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Abstract

We give a survey of some L1 open problems in Ergodic Theory
that we hope will also be readable to people who are not necessarily
experts in this field. Some emphasis is put on past and recent results
on the return times theorem and the recently solved (L1, L1) problem.
Part of this paper was presented in a series of three talks by the second
author at the 32nd Winter School on Abstract Analysis, 2004 January.

1 Irrational Rotations

In his talk at this same Winter School D. Fremlin talked about equidis-
tributed sequences. For a sequence (xn) the arithmetic average An(f) =
1
n

∑n

k=1 f(xk) was considered and it was investigated whether An(f) con-
verges to

∫

f. The most common source of these sequences is coming from
Ergodic Theory. One considers xn = x+nα modulo 1 and it is a consequence
of Birkhoff’s Ergodic Theorem that for any irrational α for (Lebesgue) al-
most every x the sequence An(f) converges almost everywhere to

∫

f. That
is, using the notation T for the unit circle and considering the transformation
T : T → T, with T (x) = x + α we have An(f)(x) = 1

n

∑n

k=1 f(T kx) →
∫

T
f

when f ∈ L1(T).
If we do not assume that f ∈ L1(T) strange things can happen. From

the main result of [15] it follows that if α and β are independent over the
rationals, T (x) = x+α and S(x) = x+β on T then there exists a measurable
f : T → R for which 1

n

∑n

k=1 f(T kx) → 1, and 1
n

∑n

k=1 f(Skx) → 0 for almost
every x ∈ T. Of course, if f ∈ L1 this cannot happen, since both limits should
equal the integral of f .

This leads to the question asked during the problem session of this Winter
School by the second author. Assume that f is a measurable real function
defined on the unit circle, T. The rotation set of f is

Rf = {α ∈ T :
1

n

n
∑

k=1

f(x + kα) converges almost everywhere}.

By Birkhoff’s ergodic theorem if f ∈ L1(T) then Rf equals T. It is shown in
[14] that if Rf is of positive Lebesgue measure then f ∈ L1(T) and hence Rf =
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T, on the other hand given a sequence of rationally independent irrationals
one can find f 6∈ L1(T) such that Rf contains this sequence. Hence Rf can
be dense for a non-L1 function. In [29] it was shown that there exists non-
integrable f for which Rf is c-dense. This means that Rf is of cardinality
continuum in every non-empty open interval.

Nothing is known about the possible Hausdorff dimension of Rf for a non-
L1 function. If one can show that dimH(Rf ) > 0 for a measurable f 6∈ L1(T)
then the second author offers a prize of one bottle of Hungarian wine (Egri
bikavér). For an example with dimH(Rf ) = 1 two bottles are offered. For a
“complete characterization” of Rf three bottles are offered. (In case at some
of the Czech conferences Hungarian wine needs to be converted into Czech
beer there is an exchange rate of 1 bottle of wine = 3 beers.)

The above results show that in Ergodic Theory the big difference is be-
tween the class of L1 functions and non-L1 ones.

In the sequel we will see that sometimes even the L1 functions are bad.

2 Classical Results everyone should know

The first important tool is the Banach-principle, see [17] and Chapter V of
[23].

We assume that (Ω,B, µ) is a probability space, and µ is a non atomic
measure. We will use the notation L(Ω)( 6= L1(Ω)) for the linear space of
equivalence classes of measurable real functions on Ω, this class should not
be confused with L1(Ω).

Assume that (S, ρ) is a metric space.

Definition 1. We say that the operator A : S → L(X) is continuous in
measure if whenever the sequence γi ∈ S satisfies limi→∞ ρ(γi, γ) = 0 for a
γ ∈ S then for all ε > 0 we have limi→∞ µ{x : |Aγi(x) − Aγ(x)| ≥ ε} = 0.

Given An : S → L(X) we denote the corresponding maximal operator by
A∗γ(x) = sup{|Anγ(x)| : n ∈ N}.

Theorem 1. (Banach Principle) Suppose S is a Banach space in the norm
||.||, and An : S → L(X) is a sequence of linear maps which are continuous
in measure. Assume that for all f ∈ S,

A∗f(x) = sup
n

|Anf(x)| is finite µ-almost everywhere. (1)
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Then the set of functions f ∈ S such that limn→∞ Anf(x) exists µ-almost
everywhere forms a norm-closed subspace of S.

