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Abstract. Consider an irrational rotation of the unit circle and a real continuous function.
A point is declared “maximizing” if the growth of the ergodic sums at this point is
maximal up to an additive constant. In case of two-sided ergodic sums the existence
of a maximizing point for a continuous function implies that it is the coboundary of a
continuous function. In contrast, we build for the “usual” one-sided ergodic sums examples
in Holder or smooth classes indicating that all kinds of behaviour of the function with
respect to the dynamical system are possible. We also show that generic continuous
functions are without maximizing points, not only for rotations, but for the transformation
2z mod 1 as well. For this latter transformation it is known that any Holder continuous
function has a maximizing point.

1.  Introduction
Let (X,T) be a topological dynamical system, where X is a compact metric space and
T : X — X a continuous and surjective transformation.

Fix a continuous function f : X — R and write T'f for f o T. Introduce the ergodic
sums

fn(z) = z_:ka(x), n>1.

k=0
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2 J. Brémont and Z. Buczolich

The optimal pointwise growth of (f,,(x)) is an important question arising naturally. We
mention for example A. Cohen and J.-P. Conze [11] in a wavelet context, R. Mané [20)]
on Lagrangian systems, or optimization problems in computer science and algorithms
when considering “discrete events systems”, see D. A. Carlson, A. B. Haurie and A.
Leizarowitz [8] or J. C. Lagarias and Y. Wang [17]. From these early works has emerged
a field of research now called Ergodic Optimization, see T. Bousch [3], J.-P. Conze and Y.
Guivarc’h [10] and the survey by O. Jenkinson [14]. The central question is the maximal
mean growth of (fy(z))n>1, which is related to an optimization problem about invariant
measures.

We focus in this article on a finer type of optimal growth and consider points x € X
for which the growth of the sums (f,,(z)),>1 is maximal up to an additive constant.

DEFINITION 1. Let f : X — R be continuous. A point xo € X is “mazximizing” for [ if
there exists a constant C > 0 such that:
Ve e X,¥n>1, fulx) < fulzo) +C. (1)

In this case, the shortfall of maximization at xg is

SM(f7 Tg) = sup fn(x) - fn(xO) (2)
n>1, ze€T
We say that xo is “exactly maximizing” if one can take C = 0 in (1) and “weakly

mazximizing” if C is replaced by C(x). If p is a fized Borel probability measure, we also
say that xo is “p-weakly maximizing” if (1) is true for p-a.e x with a constant C(x).

The existence of maximizing points is naturally the first question to be adressed. If
f =c+g—Tg with g bounded and ¢ constant then clearly every point is maximizing for
f. It is natural to ask whether this is the only situation.

The answer is negative for dynamical systems where the lemma of Mané-Conze-
Guivarc’h is valid. In this case any Holder continuous f admits a maximizing point.
Indeed, one can decompose f = ¢+ g — Tg + r, with g and r also Holder continuous
and verifying the properties that r < 0 and the level set r~1{0} carries a T-invariant set.
A point in this set is maximizing for f (in general the maximizing points for f are not
all contained in r~1{0}). Systems where this lemma is true (see Bousch [4] for a recent
result) satisfy some form of expansiveness and the classical thermodynamical formalism
can be developed. A standard example is Tz = 2z mod (1) on T.

For dynamical systems where such a decomposition result is not available, not much
is known on the question of maximizing points. The purpose of the present article is to
investigate this problem for an irrational rotation Tz =  +« mod (1) on the unit circle
X=T.

We denote by Cp,o(T) the set of those functions in C(T) which have zero mean. In the
same way we consider the spaces C”,,(T), r > 1, and the Hélder spaces C%,(T), 0 < 6 < 1.

In this context, we mention first an interesting rigidity result for two-sided ergodic
sums. The following lemma is taken from a manuscript of J-P. Conze, see also [9].
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Mazximizing points and coboundaries for rotations 3

LEMMA 2. Let f € Cpo(T) and T = T,,. If for some g € T

n—1 n—1
Vn>1VeeT, > Trflx)< Y TFf(zo)+C,

k=—n k=—n

then there exists g € C(T) such that f = g—Tg.

Proof. Taking x = T*xo with k& > 0, we get by cancellation of terms f(T"z¢) <
(T "x9) + C. Using density of (T"x) and continuity of f, for all Kk > 0 and y € T,
fre(xo +y) < fe(zo —y) + C. By symmetry

VE>0,Yy eT, |[fulzo+y)— fu(zo—y)| < C.
Using the cocycle property of (f,,) (see (3)) and again the continuity, |f,(z +vy) — fo(z —
y)| <2C, for all n > 0 and z,y € T. This can be rewritten as
Vn>0,Vz,y €T, |fu(z)— fuly)] < 2C.
Since f, has zero mean, f,(y,) = 0 for some y, and hence |f,(x)] < 2C. As a result

f = g — T'g with continuous g by Gottschalk and Hedlund’s Theorem (cf [13], Theorem
14.11). O

One deduces that continuous functions with a maximizing point xy and presenting a
symmetry with respect to xg show similar behaviour.

COROLLARY 3. Let f € Cio(T) have a mazimizing point xo. If f(xo + ) = f(xo — )
for allz € T, then f = g—Tg for some g € C(T).

Proof. For x € Tandn > 1

S°TE@) = fale) + fa@n0 — ) + T f (20 — ) — [(20 — 2)

k=—n

IN

2fn(x0) + 2C 4 2|| £l 0o-

Since Zz;in Tk f(x0) = 2fn(x0) +T" f(20) — f(20) > 2fn(20) — 2| f||00, the result follows
from Lemma 2. O

The assumption of symmetry is of course very strong. We will show that the situation
can be very different. Holder or smooth functions may not have a maximizing point and
the ones with a maximizing point are not reduced to those of the form f =c+g— Ty,
with ¢ continuous and ¢ constant. In fact we prove something stronger in the classes
No<9<1C%,(T) and C7,,(T), r > 1, supposing in this latter case that o has Diophantine
type larger than r. The following mutually excluding cases are all possible:

e There exists f with zero mean, having a maximizing point and such that f defines
an ergodic skew-product. In particular, no measurable g verifies f = g — Tg, a.e.

e There exists f = g — Tg with a maximizing point, where moreover g €
Mi<p<ooLP(T)\L>*°(T) (and thus g is not continuous).
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e There are functions without any maximizing point.

This opens perspectives of research, because the condition of having a maximizing point
seems compatible with any behaviour of the function with respect to the dynamical system.
It would be interesting in a future work to give ways of characterizing maximizing points
or sufficient conditions for their existence.

We next consider generic results. In the class C(T), we show that a generic function has
no weakly maximizing point. Adapting our method, we prove a similar result for the
dynamical system Tz = 2z mod (1) on T.

We conclude the article with some complementary results on the set of maximizing points
and finally list several open questions.

2. Notation and conventions
e Let N={1,2,....}. The unit circle T is identified with R/Z. Lebesgue measure on
T is denoted by Ar (or simply A) and on R by Ag.

e For f: T — R we introduce the cocycle notation

We have
Futm(@) = Ful@) + fu(T"2) for any n,m € Z. (3)

e We say that f is a coboundary if f = g — T'g for some measurable g and that f is a
C-coboundary if moreover g € C, for some class C.

e By our convention any sum » ' with n < m is equal to 0.
e For x € R, let ||z|| denote the distance from z to the nearest integer.

e Suppose we have an irrational number o € [0,1), then its continued fraction

development is
1
a=lai,as,..] = ————, with a, € N.
a1+ az+-L

The convergents of « are given by the rational numbers (p,/g,) with the
terminating continued fraction development p,, /g, = [a1, ag, ..., an]. We will use that
1/(2qn11) < llgnall < 1/gnya, [[kal > [lgnall, for 1 < k < gni1 and g, > 2(n"1/2
(see for example [15]).

