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ABSTRACT. Let (X,B,u,T) be an ergodic dynamical system on a non-atomic fi-
nite measure space. Consider the maximal function R* : (f,g) € LP x L? —

R*(f.9)(x) = squ

n
For each 1 < p < oo there exists a finite constant C}, such that for each A > 0, and
nonnegative functions f € L? and g € L*

1/2

We also show that for each a > 2 the maximal function R*(f, g) is a.e. finite for
pairs of functions (f, g) € (L(log L)**, L").

. We obtain the following maximal inequality.

1. INTRODUCTION

In [1] we proved the following maximal inequality about the maximal function
n 2n
R*(f,9)(x) = sup, LL0IT) R each 1 < p < o0, there exists a finite constant

n

C,, such that for each A > 0, for every f € P, f > 1and g € L'.g>1

(1) pla: B (1.9)@) > 3 < (Ll

Furthermore the constant C; behaves like zﬁ when p tends to 1. To be more precise,

we will use that there exists C’ such that for any 1 < p < 2 we have

D —
(2) G S
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Tn T2n
Inequality (1) was enough to prove the a.e. convergence to zero of the tail f(I"2)g(T™x)

n

1 n
of the double recurrence averages — Z f(T*2)g(T* ) for pairs of functions (f, g) in
n
k=1
LP x L' (or L' x LP) as soon as p > 1. On the other hand, the tail was used to show
that these averages do not converge a.e. for pairs of (L', L') functions.

During the 2007 Ergodic Theory workshop at UNC-Chapel Hill, J.P. Conze asked
if this inequality could be made homogeneous with respect to f and g. In this paper
first we derive from (1) the following homogeneous version.

Theorem 1. For each 1 < p < oo there exists a finite constant C, such that for each
frg >0 and for all A\ > 0 we have

n n 1/2
O e STy o (W) Will]

and there ezists C such that for any 1 < p < 2 we have

C
4 Cc, < —.
( ) p = p— 1
At the same meeting a question was raised about the a.e. finiteness of R*(f, g)
for pairs of functions in (Llog L, L'). Our second result is based on an adaptation of
Zygmund’s extrapolation method [3] (vol. II, ch. XII, pp. 119-120) to R*(f, g). With
somewhat crude estimates we prove the following theorem.

Theorem 2. If a > 2 and the pair of nonnegative functions (f, g) belongs to
0 then = sup, LI e g o finte.
(L(log L)**, L") then R*(f, g) = sup,, {20 "2) fi

2. PROOFS

Proof of Theorem 1. First we can notice that the original inequality (1) is homoge-
neous with respect to the L' function g. Indeed, a simple change of variables shows
that the case g > t can easily be obtained from the case g > 1 with the same constant
C}. So by approximating g with g,(z) = max{g(x),1/n} we can see that (1) holds
if the assumption g > 1 is replaced by g > 0. Without loss of generality we can also
suppose in the sequel that ||g||; = 1.

If || f]|, = 0 we have nothing to prove. Otherwise, if we can show that (3) holds for

f=f/lfllp for all A > 0, then this implies that it is true for f as well for all A > 0.
Thus, we just need to prove (3) for f € LP with || f||, = 1. We split the function f
into the sum f; + fo where f; = fif f < 1.

We have then

f(Tra)g(T* )

,u{x : sup > )\} <



THE TAIL OF THE BILINEAR HARDY-LITTLEWOOD FUNCTION 3

f1(T"x)g(T*"x) fo(Trx)g(T*"x)

,u{a::sup >A/2}+u{x:sup >)\/2}:M1—|—M2.

First we estimate M;. Since

Tn T2n T2n
sup fi(T"2)g(T?"x) < sup g(T*"x)
n n n n

by the standard maximal inequality for the ergodic averages (see [2], for instance) we

obtain l9gll I fllpllgll
29l 2 2| flpllglh
M, < — - — 2/ eIt

=" A A

To estimate M,, we dominate f, with the function h = max{f, 1}. By our remark

about the assumption g > 0 the maximal inequality (1) is applicable and we obtain
1/2

that M, < C’;)<||h||§> , and (2) also holds for 1 < p < 2. As ||h]l, < ||, + || f2]l, <

X2
|1, + || f|l, = 2 we have the estimate

1)\ /2 1/2
<2y (1) =iy (sl

with ), satisfying (2) for 1 < p < 2. By combining the upper bounds for M; and M,
we obtain

n 2n 1/2
P z)g@ ) S < wﬂpﬂ%(lvnpngnj .

A
1/2
c, <<I|f||;i\||g||1> N ”pr)\”ng)

with C), = max{2Pv/2C/, 2} and from (2) it follows that there exist C such that (4)
holds for 1 < p < 2. 0

Proof of Theorem 2. The starting point is (3) and (4).

There exists a finite constant C' such that for every 1 < p < 2, for each f,g > 0
and for all A > 0 we have

f(Trz)g(T*"x) C (gl Y2 1Al
n >)\}§p—1[< A ) +f]

We can again assume without loss of generality that ||g||; = 1. We fix the function g

and denote by R*(f)(z) the maximal function sup,, WQ(T%‘”)

(5) as

(© o ) > ) <G [(@)/ + 1)

5)  pfe: sup

. Now we can rewrite
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The important element for the extrapolation is the factor zﬁ in the above inequal-
ity.