There are many applications of this principle outside Ergodic Theory but
to understand the way it is used in Ergodic Theory one should think for
example of S = Lp(Ω) and assume that T : Ω → Ω is a measure preserving
transformation. Then consider the operator Anf = 1

N

∑N

1 f(T nx). It is
not difficult to verify that An is continuous in measure. To verify almost
everywhere convergence is usually a difficult task. By using the Banach
principle this task can be split into two parts. First one shows that a maximal
inequality, (1) holds and then it is enough to verify convergence of An for a
dense set in Lp, say for continuous, or for bounded functions.

Therefore, we have sufficient motivation for studying maximal inequali-
ties. Next we recall the Stein-Sawyer result about maximal inequalities of
weak type see [26], [27].

We work again in a probability space (Ω,B, µ) and our sequence of oper-
ators is An : Lp(Ω) → L(Ω). We again assume that each An is continuous in
measure which in this special case means that from ||fi − f ||p → 0 it follows
that Anfi(x) → Anf(x) in measure. We use the notation for the maximal
operator A∗f(x) = A∗(x, f) = supn |Anf(x)| for f ∈ Lp(Ω).

Assume that T is a measure preserving transformation of Ω. The sequence
An commutes with T as for each n we have An(f ◦ T )(x) = An(f, Tx), µ
almost everywhere. This means in particular that A∗(Tx, f) ≤ A∗(x, f(Tx))
µ almost everywhere for all f ∈ Lp(Ω).

Assume T is a collection of measure preserving transformations on Ω.
The set X ⊂ Ω is fixed by T if for all T ∈ T we have X = T−1(X). We say
that T is an ergodic family on Ω when from X ⊂ Ω is fixed by T it follows
that µ(X) = 0, or µ(X) = 1. The sequence of operators (An) is distributive
if each An commutes with every member of some ergodic family on Ω.

To think of an example one can take a sequence of operators commuting
with one fixed ergodic transformation, T on Ω. To be more specific if T is
ergodic then An(f) = 1

n

∑n
k=1 f(T kx) is a distributive sequence.

Now the first important result in [26] is the following.

Theorem 2. Let (An) be a distributive sequence of linear operators on Lp(Ω),
where each An is continuous in measure and maps Lp(Ω) to L(Ω). If 1 ≤
p ≤ 2, and A∗f(x) = supn |Anf(x)| is finite µ almost everywhere for all
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f ∈ Lp(Ω) then there exists a constant C such that

µ{x : A∗f(x) ≥ λ} ≤
C

λp

∫

Ω

|f(x)|pdµ(x) (2)

for all f ∈ Lp(Ω) and λ > 0.

If (2) holds then A∗ is of weak type (p, p).

Corollary 3. Let (An) be a distributive sequence of continuous linear trans-
formations on Lp(Ω), where 1 ≤ p ≤ 2. Then, either A∗ is of weak type
(p, p), or A∗f(x) = ∞, µ almost everywhere for all f ∈ Lp(Ω) with the
possible exception of a set which is of the first Baire category in Lp(Ω).

Corollary 4. Let An be as above with the additional assumption that
limn→∞ Anf(x) exists µ almost everywhere for all f in a dense subset of
Lp(Ω). Then A∗ is of weak type (p, p) if and only if limn→∞ Anf(x) exists µ
almost everywhere for all f ∈ Lp(Ω).

This corollary can be used the following way: we know convergence for a
nice set of functions, like bounded, or continuous functions plus we know that
the maximal operator A∗ is of weak type (p, p). Then we have convergence
almost everywhere for all functions.

In the earlier theorem and corollary the assumption 1 ≤ p ≤ 2 is needed
by a counterexample of Stein. However, if the sequence An is nonnegative,
that is, f(x) ≥ 0 implies that Anf(x) ≥ 0 almost everywhere then the
following theorem holds.

Theorem 5. Let (An) be a distributive sequence of continuous in measure
nonnegative linear transformations of Lp(Ω) into L(Ω), and 1 ≤ p ≤ ∞.
Assume that A∗f(x) is finite µ almost everywhere for all f ∈ Lp(Ω). Then
for p < ∞, A∗ is of weak type (p, p) and there exists C such that ||A∗f ||∞ ≤
C · ||f ||∞ holds for all f ∈ L∞(Ω).

