
 : : : 
 e (3)

and h i is the projection onto the commutant of a 4 � 4 matrix algebra) do admit
noncommutativ esolutions. In other words the algebrageneratedby the 16components
of the 4 � 4 matrix,

e = [eij ] (4)

will be noncommutativ e.

In fact this prompts us to introduce,a priori, the algebraA with 16 generatorseij and
whosepresentation is given by the relations (1) and (2). The relation hch0(e)i = 0 just
meansthat

e11 + e22 + e33 + e44 = 2 (5)

and the equation e = e� de�nes the involution in A . The relation e2 = e is easyto
comprehendas a quadratic relation betweenthe generators.

The relation hch1(e)i = 0 is more delicate to understandsinceit involvestensorsand
the simplest way to think about it is to represent the eij as operators in Hilb ert space
H. What we ask then is that,

X �
eij �

1
2

� ij

�

 eej k 
 eeki = 0 (6)

wherethe � meansthat we take the classmodulo the scalarmultiples of 1.

This allows to de�ne what is a unitary representation � of the algebraA and we can
endow its elements, i.e. polynomials in the noncommuting generatorseij , with the
C � -norm,

kxk = sup
�

k� (x)k (7)
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where � rangesthrough all unitary representations. It is easyto show that for x 2 A
the supremum is �nite sincein any unitary representation, the eij satisfy,

k� (eij )k � 1 (8)

as matrix elements of a selfadjoint idempotent.

De�nition. We let C(Gr) be the C � completion of A and C1 (Gr) the smooth closure
of A in C(Gr).

The letter Gr standsfor the Grassmanianbut our construction haslittle to do with the
known \noncommutativ e Grassmanians".The really non-trivial condition is the cubic
condition 6. In fact aswe saw above the sameconstruction in dimension2 doesgive a
commutativeanswer namely P1(C).

One should observe from the outset that the compact Lie group SU(4) acts by auto-
morphisms,

PSU(4) � Aut (C1 (Gr)) (9)

by the following operation,
e ! U eU� (10)

whereU 2 SU(4) is viewed as a 4 � 4 matrix and e = [eij ] is as above.

What we saw in sectionIX is that there is a surjection,

C(Gr) ! C(S4) (11)

while the corresponding symmetry group breaks down to SO(4), the isometry group
of the 3-spherefrom which S4 is obtained by suspension. We shall now show that the
algebraC(Gr) is noncommutativ e by constructing explicit surjections,

C(Gr) ! C(S4
� ) (12)

whoseform is dictated by natural deformationsof the 4-spheresimilar in spirit to the
above deformation of T2 to T2

� .
We �rst determine the C � algebra generatedby M 4(C) and a projection e = e� such
that



e � 1

2

�
= 0 as above and whosetwo by two matrix expressionis of the form,

[eij ] =
�

q11 q12

q21 q22

�
(13)

whereeach qij is a 2 � 2 matrix of the form,

q =
�

� �
� �� � � �

�
: (14)

where � = exp2� i� is a complex number of modulus one, di�eren t from -1 for conve-
nience. Sincee = e� , both q11 and q22 are selfadjoint, moreover since



e� 1

2

�
= 0, we

can �nd t = t � such that,

q11 =
�

t 0
0 t

�
; q22 =

�
(1 � t) 0

0 (1 � t)

�
: (15)
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We let q12 =
�

� �
� �� � � �

�
, we then get from e = e� ,

q21 =
�

� � � �� �
� � �

�
: (16)

We thus seethat the commutant B� of M 4(C) is generatedby t; �; � and we �rst need
to �nd the relations imposedby the equality e2 = e.

In terms of e =
�

t q
q� 1 � t

�
, the equation e2 = e means that t2 � t + qq� = 0,

t2 � t + q� q = 0 and [t; q] = 0. This shows that t commutes with � , � , � � and � � and
sinceqq� = q� q is a diagonalmatrix

�� � = � � � ; �� = �� � ; � � � = ��� � � ; � � � = � � � (17)

sothat the C � algebraB� is not abelian for � di�eren t from 1. The only further relation
is, (besidest = t � ),

�� � + � � � + t2 � t = 0: (18)

We denoteby S4
� the corresponding noncommutativ e space,so that C(S4

� ) = B� . It is
by construction the suspensionof the noncommutativ e 3-sphereS3

� whosecoordinate
algebrais generatedby � and � asabove for the special valuet = 1=2. This noncommu-
tativ e 3-sphereis related by analytic continuation of the parameterq to the quantum
group SU(2)q but the usual theory requiresq to be real whereaswe needa complex
number of modulus onewhich spoils the unitarit y of the coproduct.
We shall now check that the two dimensionalcomponent hCh1(e)i automatically van-
ishesas an element of the (normalized) (b,B)-bicomplex.

hChn(e)i = 0; n = 0; 1: (19)

With q =
�

� �
� �� � � �

�
, we get,

hCh1(e)i =
��

t �
1
2

�
(dqdq� � dq� dq) (20)

+ q(dq� dt � dt dq� ) + q� (dt dq� dqdt)
�

wherethe expectation in the right hand sideis relativeto M 2(C) andweusethe notation
dx instead of the tensor notation.
The diagonalelements of ! = dqdq� are computedas above,

! 11 = d� d� � + d� d� � ; ! 22 = d� � d� + d� � d�

while for ! 0 = dq� dq we get,

! 0
11 = d� � d� + d� d� � ; ! 0

22 = d� � d� + d� d� � :

It follows that, sincet is diagonal,
��

t �
1
2

�
(dqdq� � dq� dq)

�
= 0: (21)
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The diagonalelements of qdq� dt = � are

� 11 = � d� � dt + � d� � dt ; � 22 = � � d� dt + � � d� dt

while for � 0 = q� dqdt they are

� 0
11 = � � d� dt + � d� � dt ; � 0

22 = � � d� dt + � d� � dt :

Similarly for � = qdt dq� and � 0 = q� dt dq onegets the required cancellationsso that,

hCh1(e)i = 0; (22)

It follows thus that hCh2(e)i is a Hochschild cycle and that for any ds = D � 1 of order
1
4 commuting with M 4(C), the index pairing of D with e is

IndexD+
e =

Z
� 


�
e �

1
2

�
[D; e]4 ds4 : (23)

Exactly as above this shows that ds cannot be of order � > 1
4 if the index pairing is

non zero,and we alsoget the analogueof equation 9-17 in the form,
��

e �
1
2

�
[D; e]4

�
= 
 (24)

whereh i is simply the projection on the commutant of M 4(C) in L (H).
This equation together with (23) implies the integrality of the 4-dimensionalvolume,

Z
� ds4 2 N; (25)

sinceit is given by a Fredholm index. We shall refer to [65] for the explicit construc-
tion of solutions of (24). It should be clear to the reader that this amply justi�es
the clari�cation to which we turn next, of the notion of manifold in Noncommutativ e
Geometry.

XI Noncomm utativ e Spectral Manifolds

In our discussionin section IX of the K-homology fundamental classof a manifold we
skipped over the nuancebetweenK-homology and KO-homology. This nuanceturns
out to be essential in the noncommutativ ecase.Thus to describe the fundamental class
of a noncommuativespaceby a spectral triple (A ; H; D), will requirean additional "real
structure" on the Hilb ert spaceH given by an antilinear isometry J . The anti-linear
isometry J is given in Riemanniangeometryby the chargeconjugation operator and in
the noncommutativ e caseby the Tomita-Takesakiantilinear conjugation operator [2].
The action of A satis�es the commutation rule, [a;b0] = 0 8 a;b2 A where

b0 = J b� J � 1 8b2 A (1)

so H becomesan A-bimodule using the representation of A 
 A 0, where A 0 is the
opposite algebra,given by,

a 
 b0 ! aJb� J � 1 8a;b2 A (2)
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This allowsto overcomethe main di�cult y of the noncommutativ ecasewhich is that the
diagonalin the squareof the spaceno longercorrespondsto an algebrahomomorphism
(the map x 
 y ! xy is no longer an algebrahomomorphism),
The fundamentalclassof a noncommutativ e spaceis a class� in the K R{homology of
the algebraA 
 A 0 equipped with the involution

� (x 
 y0) = y� 
 (x � )0 8 x; y 2 A (3)

whereA 0 denotesthe algebraopposite to A . The K R-homologycycle representing �
is given by a spectral triple, as above, equipped with an anti-linear isometry J on H
which implements the involution � ,

J wJ � 1 = � (w) 8 w 2 A 
 A 0 ; (4)

K R-homology([8] [55]) is periodic with period 8 and the dimensionmodulo 8 is speci�ed
by the following commutation rules. One has J 2 = ", J D = "0DJ , J 
 = "00
 J where
"; "0; "002 f� 1; 1g and with n the dimensionmodulo 8,

n 0 1 2 3 4 5 6 7
" 1 1 -1 -1 -1 -1 1 1
"0 1 -1 1 1 1 -1 1 1
"00 1 -1 1 -1

The class� speci�es only the stable homotopy classof the spectral triple (A ; H; D)
equipped with the isometry J (and Z=2{grading 
 if n is even). The non-trivialit y of
this homotopy classshows up in the intersection form

K � (A ) � K � (A ) ! Z (5)

which is obtained from the Fredholm index of D with coe�cien ts in K � (A 
 A 0). Note
that it is de�ned without using the diagonal map m : A 
 A ! A , which is not
a homomorphismin the noncommutativ e case. This form is quadratic or symplectic
accordingto the value of n modulo 8.

