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Abstract

If H C Ris aclosed set and f: H — R is k times Peano differentiable
with infinite values allowed for fr then we show that fi is Baire one for
k =1,2. For k > 3 we give a counterexample showing that it is possible
that fx = +o0o on a countable dense subset of the nonempty perfect set
H, while fr = —oo everywhere else. In case f can be extended onto a
set Ho D H so that the extended function (still denoted by f) is k times
Peano differentiable on Hy with infinite values allowed and each point of
H is a twosided accumulation point of Ho then we prove that fi is Baire
one for any k.

1 Introduction

Let H C R be a closed set and let f : H — R be differentiable with f’(z) € R.
(At isolated points of H, f’ can take arbitrary values.) By a theorem of V. Jarnik
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[7] improved by J. Marik [10] there is a differentiable extension F' : R — R such
that F|g = f, F'(z) = f/(x) for x € H. Of course for every z € H,

F'(z) = lim Fla+ %) — F@)

n—00

3=

and hence f’ is Baire one. However, if f’ can take infinite values, it may happen
that f is not continuous and the argument used to verify the Baire one property
of f’ does not work. In Theorem 2 we show that f’ is Baire one in this more
general case as well. In case H is an interval this result was shown by Z.
Zahorski, [13].

Of course, one is interested in the case of higher derivatives. For a function
defined on an arbitrary closed set H the ordinary higher order derivative is not
appropriate because it gives no information about the function. The appropriate
notion is the kth Peano derivative.

Definition 1. Assume H C R and f: H — R. We say that f is k& times Peano
differentiable at « € H if there are k + 1 real numbers, fo(z), fi(x), f2(z), ...,

fu() such that fo(x) = f(x)

o 1) = o TPy — @)’
v (v o)
yeH Y

—0. (1)

At limit points of H, f¢(x) is unique, while at isolated points of H we can
choose and fix them in an arbitrary fashion. Observe that for non-isolated points
of H, (1) implies

1

k—

yeH =0

This motivates the following definition of infinite Peano derivatives

Definition 2. Assume H C R and f : H — R is k—1 times Peano differentiable
at « € H. If the limit in (2) equals +00 or —oo, then we say that f has an infinite
kth Peano derivative at x; that is, fx(z) = +oo or fi(z) = —oo. Of course at
isolated points of H we can assign +00, —oo or any number for fi(z) in an
arbitrary fashion.

If f is defined on an open interval I it was first proved by Denjoy [5] that if
f I — R is k times Peano differentiable on I (with finite values for fj) then
f1 is of Baire class one. H. W. Oliver [11] had a very simple proof of this fact
based on the observation

ko (V=L (K £

This and other similar methods do not work if we allow infinite values for
fx- One is also confronted with serious problems if f is defined only on a closed



set. The idea of first extending a function onto R as was done in order one
for finite derivatives and then using (3) will not work since in [1] a non-empty
perfect set H and a twice Peano differentiable function f : H — R is given so
that no twice Peano differentiable F' : R — R agrees with f on H.

The first attempt to show that f; defined on an interval with infinite values
allowed is of Baire class one was done by P. S. Bullen and S. N. Mukhopadhyay
[2], but unfortunately as it was pointed out in [6] there was an error in the proof.
In [3] a correct proof was presented. Meanwhile in [8] M. Laczkovich, D. Preiss
and C. E. Weil gave an argument which is simpler than [3]. It was claimed by
these authors that their method works for functions defined on arbitrary closed
sets E. However, as it is shown in this paper in Theorem 9 if £ > 3 there
are closed perfect sets E and functions f : E — R which are k times Peano
differentiable with infinite values allowed and fy, is not of Baire class one on E. In
fact, fr = 400 on a dense set (at the right endpoints of the contiguous intervals
to E) and fr = —oo anywhere else on E. If kK =1 in Theorem 2 we prove that
f1 is of Baire class one even when it can take infinite values and the function
is defined only on a closed set. In Theorem 5 we investigate what can be said
for higher values of k. It turns out that extension properties/possibilities play
a key role. In Theorem 5 we show that if H is a closed set and f: H — R can
be extended to a function f : Hy — R so that it is k& times Peano differentiable
(with infinite values allowed) on the set Hy D H, and each point of H is a
twosided accumulation point of Hg then fi is of Baire class one. In Theorem
6 we prove that if £ = 2 then there is always such an extension and hence f5
is of Baire class one, however the result of Theorem 9 shows that for £ > 3
sometimes there are no such extensions. While if H is a closed interval, or a
finite union of such intervals then we always have such extensions and hence on
these sets fj is always of Baire class one. It would be interesting to see a further
characterization of sets having this extension property.

2 First Order Baire one Property

We will use Cousin’s lemma (Lemma 10 of [4]) which was first stated for a
complex variables argument in dimension two but was used many times later in
the theory of Kurzweil-Henstock integrals and in many other situations; see for
example [9].

Lemma 1. Let ¢ : [a,b] — (0,+00). Then there is a finite partition to = a <
t1<---<t,="0bof [a,b] and fori=1,2,...,p, a point x; € [t;—1,t;] such that

[ti—1,ti] C B(wi,0(z:)) = (w5 — 6(x:), i + 0(25)). (4)

A tagged partition {([t;—1,;],2;)}Y_, satisfying (4) is called a J-fine parti-
tion.

Theorem 2. Let H C R be a closed set and let f : H — R be differentiable on
H with infinite values allowed. Then f’ is in Baire class one.



Proof. Without loss of generality, we may assume that H C [0,1]. We wish
to define a sequence {¢,,} converging pointwise to f’ on H. To that end, let
m € N. We will apply Cousin’s Lemma. Let € [0,1]. If z € [0,1] \ H, choose
dm(z) € (0,1/m) such that B(x,d,,(z)) N H = 0. If z € H is an isolated point
of H, then choose d,,(z) € (0,1/m) such that B(z,d,,(x)) N H = {z}. Now
assume that x € H is a limit point of H. If f'(z) € R, choose d,,(x) € (0,1/m)
such that if y € B(x, 6 (z)) N H with y # z, then

‘f(y)—f(m) 1
y—x

— / J—
)| < - )
If f'(z) = £o0, choose 0,,(x) € (0,1/m) such that if y € B(x, 0, (x)) N H with
y # x, then

jE(f(y)ﬂ‘(%)
Yy—

) > m. (6)

Now by Cousin’s lemma there is a d,,-fine partition 0 = ¢, 0 <t < -+ <
tm.p, = 1, with tagged points @y, ; € [tm,i—1,tm.i] for i =1,2,...,py,. For i =
1,2, 0m, let Iy = [bmim1,tmi)s let Koy = {0 € {1,2,...,pm};Tm,i € H}.
Then clearly H C Ujek,, Im.i- To facilitate the definition of ¢,,, for i € K, we
select Jp,i = [UmisVmi] C Imyi. Let i € K. fi4+1 ¢ Ky, or if i = p,,, then
let vy, ; = tmi. So assume i+ 1 € Ky, Then zp, 541 — 0 (Tm,i+1) < tim,i and we
select Ui € (Tm,it1 — Om(Tm,it1), tm,i). The endpoint u,, ; is defined similarly.

We now define ¢y, : Uiek,, Im,i — R. Let ¢ € Ky, and first for all € J,, 4
let pm(x) = f'(zmy) if f/(xm,i) € R and let ¢ (x) = £m if f'(zp,) = £oo.
To extend ¢y, to I, ;, first assume i + 1 € K, for otherwise v, ; = ¢y, ;. Then
Vmyi < tmi < Um,it1 and for © € [Vp 4, Um,it+1] let

¢m($) — (a: — vm,i)¢m(um,i+1) + (um,i+1 — a:)qu(vm,i).

