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zoAlmost everywhere 
onvergen
e of ergodi
averages1 Introdu
tionA transformation T : X ! X of the measure spa
e (X;B; �) is measurepreserving if �(T�1A) = �(A), for all A 2 B. A dynami
al system (X;B; �; T )is aperiodi
 if the set of periodi
 points is of measure zero. (The periodi
 
asefor most of the questions dis
ussed in this talk is obvious, and hen
e most ofthe time one should think of the aperiodi
 
ase.)The Birkho� Ergodi
 Theorem (see for example [31℄) states the followingTheorem 1.1. Assume that (X;B; �) is a probability spa
e, T : X ! X isinvertible and measure preserving and f 2 L1(X;B; �). ThenlimN!1 1N NXk=1 f(T kx) = f(x) (1)exists � almost everywhere, and f is T invariant, that is, f(Tx) = f(x), �almost everywhere.From (1) it follows that the tail of the ergodi
 averages, f(TNx)N , 
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2 The study of the pointwise 
onvergen
e of ergodi
 averages shares severaltools with Harmoni
 Analysis where pointwise 
onvergen
e of Fourier series isinvestigated. One important 
ommon tool is a weak (1; 1) maximal inequalitywhi
h, for the ergodi
 averages, 
omes from the Maximal Ergodi
 Theorem.Suppose � > 0 then with the 
onditions of Theorem 1.1 we have�(x : supN>0 1N NXk=1 f(T kx) > �) � R jf jd�� : (2)Usually the maximal fun
tion supN 1N PNk=1 f(T kx) does not belong to L1and hen
e one 
annot estimate its L1 norm by the L1 norm of f . Sin
e (2)holds for jf j one 
an use supN 1N NXk=1 jf(T kx)j, or supN 1N j NXk=1 f(T kx)j in (2) aswell.Re
all that A 2 B is T -invariant if 0 = �(T�1A�A) = �((T�1AnA)[ (AnT�1A)): The fun
tion f in Theorem 1.1 is the 
onditional expe
tation of fwith respe
t to the sigma algebra of the T invariant sets. The transformationT is ergodi
 if for any T -invariant set A we have �(A) = 0 or 1. In this 
asethe T invariant sigma algebra is trivial. Therefore, if T is ergodi
 then in theabove Theorem 1.1 we havelimN!1 1N NXk=1 f(T kx) = ZX fd� for � a.e. x:2 Non L1 resultsThere are many ways one 
an generalize Birkho�'s Ergodi
 theorem. FirstI dis
uss one dire
tion when fun
tions not belonging to L1 are 
onsidered. Iworked for a long time with Hensto
k-Kurzweil integrals and, as a Ph. D.student, got interested in ergodi
 averages of non-L1 fun
tions.However, working with non-L1 fun
tions one needs to be 
autious, sin
eanswering one of my questions, P. Major proved the following theorem:Theorem 2.1. There exists a fun
tion f : X ! R; and S; T : X ! X twoergodi
 transformations on a probability spa
e (X;�) su
h thatlimn!1 1n+ 1 nXk=0 f(Skx) = 0; � a.e.and limn!1 1n+ 1 nXk=0 f(T kx) = a 6= 0; � a.e.



