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Abstract

In this paper we answer a question of J. Bourgain which was mo-
tivated by questions A. Bellow and H. Furstenberg. We show that the
sequence {n?}2°; is L!'-universally bad. This implies that it is not
true that given a dynamical system (X,%, u,T) and f € L'(u), the
ergodic means
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converge almost surely.

1 Introduction

Research related to almost everywhere convergence of ergodic averages along
the squares was initiated by questions of A. Bellow (see [3]) and of H. Fursten-
berg [11]. Results of Bourgain [4], [5], [6] imply that given a dynamical system
(X,%, 1, T) and f € LP(u), for some p > 1, the ergodic means

R
dm 5 3 AT ) (1)

converge almost surely. Bourgain also asked in [4], [8] whether this result
is true for L' functions. In this paper we give a negative answer to this
question.

Let us recall some concepts related to this problem.

Definition 1. A sequence {n;}, is L'-universally bad if for all ergodic
dynamical systems there is some f € L! such that

N
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fails to exist for all x in a set of positive measure.

By the Conze principle and the Banach principle of Sawyer (see [10], [21],
or [20]), the sequence {n;}72, is L'-universally bad if there is no constant
C' < oo such that for all systems (X, %, u, T) and all f € L'(u) we have the
following weak (1, 1) inequality for all t € R :

1 ({x:]svuzg >t}> < %/\fldu- (2)

The main result of this paper is
Theorem 1. The sequence {k*}2, is L'-universally bad.
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This theorem will be proved by showing that there is no constant C' such
that the weak (1, 1) inequality given in (2) holds.

This paper is a new and substantially modified version of our preprint
from 2003. The proof in that preprint contained a gap but the methods of
that paper lead to a solution of a counting problem raised by I. Assani (see
[1] and [2]).

The paper is organized as follows. In Section 2 we develop the necessary
ingredients we need concerning the asymptotic distribution of squares modulo
q where ¢ is the product of k distinct primes. The specific technical property
we need is given in Lemma 2. In Section 3 we develop the notion of a periodic
rearrangement of a given periodic set. Lemma 3 states a property about the
frequency squares hit such sets; we will need this later in our construction.
Section 4 is the technical heart of the paper. For positive integers K, M
and a periodic set A we define the notion of a K — M family living on A.
What we need for the proof of our main theorem is the existence of some
specific families living on A = R. The properties of these families are stated
in Lemma 5. However, we need a double induction argument to show that
such families exist. In Section 4.1, in Lemma 6 assuming K — M families
exist for all parameter values on R, we show that they exist on periodic sets
A. In Section 4.2 we turn to the proof that if K — M families exist, then
(K 4+ 1) — M families exist as well, this induction on K is our outer inductive
construction. In Sections 4.2.1 through 4.2.8 we carry out the first step of
this induction, while in Sections 4.2.9 through 4.2.15 we show how this first
step of the induction should be altered for (K +1) — M families when K > 0.
The proof of the existence of (K 4 1) — M families involves an intricate inner
inductive construction, the “leakage process”, which is outlined in Section
4.2.1 and carried out in Sections 4.2.2 through 4.2.7. Once it has halted, it
is shown in Section 4.2.8 how to adjust the functions so that the next stage
of the outer induction holds. In Section 5, we give the proof of the main
theorem. We construct a sequence of rational rotations 7j,, functions f, and
numbers ¢, which witness that there is no constant C' satistying (2).

To understand the heuristics behind our proof it might also be useful to
look at [9].

If someone prefers to have a general overview of the main ideas of the
paper before turning to the details here is a recommended quick tour: After
reading the introduction read Definition 3. Then jump to Section 5 and read
the statement of Theorem 8. Skip the proof of this theorem and read the
details of the proof of Theorem 1 at the end of Section 5. Then continue with



Section 2 and read it until (3). Jump to Definition 2 and Remark 1. Then
read Section 4 starting at Definition 4 until the statements of Lemmas 5 and
6. From here jump to Subsection 4.2 and read it until the paragraph above
4.2.1. Continue with Lemma 2 and the paragraph above it. Read Remark 2.
Then jump to Section 3 and read it until Lemma 3 is stated. Finally, read
Subsection 4.2.1 until the paragraph containing (58).

Let us fix some notation. Given f : R — R, periodic by p we put

7)=%A@@Mm

Given a Lebesgue measurable set A, periodic by p we put

X(A):]%)\(Aﬂ[o,p)):NliEéO A(AHQ[]_VN’N]).

2 Number Theory/Quadratic residues

For each ¢ € Nand n € Z set €(n, q) = 1 if n is congruent to a square modulo
¢, and let e(n, ¢) = 0 if not. We denote by o, the number of squares modulo
q. If p is an odd prime, then o, = 1%1. If g =p;--- ps where py,...,p, are
distinct odd primes, then (by the fact that something is a square modulo g if
and only if it is a square modulo each p; plus by using the Chinese remainder
theorem) o, = [[_, piTH. For elementary properties of quadratic residues see
[13] pages 67-69, or Chapter 3 of [18]. We remark that though 0* = 0, when
talking about quadratic residues usually only those are considered which are
not congruent to 0, but since £(n,q) = 1 when n is congruent to 0 modulo ¢
we will regard 0 a quadratic residue (or square) in this paper.

In Section 3 we will use the Legendre symbol. If T is an odd prime the

Legendre symbol (ﬁ> = (ﬁ> equals 0 if 7 divides n, otherwise it equals
T T
L

+1 if n is a square modulo 7 and equals —1 if n is not a square modulo 7.
To avoid notational confusion we will use the subscript £ for the Legendre

symbol. It is a character, that is, (@) = (E) (T) ,and 1+ (E)
T /¢ T)e\NT /). T)r

equals the number of solutions & mod 7 to the congruence x?> = n mod 7.
Put Ag(q) ={n € Z : e(n, q) = 1}, the set of integers which are quadratic
residues modulo ¢. Clearly,

#(Mo(@) N [0,9)) = 0, > 5. (3)
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Next we discuss some results from [19] concerning the distribution of the
squares modulo ¢. Given K, consider a fixed sequence (g1, ...,ex) of zeros
and ones. Assume that aq, ..., ax are distinct integers modulo an odd prime
P.

Set vp(e1, .o €kiar, yax) = #{n : 0 < n < p,e(n+a;,p) =¢; fori =
1,.., K}, that is, v,(e1, ..., €k; a1, ..., ag) counts the number of occurrences of
(€1, ...,€k) in translated copies of ay, ..., ax modulo p. Then

b

p
oK~ KB+ /) <vpler,....ex;a1, ..., a5) < oK + K3+ /p).

The “probability” of the occurrence of (g1, ..., k) in translated copies of
(a1, ...,ax) is

l/p(€1, ., EK,01, ...,(IK)
p

Pp(gl, ey EK, A1, ey (IK) =
and by the above result if (aq, ..., ax) is fixed, then

Pylet, .. exian, ..., ak) — QLK as the odd prime p — oo. (4)
Next we want to choose square free numbers ¢ = py - - - p., Where py, ..., ps
are distinct sufficiently large odd primes with good statistical properties.
A number n is a square modulo ¢ if and only if it is a square modulo
each of the primes py, ..., p.. By (4) given ay, ..., ax and keeping , fixed as
min{py, ..., px} — 00 we have

1 Yitiei 1 K=Y e
Pq(gla < €K A1, "'aa'K) - (2_,@) (1 - ?) ) (5)

that is, statistically squares modulo ¢ look like outcomes of independent
Bernoulli trials with probabilities 2% and (1 — 2%) . Without going into tech-
nical details of this fact from number theory, we just give an outline of
a proof by induction on k. For k = 1, (5) follows from (4). Suppose
k > 1 and (5) holds for kK — 1. Set gy = pi - - - px_1. For any possi-
ble choice of ¢/ = (¢],...,e%) and " = (€f,...,¢}), set W(e',e") = {n :
0 <n<gq, en+a,q) =c¢c ande(n + a;,p.) = e/ fori = 1,...,K},
Wo(e) = {n :0 < n < q, en+a,q) = & fori = 1,..,K}, and
Wie(E") ={n:0<n <p, en+a,p,) = ¢ fori =1,..., K}. Observe



that for any n the numbers n + jqo, j = 0, ..., p, — 1 hit each residue class
modulo p, exactly once, and £(n+ jqo + a;, qo) = €(n+ a;, qo) for all i. Using
this one can see that Wy(e') and W, (¢”) are independent in the sense that
#HW (e e") = #Wo(e)#Wi(e"). For e = (e1,...,ek), set G(e) = {n : 0 <
n < gq, en+a;,q) = ¢ fori = 1,....K}. Then #G(e) = > #W (e, &"),
where the sum is taken over all pairs (¢/,€”) whose coordinatewise product
is €. Taking the limit as min py, ..., p, goes to infinity of #G(e)/q, using (4)
for the limit of #W,(¢")/p. and (5) for the limit of #W;y(e')/qo, and noting
that the only thing that matters in these limiting probabilites is the number
of 1’s in the sequence, we have after setting m = Zfil €, that the limiting

value is
K-m
oK m] )= ()ym(] — —)K-m
Q2K pars ( i >(2/@—1) ( 25_1) (2/@) ( 2/@) ,

which is what we wanted.

Consider an infinite sequence of pairwise independent random Variables
X, 1Y — {0,1} with P(X;(w) = 1) = 55, P(X;(w) = 0) = 1 — 5. Then
E(X;(w)) = 3= By the law of large numbers if p > 0 and K — oo, then

1 & 1
P(E;‘Xi(w)—Q—ﬁ 2p>—>0.

Given p,e; > 0 if K is large enough, then

1 & 1
P<§;Xi(w)—? Zp) < €.

For odd primes p; < py < ... < p, put ¢ = p;---px. Given distinct integers

ai, ..., ax consider X;(n) = e(n+a;, q). By (5) as p; — oo the variables X;(n)
approximate independent random variables with Bernoulli distribution 2%,

(1 — —) Hence, given a sufficiently large K if p; is sufficiently large then

#{nel0,q): | X0 e(n+ai,q) — %| > p}
< €71.
q
In particular, we have
= K
[0 i K 6
#{n €10,q) ;€n+a _2+ p} < e1q. (6)
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For later arguments we now introduce some parameters. We will need
a suitably small “leakage constant” v € (0,1) of the form v = 2% where
¢y € N. Then we work with x > c¢,. Furthermore we use small constants
p, p1 > 0. For large K7 we have

K= [(1+ p27)yKn] < (L+ p1)(1+ pi2°)yEK and 427 /Ky < e (7)
Thus for a large K; we can choose p) such that
p'l > maX{K1—|—72”,K1/€1} (8)

and, in addition if p; > p| we have for any ¢ = py - - - pe, p1 < ... < Ds,

K1

#n € 0.0): |10 D cln+ivg) = 52| 2 p} < g 0
=1

Also, we can choose p| > p)| such that if p; > p{ then given any integers
ai, ..., ax, so that the difference of any two of them is less than p] we also
have, after a simple change of notation in (6)

K>

#nel0g: Y c(~mta)g) > 22t Kop} <ag, (10)

2/-@
=1

the negative sign in the first argument of (-, ¢) is due to technical reasons in
later arguments; it is clear that if n takes all possible values modulo ¢ then
so does —n.