Um,i+1 — Um,i

if Clearly ¢, is continuous on U;ck,, I,,; and hence on H.

To prove {¢y, } converges pointwise on H to f/, let z € H. If z is an isolated
point, then there exists r > 0 such that (z—r, z4+7)NH = {z}. Let m > 71 Then
there is ¢ € K,, such that z € I, ; and by the definition of §,, it follows that
z = T, and hence ¢, (2) = f'(2) if f'(2) € R and ¢, (2) = mif f/(z) = £oo.
Thus {¢(2)} converges to f'(2).

Now assume z is not an isolated point of H and let € > 0. If f/(z) € R,
choose 1 > 0 such that for y € B(z,n) N H with y # z,

f(y;_ﬁ(z> —fI(Z) <

(7)

N

If f'(z) = oo, choose 1 > 0 such that for y € B(z,n7) N H with y # z,

i(f(y)*f(Z)

- )>1+%. (8)



Let m > max g, 1} and if f'(z) € R, in addition let m > |f/(z)| + % For
ease of notation,eianll subscripts, we drop m. For example K, will be denoted
simply by K. Let ¢ € K with z € B(z;,0(z;)) and z # z;. First assume
f'(2) € R. Because 6(x;) < -~ <, by (7), flo) = F&) ()| < % Since
m > |f'(2)| + §, it follows that (6) cannot hold:ET7hu5 f'(z;) € R. Moreover

even if z = x;, we have

1

€
If(z) = f'(z:)] < = 5 + —<jztz=e (9)
Now assume f’(z) = +o00. Because d(z;) < - <, by (8), % > 1+—
if z # x;. Since z € B(x;,0(x;)), it follows by (6) that f’(xl) # —oo and so
either f'(z;) = 400, or by (5)

flxi) = f(2) +

T, — =z Xr; — 2

€
2

fai) = f(zi) - fed =7 % —~ % > % (10)

Note that if z; = z, then the conclusion of (10) still holds since f'(z) = +oc.

Now choose an i € K for which z € I;. First assume f/'(z) € R. If z € J,,
then Gy (2) = f'(z:) and hence by (9), |f/(2) — ém(2)| < e If = € I; \ Ji, say
z € (vi,t;], then it follows that z € B(zit+1,0(xi41)) and by (9), f'(zit1) € R
and hence ¢, (wir1) = f(wip1) and also by (9), |f'(2) — ¢m(wit1)| < €. From
the definition of ¢,,, by a typical convex combination argument it follows that
|f'(2) — ¢m(2)] < e. A similar argument yields the same conclusion if z €
[tiz1,us).

Next assume that f’(z) = +oo. If z € J;, then by (10), qu( )= f'(zi) > l
If z € I\ J;, say z € (v;,t;], then we still have f’(:cz) > 1 and it follows that

z € B(xi41,0(zi+1)) and also by (10), f'(zi+1) > -. Agam from the definition
€

1
of ¢, by a typical convex combination argument it follows that ¢, (z) > —. A
€
similar argument yields the same conclusion if z € [t;—1,u;). Finally if f/(z) =

—00, an analogous argument shows that ¢,,(z) < ——. O
€

3 Higher Order Baire one Property

This section begins with two lemmas. In the finite case only the first is needed
as will be pointed out in the proof of the theorem of this section.

Lemma 3. Lete >0 and for j =0,1,....k let x; € [-1,1] with

1 )
|acj|<§|acj+1|f0rj:O,1,...,k. (11)



Let P(x) = Z@ o aext. Assume
|P(z;)| < €|x;|* forj=0,1,... k. (12)

Then
lag| < e(k +1)4% for £=0,1,... k. (13)

Proof. Denote the associated Lagrange interpolating polynomials by

H(m—xj)

J;O k
n
Ly(x) = Jk = E bgmxe.
=0
H (@0 — ;)
j=0
Jj#n

We have P(z) = Zi:o P(zy,)Ly(z) by the Lagrange interpolation formula. By
(11)
1 2k

k T o lk
1
;

k
and if we set H (x—z;) = Zf o Ce.n’, then by using (11) again we obtain
3=0
J#n
k—t+41

> (=1 Fay, g, | < ( ) H 27t < 2k,

0<j1<j2<--<jr—e<k
Gotn, €=1,. k-1t

lcen| =

Hence |by,,| < 4%/|2%| and using (12)

k
<€ Z |$n|k|b€,n|
n=0

<eZ|fcn|k |k < e(k+1)4

|ae| = )be.n

(]

Lemma 4. Let € > 0, let wo,.. yxp € [-1,1]\ {0} and for £ = 0,...,k, let
lag] < M. Let P(x) = Ze o aext. Assume satisfies

(14)



and

|P(x¢)| < €|lae|® for £=0,...,k. (15)
Then
lag| < |xelk(e + M) for £ =0,...,k—1, (16)
and
lag| < €+ |xglk(e + M). (17)

Proof. Because ag = P (o) — (Zif:l agzf), by (15)

lao| < e|x0|k + |zo| - |a1r + agxo + - + akx’571| < |zo|(e + EM).

Now let 0 < ¢ < k and assume that we have verified |a;| < |z;|((§ + 1)e + kM)
for j =0,...,0 — 1. Then |P(x,)| < €|x¢|* implies
|aol |a—1|

|ae| <elwe" ™ + |zl - acsr + -+ apzy T 4+ T
|ze| |ze|

<elwe* 7 4 || (k — O)M + (Le + kM) <|$_0|€ + |$€_1|> .
] ]
Using (14) this implies |a¢| < €|z|*~*+(¢e+kM)|x,| which yields (16) if I < k—1
and (17) if £ = k. O

Theorem 5. Let Hy C R be an arbitrary set, H C Hy be a closed set and let
f: Hy — R be k-times Peano differentiable on H with infinite values allowed
for fr. Suppose each limit point of H is a bilateral limit point of Hy. Then fi
1s in Baire class one on H.

Proof. Without loss of generality we may assume H C [0,1]. The proof is
patterned after that of Theorem 2. We assume k > 2. We let m € N and, as
was done in the proof of Theorem 2, we define a positive function d,, on [0, 1].
At points belonging to [0,1] \ H and at isolated points of H, we define d,, as in
the proof of Theorem 2. The process of defining ¢,, at limit points of H is far
more involved in the present setting. Set

1
T 2kI(k — 1)2(1 + k4F-1)”

Ck (18)

Because f is k times Peano differentiable at z, there is a o € (0, #) such that
for y € HyN B(x,0), with y # x,

7 = S L5 = o) < auly — ol (19)



and if fi(x) € R, then

fe(@) ¢ 1 k
‘f(y)z =) < —ly—al", (20)
£=0
or, if fx(x) = too, then
k—1
fg(x) ¢ k!
+ — — —_— . 21
(@) > S ) S (21)
Since z is a bilateral limit point of Hy, for 7 = 0,1,...,k, there are ch € Hy

such that

T—o<w, <w,_ | <--<wy <z <wg <--<w_, <w <zt+o (22)
k k—1 0 0 k—1 k

and

+ +
|wj+1 -z |wj+1 - 93|k
2 ’ k—1

|wj.t—a:|<min{ }forjzo,l,...,k—l. (23)

By continuity, there is a 0 < 6,,(2) < |wE —2| such that, for z € HoNB(z, 6, (2))

k—

[fwi) =) fle(;'”) (wi —2)"| < cplwy — 2" for j=0,1,....k  (24)

