MULTIFRACTAL SPECTRUM AND GENERIC PROPERTIES
OF FUNCTIONS MONOTONE IN SEVERAL VARIABLES

ZOLTAN BUCZOLICH AND STEPHANE SEURET

ABSTRACT. We study the singularity (multifractal) spectrum of continuous functions
monotone in several variables. We find an upper bound valid for all functions of this
type, and we prove that this upper bound is reached for generic functions monotone in
several variables. Let E’f"L be the set of points at which f has a pointwise exponent equal

to h. For generic monotone functions f : [0,1]9 — R, we have that dim E;(h) = d—1+h
for all h € [0, 1], and in addition, we obtain that the set E;} is empty as soon as h > 1.
We also investigate the level set structure of such functions.

1. INTRODUCTION

The genericity of multifractal properties for functions and measures have been inves-
tigated in several contexts [3, 8, 4]. Recall that a property is typical, or generic in a
complete metric space E, when it holds on a residual set, i.e. a set with a complement
of first Baire category (a set is of first Baire category if it is the union of countably
many nowhere dense sets). One of the first results in this direction was obtained by
Buczolich and Nagy in [3] who proved that typical continuous increasing functions de-
fined on the interval [0, 1] enjoy very specific multifractal properties. There are several
ways to generalize this result in a higher-dimensional context. In [4] we investigated the
multifractal properties of typical Borel measures on [0, 1]¢, and we proved that typical
measures satisfy a multifractal formalism. In this paper, we focus on a natural gener-
alization in dimension d > 1 of one-dimensional monotone functions, which has been
already studied by other authors [11, 5]: the so-called functions monotone increasing
in several variables. This work is closely related to many other works (see the works
mentioned above, and [9, 10] by L. Olsen where prevalent properties of measures are
also studied).

Let d be an integer greater than one. A function f : [0,1]% — R is continuous
monotone increasing in several variables (in short: MISV) if for all ¢ € {1,...,d}, the
functions

(1) f(z)(t) = f(xl,...,$i,1,t,xi+1,...,xd)

are continuous monotone increasing. We use the notation
M= {feC(0,1]%) : f MISV}.

The space M? is a separable complete metric space when equipped with the supremum,
L*> norm for functions, that we denote by ||.]|.
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The multifractal properties of functions in M! have been examined in [3]. In this
paper, we study the case of higher dimensional functions d > 2. Let us recall the notions
of Holder exponent and singularity spectrum for a locally bounded function.

Definition 1. Let f € L*°([0,1]%). For h > 0 and x € [0, 1], the function f belongs to
Ch if there are a polynomial P of degree less than [h] and a constant C' such that, for
2’ close to x,

(2) (@) = P(a’ — 2)| < Cla’ — |
The pointwise Holder exponent of f at z is hp(z) = sup{h > 0: f € Ch}.

Observe that when hf(x) < 1, the pointwise Holder exponent of f at z is also given
by the formula

1
h¢(z) = liminf oglf

Definition 2. The singularity spectrum of f is defined by
df(h) = dimy E}, where E} = {x : hy(x) = h}.

Here dimy denotes the Hausdorff dimension, and dim () = —oco by convention. The
singularity spectrum of f describes the geometric repartition of the singularities of f.
This is the quantity we will mainly focus on in the following.

We will also use the sets

(3) EP= ={x:hy(z) <h} D E}.

Remark 3. Clearly, if 0 < h < 1 then z € E}L’S if and only if for every ¢ > 0 and § > 0
there exists y such that |z —y| < § and |f(x) — f(y)| > |z — y|"*=.

In the one-dimensional case the typical properties of functions in M! are summarized
in the following theorem which is a consequence of results in [3].

Theorem 4. Consider the space of monotone continuous functions M1 defined on [0, 1].

(i) For every f € M!, for every h > 0, one has dg(h) < min(h, 1).
(ii) There erists a residual set Ry in M* such that for every f € R,

d¢(h) = h for every h € [0,1],
and E} =0 if h > 1.
(it) pr(EY) = f(1) = f(0), that is puz([0, 1] \E?’S) = 0, where 15 is the Borel integral
of f: fz) = [ duy.

By (i) of the above theorem, 0 = dimy EY = dimpy E?’S and (iii) shows that all the
“increasing” of f takes place on this set EJQ of zero Hausdorff dimension. Since a typical
monotone function is strictly monotone increasing (see [3]), its level sets are points. We
deduce that heuristically, for “most” levels in the range of f, the corresponding points
belong to the zero dimensional set EJQ.

The new higher dimensional results are gathered in the following three theorems.
First we obtain an upper estimate of the singularity spectrum which is valid for arbitrary
functions in M¢.
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Generic MISV functions in RY

4 Generic measures
. in R

Generic MISV functions and
measures in one dimension

F1GURE 1. Typical spectra for measures and for MISV functions

Theorem 5. For all f € M? and h > 0, we have
(4) dimpy = < min(d — 1 + h, d).
In particular, dg(h) = dimpy (E}) < min(d — 1+ h, d).

One recognizes item (i) of Theorem 4 in the case d = 1. The next theorem shows
that for h € [0, 1] the generic functions can be as bad as possible from the multifractal
standpoint, in the sense that the level sets of the Hélder exponent function corresponding
to the exponents less than 1 are as large as possible.

Theorem 6. There exists a dense Gy set R C M® such that for all f € R we have
dg(h) =d —1+h for all h € [0,1]. For these functions, for every h > 1 the set E} is
empty.

Theorems 5 and 6 must be compared to the results obtained for measures supported
by [0, 1]¢, which can be viewed as a special case of functions monotone increasing in
several variables (see Figure 1). Indeed, if u is supported in [0,1]%, then the function
f:10,1] — R defined as f(z1, 2, ..., zq) = ([0, 21] X [0, 22] X ... X [0,24]) is increasing
in several variables. We proved in [4] that for every measure, one has the upper bound

d,(h) <min(h,d) for every h >0,
and for typical measures supported in [0, 1]%,
d,(h) =h forevery 0 <h<d, and EZ:(Z)ifh>d.

This is in sharp contrast with typical continuous MISV functions when d > 2, whose
local behavior is "worse” (the level sets of the Holder exponents smaller than 1 may
have a bigger value).