Ergodic averages, our standard example An, are nonnegative so Theorem
5 is applicable for them.

The third important classical tool is the Conze principle [16]. A rough
statement of this says that if a maximal inequality holds for one ergodic
dynamical system then it does for every dynamical system.

For a more precise statement of this important result let (Ω,B, µ, T ) be
a dynamical system and ν a probability measure on the integers, Z. Given a
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measurable function f , and an invertible measure preserving transformation
T we put νT f(x) =

∑∞
k=−∞ ν(k)f(T kx).

In case we consider the usual ergodic averages we can consider the se-
quence of measures for which νN(k) = 1

N
if 1 ≤ k ≤ N , νN (k) = 0 otherwise.

Then νT
N (x) = 1

N

∑N

k=1 f(T kx).

Theorem 6. Let (νN) be a sequence of probability measures on Z. Suppose
that for some ergodic T there is a universal constant C such that

µ{x : sup
N≥1

|νT
Nf(x)| > λ} ≤

C

λp
||f ||pp (3)

for all f ∈ Lp(Ω, µ). Then the same holds for any measure preserving trans-
formation S in place of T .

One of the cornerstones of the pointwise convergence in ergodic theory is
given by the following weak type (1, 1) inequality

Theorem 7. Let T be a measure preserving transformation on (Ω,B, µ) and
denote by A∗(f)(x) = supN≥1

1
N

∑N
n=1 |f(T nx)| the maximal function. Then

for all λ > 0 and all f ∈ L1(µ) we have

µ{x : A∗(f)(x) > λ} ≤
C

λ

∫

Ω

|f |dµ(x). (4)

The importance of L1 for this type of maximal operators is the fact that
most of the time they map L∞ functions to L∞ functions. This is the case of
the maximal function for the ergodic averages in Theorem 7. We clearly have
‖A∗(f)‖∞ ≤ ‖f‖∞. The importance of (4) is reflected in the possibility of
recapturing all intermediate weak type inequalities for A∗ in Lp for 1 ≤ p ≤ ∞
by interpolation methods.

3 Bourgain’s paper

The starting point of the paper containing the recent results discussed in
Section 4 is a paper by Bourgain [12]. Here we discuss the minimum amount
of results which are needed later.

We assume in this section that (Ω,B, µ, T ) is a dynamical system on a
probability space, and T is an automorphism, that is T and its inverse are
both measure preserving.
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Consider an increasing sequence of integers nk and the averages ANf(x) =
1
N

∑N
k=1 f(T nkx). We will talk then of the convergence of the ergodic averages

along the subsequence nk.
The first nontrivial result that started the study of the averages along

subsequences is the paper by A. Brunel and M. Keane [13].
Later Krengel [19] showed the surprising result that there are subse-

quences of integers that are universally bad for the pointwise ergodic the-
orem. This means that in any ergodic dynamical system one can find a
function f for which the averages along this subsequence do not converge
almost everywhere. Actually the bad function is the characteristic function
of a set of positive measure.

Then the natural question became the precise knowledge of the univer-
sally good subsequences and the bad ones. One of the first nonlinear sub-
sequence that one could naturally think of would be the squares and the
averages ANf(x) = 1

N

∑N
n=1 f(T n2

x), or for a more general case, n2 is re-
placed by a polynomial with integer coefficients. Observe that this operator
is again nonnegative, continuous in measure and, whenever T is ergodic, it
is distributive.

The main question discussed in [12] is the almost everywhere convergence
of ANf . Almost everywhere convergence was first established for f ∈ L2,
then later for f ∈ Lp when p > 1. The case p = 1 was left open and this
is a situation where the change is coming when we have p = 1. Originally
the second and third author of this paper had an attempt to settle this
problem but they did not succeed. Fortunately, after the first author had
learned about this attempt suggested to try to use its method on his counting
problem and we managed to solve that.

The second and the third listed authors also strongly hope that in 2004
in a forthcoming paper they will be able to show that there are L1 functions
for which we do not have almost everywhere convergence of ANf when the
squares are considered.

One of the key steps in Bourgain’s paper is again a maximal inequality.