[

~

and if fi(x) € R, then

k
x 1 .
|f(w]i)—z feg(' )(w]jE —2)f < E|wji —z|Ffor j=0,1,...,k (25)
=0

or if fx(z) = (£)oo, then with z # z,

k—1

(i)(f(w;.i) _ ZZ flzg!x) (wF — Z)l) (wfki—'z)k >mfor j=0,1,....k  (26)

(in the above formula (£) and £ can take positive and negative values indepen-
dently). Moreover, for z € Hy N B(x, 0 (x)),

+ +
T I z|F

2 k-1

|w§c—z|<min{| }forj:(),L...k—l. (27)

Now that §,, has been defined, we proceed exactly as in the proof of Theorem
2 applying Cousin’s Lemma, defining K,,, I, ; and Jp, ;. The function ¢, is
defined as it was in the proof of Theorem 2 except that fx is used in place of
f’. The proof that {¢,,(2)} converges to fr(z) if z is an isolated point of H is
identical to that in the proof of Theorem 2 and is omitted. Let z be a limit point



of H and let 0 < € < 1. Then there is an > 0 such that for y € Ho N B(z,7)
with y # z,

k—1
) =30 2 | < ety o (29)
£=0 ’
and if fi(z) € R, then
k
fe(z) ‘ € k
‘f(y);) o (Z/*Z)‘<m|y*2|, (29)
or if fx(z) = to0, then
k—1
f@(z) ¢ k!
+(f) - > )= 72 (30)
Let m > max{w, %} and if fr(z) € R, we also assume that

m > | fr(z)| + 2. As in the proof of Theorem 2, we drop the m in the subscripts.
Let i € K with z € B(x;,0(z;)). Next we employ Lemmas 3 and 4. First assume
that fi(z;) and fr(z) € R. In this case set

Then by (29) and (25) for j =0,1,...,k,

é fe(Z ¢ + ’ fo(@i) -+ ¢
|Pr(w; —2)] < |f(wj) =) 1 wi —2) [+ f(wi) = o (Wi —2)]
=0 =0
€ +
T RSl
€ +
< Gr DR T

fe(zi) = fo(2)

By Lemma 3 for £ = 0,1,...,k we have |ag| = 7

ular, |f(z:) — fr(2)] <e

Remark. From the above conclusion it can be deduced that if fi(z) € R for
all x € H, then f; is a function of Baire class one without the existence of the
set Hy.

Next we drop the assumption that fi(z;) and fix(z) € R and investigate

< 15+ In partic-

S

-1

Pi_1(y)

k-1
fe(xi)g fé(z)ye _ Zawe.
’ =0

~
I
o



In this case arguing as above but using (28) and (24),
|P;€_1(w]j-E —2)| < 2ck|wji — 2| L

By Lemma 3, |a¢| < 2c;k4*~! and then by Lemma 4 for £ = 0,1,...,k — 2,
we have |ag| < (k—1)2¢,(1 4+ 164’“1)|wzIE — z|. Thus by the definition of ¢, and
because |wi — z| < [wif — z|* by (27),

k—2 k—2
\E Caruf -2 < m; i — 2w — 2
D o~ YT [ .
SRk —1) ;'wk B T

We now show how (31) is used to prove that fi(z) € R and fi(x;) = 400 is
impossible. For if fx(z) € R and fi(z;) = 400, then by (29)

folz k! €
() - 3 5o =) g <1501 ey
and by (26)
k-1
fo(s) k!
(f(w,f) — ; eg! (w;f —Z)E)W > m.

Combining these two and applying (31) yields

k-2
fe—1(zi) — fu—1(z) K £\ :
<= ag(w,, —z2) —F—— —m-+ z)|+1
< —m+|fr(z)|+2<0.
But because w,‘: —z >0 and w, — 2 < 0, the left hand side cannot be negative
in both cases. In a similar fashion fx(z) € R and fi(x;) = —oo is impossible.

This means that fr(z) € R implies fi(z;) € R and we have already treated this
case.

So assume fi(z) = 4o0o. In this case (31) will be employed to show that
fr(xs) > % Suppose to the contrary that fi(z;) < % If fr(z;) = —o0, then by
(26)

b felz), 2, k!
(f(wk); 7 (%*@)W<*m (32)
while if fr(x;) € R, then by (25) and by the assumption fi(x;) < %
k—1
fo(xs) k! Koo1
(f('w]:ct) - — 66' (U}l:ct — Z)e) W < E + E (33)



Because (32) implies (33), we need only assume that (33) holds. Since fi(z) =
+o0, by (30)

(Fd)=> % mg—aﬁag;——>—+z (34)

Combining (33) and (34) and using (31) we get

1 = k! Je—1(@i) = foe-1(z) k!
€ 2__<(Zoaé (wi_z)k)+ : (k’—l)]; w%—z
<14 (fk 1( z‘)i* fk71(2))k'
(wy — 2)

(fkfl(xi) — fkfl(z))k

Thus > 0, which leads to the same contradiction as be-

(wj, = 2)
fore. In a similar fashion it can be shown that if fj(z) = —oo, then fi(z;) < —1.
Now the remainder of the proof proceeds as in the proof of Theorem 2. O

Theorem 6. Let H C R be a closed set and let f : H — R be twice Peano
differentiable on H with infinite values allowed for fo. Then there exists Hy D H
and an F : Hy — R such that F is twice Peano differentiable on Hy, F|g, = f
and each point of H is a twosided accumulation point of Hy.

Proof. Suppose H has only finitely many contiguous intervals. For an interval
(a,b) contiguous to H one can choose § > 0 such that a +J < b — 0 and
define F' on (a,a + §] U [b — 6,b) so that it is twice Peano differentiable on
HU (a,a+8]U[b—4,b) and F|y = f. It is clear that by repeating this process
on all contiguous intervals we obtain the required extension.

So assume H has infinitely many contiguous intervals (an,b,) and b,41 —
apt1 < by, —ay, forn =1,2,... . We denote by £ the set consisting of the (finite)
endpoints of these contiguous intervals. For n = 1, or 2 we allow a,, = —o0 or
b, = 400 to take care of contiguous intervals of possibly infinite length. For
each n we will choose ¢, > 0 such that a,, + §, < by, — d,. If fa(e) € R we will
set

F(&) = £(0) + file)z — o) + 22D @ - o2 (35)
n [e — On, e+ 0p] N (an,by). If fao(e) = oo, then we set
F(z) = f(e) + file)(x —e) x|z — e/ (36)

on [e — dn, e+ 0y] N (an, by).
For each « € H choose 6(z) > 0 such that if fo(z) € R, we have

[f(y) = f(z) = fr(@)(y — =) <[y — =[ and (37)

1) - £) - Ay — o) - 222

=) < (y—ao)? (38)

11



forall y € (x — 0(z),z + d(x)) N H.
If fo(x) = £o0, then we choose §(x) so that we have (37) and

fly) = f(z) = filz)(y —2)
* < (y —z)? ) = 39)

for all y € (x — 6(z),z + d(x)) N H.

If € H is an isolated point of H, we choose 6(z) > 0 so that (z — d(z),z +
0(z))NH = {z} and §(z) < 1.

Assume (a,b) is an interval contiguous to H. The endpoint e € {a,b} is
called type I if there exists a sequence x, € H, x, # e, x, — e such that
0(xn) > 2(b — a), otherwise e is called type IL. In this latter case we choose
n(e) > 0 such that for x € (e—n(e),e+n(e))NH, x # e we have §(z) < 2(b—a).
We can also suppose that n(e) < (b —a)/3. Note that if e is an isolated point
of H, then e is of thpe II.