Let ny € [0, 00) be the first number for which

K
ef 1 . 1
D(Klanlaq)d: EE €(n1+2aQ)—27 < p-
i=1

Next choose the least ny > ny + K; such that D(Ky,ng,q) < p.

Continue and set J ={j € N: 0 <n; < q}. If n’ € [0,q) \ Ujer[n;,n; +
K3), then D(K;,n',q) > p holds.

Hence, by (9)

#nel0,q):ng | Jnjn +EK)} <eq (11)
jeg



If j € J then by the definition of e(n, ¢)

1 1
Kl(Q_n —p) < #(Ao(q)ﬂ[n]+1,n]+K1]) < Kl(ﬁ—i—p), (12)
so that the number of quadratic residues modulo ¢ in the interval [n;+1,n,+
K] is approximately K7j/2".

Definition 2. Set A, (q) = —Ao(q) +{j € Z : 0 < j < 725}, A (q) =
Ay (q) +10,1) = —Ao(q) + {z : 0 < = < 42"}. For ease of notation in the
sequel if we have a fixed v and we do not want to emphasize the dependence
on v we will write A(g) and A(q), instead of A,(q) and A,(q), respectively.
(To make it easier to memorize our notation for these A type sets it will be
useful to keep in mind that the sets A without the bars will be subsets of Z
and the sets A C R will be obtained from the corresponding A sets by adding
0,1).

Remark 1. Here are some “heuristic” comments related to the above defi-
nition.

If Ao(q) equaled {k-2%: k € Z}, then A\(A(q)) would equal 7.

Next suppose that Ag(g) is the set of quadratic residues. If the intervals
making up A, (q)) were disjoint, then A(A,(q)) would be v ]\, p;;:1’ some-
what larger than 7. However, by results in [15] for a fixed v as k goes to oo,
the normalized gaps between consecutive elements of Ag(q) converge to an
exponential distribution. We will make explicit use of this fact in Lemma 7.
Since the normalizing factor is o4, the number of squares modulo ¢ approx-
imately equals ¢/2" and the average value of the spacing between elements
of Ao(q) is very close to 2%. For each r sufficiently large if p; is sufficiently
large, for a certain percentage of different elements 4,7’ € Ay(q) the intervals
[i,3 4 ~2%) and [i’, i’ +~2%) will overlap. Under these conditions A(A(q)) will
be less than v, but the smaller v is, the closer A(A(q))/7v is to 1 for large ¢’s.
We will take advantage of this property particularly when we fix a leakage
constant.

By Remark 1, #((ZN]0, ¢))\A(q)) is a little larger than (1—~)#(ZNJ0, q))
for large k and p;.

Suppose p > 0 is given. If a g-periodic set A C Z is “not sufficiently
p-independent” from A(q) it may happen that

#((ANAQ) N 0,9)) < (1= p)(1 =7)#(AN[0,9)). (13)

8



In the next lemma we consider translated copies of Ag(g). We show that
for ¢’s with large prime factors there is only a small portion of n’s when
A, = n+ Ao(q) satisfies (13).

Lemma 2. Given a positive integer k and €, p > 0 there exists p| such that
if the odd primes satisfy p < p1 < ... <p. and q =py - - - py, then

#{ne 0.0 #( (0 + ala) \2@) N 0.0)) < (14
1= =Ml n0.0) | < o

Remark 2. The heuristics behind (14) are the following. The number of
n € [0, q) for which n € A(q) is a little less than ¢, due to “overlaps”. This
means that the number of those n’s for which n € A(q) is a little larger than
(I — ~)g. Now one can examine what happens when we look at translated
copies of Ay(q). Formula (14) says that for “most” translated copies of Ag(q)
we cannot have much less than (1 —)#(Ao(q) N[0, ¢)) elements of n+ Ay(q)
outside A(q).
Before beginning the proof of Lemma 2 we choose py > 0 such that

1
(1= o) > -0 =), (15)

Recall from number theory that if p{ is sufficiently large then we have

1 g
(1= po) 2%

Proof. We can assume that ¢ < 1. Take 0 < ¢; < €2/32 and then choose Kj,
py and pi as above. By (8) and ¢ > p] > p} we have ¢ > K;/e; and by (11)

(1= po)-L < #(Ao(q) N[0, q)) = 0, < (16)

QH

#{ne0,q):ng |Jln,n +K)} <eaq (17)
JjeJ

for a suitable index set [J, defined above, and for each j € J we have
D(Ki,nj,q) < py for a suitable p; > 0. This means that

&(%—m)<#mmMﬂm+Lm+KD<&(%+m) (18)

9



By Definition 2 for n € [0,q) we have n +n’ € A(q) = A,(q) if n+n' —i €
—Ao(g) holds for an i =0, ...,72" — 1. Set A)(q) = Ao(q) N [n; + 1, n; + K]

and
N(q) = — < U (i) —i)>

i=0
for each j € J. Using the definition of K5 in (7), and (18) choose distinct
numbers ay j, i’ =1, ..., Ky, so that

y2r—1 Ko
i i . def K
~N(q) = |J M) —i € 4= [ {ar} C g — 927 n; + K1) (19)
=0 i/ =1

Clearly, by the choice of p) in (8) the difference of any two of the a; ;’s is
less than p. By (19)

(n+Aolg)) N A (@) C (n+ Ao(q) N (—4).

Observe that there exists n’ € Ag(q) such that n 4+ n’ € —A; if and only
if there exists ¢’ such that n +n' = —ay ;, that is, n + ay ; = —n' € —Ay(q).

Recall that n + ay; € —Ag(q) if and only if e(—(n + ay ), q) = 1. Set
Nj = {n c [0,(]) : Zf’(il 5(—(n—|—ai/7j),q) > KQ(Q% +p1)} Ifn g Nj, n e [0,(])
then

#((n T Ao(g)) N Af'<q>) < KoL 4 po). (20)

By (10)

#Nj < €19. (21)
Here we remark that (10) can be used so that we have (21) for all j € J.
Indeed, assume A C [—72", K] and A+ n; = A; then

e 1
N; = Na¥{n e (0,): Y e(~(n+a).q) = Kalgy + 1)}
acA
There are 272" 5171 gubsets of [—72, K;]. So, we can choose p/ before (10)
so that we have #N,4 < €1¢q for all subsets A of [—v2", Kj].
If n ¢ Nj, n €[0,q) then by (7) and (20)

#{(n -+ Mo(@) NN () < Kol + 1) < (22)
(I+p)(1+ ,012“)7K1(217 + p1).

10



On the other hand, by (17)

q— €1q q
< < — +1. 23
R #J T (23)

For0<n<gset J(n)={jeJ :n¢gN,}

Consider an n such that

#J(n) > q X (1-ve). (24)

Later we show that for most n’s this inequality holds.

Observe that if x € [—(n;+ K1) +72%—1, —n; —1]NA(q) then there exists
i €0,...,72¢—1} such that z—i € —A¢(¢) and z—i € [—(n; + K1), —n; —1],
that is,  —i € —A}(q) and hence 2 € A(q). Therefore, [—(n; + K;) +~2% —
1,—n; — 1N A(q) C A (q).

We want to estimate

#(«n T Aol@) \ Alg)) N 0. q>) _ #(((n T Aola) \ A@) A (. 0]).

By (22) for any j € J(n)
#((n+ Mo(@)NA(Q) N[~ (ny + K1) + 72" = 1,—n; — 1) < (25)
(1+ o)L+ 2K (5 + ).
Put
T,={teZ:te(—q0\ (J [-(n+K)+~2"—1,-n; —1]}.
jed(n)
It is clear that
(n+ Ao(g)) N A(g) N (—¢,0] C (26)

T.U |J (n+Mo(@) N A(g) N [=(n; + K1) +792% = 1, —n; — 1].
JjeJ(n)

We need to estimate #7,,. Since the intervals [—(n; + K;), —n; — 1] are
disjoint and, with the possible exception of the one with the largest index,
are subsets of (—¢, 0] we have by using (7) and (24)

#T, <q—#IT(n)(K1 —72") <q—#T(n)(1 —e1) K1 <

11



q— q%(l — \/E)Kl = q(l — (1 — 61)2(1 - \/5)) < q01(€1)7

where ¢1(e1) — 0 as e — 0. Now we use this, (25) and (26) to estimate

#(<n+Ao<q>> AN <—q,o1) <

BTO) - (14 ) (1 21y Ko + 1) + gen(er) <

(using (23))

1
(20 + D+ o)L+ p2) 7K (5 + 1) + e (er) =
1

K 1
(1+ 71)(1 + ) (L4 p2 P05, +gala) <

(using (8) and ¢ > p} > Ki/€)

1
€1 P1 P1 Y457 T gcil\€1) =
(14 €)1+ p1)(1 + pi27)? o+ (€1)

28 1 1
((1 +e) (14 p) (14 p127)% + 761(61))7615 = o€, Pl)WQQ—R,

where co(€1,p1) — 1 as €, p1 — 0.
We can choose €, p; > 0 so that

This by (16) implies

1
ca(€1, p1)Vg=—

o < mv#(/\o(@ n[0,q))
By (15) we obtain
#((00 M)\ M) D)) > (21)
#(00(0) N 0.0)(1 = T3 > #(ha(a) 1 0.0)(1 = p)(1 =)

12



To prove (14) we need to show that there are sufficiently many n’s which
satisfy the above inequality.
Let b be the number of n’s for which

#T(n) < a1 V) (28)

If we can show that b < eg, then we have finished the proof of Lemma 2
since if (24) holds for an n then we have (27). If n satisfies (28) then by the
definition of J(n) from (23) we infer that n € N; for at least /€ 2=2q many

K
j’s. Hence, using (21) and (23) 1
1-— 2€1q2
b +1
Ve (L +1) < 28
JGJ
which implies
2
b < va q < €q.
1-— €1

3 Periodic rearrangements

We need a lemma concerning the fact that one can make a periodic pertur-
bation of certain given periodic sets so that averages of the characteristic
function of the perturbed set taken along squares is close to the average
measure of the original set.

Assume F' C Ris periodic by 7/ € N and if x € F then [|z], |x|+1) C F.
Given a natural number 7 > 7/, the 7-periodic rearrangement of F' is denoted
by F7 and it is periodic by 7, and F"N[0,7) = [0, |7/7'] - 7') N F.