3Clearly, by Theorem 1.1, f 
annot belong to L1(X;�), and this is badnews for our \possible generalized integration pro
ess" be
ause the generalizedintegral suitable for f in the ergodi
 theorem would have to take the values 0and a simultaneously.My thesis advisor M. La
zkovi
h asked whether in the above result thetwo transformations S; and T 
an be irrational rotations of the unit 
ir
le,T, equipped with the Lebesgue measure. In Major's 
onstru
tion the twotransformations were 
onjugate and hen
e to answer La
zkovi
h's question Ihad to �nd a di�erent approa
h, sin
e di�erent rotations have di�erent rotationnumber and hen
e 
annot be 
onjugate. Following the suggestions of a refereeI stated the result about the two rotations in a slightly more general setting.Assume that a Z2 a
tion is generated by S and T on a �nite nonatomi
Lebesgue measure spa
e (X;S; �) and T jSk for all (j; k) 2 Z2 is a measurepreserving transformation on X . We say that the group a
tion generated byT and S is free if T jSkx 6= x for (j; k) 6= (0; 0) and � a.e. x. In [17℄ I havemanaged to prove the following theorem:Theorem 2.2. Assume that (X;S; �) is a �nite non-atomi
 Lebesgue measurespa
e and S; T : X ! X are two �-ergodi
 transformations whi
h generate afree Z2 a
tion on X. Then for any 
1; 
2 2 R there exists a �-measurablefun
tion f : X ! R su
h thatMSNf(x) = 1N + 1 NXj=0 f(Sjx)! 
1;and MTNf(x) = 1N + 1 NXj=0 f(T jx)! 
2;� almost every x as N !1:Two di�erent irrational rotations generate a free Z2 a
tion on T and hen
eTheorem 2.2 answers La
zkovi
h's question.There are some interesting re
ent results with respe
t to ergodi
 averagesof non L1 fun
tions and rotations by Y. Sinai and C. Ul
igrai. In [37℄ theauthors 
onsider trigonometri
 sums1N N�1Xk=0 11� e2�i(k�+x) ; (x; �) 2 (0; 1)� (0; 1):The produ
t spa
e (0; 1) � (0; 1) is endowed with the uniform probabilitydistribution. It is proved that su
h trigonometri
 sums have a non-trivial joint



4limiting distribution in x and � as N tends to 1. This result also applies toBirkho� sums of a fun
tion with a singularity of type 1=x over a rotation.This limiting distribution is determined by results from [36℄.Motivated by these results I have managed to solve during the Summer of2008 one of my open questions (see [7℄, [16℄) 
on
erning ergodi
 averages ofrotations of non-L1 fun
tions.Theorem 2.3 from [16℄ states the following:Theorem 2.3. Let f : R ! R be a given measurable fun
tion, periodi
 by 1.For an � 2 R put M�n f(x) = 1n+ 1 nXk=0 f(x+ k�):Let �f denote the set of those �'s in (0; 1) for whi
h M�n f(x) 
onverges foralmost every x 2 R: Then from j�f j > 0 it follows that f is integrable on [0; 1℄.In the above theorem j�f j denotes the Lebesgue measure of �f : By theBirkho� Ergodi
 Theorem if f is Lebesgue integrable on [0; 1℄ thenM�n f(x)!R 10 f for any irrational number � and for almost every x 2 R: Hen
e, whenj�f j > 0 by the ergodi
 theorem all these limits M�n f(x) should be of thesame value, namely, R 10 f: On the other hand, in [16℄ the following result isalso veri�ed:Theorem 2.4. For any sequen
e of independent irrationals f�jg1j=1 thereexists a fun
tion f : R ! R, periodi
 by 1 su
h that f 62 L1[0; 1℄ andM�jn f(x)! 0 for almost every x 2 [0; 1℄:This result implies that �f 
an be dense for non-integrable fun
tions. In[39℄ R. Sveti
 improves this result by showing that there exists a non-integrablef : T! R su
h that �f is 
-dense in T: (A set S � T is 
-dense if the 
ardinalityof S \ I equals 
ontinuum for every nonempty open interval I � T:)It was not known whether �f 
an be of Hausdor� dimension one. I adver-tised this question at several pla
es ( [7℄, [16℄), and Sveti
's paper 
ontained apartial solution. Finally in [19℄ a non-L1 fun
tion is 
onstru
ted for whi
h �fis of Hausdor� dimension one, but of 
ourse, it is of zero Lebesgue measure.3 The squares and good sequen
es of zero Bana
h den-sityBefore turning to the L1 results we re
all Bana
h's prin
iple, see for examplep. 91 of [31℄.