For z € H set s(xz) = 01if fo(x) € R, s(z) = —1if fa(x) = —o0, and s(x) =1

If e is of type I and if s(e) = 0, we choose n(e) > 0 such that n(e) < (b—a)/3.

Now we interrupt the proof of Theorem 6 by the statement of a lemma which
will be proved later. It defines n(e) in case e is of type I and |s(E)| = occ.

Lemma 7. Assume that M' > 20 and e, the endpoint of a contiguous interval
(a,b), is of type I and |s(e)| = 1. Then there exists an n(e) > 0 such that for all
x € (e—nle),e+n(e))NH\{e} from §(x) > 2(b—a) it follows that fa(x) > M’
when s(e) =1, and fa(xr) < —M’ when s(e) = —1. We can also suppose that
n(e) < (b—a)/3.

We return to the proof of Theorem 6. Assume (a,,b,) is an interval con-
tiguous to H and e € {an,b,} is one of its endpoints. If e is of type II put

' (e) = min{n(e), 1}.
If e is of type I and |s(e)| = 1, then by using Lemma 7 with M’ = max{20,n}
choose n(e). Next we choose a positive i’ (e) < n(e) such that

|f(z) = fle) = file)(x —e)| < %|x —e|, and
+ (f(x) —fle) = hle)(z - 6)) > n when fa(e) = £oo

(z —e)?

(40)

hold for all z € (e — n/(e),e+n'(e)) N H. If e is of type I and s(e) = 0, choose a
positive 7(e) < n(e) such that the first inequality in (40) holds together with

fa(e) 1 2

£@) 1)~ he)— o) - 2@ oy < Lo o2, ana
2(0) 1 o) enr 4
51 |ac—e|<Eforallxe(e—n(e),e—i—n(e))ﬂH;
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furthermore, we also assume 7’(e) is so small that there exist x1,z9,2z3 € H \
(e — nn'(e),e +nn'(e)) such that

|zj+1 — €l
|lzj — el
|z1 —e| < n(e) < (by —ap)/3 and
(41) holds with « replaced by z; (j =1,2,3).

1
< 3 for j=1,2
(42)

We can assume that d,, > 0 is chosen so that if e is either endpoint of (a,, by,
then

2n8, < (n(€))* < n'(e) (43)
and using F(x) defined in (35), or in (36) we have

|F(z) — F(e)| < %(77’(@))2 for all € [e — 0p, € + dy]. (44)

We define Hy D H so that Hy N (an,by) = (an,an + dp] U [by — dpn, by) and
we extend the definition of f(x) by setting F'(z) using (35), or (36). It is clear
that F' is twice Peano differentiable on Hy \ H. So assume zg € H. If zg € &,
then on the side(s) of x¢ which belong to a contiguous interval of H one can
easily see that F' is twice Peano differentiable and on the side of xg which is not
in a contiguous interval an argument which is used for zo € £ can be used with
some simple modifications. Hence from now on we assume zg ¢ £ and z — xo,
x € Hyp.

Since F' = f on H, it is enough to check differentiability of F' when x €
Hy \ H. We also assume that € (an,by), and e denotes the endpoint of
(an,by) with 2 € (e — n/(e),e + 1’ (e)). Now we have two options, either z and
xo are “relatively far” from each other; that is, o & (e — 0’ (e), e + 7'(e)), or x
and zo are “close”; that is, zg € (e —1'(e),e+1'(e)). In the first case the choice
of 6, (43) and (44) imply that F(z) is very close to F(e) = f(e).

Here are the precise estimates:

n'(e)
2

<n'(e) = 0p < |xg — €| — 0n < |z — 20| < |20 — €] + I (45)

by (44) we have

[F@) ~ Fe)l < 0 (€))? < = (& — 20)? (16)

and by (43) and zo & (e —n/(e),e + 1/ (e))

1 1
(1= =)]xo—e| <|x—ax0| < (14 —=)|xzo —e€|, and
n n
1 9 2 2

|z —e] < dp < %(n’(e)) < E(!C*CL’O) )

13



Next we need to separate several cases depending on whether fa(zg) € R
and whether e is of type I or II.

Case A. Now assume that fa(zg) € R and 0 < e < 1 is given.

Choose ¢'(zg) > 0 such that 6’(zp) < min{l,d(zo)/2} and for x € (zg —
28" (x0), o + 20'(x0)) N H we have

f2(x0)

51 (x —20)?| < €|z — 20| (48)

|f(z) = flzo) = fr(zo)(x — z0) —

Since xo ¢ &, we can assume that 0’(zg) is chosen so small that (xo—d'(x0), 2o+
§'(20)) N [an, by] = 0 for all n < max{L + 1, |f2(z0)|, 20}.

Assume z € [an, b, N Hy C (20 — 6'(20), x0 + 6'(20)). Then ﬁ <e€n>
| f2(z0)], and 2(b,, — an) < 28" (zg) < §(x0).

Subcase AII. Suppose e is a type II endpoint.

By the choice of ¢§'(xg) we have z¢g € (e — n(e),e + n(e)), which implies
zo & (e —n'(e),e 4+ n'(e)). Hence z¢ and z are “relatively far apart”. By (48),
(47), and 1/(n—1) <

1£(6) = F@o)—Fi@o)(e - w0) — 220 (¢ 20)2) < efe — wy)?
< 6(1 i l)2(30 —20)? < e(1+€)?(x—x0)%

Therefore, by using (46), (47), and f(e) = F(e) we have

f2(x0)

51 (z — z0)?|

[F'(x) = f(x0) = fi(wo) (2 — w0) —

<51+ 02z — a0)? + | falazo)| -l — o] + L0 0 )2 (2 g
<5e(1+ €)(x — x0)? + | f1(20)| - 2e(x — 20)? (49)
o 20 o) (e — ol + [ — o)

2!
<e(5<1 L+ 20a(a0) +2|f2(:vo)|>(:ﬂ o)

Subcase AI. Assume now that e is a type I endpoint.
If 2o & (e — 1'(e),e + n'(e)) we can argue as above. So suppose now that
zo € (e—n'(e),e+n'(e)) C (e—n(e),e+n(e)). Recall that n > max{|f2(zo)|, 20}
and to choose 7(e) for |s(e)| = 1, Lemma 7 is used with M’ = max{20,n}. Now
0(zo) > 2(by, —ay) and hence by Lemma 7 | f2(z9)| > M’ > n, on the other hand
n > | fa(xo)| which is impossible. Therefore s(e) = 0 is the only possibility.
In this case by the definition of 7'(e) we can choose x1, 29,23 € H \ (
nn'(e), e + nn'(e)) such that (42) is satisfied. Observe that xz; & (e — 7'(e),
n'(e)), for j = 1,2,3 and hence (47) is applicable with = = ;. Settlng T.(t

Fle)+fi(e)(t—e)+ L2 (t—e)? and To(t) = f(wo)+ filwo)(t—a0)+ 282 (1)

e —
e+
):
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by (41), (42), (47), and by (48) we have

To(z;) — f ;) = (Te(xs) — (7)) < e(x; — €)* + e(x; — w0)*

) : (50)
< be(x; —e)” for j =1,2,3,

where in the last inequality we used that |z;—e| > nn'(e) > 21/ (e), and |zo—e| <
n'(e) implies |x; — xo| < 2|x; — €.