For the proof of the next lemma we recall that by the Pélya-Vinogradov
Theorem (see for example p. 324 of [14]) for any n € Z, | € N and odd prime

n+l—1 .
7, we have Z (l) < 6y/TlogT.
c

- T
J=n

Lemma 3. Suppose 7 € N, F C R periodic by 7" and p > 0 are given. There
exists M, such that if T > M, is a prime number then for any n € N and
x € R, if T/m then

%ni (x4 k) > (1= p)A(F). (29)

13



Proof. For each a € {1,...,7'}, let F, = Up=4 (mod +)[n, 1+ 1). Since F is the
disjoint union of finitely many of the sets F,, it suffices to prove the lemma
for some fixed F,. Also, note that it is enough to show that there is some
M, such that if 7 > M, is a prime number, then for any n € N and = € R,

n+7—1

2N et R 2 (- pRR) = L (30)

7—/

Put | = |7/7'].
Note xpr(z 4+ k*) = 1 for an integer x if and only if there is some j €
{0,...,1 — 1} such that  + k* = a + j7' (mod 7).

Thus, using the Legendre symbol | — | , we have
n
c

1
—#{kec{0,..,71—1}:kK*=a+jr —x, (mod ) foraje€{0,..,1—-1}} =
-

-1

1
—Y #ke{0,...7—1}: K =a+j7 —x, (mod 1)} =
T~

-1

T/7 . a-+ 7 —x
Now as 7 — o0, L /T 1 % Setting S = Z (L) we only need
7 c

=0
to show S/ — 0, as 7 — 0.

We argue this as follows. Since 7’ is a prime with 7/ < 7, choose b
such that b7/ = a — x, (mod 7) and set 7 = (7/)7!, (mod 7) so that
b= (a—x)- -7, (mod 7). Since the Legendre symbol is a character,

(27 () (7).

il
T

((a—f-jT'T— x)-T*)L _ ((a—x)7’i+j7”7’*)£ _ (bij)ﬁ’

14
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we have by the Pdlya-Vinogradov inequality

S| =

-1 ‘

b
E (ﬁ) '§6\/7_'10g7'and@—>0as7'—>oo.
j=0 T L T

This completes the proof of Lemma 3.

4 K — M families

Definition 3. For a positive integer M we say that a periodic function or
a “random variable”, X : R — R is conditionally M—0.99 distributed on
the set A, which is periodic by the same period, if X (z) € {0,0.99,0.99 -
15099271 fand A({z € A : X(z) = 0.99-27'}) = 0.99 - 27 MH=IX(A)
for | = 0,...,M — 1. (We regard R as being periodic by 1 with A\(R) = 1
and if A = R then we just simply say that X is M —0.99-distributed.) By
an obvious adjustment this definition will also be used for random variables
X defined on [0, 1) equipped with the Lebesgue measure A. If we have two
“random variables” X; and X5 both conditionally M —0.99 distributed on A
then they are called pairwise independent (on A) if for any y;,y2 € R

Mz e A: Xi(z) = y1 and Xy(z) = yo}MA) = (31)
Mz eA: X (2) =y HA{r € A: Xo(x) = y5})

or, equivalently,

Mz e A: Xi(z) =y and Xo(2) = 12} /A(A) =
A{z € A Xy (2) = })/AN))A{z € A Xy(x) = ya}) /A(N)).

If we say that X; and X5 are pairwise independent, without specifying A
then we mean A = R.

We will use the following simple properties. Assume A; and A, are two
disjoint sets with a common period. If X; and X, are conditionally M —0.99
distributed on A; and on A,, then X; (and similarly X5) is conditionally
M—0.99 distributed on A; U Ay, If, in addition X; and X, are pairwise
independent on each A; and Ay, then X; and X, are pairwise independent
on A; U As. We note the last property depends on X; and X5 having the
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same distribution on A; and As. Similar properties hold if we have finitely
many functions X1, ..., Xx with the same conditional distribution.

For our argument a wide range of independent, identically distributed
uniformly bounded “random variables” with expectations bounded from be-
low by constant times M2~ could be used. However, as the remark above
shows we need identically distributed random variables and out of the many
possible choices we picked the M — 0.99 distributed ones. For a motivation
for this choice see [9].

We say that X : R — R is M — 0.99 super distributed if

X(z) €{0,0.99,0.99-27" ...,0.99 . 27 M1 (32)
and
M{zeR: X(2)=0.99-27"}) >0.99- 27 M"Y for [ =0,...., M — 1.
We need the following lemma:

Lemma 4. Suppose 7 € N, Xy, ..., Xk : R — [0, 00) are M —0.99 distributed,
7 periodic and Xj_ | is M — 0.99 super distributed T periodic and Xj .,
15 pairwise independent from X for all h = 1,...,k. Then we can choose
0 < Xgiq < X}(H such that X1 is M — 0.99 distributed and pairwise
independent from Xy, for allh =1, ... k.

Proof. Set

e =z € R: Xy (2) = 0.99- 271}

Then A(©,,,) > 0.99 - 27M+-1 and

der0.99 - 27 MHI=1
1 =

MOk t14)

We also set Sx = {0,0.99, ...,0.99 - 2= M+ K and for (yi, ..., yx) € Sk set

def
Ok 1Yy yx)={2 € Oy s Xn(2) = yn, h=1,.., K}.

Clearly, O 1 ,(y1, -, yx) is 7 periodic and for (y1,...,yx) # (Y1, Yx) €

Sk the sets O, ,(y1, ., yx) and O, (yy, ..., Yk) are disjoint. For all
(Y1, .-, yi) € Sk choose a Borel measurable O 11 (y1, ..., yx) C @/K-i-l,l(yla e UK)
such that

MOk 111y, Yx)) = Cl/\(9}<+1,z(y1> s UK))
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and Ok 11,(y1, ..., yx) is periodic by 7.
For € Ogy1,(y1, -, yx) set Xxii(z) = Xjeyi(x) = 0.99 - 27" and for

v € Ok (W1, Yk) \ Oxi11(y1, - yk) set Xxq1(x) = 0. Do this for all
(y1, .-, Yr) € Sk and for all [ =0, ..., M — 1. Finally, for those z’s for which
Xiq(w) =0set Xgpq(x) =0. Then 0 < Xgyq < Xje ).

Suppose [ € {0, ..., M — 1} is fixed. Then

Mo Xpa(x) =0.99-27) = > NOgara(yr, - k) =

(Y1, YK)ESK

> MOk W k) = AN (O ) = 0.99 - 27 ML

(Y1, YK)ESK

This and (32) also implies that

A{z: Xg(z) =0}) =1 leo L MAL (33)

Suppose 7, € {0,0.99,0.99 - 271 ...,0.99 - 27 M1} is fixed and denote by
Sk, the set of those (yi,...,yx) € Sk for which y, = 7,. Then by the
pairwise independence of Xj, and X, on R we have

A{z : Xu(2) =7, and X}, (z) =0.99-271}) = (34)

A{z - Xu(2) =7 DA{z : Xy (2) = 0.99-271}) =
A{z : Xi(2) = 7, DA Ok 410)-
On the other hand,

Z X(@,KH,z(yh e ?JK)) = (35)

(Y1, YK)ESK 7,

A{z : Xu(2) =7, and X}, (z) =0.99-27'}).

€ Z X(@/K-i-l,l(yla o YK)) = Z MOk 111, -, Yx)) =

(W1, YK)ESK 7, (Y1, YK)ESK 7,

A{z: Xp,(2) =7, and Xg41(x) =0.99-27'}),



if we multiply (34) and (35) by ¢; we obtain
A{z: Xp,(v) =7, and Xgy1(x) =0.99-271}) =

M{z s Xn(2) =Tn}) - e MOk i1y) =
A{z: Xp(z) =7,}) - 0.99 - 27 M+t =
A{z : Xi(2) = 7 ) Az 2 X (o) = 0.99-2713).

d(3

3) we also have

By (32) an
Az : Xp(2) =7, and Xg 1 (z) =0}) =

M—1
Mz Xp(z Mz : Xp(2) =7, and Xg q1(z) =0.99-27"}) =
1=0
M-1
({x Xh( 0.9 27M+lfl> —
1=0
A{z + Xn(2) =7, HA{@ : Xkqa(@) = 0}).
This completes the proof of the fact that Xy, is pairwise independent from
Xy forallh=1,..., K. O

Definition 4. We say that a set P C N has sufficiently large complement it
there are infinitely many primes relatively prime to any number in P.

Sometimes we need to work with the “real” squares modulo ¢:

Definition 5. Assume ¢ = p; - - - p., where p; < ... < p,. are odd primes. Set

Ay(q) ={n € Ao(q) : p; [n, forall j =1,...,k}.

If n € A{(g), then there are 2 many solutions of z* = n mod ¢, also observe
that for fixed k

if p; — oo, then — 1. (36)

Given v € (0, 1) we also put
N(q) = —Ao(q) +{j € Z: 0 <j <727},
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A(g) = Ny(q) +1[0,1) = =Af(g) + {w: 0 < & < 72"},

In the sequel often if 7 is fixed we will suppress the dependence on v by
writing A’(¢q) and K/(q) instead of A/ (¢q) and K;(q), respectively. To help to
memorize our notation of these sets, “A”” means that the set “A” is built as
“A” but instead of Ay we use Ay in our construction. We keep our earlier
convention as well and hence “A”” is the set obtained from “A’ by adding

0,1).

Definition 6. Suppose K, M € N, A C R is periodic by g. There is a
parameter 7' associated to A. (If A = R then ¢ = ' = 1. Otherwise one
should think of A = K;,(Q’) and 7/ is the parameter used in the definition of
A.) In the sequel we assume that P C N has sufficiently large complement.
A K — M family living on A with input parameters 6 >0, 2, I' > 1, A € N,
P with output objects 7, fr, X5 (h=1,..., K); Es, w(z), a(z) and 7(z) is a
system satisfying:

(i) There exist a period 7, functions f, : R — [0,00), pairwise inde-
pendent, conditionally M —0.99-distributed on A “random” variables
X, :R—=R, for h=1,.., K, and a set Fs such that all these objects
are periodic by 7 where 7 is an integer multiple of ¢.

(ii) We have A(E5) < 6. For all # ¢ Ej, there exist w(z) > a(z) > A,
7(z) < 7 such that w?(z) < 7, %2 > Q- 7(z); moreover if a(z) < n <

o(z)

n+m < w(z) and 7(z)|m, then for all h =1, ..., K,

n+m—1

> e+ k) > X (x). (37)

k=n

1
m
(iii) Forall p e P, (7(z),p) =1, (7,p) = 1.
(iv) For all z € A\ Es, for all h € {1,..., K}
fulz +j+7(@)) = fulz +j) (38)
whenever o?(r) < j < j+ 7(z) < w?(z).
(v) Finally, for h=1,..., K
I o
/ fn= /fh <.y 27MH (39)
0

T
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Remark 3. The input parameters in the above definition should be regarded
as something given in advance while the output objects are defined and con-
structed later. The most important property is (37), while the numerous
other technical properties are needed in order to verify by mathematical in-
duction the existence of K — M families.