Next, we turn to the level sets of MISV functions. We define for every a € R the level
set L¢(a) by
() Ly(a) = {z € [0,1]*: f(z) = a}.
The following simple argument, valid for any continuous function, shows that the Haus-

dorff dimension of the level sets Ly(a) in the interior of the range of an f € M? is at
least d — 1, for every a.
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Indeed, if mingep e f(z) = f(0,...,0) < a < f(1,...,1) = max,cp e f(x) then we
can choose 0 < t; < ty < t3 < 1 such that

f(tl, ...,tl) <a= f(tz, ceey tg) < f(tg, ...,tg)
and there exists € > 0 such that the three balls B((¢;,...,t;),¢), i = 1,2,3, are included
in [0,1]4, f(z) < a for all z € B((t,...,t1),€) and f(x) > a for all z € B((t3,...,t3),€).
Therefore, for any (0, ua, ..., uq) € B((0,...,0),£), on any line segment connecting points
of the form (t1,t1 + ug,...,t; + ug) and (t3,t3 + ua, ..., t3 + ug), there exists a point
y(usg, ..., uq) such that f(y(ug,...,us)) = a. Using a projection argument, this implies
that the level set Lg(a) is of dimension at least d — 1 for any f € M.

Theorem 7. There exists a dense G5 subset L in M such that for all f € L the
following holds.
There exist a set X; C [0,1] and a set Ay C (f(0,...,0), f(1,...,1)) = (my, M)
satisfying:
(1) dlmHXf =d— 1, dlmHAf = O,
(ii) for every a € (my, My), there is at most one point of L(a) which does not

belong to X; (in other words, L;(a) N (]0,1]%\ X;) contains at most one point).
(iii) for every a € (mg, Mys) \ Af, Li(a) C X;.

In other words, X contains Lebesgue-almost every level sets L;(a), and for those
level sets Ly(a) which are not entirely contained in X (this occurs for a set of values
of a of Hausdorff dimension 0), exactly one point of Ls(a) does not belong to Ay. This
entails that our function f is “increasing” only on the small d — 1 dimensional set X
which has the minimum possible dimension to contain at least one level set. Most points
in the domain of f belong to [0,1]¢\ X, which can intersect just “very few” level sets
and in no more than one point. In particular, for all z, 2’ € [0, 1]¢\ X (this set has full
Lebesgue measure in [0,1]), f(z) # f(2).

The level sets of generic continuous MISV functions are quite simple compared to the
level sets of generic continuous functions (see for example [2]).

Set

R% = {(l1,...,1a) : Vi, [; > 0} and R = {(ly,...,1q) : Vi, I; <0},
It is well-known that generic continuous functions on [0, 1] are nowhere monotone (see
for example [1], Chapter 10). MISV functions are obviously monotone increasing along
lines It +b= (l1t + by, ..., lat + by), (t € R)if [ € Ri and monotone decreasing if [ € R .
For the generic functions in M% one cannot say much more:

Theorem 8. There exists a dense G5 subset G in M? such that for any f € G, if
L=(l1,..,lq) RLURE and b= (by,...,by) € R?, then the function g,,(t) = f(It + ),
t € R s monotone on no non-empty open subinterval on its domain.

A two-dimensional variant of this result was Problem 6 of the annual Miklés Schweitzer
competition of the Janos Bolyai Mathematical Society in 2010, proposed by the first
listed author. Here we state this problem using the notation of our paper.

Problem for the Schweitzer competition. Does there exist a function f(x,y) which
is continuous on R? and such that for all b € R, the function gp(t) = f(t, 1t +b) is
strictly increasing on R for 1 > 0 and monotone on no nonempty open interval for I < 0.

Generic functions in the compact-open topology of C(R?) provide functions requested
by the above problem, but there are not too difficult direct constructions as well.
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2. PRELIMINARY RESULTS

We use the metric in R? coming from the sup norm, that is, |z — y| = max; |z; — ;|
for z,y € RY. This way, the diameter of [0, 1]? equals one.

The open ball centered at x € R? and of radius r is denoted by B(x,r). By |A4| and
A(A) we denote the diameter and Lebesgue measure of A, respectively.

For ease of notation we keep the open ball notation in metric spaces of functions as
well, that is, for f € M? and § > 0 we denote by B(f,d) the open ball in M9 centered
at f and of radius § (here the supremum norm is used).

We refer to [6, 7] for the standard definition of Hausdorff measures H*(E) and Haus-
dorff dimension dimpy(E) of a set E.

Recall that the lower local dimension of a Borel measure p at x is defined as (see [7])

: v logu(B(x, 7))
(6) dimy, pi(z) = lim inf T logr

and dim p& sup{s : dim, .u(x) > s for p a.e. x}. By Proposition 10.2 of [7], we have
dimg (p) = inf{dimg(F) : £ C [0,1] Borel and u(F) > 0}.
The following property will be useful:

(7) if dimgy (p) > h, then p(E) = 0 for every Borel set
E C [0,1] of dimension strictly less than h.

We recall the Mass Distribution Principle, see for example [6], Chapter 4.

Theorem 9. Let u be a finite mass distribution (measure) on E C R. If for every
r € F,

| B
(8) lim inf 28HB@ 1)
r—0+ log r

then dimy E' > dimyg p > s.
In particular, p(U) = 0 for all sets U with dimy U < s.

3. UPPER BOUND FOR THE SPECTRUM OF ALL FUNCTIONS IN MY

For every integer j > 1, we denote by U; the system of cubes

77777

-----

(9) [f(2) = fW)l < f((ka+1)277 oy (R + 1)277) = f(Ra277, o ka277).
Auxiliary cubes and parallelepipeds will be used during the proofs.

Definition 10. Denote by w the vector (2,...,2,1) € R%. Given j € N and (ky, ..., ky) €
Zd> by Uj,(k
Uy thnbay) = 1277 (ky + 1)279]) o X (kg 1277, (kay 4+ 1)279] x {0},
and we also consider the parallelepipeds

k) = {x/ +tw:a' € U.j7(k1 ..... ke 1), U E [de_j, (k)d + 1)2_j]}.