Now, P(t) = Ty(t)—Te(t) = az(t—e)?+ay (t—e)+ag with suitable coefficients
ap, a1, and az. Lemma 3 can be used with k = 2, z; replaced by (z; — e)
and e replaced by 5e. Hence, |a;| < 5e-3-16 = 240¢ for ¢ = 0,1,2, and
|P(e)] = laog| = |To(e) — f(e)| < €le — xo]?. On the other hand, |P(xq)| =
(o) — Te(awo)| < ele — 2. Now,

|ax] - w0 — e| < |P(wo)| + |az| - lzo — e]* + |aol
< ele — xo|? + 240¢|zo — e|? + €ele — 20|* < 250€(e — x0)?.
Therefore, |a1| < 250€|e — zg|. Observe that F(z) = Te(x). By |zo —e] < n(e) <

(bp, — an)/3 it is clear that e is in the interval with endpoints = and xo and
le = zo| < |z — x| Thus,

|F(x) — f(x0) — f1(z0)(z — 20) — fz(;/o)

< ag|(x —€)* + |ay| - |z — €| + |ao| < 500€(e — x0)* < 500€(x — x0)?.

(z — 20)*| = |Te(2) — To(x)| (51)

This completes the list of inequalities we need for the proof of the twice Peano
differentiability of F' at o € H when |fa(xo)| < +o0.

Case B. Next assume | f2(x0)| = +o00.

Without limiting generality we can suppose that fa(xg) = +oo. Assume
M > max{20,2|f1(x0)|} is given and choose §'(zp) > 0 such that ¢'(zg) <
min{1,0(xo)/2} and for = € (xg — 28" (x0), o + 26'(x0)) N H we have

1£(@) — F(0) — fi(@0)(& — 20)] < ~= |z — o] and
M (52)
f(x) = f(zo) = fi(wo)(z — w0)

M.
(x — x0)? -

Since xo € &, we can assume that 6’(z) is chosen so small that (xg—d'(x0), zo+
0 (x0)) N [an, by =0 for all n < M + 1.

Assume x € [an, by N Hy C (xg — 0'(20), 0 + 0'(x0)). Then n > M + 1 and
2(byp, — an) < 26'(x0) < 6(x0)-

Subcase BII. Suppose e is a type II endpoint. By the choice of §’(zg) we
have z¢ & (e —n(e), e +n(e)) which implies 2o & (e —n'(e),e+n'(e)). Hence xg
and x are “relatively far apart”. By (52), (47), and n > M + 1 we have

7€) = Fw) = falao)e = w)] < e = w0l < 5 (1 32 ) o = o,

15



and
2 12 2
F(e) — F(zo) — fi(zo)(e — z0) > M(e — 20)? > M(l - M) (z — z0)>.
By using the above two inequalities, (46), (47), and n > M + 1 we obtain

|[F'(z) — f(wo) — fi(zo)(z — z0)|

(1 e — 20l +Laao)] e — o] + (o)
L Ly polle —mol +dlo—soblo —zof
M M
<22+ |fi(ao)] + Dl o],
and
F(z) — (o) — o) (& — o)

>M(1— (@~ 20)? ~ |fa(ao)] - |e — o] — 1 (x — 20)?

M= P =0~ )] 2o o - e

>(M(1~ 1) = 2)(a — 20)’

where at the last estimate we also used that M > 2|fi(xo)|.
Subcase BI. Now assume e is a type I endpoint.
If 9 & (e —n'(e),e + 1'(e)), we can argue as above. So assume now that

2o € (e —n'(e),e+1n'(e)) C (e —nle), e +nle)).

Without limiting generality we assume that © < xo. Since n'(e) < n(e) <
(b, — an)/3, e = b, and xo > b, > .

Subsubcase BIO. Assume first that s(e) = 0, that is, fa(e) € R.

By the first inequality of (40) used with e = b,, we have

7o)~ F(Bu) ~ Falba) o — )| < Lo — bul < L0 — bl
and by (52)

F(ba) ~ F(20) — fa(@0)(bn — 0)] < b — o).

The above two inequalities imply

11 (bn) = fi(wo)| < %

16



Thus if « € (by, — 7' (by), bn) N Ho, then

|[F'(x) — f(z0) — fi(zo)(z — x0)]
fQ(bn)

=[£(ba) + f1(bn)(@ — ba) + (@ = ba)? = F (o) = fio) (& — w0)|
<|f(bn) = f(20) = F1(20)(bn — 20)| + | f1(ba) — fr(x0)| - |2 — b
| fa(ba)] (56)

+T|x—bn| | — by
using (52) with = b, and n > M, together with (41)
1 2 1 4
<M|bn — To| + M|:c —by| + ML@ —by| < ML@ — Zo|-
One can use (56) to show that F(zg) exists and Fy(zg) = f1(xo).

Next we need an estimate showing that Fy(zg) exists and Fz(xg) = +o0.
For z¢ by (52) we have

F(bn) > f(xo) + fi(wo)(bn — x0) + M (bn — x0)?. (57)
By (41) and n > M > 20 we also have

f(x0) > f(bn) + f1(bn) (o — bn) + %(xo —bn)® — %(xo —bn)?. (58)

Adding (57) and (58) and simplifying by o — b, > 0 we obtain

f2(2b!n) M %) (20 — b). (59)

Filzo) > Fulb) + (

Using (41), (42) (with e = b,), (43) and keeping in mind that

|z1 — by| > nn (by) > 4nd,

we have
|To — bn| < '(bn) < |21 — bn|/n < |21 — by|/M,
and
bn
£0) = £n) = o)~ o) = 2200 0 0,021 < o = 002

By (52) we also have
fz1) > f(zo) + fi(wo)(z1 — mo) + M(z1 — 20)>.
This implies

F(bn) + f1(bn) (1 — by) + fQ(QI;n)

> f(xo) + f1(wo)(z1 — m0) + M (z1 — 30)*;

1
(z1 — bp)* + M(xl — bn)?
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that is,

fa(bn) 1
@1 = a)® > (o) = F(bn) = filba) (w1 = bn) = 37 (@1 = ba)?

+ f1(zo) (@1 — 20) + M (21 — 20)?

by using (58)

>f1(bn)($0 - bn) + f2(21?n) (330 - bn)2 - fl(bn)(ﬂfl - bn)
— %(ml — bn)2 + fl(ajo)(xl — 330) + M(Z‘l — 330)2
— )0 — )+ 220 (ay
— %(ml — bn)Q + fl(ajo)(xl — 330) + M(Z‘l — 330)2
~(Frlao) — b — ) + 200 (g 2
— %(ml — bn)Q + M(Z‘l — 330)2

by (59)

> <f2§b!n) +M - %) (20 — bp) (w1 — o) + fQ;l!)n) (zo — bn)?

— %(:cl —20)% + M(z1 — x0)>.