Theorem 8. Let (Ω,B, µ, T ) be a dynamical system, p(x) a polynomial with
integer coefficients and ANf(x) = 1

N

∑N
n=1 f(T p(n)x). Then there is a maxi-

mal inequality
|| sup

N

|ANf | ||r ≤ C · ||f ||r

for f ∈ Lr(Ω, µ), r > 1. The constant C depends only on r > 1 and the
polynomial p(x). Moreover, ANf converges almost surely as N → ∞.
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Methods for p(n) = n2 are not quite identical to the ones used for the
conventional ergodic averages. There is an additional difficulty. The maximal
inequality helps to prove that the set of convergence is dense in Lr. But
finding a dense set where the pointwise convergence holds is not obvious
for the averages along the squares. In the case of the conventional ergodic
averages the dense set is given by coboundaries i.e. by functions of the form
f − f ◦ T . The cancellation of the averages for such functions reduces the
problem of pointwise convergence to the simple problem of the convergence
of the sequence f(T nx)

n
to zero. This later convergence is obtained in a simple

way by using the Borel Cantelli lemma. Note that for each t > 0 we have
∑∞

n=1 µ{x : |f(T nx)|
n

> t} =
∑∞

n=1 µ{x : |f(x)| > tn} < ∞, as f ∈ L1(µ).
The convergence along the squares is obtained by establishing a stronger

maximal inequality, sometimes called variational inequality, that shows basi-
cally that the sequence An(f) is Cauchy pointwise. Observe that if one can
find a universal constant C such that for any increasing sequence nk going
to infinity and each positive integer N we have

N
∑

k=1

‖ sup
nk≤n≤nk+1

|An(f) − Ank
(f)| ‖2

2 ≤ C · log(N + 1)‖f‖2
2,

then we must have the almost everywhere convergence of the sequence An(f).
If not, we could find a positive integer δ and a sequence nk such that

‖ sup
nk≤n≤nk+1

|An(f) − Ank
(f)| ‖2

2 ≥ δ.

Thus the previous inequality would give us

Nδ =
N

∑

k=1

δ ≤
N

∑

k=1

‖ sup
nk≤n≤nk+1

|An(f) − Ank
(f)| ‖2

2 ≤ C log(N + 1)‖f‖2
2.

From this one can derive easily a contradiction. This is essentially the path
followed in [12].

There are several variants of the above theorem. One interesting is when
Λ denotes the sequence of prime numbers, ΛN denotes the prime numbers
less or equal than N , and ANf(x) = 1

#ΛN

∑

n∈ΛN
f(T nx). The main result

says again that ANf converges almost surely for f ∈ Lr, r > 1.
Bourgain’s paper contains a famous appendix by Bourgain, Fürstenberg,

Katznelson and Ornstein about Return Times of Dynamical Systems.
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We assume that (X,B, µ, T ) is and ergodic system, A is measurable and
of positive measure. For an x ∈ X, the return time sequence to A is given
by Λx = {n ∈ Z+ : T nx ∈ A}.

Poincaré’s recurrence theorem implies that almost every x returns to
A infinitely often, so Λx is indeed an infinite sequence for almost every x.
Birkhoff’s ergodic theorem implies that Λx has positive density for µ almost
every x ∈ X.

The first theorem in the Appendix of [12] is the following.

Theorem 9. Λx satisfies for µ almost every x the pointwise ergodic theorem,
that is,

ANg =
1

N

∑

1≤n≤N, n∈Λx

Sng (5)

converges almost surely for any measure preserving system (Y,B, ν, S) and
g ∈ L1(Y ).

In this theorem the operator AN is not “normed properly” but this is no
problem since for almost every x the sequence Λx is of positive density.

Of course, one can rephrase (5) as

ANg(y) =
1

N

∑

1≤n≤N

χA(T nx)g(Sny).

Now it is quite natural to generalize it by replacing the characteristic function
by a function coming from a more general class.

Theorem 10. Given any measure preserving transformation of a probability
space (X,B, µ, T ) and f ∈ L∞, there exists X0 ⊂ X of full measure such that
for all x0 ∈ X0 and second dynamical system (Y, C, ν, S) and g ∈ L1(ν) there
exists Y0 of full measure, depending on the two systems and x0, such that for
all y0 ∈ Y0

BNg(y0) =
1

N

∑

1≤n≤N

f(T nx0)g(Sny0)

converges.