If = is not in the exceptional set Ejs, then (37) says that the average of fj,
taken along the squares of a run of integers staying in the window [a(z), w(z)]
dominates Xj,(x), provided that the length of the run is a multiple of 7(z).
In (38) we claim that these functions appear to be periodic in the window
[@?(z), 8%(z)], that is, when squares stay in the window [a(z), 3(x)].

Lemma 5. Let M € N, A = R (this implies ¢ = v = 1). Then for each
positive integer K and parameters 6 >0, Q. I' > 1, A € N, and P C N such
that P has sufficiently large complement there exist a K — M family living
on R with these parameters.

4.1 Putting K — M families on quadratic residue classes

The proof of Lemma 5 is quite involved. It will be done by induction on
K. We will build a (K 4+ 1) — M family for a given set of input param-
eters, provided we know the existence of K — M families for all possible
input parameters. To carry out this induction step we need to verify that a
generalized version of Lemma 5 holds.

So we assume that K — M families on R exist for a fixed K € N for all
possible parameter values.

We will use the following lemma about “putting a K — M-family on a
residue class”. We assume that P is a set of natural numbers with sufficiently
large complement and we have a number ¢ such that

(aa p) =1 fOI‘ all D S ﬁa a: pO,l te 'pO,m (40)

and pp; < ... < po, are odd primes.
We also assume that a constant v = 277, the so called “leakage constant”
is given with ¢, € N and & > ¢,. This v is used in the definition of A (¢) =

!/

~ ().

Lemma 6. Let M € N be given and suppose for some K € N that K-M
families exist on R for all possible parameter values. Suppose thal P, q
and the parameter 7y associated to N (q) satisfy the above assumptions. In
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addition, let 6 > 0, Q, ' > 1, and A € N be given. Then for the above input
parameters there exists a K — M family living on K/(@ with output objects
T fu Xn (h=1,...K); Es, w(z), @(x) and 7(x). Moreover, T = 7q with a
suitable 7 € N and if 2(q) = Ujez[iq, jq + 725) then f,(x) =0 for x € Z(q)
and h=1,..., K.

Proof. Using P = P U {q}, choose a K — M family living on R with input

parameters 0, ' = Qq, I'; A. This K — M family provides us with 7, f5,, X},
Es, w(x), a(x), and 7(x), satisfying (i)-(v) of Definition 6. Especially,

for all p € P U {q} we have (7(z),p) = 1 and (7, p) = 1. (41)

We construct a new K-system, marked by overlines, which lives on K’(@ and
is periodic by 7 = 7q.
~ Set fu(x) = Ju(2)@/27 if © € E(q) = Ujez[jq, jq + 72"), otherwise put
fr(x) =0. Then f, is periodic by 7q.
Next we define X () so that X,,(z) = X,(z) for z € A (), and otherwise
let X, (x) = 0. Clearly, X, is periodic by 7¢ and is supported on K/(Eﬁ.
Next we check the distribution of yh(xﬂxr@. We know that X (z+7) =
Xn(x). From (41), (1,q) = 1 and thus the numbers j7r, j =0,...,¢ — 1 cover
all residue classes modulo g. Now we can compute

M{z e N (@) : Xp(z) =0.99-271}) =
AM{z eR: X,(x) =0.99-27}) =

A({r € [0.7)  Xala) =099-271)) =

%i Az € [jm, (j +1)7) : Xp(a) = 0.99-27'}) =
%i A{z €[0,7): Xp(z+j7) =0.99-27"}) =

%#(A’(Ej) N10.) - A({z € [0,7) : Xn(x) = 0.99-271}) =
(using that #(A'(q) N[0,3))/d = MA'(@)))
AN (@) - %/\({x €[0,7): Xp(z) =0.99-27"}) =
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AN@) - Mz € R: Xo(w) = 0.99-271}) = X(A'(@)) - 099 - 274,

Thus the “conditional distribution” of X on K’(@ is M—0.99.

Set T = {0,0.99,0.99 - 271 ...,0.99 - 27M*1} and T, = T\ {0}. Next
we show that the functions X, are pairwise independent on K/(ED. Suppose
hi # hsy. First assume y;,y2 € T,. Then the above argument shows

Mz e N(@) : X, (@) =y;}) = Mw € R: X, (2) =y, DAN (@) (42)
for j = 1,2. A similar argument shows
Mz € N (@) : Xny(2) = y1 and X, (2) = p}) = (43)
Mz € R: X, (2) = g1 and X, (2) = o })AA'(@)-
The range of X), and Xj,, equals T = T, U {0} and (42) holds for all
y; € T4. Therefore,
M{z € N(@) : Xp,(x) = 0}) =A({z € R: Xp, () = 0D)AR (@) (44)

should also hold for j =1, 2.

Recalling that Xj,; are M —0.99 distributed and pairwise independent on
R, using for a fixed yo € T, (43) for all y; € T, and using (42) with j = 2
one can deduce

A{z e N(§) : Xp,(z) =0 and X, (z) = 1o}) = (45)
X{z € N (@) : Xny(2) = 12})—
MN{z e N(§): Xp,(x) € Ty and X, (z) = y2}) =
M{z €R: X, (z) = 0 and Xy, (z) = 12 HDAAX (@)
Similarly, one can see that for any y; € T
A{z e N(G) : Xp,(z) = y1 and X, (z) = 0}) = (46)
X{z € R: Xy, (z) = y1 and Xy, (z) = 0HAA Q).

Recalling that X, is M —0.99-distributed on R and using (45) for all yo € T
and (44) with 7 = 1 one can see that

({z € K/(ZD : Xy, (z) =0 and X3, (z) = 0}) = (47)
({z € N (@) : X, (x) = 0})—

A{z €N (@) : Xpn,(x) =0 and Xp,(z) € T, }) =
M{z €R: X, (z) =0 and Xy, (z) = 0HARA (Q)).

A
A
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Since X3, and X}, are pairwise independent and M — 0.99-distributed on R,
from (42-47) it follows that X, and X, arc pairwise independent on A'(q).

Put Es = Es. Clearly, E; is periodic by 7 and this completes the proof
of property (i) in the definition of a K — M family.

It is clear that A\(Es) = A(E;) < 6. For all x ¢ Es, h € {1,...,K}, let
a(z) = a(z), w(x) = w(x), 7(x) = qr(z), then we have % > QU'r(x) =
Qqr(x) = Q7 (x).

Fnand X,,. Assume z € A () \ By, a(z) = alz) <
(), T(z) = 7(x)g|m. In fact, it is enough to consider

7(z). We claim that for any h = 1,..., K we

Now we verify (37) for
n<n+m<w(r)=0uz),
the case when 7(z)g = m =

have
1 n+m—1 1 n+m—1_ )
— k) < — k
— kZ e+ )< 2L Tule kD,

then we will apply (37) for f;,, and X,,.
Since T7(z)g = m and = € K/(a) \ Es implies x ¢ Fj, using (38) several
times we obtain

n+m—1

+7(x) -1
1"
il Z folz + %) _E Z Z (z + (K +j7(x))?) =
k'=n 7=0
1 n+7(xz)—1 ,
- > afalz+ k7).
k'=n

From z € A (), it follows that there exists ko such that & € —k2+[ix,d, ir, 4+
v2%), that is, © + k3 € [ix,q, ikyq +72") for an iy, € Z, and k2 € Aj(q). Recall
that there are 2% many solutions of 2? = k2 modulo q.

Since (7(x),q) = 1 for a fixed £/, the set k' + j7(z) forms a complete
residue system modulo ¢ as 7 runs from 0 to ¢ — 1, hence there are at least
2% many jr ;s I =1,...,2% with (k' + jp7(2))? = k2 modulo ¢, where kq is
defined above. Recalling that = € K/(a) \ Ej, for any k' =n,..,n+7(zx) -1,
we have

*Qlk
—

oK

Fule+ (K +j(2))%) = Y Fule+ K + jiwr(@)?) =

<.
Il
=)

D Sl (g (0)?) 5 2 2%+ K
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Therefore,

-1

3

+7(z)-1 g—1
Tule + 1) —% S Fala+ (K + jr@)?) =
k'=n

J

1"+

3
I
o

applying (37) for f, and X,

1 n+7(z)—1 1 n+m—1
—~ Qfn(z +E°) = Z Fulz + k) > Xp(z) > Xu(2).

’

I

This proves (1 ) for z € N () \ Es. Since Xp(z) =0 for z € R\ (N (§) U Ey)
for these ’s (37) holds obviously for f, and X,.

Using (41) and (q,p) = 1 for all p € P we have (F(z),p) = (q7(z),p) =1
and (7¢,p) = (7,p) = 1 for all p € P. This proves (iii).

To verify (iv), suppose z € A (§)\Es, h € {1,..., K} and o2(z) = a2(z) <
j<i+Tr() <) = o(a).

If 4 j € 2(q), then

Tale+3) = fule + )i/2 = fla+3 +7(@)af2 = .= (48)
fulz + 7 +qr(2))q/2" = fi(x +j +q7(z))

when o?(z) = @*(z) < j < j+q¢r(zr) <@ (2) = ().

If z+75 & Z2(q), then f(x+7) =0= f,(z+j+qr(x)). This verifies (iv).

Next we prove (v)

7(7_ __
= [T [Tasry i (49)
7q Jo
Indeed,

1 q—1 T A 1 qu_ i
T?ijzo/o fh(x—l—jT)dx:;/O qj frlx+ jm)de = ().

—_

/‘\o

To continue this computation recall that from (7,q) = 1 it follows that |x] +
j7 hits each residue class modulo ¢ once as j varies from 0 to ¢ — 1 and
frn(z 4+ j7) = fa(x) for all j. Thus, recalling that " associated to A = R
equals 1 and using (v) for fj

] -
(x) = / —fn(x ) v2 dr = —7/ fu(x)dr < T2~ M+
T
This proves (49). O
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4.2 Proof of Lemma 5

Let a positive integer M be given together with input parameters § >
0,27 <1,A € N and P C N with sufficiently large complement. To show
the existence of a (K + 1) — M family living on R, we need to fix several
constants for the induction argument.

To begin with we will use the following Lemma 7 to choose a “leakage
constant” which will remain fixed during the inductive construction of a
(K + 1) — M family from K — M families. This lemma is a more exact
expression of the ideas given in Remark 1.