5Theorem 3.1. Let 1 � p < 1 and let Tn be a sequen
e of bounded linearoperators on Lp. If supn jTnf j <1 almost everywhere for all f 2 Lp then theset of f for whi
h Tnf 
onverges almost everywhere is 
losed in Lp.In the ergodi
 setting one 
an think of the operatorsTnf(x) = 1n nXk=1 f(T kx):In the Harmoni
 Analysis setting the partial sums of Fourier series 
an be
onsidered. The weak (1; 1) inequality in (2) holds for all L1 fun
tions. Letting�! +1 one 
an see by using the remark after (2) that supn jTnf j <1 almosteverywhere for all f 2 L1. Hen
e it is suÆ
ient to verify the almost everywhere
onvergen
e of Tnf(x) for some ni
e set (like bounded fun
tions, or 
ontinuousfun
tions) of fun
tions whi
h is dense in L1 and then by Bana
h's prin
iplethe almost everywhere 
onvergen
e follows for all fun
tions in L1.Resear
h related to almost everywhere 
onvergen
e of ergodi
 averagesalong the squares was initiated by questions of A. Bellow (see [8℄) and of H.Furstenberg, [25℄. Results of Bourgain [10℄, [11℄, [12℄ imply that if f 2 Lp(�),for some p > 1 then the non-
onventional ergodi
 averageslimN!1 1N NXn=1 f(Tn2(x)) (3)
onverge almost everywhere. Bourgain also asked in [10℄, [14℄ whether thisresult is true for p = 1, that is, for L1 fun
tions. In Se
tion 6 of [9℄, V.Bergelson writes the following about it: \The 
ase p = 1 is still open andis perhaps one of the 
entral open problems in that bran
h of ergodi
 theorywhi
h deals with almost everywhere 
onvergen
e". On p. 64 of [27℄ R. L. Joneswrites the following: \There is an important open problem asso
iated withsubsequen
es. At this time, there is no known example of a subsequen
e thatis good for a.e. 
onvergen
e for all f 2 L1, and has su

essive gaps in
reasingto in�nity. In parti
ular, the question of a.e. 
onvergen
e for f 2 L1 along thesquares is open, and probably very diÆ
ult. The te
hniques used in Se
tion 4and Se
tion 6, in
luding the Calder�on-Zygmund de
omposition, do not seemto apply."De�nition 3.2. A sequen
e fnkg1k=1 is L1-universally bad if for all ergodi
aperiodi
 dynami
al systems there is some f 2 L1 su
h thatlimN!1 1N NXk=1 f(Tnkx)fails to exist for all x in a set of positive measure.



6 By the Conze prin
iple and the Bana
h prin
iple of Sawyer ([35℄, [38℄) asequen
e fnkg1k=1 is not L1-universally bad if and only if there exists a 
onstantC < 1 su
h that for all systems (X;�; �; T ) and all f 2 L1(�) we have thefollowing weak (1; 1) inequality for all t > 0� (x : supN�1 ����� 1N NXk=1 f(Tnkx)����� > t)! � Ct Z jf jd�: (4)In [21℄ we prove thatTheorem 3.3. The sequen
e fk2g1k=1 is L1-universally bad.This theorem is proved by showing that there is no 
onstant C su
h thatthe weak (1; 1) inequality in (4) holds. The proof is quite 
ompli
ated. In[20℄ we try to make it more a

essible by dis
ussing its heuristi
 ba
kground.We started to work on this paper in 2003 during my one semester visit toUniversity of North Texas and the paper [21℄ went through several revisionsand phases.An in�nite set A � N is of zero Bana
h density iflimk!1 supn2N #(A \ [n; n+ k℄)k + 1 = 0:I learned fromM. Keane in 2003 that at that time it was not known whetherthere exists a sequen
e (nk) su
h that nk+1 � nk !1 and for any f 2 L1(�)limN!1 1N NXk=1 f(Tnkx) (5)
onverges � almost everywhere.A sequen
e satisfying nk+1 � nk !1 is of zero Bana
h density.J. Rosenblatt and M. Wierdl ([33℄ Conje
ture 4.1) had the following 
on-je
ture:Conje
ture 3.4. Suppose that the sequen
e (nk) has zero Bana
h density andlet (X;�; �; T ) be an aperiodi
 dynami
al system. Then for some f 2 L1(�)the averages (5) do not 
onverge almost everywhere.In [18℄ the following theorem is proved.Theorem 3.5. There exists a sequen
e (nk) satisfying nk+1 � nk !1 (andhen
e of zero Bana
h density) whi
h is universally L1-good, that is, for any