Prepared using etds.cls



Mazximizing points and coboundaries for rotations 5

e The Diophantine type of « is
n(a) = sup{s > 0,liminf ¢°||ga| = 0}.

Recall that n(a) > 1 for any irrational «. It is a standard result that almost-every «
has a Diophantine type equal to 1. This is the case for example for rotation angles
with bounded partial quotients.

3. Main results
Recall that if f = g — Tg for a measurable g then by ergodicity ¢ is unique up to an
additive constant and a null set.

For Hélder continuous functions, we will prove the following result :

THEOREM 4. Let Tx = z + « mod (1) on T, o € Q. Any of the following mutually
excluding conditions is realized by at least one f € Nocgc1C2o(T).

i) The point 0 is exactly mazimizing for f, that is,
Ve €T, Vn >0, fu(z) < fu(0) (4)

and there exists g € M<pcooLP(T)\L*°(T) such that f = g —Tg, a.e. In particular, g is
not continuous.

it) The point 0 is exactly mazimizing for f
Ve €T, Vn >0, fu(z) < fu(0)

and the skew-product (T x R,Ty, Ar ® Ar) defined by f is ergodic, where T¢(z,y) =
(Tz,y+ f(x)). In particular f is not a measurable coboundary.

iii) Let e(n) \, 0 as n / +oo. For any x € T for a.ey €T

sup {n =" (fuly) = ful@)) } = +oc. (5)

neN

In particular f does not have any A\-weakly maximizing point.

REMARK 5. The first case of the theorem is in some sense the first non-trivial situation
for a coboundary (the trivial one being here when g € L>°(T), but then the identically zero
function is a good example verifying (4)). In the second case the behaviour of the ergodic
sums is much wilder. By Theorem 14.13 of [18] one may notice that the function f in i)
defines a topologically transitive skew product.
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6 J. Brémont and Z. Buczolich

REMARK 6. In Theorem 4 ii), f cannot be absolutely continuous with f' € L* (for
exzample f Lipschitz) without imposing Diophantine conditions on «, since if f' € L?
it is classical that f = g — Tg with g € L?> when o has bounded partial quotients.
Indeed, defining g by its Fourier coefficients (§(n)), we have §(n) = f(n)/(1 — ™)
Jor n # 0. Thus |§(n)| < C|f'(n)|/(In]|nal]). The claim follows from (f'(n)) € €% and
[n|||nal| > ¢ > 0.

Let us mention in passing a strong obstruction for C!-regularity.
LEMMA 7. A function f € CY(T) has no exactly mazimizing point unless it is constant.

Proof. We prove a slightly stronger version : if there are zo € T and §y > 0 such that
fu(x) < fulzg), for every x € (xg — dp, 20 + o) and n > 1, then f is constant.

Proceeding towards a contradiction, suppose that there is an n > 1 such that f/(T™zg) # 0
and take the first n with this property. Since the other case is very similar, without limiting
generality, we suppose that f'(T™xzg) > 0. We can then choose 6 € (0,dp) such that for
To< T <To+06

fr1(x) > frga(@o) + (z = x0) f'(T"20)/2 > foi1(0),

contradicting fr11(x) < fnt1(xo). As aresult, f/(T"xg) =0 for all n > 1. As (T"x0)n>0
is dense in T and f’ is continuous, f’ is identically 0. O

REMARK 8. When f € Noco<1C?(T) its Fourier coefficients satisfy f(n) = O(|n|~?), for
every 0 < 6 < 1. Proceeding for example as in corollary 3.2 of J. Aaronson, M. Lemariczyk,
C. Mauduit and H. Nakada [1], one gets | fq,|lz2(ry = O(q;,), for any € > 0. If a has
Diophantine type 1, one obtains (cf. for instance [9], section 2.1) || ful|2(T) = O(n®), for
every € > 0. One can compare it to the rate in Theorem 4 iii).

REMARK 9. About iii), in the present context of an irrational rotation on T, the notion of
weakly mazximizing point reduces to that of mazximizing point. Indeed, if some xy verifies

vy S T7 SM(faany) < +OO7 with SM(f’xmy) = Sli?fn(y) - fn($0);

then for all M > 0, Ay :={y € T | SM(f,zo,y) < M} is closed and T = UprenAnm-
By Buaire’s theorem, some Apy, has non-empty interior. Consequently, the entrance time
T(y) of y in Ay is uniformly bounded in y, by some constant Ty. Then clearly

We next consider smooth examples. We write (a,,) for the partial quotients of a and
(pn/qn) for its sequence of convergents. We prove an analogous theorem for smooth
functions.

THEOREM 10. If r € N and sup,,>, Ami1q, Tt = +oo, then any of the following
mutually excluding conditions is satisfied by at least one f € C} o(T).
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Mazximizing points and coboundaries for rotations 7
i) The point 0 is a mazximizing point for f and f has the form f = g — Tg, with
9 € McpcooLP(T)\L>=(T).

it) The point 0 is a mazimizing point for f and the skew-product (T x R,T¢, A\t ® Ar)
defined by f is ergodic.

iii) The function f has no mazimizing point.
If sup,;,>1 log a1/ 10g gm = +00, then f can be chosen in Coi(T).

REMARK 11. In the C"-part of the theorem the Diophantine condition is verified as soon
as n(a) > r. This is close to optimal, since when f € Cr (T) and n(a) < r, then
f=g—Tg, for some g € C(T), ¢f V. Arnold [2].

REMARK 12. We discuss the case of real-analytic examples in the final section.

In section 6 generic functions in C(T) are considered. We prove the following theorem:
THEOREM 13. Let Tx = 2+ « mod (1) on T, with a« ¢ Q. Then a generic function in
C(T) has no weakly mazimizing point.

Our techniques also allow to treat the case of a dynamical system with a very different
nature. We show:

THEOREM 14. Let Tx = 2z mod (1) on T. Then a generic function in C(T) has no
mazrimizing point.

4. Holder continuous examples

We first consider the proof of Theorem 4. The following key lemma furnishes Lipschitz
coboundaries f = g—Tg with || f||cc small compared to ||¢||s and such that 0 is an exactly
maximizing point for f.

LEMMA 15. Suppose B > 0 and N € N are given. Let I = [—-A, A], where A > 0 is such
that the 21 + ka, —N < k < N, are disjoint on T. Define

F= |J I+ke (6)
—N<k<N

Introduce the peak function f(x) = B - (1 — |z|/A)y and set

N—-1 ~ N ~
f=Y_TFF-N T (7)
k=0 k=1

Notice that f = h — Th, where h is Lipschitz continuous and given by

N-1
h=Nf+ Y (N-DT'f+T'f).
=1

Then f has the following properties :
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8 J. Brémont and Z. Buczolich

|f(z)] < B,0 < h(z) < NB, Vz €T,
ifneNand z €T,|f,(z)] < NB,
[f(x) = f(y)l < (B/A)|x —y|, Va,y €T, (
if 0 <n <N, then [,(0) =nB, (
fneN, e € F, and T"x ¢ F, then f,(x) =0, (12
ifneNandx ¢ F then — NB < fn(z) <0< f,(0), (
ifn € N and € T then fn(z) < fn(0). (
Proof. Since fy(z) = h(z) —=T"h(z), 0 < h(z) < NB = h(0) and h(y) = 0 when y & F,
the properties except (14) follow directly from the definition of f and f.