This can be generalized further to a version where 1 ≤ p ≤ ∞, 1
p
+ 1

q
= 1,

f ∈ Lp(X, µ) and g ∈ Lq(Y, ν).
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It is important to observe that X0 is universal for all dynamical sys-
tems! Otherwise, fixing f and g, by using Birkhoff’s theorem for the prod-
uct system the projection of the convergence set onto the first factor ob-
tained by Birkhoff’s theorem depends on both functions. Hence the Re-
turn Time theorem is not saying anything about the case of f ∈ L1 and
g ∈ L1 while Birkhoff’s theorem, on the other hand, guarantees convergence
for f ⊗ g ∈ L1 × L1, µ ⊗ ν-a.e.

This leads to the (L1, L1) problem of I. Assani see [1], [2], later also
mentioned by other authors in [18], [25]. This question is about the validity
of Theorem 10 when f ∈ L1(µ), g ∈ L1(ν)? The main result of our joint
paper [7] yields a negative answer to this question. One can point out that
if one considers instead the norm convergence in L1, I. Assani [3] has shown
that given a function f ∈ L1(µ) there exists a set Xf of full measure such
that for each x ∈ Xf and all measure preserving system (Y,G, ν, S) and all

g ∈ L1(µ) the averages 1
N

∑N

n=1 f(T nx)g ◦ Sn converge in L1(ν) norm. Thus
we had the universality for pairs of L1 functions with respect to the norm
convergence. The (L1, L1) problem was the universality for the pointwise
convergence for pairs of (L1, L1) functions.

Before discussing some of the key steps in our solution to this (L1, L1)
problem we briefly talk about past and current work on the return times.
This list is not exhaustive. A more exhaustive one can be found in [5].
The results on the return times theorem before Bourgain’s paper [12] were
all respecting the duality. The result of [13] by A. Brunel and M. Keane
mentioned above was the first return times type theorem. Michael Keane at
the recent ergodic workshop held at Chapel Hill in February 2004, indicated
to us that the main idea was already in Antoine Brunel’s thesis. More can
be found also in U. Krengel’s book [19]. After Krengel’s book the next
published reference we know of appeared in [9] by A. Bellow and V. Losert.
There they did show that with an additional spectral assumption for T (T
has countable Lebesgue spectrum) the Return Times Theorem holds. The
class of transformations with this spectral property is known to be strictly
bigger than the class of K automorphims (Kolmogorov automorphisms). On
page 335 of their paper they wrote that the Return Times Theorem had been
obtained for K automorphims by H. Fürstenberg, M. Keane, J.P. Thouvenot
and B. Weiss. An extension to amenable groups was given by D. Ornstein
and B. Weiss in [22]. They extended the Return Times Theorem to the
setting of group actions. These authors assume that G (a countable group)
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is the union of a Fo/lner sequence of sets (An) (i.e., |gAn4An|/|An| → 0 for
all g ∈ G) for which |A−1

n An|/|An| is bounded. Then for any ergodic action
of G on (X,B, µ) and any b ∈ L∞(µ) for almost every x ∈ X the sequence
b(gx) gives good weights for pointwise convergence almost everywhere (with
respect to averages over the An).

In 1991 I. Assani asked if a multiple version of Bourgain’s theorem could
be obtained. At the same time he raised the (L1, L1) problem.

A partial answer was given in [6] by Assani, Lesigne and Rudolph. A
multiple L1 return times theorem for i.i.d. random variables was established
in [1]. A multiple term return times theorem for L∞ stationary processes
was later proved by D. Rudolph [25].

The first result breaking the duality was obtained by I. Assani in [1] and
then in [2].

Theorem 11. Let Xn be a sequence of i.i.d. symmetric random variables
on the probability space (X,G, P ) with finite p moment for some 1 < p ≤ ∞
then there exists a set of full measure X such that for each ω ∈ X for all
1 < r ≤ ∞ for all measure preserving systems (Y,G, ν, S) and g ∈ Lr(ν) the
averages

1

N

N
∑

n=1

Xn(ω)g(Sny) (6)

converge ν almost everywhere.

The symmetric assumption was later removed in [4]. Using in part the
method in [3] related results have been obtained for weighted averages (i.e
averages of the form 1

N

∑N
n=1 anXn where supN

1
N

∑N
n=1 |an|

q < ∞ for some
1 < q ≤ ∞) by J. Baxter, R. Jones, M. Lin and J. Olsen (see [8]). The
case corresponding to an = f(T nx) for some functions f ∈ Lq(µ) for some
1 < q ≤ ∞ was obtained in [3] (Theorem 2).