Our goal is to prove that for a > 2 there is C, such that for any f € L(log L)** we
have for each A > 0

(7)
mmmmm>&s%(“

+ (S If10og* 1 £)*) "] +_[1-+,f|f|aog+|f|>a})
\1/2 A '

Let 7; be a positive sequence of numbers such that Z v = L
§=0

The function f being in L(log L)?® we have Zj2a2j,u{z 20 < f <27} < oo

We denote by t; the quantity u{2/ < f < 27*'} by f; the function 2j1{$'2j<f<2j+1}

and by p, the number 1 + % We set fo(z) = f(x) if 0 < f(z) < 2, otherwise we put
fo(z) = 0. Then

(8) F<2) 8
3=0
We also have
9) plz: R (o)) > 220} <

po B2 1) xm_mm 1

by the standard maximal inequality for the ergodic averages.
For j > 1 by (6) used with p; =1+ % we obtain

(10) ple: R(1)(@) > 0] <
~ 1 2j/2[tj]1/2pj 93 [tj]l/l’j
“aram- ((AmMQPﬂ A2 )

o (ﬂj/?[tj]l/?pj N j2j[tj]1/%'> |
(M) AY;

m with 3 > 1 and C, such that nyj = 1.
=0

We choose 79 = 1/2 and v; =
1

Set C' = 2C max{—— 1/2, C—}
v
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Using (8) and adding (9) and (10) for all j we obtain

(1) plo s B()@) > ) < SR () > 2 <

8 L oa( =2 N2 [tj}l/pj>
—+20< S Y ) <
SR L DRGNS SN

0o . . 1/2 0o . . 1
8 o Siadogli + DIPP2 () S llogi+ DI [1] 77N
)\ A\1/2 A N
8 Ay A,
5+ OG5

First we estimate A;. Denote by .J; the set of those j for which t1./2pj < 377, Then

(12) D" flog(y + 1222 (1] 1 < 213/2 [log(j + 1)]¥/?29/23-1 ¥,
JEN j=1

If j & J; then /" > 373, that is,

1/2

which implies ¢, i 3t;'". Hence

(13) Zj3/2[10g(j + 1)][3/22]‘/2 [tj} 1/2p; < 3Zj3/2[10g(j 4+ 1)][3/22]‘/2[ }1/2 defB1
JEN j=1

Suppose that « > § > 2. By rewriting and applying the Cauchy—Schwartz inequality
we obtain with a suitable constant Cj that

- 32 55 115° Dogi + 112272 [1,] 7 <

o

3[3 [ ™ [log(j + 1)) 27, =

j=1 j=1

Cs[ Y 7 [log(j + 1)) 27t)] B,
7=1

There exists Cs4,5 such that for all j = 1,2, ...

[log(] _|_ 1):|6 S C(S’a’ﬂj2(a75)'
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Hence,

1/2
(14) B, < By < CsCrap ( [ 1#100g! |f|)2°‘du> |

To estimate A a similar argument can be used. We denote by J] the set of those
j for which t;/pj < 377. Then

(15) 3" P og(i + DIP2[,] 7 < N P log(j + 1))°293 7 €,
JjeJ; Jj=1
If j ¢ J; then ¢}/ > 377, that is,

_1 - 1
J -0+ 1

P pj Dj
3>t/ =t " =ty
which implies t;/pj < 3t;. Hence,
o
(16) > 7logj + VP2 [1) < 33" Pllog(j + 1)°2't; © By
JgJ Jj=1
Since a > 2 there exists Cy, ;5 such that for all j = 1,2, ...
. B (a—
[log(j +1)]" < Cp, 552,

Hence,
(1" Bi<3-Cly Y 9ty <3-Cly [ 171008 If1)"dn
7j=1

By (11-17) we have
plz s B (f)(2) > A} <
; (cs + CoCaas([ 71008 L) dp)' > (8/) +Cy+3C0, [ 11| 1og’ Ifl)“du>

¢ \I/2 X
this implies (7) with a suitable C,.
U

Remark 1. Using the fact that we are dealing with finite measure spaces one can

assume that ;(X) = 1. With this assumption one can obtain a more compact form
of (3):

1 e Iy o (W) )
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Indeed, we can distinguish two cases. If ”f”p/\”g”l > 1 then (18) is always true. If

1/2
Ulalisls < 1 then (Iflz;lng) . <||f||p/\||g|1> and (18) is also true.

Remark 2. Equation (7) implies also that for the pair of nonnegative functions (f, g)
in (L(log L)**, L') we have

=0.

) L ST )g(T)

Indeed, consider a sequence of bounded functions 0 < f,; < f converging monotone
increasingly to f € L(log L)?**. Then we have

Tn T2n
n n
Given ¢ € (0,1) choose M so large that

=0.

1/2
@) I(Me,1/2)% ( / 21F — el(log™ S1f - fMI)Q“du> <1, and

ef 2 2 o
10420 [ Z17 = fullog” 515 = ful)dn < 1.
Then
Tn T2n
pf{x : lim sup F(T"2)g(T7"x) >e} <
n—oo
_ Tn T2n Tn T2n
p{x : limsup (f = fu) (T"2)g(Ta) > E} + p{z : limsup Sar(T"2)g(T™) > E} <

(by using (20))

ple s R = fa) 9)@) > 5k = mle s RS0 — fan)0)(@) > 2} <
(by using (7) and (21))
Cov/e(2+ I(M,e,1/2) + I(M,e,1)) < 4C,\/z.
Since this holds for any € € (0,1) we obtained (19).
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