The Kasparov intersectionproduct [8] allowsto formulate the Poincar�eduality in terms
of the invertibili ty of � ,

9 � 2 K Rn(A 0 
 A ) ; � 
 A � = idA 0 ; � 
 A 0 � = idA : (6)

It implies the isomorphismK � (A )
\ �

� ! K � (A ).

The condition that D is an operator of order onebecomes

[[D; a]; b0] = 0 8 a;b2 A : (7)

(Notice that since a and b0 commute this condition is equivalent to [[D; a0]; b] =
0 8 a;b2 A .)

Onecan show that the von NeumannalgebraA 00generatedby A in H is automatically
�nite and hyper�nite and there is a completelist of such algebrasup to isomorphism.
The algebraA is stable under smooth functional calculus in its norm closureA = �A
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so that K j (A ) ' K j (A), i.e. K j (A ) dependsonly on the underlying topology (de�ned
by the C � algebraA). The integer � = h�; � i 2 Z givesthe Euler characteristic in the
form

� = RangK 0(A ) � RangK 1(A ) (8)

and the general operator theoretic index formula of section 13 below, gives a local
formula for � .
We gave in [50] the necessaryand su�cien t conditions that a spectral triple (with real
structure J ) should ful�ll in order to comefrom an ordinary compactRiemannianspin
manifold. Theseconditionsextendin a straightforward mannerto the noncommutativ e
case([50]). To appreciatethe richnessof exampleswhich ful�ll them weshall just quote
the following result ([65]),

Theorem 6. Let M be a compact Riemannian spin manifold. Then if the isometry
group of M has rank r � 2, M admits a non-trivial one parameter isospectral defor-
mation to noncommutative geometries M � .

The group Aut + (A ) of automorphisms� of the involutive algebraA , which are imple-
mented by a unitary operator U in H commuting with J ,

� (x) = U x U� 1 8 x 2 A ; (9)

plays the role of the group Di� + (M ) of di�eomorphisms preservingthe K-homology
fundamental classfor a manifold M .

In the generalnoncommutativ e case,parallel to the normal subgroupInt A � Aut A of
inner automorphismsof A ,

� (f ) = uf u� 8 f 2 A (10)

whereu is a unitary element of A (i.e. uu� = u� u = 1), there existsa natural foliation
of the spaceof spectral geometrieson A by equivalenceclassesof inner deformations
of a given geometry. To understand how they arise we need to understand how to
transfer a given spectral geometry to a Morita equivalent algebra. Given a spectral
triple (A ; H; D) and the Morita equivalence[56] betweenA and an algebraB where

B = EndA (E) (11)

whereE is a �nite, projective, hermitian right A {module, onegetsa spectral triple on
B by the choiceof a hermitian connection on E. Such a connectionr is a linear map
r : E ! E 
 A 
 1

D satisfying the rules ([36])

r (� a) = (r � )a + � 
 da 8 � 2 E ; a 2 A (12)

(� ; r � ) � (r � ; � ) = d(� ; � ) 8 � ; � 2 E (13)

whereda = [D; a] and where
 1
D � L (H) is the A{bimodule of operators of the form

A = � ai [D; bi ] ; ai ; bi 2 A : (14)

Any algebraA is Morita equivalent to itself (with E = A) and when one applies the
above construction in the above context onegetsthe inner deformationsof the spectral
geometry.
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Such a deformation is obtainedby the following formula (with suitable signsdepending
on the dimensionmod 8) without modifying neither the representation of A in H nor
the anti-linear isometry J

D ! D + A + J AJ � 1 (15)

where A = A � is an arbitrary selfadjoint operator of the form 14. The action of the
group Int(A ) on the spectral geometriesis simply the following gaugetransformation
of A


 u(A) = u[D; u� ] + uAu � : (16)

The requiredunitary equivalenceis implemented by the following representation of the
unitary group of A in H,

u ! uJ uJ � 1 = u(u� )0 : (17)

The transformation (15) is the identit y in the usual Riemannian case. To get a non-
trivial exampleit su�ces to considerthe product of a Riemanniantriple by the unique
spectral geometry on the �nite-dimensional algebraA F = MN (C) of N � N matrices
on C, N � 2. One then has A = C1 (M ) 
 A F , Int( A ) = C1 (M ; PSU(N )) and
inner deformationsof the geometryare parameterizedby the gaugepotentials for the
gaugetheory of the group SU(N ). The spaceof pure states of the algebraA , P(A ),
is the product P = M � PN � 1(C) and the metric on P(A ) determinedby the formula
(9.13) dependson the gaugepotential A. It coincideswith the Carnot metric [57] on
P de�ned by the horizontal distribution given by the connectionassociated to A. The
group Aut( A ) of automorphismsof A is the following semi{direct product

Aut( A ) = U > � Di� + (M ) (18)

of the local gaugetransformation group Int(A ) by the group of di�eomorphisms.

XI I Test with space-time

What we have doneso far is to stretch the usual framework of ordinary geometry
beyond its commutativ e restrictions (set theoretic restrictions) and of coursenow it's
not perhapsa bad idea to test it with what we know about physicsand to try to �nd
a better model of space-timewithin this new framework. The best way is to start
with the hard core information one has from physicsand that can be summarizedby
a Lagrangian. This Lagrangian is the Einstein Lagrangian plus the standard model
Lagrangian. I am not going to write it down, it's a very complicatedexpressionsince
just the standard model Lagrangian comprises�v e typesof terms. But one can start
understandingsomethingby looking at the symmetry group of this Lagrangian. Now,
if it were just the Einstein theory, the symmetry group of the Lagrangian would just
be, by the equivalenceprinciple, the di�eomorphism group of the space-timemanifold.
But becauseof the standard model piecethe symmetry group of this Lagrangianis not
just the di�eomorphism group, becausethe gaugetheory has another hugesymmetry
group which is the group of mapsfrom the manifold to the small gaugegroup, namely
U1 � SU2� SU3 asfar asweknow. Thus, the symmetry groupG of the full Lagrangianis
neither the di�eomorphism groupnor the groupof gaugetransformationsof secondkind
nor their product, but it is their semi-direct product. It is exactly like what happens
with the Poincar�e group whereyou have translations and Lorentz transformations, so
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it is the semi-direct product of these two subgroups. Now we can ask a very simple
question: would therebe somespaceX sothat this group G would beequalto Di� (X )?
If such a spacewould exist, then we would have somechanceto actually geometrize
completely the theory, namely to be able to say that it's pure gravit y on the spaceX .
Now, if you look for the spaceX amongordinary manifolds, you have no chancesince
by a result of John Mather the di�eomorphism group of a (connected)manifold is a
simplegroup. A simplegroup cannot havea nontrivial normal subgroup,soyou cannot
have this structure of semi-directproduct.
However, we can useour dictionary, and in this dictionary if we browsethrough it, we
�nd that what correspondsto di�eomorphisms for a non commutativ espaceis just the
group Aut + (A ) of automorphismsof the algebraof coordinates A , which preserve the
fundamental classin K -homology, as described above in sectionXI.
Now there is a beautiful fact which is that when an algebrais not commutativ e, then
among its automorphismsthere are very trivial ones,there are automorphismswhich
are there for free, I meanthe inner ones,which associate to an element x of the algebra
the element uxu � 1. Of courseuxu � 1 is not, in generalequal to x becausethe algebra
is not commutativ e, and theseautomorphismsform a normal subgroupof the group of
automorphisms.Thus you seethat the group Aut + (A ) hasthe sametype of structure,
namely it has a normal subgroup of internal automorphismsand it has a quotient.
Now it turns out that there is one very natural non commutativ e algebra A whose
group of internal automorphismscorresponds to the group of gaugetransformations
and the quotient Aut + (A )=Int( A ) corresponds exactly to di�eomorphisms [54]. It is
amusing that the physicsvocabulary is actually the sameas the mathematical vocab-
ulary. Namely in physicsyou talk about internal symmetriesand in mathematicsyou
talk about inner automorphisms,you could call them internal automorphisms. Now
the corresponding spaceis a product M � F of an ordinary manifold M by a �nite non-
commutativ e spaceF . The corresponding algebraA F is the direct sum of the algebras
C , H (the quaternions),and M 3(C) of 3 � 3 complexmatrices.
The algebraA F corresponds to a �nite spacewhere the standard model fermionsand
the Yukawa parameters(massesof fermionsand mixing matrix of KobayashiMaskawa)
determine the spectral geometry in the following manner. The Hilb ert spaceis �nite-
dimensionaland admits the set of elementary fermionsasa basis. For examplefor the
�rst generationof quarks, this set is

uL ; uR ; dL ; dR ; �uL ; �uR; �dL ; �dR : (1)

The algebra A F admits a natural representation in H F (see [53]) and the Yukawa
coupling matrix Y determinesthe operator D.