Considering the sets K;(q), a direct calculation shows:

MR, () <7 and AR\ R (q) > 1~ . (50)

However, the closer v to 0, the smaller the percentage of “loss due to over-
laps”. To obtain estimates from the opposite sides we will use Lemma 7.

Lemma 7. For each 0 < v < 1/7, one can choose constants C,, > 1 >

C, > 0, ky € N, such that for each k > k., there exists p., for which if
Dy < P1 < ... <P and q=py---pg, then

Cy>==— and CAR\KN(9)<l-v-+%  (51)

1 ~ 1y
C, = and Cy = —— 1
1-"Ty L —+ 72

Therefore, Cy — 1 and 6’7 —lasy—0+.

We remark that in (51) the second order term in (1 —~ —~+?) appears for
technical reasons. It is clear that (1 —~v—~%)/(1—v) - lasvy— 0+.

Proof. We use the fact that the limiting distribution of the gaps between
squares is continuous. In fact, consider ¢ = p; - ... - p, where p; < ... < p,. are
odd primes. Let 0 = z; < 2y < ... < 1,5, < ¢ = 24,41 be the squares mod ¢
so that o, = J[7(22). Let each gap g; = ;41 — x; have weight 1/0,. The

izeis s, = LS, — 4 — onTTE (b '
expected gap size is s, = =331 gi = = = 2"][} ({}5). Let us normalize
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the gaps; y; = sg—;. Kurlberg and Rudnick in [15], Lemma 14 proved the
following result. For each x € R,

lim #li: g < o}

K—00 o

=1—-e" (52)
q

Choose k. such that if x > k., then #{”27(;27} < 1—e73 < 3y. For each
k > Kk~ choose p, . such that if p, . < p; < ... < p, then [[{(1 + p%) < 2 and
[1;(1— p%) >1—r~. Let g =p;---px. Letting 2} be the squares modulo ¢ in
[0, g) which are not divisible by any of the prime factors of ¢, we have

X@x@>z”T#m 2y — 7 > 927} (53)
z”?(ik“") iy <2 0+ <2ﬂ>

By (52) and our assumptions, we get

MK () > <1— awH1+ ) (55)

V(1 =7)=37-2)=7(1-Ty) = Cl
A
We have . )
MAL () >y (1 =Ty =1 — L
C’Y
So,

O

In order to apply Lemma 6 we need to choose a positive “leakage con-
stant,” 7, which remains fixed during all steps of the leakage producing the
(K +1) — M family.

Fizing the leakage constant .

We choose 0 < 7y < 1077 so that

C,=—<T 26
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Moreover, for each v < vy with v = 27 where ¢, € N, by Lemma 7 we choose
K~ such that for all K > k. there exists p., . for which if p, . <p1 < ... < py,
q=Dp1- - Px, then

Iy

ME (@) > g = (1= T > T and AR\R, (@) <1- 0. (67)

We also have, B
C,>1—7y—v>1-107°

From now on a value of v < v, with v = 27%, ¢, € N satisfying the
above assumptions is fixed.

We note that the only input parameter that the leakage constant depends
onis I'.

We will write A(q), A(q) and A'(q) instead of A, (g), Ay (q) and K;(q),
respectively.

Next, after giving an outline we start the details of the proof of Lemma

d.

4.2.1 Setting up the induction argument for Lemma 5

Proof. We proceed by mathematical induction.

To start our induction we need to show that 1 — M families exist. During
the general step of our induction we show that from the existence of K — M
families one can deduce the existence of (K + 1) — M families. Since many
steps of the 1 — M family case are shared with the general K — M family
case we work out our argument so that it can be used for the later induction
steps without any unnecessary duplication. Therefore, working on the first
step of our induction one should think of K = 0 during the first reading of
Sections 4.2.2-4.2.8 and obtain this way the (K + 1) — M, that is, the 1 — M
families. Then in Sections 4.2.9-4.2.15 we discuss the alterations needed for
K > 0. It will be useful to keep in mind that if K = 0 then fxi10 = fi0,
only h=1¢€{l,..., K + 1} and there isno h € {1, ..., K'}.

Now we discuss briefly our general plan. When K > 0 we assume that
K — M families living on R exist for all possible input parameter choices.
Let 6 > 0,2, I' >1, A € Nand P C N be given. We will define our
(K + 1) — M family with these input parameters. We can assume that P
is closed under products. During the definition of the (K + 1) — M family
another, “inner” finite induction is used (with respect to L) which is called
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the leakage process. This technically delicate process is the focus of the next
several sections. During this process we will use Lemma 6 to define families
which are almost (K + 1) — M families on sets of the type K/(q), except for
the new functions fxy1,; and Xg4q . Each fx4q 1 is the indicator function
of a set. As L grows the support of fx1 1 decreases. Lemma 2 and Lemma 3
are used to ensure that “squares hit sufficiently often” the support of fri1 1.
(This motivated the term “leakage” since the values of fx 1 1 leak onto some
larger sets when we consider averages along the squares. See also [9].) This
also requires that before defining fx1 1 one uses Lemma 3 to choose 77_,
and make a 77, rearrangement to yield an intermediate function frr,;; ;.
At the same time we must keep track of our new random variable Xg .
and other auxiliary functions. It is essential in this induction that we can
vary 7 and k.

To help the reader going through the details of the proof here is an outline
of the main features of the various sections of the proof. We hope this outline
might help prevent the reader from becoming lost in the details of the proof.

When K = 0 in Section 4.2.2 we start the leakage process. We define
fr+1,0 =1 and Xg4q10. At this stage fx11,0 is supported on R. During the
leakage process the size of the support of the functions fx4i 1 is shrinking
and we are interested in how much of fx.; 1 is “leaking” onto larger sets.
When K > 0 in Section 4.2.9, in addition, we introduce a K — M family
periodic by 79, consisting of functions f 9, Xpno for h =1,..., K.

In Section 4.2.3 (see also Section 4.2.10 when K > 0) we assume that we
have accomplished step L — 1 of the leakage and we have a family periodic
by 77—, consisting of functions fj, 1, Xpr—1 for h = 1,.., K +1. We
also introduce the auxiliary sets Sp_1;, [ = 0,..., L — 1 used to describe the
distribution of Xg 1 1-1.

In Section 4.2.4 (see also Section 4.2.11 when K > 0) we choose a prime
number 7; _; which is much larger than 7;,_; and by using Lemma 3 we per-
form a 77 _, rearrangement of the family coming from Section 4.2.3. This way
we obtain a family periodic by 77_,, consisting of functions f, ; 4, X} ; 4,
h=1,..,K 4+ 1. The auxiliary sets used for describing the distribution of
Xii1.r-1 are denoted by S7_,, 1=0,...,L—1.

In Section 4.2.5 we choose a xy, and a square free number q;, = p1,1-+*Qx, L
such that 2¢ is much larger than 77 _,. The average value of the difference
between elements of Ag(qr) is close to 274, We introduce some auxiliary
sets, among them ®; and ¥, so that &, C R\K’(qL) C ¥ and these two
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auxiliary sets consist of intervals of the form [j7] ,,(j+ 1)1} _;), j € Z. If 25¢L
is much larger than 7;_,, then A(®;) and A(¥) both approximately equal
MR\A'(gz)). To define our (K+1)—M family on ¥; (which is approximately
R\ A'(qz)) we will use mainly the functions coming from Section 4.2.4. We
define Xj, (v) = X}, ; (z) if h < K+1and z € ®,. This Section is identical
for the cases K =0 and K > 0.

For K > 0 in Section 4.2.13 by using Lemma 6 we put a K — M family
onto K/(qL). This will yield functions fh’L, X1 periodic by Trqr. For
h =1,..,K we define X} on K/(qL) by using X . For h = 1,..., K our
functions will be sums of f; ; | restricted to ®; and of the functions ?h’ L
“living” on A'(qy). This combined family will be periodic by 7, = ¢, 7,7} ;.
The K = 0 version discussed in Section 4.2.6 is much simpler because we do
not have to deal with this putting a lower level family on the K/(qL) step.

The “leakage” is done when we define fx1 1 so that it equals the restric-
tion of fr-, ; , onto the set Wy. This means that the support F7, of fx 11
will have a very small intersection with K/(qL). “Most” of F, will be a subset
of R\K/(qL) and will approximately equal the auxiliary set Si . The nested
sequence S, [ =0, ..., L will describe the distribution Xg,1 1, the larger [,
the smaller the values X1 1, can take on Sp;\ Sp 1.

In Section 4.2.7 we make the calculations needed to show that we have
enough “leakage” from the support of fx1 1 so that we have the domination
inequality (37) with fxi1, and X4 . This section is again the same for
the cases K =0 and K > 0.

Finally, in Section 4.2.8 (see also Section 4.2.15 when K > 0) we terminate
the leakage process when we have reached a suitably large L = L” < L'. The
functions f 1 for h =1, ..., K +1 will yield the functions f; we need for the
(K +1) — M family. For h = 1, ..., K the functions X, of the (K +1) — M
family will equal the functions X}, 1». To define Xk, we use the sets Spr,
[ =0,...,L" related to the distribution of Xy r». We will choose Xk 1 so
that it is M —0.99 distributed and less or equal than Xgyq 1.

Before turning to the details of the induction to help the reader going
through the details of the proof for easy reference we collect some defintions
and properties (some of them will be discussed later during the proof) at the

same place.
Quick reference summary:
Ag) =M (q) = —Nolq) + {7 €Z:0 < j <27},
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Nq) = K, (q) = Ay(q) +[0,1) = —Ao(q) +{o: 0 < v < 72},
Nj(q) = {n € Dolq) : py fn, for all j = 1,..., ),
N(g) = A (g =—A'< )+ {j€Z:0<j <2,

)
N(g) = N,(g) = N (g) +[0,1) = =Afg) + {2 : 0 < w < 727}
At Step L= 0 of the leakage process we have: fx.,0=1, Fj) =R,

SOO = R ro = 1, XK+1 Qdif(l —p )67 = (]_ — p/)6’WX(F0) < 1.

After Step L — 1 of the leakage process we have: The set F_q, an
exceptional set E*~!, a period 7;_; such that FE=1 EE-1 Xno—1, for—1,
(h =1,..., K + 1) are periodic by 771, far—1 : R — [0,00), the “random”
variables X5 -1 : R — R are pairwise independent for h = 1,..., K + 1,
Xpr—1 are M—0.99-distributed for A = 1, ..., K, but not for h = K + 1.
For the distribution of Xy 1 the auxiliary sets S;_;; are used. For all
xr & B! there exist wy_q(x) > ap_1(x) > A, 7p_1(x) < 71_1.