The last one, (14), is more delicate. It is a consequence of
Vr,y € T, h(0) —h(z) = h(y) — h(z +y). (15)

To show this, fix  and take y realizing the maximum of h(y) — h(y + z). As y —
h(y) — h(y + x) is piecewise linear, we assume that y or y + x is an angular point for h.
Suppose also that z,y are interior to U}, |<n I + ma, otherwise (15) is evident. Let then
x €I+ kaand y € I+ lo, with |k, |I] < N. Since h(0) = NB and h(z) < B(N — |k]),
h(y) < B(N —|l|), we suppose that |k| + |I| < N. We distinguish two cases.

1) As h(y) > 0, if y is an angular point, then y = la. In this case, h(0) — h(y) = || B,
whereas h(z) — h(z +y) = fi(z) < || B, so we have (15).

2) Suppose now that y + x is an angular point for h, but y is not. If y + 2 corresponds to
a peak, one can move y a little so that h(y) — h(x +y) is strictly larger. Therefore y+ x is
at the basis of a peak, whose top is at (k + ), since the 2T + ma, |m| < N, are disjoint.
We have z = ka+r, y =la+s, with |r| < A, |s] < A and r + s = £A in order to satisfy
the condition on x + y. In particular, |r| + |s| = A. We get

W) +hly) = BV~ k(- )+ BV - - 2
< NB- B0 - ) - B - ) <)

This completes the proof of the lemma. O

Proof of Theorem 4. We use the denominators (g, )n>1 of the convergents of o. Recall
that for all 0 < k < ¢y, we have || ka| > 1/(2¢y,).

Case i). For m > 1, set N,, = |gm/4] and B,, = m/qm. Let f' = f2 = f3 = f4* = 0.

When m > 5, we have N,;, > 1 and in Lemma 15 with (B,,, N;,), we choose A,, =
e V™ /(8¢y,). We get f™ and next f™ with support Fj,.

Prepared using etds.cls



Mazximizing points and coboundaries for rotations 9

Put f =3, f™ Since |f™| < By, via (8) and Y B,, < oo, [ is continuous. By
(7) and (10), f™ has the Lipschitz constant B,,/A,, = 8mevV™. Fix 0 < 0 < 1. Since ¢,
grows at least exponentially fast, for m large enough

By, _ 1
(1 AR) = 8meV (TA,,) < 8meV™ (A T (TAL) < 5 (TA,)° (16)
A, m2
forall 0 <7 <1.
Hence,
1
Lf™ (@) = [ ()] < Wlw*yle for |z —y| = 7Am < A (17)
On the other hand, if | — y| > A,, then for sufficiently large m
m m 1 6 1 6
@)~ )] < 2B < — A < oy (18)

Therefore, for large m, |f™(z) — f™(y)| < (1/m?)|z — y|?, for every x,y € T. Adding
these inequalities we obtain f € C(T). Finally, we have f € No<g<1C?(T).
Condition (4) is true for every f™, by (14), and so is verified by f.

We next show that f = g — Tg, a.e., with ¢ € M<p<ooLP(T). Via for example [7] or
[19], it is enough to establish that for all 1 < p < o0

sup || fnllp < oo. (19)
n>0

Recall that by (6) and (7), A(Fn) = 24, Nyp. Since >, o Ay Ny < 00, we define for
N>1 -
AN =Ny (F)® and Ry = > ANy < > eV (20)
m>N m>N
Note that > ., cn NmBm < Y ic,cnm/4 < N2 Setting ¢ = 4Ry, we have
MAN) > 1 —¢/2. If n > 0, we obtain \(Ay NT "Ayx) > 1 —¢.

Suppose x € Ay NT""Ay. Since x & F,, and T"x ¢ F,,, for m > N we have for these
m’s, fi*(xz) =0, by (12). Therefore, for such an x

N
fulz) =" fr@) = ().

Hence for all n > 0, )\{:ce']I‘:|fn(:E)| < ZlgmgN NmBm} > 1 — ¢ and thus,
Ma € T:|fa(x)| = N?} < 4Ry. Using this inequality, we can write:

[15.par

+oo
p/ M| fn| > )P~ at
0

(N+1)?

< p 1+Z/ M| fa] > thtP~dt
N>17/N?
< p(14+4) Ry +2N)(N+1)207Y | <o,

N>1
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10 J. Brémont and Z. Buczolich

due to (20). This gives (19) and thus f = g — Tg, a.e, with ¢ € N1<p<oo LP(T).

Next we prove that ¢ ¢ L>(T). Proceeding towards a contradiction, suppose that
g € L*°(T). Then g is uniformly bounded in a T invariant set of full measure. Therefore,
for some x the sequence f,(x) is uniformly bounded for all integers n. The theorem of
Gottschalk and Hedlund (Theorem 14.11 of [13]) implies that g = g, a.e, where g € C(T).
Thus f = g — TG everywhere on T and || fn|lcc < 2||g||, for all n > 0. We establish a
contradiction by showing

sup | fulloo = o0. (21)
neN

Using (13), for all m > 1, n > 0, we have (f™),(0) > 0. Also by (11), (f™)n, (0) =
N, B, > n/8 for large n. Then

a0 =D (f™)n, (0) = (f")w, (0) = n/8.
m>1
As n is arbitrary large, this proves (21) and completes the proof of Case ).
Case 1i). We first detail a classical strategy for proving the ergodicity with respect to

Lebesgue measure At ® Ag on T x R of a skew-product T : T x R — T x R associated to
a real measurable f.

For such a dynamical system (where the invariant measure is infinite) the problem of
ergodicity can be reformulated using the concept of essential value, see K. Schmidt [22]
or J. Feldman and C. Moore [12]. In our setup :

DEFINITION 16. Let f : T — R be measurable. An element ¢ € RU {o0} is an essential
value for f, if for any e > 0 and any Borel set A C T with Ap(A) > 0, there is an n € Z
5o that \p(ANT"AN{|fn — | <e}) > 0.

We group in the next proposition standard results about essential values, which can be
found for instance in [22].

PROPOSITION 17. Denote by E(f) the set of finite essential values of f.

i) The set E(f) is a closed subgroup of R.

ii) The skew-product Ty on T X R is ergodic for Ar @ Ar if and only if E(f) =R.

iii) Let the real measurable functions f, g, h verify f = g+ h —Th. Then the dynamical
systems (T x R, T¢, At @ Ar) and (T x R, Ty, A\t @ Ar) are isomorphic.

A corollary of the last point is that when f = h — Th, then the dynamical system
(T x R,Tf, A\t @ Ar) is not ergodic, because (T x R, Ty, Ar @ Ar) is not. Indeed, every
function (z,y) — ¥(y) is Tp-invariant.

In order to show that £(f) = R, we will produce essential values via the following lemma.
This is a particular case of Proposition 9 in M. Lemanczyk, F. Parreau and D. Volny [18]
(see also [6] for a different proof). Recall that the vague topology on the space of signed
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Mazximizing points and coboundaries for rotations 11

Borel measures uses compactly supported continuous functions as test functions and that
the set of non-negative Borel measures on R with mass not exceeding one is compact for
the vague topology.

LEMMA 18. If k,, — +oo verifies ||kna|| — 0 and the law of fi, (under At) converges to
a measure v for the vague topology, then supp(v) C E(f).

We now start the proof of the second case of Theorem 4. First of all, since f as in
Lemma 15 is a continuous coboundary, we have

LEMMA 19. Let f be as in the statement of Lemma 15 and () be a sequence of integers
such that ||rpall — 0. Then ||fr, |lco — 0.