The detailed structure of Y (and in particular the fact that color is not broken)
allows to check the axiomsof noncommutativ e geometry.

The next step consistsin the computation of internal deformations

D ! D + A + J AJ � 1 (2)

(cf. sectionXI), of the product geometryM � F whereM is a 4{dimensionalRieman-
nian spin manifold. The computation givesthe standard model gaugebosons
 ; W � ; Z ,
the eight gluonsand the Higgs �elds ' with accuratequantum numbers.
Now the next question that comesabout is how do we recover the original action
functional which contained both the Einstein-Hilbert term as well as the standard
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model ? The answer is very simple: the Fermionic part of this action is there from the
start and one recovers the bosonicpart as follows. Both the Hilb ert{Einstein action
functional for the Riemannianmetric, the Yang{Mills action for the vector potentials,
the self interaction and the minimal coupling for the Higgs �elds all appear with the
correctsignsin the asymptotic expansionfor large� of the number N (�) of eigenvalues
of D which are � � (cf. [58]),

N (�) = # eigenvaluesof D in [� � ; �] : (3)

Exactly as above, this step function N (�) is the superposition of two terms,

N (�) = hN (�) i + Nosc(�) :

The oscillatory part Nosc(�) is the same as for a random matrix, governed by the
statistic dictated by the symmetriesof the systemand doesnot concernus here. The
averagepart hN (�) i is computed by a semiclassicalapproximation from local expres-
sionsinvolving the familiar heat equationexpansionand deliversthe correct terms. We
showed above in section IX, that if one studies natural presentations of the algebra
generatedby A and D onenaturally getsonly metrics with a �xed volumeform sothat
the bothering cosmologicalterm doesnot enter in the variational equationsassociated
to the spectral action hN (�) i . It is tempting to speculate that the phenomenological
Lagrangian of physics,combining matter and gravit y appears from the solution of an
extremelysimpleoperator theoretic equationalongthe linesdescribedabove in sections
IX and X.

XI I I Op erator theoretic Index Form ula

The power of the generaltheory comesfrom deeper generaltheoremssuch as the
local computation of the analogueof Pontrjagin classes:i.e. of the components of the
cyclic cocycle which is the Chern character of the K-homology classof D and which
make sensein general. This result allows, using the in�nitesimal calculus, to go from
local to global in the generalframework of spectral triples (A ; H; D).
The Fredholm index of the operator D determines(in the odd case)an additive map
K 1(A )

'
! Z given by the equality

' ([u]) = Index(PuP) ; u 2 GL1(A ) (1)

whereP is the projector P = 1+ F
2 , F = Sign(D).

This map is computedby the pairing of K 1(A ) with the following cyclic cocycle

� (a0; : : : ; an) = Trace(a0[F; a1] : : : [F; an]) 8 aj 2 A (2)

where F = Sign D and we assumethat the dimensionp of our spaceis �nite, which
meansthat (D + i ) � 1 is of order 1=p, also n � p is an odd integer. There are similar
formulas involving the grading 
 in the even case,and it is quite satisfactory([33] [34])
that both cyclic cohomologyand the chern Character formula adapt to the in�nite
dimensionalcasein which the only hypothesisis that exp(� D 2) is a traceclassoperator.
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It is di�cult to compute the cocycle � in generalbecausethe formula (2) involvesthe
ordinary trace instead of the local trace

R
� and it is crucial to obtain a local form of

the above cocycle.
This problem is solved by a generalformula [35] which we now describe.
Let us make the following regularity hypothesison (A ; H; D)

a and [D; a] 2 \ Dom� k ; 8 a 2 A (3)

where� is the derivation � (T) = [jDj; T] for any operator T.
We let B denote the algebra generatedby � k(a), � k([D; a]). The usual notion of di-
mensionof a spaceis replacedby the dimensionspectrum which is a subsetof C. The
precisede�nition of the dimensionspectrum is the subset� � C of singularities of the
analytic functions

� b(z) = Trace(bjDj � z) Rez > p ; b 2 B : (4)

The dimension spectrum of a manifold M is the set f 0; 1; : : : ; ng, n = dim M ; it is
simple. Multiplicitie s appear for singular manifolds. Cantor setsprovide examplesof
complexpoints z =2 R in the dimensionspectrum.
We assumethat � is discrete and simple, i.e. that � b can be extended to C=� with
simple polesin �.
We refer to [35] for the caseof a spectrum with multipliciti es. Let (A ; H; D) be a
spectral triple satisfying the hypothesis (3) and (4). The local index theorem is the
following, [35]:

Theorem 7.

1. The equality Z
� P = Resz=0 Trace(PjDj � z)

de�nes a trace on the algebra generated by A , [D; A ] and jDjz , where z 2 C.

2. There is only a �nite number of non{zero terms in the following formula which
de�nes the odd components(' n )n=1 ;3;::: of a cocycle in the bicomplex(b;B ) of A ,

' n(a0; : : : ; an) =
X

k

cn;k

Z
� a0[D; a1](k1) : : : [D; an ](kn ) jDj � n� 2jkj 8 aj 2 A

where the following notations are used: T (k) = r k(T) and r (T) = D2T � TD2,
k is a multi-index, jkj = k1 + : : : + kn ,

cn;k = (� 1)jkj
p

2i (k1! : : : kn !) � 1 ((k1 + 1) : : : (k1 + k2 + : : :+ kn + n)) � 1 �
�

jkj +
n
2

�
:

3. The pairing of the cyclic cohomology class(' n) 2 H C � (A ) with K 1(A ) givesthe
Fredholm index of D with coe�cients in K 1(A ).

For the normalization of the pairing betweenH C � and K (A ) see[36]. In the evencase,
i.e. when H is Z=2 gradedby 
 ,


 = 
 � ; 
 2 = 1; 
 a = a
 8 a 2 A ; 
 D = � D
 ;

there is an analogousformula for a cocycle (' n ), n even, which gives the Fredholm
index of D with coe�cien ts in K 0. However, ' 0 is not expressedin terms of the residueR
� becauseit is not local for a �nite dimensionalH.
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XIV Di�eomorphism invarian t Geometry

The power of the above operator theoretic local trace formula lies in its generality and
in the existenceof really new geometricexamplesto which it applies.
In this sectionweshall explain how the transversestructure of foliations is describedby
a spectral triple (A ; H; D) with simple dimensionspectrum. This allows moreover to
give a precisemeaningto di�eomorphism invariant geometryon a manifold M, by the
construction of a spectral triple (A ; H; D) where the algebraA is the crossedproduct
of the algebra of smooth functions on the �nite dimensional bundle P of metrics on
M by the natural action of the di�eomorphism group of M. While ordinary geometric
constructionsare"covariant" with respect to di�eomorphisms, our construction ([37]) is
"in variant" inasmuch asthe algebranow incorporatesthe full group of di�eomorphisms
and the metrics involved are canonical.
The operator D is an hypoelliptic operator ([38]) which is directly associated to the
reduction of the structure group of the manifold P to a group of triangular matrices
whosediagonal blocks are orthogonal. By construction the �b er of P �! M is the
quotient F + =SO(n) of the GL+ (n){principal bundle F + of oriented frameson M by
the action of the orthogonal group SO(n) � GL+ (n). The spaceP admits a canonical
foliation: the vertical foliation V � TP, V = Ker � � and on the �b ers V and on N =
(TP)=V the following Euclideanstructures. A choiceof GL+ (n){in variant Riemannian
metric on GL+ (n)=SO(n) determines a metric on V. The metric on N is de�ned
tautologically: for every p 2 P onehasa metric on T� (p)(M ) which is isomorphicto Np

by � � .
We�rst considerthe hypoelliptic signatureoperator Q on F + . It is not a scalaroperator
but it acts in the tensor product

H 0 = L2(F + ; v) 
 E (1)

whereE is a �nite dimensionalrepresentation of SO(n) speci�cally given by

E = ^ Pn 
 ^ Rn ; Pn = S2 Rn : (2)

The operator Q is the gradedsum,

Q = (d�
V dV � dV d�

V ) � (dH + d�
H ) (3)

where the horizontal (resp. vertical) di�eren tiation dH (resp. dV ) is a matrix in the
horizontal and vertical vector �elds X i and Y k

` as well as their adjoints (which also
involve scalars). When n is equal to 1 or 2 modulo 4 one has to replaceF + by its
product by S1 so that the dimensionof the vertical �b er is even (it is then 1 + n(n+1)

2
) and the vertical signatureoperator makessense.The longitudinal part is not elliptic
but only transversally elliptic with respect to the action of SO(n). Thus to get an
hypoelliptic operator one restricts Q to the Hilb ert space,

H = (L2(F + ; v) 
 E)SO(n) (4)

and one takesthe following algebraA ,

A = C1
c (P) > � Di� + ; P = F + =SO(n) : (5)
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Let us note that the operator Q is in fact the imageunder the right regular represen-
tation of the a�ne group Gaf f ine of a (matrix valued) hypoelliptic symmetric element
in the envelopping algebraU(Gaf f ine ). By an easyadaptation of a theorem of Nelson
and Stinespring, it then follows that Q is essentially selfadjoint (with core any dense
Gaf f ine -invariant subspaceof the spaceof C1 vectorsof the right regular representation
of Gaf f ine ).