Then we do a 7;_, periodic rearrangement. We choose and fix a
sufficiently large prime 7;_;. The set F LTi__11 is the 7;_, periodic rearrange-
ment of ;. We modify our sets and functions so that they are all periodic
with respect to 77 ;. The new functions are: f; ; ;| of (7)) wy_(x) 77, ()
X p_1(r). We define E’"7! so that it satisfies (73). We set Sp a1 =R
and define the sets S7 ;. These sets are used in (76) for the distribution of
Xki1,0-1-

Then we choose a sufficiently large ¢;, and several important
auxﬂlary sets: Z(q1) = Ujezljar, jar +72");

&, = {o: dist(z, N (qr) US(a1) > 274},

Oy = U{[j7_ 1 (J+ D7) qDL N1, (U + 1)TL 1) # 0}, which satisfy:
b, C &, C CIDL C R\A(qL) C \IfL C \I/L C W, The sets ®; and U are
periodic by 77_,q; and the sets CIDL, CIDL, \I/L, and \IfL are perlodlc by qr.
They satisfy (91). We put B, = ¥, n E*™ B = R\ (N (q1) U®,) and
E! =R\ (N(q) U®L) C EJ. The set EY is periodic by ¢, while EY is
periodic by 7;_,qr. The exceptional set EZ’ is defined at (113) and E7}' in
(115).

From this place on our definition of our new objects, like the
functions f; ; and X, ; splits and follows two different paths. One
will be the definition of these objects on R\ A'(q;) and the other
the definition of these objects on K/(qL).

For the first path we are unable to use exactly the set R\ K/(qL). We
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need to use the auxiliary sets ®; and ¥, which are good approximations of
this set. We have for example fx 11 = fry1 1Xv,-

For the second path by our induction assumption we put a K — M-family
on K,(qL). The sets and functions obtained at this step are periodic by 7rqr,.
They are ?h’L, o, W, Tr, yh,L and there is an exceptional set Ej .

We combine these two paths when we define fy, L = f} ;1 -Xo,+ 5 for h =
1., K.

Quick reference summary ends here.

Next we turn to the details of our argument. We start by choosing some
constants.
Choose a positive integer L' such that

T\ 1
(1 2) < ar (58)

By recursion we construct pairs of functions fx 410, Xx11,0, -, [K+1,0: XK+1,L
and some associated objects. The inner finite induction, the “leakage” will
halt at some step L” < L'. We show that the functions fri1 17, X411 and
their associated objects form a (K + 1) — M family except for the distri-
bution of X1 1. However we will know enough about its distribution to
easily obtain a (K 4 1) — M family.

By (56) we have C,, < C,, <T.

We recall that the only input parameter that the leakage constant depends
on is I'. This dependence, and the possibility of using different values for I'
will play an important role during the definition of (K 4 1) — M families with
K > 0.

Fix a constant I'g > 1 such that

C.Ty<T. (59)

Put

5
op= —2 for L=0,..
Ly =0

Next we choose sufficiently small positive constants p, p’ and p.
We suppose that

(1—=p)(1—=27)>1-39. (60)
Recall that 1 > 6’7 > 1 —107% and we choose p’ > 0 such that

0.999 < Cy(1 — p') < 1 < 1.001. (61)
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Since 0 < v < 7 < 1077 and 1 > 6’7 > 1 —107% we can suppose that p
and p' are so small that

~ 1—p)C, 1 1
1= p)2(1 = 29)2(1 — )3, — — T .= >0.99--. 62
Moreover, choose p > 0 such that
4 /
(1—5)(1—2,5)>1—p. (63)

Finally, we set Py = P U PyU... U Py, where P and each P} contains in-
finitely many primes and all their possible products, but numbers in different
sets are relatively prime; moreover P, has sufficiently large complement.

4.2.2 Step L =0 of the leakage process

We put fK—l—l,O = 1. Set FQ = R, SQ}() = R, To = 1. SO, X(F()) = 1 and

XK+1,0d§f(1 — pl)é7 =(1- p')éWX(FO) < 1, see (61).

For the case K = 0 we use the following argument. For K > 0 see a
different argument in 4.2.9.

We choose a sufficiently large 7y, and functions ag(z), wo(z), 70(z) taking
integer values for all € R (in fact, these functions can be constant on R),
such that the following assumptions hold: wy(z) > ap(xz) > A, 1(x) < 79,
wi(r) < 19, zgg > Qro(z) = Qoro(z), and for all p € Py, (m0(x),p) = 1,
(10,p) = 1. For example, we could take ag(x) = A+ 1, 19(z) to be the
smallest odd prime which is relatively prime to all elements of Py, wo(z) =
To(2)Q(A + 2) and 79 be the smallest prime relatively prime to the elements
of Py and greater than (w(z))?.

By our choices; fri10= fio=1. We put Es, =0 and E° = {). For any
m € N we have the all important “domination” property: for all z € R\ E°,

+m—1

3

1 n
E fl’Q(ZL' + ]{?2) > XLQ(ZL').

B
Il

n

It is also clear that for all z € R, fig(x + j + 10(z)) = fio(x + j) for any
jER.
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4.2.3 The setting after step L — 1 of the leakage

Assume we have accomplished step L — 1 of the leakage process. We have
constructed some objects satisfying the following conditions. There is an
exceptional set EF~! with

L
5
(L+1)"

Pr_1=PUP, U...UP;,; there exists a period 77,1 such that B~ X, 14,
frnr-1, (h = 1,.., K 4+ 1) are periodic by 7,1, fanr—1 : R — [0,00), (for
K > 0) the “random” variables X} ;1 : R — R are pairwise independent
forh=1,..,K+1, Xj, 11 are M—0.99-distributed for h =1,..., K (in (68-
71) we list the assumptions about the distribution of Xy 1, recall that
for K = 0 there is no h satisfying h = 1,..., K). For all z ¢ E*~! there
exist wr_1(z) > ap_1(z) > A, 7o_1(z) < 771 such that w? | (x) < 711,
:i%g; > Qrp_1(z); moreover if ap_1(z) < n < n+m < wp_4(x) and
Tr—1(x)|m, then for all h =1,.... K + 1,

MNER < (64)

1 n+m—1
— 3 (o) > X (o) (65)
k=n

for all p € Pr_1, (11-1(x),p) = 1, (71_1,p) = 1; moreover for all x ¢ EL~1,
frhr-1(x+i+7-1(2)) = far—1(x+7) whenever a2 _(z) < j < j+71-1(2) <
w?_((x) forall h € {1,..., K +1}.

We suppose that the values of fx1 -1 are 0 or 1, that is, it is an indicator
function.

If L —1=0, then Xgy; -1 is constant.

If L—1> 0, that is, L > 2 then we give the extra assumptions about the
distribution of X1 11 as follows.

Recall Fy = R and also recall that for a Lebesgue measurable set F,
periodic by p we have \(F) = %)\(F N[0,p) = limy_ w We
suppose that the sets F; periodic by 7; and the numbers r; have been defined
for | =0, ..., L — 2 during the previous steps of our induction,

A(F)
MNF-1)

:rland1—27<rl<1—% (66)

hold for [ = 1,..., L — 1. Clearly,

ME) = ro---r. We also have 7; periodic
functions fxi1; = xr for each 0 <1 —1.

<L
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>

Fr) 1. We also

Set Fr_1 = {z : fxkqio-1(x) = 1} and rpy = (Fr_2)

assuime

>|

1—2’y<7"L,1<1—%, (67)

AMFp_1)=r1--rp—1=r9---rr_1. In (104) we explicitly show that this holds
for r1. The sets S;_10 C ... C Sp—1.—1 = R are defined so that

ﬁX(FLl) > A(Sr-1,0) > (1 = p)A(Fr_1), (68)

if z € Sp_10 then Xgi19(2x) = (1 —p)C, = (1 — p)C,A(Fp). For | =
0,...,L — 1 we have

1 _ _ 1—p —
N(S_10) > MSp_14) > P X(Sp_10),  (69)

(1—p)7“0..-’]“l 7/'0...']“1

which is equivalent to
1
(1—p)

If z € SL—l,l \ SL—l,l—l forl € {1, e, L= 1}, then

X(SL_LO) > X(E) . X(SL—l,l) > (1 — p)X(SL—l,O)- (70)

Xicna(@) = (1= phro-nCy = (1= HNENE,.  (71)

The sets Sr_1,; are increasing almost by a factor 1/r; in size, whereas the value
of Xgy1,1—1 on the difference is decreasing by a factor r;. We also assume
that Fy,_; has the property that if z € Fj,_y then [|z], |z] + 1) C FL_1.

We note that by (66)

/fKHJ <(1- %)l for | =0,..,L —1.

4.2.4 Rearrangement with respect to 7;_,, choice of 7;_,

In order to construct the next set of objects in the recursion, we first create,
by rearrangement, some associated objects to the (L — 1)st step which are
denoted by attaching primes.

Since the set Fj_; is periodic by 7,1 and is the union of some integral
intervals we can apply Lemma 3. We choose M, /, such that for all prime
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. . T .1
numbers 7;_; > M, ; if we consider F;"7", the 7;_; periodic rearrangement
of Fr_4, then for any € R if 7;_,|m, then

— 3 X @R 2 (1= DNF). (72)

We will choose and fix a sufficiently large prime 7;_, € P;_;. We define the
numbers 7;, i = 1,...,5 below. We choose 7] _; so that it is larger than the
maximum of 7,...,75 and M, ». Hence (72), (74), (77), (78), (79), (81), (82),
and (83) hold.

Now, we modify our sets and functions so that they are all periodic with
respect to 77 _,. Since we are going to define functions which are periodic by
77 _1, it is sufficient to define them on [0,7] ;).

If 2 €[0,|7,_1/70-1] - 72—1) and the right hand side of the equation is
defined at z, set

/;,L—l(x) = for-1(z), h=1,.. K +1,
oy (7) = ag (),
wy (%) = wr (@),
7, 1(2) = 11(2),
X;L,Lfl('r) =Xpr-1(z), h=1,..,K+1.

On [|7]_1/7Tr-1]T—1, 7] _1) we define all the above functions equal to zero
with the exception of the functions Xj ; |, h=1,..., K + 1.

When K > 0 for these functions some minor adjustments will be made
on this interval in order to ensure that they are pairwise independent for
h=1,..,K+1 and are M —0.99-distributed for h =1, ..., K.

We can also assume that X7, ; ; has constant value (1 — PINFL1)C,
on [[77_/7-1)72-1,7_1). When L —1 =0 then this implies that X7, ; ;
takes this constant value on R.