The system of these parallelepipeds of generation j is denoted by P; (see Figure 2 for
a schema).

1ka_1) We denote the projected cube

-----
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U
; i,k +2k +1,...k  +2k +1,k
Bk g) S H2Kg AR
i,k ..k
77777777777777 ) _ Bk k)
| | /’/ /’/
| | e e
: : - ////
| I // //
| [ - w
! g _
| _-0 -
[ P~
L] 1
A
U,

-----

Pty kq) A Uj (4 2k441, kg g+ 2k 1,kg)

The advantage of using the parallelepipeds P; is the following: If f is MISV and is
defined on P, ...,

f@' + (ka+1)277w) = f(2' + (ka)27w)
(10) > f((k12*j,...,kd,12*j,0)+(kd+1)2*jw>

k) then for any z' € Uj 4, ..k, ) We have

—f(((k1 +1)277, o (haey + 1)279,0) + k:dQ‘jw>
(11) - f((kl g+ 2277y (haoy + 2kg + 2)277, (kg + 1)2-J')
—f((k1 4 kgt 127 o (hay + 2k +1)277, kd2*j>,
which is nothing but the increment of f on the main diagonal of the cube

Uj (ks +2bg+1,.. kg1 +2ka+1,kq) -

..........

.....

-----------

(12)  f((ky+1)277, o (kg + 1)277) = f(k1277, . kg277) > | f(2) = f(y)|/(d + 1).
Proof. One only needs to observe that the segment xy can be covered by no more

.....

-----

|f(z) — f(y)|/(d+1). By the partial monotonicity (9) of the MISV function f, the left-
hand side of (12) is larger than |f(2') — f(v/)]. O

We are now ready to prove Theorem 5.

For every x € R?\ [0,1]¢, denote by zq the point of [0,1]¢ which is closest to .
Extend the definition of f onto R? by letting f(z) = f(zg), for every z € R\ [0, 1]%. It
is easy to see that this way we obtain a continuous MISV function defined on R?¢. We
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will still consider only points of E}L and E}"S in [0, 1]¢, but this extension will make our

calculations easier in case of some parallelepipeds are not entirely in [0, 1]%.
Without limiting generality we can also assume that

(13) 0< f<1.

Let h € (0,1). We would like to verify that dimgy E;L’S <d—-1+h+eforalle>D0.
Suppose that € and 6 > 0 are given.

Consider now x € E?’S. By Remark 3 we can select a sequence y(n,z) — = (where
y(n,z) € [0,1]%) such that

(14) f(x) = fly(n, 2))| > o = y(n,2)"*.
We choose j(n,z) € NU {0} as the unique integer such that
(15) 2791 < |y — y(n, 2)| < 2790

and we denote by Un . = Ujmna), (ki (n,2),....ka(n)) the unique cube of generation j(n, )
such that = € Uj(ne), (k1 (n,2),....ka(nz))- BY applying Lemma 11, we select the cube Uy, , in
the neighborhood of U, , defined as

UT/L,{L‘ = Vjn,a),(ky (n,x),.... K, (n,x)) € N(Un,x)
such that (12) holds with the integer parameters equal to j(n,x), k}(n,z), ..., k) (n, ).

If we denote by V,, , the cube concentric with U], , but of side length 3 - 2797 " then it
is clear that x € V,, ;. Therefore, E}l’g C Uer?,g V-

For each x € E;}’S, we fix an integer n(z) such that

(16) if j(2)&j(n(x),2), then 279® < §/(4M),

where M is some positive constant that will be fixed later.
Given UT/@(

xz)x’ — - L reaee e e X ), (R(T ),

() + 2kg(z) +1)277@ = Ki(n(z),z)277@ for i =1,...,d — 1

)
(ks
and

k()27 = K (n(z), z)277@.
This implies that U] ( and P, share a diagonal with endpoints (see Figures 2 and 3
for the illustrations)

),x

A = ((El(x) + 2ka(x) + 1), ooy (Faoa (2) + 2ka(2) + 1),@(95)) L 9—i(@)
= (k{(n(z),2), ..., kj(n(z),z)) - 277,
and B, = ((E1 (z) 4 2kq(z) +2), ..., (ka_1(x) + 2kg(x) + 2), (kg(x) + 1)) . 9—i()
= ((K(n(x),2) + 1), ..., (Ky(n(z),z) + 1)) - 277

By (14), (15) and the choice of U}, , (especially by (12)), we have

,T

L @) = fy),o)] @@
- d+1 T
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FIGURE 3. Illustration of the relative location of z, U’ Vi(a),e, Pr and 139C

n(z),x’

I/B\y the partial monotonicity of the MISV function f, analogously to (12), for any z’ €
Ui(a), (o), Fas (@) WE have
Fa’ + (ka(e) +1)277Dw) = f(a’ + ka(2)27Pw) > f(B.) = f(As)
(Q—j(x)—l)thé
d+1
Observe that there exists a constant M (independent of the dimension d and the

integers j and k;) such that if ﬁm denotes the parallelepiped concentric with P, but of

sidelengths M times that of P,, then x € V(). C ﬁx (see Figure 3). This constant M
is the constant that we use in equation (16), and M is fixed now once for all. It is also

(18) >

clear that for the diameter of ]393 we have
(19) Py < M- |P| <4-M-277® <,
Let us introduce the projection 7, : R? — R? in the direction of w onto the hyperplane
{(z1, ..., 2q-1,0) : (21, ...,2q_1) € R},

that is, if a point y € R? is written in the form y = (21, ..., z4_1,0) + tw for some t € R,
then m,(y) = (z1, ..., z4_1,0). Remark that we have 7, ([0, 1]%) = [-2,1]¢7! x {0}.

Since the parallelepipeds {Px}erh,g form a nested family, we can select a non-
f

overlapping system of them, that we denote by { P(™},,>;. By construction, the { P™},
form a J-cover of E]’Z’S.

For each x € E}“S, the parallelepiped P, is a subset of a P™ for a suitable (uniquely
determined) n. This property also implies that for every n, if P®™ denotes the M times
enlarged copy of P(™ then E;L’S C Unﬁ(”).