Using this lemma, we recursively build functions (f™),,>1, increasing sequences of integers
(Nm)m>1, ((m))m>1, (km)m>1 and a sequence of reals (By,)m>1. We still denote by
(pn/qn) the sequence of convergents of a and write (a,,) for its partial quotients.

(i)  When the (a,) are bounded. Let f! =0, Ny =0, By =0, ky =0, (1) = 5. If

m > 1and f',..., f™ ! are given, set k,, = qp(m)—4, Where w(m) is chosen via
Lemma 19 so that
D k|| <1/m. (22)
<m 00

Since for any | we have q; = a;q;—1 + q_2 one can easily see that k,, < qw(m)/5.
Set By, = 1/km, Nm = [qpm)/4]. We apply Lemma 15 with (B,,, N,,) and
Ay = 1/(8¢p(m)) and obtain f™. We also impose on (k) to verify

km/ /

T <27™m™™ for m' < m and k,, Z 1/ki —m—too 0. (23)

I>m

(ii) When the (a,) are unbounded. Let ag(,y — +o0 (with increasing (#(n))) and choose
To(n) = Uo(n)d0(n)—1 + Qo(n)—2, With 1 < wugny < agen), so that gg(,)/10 < 1oy <
Qo(n)/5, for large n. We have

Imomyall < ageny/qo(n) + 1/q6(n)—1 < 2/40(n)—1 —n—cc 0.

If m > 1and f',..., f™! have been chosen, by Lemma 19 take kp, = rg(n(m)) 50
that (22) is verified, as well as (23). Set p(m) = 6(n(m)). Finally set By, = 1/kn,
Nm = |4y(m)/4]. We apply Lemma 15 with (B, Ny,) and Ay, = 1/(8¢4(m)) and
obtain a function f™.

Remark that in both cases km < qyu(m)/5, from which we deduce that for large m

In case (i) the boundedness of the a,’s implies that there is a constant C’ > 0 such that
for all m

km = do(m)—4 > Cl‘]cp(m)a
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12 J. Brémont and Z. Buczolich
while in case (ii) taking C' = 1/10 we obtain

kp > qw(m)/lo = Clqw(m).
Definenow f =5 -, f™ As ) - Bn < oo, fis continuous. Fix 0 < # < 1. Recalling
that g, grows at least exponentially fast for sufficiently large m and for all 0 <7 <1

8qu(m
B a) < 22600 (27, 117070, < S ()10 (rA )P <

1
A, ~ km -

— (TAm)G.

This implies again an inequality like (17). For |z —y| > A, when m is large one can
again obtain (18).
We deduce as in Case i) of Theorem 4 that f € Ng<g<1C%(T).

Condition (4) is true since by (14) each f™ satisfies it.

It remains to check that the skew-product defined by f is ergodic. We would like
to apply Lemma 18. Consider the sequence (k). By construction, k,, — +oo and
lkme|l — 0. By compactness, after turning to a suitable subsequence, we can suppose
that the law of fi, on (R,B(R)) converges for the vague topology to some non-negative
Borel measure v with mass not exceeding one. Next

(@) = (e @)+ D (P (@) + Y (Frn ().

I<m I>m

Due to (22), the second term on the right side uniformly goes to 0. Due to (8), the last
term is uniformly bounded by k., >, 1/k — 0, by (23).

Consider now the intervals [0, A,,] + ka, for 0 < k < N,,, — ky,. For z in any of these
intervals, we have (f™)g,, () = knf™(z). Let 0 <a—e <a<b<b+e <1 and take a

continuous function ¢ > 0 with support in [a —e,b+¢], so that ©» > 1 on [a—¢/2,b+¢/2].
Using (24), we obtain

m— 00

Lo =t [ otr)in

koa+(1—a)An,
> limsup Z / ([, )dAT
m— oo 0<k< Noy—Fimn ka+(1-b)A,,
. (b—a)
> limsup (b — a)Ap,(Npy — k) > > 0.

e 8- 21

As aresult [a —e,b+¢] N supp(v) # @ and thus [a —e,b+ €] N E(f) # @ by Lemma 18.
The freedom on a, b, € implies that £(f) is dense in [0, 1]. Since, by Proposition 17, £(f)
is an additive closed subgroup of R, we have £(f) = R. Proposition 17 implies that the
skew-product defined by f is ergodic for At ® Ag. This concludes the proof of Case ii).
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Mazximizing points and coboundaries for rotations 13

Case ). Fix e(n) \, 0 as n /" 4oo. Still writing (g,) for the denominators of the
convergents of a, choose an increasing sequence (©(1m))m>1 0 that gy, (m) > 4(14m) and

- 1/m 141/l —1/m 1/1
Do(m)y ™ Z Ao 0, Qp(my ™ Z Q) — 0, as m — +oo. (25)
l=m+1

For m > 1, let By, = q;(ln':)l/m, N = [Qpm)/(4(1 +m))] and A, = 1/(16g4(m))-
Set also By, 2 = Bmi1/v/m and Ny, 2 = mN,, 1. We can impose on ¢(m) to verify the

additional condition
q;% > m?® max{ ([ Ny,1/2])"m1/2D (N, 5/2]) (W2 /2Dy (26)

Lemma 15 with (B, 1, Nim,1) and A, gives f™! with support F,, ;. Lemma 15 with
(Bm.2, N 2) and A, furnishes f™?2* with support Fp,2.. Define then f™2(z) =
[ (x+1/2) and Frpo = Frpo — 1/2.

A first observation is that F,1 N Fj,2 = 0. Otherwise there are k # [ with
|k| < Np1, [I| € Ny so that |ka — la + 1/2] < 2A,, = 1/(8¢y(m)). This implies
12(k — Dol < 1/(4Gp(m)), whereas 2|k — 1] < gy (m)-

We now define

Fni= |J [-An/2,Am/2+ka C Fpy (27)
0<k<Npm,1/2

and

Fna= |J [-An/2,8m/2]+ka C Fyp. (28)
0<k<Np,2/2

Clearly, for large m

A(Fpm1) > 1/(256m) and A(E,, 5) > 1/256. (29)

Because of the equidistribution of the sequence (na), we can also assume that the strictly
increasing sequence ¢(m) > m verifies the following property :

)\(Fm i N Eyy ])

vm', Ym <m', Vi,j € {1,2}, 1 —-1/m’ <
] { } / )‘( mz)A(F

<1+1/m'’.  (30)

Define next

F=" 7 with f= frml g 2, (31)

m>1
As Zm>1(B 1+ Bp2) < oo the function f is continuous. Fix again 0 < § < 1. One

can easily see that 2B,, /A, = 32q1/(m) is a Lipschitz constant for f™. Instead of (16) for

large m we have the following inequality

32" (1Am) < 32¢™ (Am) 0 (TA)? <

o(m) o(m) S(TAR)°.

1
m?
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14 J. Brémont and Z. Buczolich

This again implies (17). For |x —y| > A,, instead of (18) we can use for large m

7 1 1
|fm(2) = fm(y)| < 4B < ﬁAfﬂ < W@ — y|9.

We obtain f € No<p<1C?(T). In order to prove (5), let © € T. As F1 N Fpo =0
for all m > 1, choose a sequence (i,) with i,, € {1,2} such that z ¢ F,,;, for all m.
Because of (29) and (30), we have :

=1

- / ME, im N Fov s ,
Z A Fpi,,) = 400 and liminf Lomm <y Al s “; o)
m>1 (Zm<N )‘(szm))

Applying a generalization of the Borel-Cantelli lemma (cf A. Rényi [21], Lemma C, p.