Thus
f2(by) (o — bn)(x1 —@0) (w0 — bn)? 2\ (z1—20)* M

2! (1_ @ -2 (= bn)2) ~ (M_ M) @ —bn)? 2
Therefore,

fa(by) > % > 0. (60)

From (59) and = < b,, < zo it follows that

(b0) = e~ ) > (2R 401 = 52) 0 = aw)o = ) > 0. (1)
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By using this and (57) we have
F(x) = f(zo) = f1(wo)(x — m0)

= () + Ha)w — )+ 220 (0,02 — fa)  fa(ao) i — a0)
> M(ba — 20)? + (fi(b) ~ Fa(eo)) (& — bu) + 20 @ 1,2 (02

using (60), (61) and zo < by,

M M
>M (b, — x0)% + Z(x —bp)? > E(gs —x0)?

where in the last step we used that either |b, — xo| > |z — 20|/2, or |z — by| >

| — xo|/2.
Subsubcase BI1. Next we turn to the case when [s(e)| = 1. By fa(xo) =
+o0 and by Lemma 7 we can exclude s(e) = —1. Therefore s(e) = 1: that is,

fa(e) = +o00. We have by (40) and n > M + 1

[F(@o) — £(e) = frle)(mo— )| < rlwo —e| < Tolw—wol, (63

and by (52)

[F(e) = f(z0) ~ fi(@o)(e ~ w0)| < =-le — a0l < -l — 0l

This also implies

11(0) = falaw)] < =7 (64)
Hence, using (36)

|F(x) — f(zo) — fi(zo)(x — o)
=f(e) + file)(x — e) + |z — e*/? — f(wo) — fr(wo)(z — o)
<|f(e) — f(wo) — fi(wo)(e — zo)| + |z — e*’* + | fi(e) — fu(zo)| - |« —e| (65)

<%|$ — @l + |z — o[ + %W — 0| = (% +lz — $0|1/2) | — ol
Recall that < e = b,, < zo. By (52) we have
f(e) > f(xo) + fr(zo)(e — xo) + M(e — 2o)? (66)
and by (36)
F(z) = f(e) + fi(e)(x —e) + |z — ef*/. (67)
Using (40) and n > M we also have

f(wo) > f(e) + fi(e)(wo — €) + M(wo — )
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which, added to (66), yields
0 > fi(xo)(e — x0) + fi(e)(xo — €) + 2M (2o — €)*.
This by xo > e = b,, implies fi(zo) > fi(e). Using this in (67) and taking into
consideration (66) and x < e we obtain
F(x) > f(e) + fi(zo)( —e) + |z —e[*/?
> f(wo) + fi(zo)(e — x0) + M(e — 20)* + fi(zo)(x — €) + & — e[*/?

>f(x0)+f1(:co)(a:fxo)+imin {M,ﬁ}(x;pof (68)

where in the last estimate we used that either |zg—e| > u;—x“l, or |[x—e| >
Estimates (49), (51), (53), (54), (56), (62), (65), and (68) imply that in all
cases F' is twice Peano differentiable at xg with infinite values allowed. O

|z—xo]|
—

As a corollary to Theorems 5 and 6 we obtain.

Theorem 8. Let H C R be a closed set and let f : H — R be twice Peano
differentiable on H with infinite values allowed for fo. Then fo is in Baire class
one on H.

Next we prove Lemma, 7.

Proof. Lemma 7. Without limiting generality we assume that e = b and s(b) =
1, that is, fo(b) = +o0.

We need to deal with two cases.

Case A: we show that there is no sequence x, € H such that x, — b,
0(xpn) > 2(b—a), and s(x,) = —1.

Proceeding towards a contradiction we assume that there is such a sequence.

Choose 1’ > 0 such that ' < b —a and

fly) = f(b) = f1(b)(y — b) > 10(y — b)* (69)

holds for y € (b,b+n’) N H. Choose and fix one such y.
For any x,, we have

f) = f(@n) = fi(en)(y —2n) < —(y — xn)2- (70)

By using (69) and (70) we also obtain

f(@n) + fi(zn)(y — 2n) — (y — xn)2 > f(y)
> f(b) + f1(b)(y — b) +10(y — b)*.

Since n — oo, we have z,, — b and f(x,) — f(b). Therefore using the above
displayed inequality we can choose N such that for n > N

fi(@n)(y —wn) > f1(b)(y — 7n) + 10(y — b)(y — zn)
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and hence
fi(zn) > f1(b) +10(y — b). (71)
Using the definition of f;(b) choose and fix n” > 0 such that

If(y") = F(b) = AO)Y = b)[ < (y = D)(y" D)
holds for any ¢’ € (b,b+ n") N H. When n is large this implies for 3’ = x,,

f(@n) < f(0) + [1(0)(wn — ) + (y — D) (xn — D).
On the other hand,

F0) < flan) + filzn)(b—z0) — (b~ z4)%.
Using the above two inequalities we obtain
0 < (f1(b) = fa(zn))(@n =) = (b — 2n)* + (y — D) (xn — b)
and keeping in mind that b < z,, < y for large n we infer
fi(wn) < f1(0) — (2 —b) + (y = 0) < f1(b) + (y — b)

which contradicts (71).

This completes the proof of Case A.

Case B. We assumed that M’ > 20 and proceeding towards a contradiction
we suppose that there exists a sequence x,, € H such that x, — b, §(z,) >
2(b—a) and —oco < fa(x,) < M'. Since f3(b) = 400, we can assume that
ye€ HN(b,b+ (b—a)) is so close to b that

Fly) > f(0) + fr(b)(y —b) +2M (y — b)*. (72)
By (38)

fa2(zn)
2!

@) = Fn) = filon)y = 20) = 2oy = )| < -2a)® (73)

which implies

fQ(Zn)
2!

ﬂw<ﬂ%ﬂfmw@%ﬂ< +Q@uﬁ (74)

Setting M = MT’ + 1> 11 we have fo(x,)/2! < M — 1.
Now (74) and (72) imply

Flan)+ )y =)+ (L5 4 1) (- 02

> f(b) + f1(b)(y — b) + 2M (y — b)*;
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that is,
(fi(@n) = /1(0))(y — ) > f(b) = f(zn) + f1(b)(zn — D)

; <2M _ falan) _ 1) = +2M (=0 = =) (o)

2!

> (;M — fQ(;”) — 1) (y — 2n)?

where the last inequality holds for large values of n, when |z, — b| and hence
|f(b) — f(z,)| are both small. Now, by using the definition of f;(b) choose and
fix y' € (b,y) N H such that

P < FO)+ A0 ~ B+ (5~ B )

For large values of n we also have by (38)

F) > flan) + filea) W —on) + == —20)” = (v = 70)”.
Therefore,
f®) = f(zn) >(fr(@n) = HL®))(Y = zn) + f1(0) (b — zn)
+ - -0 + LS - (f - 0

using (75) divided by y —z, >0
> (3= 2 ) e - ) + 400 00)

+ - )+ 20

If n is large and fa(z,) > 0, using M — 1 > fo(z,)/2!, (b — x,) — 0 and
(v — 1) < (y — b)(y — b) we have

(Y —x,)* = (v — a:n)Qd:efA.

s (5 -1) -0 -

which contradicts f(b) — f(z,) — O.
If n is large and fa(x,) < 0, we have

fQ(;") (y = xn)* > fQ(Qf”) (y = 2) (Y — )
and
A>M(y—Db)(y' —b)
which again contradicts f(b) — f(x,) — 0 O



4 Counterexample for k£ > 3

Theorem 9. Assume k > 3. There exists a non-empty perfect set E C [0,1]
and a function f : E — R which is k-times Peano differentiable on E with
infinite values allowed for fi such that fi(x) = 400 for any right endpoint of
an interval contiguous to E and fi(x) = —oo for any other point of E.

Proof. We denote by 7,, the set of zero-one sequences of length n and by 7
the set of infinite zero-one sequences.