Now, set for every integer n > 1

Xn(xl) "‘7xd—1) - {

1 if (21, ..., 24-1,0) € mu(P™),
0 otherwise.

Each P(™ equals a suitable P, ), for some z(n) € E}L’S. Denote the integer j(z(n)) by
4 Tt is clear that the diameter of P satisfies

(20) 1P| < 4.279".
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We introduce the following auxiliary function F': R%~! — R, defined by

F(21,0%a1) = 3 Xal@1, oo wg) - (27770,

n>1
Lemma 12. For every (z1,...,7q_1) € R 0 < F(zy,...,24.1) < (d+ 1)2F=.

Pmﬁf. Fix (21, ...,74-1) € R?71. Recall that for every integer n, P = P,(,). By (17)
we have
(2—j(”)—1)h+€

(21) f(B:c(n)) - f(AI(”)) > d+1

It is also clear that if y,,(z1,...,24-1) = 1, then the straight line {(x1,...,x4-1,0) + tw :
t € R} intersects P™ in a segment of the form

Sn(a:l? "'7$d71) = {(1‘1, ...,l’d,hO) + tw : k(")2*j<n) <t< (k(n) + 1)27]'(")}

for some integer k(™. Then, from (18) and (21) we deduce that

(22) (1, 0) + 60+ 1275 w) = f (@1, 201,0) + K027 w0)
(2—j(")—1)h+e

> [ (Buw) = [ (Aui) > S

Since the P™ parallelepipeds are non-overlapping, the segments S, (1, ...,74_1) are
also non-overlapping. Hence, by the partial monotonicity of f, by (13) and by (22) we
have

F(ZL‘l, ceny ZL‘d_l) S Z (Q_j(n>)h+6

n:Sp(x1,...,x4—1) exists

< @02t S (f(Baw) = S ()
n:Sn(x1,...,x4—1) exists
< (@12 Y [f((xl,...,xd_l,O)Jr(k;(”) +1)2—J’“”w)
n:Sp(x1,...,x4—1) exists
—f<(l’1, o Td1,0) + k(n)Tj(n)wﬂ
< (d+ 1)2h+6(f((x1, @1, 0) £ 1 w) — F(@1, s a1, 0) + 0 - w))
< (d+1)2"(f(1,1,...,1) = £(0,0,...,0)) = (d + 1)2"*=.

Since by Lemma 12, F' is bounded, we have

/ F(LCl, ceey l’dfl)dl'l cee diL’d,l S C .= 3d71<d —+ 1)2h+€.
[_271]:171
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Moreover, by the definition of the parallelepipeds, for every integer n, x,(z1, ..., 24-1) =
1 on a (d — 1)-dimensional cube of sidelength 27", Hence

C Z / F(:El;---yxd—l)dxl"'dxd—l
[,2,1]d—1
- Z/ Xn(Z1, s $d—1)(2_j(n)>h+€ dry---drg
n>1 [_271]d—1

_ Z(Q—j("))d—lﬁ-h—ka.
n>1
Then, (20) implies that >, o, [P™|471h+ converges. Subsequently, using the equiva-
lence between the diameters of P®™ and P, we obtain that S |[PMdlhte con
verges. Since {ﬁ(”)}nzl forms a d-cover of E;L’S, we deduce that the (d—14+h+¢e)-
dimensional Hausdorff measure H? 1€ of E?’S is finite.

Therefore, dimH(Ejfé) <d—1+h+eforall e > 0. Letting ¢ tend to zero we obtain
Theorem 5.

4. LOWER BOUND FOR THE SPECTRUM OF GENERIC FUNCTIONS IN M?

We now prove Theorem 6. The argument is reduced to the one-dimensional case. One
can choose, say, the first coordinate, and use perturbation functions which are constant
in the direction of the other coordinates.

For every | € N, we will use the function v, : [0,1] — [0, 1] defined as follows (see
Figure 4):
e For every integer j = 0,...,2° — 1, if z; € [j277,(j + 1)27F — 2*14), we set

n(zr) = j275,

o (1) =27,

e On the intervals ((j +1)27% — 27 (j +1)27%), we define 7, so that it is linear
on these intervals.

These functions «; are continuous, changing from 0 to 27!, but are strictly increasing
only on the 2 many very small, uniformly distributed, intervals of length 27",

We select a countable dense set of functions {f,, : m = 1,2,...} in M9 We will
perturb these functions f,, using the “perturbation functions”

(23) g(x1, . xq) = l(21).

Definition 13. For every integer n, we define the dense open sets

[e.e]

R, = U B(fm +§m+mpm+n>7

m=1

where p,, = 2*”8, and finally the dense Gy set

R = ﬁ R
n=1



GENERIC MULTIFRACTAL PROPERTIES OF FUNCTIONS MONOTONE IN SEVERAL VARIABLE$

| .
Py POy
A4 d

oz 12
0 j2 G2 1
U
G+1)2° -2

FI1GURE 4. Illustration of the graph of the functions 7,

We need to verify that for all f € R the conclusion of Theorem 6 holds. We will
construct, for every h € [0, 1), a Cantor set F}, of dimension d — 1+ h which consists of
points where the pointwise Holder exponent for f equals h.

Suppose f € R. Then there exists a sequence of integers (m,),>1 such that f belongs
t0 B(fim, + Jm, +ns Pmn+n) for every integer n.
We will select a subsequence {, = m,,, + n; and will use the notation

(24) Ok = frngs Il = G 4y
and the fact that

(25) f € B+ gy, p,) forall k=1, ....
?or)every integer k > 1, we set the constants

26

Dy = 20 o= () +1k=2 1 and for all 0 < h < 1, Dy, = 2007 27 ()" )52 1,
We suppose that the subsequence ny is chosen so that for all integers k£ > 2 with

lp = my,, + ni we have

27 > 25, () + k41 < (1), 270011 5 100 . 2= ()’

and

(28) Dy Dpq>27"

Suppose 0 < h < 1. We define the compact set [}, 5, as the union of the intervals

1

_2—<<zk>2+zk>ﬂ _

Fhp= U [(] + 1)2-(%)2 _ 2_((lk)2+lk)%’ (G + 1)2_(lk)2 -3

j=0,...,208)* —1
For h = 0 we use the set Iy

_ : —UR)? _ o () HE [ —w)? _ Lo () ik
Fe= | [(3+1)2 * = g Wk (4 1)gm 00" — gl k]

§=0,....20% 1
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Proposition 14. Suppose 0 < h < 1 is fized. Set ky, = [1/h] + 1 and

For every x = (x4, ..., xq) € Fj, := F, x [0,1]%L, we have h¢(z) < h.