391), we obtain that A(limsup F,,;, ) = 1. Take a point y € limsup F,,;,.. Let then m
Set Py1 = [Nm.1/2] and Pp o = | Npm2/2]. We

be arbitrary large such that y € F,,
distinguish two cases :

Tm*

1) Suppose that i, = 1. As x & F,, 1, by (13), we have (f™1)p,, ,(x) <0. Alsoy € Fma
implies y € Fi2 and y + Py 1o € Fyyy implies y + Py 1o € Fiy 2, therefore by (12),
fgfl (y) = 0. Thus, using (9) and (8)

PPan ) = fraa (@) = TR ) =R @+ Y (b, )~ fb, (@) (32)
I>1, I#m
1
> SNmaBna(1/2=2/vm) =4 > VINBiy = 4Nm1 Y Bia
1<i<m I>m
(for large m, via (25) and (26))
1/m
> Nm,le,l = q(p(m) > E(Pm 1)5(137"’1)'
- 7 — 56m — 56 ’

2) If 4, = 2, then this time, by (13), (f™?)p,,(x) < 0. As above we also have
FEt (y) = 0. Via (9) and (8)

[P ) = FPnn@) = JB W) — @)+ Y (fh.®) = fh,. (@) (33)

1>1, I#m
1
2 3 m2Bma(1/2—2/ym)—4 > NiaBis—4Nn2 > Bis
1<l<m I>m
(for large m and when using (25) and (26))
1/m
> Nm,2Bm72 > qtp(m) > m3/2 P, Q)E(Pm,z).

7 ~ 56y/m — 56 (
This finally shows (5), which ends the proof of Case iii) and of Theorem 4. O
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Mazximizing points and coboundaries for rotations 15

5.  Smooth examples

By taking advantage of the extra assumptions about the partial quotients of the rotation
angle we now prove Theorem 10, with a different strategy. We still write (a,) for the
partial quotients of « and (p,,/gn) for the sequence of convergents.

Recall that for f € C3%(T) the semi-norms || f)||s form a non-decreasing function of
[ > 0. This will be used implicitly.

We fix for the whole section an even function ¢ € C*(R) verifying ¢(x) = 0 for
& [-1,1], ¥(z) >0 for x € (—1,1), ¢'(z) <0 for x € (0,1) and [+ = 1. Introduce the
constants A, = maxj<;<, ||w(l)||L1, r>1.

For B,A > 0, introduce the linear peak bp a(z) = B - (1 — |z|/A)+ with support
[—A, A] as well as smooth versions:

bpas(x) = (A8)! / b.a( — D)0 (t/(AS)) dt

R

with support [—=A(1 +§), A(1 4 §)]. We have Hbg’)Ay(;Ho<> < A.B(A§)~", r > 0, and also
HblB,A,é”OO < B/A.

Proof of Theorem 10. Step 1. We first treat a common part of ¢) and 7). For ¢) define
an increasing sequence (¢(m))m>1 so that

Gp(m)+1 2 4”'1A,.+1m3’“+66(’“+1)mq;6711), for the C" case,

Gp(m)+1 = 4m+1Am+1m3m+Ge(m+1)mq&:nl), for the C'* case

and define parameters
B, = m/Qcp(m)a Am = eim/(ll%p(m))a 5m = m73~
Concerning #7) impose on ¢ the following conditions

. -1 .
Ap(m)+1 = 87+1A,.+1m3’“+5q;(m), for the C” case,

3m-+5

Ap(m)+1 = 8" T A im qu(;;)’ for the C* case

and let

Bm = 1/q<p(m)7 Am = 1/(8qtp(m))7 6m = m73-

Now for both cases i) and 47) fix m > 1 and let h™ =bp,, A, .5, and also
Gp(m)—1
fr= >0 TR = T ™), (34)
k=0
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16 J. Brémont and Z. Buczolich

By our assumptions about a, ()41 the value of q,(m)11 = Apm)+190(m) Tp(m)—1 > Gp(m)
and the points 0, «, ..., (q<p(m) — 1) are “almost equally” spaced on T. The supports of
h™ and T h™ almost completely overlap and the T—*(h™ —T9%mh™), 0 < k < Qo(m)s
have disjoint supports for large m. Also f™ is a coboundary f™ = H™ — TH™, with
H™ = K™+ L™ where K™ and L™ are given by

qap(m,)71 qap(m,)71
K™ =qomy >, TER™ L™= " (qpm) — DT /(W™ = T%0m ™). (35)
k=0 =1

By definition, A™ € C*°(T). For r’ > 0, we have

() = T () D llae < lgpmal 1) o (36)
. AT,HBm(Am(Sm)*T'*l.
Qo (m)+19p(m)
Using (34) and (36) with ' =7, or ' = m we get
(™) loe < 1/m? (CT-case), [[(/™) "™ |loo < 1/m? (C>-case). (37)

From (36) with 7" = 0 < r—1 and the definition of ¢(m), one deduces from (35) and from
the disjointness of the supports of T—%(h™ — T%(m h™) that

IL™ oo < 1/m?. (38)

Consider next the shortfall of maximization (cf. (2)) of the point 0 for f™. Via (38) we
have

SM(f™,0) < SM(K™ —TK™,0) +4/m?. (39)

We turn to SM (K™ —-TK™,0). Using (K™—-TK™),, = K™—T"K™, the density of (T™0)
and continuity of K™ we obtain with {™(z,y) = K™ (z) — K™(z +y) — K™(0) + K™(y)
that

SM(K™—-TK™,0) = sup {™(x,y). (40)
z,yeT
By definition of 2™ and K™ we have K™ > 0 and K™(0) > K™(y) for all y € T. Also

h™ is even and (k™) is negative on (0,A,,(1 + 6,,)), decreasing on [0, 5,,A,], equals
=B /A on [0 A, A (1 = 6], increasing to zero on [Ay, (1 — 6m), A (1 4+ 6]

Fix now y and take  maximizing K™ (z)— K™ (z+y). We can assume K (x) > K™ (z+vy),
because otherwise {™(z,y) < 0 whereas SM (K™ — TK™,0) > 0 by (40). In particular,
K™(x) > 0 and for some 0 < k < qy(m) we have x € —ka+ [~Ap (1 + 0m ), A (14 6,0
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Mazximizing points and coboundaries for rotations 17

Itz € —ka+ ((=Am(l+6m), —Am(l — 6,)] U [Am(l = 8m), A (1 + 6)]) then

B

&M (@,y) < K™ () < 2p(m)0mAm - T < 2/m?. (41)

Next we suppose that z € —ka + [-An(l — dp), An(l — 6p)]. If 2 ¢ —ka +
[—0mAm, 0mAs], observe that By, /A, = [(K™) (z)] > [(K™) (x + y)| and the distance
between x + y and any —la, 0 < [ < qu(m), is at least | — ka — x| since we assumed
K™(z) > K™(x 4+ y). When moving z towards —ka, the quantity K™ (z) — K™ (z + y)

does not decrease until x reaches —ka % §,,A,,. As a result, one can always assume that
x € —ka+ [—0mAnm, 0mAy]. Writing x = —ka + s, with |s| < 6,,A,, we have

"(xy) < K™(y) - K™(z+y)
< JK™(y) = K™ (y+s)| + K™ (y+s) — K™(y + s — ka)l|.
(42)
For the first term on the right-hand side, we have
m m my/ Bm 2
(K™ (y) = K™ (Y + 8)| < do(m) s (R loo - < dip(m0mAm - = < m™.
(43)

For the second term write y +s = —la +t, with 0 <1 < gy and [t] < 1/qu(m). Since
K™ is nearly “a-periodic”, we have

(K™ (<la+t) = K™(=(k+Da+t)] < o) g ellI(R™)]|s
< gyt Bn/Am
< 1/m? (44)

From (41-44) we obtain £™(z,y) < 2/m?. Using now (39) and (40)
SM(f™,0) < 6/m?>. (45)
We can now set f = Zle f™. By (37) and the monotonicity of the semi-norms,
f € Cho(T) in the C"-case and f € Cp5y(T) in the C*-case. Using > -, 1/m? <2 and
(45) we obtain
Yn>0,Vz €T, fo(x)< fn(0)+12.