By induction we define a sequence d,, > 0 converging very fast to 0. We
put do = 1. Later we make more assumptions about the speed at which d,,
converges to 0. Here we have some initial ones. For now the reader should only
observe that all the assumptions given in (76) can be satisfied if d,,, converges
to 0 sufficiently fast,

13mdpy 1 < (dpm—o — 2dp_1)* form=2,3,...,

1
(m+1)dm+1 < (M ~+2)dmy1 < ——dp, < mdy, form=1,2,...,

1000
25720, (k — 1) (dpm—2 — 2dp_1)" 2 < 1form=2,3,..., (76)
25-2F N (m!+2)d), <db, form=1,2,...,
m/=m+41

|(m + 1)d'lr€n - (m + 1)(dm - dm+1)k| < (dm - derl)k for m = 1>2a )
3(dpm — 2dpy 1) > 245 form =1,2,. ...

We will define the Cantor set E C Eg = [0,1] so that it is the intersection of
the closed sets F,,, consisting of 2™ closed base intervals, each of length d,,, so
that if I = [a,b] is a base interval of E,,, then I N E,,;+1 consists of two base
intervals of E,,;1; one of which contains a and the other contains b. To base
intervals of F,,, m > 1 we assign a zero-one sequence 7 € 7, in the usual way,
0 is assigned to the left interval, Iy of Fy in Ey, and 1 is assigned to the right
interval, Iy of Fy in Ey. If I, = [a,,b;] is a base interval of E,, for a 7 € Ty,
we denote by I.g the left and by I.; the right subinterval of I, N E,, 1.

If 7 € Too UURZ T, having at least m terms, its mth term is denoted by 7,
and 7|m denotes the sequence consisting of the first m terms of 7. For n € N if
7 has at least n ones among its terms, let m,,(7) be such that T, (r) 18 the nth
one in 7. Otherwise set m,, (1) = 0. Set ¢, (1) = 7|m,(7) when m,(7) # 0, and
¢n (1) =0 if my, (1) = 0.

To z € E = NY_, Ey,, we assign 7(x) such that it is the zero-one code of
x; that is, @ € I (g, for all m € N. To 7 € T we assign x(7) € E so that
(1) € I}y, for all m € N. Denote by T} the set of those 7 € 7o, which contain
finitely many ones and by 7_1™ the set of those which contain exactly n ones.

Next we choose the sequence d,,. Choose d; satisfying (76). Suppose d,—1
is defined for an m > 2. Let 7 € 7,,. For each 7 € 7,, we will choose a
polynomial, g, of degree no more than k£ — 1. If 7,,, = 0; that is, there is no
n € N such that m,(7) = m, then we set g, = 0. If 7,,, = 1, then there is an
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n € N such that m,(7) = m. (When m = 1 we set g, = 0 again.) If n > 2, set
I = T|mn_1(1) — [amaﬂm]; ifn=1set Jym = Ey = [0, 1] = [amaﬂm]-

Set 0 = B — i and fiy, = My 1 (7). By definition 6,, = d,y,,,_,(r) = d,, -
Observe that 7, = 1 and all digits 7, = 0 for pu,, < k <m (or for k < m when
Jm = [0,1]). Hence I |1 = [@m,¥m + dm—1] and b, the right endpoint of
I, will equal o, + di,—1, the right endpoint of I.,,_;. After we chose d,, the
interval I, = [a,, b;] will have left endpoint a, = b, — d,,.

We choose the polynomial g, so that

gr(am) = m(*dm—l)k
gr(br) = gr(am + dp—1) = mdf,kl (77)

Specifically we define g, by
Gr(t) = m(—dpm_1)* + 7t — )1 + st — )2

where conditions in (77) imply that
Sl — HEd w4 ()
20m — dm—1
—dm—1 20m
T 200 — ds 26, — dm—1
dim—1m(—dym—_1)*
(261 — dm—1)(20,)F2"

5 81m 6y, + m(l+ (=)Mhd,

+

Using 1 > 6y > dim—1, (76) and mdy,—1 < pfmdm one can obtain the following
rough estimates of r, and s.

|7] < 11pty6m and

|| < 8ptmOmdm—_1 + 4m6yndp—1 +md?, | < 13mOmdm 1. (78)

Next we estimate g,. If pn,, = m,_1(7) = m — 1, then J,, = I -1,
Om = dm—1 and J,,, does not contain any y > b, = 3,,. So if there exists y > b,
with y € J,,, then g, = mp—1(7) < m — 2 and é,, = d,,,, is much larger than
dpm—1.We assume x € [y, Qm + dim—1]; in fact, after d,,, is defined we assume
x € |ar,br] C [m, m + dm—1]-

Case A. Assume y > by > apm, ¥y € Jn N Epn—1. Then dyy—o — dp—1 <
Y—pm < 0m. Then dpyo —2dpy1 <y—2 < dpandy—z < y—ay, <
2(dy,, —2d,,,—1) < 2(y — x). Using pm, < m and 6, < 1 by (76) and (78) we
have

Is] <13pmbmdm—1 < 13md,—1
<(dm72 - 2dmfl)k S (y - x)k < (y - am)k~
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By (76) we also have
[m(—dpm—1)*| < 13mdy—1 < (dpm—2 — 2dm-1)* < (y — )% < (y — am)”.
Hence
l9-(y) = r(y — am)* 1 < 2(y — 2)" < 2(y — am)". (79)
Now by (76) we have md,,_1 < dp,—2/1000 < 6,,/1000 and this implies

7.994,,02 8.01 14,02
3.99 41 01m 22‘ m<r< = gg SO < Styd < Smb. (80)
m . m
‘We also have
r(y —am) =y — )" =rlly — )" = (y—2)F

<rl(y — O‘m)k_l —(y—am — dmfl)k_1| <rdm-1(y — O‘M)k_Q(k -1)

<2*2rd,, 1 (y — )" 2k — 1) < 2" 25mbdm 1 (k — 1) (y — )k 2
(by using (76

<2825, (k

)
— 1) (dm—2 — de,l)k(y - x)k_Q
<225, (k — 1)(

Sm—2 — 20m_1) 2 (y — 2)* < (y — x)".
Therefore, by also using (79)

lg-W)| <7y —2)" " +3(y = 2)" < (Bpm +3)0m(y —2)* 7 (81)
From this and (80) it also follows that

3((km — 1)om)(y — )" <r(y — )" ' =3y — )" < g, (y)
<7y — )"+ 3y — )" <5(m + 1)y —x)*L. (82)

Case B. Recall that J,, = I, () = Iy, and assume y & J,, but y €
E,,.. (This means that we also allow y <  and no longer assume fi,, < m—2.)
Then |y — x| > du,,—1/2 > mbm > 0m > dpm—1. Similarly, dp—1 < pmdpm <
|y — am |, and

ly —=[/2 <ly —am| <2Jy —a|.
Now we use estimates (78) to obtain

|97'(y)| < /Jm(svliz + 11Mm5m|y - am|k71 + 13Mm5mdm—1|y - am|k72

< uméfn + MmOy — O¢m|k*1 + 130m0m|y — am|k*1 (83)
< 25 - 2k71,u'm5m|y - ‘leil'

Case C. Trival Estimates Finally we need a trivial/crude estimate of
gg) (t) forall t € J,, and £ =0,...,k — 1. In this estimate we will use

Im(—dpm—1)*| < mdm—1 < 20m0m < (k — 1) im0,
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[t = @) )] < [rl(k = 1! < 1tk — 1),
and
[(s(t = am)* ) O < |s](k — 1)! < 13426 (k — 1)L,

These imply
199(8)] < (k= 1)1 25000 = (b — 1)1 - 25m—1(T)dpm,,_, (7)- (84)

Now we are ready to fix the value of d,,. Using (77) and the continuity of
gr we can assume that d,, > 0 will be chosen so small, that in addition to the
above assumptions we also have

|97 (t) — m(—dp_1)F| < df,_| for all t € [am, A + dy] (85)
and
lg-(t) —mdt,_ || <d* | for all t € [b; — dyn, bs]. (86)

Since there are only 2™ many 7’s in 7,,, we have only finitely many new
restrictions on d,, if we want to satisfy (85) and (86) for all 7 € 7,,,. Following
the above steps for all m € N and 7 € 7, we define d,, and ¢g,. Set £ =
N1 B

Next we define our function f(x) for z € E. Set

2) =Y 9o (ran (@) (87)

and in general for £/ =0,...,k — 1 we also set

Zgéﬁ? (88)

Since x € J,,, when m = m,(7(z)), we can use the rough estimates from (84)
to show that the series in (87) and (88) converge.