Proof. Observe that if k > kj,, then 1/h < k and Dy < Dy .
Suppose that © = (21, ..., 24) € F,. Then there exists j € {0,...,20+)° — 1} such that
Lo@nt]

(29) o€ |(G+ 1270 =2 WHE (G4 )2~ — 2

By (27), we also have
1 2,11
C 12 @) o=t S (5 4 1)2~ W) Zo— (k) k),
G+1) G+1 5 :
and hence v, ((j + 1)2-®)%) — 5, (z1) > 27)*+%) | From (23) the monotonicity of ¢
(defined by (24)), we deduce that
(6 + g0,) (G + 127 2y, 2g) — (dr + g, ) (@1, T2, oy wg) > 2707k,
Combining (25) and the fact that p, = 27™)° it follows that

f((7+ 1)2_(lk)2,x2, o g) — f(x1, 20y oy g) > (P +91,)((F + 1)2_(lk)2, Ty .y Tq)

—(or + glk)($1>$2> ey Tq) — 2py,,
2(—(lk)2+lk) _ 2—(lk)8+1

>
> 2(*(lk)2+lk)*1_

By (29) we have
(7 + 1)2_(lk)2,x2, e g) — (21,20, ..., xq)| < 9= (W) +1)5,

and hence
FGAD27 W gy ag)— fay, T, .y g) > %|((j+1)2_(lk)2,x2, oy )= (1, o, oy )|
Since this holds for all k£ and [/, — oo, we deduce that h¢(zy,...,24) < h. O
Proposition 15. Let
Fy = ﬂ Fo k.
k>3

For every x = (21, ..., 24) € Fy := Fy x [0,1]47, we have hy(z) = 0.
Subsequently, dimy EY = {x : hy(x) =0} =d — 1.

Proof. By (27), Fy is non-empty and it is easy to see that it has the cardinality of the
continuum (it has the structure of a Cantor set).
Fix x = (x4, ...,24) € Fy, and k > 3. There exists j € {0, oy 20 1} such that

(30) x € [(j+ 1)2-(%)2 _ 9= (k)*+l)k (G + 1)2_(lk)2 — 12_((lk)2+lk)k]
Y 2 Y
and as above, by (27), we have

(j + 1)2*(%)2 _ o)t S (j + 1)2*(%)2 _ %2((lk)2+lk)k_
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Hence 7, ((j + 1)2-®)%) — 5, (21) > 27 (&)%) Similarly to the case 0 < h < 1, we can
deduce that

flG+ 1)2_”’“)2,:@, e q) — f(1, 29, .y xg) > (=(l)*+l) =1,
By (30), we have
’((] + 1)2_(lk)2ax27 "'7$d) - (xlwr?a .-.,.Td)l S 2_((Zk)2+lk)k7

which implies that

. _ 1, . _
f((j+1)2 (l’“)Q,xQ,...,a:d)—f(xl,:zzg,...,xd) > 5]((]4—1)2 (l’“)2,w2,...,md)—(azl,xz,...,xd)\l/’“.

Since this holds for all integers k£ and for the increasing sequence of integers [, we
conclude that hy(xq,...,zq4) = 0.

We just proved that Fj is non-empty. Hence, using the fact that ﬁg is a product set,
dimpg ﬁo > d — 1+ dimg Fy. Obviously fo C EY, and we know by Theorem 5 that
dimpy By < d — 1. We deduce that dimy Ef = d — 1. O

Proposition 16. Suppose 0 < h <1 is fized. Then dimy F, > h.
This impliej that dimgy Fy, > d — 1 + h. More precisely there exists a measure fiy,
supported by Fy, which satisfies (8) with s =d — 1+ h.

Proof. We want to apply the Mass Distribution Theorem 9. For this we are going to
construct iteratively a measure u;, supported by Fj, and then by taking the product of
i, with the d — 1-dimensional Lebesgue measure, we will obtain jiy,.

The set Fj,j, consists of 20k,)* many equally spaced intervals. We start by defining

a measure p by assigning a weight 2~ )% t0 each such interval (uniformly distributed
in each interval). These component intervals are of length

(31) 9~ () iy ) =1 9= (i) * Hiy Jhn=1 5 10 . 9~ (1)

where the last inequality holds due to (27).

Then, using a very standard construction, the mass distribution pu;, is constructed
iteratively as follows: assume for k > kj, that a mass distribution pf is uniformly
distributed on some of the intervals of [}, ;, namely, on those intervals which belong
to the intervals in F} ;_i, selected at the previous step. Then we define the measure
;/fl“ as the measure supported by the intervals of Fj, 4, included in the support of
pk and such that the weight of each interval I in Fj,; included in the support of puf
is divided equally on those component intervals of Fj, 11 which are included in I. It
is very classical that the sequence of measures (uf)>p, weakly converges to a Borel
probability measure .

As a particular property, this measure f, assigns to each interval I € F}, ;, appearing

along the construction the same mass as uf does: for every I € Fy, i, un(I) = pi(I).

Using (31), the number of Fj, 4, +1 intervals in a component interval of Fj, j, is larger
than 2(1’%“)2%2*((1’%)2“%)%*1. Hence, if Iy, 11 is such an interval, then, using (28) and

(26), we find that

pn (T 41) < 9= (Ui +1)? 9k, )P +1ry, ) 3 +29= (U, )? ST(Z’Wﬁl)QDi;ih

< 2—(lkh+1)2Dk—1 ... DTl < 9= (U, +1)%Hiy, 41
h
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By induction, one easily sees that for k > &y, if I;; is a component interval of Fj, j, and
Ity is the unique component interval in F}, ,_; containing I, then the same properties

as just

fin(1r)

above hold:
< 2*(11«)22((11@ 1) +—1)+ ﬂ ([k 1)
< 27(lk)22((lk71)2+lk71)ﬁ+22* le—1)? DI;—IQ L D;l < 2*(lk)2Dk L D < 92~ (Ix)? e

Let us prove now formula (8) for x4 with s = h.