Theorem 8. [37] Let A be the crossed product C1
c (P) > � Di� + acting in H as above.

1. The equality DjDj = Q de�nes a spectral triple (A ; H; D) which satis�es the
hypothesesof theorem 7; its dimension spectrum is simple and given by � =
f 0; 1; :::; 2n + n(n+1)

2 g.

2. The cocycle ' j given by the local index formula (theorem 7) is the image by the
characteristic map of a universal Gelfand-Fuchscohomology class.

The equality DjDj = Q de�ning D while Q is a di�eren tial operator of secondorder,
is characteristic of "quartic" geometries.
The computation of the local index formula for di�eomorphism invariant geometry
[37] was quite complicated even in the caseof codimension 1 foliations: there were
innumerable terms to be computed; this could be done by hand, by 3 weeksof eight
hours per day tediouscomputations,but it wasof coursehopelessto proceedby direct
computations in the generalcase.Henri and I �nally found how to get the answer for
the generalcaseafter discovering that the computation generateda Hopf algebraH(n)
which only dependson n= codimensionof the foliation, and which allows to organize
the computation provided cyclic cohomologyis suitably adaptedto Hopf algebrasasin
the next section.
The Hopf algebraH(n) only dependsupon the integern and is neither commutativ enor
cocommutativ e. We proved in [37] that it is isomorphicto the bicrossedproduct Hopf
algebra([70], [69], [71]) associated to the following pair of subgroupsof G = Di� (Rn).
We let G1 � G be the subgroupof a�ne di�eomorphisms,

k(x) = Ax + b 8 x 2 Rn (6)

and we let G2 � G be the subgroup,

' 2 G ; ' (0) = 0; ' 0(0) = 1: (7)

Given ' 2 G it has a unique decomposition ' = k  where k 2 G1,  2 G2 which
allows to perform the bicrossedproduct construction.

XV Characteristic classes for actions of Hopf algebras

Hopf algebrasarisevery naturally from their actionson noncommutativ e algebras[39].
Given an algebraA, an action of the Hopf algebraH on A is given by a linear map,

H 
 A ! A; h 
 a ! h(a) (1)

satisfying h1(h2a) = (h1h2)(a), 8hi 2 H, a 2 A and

h(ab) =
X

h(1) (a)h(2) (b) 8a;b2 A; h 2 H: (2)

44



wherethe coproduct of h is,

�( h) =
X

h(1) 
 h(2) (3)

In concreteexamples,the algebra A appears �rst, together with linear maps A ! A
satisfying a relation of the form (2) which dictates the Hopf algebrastructure. This is
exactly what occuredin the above example(see[37] for the description of H(n) and its
relation with Di�( Rn )).
The theory of characteristic classesfor actions of H extends the construction [40] of
cyclic cocyclesfrom a Lie algebraof derivations of a C � algebra A, together with an
invariant trace � on A.
This theory wasdevelopped in [37] in order to solve the above computational problem
for di�eomorphism invariant geometrybut it wasshown in [41] that the correct frame-
work for the cyclic cohomologyof Hopf algebrasis that of modular pairs in involution.
It is quite satisfactory that exactly the samestructure emergedfrom the analysisof
locally compact quantum groups. The resulting cyclic cohomologyappears to be the
natural candidate for the analogueof Lie algebra cohomologyin the context of Hopf
algebras. We �x a group-like element � and a character � of H with � (� ) = 1. They
will play the role of the module of locally compactgroups.
We then introducethe twisted antip ode,

eS(y) =
X

� (y(1) )S(y(2) ) ; y 2 H; � y =
X

y(1) 
 y(2) : (4)

We shall say that the modular pair (� , � ) is in involution if the (� , � )-twisted antip ode
is an involution,

(� � 1 eS)2 = I : (5)

We associate a cyclic complex (in fact a �-mo dule, where � is the cyclic category),
to any Hopf algebra together with a modular pair in involution. More precisely the
following graded vector spaceH \

( � ;� ) = fH 
 ngn� 1 equipped with the operators given
by the following formulas (6){(8 ) de�nes a module over the cyclic category �. First,
by transposing the standard simplicial operators underlying the Hochschild homology
complex of an algebra, one associates to H, viewed only as a coalgebra,the natural
cosimplicial module fH 
 n gn� 1, with faceoperators � i : H 
 n� 1 ! H 
 n ,

� 0(h1 
 : : : 
 hn� 1) = 1 
 h1 
 : : : 
 hn� 1

� j (h1 
 : : : 
 hn� 1) = h1 
 : : : 
 � hj 
 : : : 
 hn ; 81 � j � n � 1;

(6)

� n(h1 
 : : : 
 hn� 1) = h1 
 : : : 
 hn� 1 
 �

and degeneracyoperators � i : H 
 n+1 ! H 
 n ,

� i (h1 
 : : : 
 hn+1 ) = h1 
 : : : 
 " (hi +1 ) 
 : : : 
 hn+1 ; 0 � i � n: (7)

The remaining two essential features of a Hopf algebra { product and antipode { are
brought into play, to de�ne the cyclic operators � n : H 
 n ! H 
 n ,

� n (h1 
 : : : 
 hn ) = (� n� 1 eS(h1)) � h2 
 : : : 
 hn 
 � : (8)
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The theory of characteristic classesappliesto actionsof the Hopf algebraon an algebra
endowed with a � -invariant � -trace. A linear form � on A is a � -trace under the action
of H i� onehas,

� (ab) = � (b� (a)) 8a;b2 A: (9)

A � -trace � on A is � -invariant under the action of H i�

� (h(a)b) = � (aeS(h)(b)) 8a;b2 A; h 2 H: (10)

Note that equation(9) is an excellent guide in order to construct Hopf algebraactions,
sinceby the modular theory any positive linear functional � on an algebraA givesrise
to an (unbounded) automorphism� of its weak closureful�lling equation (9).
The theory of characteristic classesfor actions of Hopf algebrasis governed by the
following generalresult:

Theorem 9. ([41]) Let H be a Hopf algebra endowed with a modular pair in involution
Then H \

� ;� = fH 
 n gn� 1 equipped with the operators given by (6){(8 ) de�nes a module
over the cyclic category � . Let H act on an algebra A endowed with a � -invariant
� -trace � , then the following de�nes a canonical map from H C �

� ;� (H) to H C � (A),


 (h1 
 : : : 
 hn ) 2 Cn(A); 
 (h1 
 : : : 
 hn )(x0; : : : ; xn) =

� (x0h1(x1) : : : hn (xn)) :

We refer to [41] for the discussionof the remarkableagreement of this theory with the
standard theory of quantum groupsand their locally compactversions.

XVI Hopf algebras, Renormalization and the Riemann-Hilb ert problem

We describe in this sectionour joint work with Dirk Kreimer. Perturbativ e renormal-
ization is by far the most successfultechnique for computing physical quantities in
quantum �eld theory. It is well known for instancethat it accuratelypredicts the �rst
ten decimal placesof the anomalousmagneticmoment of the electron.

The physical motivation behind the renormalization technique is quite clear and goes
back to the conceptof e�ectiv emassin nineteencentury hydrodynamics. To appreciate
it, oneshoulddive under water with a ping-pong ball and start applying Newton's law,

F = m a (1)

to compute the initial accelerationof the ball B when we let it loose(at zero speed
relative to the water). If onenaively applies1, one�nds (seethe QFT courseby Sidney
Coleman) an unrealistic initial accelerationof about 20g! In fact as explained in loc.
cit. due to the interaction of B with the surrounding �eld of water, the inertial mass
m involved in 1 is not the bare massm0 of B but is modi�ed to

m = m0 + 1
2 M (2)

whereM is the massof the water occupiedby B.
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It followsfor instancethat the initial accelerationa of B is given,usingthe Archimedean
law, by

� (M � m0)g =
�
m0 + 1

2 M
�

a (3)

and is always of magnitude lessthan 2g.

The additional inertial mass� m = m � m0 is due to the interaction of B with the
surounding �eld of water and if this interaction could not be turned o� (which is the
caseif we deal with an electron instead of a ping-pong ball) there would be no way to
measurethe bare massm0.

The analogy betweenhydrodynamics and electromagnetismled (through the work of
Thomson,Lorentz, Kramers: : : [80]) to the crucial distinction betweenthe bareparame-
ters, such asm0, which enter the �eld theoretic equations,and the observedparameters,
such as the inertial massm.