As a result 0 is a maximizing point for f.

Step 2. We complete the proof of 7). First, since H™ = K™ + L™, we deduce from (35)
and (38) that ||H™||e > m/2 for large m. Since f™ = H™ — TH™ and H™(z) = 0 for
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18 J. Brémont and Z. Buczolich

some x € T we get sup,,>o || (/™ )nlloc = [[H™||oc = m/2, for large m. Also, using (45) and
since (f™),(x) = 0 for some z € T, we get (f™),(0) > —6/m?. For any integer m > 1,
we obtain via (45)

\%

sup fn(0) > sup(f™)n(0) =6y 1/1>

n>0 n>0 I£m,

Sup [|(f")nlloo — 6> 1/1*>m/2—12,
"= ]

v

for arbitrary large m. We deduce that sup,,~q fn(0) = +00, which implies that f is not a
continuous coboundary.

We now show that f = g —Tg, for some g € N1<p<ooLP(T). Let m > 1. The support Uy,
of H™ has measure less than e_m/Q. Let N > 1 and Vy = UpsnUy,. If both z and
T™z lie outside Vi, then |f,, ()] < Z1§m§Nm < N2. Hence for alln >0 and N > 1

MreT: |[ful@)| <N} >1- ) e V™
m>N

From this we infer as in Theorem 4 that (f,) is bounded in LP(T) for all 1 < p < co. Via
[19] this concludes the proof of ).

We next complete the proof of ii). Let kn = |ay(m)+1/3]qpm). We will use the
property that 2A,, < ||kna|| < 5A,, and hence K™ and T*= K™ have disjoint supports.
One can impose on ¢ to verify also the following conditions

> (ke

l<m

<1/m, km Y 1/qu0) < 1/m. (46)

00 I>m

Remark that ||k,af < 2/qum) — 0. We wish to apply Lemma 18 with the sequence
(km). We have

P = D Vo + Pk + D (b

l<m I>m

Using (46), the first and third terms on the right-hand side are both bounded by 1/m.
Consider the middle term

(F™ky = K™ = TFm K™ 4 L — Thm ™,

By (38), [|L™||sc < 1/m?2, so we focus on K™ — Tkm K™,

Recall that K™ = Zi%" 1 qw(m)T’“hm; moreover K™ and Tk~ K™ have disjoint
supports. The maximum of g,(,)h™ tends to one. Let 1/4 < a < b < 3/4. Take
e > 0 small enough and a continuous function x(z) > 0 with support [a,b] so that
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Mazximizing points and coboundaries for rotations 19

k(z) > 1for x € (a+e,b—¢). Also qym)h™ is linear on [~Ay, (1 = 0pm), —0mAs,] and on
[Apdm, (1 — 0.,,)Ap] and the absolute value of the slope is between 1/(2A,,) and 2/A,,.

Up to considering a subsequence, suppose that the law of fi , converges to a measure v
for the vague topology. Then

/ kdv = lim | &(fr, )dA\r = lim [ k(K™ — T K™)d\r
R m—+co Jp m—+too Jp
. k
> limsup E T,‘-@(qq,(m)T h"™)d

M0 0 k< (my 1

' (b—a) (b—a)

As a result supp(v) intersects [a, b] and we conclude that [1/4,3/4] C supp(v). Lemma 18
then says that £(f) = R. By Proposition 17, the skew-product defined by f is ergodic.
This concludes the proof of 7).

Step 3. We turn to i47). Define an increasing sequence (¢(m))m,>1 so that

Qp(m)+1 = 8T+1AT+1m4’”+7q;6}L), for the C" case,

~1
Ap(m)+1 = 8m+1Am+1m4m+7q$(m), for the C™ case

and introduce parameters

B, = \/E/‘Lp(m)a Am = 1/(8mQ<p(m))a 5m = m73~

Set also B], = v/mBy, and Al = mA,,. Let h™ =bp, A, s, and hm = bp: A1 5, (- —
Tm), where T, = 1/(2q,(m))-

Put f™ as in (34) and fm similarly via h™. We have f™ = H™ — TH™, with
H™ = K™+ L™, and f™ = H™ — TH™, with H™ = K™ + L™, as in (35).

Using as before (34) and (36) with " = r or 7' = m we get (37) for both f™ and .
Setting f = Zm21 g™, with ¢™ = f™ + f™, we deduce that f € CI((T) in the C"-case
and that f € C;5(T) in the C*°-case.

We now check that f has no maximizing points. This will require some further
assumptions on ¢. Let b, = |ay(m)4+1/(16m)] and N,y = bnqym) so that | Nyaf €
[1/(20mqy(m)), 1/(10mqy(my)] for large m. Then

fNa(0) = fv, (@) = 7 (9w, (0) = (¢, ()

1<l<m

(9" )N (0) = (6™ )N (@) + Y (6.0 (0) = (9", (@)

I>m

+
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s — 0 and in this case

As ||[Nmal| € 1/qu(m), one can choose ¢ so that || >, (¢')n
the first term on the right-hand side uniformly goes to 0. The third term is bounded
by 2Nm Y 1o l@p@y el max{ By /Ay, Bj /A}} < 2Ny > <00 1/4,0) and ¢ can be chosen so
that this uniformly goes to 0.

It remains to focus on the middle term. Remark that (38) is valid for both L™ and L™.
We first have, using that 0 & supp(K™) U supp(TN=K™):

(9™)Nn, (0) = H™(0) = TN"H™0)+ (H™(0) - TN H™(0))
> K™(0) —TN"K™0) + (K™(0) — TV K™(0)) — 4/m?>
> K™(0) - TN=K™(0) — 4/m?
> || Nmall(gpm) B/ (28m)) — 4/m® > /m/5 — 4/m?.

Making now the hypothesis that = ¢ supp(K™) U supp(TN=K™), we have

K™(z) — TN"K™(x) + 4/m?
| N[ (qp(m)2Brn / A),) + 4/m? < 8/5+ 4/m?.

("IN, () <
<

As a result, the previous discussion entails that for large m and if z & supp(K™) U
supp(TN» K™), then fi, (0) — f, (x) > v/im/10.

In a symmetric way, define b, = |agy(m)4+1/7] and N}, = b;,q,(m). We consider this
time

Iy @m) = frg, () = Y (0, (2m) = (9w, (@)

1<l<m

+ (") vy (@) = (0™ (@) + Y (9w, (2m) = (6 vy, (2))-

Since ||N,,al < 1/qy(m) and the third term is bounded by 2Ny, >7,. . 1/q,@), as above
@ can be chosen so that the first and third terms uniformly go to 0. We now have, using
that z,, & supp(K™) U supp(TNm K™) U supp(TNm K™):

) H™(xp,) — TN’I"Hm(xm) + (f{m(xm) - TN’/"I:[m(Im))
K™(@m) = TNnK™(2m) + (K™ (2m) — TN" K™ (2,)) — 4/m?