4 An L1 Counting Problem in Ergodic The-

ory

In this section the new results of [7] are discussed. The difficult proof of
Theorems 12 and 13 below are in this paper. Here to illustrate how these
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theorems work we present the details of how to deduce Theorems 14 and 15,
which are mentioned without proof as corollaries in [7].

Again (X,B, µ) denotes a probability measure space, T is an invert-
ible measure preserving transformation and f ∈ L1

+(µ), that is, f is non-
negative and belongs to L1. A consequence of Birkhoff’s Ergodic Theo-
rem that f(T nx)

n
→ 0 µ-almost everywhere, hence the following function,

Nn(f)(x) = #
{

k : f(T kx)
k

> 1
n

}

is finite almost everywhere.

We consider the following

Counting Problem I. Given f ∈ L1
+(µ) do we have supn

Nn(f)(x)
n

< ∞, µ
a.e.?

In Assani [1] and [2] the maximal operator supn
Nn(f)(x)

n
is used to study

the pointwise convergence of Nn(f)(x)
n

.
If f ∈ Lp

+ for p > 1, or f ∈ L+ log L+ and the transformation T is ergodic,

then Nn(f)(x)
n

converges almost everywhere to
∫

fdµ.
For non-ergodic T the limit is the conditional expectation of the function

f with respect to the σ field of the invariant sets for T .
Hence, the limit is the same as the limit of the ergodic averages AN(f)(x) =

1
N

∑N

n=1 f(T nx).
By Birkhoff’s Ergodic Theorem, AN(f)(x) converges almost everywhere

for any function f ∈ L1(µ).

It is natural to ask whether Nn(f)(x)
n

also converges almost everywhere
when f ∈ L1(µ).

On the other hand, for independent identically distributed random vari-
ables Xn ∈ L1 it was shown by Assani in [1] that

#{k : Xk(ω)
k

> 1
n
}

n

converges almost everywhere to the common expected value, E(X1).
Later in [18] by R. Jones, J. Rosenblatt and M. Wierdl the counting

problem was discussed further.
To understand the way this counting function works next we discuss a

simple example of a non-ergodic transformation and a bounded f for which
we have pointwise convergence of Nn(f)(x)

n
and we can see some heuristic why

can one expect a maximal inequality.
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Let X = T = [0, 1) and µ =Lebesgue measure. Assume a natural number
M > 4 is fixed and T (x) = x + 1

M
mod 1. Put f(x) = 1 if x ∈ [0, 1

M
), and

f(x) = 0 otherwise.
Then f(T kx)/k > 1/n if T kx ∈ [0, 1/M) and k < n, therefore

[ n

M

]

− 1 ≤ Nn(f)(x) ≤
[ n

M

]

+ 1

and
n
M

− 2

n
≤

Nn(f)(x)

n
≤

n
M

+ 1

n

hence, Nn(f)(x)
n

→ 1
M

=
∫

f.

Assume 2 < m < M , λ = 1/m. If x ∈ [1 − j

M
, 1 − j−1

M
) with a j ∈

{1, ..., M − 1} and j + lM ≤ n − 1 < j + (l + 1)M with l ∈ {0, 1, ...} then
Nn(f)(x) = 1 + l and hence

Nn(f)(x)

n
≤

1 + l

(j + 1) + lM
≤

1

j + 1
.

Therefore supn
Nn(f)(x)

n
= 1

j+1
. From 1

j+1
> 1

m
it follows that j ≤ m − 2.

µ({x : sup
n

Nn(f)(x)

n
> λ =

1

m
}) = µ([1 −

m − 2

M
, 1) =

=
m − 2

M
<

1
M
1
m

=

∫

X
f

λ
.

Which shows that in this specific case we have a weak-(1,1) maximal inequal-
ity as well. In fact, this observation can be extended to any characteristic
function of a measure preserving system. Indeed, we have

#{k : 1A(T kx)
k

> 1
n
}

n
=

1

n

n−1
∑

k=1

1A(T kx).

Thus the weak type (1,1) maximal inequality for the ergodic averages gives
the following inequality

µ{x : sup
n

#{k : 1A(T kx)
k

> 1
n
}

n
> λ} ≤

1

λ
µ(A).