Let ;1 € F}, and suppose that r < 2~ (,+1)°  Consider the unique integer k such that

(32)

2~ ()2 +Hg) +—1 <r< 2_((lk71) "Flk—l)ﬁ_l‘

We separate two cases.

o If 27 (W)™ +)5—1 < < 9-U0)* then B(xy,r) can intersect no more than three

(33)

pn(B(w,1)) < 3pn (L1 (21))

component intervals of level k. Hence by (32),

log pun(B(x1,7)) _ log(3 -2~ (W*1)
logr log( ((Ix)? -Hk)%—l)’

which converges to h when k tends to infinity.

If 2700 < p < 27((=)*+-03 =1 then denote by I;_i(z1) and Ii(z;) the
(unique) component intervals of Fj, ;1 and Fjj containing x;. Each interval
of the form [j2-)° (j 4 1)27)°] € I;_1(x1) contains exactly one component
interval of Fj ;. The weight of Iy_;(z1) is uniformly distributed among the
equally spaced intervals of Fj ;. Taking into account some possible extra in-
tersection at the boundary of B(z,r) the proportional py, measure of B(x,r) is

not exceeding 3 - L(T)')' times the measure of Ij_1(x1). Subsequently,

2r 6 g g o) B L
[Lr—1(z1)| —
Therefore,

log pn(B(z, 7)) logr +1og6 + (=(k-1)® 4+ a4+ ((e-1)® + le1) 3 4+ 1) log 2

log r - log r
> 1 1 10g6 —(lkfl)g + lk71 + ((lk,1)2 + lkfl)% + 1
- logr ~((lh=1)? + lymr)g — 1
log 6 —(lk-1)* + I
> 1+ + (— 1+
(—((lg—1)? + lk,l)% —1)log2 —((lg—1)%* + lk,l)% -1

which converges to h when £ tends to infinity.

From the above two cases we deduce that necessarily liminf, o, logun(B@ir) > p gt

logr

all points of Fj,. }’heorem 9 implies that dimy £} > h. In addition, we obtain that for
every point x € Fj,, we have

lim inf 10g :uh(B((wla ey ‘Td)? T))
r—0+ log r

>d—1+h,

where fi;, :== pp X Ag_1 and \g_1 stands for the d — 1-dimensional Lebesgue measure on

[0’ 1]d71

. Hence, using again Theorem 9,

dimy F, >d—1+h

).
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and the local dimension of i, at any point of its support is larger than d — 1+ h. 0O
Proposition 17. If f € R, then for all0 < h <1 we have dimpy E}L =d—1+h.
Proof. From Propositions 14 and 16, we deduce that
in(ElS) = (o) = 1.
By definition of E}L’S, we have
B = b\

n>1

Using Theorem 5 and the upper bound (4), for every n > 1, dimpg Eh s < g1+

—1/n <d—14 h. By Theorem 9, one necessarily has uh(Eh 1/m <) = 0. We deduce

that h h 1 <
i (E}) > fn(E; Zﬂh M=y > 1.

n>1

Since i, has dimension d — 1 + h, we conclude that dimg E}” >d—1+h.

For h = 1, the same argument using the d-dimensional Lebesgue measure instead of
fin applies, and we obtain that dimpy £} > d and A\(E}) = 1. O

We finish the proof of Theorem 6 with the following proposition.
Proposition 18. If f € R, then for all h > 1, the sets E;} are empty.

Proof. 1t is sufficient to verify that, taking any x = (x1,...,24) € [0,1]%, if we keep
(22, ..., zq) fixed and consider the function fi(t) = f(t,x, ..., zq4), then E} = 0.

Proceeding towards a contradiction suppose that h = hy, (z1) > 1. Then there exist
a real number m and a constant C' such that, when t is close enough to x1,

(34) f1(t) = fi(@1) —m(t — 21)| < CJt — ay[*00D 7
where ¢ is chosen so that min(h,2) —e > 1.
Recall (25), and choose the integer j such that z; € [j20)° (5 +1)2-®)*]. Without

limiting generality, one can assume that j < 2l)* _ 9.
Using the definition of 7, , the piecewise monotonicity of ¢ and (25), one sees that

A(G+2)27W%) = fi((G+2)27 W — o=@y > 9=t~ _ 9y — 9=k _ 9. 9=k
(35) > ()=l
Using twice (34) with ¢ = (j +2)2-®)” and ¢ = (j + 2)2-®)* — 2-)" e should have
‘fl((j + 2)2_(lk)2) — (G + 2)2_(lk) _ 2—(lk)4)
A(G+2)270%) = fi(21) = m((j +2)27 " - m\

H fi(wr) = fu((G+2)270 = 27%) —m(ay — (( +2)27®° —27%)))
+m2
< O +2)2 W gy iD= L Oz, — (4 2)2- 07 — 9=y minh2)—e | o= (i)’
< 2. omin(h2)—ecn—( ()2 (min(h,2) ) | o—(k)*
This contradicts (35) when [, is large. 0

IN
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5. STUDY OF THE LEVEL SETS OF GENERIC FUNCTIONS IN MY

The following extension lemma is quite simple, but a little caution is needed since in
general it is not true that if K C [0,1]¢ is compact and f is continuous MISV on K,
then we can extend f to obtain an MISV function in M. For instance, one can take K
as the union of four points in [0, 1] such that all of their coordinates are different. Then
any function defined on them is continuous MISV, since the functions f® (defined by
(1)) are defined at at most one point, and one can easily find examples when there is
no extension. The existence of a continuous MISV extension is easily proved when K
is a cartesian product.

Lemma 19. Suppose K; C [0, 1] is compact for alli=1,...,d, K = K; X ... x K; and
f: K — R is MISV and continuous. Then there exists an extension of f onto [0,1]¢,
still denoted by f which is also continuous MISV, and such that

dy __ .

(36) £(00.1]%) = [min f(z), ma f(x)].