7invertible aperiodi
 ergodi
 dynami
al system (X;�; �; T ) and f 2 L1(�) wehave limN!1A(f; x;N) = limK!1 1K KXk=1 f(Tnkx) = ZX fd�; (6)for � almost every x 2 X:Theorem 3.5 implies that Conje
ture 3.4 is false. It also provides an expla-nation why it was so diÆ
ult to obtain the result that nk = k2 is L1-universallybad.In a re
ent paper [40℄, R. Urban and J. Zienkiewi
z showed the following:Theorem 3.6. The sequen
e bk�
, 1 < � < 1:001 is universally L1 good.4 Assani's L1 Counting Problem in Ergodi
 TheoryLearning about our work in [21℄, I. Assani suggested to look at his L1 CountingProblem in Ergodi
 Theory as well.Suppose that (X;B; �) is a probability measure spa
e, T is an invertiblemeasure preserving transformation and f belongs to L1+(�), that is, f is non-negative and belongs to L1(�). As we remarked it after Theorem 1.1, f(Tnx)n
onverges to 0, � almost everywhere. Therefore,Nn(f)(x) = #�k : f(T kx)k > 1n�is �nite � almost everywhere. Assani's 
ounting problem was originally men-tioned in [1℄, [2℄, later also dis
ussed by R. Jones, J. Rosenblatt, D. Rudolphand M. Wierdl in [28℄ and [34℄.Problem 4.1 (Counting Problem I). Given f 2 L1+(�) do we havesupn Nn(f)(x)n <1, � a.e.?In Assani [1℄ and [2℄ the maximal operator supn Nn(f)(x)n is used to studythe pointwise 
onvergen
e of Nn(f)(x)n .If f 2 Lp+ for p > 1, or f 2 L+ logL+ and the transformation T is ergodi
,then Nn(f)(x)n 
onverges almost everywhere to R fd�.If T is not ergodi
, then the limit is the 
onditional expe
tation of thefun
tion f with respe
t to the � �eld of the invariant sets for T . Hen
e, thelimit is the same as the limit of the ergodi
 averages 1N PNn=1 f(Tnx).It is natural to ask whether Nn(f)(x)n also 
onverges a.e., when f 2 L1(�).By using a generalized version of the Stein-Sawyer result from Assani [1℄one 
an state the following equivalent problem to the 
ounting problem.



8Problem 4.2 (Counting Problem II.). Does there exist a �nite positive
onstant C su
h that for all measure preserving systems and all � > 0��x : supn Nn(f)(x)n > �� � C� kfk1?In our joint paper [6℄ with I. Assani and D. Mauldin we proved the followingtheorem whi
h gives a negative answer to both 
ounting problems.Theorem 4.3. In any nonatomi
, invertible ergodi
 system (X;B; �; T ) thereexists f 2 L1+ su
h that supn Nn(f)(x)n =1 almost everywhere.De�nition 4.4. Let (X;B; �; T ) be a measure preserving system. The ReturnTimes for the Tail Property holds in Lr(�), 1 � r � 1 if for ea
h f 2 Lr(�)we 
an �nd a set Xf of full measure su
h that for all x 2 Xf for all measurepreserving systems (Y;G; �; S) and ea
h g 2 L1(�) the sequen
e f(Tnx)�g(Sny)n
onverges to zero for almost evey y.Using Theorem 4.3 and results from [1℄ it is not diÆ
ult to show that thenext 
orollary holds. The details of its veri�
ation 
an be found in [7℄.Corollary 4.5. The Return Times for the Tail Property does not hold forr = 1.There are several other interesting 
onsequen
es of Theorem 4.3. For ex-ample, it implies that Bourgain's Return Time Theorem does not hold forpairs of (L1; L1) fun
tions, for the details we refer to [6℄ and [7℄.5 The bilinear Hardy{Littlewood maximal fun
tionFirst we re
all the de�nition of the original Hardy{Littlewood maximal fun
-tion: H� : f 2 L1 ! H�f(x) = supt 12t Z t�t f(x+ u)du:It maps L1 fun
tions into weak L1, that is, by a theorem of F. Riesz [32℄ itsatis�es the following weak type (1; 1) inequality:mfx : H�f(x) > sg � R jf jdms :Calder�on introdu
ed in the 1960's the bilinear Hardy{Littlewood maximalfun
tion. For f; g measurable we putM�(f; g)(x) = supt 12t Z t�t f(x+ s)g(x+ 2s)ds:



9Conje
ture 5.1 (Calder�on's 
onje
ture). M� is integrable as soon as fand g are in L2:After the results by M. La
ey and C. Thiele in [30℄, �nally M. La
ey in[29℄ proved a theorem whi
h implies the following:Theorem 5.2. Let 1 < p; q < 1, and set 1r = 1p + 1q . If 23 < r � 1 then M�extends to a bounded map from Lp � Lq into Lr.This theorem settles Calder�on's 
onje
ture.If r > 1 then H�older's inequality used for the x variable implies thatM� maps into Lr. H�older's inequality and the weak type (1; 1) property ofH� implies that M�(f; g) is almost everywhere �nite if f 2 Lp; g 2 Lq and1p + 1q � 1: It is a very interesting fa
t that Theorem 5.2 goes beyond the rangeof exponents used for usual H�older duality statements.Problem 5.3. It is not known what happens if 3=2 < 1p + 1q � 2? La
ey'smethod does not work for r � 2=3.La
ey's method was reproved and generalized for maximal multilinear av-erages by C. Demeter, T. Tao and C. Thiele in [24℄.One 
an 
onsider the Ergodi
 Theory/dis
rete version of the above 
ontinu-ous Hardy{Littlewood maximal fun
tions and as the Correspondan
e Prin
ipleproved in the Appendix of [24℄ shows, quite often the results for the dis
reteErgodi
 version are equvivalent to the 
ontinuous version.Suppose f1; :::; fk are measurable fun
tions and (X;�; �; T ) a dynami
alsystem. The Furstenberg averages are de�ned as1N NXn=1 kYj=1 fj(T jnx):In the Ergodi
 Theory proof of Szemer�edi's theorem Furstenberg showed thatthe weak-lim inf of 
ertain multilinear averages (whi
h be
ame later the Fursten-berg averages) is positive.We 
onsider the ergodi
 version of the Bilinear Hardy{Littlewood fun
tion,whi
h is a very spe
ial 
ase of the symmetri
 Furstenberg averages. Suppose Tis an ergodi
 measure preserving transformation on a non-atomi
 probabilitymeasure spa
e. We 
onsider the maximal fun
tion:M(f; g)(x)def= supN 12N + 1 NXn=�N f(Tnx)g(T 2nx) (7)for fun
tions f 2 Lp and g 2 Lq : The equivalent problem to Problem 5.3 inthis setting is to �nd the range of values p; q � 1 for whi
h M(f; g)(x) < 1,� almost everywhere.



10 While for Szemer�edi's theorem the Furstenberg averages are interestingfor large values of k, for our problem the smallest possible multilinear 
ase,the bilinear 
ase, seems to be di�erent and in many ways more 
hallenging.The trilinear Hardy{Littlewood maximal fun
tion 
an be de�ned the followingway: R�(f; g; h)(x) = supt 12t Z t�t f(x+ s)g(x+ 2s)h(x+ 3s)ds:From the dependen
e of the monomials x+s, x+2s, and x+3s C. Demeter in[23℄ dedu
ed some negative results for the trilinear Hardy{Littlewood maximalfun
tion. For example the following theorem is valid for the ergodi
 version ofthese averages (see [23℄):Theorem 5.4. De�ne p0 = 1+ log6 21+log6 2 and 
onsider p < p0. In every ergodi
dynami
al system (X;�; �; T ) there are three fun
tions f; g; h 2 Lp(X) su
hthat lim supN!1 1N NXn=1 f(Tnx)g(T 2nx)h(T 3nx) =1for � a.e. x 2 X.For the bilinear Hardy{Littlewood M�; the monomials x + s and x + 2sare \independent" and no negative result are known 
lose to L1:A good indi
ator of the behavior of the ergodi
 averages is given by the tailof the averages f(TNx)g(T 2Nx)2N + 1 : The maximal fun
tion asso
iated with thetail of the ergodi
 averages supn f(Tnx)n ; satis�es similar weak type inequal-ities as the maximal fun
tion for the ergodi
 averages. Sin
e M(f; g)(x) �supN f(TNx)g(T 2Nx)2N + 1 I. Assani suggested that we should �rst try to �nd outwhat happens to the maximal fun
tionR�(f; g)(x) = supn f(Tnx)g(T 2n(x))n :In [3℄ we prove the following theorem:Theorem 5.5. Let (X;B; �; T ) be an ergodi
 measure preserving transforma-tion on a �nite non-atomi
 measure spa
e. Then for all p; q � 1 su
h that1p + 1q < 2; R� maps Lp � Lq into Lr as soon as 0 < r < 1=2:In [5℄ we also show that