A quantum �eld theory in D = 4 dimensions,is given by a classicalaction functional,

S (A) =
Z

L (A) d4x (4)

whereA is a classical�eld and the Lagrangian is of the form,

L (A) = (@A)2=2 �
m2

2
A2 + L int (A) (5)

whereL int (A) is usually a polynomial in A and possibly its derivatives.

One way to describe the quantum �elds � (x), is by meansof the time orderedGreen's
functions,

GN (x1; : : : ; xN ) = h0jT � (x1) : : : � (xN )j 0i (6)

where the time ordering symbol T meansthat the � (x j )'s are written in order of in-
creasingtime from right to left.

The probabilit y amplitude of a classical�eld con�guration A is given by,

ei S( A )
~ (7)

and if one could ignore the renormalization problem, the Green's functions would be
computedas,

GN (x1; : : : ; xN ) = N
Z

ei S( A )
~ A(x1) : : : A(xN ) [dA] (8)

whereN is a normalization factor required to ensurethe normalization of the vacuum
state,

h0 j 0i = 1: (9)

If onecould ignorerenormalization, the functional integral 8 would be easyto compute
in perturbation theory, i.e. by treating the term L int in 5 asa perturbation of

L 0(A) = (@A)2=2 �
m2

2
A2 : (10)

With obvious notations the action functional splits as

S(A) = S0(A) + Sint (A) (11)
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wherethe free action S0 generatesa Gaussianmeasureexp(i S0(A)) [dA] = d� .

The seriesexpansionof the Green'sfunctions is then givenin termsof Gaussianintegrals
of polynomials as,

GN (x1; : : : ; xN ) =

 
1X

n=0

i n=n!
Z

A(x1) : : : A(xN ) (Sint (A))n d�

!

 
1X

n=0

i n=n!
Z

Sint (A)n d�

! � 1

The various terms of this expansionare computedusing integration by parts under the
Gaussianmeasure� . This generatesa largenumber of terms U(�), each being labelled
by a Feynman graph �, and having a numerical value U(�) obtained as a multiple
integral in a �nite number of space-timevariables. As a rule the unrenormalizedvalues
U(�) are given by nonsensicaldivergent integrals.

The conceptually really nasty divergencesare called ultraviolet and are associated to
the presenceof arbitrarily large frequenciesor equivalently to the unboundednessof
momentum spaceon which integration has to be carried out. Equivalently , when one
attempts to integrate in coordinate space,one confronts divergencesalong diagonals,
re
ecting the fact that products of �eld operatorsare de�ned only on the con�guration
spaceof distinct spacetimepoints.

The physics resolution of this problem is obtained by �rst introducing a cut-o� in
momentum space(or any suitable regularization procedure)and then by cleverly mak-
ing useof the unobservabilit y of the bare parameters,such as the bare massm0. By
adjusting, term by term of the perturbativ e expansion, the dependenceof the bare
parameterson the cut-o� parameter, it is possiblefor a large classof theories, called
renormalizable,to eliminate the unwanted ultraviolet divergences.

The main calculational complication of this subtraction procedureoccursfor diagrams
which possessnon-trivial subdivergences,i.e. subdiagramswhich are alreadydivergent.
In that situation the procedurebecomesvery involved since it is no longer a simple
subtraction, and this for two obvious reasons:i) the divergencesare no longergivenby
local terms, and ii) the previouscorrections(those for the subdivergences)have to be
taken into account.
To have an examplefor the combinatorial burden imposedby thesedi�culties consider
the problem below of the renormalization of a two-loop four-point function in massless
scalar � 4 theory in four dimensions,given by the following Feynmangraph:

G(2) = 

It contains a divergent subgraph:

G(1) = 

We work in the Euclidean framework and introducea cut-o� � which we assumeto be
always much biggerthan the squareof any externalmomentum pi . Analytic expressions
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for theseFeynman graphs are obtained by utilizing a map � � which assignsintegrals
to them accordingto the Feynmanrules and employs the cut-o� � to the momentum
integrations. Then � � [� [1;2]] are given by

� � [� [1]](pi ) =
Z

d4k
�( � 2 � k2)

k2

1
(k + p1 + p2)2

;

and

� � [� [2]](pi ) =
Z

d4l
�( � 2 � l2)

l2(l + p1 + p2)2
� � [� [1](p1; l ; p2; l )]:

It is easyto seethat � � [� [1]] decomposesinto the form blog� (whereb is a real number)
plus terms which remain �nite for � ! 1 , and hencewill producea divergencewhich
is a non-local function of external momenta

� log�
Z

d4l
�( � 2 � l2)

l2(l + p1 + p2)2
� log � log(p1 + p2)2:

Fortunately, the counterterm L � [1] � log� generatedto subtract the divergencein
� � [� [1]] will preciselycancelthis non-local divergencein � [2].
That this type of cancellationoccursat any order of perturbation theory, i. e. that the
two diseasesabove actually cure each other in general is a very non-trivial fact that
took decadesto prove [79].
The detailed combinatorics is governedby the �R operation of Bogoliubov and Parasiuk
(for a 1PI graph �)

�R(�) = U(�) +
X


 �
6=

�

C(
 ) U(� =
 ) (12)

which preparesa given graph with unrenormalizedvalue U(�) by adding the countert-
ermsC(
 ). The latter are constructedby induction using

C (�) = � T

0

B
@U(�) +

X


 �
6=

�

C(
 ) U(� =
 )

1

C
A (13)

where, using dimensional regularization T is just the extraction of the pole part in
D = 4 � � . The renormalizedgraph is then given by

R (�) = U(�) + C(�) +
X


 �
6=

�

C(
 ) U(� =
 ) : (14)

For a mathematician the intricacies of the detailed combinatorics and the lack of any
obvious mathematical structure underlying it make it totally inaccessible,in spite of
the existenceof a satisfactory formal approach to the problem [81].
This situation wasdrastically changedby the discovery by Dirk Kreimer ([42]) who un-
derstood that the formula for the �R operation in fact dictates a Hopf algebracoproduct
on the free commutativ e algebraH K generatedby the 1PI graphs�,

� � = � 
 1 + 1 
 � +
X


 �
6=

�


 
 � =
 ; (15)
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(In fact he �rst formulated it in terms of rooted trees, but the graph formulation is
easierto explain).
This Hopf algebrais commutativ easan algebraand weshowed in [44], [46] that it is the
dual Hopf algebraof the enveloppingalgebraof a Lie algebraG whosebasisis labelled
by the oneparticle irreducible Feynmangraphs. The Lie bracket of two such graphsis
computedfrom insertionsof onegraph in the other and vice versa. The corresponding
Lie group G is the group of charactersof H.

The next breakthrough camefrom our joint discovery [46] that identical formulas to
equations (12, 13, 14) occur in the solution of the Riemann Hilb ert problem for an
arbitrary pronilpotent Lie group G!
This really unveils the true nature of this seeminglycomplicated combinatorics and
shows that it is a special caseof a general extraction of �nite values basedon the
Riemann-Hilbert problem.
The Riemann-Hilbert problem comesfrom Hilb ert's 21st problem which he formulated
as follows:

\Pro ve that there always existsa Fuchsian linear di�eren tial equation with given
singularities and given monodromy."

In this form it admits a positive answer due to Plemelj and Birkho� (cf. [47] for a
careful exposition). When formulated in terms of linear systemsof the form,

y0(z) = A(z) y(z) ; A(z) =
X

� 2 S

A �

z � �
; (16)

(where S is the given �nite set of singularities, 1 62S, the A � are complex matrices
such that X

A � = 0 (17)

to avoid singularities at 1 ), the answer is not always positive [48], but the solution
exists when the monodromy matrices M � are su�cien tly closeto 1. It can then be
explicitly written as a seriesof polylogarithms [47].
Another formulation of the Riemann-Hilbert problem, intimately tied up to the classi-
�cation of holomorphicvector bundleson the RiemannsphereP1(C), is in terms of the
Birkho� decomposition


 (z) = 
 � (z)� 1 
 + (z) z 2 C (18)

wherewelet C � P1(C) bea smooth simplecurve,C� the component of the complement
of C containing 1 62C and C+ the other component. Both 
 and 
 � are loops with
valuesin GLn (C),


 (z) 2 G = GLn (C) 8 z 2 C (19)

and 
 � are boundary valuesof holomorphic maps(still denotedby the samesymbol)


 � : C� ! GLn(C) : (20)

The normalization condition 
 � (1 ) = 1 ensuresthat, if it exists, the decomposition
(18) is unique (under suitable regularity conditions).
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The existenceof the Birkho� decomposition (18) is equivalent to the vanishing,

c1 (L j ) = 0 (21)

of the Chern numbers nj = c1 (L j ) of the holomorphic line bundles of the Birkho�-
Grothendieck decomposition,

E = � L j (22)

where E is the holomorphic vector bundle on P1(C) associated to 
 , i.e. with total
space:

(C+ � Cn) [ 
 (C� � Cn ) : (23)

The above discussionfor G = GLn (C) extendsto arbitrary complexLie groups.