We define E'*! so that it is periodic by 7,_, and

E0[07 ) = 73)
(20 22 = vm) Yo (122 = D ).
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By choosing 7, _, sufficiently large we can make 0 < X(E'*™") — X(EL71) as
small as we wish, hence, using (64) there is 7; such that if 77 _; > 77 then

— _ L
B 6. 4
When L — 1 =0 then
Xjesro(@) = (1= p)NFp)C, for all z € R. (75)

If L —1 >0, that is, L > 2 we need to deal with the auxiliary sets
related to the distribution of X, ; ;. We put S} ; ; ; = R. Observe that
(73) holds with E'*~', EX~! being replaced by S;_;; ;. and Sp_1 -1 = R,
respectively. For [ = 0,..., L — 2 we define the sets S} ;; so that they are
periodic by 77 _; and we have

St N 0,771) = Sp—1, N[0, (I7p_1 /71 — D)7r-1).
The above definitions and (71) imply
X (@) = (1= ) CXFy) for o € ), and (76)
Xieorpoa(@) = (1= p)CNF) for x € S ;)\ Sy, [ =1,..,L— 1.

By the strict inequalities in (68), (69) and (70) we can choose 75 such that
if 77, > 75 then

1 o -
1pr(FL—l) > A(SL10) > (1= p)A(FL-1) (77)
and for [ =0,...,L —1
1 — - _
! !/ 1 _ !
1= p)ro--- rl)‘(SLfl,O) > AMSLo10) > (1 —p) A Tl)‘(SLfl,O)a (78)

or, equivalently,
1 _ _ _ _
Tp)‘(sjz—l,o) > A(F7) - A( ,L—l,l) > (11— p)/\(SlL—l,O)’ (79)
Set F; = {x : fxoip(x) = 1}, that is, F; ;N [0,77_,) = F 1N
(0, |71+ /71)7r-1) = FL 3000, |7,y /71 7i) and fieyy o (2) = X (@)

-1
for all z € R. Clearly, A\(F} ;) < X(Fp_).
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For the case L —1 = 0 we note that FoN[0,7,_,) = [0, |77 _1/To—1]T-1)-
By (72) for any z € R from 77_,|m, it follows that letting fr.,,, | =
Xty WE have

L—-1

Jr

3

—1 /

% f;(-i-l,L—l(«T + kz) > (1— %)X(FLfl)' (80)

b
Il

n

This formula is the main motivation for introducing the 77 _, periodic rear-
rangements.

Observe that if 7, — oo then A(F}_,)/ANFr_1) — 1.

Hence we can choose 73 such that if 77, > 73 then

2LV o, (81)

We remark that for L — 1 = 0 inequality (81) simply means 1 — p < A\(F}).
Moreover, we can choose 7 such that if 7;_, > 7, then

v AMFL) v
1— L 2Lt g 14 L 82
10 NFp_y) — 10 (82)

Finally, by (68) and (77) if L > 2 we can choose 75 such that if 77 _; > 7;
then )
fp)‘(Fifl) > )‘(S/Lfl,o) > (1= p)A(Fy_,) (83)
holds as well.
If x €[0,75_,) \ B, then put o, _,(x) = ap_1(2), w)_,(x) = wi_1(z),
71 4(x) = 74(x) < 17,1 < 77_;. This defines o (), w}_;(z), and
7 _(z) for all z € R\ E'*" as well since these functions are periodic
by 77 4. It is also clear that (7]_,(x),p) = 1 for all p € Pr_;. We have
(wh_1(2))? < 771 and
wp ()
oy (2)
Suppose o () <n<n+m < w;_,(z)and 77 _;(x) = 7_1(x)|m. Since
z & E'"7' formula (73) implies that © + k% € [0, |7} _,/7o—1]70_1) for k €

> Q4 (2). (84)
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{n,..,n+m — 1} we infer by (65) for h=1,...., K +1

1 n+m—1 1 n+m—1
- 2 frpa(x+ k) = - ; Sz + k%) > (85)

Xnr-1(x) = X;L,Lq(x)-

For all z € [0,7, )\ E"", h e {1,.,K +1}, if o7 _,(z) < j <
JH+Ta(r) < w/%—l(x)a oo +j+T0) = fl (e +i+7 (7)) =
fho1(x+7) = far-1(x +j). By periodicity with respect to 7;_,, the above
estimates hold for any = ¢ E'*'.

4.2.5 Choice of g, q1, ¢, V7, and X}, ;, on R\K,(qL)

Our goal in this section is to describe some sets, in particular &, and ¥y, so
that we can take fr 111 = fi 1 1xw, in 4.2.6. The functions fj,,; ; and
Xw, are “independent” which allows us to reduce the integral of fryq . In
this section we construct three components of the next exceptional set ET.
The fourth component will be defined in Section 4.2.13. This last component
is the exceptional set coming from the K — M family which we put on K/(qL).
We also construct the function Xx; 7. To construct the sets mentioned
above we choose a number g, € Pp, qn. = p1L - PupLs P1L < oo < Diy L,
where k7, and p; 1, are both sufficiently large.

In fact, we will suppose that x, is larger than the maximum of the num-
bers K;, ¢ = 1,...,7 and k., we also suppose that p; is larger than the
maximum of m;(kz), i = 0,...,7, p{ 1, and p, ., where K;, m; and pf ; are de-
fined below, the numbers . and p, . were defined in Lemma 7. With these
assumptions we will be able to use (86), (93), (95), (99), (101), (103), (108),
and (114) simultaneously.

Recall that we assumed that p > 0 satisfies (63). An application of
Lemma 2 with x, e = §/4L" and p instead of p yields p{ ; sufficiently large
so that qp = p1,1 -+ * Pey.n, With pf ; < p1 g satisfies (14) and hence we will
be able to use (114).

By (36) for given k1 we can choose my(ky) such that for py , > m(kL) we
have

#((Ao(qr) \ Aolgr)) N[0,q1)) < A1 = 7)#(Ao(qr) N [0, qL))- (86)

Recall from Remark 1 that the average gap length between points of
Ao(qr) is approximately 27 and we can assume that it is much larger than
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7;_1. The normalized difference between elements of Ay(qr) approximates
Poisson distribution by the results in [15], see also Lemma 7. We also recall
from Lemma 6 that Z(q) = Ujezljqr, jqr + 725). We put

&, = {x: dist(z, N (q1) UZ(qr)) > 275 _,}, (87)

Oy =U{[jm 1, G+ D7) @pn iy 0, G+ D y) #0F (88)
&, = {x: dist(z, N (q1)) > 75 _,},
Wy, = {: dist(, R\ X (q1)) < 77},
Wy = U{[jr) 0, G+ D) s 8o N gy, (G + D7,y) # 0},

and finally B
U, = {z: dist(z,R\ N (q)) < 275 _,}.

It is clear that
®, Cc P, Ccd, CR\N(q) C Uy CWyC Uy (89)
It is also important that by (87) and (88) we have
O, NE(q) = 0. (90)

The sets ®;, and ¥y are periodic by 77 _;q; and the sets &)L, &SL, ‘:IVIL, and
W, are periodic by qr. If kp, is sufficiently large, then 2" and hence most of
the gaps between points of Ag(gz) are much larger than 77 ;. In the sequel
by ~ we mean that if p; ;, and 2°¢ (compared to 7;_,) are sufficiently large,
then the ratio of the two sides of ~ is sufficiently close to 1, later we will
. . . L . .

specify further this assumption. Since A (gr) consists of intervals of length
~2"L which is much larger than 7;_;, we have

ML)~ MNP ~A(TL) ~ XNDL) ~ A(T,) ~ XNDy), (91)
@) < MR\ N (qr)) < M¥p) and AR\ K (1)) ~ X(Ty). (92)

Using this and (50) we can choose K; and a function m; such that if
kg > Ky and py , > m (k) then

A(®r) > AR\ N (q2))/2 > (1=7)/2. (93)
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Set B} =R\ (K/(qL) U @), this will be part of the new exceptional set
EL. We also introduce

B =R\ (N(qr) U®,) C EY. (94)
It is clear that E7 is periodic by ¢r, while E’Z is periodic by 77 _,qr.

We can choose Ky and a function m, such that if k;, > Ky and pyp >
mo(kr) then

-~ — J
E// < E// -
X(Ep) < X < - (9
Set
Xnp(x)=Xpp 4(x)if h< K+ 1and 2z € ®p. (96)

For K > 0 we can make the following comment: Since ®; consists of
intervals of the form [j7}_,, (j+1)7;_,), this definition and the remark after
the definition of Xj ; ;| in Section 4.2.4 ensures that the functions X}, j, are
pairwise independent for h = 1,..., K + 1 and are conditionally M —0.99
distributed on @, for h =1, ..., K.

On EY we will have

Xier1a(@) = (1 = ONFL-1)C, (97)
and we define X}, 1 for h =1, ..., K so that they are pairwise independent on
E7, furthermore, (for K > 0) the functions X}, , are conditionally M —0.99-

distributed on EZ for h = 1,...,K. Since X1 is constant on EZ it is
automatically independent on this set from X, 1 for h =1, ..., K.

The functions X}, are periodic on E! by 7} _yqpforh=1,..,K+1.1In
this way the X}, ;’s are defined on @, U E" =R \ K/(qL).

We set B, =¥, nE"

Next we consider some sets which are used to describe the distribution of
XK+1,L-

If L=1setSip= R\K/(ql) and S1; = R.

If L > 2 first we define Sg,; forl =0, ..., L—1so that S, ;N®;, = S’quﬂ@L
for! =0,...,L—1. We choose S,; so that S ;N(R\®.) =@ forl =0,...,L—2.
We choose Sp ;-1 so that S, .1 = E!'U (Sp 1 1N®) = El'U®, =
R\ K/(qL). Finally, we set Sp, =R, then Sp 1\ Sp.p-1 = K/(qL).

We have by (76), (for the case L =1 by (75)) and (96)
XK—l—l,L(l') = (1 — p/)X(FQ)é,y for x € SL70, and (98)
Xrrn(z)=(1- p')X(Fl)é7 forz e Sp;\Spy-1, I =1,...,L—1.
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The case when [ = L will be considered in (102). By (94) we have EIN®, =
and hence SLZHEZ = () for | < L — 2. This implies E’ C Spr—1\SLr-2
Hence (98) applied with [ = L — 1 implies (97).

Let F, = ¥, NF]_,. Using the fact that F]_, is periodic by 77_; and ¥,
is the union of some intervals of the form [j7]_, (j 4+ 1)77_;) and is periodic
by 7/ _,qz one can easily see that A\(F1) = A(W)A(F}_,). Moreover,

e 25 )M Sy R(0,) ~ AR T(an).