Proof. First we show that for all : =1, ..., d, one can extend f onto
K(i)=K; x ... x K;_1 x[0,1] x Ki31 X ... x Ky

so that the extension is continuous MISV, and

(37 AU () C [min f(x), max £ (x).

By induction this clearly implies Lemma 19.

Without limiting generality, it is sufficient to show that one can extend f onto [0, 1] X
Ky x ... x K4. Let my :=min{t : t € K;}) and M; := max{t : t € K;}). Observe that
the complement of K in [my, M;] can be written as an at most countable disjoint union
of open intervals, that is, [mq, Mi]\ K1 = J,,(ax, b,), where for every n, the a,,b, € K;
and (an,b,) N K1 = (). Now, for any fixed (3, ...,4) € K3 X ... X Ky, we set

( f(my, xa, ..., 2q) if 0 <t <my,
f(t,x, ..., xq) ift € Ky,

ft,za, oy xa) = S Vf(an, T2, ooy xg) + (1 — ) f(bny s oy wg) it =a, + (1 —7)b,
for some v € (0,1),
(M, 9, ..y 2q) if M <t<1.

Essentially, f is extended outside K; by using affine interpolation. Clearly, f is mono-
tone in the first variable. Let us prove the monotonicity property in the other variables.
Let 7 > 1.

o If x1 = va, + (1 — )b, where v € (0,1). Assume that z; < 2 and (zy, ..., z4)
and (1, ..., i1, &}, Tip1, ..., Tq) both belong to [0, 1] x Ky x ... X K4. Then
flxy, @iy, T iy, oy @g) = YV (A, Ty ooy Ty, Ty Tig 1y oy Tq)
+(1 =) f(bn, Ty ooy Ti1, Ty Tt 1y eey Tg)
< A (s Ty oy T 1, Ty T 1y ey T
H(1 =) (b, Ty ooy T 1, Ty Ti 1y ey L)
= (X1, ey Tio1, Ty Tig 1y oeey Tal)-

e The cases 0 < zy < min{t : t € K;} and max{t : t € K1} < x; < 1 are similar
and are left to the reader.



GENERIC MULTIFRACTAL PROPERTIES OF FUNCTIONS MONOTONE IN SEVERAL VARIABLES

Hence, f is MISV on [0, 1] X K5 X ... X K4. The continuity of f on [0, 1] x Ky X ... x K4 can
also be verified easily by using uniform continuity of f on K; and uniform continuity of

the projections.
O

We are now able to prove Theorem 7.

For every fixed n > 1, we select a countable dense family in M? consisting of functions
{fmn}oo_, satisfying the following:

e there exists a sequence (ly,n)m>1n>1 such that l,,, > m + n and the next
properties hold:
e for every j = (ji, ..., ja) € {0,...,2tmn — 1}4 for all
d
. A _ 2 . _ _ 2
i=1
we have fi, () = Ymn(j), that is, f,,, is constant and equal to the real number
ym,n<j) on Qm,n(])
e the real numbers (y,,,(4))), where m,n € N* and j € {0,...,2!=» — 1}4  are
pairwise distinct. In other words,

0 < dmn =min{|Ymn(i) = Ymn()| : 4,5 € {0,..., 2 — 134, 5 £ 5/}

The existence of this family is an exercise, left to the reader (the density follows from
the fact that we use the L> norm for continuous functions).

Remark 20. Observe that, due to the definition of @, (j), each function f,,, is
d

constant on the largest part of the cubes H [ji27'n (ji + 1)27"] (here, the notion
i=1
of "large” is understood with respect to the Lebesgue measure). More precisely, the
d

complement of @, ,(j) in the cube H [ji27'mn (js + 1)27' ] consists of less than

=1

9=lmn,n N d—1
2d- (H—)Q> many cubes of side length 2~ (mnn)*,
Set
Pmn = min{2_(lm,n)2, dm,n}a L:n = U B(fm,’rw pm,n) and L = ﬂ En
m=1 ne1

Each L, is a dense open set, and L is a dense G set. We will prove Theorem 7 for
the functions in L .

Suppose f € L. By definition, for all n, there exists m,, such that f € B(f, n, Pmnn)-
Set

X, = U Quon(d), Xo=[0,1\X, and X, =] [ X..
j€{0,...,2!mn.n —1}d N=1n>N

The set Xy contains points  which belong to X,, for all n greater than some integer
N,, hence do not belong to any cube @, »(j), for any n > N, and any j.
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We also put

An = U (ymn,n(]) - pmn,naymn,n(j) +pmn,n) and Af = ﬂ U An

{0,...,2!mn.n _1}d N=1n>N

The set Ay contains those real numbers a which satisfy |a — Y, n(J)| < pmnn for an
infinite number of integers n.

Lemma 21. dimy Xy < d —1 and dimy Ay = 0.

B d—1
Proof. Using Remark 20, the set X,, is covered by 2¢lmnn . 2 . (%) cubes

2—(mp,n)
of side length 2-(m»)°  Hence, for any ¢ > 0, the (d — 1 + ¢)-dimensional Hausdorff
measure of X,, is bounded from above by

i 2_lmn,n d—1 i
Cd Z <2dlmn,n . 9d - (2_(lmn e ) )2—(lmn,n)2(d—1+£) < C’d2d Z 2lmn,n2_€(lmn,n)2.
n=1

Obviously, this sum converges for every € > 0, and tends to zero when n converges to
infinity.

Remark that for every N > 1, (), -y X, is obviously covered by any X,, n > N.
From this we deduce that for every e >0and N > 1, dimy ﬂn>N X, <d—1+¢ Asa
countable union of such sets, dimy X; < d — 1+ ¢, holds for every € > 0. We conclude
that dimpy (Xy) <d— 1.

Let us now bound from above the dimension of A;. The sets A, can be covered by
2bmnnd many intervals of length 2py,, , < 2-2-(Umnn)® Remarking that for every N > 1,

the union |, v A, is a cover of Ay, and using this union to cover Ay, for all € > 0, the
e-dimensional Hausdorff measure of Ay is bounded from above by

[o¢]
_ 2
2€ Z 2dlmn,n2 (I ,m) E’
n>N
which is the tail of a convergent series. This implies that dimy Ay < 0.