When G is a simply connectednilpotent complexLie group the existence(and unique-
ness)of the Birkho� decomposition (18) is valid for any 
 . When the loop 
 : C ! G
extendsto a holomorphicloop: C+ ! G, the Birkho� decomposition is givenby 
 + = 
 ,

 � = 1. In general,for z0 2 C+ the evaluation,


 ! 
 + (z0) 2 G (24)

is a natural principle to extract a �nite value from the singular expression
 (z0). This
extraction of �nite valuesis a multiplicativ eremoval of the polepart for a meromorphic
loop 
 when we let C be an in�nitesimal circle centered at z0.
We are now ready to apply this procedurein Quantum Field Theory. First, using di-
mensionalregularization, the bare (unrenormalized)theory givesriseto a meromorphic
loop,


 (z) 2 G ; z 2 C (25)

Our main result [45, 46] is that the renormalizedtheory is just the evaluation at the
integer dimension z0 = D of space-timeof the holomorphic part 
 + of the Birkho�
decomposition of 
 .

In fact, the original loop d ! 
 (d) not only dependsupon the parametersof the theory
but alsoon the additional \unit of mass"� requiredby dimensionalanalysis. Weshowed
in [49] that the mathematical conceptsdevelopped in our earlier papers provide very
powerful tools to lift the usual conceptsof the � -function and renormalization group
from the spaceof coupling constants of the theory to the complexLie group G.
We �rst observed that even though the loop 
 (d) does depend on the additional pa-
rameter � ,

� ! 
 � (d) ; (26)

the negative part 
 � � in the Birkho� decomposition,


 � (d) = 
 � � (d)� 1 
 � + (d) (27)

is actually independent of � ,
@

@�

 � � (d) = 0: (28)

This is a restatement of a well known fact and follows immediately from dimensional
analysis. Moreover, by construction, the Lie group G turns out to be graded, with
grading,

� t 2 Aut G ; t 2 R ; (29)
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inherited from the grading of the Hopf algebraH of Feynmangraphsgiven by the loop
number,

L(�) = loop number of � (30)

for any 1PI graph �.
The straightforward equality,


 et � (d) = � t" (
 � (d)) 8 t 2 R ; " = D � d (31)

shows that the loops 
 � associated to the unrenormalizedtheory satisfy the striking
property that the negative part of their Birkho� decomposition is unaltered by the
operation,


 (" ) ! � t" (
 (" )) ; (32)

In other words, if we replace
 (" ) by � t" (
 (" )) we dont changethe negative part of its
Birkho� decomposition. We settled now for the variable,

" = D � d 2 Cnf 0g: (33)

We give in [49] a completecharacterization of the loops 
 (" ) 2 G ful�lling the above
striking invariance. This characterizationonly involvesthe negative part 
 � (" ) of their
Birkho� decomposition which by hypothesisful�lls,


 � (" ) � t" (
 � (" )� 1) is convergent for " ! 0: (34)

It is easyto seethat the limit of (34) for " ! 0 de�nes a oneparametersubgroup,

Ft 2 G ; t 2 R (35)

and that the generator � =
�

@
@t Ft

�
t=0 of this one parameter group is related to the

residueof 


Res
"=0


 = �
�

@
@u


 �

�
1
u

��

u=0

(36)

by the simple equation,
� = Y Res
 ; (37)

whereY =
�

@
@t � t

�
t=0

is the grading.
This is straightforward but our result is the following formula (39) which gives
 � (" )
in closedform as a function of � . We shall for convenienceintroduce an additional
generatorin the Lie algebraof G (i.e. primitiv e elements of H � ) such that,

[Z0; X ] = Y(X ) 8 X 2 Lie G : (38)

The scattering formula for 
 � (" ) is then,


 � (" ) = lim
t !1

e� t( �
" + Z0) etZ 0 : (39)

Both factors in the right hand sidebelongto the semidirect product,

eG = G > �

� R (40)

of the group G by the grading, but of coursethe ratio (39) belongsto the group G.
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This shows ([49]) that the higher pole structure of the divergencesis uniquely deter-
mined by the residueand givesa strong form of the t'Ho oft relations, which will come
as an immediate corollary.
The main new result of [49], specializing to the masslesscaseand taking ' 3

6 as an
illustrativ eexampleto �x ideasand notations, is that the formula for the barecoupling
constant,

g0 = gZ1 Z � 3=2
3 (41)

whereboth gZ1 = g+ � g and the �eld strength renormalizationconstant Z3 arethought
of as power series(in g) of elements of the Hopf algebraH, doesde�ne a Hopf algebra
homomorphism,

H CM
g0� ! H K ; (42)

from the Hopf algebraH CM of coordinates on the group of formal di�eomorphisms of
C such that,

' (0) = 0; ' 0(0) = id (43)

to the Hopf algebraH K of the masslesstheory. We had already constructed in [46] a
Hopf algebra homomorphismfrom H CM to the Hopf algebra of rooted trees, but the
physical signi�cance of this construction was unclear.
The homomorphism(42) is quite di�eren t in that for instance the transposedgroup
homomorphism,

G
�

� ! Di� (C) (44)

lands in the subgroupof odd di�eomorphisms,

' (� z) = � ' (z) 8 z : (45)

Moreover its physical signi�cance is transparent. In particular the imageby � of � =
Y Res
 is the usual � -function of the coupling constant g.
Wediscoveredthe homomorphism(42) by lengthy concretecomputationswhich werean
excellent test for the explicit ways of handling the coproduct, coassociativit y, symmetry
factors: : : that underly the theory.
As a corollary of the construction of � we get an action by (formal) di�eomorphisms of
the group G on the spaceX of (dimensionless)coupling constants of the theory. We
can then in particular formulate the Birkho� decomposition directly in the group,

Di� (X ) (46)

of formal di�eomorphisms of the spaceof coupling constants.

Theorem 10. ([49]) Let the unrenormalized e�ective couplingconstantge� (" ) be viewed
as a formal power series in g and let ge� (" ) = ge� + (" ) (ge� � (" )) � 1 be its (opposite)
Birkho� decomposition in the group of formal di�e omorphisms. Then the loop ge� � (" )
is the bare coupling constant and ge� + (0) is the renormalized e�ective coupling.

This result is now, in its statement, no longerdependingupon our group G or the Hopf
algebraH. But of coursethe proof makesheavy useof the above ingredients. It is a
challengeto physicists to �nd a direct proof of this result.
Finally the Birkho� decomposition of a loop,

� (" ) 2 Di� (X ) ; (47)
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admits a beautiful geometric interpretation. If we let X be a complex manifold and
passfrom formal di�eomorphisms to actual ones, the data (47) is the initial data to
perform, by the clutching operation, the construction of a complexbundle,

P = (S+ � X ) [ � (S� � X ) (48)

over the sphereS = P1(C) = S+ [ S� , and with �b er X ,

X � ! P �� ! S : (49)

The meaningof the Birkho� decomposition,

� (" ) = � � (" )� 1 � + (" ) (50)

is then exactly captured by an isomorphismof the bundle P with the trivial bundle,

S � X : (51)

XVI I Num ber theory

I shall concludethesenotes by giving a brief glimpseat the connectionbetweennon-
commutativ e geometryand number theory. There are two points of contact of the two
subjects, the �rst gives a spectral interpretation of zerosof zeta and L-functions in
terms of a construction involving adeles,more speci�cally the noncommutativ e space
of adeleclasses.The secondhas to do with the missingGalois theory at Archimedean
places. For the specialists of quantum chaos looking for a spectral realization of the
non-trivial zerosof the Riemann zeta function from the quantization of classicalme-
chanical systems,the adelesmight look rather exotic at �rst sight and we �rst needto
explain brie
y (for non specialists) why Ideles and Adelesare natural and important
in number theory.
Let us start with the reciprocity law (Gauss1801)

�
`
p

�
= (� 1)" (p)" (`)

� p
`

�
; " (p) =

p � 1
2

(mod 2) (1)

where` and p are odd primesand
�

`
p

�
is the Legendresymbol whosevalue is +1 if the

equation
x2 = ` (mod p) (2)

admits a solution, and is � 1 if it doesnot.