13



So we have the weak type (1,1) inequality for characteristic functions of
measurable sets. Such a property is called restricted weak type inequality
and was introduced in [28]. The L1 problem for the counting was the search
of an extension of this restricted weak type (1,1) inequality to a weak type
(1, 1) inequality or the non existence of such extension.

By using a generalized version of the Stein-Sawyer result from Assani [1]
one can state the following equivalent problem to the counting problem.

Counting Problem II.

Does there exist a finite positive constant C such that for all measure
preserving systems and all λ > 0

µ

{

x : sup
n

Nn(f)(x)

n
> λ

}

≤
C

λ
‖f‖1?

The main result of [7] is to show that this equivalent problem has a negative
answer:

Theorem 12.

sup
(X,B,µ,T )

sup
‖f‖1=1

sup
λ>0

λ · µ

{

x : sup
n

Nn(f)(x)

n
> λ

}

= ∞.

With a little extra work this can be rephrased in a stronger form

Theorem 13. For any nonatomic ergodic system one can find an integrable
f for which supn

Nn(f)(x)
n

= ∞ almost everywhere.

The first consequence of Theorems 12 and 13 is linked to the study of the
maximal function N∗(f)(x) = supn

Nn(f)(x)
n

. This result is called the Return
Times for the Tail (of the Cesaro averages).

Definition 2. Let (X,B, µ, T ) be a measure preserving dynamical system.
The Return Times for the Tail Property holds in Lr(µ), for 1 ≤ r ≤ ∞ if
for each f ∈ Lr(µ) we can find a set Xf of full measure such that for all
x ∈ Xf for all measure preserving systems (Y,G, ν, S) and each g ∈ L1(ν)

the sequence f(T nx)·g(Sny)
n

→ 0 for ν almost every y.

From Theorem 12 it follows that

14



Theorem 14. The Return Times for the Tail Property does not hold for
r = 1.

Proof. Theorem 14 follows from Theorem 8 in [1]. It was shown there that for
a sequence of nonnegative numbers cn such that lim

n
cn/n = 0 the following

two statements are equivalent

1.

sup
n

#{k : ck

k
> 1

n
}

n
< ∞;

and

2. for all measure preserving systems (Y,G, ν, S) and all g ∈ L1(ν), the
sequence cn · g(Sny)/n converges to zero ν a.e.

Taking the sequence cn = f(T nx) for an ergodic transformation T shows that
if the validity of the Return Time for the Tail Property in L1 were to hold,
then we should have for all f ∈ L1

+(µ) for a.e. x,

sup
n

#{k : f(T kx)
k

> 1
n
}

n
< ∞. (7)

Condition (7) for all f ∈ L1
+(µ) is equivalent to saying that

sup
α>0

#{k : f(T kx)
k

> 1
α
}

α
< ∞

for all f ∈ L1
+(µ) for a.e. x. Consider an enumeration of the positive rational

numbers rk and define for each k the function Tk(f)(x) =
Nrk

(f)(x)

rk

. We have

sup
α>0

#{k : f(T kx)
k

> 1
α
}

α
= sup

k

Tk(f)(x)

When T is ergodic it commutes with the family of powers of T . By the
ergodic theorem this family is mixing. Indeed, we have

lim
N

1

N

N
∑

n=1

µ(A ∩ T n(B)) = µ(A)µ(B)

15



so for each ρ ≥ 1 there exists an n such that µ(A ∩ T n(B)) ≤ ρµ(A)µ(B).
For each γ ≥ 1 we have

sup
k

Tk(γf)(x) = γ sup
k

Tk(f)(x).

Thus we can apply Theorem 4 of [1] to conclude that there exists a finite
positive constant C such that for all f ∈ L1

+,

µ{x : sup
k

Tk(f)(x) > 1} ≤ C

∫

fdµ.

This means that

µ

{

x : sup
α>0

#{k : f(T kx)
k

> 1
α
}

α
> 1

}

≤ C

∫

fdµ.

Replacing the function f by f/λ provides a maximal inequality for the max-
imal function

sup
α>0

#{k : f(T kx)
k

> 1
α
}

α
.

From this we obtain easily a maximal inequality with the same constant C
for

sup
n

#{k : f(T kx)
k

> 1
n
}

n
.