Obviously Ay is uncountable and hence non-empty. This implies that dimy Ay =
0. OJ

Lemma 22. For alla € (f(0,...,0), f(1,...,1)) \ Ay, the level set L¢(a) (defined by (5))
is included in Xy. In particular, dimyg Xy = d — 1.

Proof. Let a € (f(0,...,0), f(1,...,1)) \ Ay. There exists N, such that a ¢ A, for alln >
N,. Since f(X,) C A, we have L;(a) C [0,1]9\ X,, = X,, for all n > N,. Subsequently,
L¢(a) C Xy. In the introduction, we explained that if a € (f(0,...,0), f(1,...,1)), then

dimpy Ly(a) is necessarily greater than d — 1. We obtain finally that dimpy(X;) =
d—1. U

Finally, we consider the level sets Lf(a) when a belongs to Ay.
Lemma 23. For alla € Ay, the level set L;(a) contains at most one point in [0, 1]\ X .

Proof. We are interested in the intersection of L¢(a) and the complement of X;. We
need to consider the possible intersection between L¢(a) and the cubes Qy,, (7). By def-
inition of Ay, there exists an infinite sequence of integers ny, such that |a—y,,, (j#)n,| <

P,y for some j* = (57,...,55) € {0,1, ..., 2lmneme — 134, This j* is necessarily unique
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since the Y, (j)n, J € {0,1,..., 2" — 134 are distinct and P, i as been chosen
small enough. Therefore, Ly(a) can intersect at most one Qm,, n,(j). This holds for
an infinite sequence of integers ny. Since the diameters of these sets Qp,, n, (j) tend to
zero as ny, — 00, the level set L;(a) can have at most one point in [0, 1]\ X;. O

6. GENERIC NOWHERE MONOTONICITY IN THE DIRECTIONS NOT IN Ri U Ri
Finally, we turn to the proof of Theorem 8.

Proof. Suppose that {f,,}°2, is a countable dense family in M9
We select a sequence (p)nen = ((P1.n, -+, Pan) Jnen in (0, 1) such that every (qy, ..., qa) €
(0,1)? with rational coordinates appears in the sequence (p,),ey infinitely often.

For every integer n > 1, we define p, := max;c(i,... a} Pin-

For every integers m > 1 and n > 1, we set 7,,, = 1/(m +n) > 0.

By uniform continuity of f,, one can choose 7., ,, > 0 such that 7/, , < min{1/(m +
n),1—p,} and if z, 2" € [0,1]%, |z — 2’| <7}, , then ’

(38) | fo(@) = fu(2")| < Timn/3.
Finally, for every integer n > 1, we set
(39) Nmn = N/ 1 > 0.

Definition 24. For i € {1, ...,d}, we introduce the function h,,,; € M% as follows:
o If 0 < ux; <p;, then set hy,pi(21, ..., 2q) = 0,
o if piy + N < 2 <1 then set Ay, pi(21, ..., %) = Tmn = 1/ (M +n),
® Npn, is linear on the set {(x1,...,24) : Din < T < Din + Pinn -

d
For every integers m and n, we set hy,,, = Z hnmi and frn = fr + B
i=1
Obviously, for every m and n, for every (z1,xs,...,24) € (0,1)¢, and for every i €
{1, ...,d}, we have
(40) hm,n,i(wla ceny xi—lapi,n + 77m,m Lit1y eey (L’d) — hm,n,i(l‘ly ceey xi—lypi,nv Lig 1y -eey ZEd>

>1/(m+n)=rmpn.
We set pmn = Tmn/9.

Definition 25. We introduce the sets G,, = U B(fmns Pmn) and G = ﬂ Gn.
m=1 n=1

Obviously, G, is dense open and hence G is residual in M¢?. We will prove Theorem
& for the functions in G.

Suppose that f € G, 1 = (I1,....lq) € RLUR?L, b = (by,...,by) € R? are given, and
assume that there is a non-empty open interval (o, 3) such that It +b € [0,1]? for
t € (a, ). We are going to study the (non-)monotonicity properties of the function
gite (a,8) — glt) = (Ut +1).

Since [ ¢ RZUR? choose a coordinate, say 4, such that [; < 0 and another coordinate
7' such that [, > 0.

Set Tj; = max{l;/|l;| : j = 1,...,d}. We select a real number ¢; € («, 3) such that
lit; + b; = q;, for some rational number ¢; € Q N [0,1]. For j # i, we also select
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¢; € QN (0,1) with ¢; # ¢;, q; # ;t; +b;. Keeping in mind that I; < 0, we suppose that
a sufficiently large integer Ny > T;; is selected such that

1
(41) lt+be [0, 1]d for every t € |:t1 + m,tl] C (Oé,ﬂ),

0li

. 1
(42) Lit+b; ¢ [Qj, q; + NLO} for 7 # ¢ and for every t € [ti + m,ti].
Observe that (42) implies that
1
(43) Ripn,j s constant on [ti + —,ti], for j # 1.
210, NOZ,L

From Ny > T;; and (39), it follows that for every integer n > Ny, we have

b

[ S T’L,inm,n < n;n,n
i

*Nmn

Hence

(44) ’(l (t:+ 177”) +b) - (it + b)‘ <

since we use the sup norm in R%.
Since f € G, we can choose two integers m,n such that :
e n > Ny, which implies that n],,, < rm,, =1/(m+n) < 1/N,
® pn,=q;forevery j=1,....d, 7
. f € B(fm,mpm,n)-
Since f € B(fmn, Pmn), We have

g(ti + 77rln_ln> —g(t;) = f(i(tz + 777”) —I—b) - f(ltz +[_?>

2

> foun (1t + ) +8) = fon (184 5) = 2000

Then, by (38) and (44), we have

g(t+2) =gt = A (L(t+ 2 ) +0) = o (8 +5) — 22 = 20,0,

Li
N Nim,n

Z Tm.n 3 - 2pm,n > 5pm,n > 0.

where (43) and (40) have also been used to obtain the last two lines of the above
displayed formula.

This implies that g cannot be monotone increasing on (a, 3) D [t; + "Tl”i’" il

A similar argument used for the coordinate i’ can show that ¢ cannot be monotone
decreasing on (a, (3) either. O
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