11Theorem 5.6. Let (X;B; �; T ) be an ergodi
 measure preserving transforma-tion on a �nite non-atomi
 measure spa
e. Then there exist fun
tions f; g bothin L1+(X) for whi
h the maximal fun
tionR�(f; g)(x) = supn f(Tnx)g(T 2nx)nis not �nite a.e.Sin
e Theorem 5.5 implies that R�(f; g) is �nite almost everywhere for(f; g) 2 Lp � Lq when p; q � 1 and 1p + 1q < 2 the above two theorems givea 
omplete 
hara
terization of the range of values (p; q) for whi
h R�(f; g) is�nite almost everywhere.Theorem 5.6 solves an open problem in Ergodi
 Theory. The averagesFN (f; g)(x) = 12N + 1 NXn=�N f(Tnx)g(T 2nx)are spe
ial (bilinear and symmetri
) Furstenberg averages. A deep result ofJ. Bourgain, [15℄, showed that these averages 
onverge almost everywhere assoon as the H�olderian duality is respe
ted, (that is, 1p + 1q � 1). Theorem 5.6shows that these averages do not 
onverge for pairs of (L1; L1) fun
tions asthe tail of these averages does not 
onverge a.e. to zero for some fun
tionsf; g 2 L1.In [3℄ Theorem 5.5 is dedu
ed from the following maximal inequality:Theorem 5.7. Given p > 1 there exists a universal �nite 
onstant C�p su
hthat if (X;B; �; T ) is any invertible ergodi
 dynami
al system on a non-atomi
�nite measure spa
e (X;B; �) then the following holds. For every fun
tionf 2 Lp; jf j > 1; for every g 2 L1; jgj > 1; and for ea
h s > 0 we have��x : sup0<l f(T lx)g(T 2lx)l � s� � C�pr jjf jjppjjgjj1s : (8)Therefore, for su
h fun
tions f and g we havef(T lx)g(T 2lx)l ! 0 as l!1: (9)Furthermore, for 1 < p < 2 there exists a universal 
onstant C su
h thatC�p � Cp� 1 :



12 A similar maximal inequality 
an be obtained if one 
onsiders instead f 2L1 and g 2 Lp:By Theorem 5.5 for the maximal fun
tion R� there is nothing magi
 about2=3, like in Problem 5.3. For R� one 
an go beyond 1p + 1q < 3=2. In fa
t, R�maps fun
tions in Lp �Lq into any of the Lr spa
es as long as 1 � 1p + 1q < 2and 0 < r < 1=2:Remark 5.8. The maximal inequality in Theorem 5.7 is good enough toderive Theorem 5.5 but it is not homogeneous with respe
t to f , or g: Duringthe 2007 Ergodi
 Theory workshop at University of North Carolina at ChapelHill, J.P. Conze asked if this inequality 
ould be made homogeneous withrespe
t to f and g.In [4℄ we prove the following version of Theorem 5.7:Theorem 5.9. For ea
h 1 < p < 1 there exists a �nite 
onstant Cp su
hthat for ea
h f; g � 0 and for all � > 0 we have��x : supn�1 f(Tnx)g(T 2nx)n > �� � Cp�kfkpkgk1� �1=2; (10)and there exists eC su
h that for any 1 < p < 2 we haveCp � eCp� 1 : (11)At the same meeting a question was raised about the almost everywhere�niteness of R�(f; g) for pairs of fun
tions in (L logL;L1): In [4℄ we 
ouldprove:Theorem 5.10. If � > 2 and the pair of non-negative fun
tions (f; g) belongsto (L(logL)2�; L1) then R�(f; g) = supn f(Tnx)g(T 2nx)n is a.e. �nite.The problem whether this Theorem is true for fun
tions in (L logL;L1)seems to be still unsolved.Referen
es[1℄ I. Assani, \Strong Laws for weighted sums of iid random variables",Duke Math J., 88, 2, (1997), 217-246.