(K™(2) — TN K™ (2,)) — 4/m? > m/2 — 4/m?.

N! (xm)

m

(9

(AVARAY,

Supposing now that z ¢ supp(f(m) U supp(TNvlnf(m), we get

(g™ (x) < K™@)— TV K™(z) +4/m? < 2¢/m + 4/m?.

As a consequence of the preceding inequalities, for large m and if = & supp(K™) U
supp(TNm K™), then Ine (@m) — fr () > m/4.

To conclude, we only have to remark that supp(K™)Usupp(TNmK™) and supp(K™)U
supp(TNv'nKm) are disjoint. This completes the proof of iii) and the theorem. O
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6. Generic behaviour

6.1. Rotations. Recall that {c+g—Tg, c € R, g € C(T)} is dense in C(T), for instance
since trigonometric polynomials with zero constant term are C(T)-coboundaries and are
dense in Chyo(T).

Proof of Theorem 13. Choose ¢; € Q and ¢g' € C(T) such that {¢; + ¢' — Tg'}°, is
dense in C(T).

Given n we will select a dense open set G,, in C(T), using the functions defined during
the proof of Case i) of Theorem 4 in (31) as perturbation functions. We denote these
functions by f“" with parameters B (1,n); B;m(l,n) and Ny, 1.n), me(l’n) appearing in
their construction. By a suitable choice of the bounds B,, ;) and B;n, (1,n) WE can always
achieve that || fi"||o < 1.

Take now m(l,n) so large that Ny, n) 1n), NV, y >, (32) and (33) are both

m(l,n),(l,n
applicable and (using that q(lp/(z)/m — +o00, by (25))
et
p(mit,n l
——— —4]|g' |0 > N 47
. g/ > n (47)

Set i = ¢; + gt — Tg' + fo" /n. Then by (32), (33) and (47) for any = € T

7l 7l 7l 7l
max{fi", (O =, @, 0 ) -f (@)

,n) m(l,n)
9t
pmn) 4yl .
~ 16nm(l,n) lg*lle >

Since Np,(1,n) and an(l n) are fixed numbers one can choose ¢;, > 0 such that for all
fe B(fm",slyn) we have for allz € T

maX{me(L,n)(O) - me(L,n)(I)a In (1/2) - me(z,n)' (I)} >n—1 (48)

!’
m(l,n)
Set

Gn =UX, B(f"", e1) and G = N2, Gy, (49)

Clearly, G, is dense and open in C(T) and if f € G then for any n there exists l,, such
that we have (48) with [,, instead of . Therefore f does not have a weakly maximizing
point. O

6.2. The transformation Tx = 2x mod (1) A modification of the above methods can
be applied for the transformation Tz = 2x mod (1) on T. It is a significant difference that
the continuous functions of the form ¢ + g — T'g do not give us a dense subset in C(T).
We denote by M the set of T-invariant Borel probability measures on T. A function
f € C(T) is called a weak coboundary if [ fdu = 0 for all 4 € M. Lemma 3 of [5] states
that f € C(T) is a weak coboundary if and only if it is a uniform limit of coboundaries.
The set of weak coboundaries is nowhere dense and closed in C(T), while coboundaries
form a non-closed proper subset of weak coboundaries (see [5]).
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We select a dense set {h!}2°, in C(T) which consists of Lipschitz continuous functions,
that is
|h!(z) — hi(2")| < Li|lx — 2| for all z,2" € T.

As it was mentioned in the introduction each h! has maximizing points. Choose and
denote one such point by z;. This means that

Vo € T, ¥n € N we have h! (z) < bl (z)+ C). (50)

We will use the dense set {h;}7°, to prove Theorem 14. The perturbation functions
used in the proof of this theorem are given by the following lemma:

LeEMMA 20. Suppose z € T, m € N are given. There exist f™ € C(T), Tm,ym € T such
that if Ny, = 2m?, N! = 200m? = 100N,, then

1F™loo <1, Jam — 2] <2787,y — 2 < 27Nm, (51)
vV S Ta max{f}\rfm (xm) - fJT\Z,L (CL’), f_'J’r\,Z’w (ym) - f_'J’r\,Z’w (1’)} > m2' (52)
Proof. Let fua p(z) = B(1—|u—x|/A)+, By = 1/2, B!, = B,,/10 = 1/20. Denote by

Su.m (resp. S! the support of fu A B, (resp. fuas B ), where A,,, A’ are chosen
) u,m r=msrPm ) m

below. The sets {0,1/2}, {T"%(1/4) : k=0, ...,3N,,}, and {T"*(3/4) : ¥ =0,...,3N".}
are disjoint. Therefore, we can choose A, and A/ such that the sets

{Oa 1/2}7 Tﬁk(81/4,m)a k=0,...,3Ny,, and (53>

A 5/a,m)s K = 0,...,3N;, are all disjoint.

Set
N,
=3 (T nns. =T faa,.s,.)-
k=1
and
N7,
9" =D (T fyjaag,my, = T fagan, m,)-
k=1
We have f™ = o™ — Tv™ and ¢™ = w™ — Tw™ with v™ = ?ivl’"fl(Nm — |Npm —
= 2N/ —1 7
INT' fi/a,8m,8,, and w™ = 3505 (N, — [Ny, — IDT' faa.a;,,8;,- By (53) we have

1/ ™ loc = Bm = 1/2 and [|g"[|oc = By, = 1/20.

Choose i, jm € N such that z,, = (i, + i)Q_Nm and Y = (Jm + %)Q_Nvln satisfy (51).
Then

By,
f]r\?m(xm) = NyBm, |g]r\?m(x)| < 2NmB;n = Nm?a Vz €T, (54)
3N,
and if x ¢ U T_k(81/4,m) then fy' (z) = 0.
k=1
Similarly,
gN (ym) = N,, B, = 10N, B, |f}\’,?n (z)] < 2N, By, VxeT, (55)
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3N7,

and if x ¢ U Tk 5/4.m) then g, (z) = 0.
k=1

Let f™ = f™ 4 ¢g™. Then [|f™||s < 1 and from (54) and (55) it follows that for all
v & Uy TS /a,m)

and for all z ¢ Uzili”T_k(sé/zl,m)

Iy (ym) = Iy (€) = 5N By > m?.
By (53) we infer (52). O
Proof of Theorem 14. We will use the dense set of Lipschitz continuous functions
{h'}%2, introduced at the beginning of this subsection.
Given [,n € N choose
m(l,n) > (2+2C; 4 2Ly)n. (56)
By applying Lemma 20 with z = z and m = m(l,n) we choose f™"™ which will
be denoted by f'". We have ||f""||« < 1 and there exist integers Nm(l,n)vN;z(z,n) >

(m(1,n))? and points @, yi.n satisfying |z, — 2| < 27Nmen ||y, — 21| < 9~ Nimm) and
such that for all z € T

max{fy" | (@n) = SN, @SN ) = Iy (@) > (mn) (57)

m(l,n) m(l,n) n)

By the Lipschitz properties of h' we have
|W(T*y) — BT 2)| < L2 Neam ¥ for k= 0,..., Nyan

and
(T yin) = BN (T 2)| < L2 Vmem ™ for k= 0,.., N}, -
Therefore, by (50) for all z € T we have
Wi (€) < iy (@) + Lo+ C (58)

and
Wy (x) <hly  (yin) + Li+Cr.

m(l,n) m(l,n)

- lL,n
Set now fi" = h! 4 fT By (56), (57) and (58) we have for all z € T

7, 7, 7, 7,
maX{fNZ(lm)(xl’n) B f :L(MU (I), fNZL(z n) (yl,n) B fNZL(l.‘VL) (I)} - 2

Choose ¢, > 0 such that for all f € B(fl’”, €1,n) We have

(yl,n) - fN/

m(l,n)

maX{me(m,> (ml,n) - me(lmr) (CL’), In (1’)} > n.

m(l,n)

We define G,, and G as in (49) and this concludes the proof of the theorem. O
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7. Complementary results and questions
Coming back to the case of an irrational rotation, for f € C(T), introduce the Borel set
of maximizing points

Pmaxm:{xem sup fn(y)—fn($)<+00}-
yeT,n>1

First we have the following result:

PROPOSITION 21. Let f € Cpo(T) be such that N(Pmax(f)) > 0. Then f = g —Tg for
some g € C(T).