For instance, with ` = 5 we seethat whether the equation x2 = 5(mod p) admits a
solution only dependsupon p(mod 5), i.e. only on the last digit of p. Thus the answer
is the samefor p = 7 and p = 1997or for p = 19 and p = 1999. It follows that the
primes p thus fall into classes. The languageof Adelesand Idelesextendsthis simple
notion of classesof primes to thoseof ideal classesand then of Idele classes.
To the proof of Dirichlet of the existenceof in�nitely many primes in an arithmetic
progressioncorresponds the construction of an L-function associated to a character �
modulo m,
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L(s; � ) =
Y 1

1 � � (p) p� s
: (3)

More generallya Hecke L-function is associated to a character of the ideal classgroup
modulo m and in fact alsoto a Gr•ossencharakter which is a character of the Idele class
group of a number �eld k.
The quickestway to introducethe Ideleclassgroup of a number �eld k is to understand
(Cf. Iwasawa Ann. of Math. 57 (1953)) that such a �eld sits uniquely as a discrete
cocompactsub�eld of a unique locally compact ( semi-simpleand non discrete) ring A

k � A ; k cocompact (4)

called the ring of Adelesof k. One then has,

Idele classgroup of k = GL1(k)nGL1(A) ; (5)

and a Gr•ossencharakter is a character of this locally compact group. Iwasawa and
Tate showed how to useanalysison adelesto prove the basic properties of the Hecke
L-functions which were then extendedto L-functions associated to automorphic forms
which appear in the action of GLn(A) on the Hilb ert space

L2(GLn(k)nGLn(A)) : (6)

To understandthe other languageinvolved in the basicdictionary which underliesthe
Langlandsprogram let us go back to the equation(2) say with ` = 5 and simply adjoinp

5 to the �eld Q of rational numbers which givesan algebraicextensionK = Q(
p

5)
of k = Q. The Galois group Gal(Q(

p
5) : Q) = Gal(K : k) is of courseZ=2 in this case

and admits an obvious non trivial one dimensional representation � . In general, the
Artin L-function associated to a representation

Gal(K : k) ! GL(n; C) (7)

of the Galois group of a �nite Galois extensionK of k, is

L(s; � ) =
Y

p

Lp(s; � ) (8)

wherep runs through the prime idealsof k and the local L factor is givenat unrami�ed
p by,

Lp(s; � ) = det(1 � � (� ) N (p) � s) (9)

where� is the Frobeniusautomorphism of p.

When K =k is an abelian extensionand � a one dimensionalrepresentation it follows
from class�eld theory that � de�nes a character modulo the conductor of K =k and
that the Artin L-function equalsthe Hecke L-function. This Artin reciprocity law is a
far reaching extensionof the Gaussreciprocity law (1).

The Langlandsprogram extendsHecke's theory of Euler products associated to auto-
morphic forms on GL(2) to arbitrary reductive groupsG and givesa correspondance,
extendingArtin's reciprocity law to the non-Abelian case,betweenautomorphic repre-
sentations of G and representations,

Gal(K : k) ! L G (10)
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in the Langlandsdual L G of G.

A basic tool of the theory is the trace formula [76] which extendsto the adelic context
the Selberg trace formula. The trace formula is the equality obtained by computing in
two di�eren t ways the trace of operators of the form,

Trace(C� � (f )) (11)

where(for G = GLn ), � is the natural representation of GLn (A) in the Hilb ert space

L2
� (GLn(k)nGLn (A)) (12)

where� is a Gr•ossencharakter, and C� is a cuto�. The Gr•ossencharakter � allows one
to restrict to vectorswith a �xed behaviour relative to GL1.

The spectral side of the trace formula is obtained from the harmonic analysisof the
representation � . The geometricsideexpressesthe trace as a sum of orbital integrals.

The restriction imposedin (12) by the Gr•ossencharakter � shows that the casen = 1
becomestrivial and concentrates essentially on the SLn aspect for n � 2. So far the
zerosof L-functions do not appear in this language.

Our contribution to this subject is to show that both the zerosof L-functions and the
Riemann-Weil explicit formulas appear directly in a re�nement of the trace formula
obtained as follows. Instead of restricting the Hilb ert space,

L2(GLn(k)nGLn(A)) (13)

by the choiceof Gr•ossencharakter � as above, one introduceson the full Hilb ert space
(13) a �ner cuto� operator Q� taking careof the \GL 1" behaviour of vectors.

To understand in which way the corresponding trace formula re�nes the Arth ur trace
formula, it is simplest to restrict to the caseof GL1. In order to simplify even further
we shall replacethe number �eld k by a function �eld of positive characteristic. This
allows for a straightforward de�nition of the cuto� operators Q� as the orthogonal
projection on the subspace,

Q� � L2(GL1(k)nGL1(A)) (14)

spannedby the vectors � 2 S(A) (averagedon GL1(k)) which vanish as well as their
Fourier transform for jxj > �. Note that weuseFourier transform on the additivegroup
of adelesso that the spaceGL1(k)nA of Adele classesis implicit in this construction.
To de�ne this Fourier transformation we neededto choosea basiccharacter � =

Q
� v

of the additive group A for which the lattice k is selfdual.

The spectral computation of the trace of Q� � (f ) involvesall the nontrivial zerosof
Hecke L-functions and is given by the following formula ([73]),

Trace(Q� � (f )) = 2

 
X

GL 1

f (k)

!

log0�

+ bf (0) + bf (1) �
X

L ( �; 1
2 + � )=0

� 2 B =N ?

N
�

�;
1
2

+ �
� Z

i R

bf (�; z) d� � (z) + o(1) (15)
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whereB is the open strip B =
�

� 2 C ; jRe� j < 1
2

	
, N

�
�; 1

2 + �
�

is the multiplicit y of
1
2 + � asa zeroof the L function L(�; s), � varying through Gr•ossencharakters(modulo
principal ones),N being the module,

N = Mod(k) : (16)

Also 2log0� =
R

j � j2 [� � 1;�] d� � , and the measured� � (z) is the harmonicmeasureof � 2 C

with respect to the line iR. In particular if the zero 1
2 + � is on the critical line d� � (z)

is just the Dirac massat z = � . Finally the Fourier transform of f is given by,

bf (�; z) =
Z

GL 1 (A)
f (u� 1) � (u) jujz d� u : (17)

The geometricsideof the trace formula hassofar only be fully justi�ed in the simpli�ed
situation where only �nitely many placesare used. It is then given by the following
formula ([73])

Trace(Q� � (f )) = 2

 
X

GL 1

f (k)

!

log0� +
X

v;k

Z 0

k �
v

f (ku)
j1 � uj

d� u + o(1) ; (18)

whereeach k�
v is embeddedin (GL1(k)nGL1(A)) by the map u ! (1; 1; :::; u; :::; 1) and

the principal value
R0 is uniquely determinedby the pairing with the uniquedistribution

on kv which agreeswith du
j1� uj for u 6= 1 and whoseFourier transform relative to � v

vanishesat 1.
By proving that it entails the positivit y of the Weil distribution, we showed in [73] that
the validit y of the geometric side, i.e., the global trace formula, is equivalent to the
Riemann Hypothesisfor all L-functions with Gr•ossencharakter.

Theorem 11. The following two conditions are equivalent:

a) When � ! 1 , one has, for all f 2 S(GL1(k)nGL1(A)) with compact support,

Trace(Q� � (f )) = 2

 
X

GL 1

f (k)

!

log0� +
X

v;k

Z 0

k �
v

f (ku)
j1 � uj

d� u + o(1) ; (19)

b) All L functions with Gr•ossencharakter on k satisfy the Riemann Hypothesis.

We have thus obtained a spectral interpretation of the zerosof zeta and L-functions
as an absorption spectrum, i.e., as missing spectral lines. All zerosdo play a role in
the spectral sideof the trace formula, but while the critical zerosdo appear perse,the
noncritical onesappear asresonancesand enter in the trace formula through their har-
monic potential with respect to the critical line. The spectral sideis entirely canonical,
and its validit y is justi�ed in the global case[73]. It is quite important to understand
why a crucial negative sign in the analysisof the statistical 
uctuations of the zerosof
zetaindicated from the start that the spectral interpretation shouldbe asan absorption
spectrum, or equivalently should be of a cohomologicalnature.
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The number of zerosof zeta whoseimaginary part is lessthan E > 0,

N (E) = # of zeros� ; 0 < Im � < E (20)

hasan asymptotic expression([26]) given by

N (E) =
E
2�

�
log

�
E
2�

�
� 1

�
+

7
8

+ o(1) + Nosc(E) (21)

wherethe oscillatory part of this step function is

Nosc(E) =
1
�

Im log �
�

1
2

+ iE
�

(22)

which is of the order of Log(E) (We assumethat E is not the imaginary part of a zero
and take for the logarithm the branch which is 0 at + 1 ). The Euler product formula
for the zeta function yields (cf. [72]) a heuristic asymptotic formula for Nosc(E),

Nosc(E) '
� 1
�

X

p

1X

m=1

1
m

1
pm=2

sin(m E log p) : (23)

Onecancomparethis formula with what appearsin the direct atempt [72] to construct
a spectral realization of zerosof zeta from quantization of a classicaldynamical system.
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In this theory the quantization of the classicaldynamical system given by the phase
spaceX and hamiltonian h givesrise to a Hilb ert spaceH and a selfadjoint operator
H whosespectrum is the essential physical observable of the system. For complicated
systemsthe only useful information about this spectrum is that, while the averagepart
of the counting function,

N (E) = # eigenvaluesof H in [0; E] (24)

is computed by a semiclassicalapproximation mainly as a volume in phasespace,the
oscillatory part,

Nosc(E) = N (E) � hN (E)i (25)

is the sameasfor a randommatrix, governedby the statistic dictated by the symmetries
of the system.