Having this constant for one ergodic transformation provides the same con-
stant for all ergodic transformations. The ergodic decomposition would then
show that

sup
(X,B,µ,T )

sup
‖f‖1=1

sup
λ>0

λ · µ{x : sup
n

Nn(f)(x)

n
> λ} ≤ C < ∞.

This would contradict Theorem 12.

Again if we have stronger assumptions than L1 about f then Assani in
[1] and [2] showed that the Return Times for the Tail Property holds in Lr

for 1 < r ≤ ∞ and even in L log L.
As it was mentioned in the end of the previous section from Theorem 14

it follows that
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Theorem 15. Bourgain’s Return Time Theorem does not hold for pairs of
(L1, L1) functions.

Proof. We can argue also by contradiction. If we had the validity of the
Return Times for Pairs property for (L1, L1) spaces then we would have the
convergence in the universal sense of the averages

1

N

N
∑

n=1

f(T nx) · g(Sny) =
σN

N

for g ∈ L1(ν). This would imply the convergence to zero of

σN

N
−

σN−1

N − 1
=

f(TNx)g(SNy)

N
+

σN−1

N − 1
·
N − 1

N
−

σN−1

N − 1
.

This in turn would give the validity of the Return Time for the Tail property
in L1, but this was disproved in Theorem 14.

5 Some consequences

We indicate here two applications of Theorem 14. The second is mentioned
in [7].

5.1 Random ergodic theorems with universally repre-

sentative sequences

In [20] some random ergodic theorems were studied. Assume (Ω,B, P ) is a
probability measure space, 1

2
≤ σ ≤ 1 and Y1, Y2, ... is a sequence of i.i.d.

random variables of values in {−1, 1} with P (Yn = 1) = σ and P (Yn =
−1) = 1 − σ. Set an(ω) =

∑n
k=1 Yk(ω). By the strong law of large numbers

we know that limn
an(ω)

n
= E(Y1) = 1. In particular if σ > 1

2
then for µ

almost every ω we have limn an(ω) = ∞. Fix such an ω and consider for
f ∈ Lp(µ), 1 ≤ p ≤ ∞ the averages

1

N

N
∑

n=1

f(T an(ω)x).

17



It is proved in [20] that if p > 1 and σ > 1
2

then the averages

1

N

N
∑

n=1

f(T an(ω)x),

converge almost everywhere. In the same paper a question was raised about
the case p = 1. Based on the reduction made in [20], Theorem 13 immediately
shows the following

Theorem 16. Consider a sequence of i.i.d. random variables Y1, Y2, ... de-
fined on the probability measure space (Ω,B, P ) of values in {−1, 1}. As-
sume that P (Yn = 1) = σ and P (Yn = −1) = 1 − σ with σ > 1

2
. Set

an(ω) =
∑n

k=1 Yk(ω), and fix ω in the set where limn an(ω) = ∞. In any
aperiodic dynamical system there exists a function f ∈ L1(µ) such that the
averages

1

N

N
∑

n=1

f(T an(ω)x),

do not converge almost everywhere.

5.2 Continuous analog of the counting function

Most graduate textbooks in harmonic analysis give a proof of the weak type
(1, 1) inequality for the Hardy–Littlewood maximal function

H(f)(x) = sup
t

∫ t

0

f(x − u)du.

It is also shown that this weak type (1, 1) inequality is equivalent to the
weak type (1, 1) inequality for the maximal operator for the ergodic averages.
It seems then a natural question to ask if the counting function translates
also for some maximal operator on T and what happens in this case. The
continuous analog of the counting function is given by

A(f)(x) = sup
λ

λ · m
{

0 < y < x :
f(x − y)

y
> λ

}

and was introduced by the first author. Here again by considering a simple
characteristic function of a measurable set B one can see that A satisfies
a restricted weak type (1, 1) inequality. However, another consequence of
Theorem 14 is the following result;
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Theorem 17. There exists a function f ∈ L1(T) such that A(f)(x) is not
finite almost everywhere.

6 Some Open Problems

We present here some open problems

Problem A What is the correct Orlicz class of functions for which the av-
erages Nn(f)(x)

n
converge a.e.?

Problem B What are the precise values for p and q for which the return
times theorem holds? Does it hold only when the duality is respected?
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