Proof. As f is bounded, Ppax(f) is T-invariant. By ergodicity, a.e x is then maximizing
for f. For M > 0, let Apr = {x: SM(f,2) < M}. Since A(Ay) — 1, as M — 400, we
choose M such that A(Aps) > 1/2. Fix now y € T. We have AM(Ay N (Ap —y)) > 0,
therefore there exists © € Aj; such that y +x € Ayr. As a result

VzeT, Vn>1, fol2) — fu(x) < M and f,(2) — fuly+2) < M.

Taking z = x + y in the first inequality and z = x in the second one, we obtain

V21, |fa(z) = fuly + )| < M.

Using the cocycle property and the continuity of f, we arrive at

V2 e T, V> 1, [ful2) = fuly +2)| < 2M.

As M is independent of y, we obtain that |f,,(z) — fn(t)] < 2M, for all n > 1, (z,t) € T%
Since fn(t,) = 0 for some ¢, we have |f,(2)| < 2M, for all n > 1, z € T. By Gottschalk
and Hedlund’s Theorem (cf [13], Theorem 14.11), f is a continuous coboundary. O

COROLLARY 22. For all the f in Theorems 4 and 10, Pyax(f) has Lebesgue measure zero.

From the T-invariance of Ppax(f), if © € Pmax(f), then its orbit Orb(z) is contained
in Ppax(f). We show below that Ppax(f) can be restricted to a single orbit.

PROPOSITION 23. Let o« &€ Q and T = T,. Then there exists f € C(T) of the form
f=9g—Tg, with g € M<p<cooLP(T)\L>(T) such that 0 is exactly mazimizing for f and
Prax(f) = Orb(0).

Proof. Set By, = p™, with 0 < p < 1 small enough so that for all m > 1

> B < B,,/100. (59)

I>m

Set next Ny, = 1/(p™d™) € N, with 0 < § < 1 small enough so that for all m > 1

> NiB; < Ny By, /100. (60)

<m

We will determine the sufficiently small A, later.
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As in the proof of Theorem 4, case i), let us define f = >, f™, where for each
m > 1, f™ is given by Lemma 15 via quantities Ny,,, By, and A,,. By Lemma 15, f will be
continuous. Fix C' > —log(pd)/log((1++/5)/2). Let now Fy,, = U_n, <1<n,, [~ Am, A ]+
la, where A, > 0 is such that the intervals forming F,,, are disjoint and A,, is small
enough so as to ensure that f = g — T'g with ¢ € NMi<p<oo LP(T)\L>(T) (as in the proof

of Theorem 4 i)). We also assume that
inf lH ol (61)
le[Cm,C(m+1)] 8 @l

If 2 ¢ F, via Lemma 15, we have [ (0) = N;,Bp, = 6~™, f§ (z) <0 and, using
(59) and (60)

0< A, <

> (#h,, (x) = fi,,(0))

I>m

<2 (Z Bl> Ny < Ny B /50,

I>m

together with

> (@) = fh,, (0)

l<m

As a result, fn, () — fn,,(0) < =Ny, Bp,/2 = —6-™/2. Consequently, if ¢ F,, for
infinitely many m, then z is not maximizing for f.

<2 NiB; < NyuBp, /50.

l<m

In order to conclude, it therefore remains to show that liminf F},, C Za mod 1. Let
then x € liminf F},,. There exists then mg such that for all m > mg, x € F,, and thus
we can find k,, with |k,,| < N, such that z € ko + [-A, Ay Fix now [ > Cmyg and
choose m > mg such that | € [Cm,C(m + 1)]. Using (61), we have

1 I
o] < kel + @ < N faal + galaal < (60" + 3a) laal.

For some m; > max{my,8} for any m > m; we have (p6)™™ < ((1 + /5)/2)™/m <
(1 ++/5)/2) /8 < q1/8, we deduce that for all | > Cmy, ||gz| < qlqal/4. Applying a
result of C. Kraaikamp and P. Liardet [16], we obtain that € Zaw mod 1. O

We now list some questions concerning maximizing points:

e The present results should naturally extend to the context of an ergodic translation
on a compact group. What can be said for distal dynamical systems? Interval
exchange transformations?

e For (T, T,), with a ¢ Q, it would be interesting to investigate the genericity problem
for some natural non-separable subspaces of C(T'), such as Holder or Lipschitz.

e Let us discuss the existence of real-analytic examples for (T,T,), with a ¢ Q.
For a dense set of Liouvillian angles o one can find a real-analytic f of the form
f=>,,>1 f™ such that 0 is maximizing for f, but f is not a continuous coboundary.
Indeed, one may recursively build together the (f™) and the partial quotients (a,)
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of a. As in the proof of Theorem 10, i) and using the same notation (taking m > myg
and then p(m) = m), for each m start with some f™ = H™ — TH™ and next take
a trigonometric polynomial approximation of the peak A™ so that |H™||w and
SM(H™—~TH™,0) = sup,, ,cr H™(z) — H™(z +y) + H™(y) — H™(0) do not vary
much. Then the key estimates like (45) are uniform on all a such that (ag)r<m are
fixed and a,, 41 is large enough. Successively, one may then take for each m a huge
am+1 such that f is finally real-analytic. However one has a priori no control on the
degree of Liouvillianness of . Can one build some f with the same property for
any « verifying for example sup,, (log am+1)/¢m = +o0 7

In Theorem 10 4), can one produce an example with an explicit upper-bound on
SM(f,0) in terms of the norms || f® o ?

For lower bounds, let us make the following remark for C?(T)-coboundaries.

LEMMA 24. Let f € C*(T) and xo € T be such that f'(x¢) = 0. Then

1£112
——= < SM(f-T .
4||f//Hoo < (f f7x0)

Proof. We use that SM(f —Tf,x0) = sup, ,er f(z) = f(x+y) — (f(20) — f (w0 +y))-
Let x € T be fixed and |y| < 1/2. By using Taylor’s expansion

f@) = flz+y) = —yf' (@) = G /21"l

as well as
—f(@o) + f(zo + 1) > =(¥%/2)[1 /"]l oo-

Taking y = —sign(f' ()| o/ 2|l f"|ec) € [—1/2,1/2] gives the lower bound
L @)L Moo/ UL Nloo) = 171120/ (411" [loc). We maximize in 2 to conclude. O

If f € C(T) admits a maximizing point xg, can one approximate f by some
coboundary f™ = g™ — Tg™, ¢"™ € C(T), in such a way that SM(f™, xg) <
SM(f,x0) ? Similarly, can one write f = > g™ — T¢™ with > [|[¢™ — T¢"||cc < 00
and Y SM (g™ —Tg™,x¢) < oo ?
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