13[2℄ I. Assani, \Convergen
e of the p-Series for stationary sequen
es", NewYork J. Math., 3A, (1997), 15-30.[3℄ I. Assani and Z. Bu
zoli
h, \The (Lp; Lq) bilinear Hardy-Littlewoodfun
tion for the tail", submitted.[4℄ I. Assani and Z. Bu
zoli
h, \A maximal inequality for the tail of thebilinear Hardy-Littlewood fun
tion", preprint, 2007.[5℄ I. Assani and Z. Bu
zoli
h, \The (L1; L1) bilinear Hardy-Littlewoodfun
tion and Furstenberg averages", submitted.[6℄ I. Assani, Z. Bu
zoli
h and R. D. Mauldin \An L1 Counting Prob-lem in Ergodi
 Theory", J. Anal. Math. 95 (2005), 221{241.[7℄ I. Assani, Z. Bu
zoli
h and R. D. Mauldin \Counting and 
onver-gen
e in Ergodi
 Theory", A
ta Univ. Carolinae. 45 (2004), 5{21.[8℄ A. Bellow, \Two problems" in the Problem Se
tion of Measure theory,Oberwolfa
h 1981. Pro
eedings of the Conferen
e held at Oberwolfa
h,June 21{27, 1981. Edited by Dietri
h K�olzow and Dorothy Maharam-Stone. Le
ture Notes in Mathemati
s, 945.[9℄ V. Bergelson \Combinatorial and Diophantine Appli
ations of Ergodi
Theory" Handbook of dynami
al systems. Vol. 1B, Elsevier B. V., Ams-terdam, (2006), 745{869.[10℄ J. Bourgain, \Pointwise ergodi
 theorems for arithmeti
 sets", Withan appendix by the author, Harry Furstenberg, Yitzhak Katznelson andDonald S. Ornstein, Inst. Hautes �Etudes S
i. Publ. Math. No. 69 (1989),5{45.[11℄ J. Bourgain, \An approa
h to pointwise ergodi
 theorems", Geomet-ri
 aspe
ts of fun
tional analysis (1986/87), 204{223, Le
ture Notes inMath., 1317, Springer, Berlin, 1988.[12℄ J. Bourgain, \On the pointwise ergodi
 theorem on Lp for arithmeti
sets", Israel J. Math. 61 (1988), no. 1, 73{84.[13℄ J. Bourgain, \On the maximal ergodi
 theorem for 
ertain subsets ofthe integers", Israel J. Math. 61 (1988), no. 1, 39{72.[14℄ J. Bourgain, \Almost sure 
onvergen
e in ergodi
 theory", Almost ev-erywhere 
onvergen
e. Pro
eedings of the International Conferen
e on Al-most Everywhere Convergen
e in Probability and Ergodi
 Theory held inColumbus, Ohio, June 11{14, 1988. Edited by Gerald A. Edgar and LouisSu
heston. A
ademi
 Press, In
., Boston, MA, (1989).