Assume x € F and 7(x) € 7}. Then 7(z) € 7L for some v € {0,1,...}
and x is the right endpoint of an interval contiguous to E. For all such right
endpoints z, 7(z) € T5. Then f(z) = Y071 9o (r(2)(T) = >ov_1 G (v () (@),
since ¢n(7(z)) = 0 implies gy, (r(z)) = 0 for n > v. We also have fo(z) =
S 19;6)(7(93))( ) for £ = 0,...,k — 1. Since g4, (r(x))(t) is a polynomial of
degree < k — 1, we have

v k—1 v g(e) )
S ooy @) = 3 Z %(r(x)) )
n=1 /=0 n=1

Since x is the right endpoint of an interval contiguous to F, to check Peano
differentiability at x we can assume that y € I ()|m, (r(x)) and y # x, which
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implies y > x and ¢y (7(y)) = ¢n(7(x)) for n =1,...,v. Set

e T
A¥f(y) — faf, Ly - 2)f
=0
[e’e) k—1
fe(x)

Z Iontr() (W) = Y w2
n=1 £=0

= o0 i1 (v (Y Z Iou(r ()Y

Denote m,11(7(y)) — 1 by my. In this case x,y € Ir(y)m, but x & I
and dp,, /2 < dy, — dm,+1 <y — < dyp,. By (86)

196, 1 (r () (W) — (my + Ddy, | < dy,
By (76)

|(my + 1)y, — (my + 1)(y — )"
<|(my + 1)dfny — (my + 1)(dm, — dmy+1)k| < dfny

and again by (86)

‘ > g¢n<r<y>)(y)‘ < > (m+ndh, <dy,
n=v-+2 m=m,+1

where in the last step we used (76). Hence

|A — (my +1)(y —z)F| < 3- df;y <328y — o)k

y)Imy+1

(89)

Since m, — oo as y — oo, (89) implies A-k!/(y —z)* — +ocasy >z, y € E.
On the other hand, from (89) it also follows that |A] < (m, +1+3-2%)(y —z)*.

This implies

JAl/(y — @)t < (my +143-2F)(y —2) < (my +1+3-2")d,,, -0

asy —x,y € k.
Thus f is k times Peano differentiable at « and fi(x) = +oo.

Now we assume that z € E, 7(z) ¢ 7 and y — x. Choose v such that
Y € Li@)my(r(x)) Pt ¥ & Lr(w)jm, i(r(z))- This implies 7(z)[m,(7(z)) =

7(y)|m. (7(y)). We will again use the notation

First we assume y > . Set my = m,41(7(y)) — 1. In this case z,y € I+ (y)jm, =
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IT(x)\my but IT(x)|my+1 is the left, and IT(y)\my-i-l is the right “half” of IT(y)\my
and y — x > dp,, /2. Now we have

A= Z 9o (r(w) (Y Z () (U

n=1

=90 1(r () (Y) = 9o 1 (r(@) (Y Z 9o (r (1)) (Y Z I (r(2) (Y
n=v+2 n=v+2

=A; — Ay + A3 — Ay

Clearly by (86) and (76)

As| < > (m+1)dy, <db,

m=mq+1
By (86)
|41 = (my + 1)dy, | =196, 1+ (¥) — (my + Ddyy, | <y,
and by (82) used with ji,, = m, (7()), Om = dp, (+(2))

| A2] = 196,11 (r@)) ()] < 5(mu(7(2)) + Ve, (rply — 2" (90)

and

As = g1 (r(2)) ¥) >3(mu(7(x)) = Do, (o ly — 2|~

>(my(7(x)) = Ddm, (+(2))3(dm, — 2dmy+1)k71 (91)
using (76)

>2(my (7()) = Ve, (@),

Ifn>v+2 theny -2 > dy,, (r(2) 2 dmp_1(r(2))s Y & Lr(@)mn_1(r(2)) and
hence by (83) and (76)

|Ay] < 25281y Z M dy < df, .
m=my+1
Using the above estimates we obtain
|A| = |A1 — A2 —+ A3 — A4| < (my + 4)d,lfny + 5(7’711,(7'(3?)) + 1)dmu(r(x))dln€,b;1

and hence

4]

TG <2571 (my + A)di, + 2571 5(my (7(2)) + D), ((a))-
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Since v — oo as y — x, this implies that

WHOIfy>IL’, Yy —x, yGE
By using (91) we have

A — Ay <(my + Q)d]:ny —2(m,(r(x)) — 1)dmy(.,-(x))dfn:1

<( — Z(mV(T(IE)) — 1)dm,,(7—(1)) + (my —+ 2)dmy) dfnz,l

by (76) and m, (7(z)) < my,
<( 2y (7(2)) — Dy, (o + (0 (7)) + 2>dmy<7<z»)dgj

<(7mV(T(‘T)) + 4)dmu(7'(:c))d7]fn:,1
<—-05- ml,(T(:c))d’;@y < —0.5-m,(1(2))(y — x).

Therefore,

% < —0.5k! - m, (t(z)) +2-2F - —00
as v — oo; that is,asy — x, y >z, y € E.

Next we assume y <  and y — z, y € E. Set my = m,11(7(x)) — 1. In this
case 2,y € Ir(y)m, = Lr(z)|m, DU Ir(z)jm,+1 is the right, and I.(,)jm, 41 is the
left “half” of I;(y)m, and d, /2 <z —y < dpm,. Now we have

o0 o0
A= 96.cn W) = D Gon(r(an )
n=1

n=1

== Gppir(r(x))(Y) + Z 9o (r(y)(Y) — Z 96 (+(2)) (Y)

n=v+1 n=v-+2
— _ B, + By — B,

Clearly, by (86) and (76)

[e.e]
Bol < Y0 (m+ D), < dF,

m=my+1

Ifn > v+ 2, then =z — y > dmu+1(7'(1‘)) > dmn,l(r(x))a Yy € IT(x)|mn,1(T(x)) and
hence by (83) and (76)

(o)
|Bs| < 25-2F 1ty — ! Z m-dm<d’,§1y.

m=my+1
By my + 1 =m,+1(7(z)) and (85)

B = (my + 1) (=dm,)*| = 94,1 (o)) ¥) = (my + 1) (=, )*| < i, .
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Hence

|A+ (my + 1)(—dm,)*| < 3dE (92)

My

and
|A| < (my + 4)dfny < (my + 4)2k71dmy|y — x|k

This implies

A k—1
since my —ocasy —zx,y<z,y€c k.
On the other hand, by (92) (used with a little caution when k is odd)

A —(my + 1)(=dp,)" + (-1)*3d},
(y — o) (y — )k
—(my — Q)dffn
<— Y < —(Mmy — 2
(z —y)k my =2)
which implies
A-E!

(y—aopT
asy —zx,y<a,yekb.
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