One can then ([72]) write down an asymptotic semiclassicalapproximation to the os-
cillatory function Nosc(E)

Nosc(E) =
1
�

Im
Z 1

0
Trace(H � (E + i� )) � 1 id� (26)

using the stationary phaseapproximation of the corresponding functional integral. For
a systemwhosecon�guration spaceis 2-dimensional,this gives([72] (15)),

Nosc(E) '
1
�

X


 p

1X

m=1

1
m

1

2sh
�

m� p

2

� sin(Spm(E)) (27)

where the 
 p are the primitiv e periodic orbits, the label m corresponds to the number
of traversalsof this orbit, while the corresponding instabilit y exponents are � � p. The
phase Spm(E) is up to a constant equal to m E T #


 where T #

 is the period of the

primitiv e orbit 
 p.

Comparing the formulasoneseesa fundamental mismatch (cf.[72]) which is the overall
minus sign in front of formula (23) asopposedto the plus sign of (27). This problem is
resolved in our spectral interpretation by the minus sign present in the spectral sideof
the trace formula (15). The point is that the spectral analysisof the action of the Idele
classgroup on the Adele classspaceshows ([73]) white light with dark absorption lines
labelledby the zerosof zetaand L-functions. This alsoprovidesthe correctexplanation
for the asymptotic form of the formula for the averagenumber of zeros

hN (E)i � (E=2� )(log(E=2� ) � 1) + 7=8 + o(1) (28)

from a semiclassicalcomputation for the number of quantum mechanical states in one
degreeof freedomwhich ful�ll the conditions

jqj � � ; jpj � � ; jH j � E ; (29)

where H = 2� qp is the Hamiltonian which generatesthe group involved in the ac-
tion of the Idele classgroup namely the scaling transformations (see([73]) for precise
normalization). We are thus computing the areaof,

D = f (p;q); pq� 0; jqj � � ; jpj � � ; jpqj � E=2� g: (30)
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(sincewe dealwith zetaalonewe restrict ourselvesto evenfunctions sothat we exclude
the region pq� 0 of the semiclassical(p;q) plane). The computation yields

1=2
Z

D
dpdq=

2E
2�

log� �
E
2�

�
log

E
2�

� 1
�

: (31)

In this formula we seein the right hand side the overall term hN (E)i which appears
with a minus sign. This shows that the number of quantum mechanical states is
equal to 4E

2� log� minus the �rst approximation to the number of zerosof zeta whose
imaginary part is lessthan E in absolutevalue (one just multiplies by 2 the equality
(31)). Now 1

2� (2E)(2 log �) is the number of quantum states in the Hilb ert space
L2(R�

+ ; d� x) which are localizedin R�
+ between� � 1 and � and are localizedin the dual

group R (for the pairing h�; t i = � it ) between � E and E. Thus we seeclearly that
the �rst approximation to N (E) appearsas the lack of surjectivit y of the map which
associates to quantum states � with support in D the function on R�

+ ,

E(� )(x) = jxj1=2
X

n2 Z

� (nx) (32)

wherewe assumethe additional conditions � (0) =
R

� (x)dx = 0.

A �ner analysis,which is just what the trace formula is doing, would yield the additional
terms 7=8 + o(1) + Nosc(E). The above discussionyields an explicit construction of a
large matrix whosespectrum approachesthe zerosof zeta as � ! 1 .
While the above discussionclearly givesthe sought for spectral interpretation of zeros
of zeta it is unclear that onecan expect to justify the (geometricsideof) trace formula
without a deeper understandingof the symmetriesof the situation, which might well
involve quantum groups.
As we mentionned earlier, the secondpoint of contact between noncommutativ e ge-
ometry and number theory has to do with the missing Galois theory at Archimedean
places.
Let k be a global �eld, when the characteristic of k is p > 1 sothat k is a function �eld
over Fq, onehas

k � kun � kab � ksep � k ;

wherek is an algebraicclosureof k, ksep the separablealgebraicclosure,kab the maximal
abelian extensionand kun is obtained by adjoining to k all roots of unity of order prime
to p.
Onede�nes the Weil group Wk asthe subgroupof Gal(kab : k) of thoseautomorphisms
which induce on kun an integral power of the Frobeniusautomorphism � ,

� (� ) = � q 8 � root of 1 of order prime to p:

The main theorem of global class�eld theory assertsthe existenceof a canonical iso-
morphism,

Wk ' Ck = GL1(A)=GL1(k) ;

of locally compactgroups.
When k is of characteristic 0, i.e. is a number �eld, onehasa canonicalisomorphism,

Gal(kab : k) ' Ck=Dk ;

60



where Dk is the connectedcomponent of identit y in the Idele class group Ck , but
becauseof the Archimedian placesof k there is no interpretation of Ck analogousto
the Galois group interpretation for function �elds. According to A. Weil [77], \La
recherche d'une interpr�etation pour Ck si k est un corps de nombres, analogueen
quelquemani�ere �a l'in terpr�etation par un groupe de Galois quand k est un corps de
fonctions, me semble constituer l'un des probl�emesfondamentaux de la th�eorie des
nombres �a l'heure actuelle ; il se peut qu'une telle interpr�etation renfermela clef de
l'hypoth�esede Riemann : : :".

Galoisgroupsareby construction projectivelimits of the �nite groupsattachedto �nite
extensions.To get connectedgroupsoneclearly needsto relax this �niteness condition
which is the sameas the �nite dimensionality of the central simple algebrasof the
Brauer theory. SinceArchimedian placesof k are responsible for the non trivialit y of
Dk it is natural to ask the following preliminary question,

\Is there a non trivial Brauer theory of central simple algebrasover C."

We showed in [3] that the approximately �nite dimensionalsimplecentral algebrasover
C (called factors) provide a satisfactory answer to this question. They are classi�ed by
their module,

Mod(M ) �
�

R�
+ ;

which is a virtual closedsubgroupof R�
+ .

One can in fact go much further and understandthat the renormalization group, once
properly formulated mathematically aswedid in sectionXVI, really appearsasa perfect
ambiguity group betweensolutions to a (physics) problem. It henceplays a role very
similar to that of the Galoisgroup of an algebraicequationand is an ideal candidatefor
the missingGalois group at the Archimedian place. One can explore this idea further
by making useof the relation betweenthe (conjectural) Hopf algebraof Euler-Zagier
numbers ([82], [83]) and the Kreimer Hopf algebra.

XVI I I App endix, the cyclic category

At the conceptual level, cyclic cohomologyis a way to embed the nonadditive
categoryof algebrasand algebrahomomorphismsin an additive categoryof modules.
The latter is the additive categoryof �-mo duleswhere� is the cyclic category. Cyclic
cohomologyis then obtained as an Ext functor ([14]).
The cyclic categoryis a small categorywhich canbede�ned by generatorsand relations.
It has the same objects as the small category � of totally ordered �nite sets and
increasingmapswhich plays a key role in simplicial topology. Let us recall that � has
oneobject [n] for each integern, and is generatedby faces� i ; [n � 1] ! [n] (the injection
that missesi ), and degeneracies� j ; [n + 1] ! [n] (the surjection which identi�es j with
j + 1), with the relations,

� j � i = � i � j � 1 for i < j; � j � i = � i � j +1 i � j (1)

� j � i =

8
<

:

� i � j � 1 i < j
1n if i = j or i = j + 1
� i � 1� j i > j + 1:

(2)
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To obtain the cyclic category� oneaddsfor each n a new morphism � n ; [n] ! [n] such
that,

� n � i = � i � 1� n� 1 1 � i � n; � n � 0 = � n

� n � i = � i � 1� n+1 1 � i � n; � n � 0 = � n � 2
n+1

� n+1
n = 1n :

(3)

The original de�nition of � (cf. [14]) used homotopy classesof non decreasingmaps
from S1 to S1 of degree1, mapping Z=n to Z=m and is trivially equivalent to the above.
Given an algebra A one obtains a module over the small category � by assigningto
each integer n � 0 the vector spaceCn of n + 1-linear forms ' (x0; : : : ; xn) on A, while
the basicoperations are given by

(� i ' )(x0; : : : ; xn) = ' (x0; : : : ; x i x i +1 ; : : : ; xn); i = 0; 1; : : : ; n � 1

(� n ' )(x0; : : : ; xn) = ' (xnx0; x1; : : : ; xn� 1)

(� j ' )(x0; : : : ; xn) = ' (x0; : : : ; x j ; 1; x j +1 ; : : : ; xn); j = 0; 1; : : : ; n

(� n ' )(x0; : : : ; xn) = ' (xn ; x0; : : : ; xn� 1):

(4)

Theseoperations satisfy the relations (1) (2) and (3). This shows that any algebraA
givesrisecanonicallyto a �-mo dule and allows [14, 21] to interpret the cyclic cohomol-
ogygroupsH Cn (A) asExt n functors. All of the generalpropertiesof cyclic cohomology
such asthe long exact sequencerelating it to Hochschild cohomologyaresharedby Ext
of general�-mo dulesand can be attributed to the equality of the classifyingspaceB �
of the small category� with the classifyingspaceBS1 of the compactone-dimensional
Lie group S1. One has

B � = BS1 = P1 (C) (5)
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