14[15℄ J. Bourgain, \Double re
urren
e and almost sure 
onvergen
e," J. ReineAngew. Math. 404 (1990), 140-161.[16℄ Z. Bu
zoli
h,\Arithmeti
 averages of rotations of measurable fun
-tions," Ergodi
 Theory Dynam. Systems 16 (1996), no. 6, 1185{1196.[17℄ Z. Bu
zoli
h, \Ergodi
 averages and free Z2 a
tions", Fund. Math.,160, (1999), 247-254.[18℄ Z. Bu
zoli
h, \Universally L1 good sequen
es with gaps tending toin�nity", A
ta Math. Hungar., 117 (1-2) (2007), 91-40.[19℄ Z. Bu
zoli
h, \Non-L1 fun
tions with rotation sets of Hausdor� dimen-sion one", in preparation.[20℄ Z. Bu
zoli
h and R. D. Mauldin, \Con
epts Behind Divergent Er-godi
 Averages along the Squares", Ergodi
 Theory and related Fields,41{56, Contemp. Math., 430, Amer. Math. So
., Providen
e, RI, 2007.[21℄ Z. Bu
zoli
h and R. D. Mauldin \Divergent Square Averages", sub-mitted to Ann. Math., http://lanl.arxiv.org/abs/math.DS/0504067.[22℄ J. P. Conze, \Convergen
e des moyennes ergodiques pour des soussuites", Bull. So
. Math. Fran
e, 35 (1973), 7-15.[23℄ C. Demeter, \Divergen
e of 
ombinatorial averages and the unbounde-deness of the trilinear Hilbert transform," to appear in Erg. Th. and Dyn.Syst.[24℄ C. Demeter, T. Tao and C. Thiele, \Maximal multilinear operators,"Trans. Amer. Math. So
. 360 (2008), no. 9, 4989{5042.[25℄ H. Furstenberg, Problem Session, Conferen
e on Ergodi
 Theory andAppli
ations, University of New Hampshire, Durham, NH, June 1982.[26℄ H. Furstenberg, \Ergodi
 behavior of diagonal measures and a theoremof Szemer�edi on arithmeti
 progressions," J. Anal. Math. 31 (1977), 204-256.[27℄ R. L. Jones, \Ergodi
 Theory and 
onne
tions with Analysis and prob-ability", New York J. Math. (1997) 31-67.[28℄ R. Jones, J. Rosenblatt and M. Wierdl, \Counting in Ergodi
Theory", Cand. J. Math., 51, (1999), 996-1019.[29℄ M. La
ey, \The bilinear maximal fun
tion maps into Lp, p > 2=3," Ann.of Math. (2) 151 (2000), no. 1, 35-57.



15[30℄ M. La
ey and C. Thiele, \On Calder�on's 
onje
ture," Ann. of Math.149 (1999), 475-496.[31℄ K. Petersen, Ergodi
 Theory, Cambridge Studies in Advan
ed Mathe-mati
s 2, Cambridge University Press, (1981).[32℄ F. Riesz, \Sur un th�eor�eme de maximum de MM. Hardy et Littlewood",J. London Math. So
., 7, (1931), 10-13.[33℄ J. Rosenblatt and M. Wierdl \Pointwise ergodi
 theorems via har-moni
 analysis", Ergodi
 theory and its 
onne
tions with harmoni
 analy-sis (Alexandria, 1993), 3{151, London Math. So
. Le
ture Note Ser., 205,Cambridge Univ. Press, Cambridge, 1995.[34℄ D. Rudolph, \Fully generi
 sequen
es and a multiple term return timestheorem", Invent. Math. , 131, (1998), 199-228.[35℄ S. Sawyer, \Maximal inequalities of weak type", Ann. of Math. 84(1966) no. 4, 157-174.[36℄ Y. Sinai and C. Ul
igrai, \Renewal type limit theorem for the Gaussmap and 
ontinued fra
tions", Ergodi
 Theory Dynam. Systems, 28(2008), no. 2, 643{655.[37℄ Y. Sinai and C. Ul
igrai, \A limit theorem for Birkho� Sums of non-integrable fun
tions over rotations", to appear in Probabilisti
 and Geo-metri
 Stru
tures in Dynami
s, edited by K. Burns, D. Dolgopyat, andYa. Pesin, Ameri
an Mathemati
al So
iety, Contemporary Mathemati
sSeries.[38℄ E. M. Stein, \On limits of sequen
es of operators", Ann. of Math. 74(1961) no. 4, 140-170.[39℄ R. Sveti
, \A fun
tion with lo
ally un
ountable rotation set", A
ta.Math. Hungar. 81 (4), (1998), 305-314.[40℄ R. Urban and J. Zienkiewi
z, \Weak type (1; 1) estimates for a 
lassof dis
rete rough maximal fun
tions", Math. Res. Lett. 14 (2007), no. 2,227{237.