Since M(Fi_,) < M(Fr_1) by (92) there is K3 and a function 73 such that if
kr > K3 and py , > m3(kg)

) S < TSR K)) (99
By (51) we obtain

57TL = 07_

Fl
—Jiﬁ<1—y. (100)
L

By (50), (57), (82) and A\(¥) ~ A(R\ K/(qL)) there is ICy and a function
such that if k;, > ICy and py > m4(kr) then

1-— 2’}/ <rp= _)\(FL) = X(\I/L)X(Fi )

MNFr_1) MNFEL_1)

<1—%. (101)

We set
Xiorp(z) = (1= pPONFL)C, for z € Spp\ Spr1 = N (qr). (102)

If L =1 then \(

F) = NW)AF) = AR\ A'(q1)) and X(Sh0) = AR\
N (q1)). Furthermore, X(S;

1)

(k

1) = AR) =1, m &~ AR\ X (q1)).
(92) there is K5 and a function 75 such that if
then

By (50), (51), (91) and
/<;1>IC5andp11>7T5 )
T 8 AR\ X (q1))
1—-11ly<A(¥y)<l——andl —p< ——=< 1. 103
p<xw) <1 T 1—p < AN <y
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From (81), (82), (92) and (103) it follows that

1—2y<r = X(@1)§E§5§ <1- % (104)
1 - |
Tp/\(Fl) = TPA(\I/I))‘(FO) >

1 3 X(R\K (%))X(Fo) 3 _
(1- ,0)7“07“1)\(51’0) T 0= OMEONE AlSia) =1> (105)
(1= A ) = (1 )51
and 1
?pX(SLo) > X(Fl)X(SLQ > (1 — p)X(SLo) (106)

This shows that (110) and (111) below hold for L =1 and [ = 1. For L =1
and [ = 0, (110) and (111) are obvious.
If L > 2 we have A(SLo) = AM(®) - A(S,_; o). From (83) it follows that

1> (1—p)=—">r=". (107)

Therefore, by (91) and (92) there is K¢ and a function mg such that if K, > g
and py , > mg(k) then

> (1— p)=—Lt=tl (108)

AL = T NEONFL ) > N(Ska) = NS, 1) > (109)



It is also clear that A(S.;) = A\(®y) -X(S’Lfl,l) for | =0,...,L —2. Using (78)
we have for [ =0,..., L — 2

1 — - —
11— 11
A= e rl)\(SL’O) > A(Sp) > (1 =p) F— Tl)\(SL,o) (110)
and by A\(F}) =g - - - r; we have
1 - L _
o A(SLa) > XEN(SL) > (1 pIX(So) (111)

When [ = L —1 alittle caution is needed. We have A\(Sy, 1) = (A(®r) +
— N~ - —
MEL)ASL 1 1-1) = AR\ A(qr))- By (78)
L XS
(L=p)ro---re—1 A ,L—l,L—l)

Hence, there is K7 > Ky and a function m; > 7 such that if x;, > K7 and
p1. > mr(kr) then using (93) and (95)

> 1.

1 A(S7- 2N(EY
._(LLO) >1+M> (112)
(L=p)ro---ro )‘(S,Lfl,Lfl) l—1

NEY) _ A(®r) + M(E)
N®p) A@r)
Using this and (78) one can deduce that (110) and (111) hold when [ = L—1.
From A(S.,) =1 and (109) it follows that
1

TpX(SL’()) > X(FL)X(SL,L> > (1 - p)X(SLo)

Using the fact that A\(Fy) = rq - - - 7, we find that (110) and (111) hold for
[ =L as well. o
Denote by E, the set of those n’s for which

#(<<n+Ao<qL>>\A<qL>>m[O,qL>) < (1=7)(1=7)#(Ao(a) N[0, ). (113)

Recall that by our choice py;, > pj ; and hence gy, satisfies (14) with e = 0 /4L’
and p instead of p. Lemma 2 yields

—/I

#(EL N[0,q)) < (114)

EQL~
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Set

——=/!

Ef'={zeR:|z] € E, }. (115)
Then M\(E}') < 6/AL' and if z ¢ EY' we have

qiL#{;a €0,q)NZ: o) + K & Agr)} > (116)

qiL#{k' €10,q) NZ: |x) + K & Algr) K € Ay(qn)} >
1
qr

qiLQHL (#(((Lﬂ +Mo(qz))\A(qz))N[0, qr)) —#((Ao(qr) \ Ap(qr)) N0, QL))) >

(using that for |x| ¢ EZ we have the negation of (113))

2" (L] + Ao(gr)) \ Algr)) N[0, qr)) =

s (<<1—m<1—v>#<Ao<qL>m[o,qL>>>—#<<Ao<qL>\Aa<qL>>n[o,qL>>) — (%)

Recall that we assumed that p; ;, > mo(kr). Thus we can apply (86) yielding

() > qiLzm C99)(1 = 1) #(olgz) N [0, q1)) = (+5).

Using (3) we can finish with the inequality

(s5) > Q%Q”L(l—%(l—v)g% —(1-%)(-9). (17

4.2.6 Putting K — M families on A\'(q.)

In this section we check the domination property of averages along squares
for one part of the complement of E*.
We put
frs = frso-1 " Xu,- (118)

Then indeed, F;, = {z: fri10(z) =1} = Y NF]_,, and we have TfKH,L =

A(F). Since fg ;4 is periodic by 77, € P} and ¥y, is periodic by 77 _,qr,
the function fxy4 1 is also periodic by 77_,qr.
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When K > 0 and h € {1,..., K} we will define f, ; in (136) so that

funo(x) = fp 1 (x) for x € Op.

Choose P} C P such that it contains infinitely many primes and all
their possible products, moreover all numbers in P} are relatively prime to
qr € Py and set P, =PUP/UP, U..UP.

When K = 0, i.e., when constructing a 1 — M family we have to put a
vacuous “0 — M family” on K’(qL).

Hence, for K = 0, for the definition of a 1 — M family we just set 7, =
qL(Ti—l)ga E5L = @

When K > 1 this step is crucial, see 4.2.13.

Set P, =PUP,,,U..UPL C P C Pr_1. We also put EX = E5, U
E, UEYUEY, and 7 = q; 77, - When K = 0 we defined 71, = q1(77_,)?
and hence 7, = ¢2(7}_,)*. Then for all p € P, C P we have (r7,p) = 1
and (7,_,(z),p) =1 when z € R\ EX. Assume 2 € R\ (A'(q,) U E%). Then

z € &; C & and the old estimates work.
s -

In other words, for x € R\ (A'(qr) U EY) C ®p, set ap(z) = o) _(x),
wr(z) =w)_((x), 7o(x) = 7, _(x) = 7p_1(x). Then wi(zx) <711 < 7] | <
71, and by (84) we have

wi_q(z)  wr()

o (@) = () > Q74 (x) = Qrp(2).

Observe that if z € R\ (A (q,) UEY) € @, \ E, = &, \ E'*! ¢
d;, C ®;, then from z ¢ B ar(z) <n <k <n+m < wy(x), and
w?(z) < 11 < 714 it follows that z + k? € ®;, C ¥y and hence by (118),
friio(z+ k) = f§<+1,L—1(x + k?) and by (85) , if 7z(x) = 77 _,(x)|m then

1 n+m—1 1 n+m—1
m Z S (o + k?) = - Z frain(r+ k) >
k=n k=n

Xi,0(2) = Xpeyr ().

Finally, for all z € R\ (A'(q.) UEEF) ¢ &, \ E, = &, \ E'X7' ¢ &,
h=1,..K+1 ifa2(z) <j<j+7(r) <wi(z) <71, then z +j, v +
Jj+ 1(z) € ¢ and
f}/L,L—l(x +7+ Ti—l(f)) = for(@+j+7(2)) = fh,L(x +7) = fé,L—l@ +37).
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t Assume z € N (q1) \ EF ¢ N (q) \ Es, .
For the K = 0 case set ar(z) = o) _(z), wr(z) = 77_1qw)_;(x), and
71(2) = 77, 1qu7) (). Then wi(w) < (71)%q7 (7 4)* = 72 and
wi(x) Wi (®)71.9n

= Qr) / =Q )
@L(x) 06271(1_) > TL—l(x)TL—qu TL('I)

Since fx41,r is periodic by 77 _,qr and 7;_,qr|mr(x) we have fxiq1 (x4 5+
1(2)) = frs1.0(x + 7) for all z and j.

Instead of the above paragraph we will have a different argument in Sub-
section 4.2.13 for the K > 0 case.

4.2.7 Properties of fx i

In this section we check the domination property for averages along squares
for  in the remaining part of the complement of EL.

We need to check (65) when h = K + 1 and z € K/(qL) \ EF = (Spr\
Spr-1) \ BY, and 77(z) = 7} _,qr7)_(x)|m. If we can show that (65) holds
when m = 7] ¢, then this clearly implies that it holds when 7 (z)|m. Recall
that W, is periodic by gi. Since 7} _, € P, ,, qo € P} implies (1) 1, qz) = 1,
k' + jqr, covers all residues modulo 7;_; as j runs from 0 to 7;_, — 1. Since
[ 1.1 18 periodic by 77, using (80) we obtain

T] 1
1 L—-1 . / _
T O fenaalet (M e > 0= DXFL). (119)
L—-1 j=0

Also observe that from the periodicity of T ¢ by gz it follows that if x + £’ ’e
\IJL then z + (k' + jqr)? € \IJL C U; as well. Hence from z + k' € \I/L 1t
follows that fxi11(z + (K +jqr)?) = ficy1.0-1(x + (K + jqr)?). Therefore,

n+7;_qr—1

> fraple k) =

/
Tr—149L k=n

n+qr—1 11

Z Srerro(@ + (K + jau)?) >

k'=n 7=0

1

/
Tr149L
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1 n+qr—1 Tr1—1

TL-14L Z Z frin(x+ (K +35q.)) =

k’:n .]_O
$+l€/26@L
1 n+qr—1 1 11
Z i Z friip—a(@+ (K +jqr)”) >
qL i L—1 =0
{L‘+k‘/2€\/i1L
(using (119))
1 et oo
— Y a-HRF) 2
k'=n
J?-f—k/QE\I/L
(using (89))
1 ! — _
(= ONE#E €0 a) 02w+ K g W ()} >
1 o
—(1-

INEp_1)#{K €[0,q.)NZ:x+K* ¢ N(qp)} =

)
&~
b |

/

(1= SN Pu) A € 0,00 N2 2] + 7 ¢ Aaw)}
Now use the estimates (116) through (117) and obtain that for z ¢ E} C EL

qiL#{k’ € [0,00)NZ: 2] + K2 & Agr)} = (1— 25)(1 — ).

Thus, if x € (Sp. \ Sp.r-1) \ EX = N(q.) \ EY we have

n+7;_jqr—1

1
z+ k% >
T Z fr1L( )

k=n

(1- —)X(FL—l)(l —2p)(1=7) =
(Using (63), (100) and (102))

> (1= p)(1 = 9)A(Fra) > (1= p)CA(FL) = Xy n ().
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4.2.8 Finishing the leakage

We keep repeating the leakage steps until for the first time for some L” we
have A(Fp») < 27M which implies A\(F»_1) > 27™. By (58) and (101)
applied to all L < L' we have L” < L' and by v < 7y < 107 we have L" > 2.

We set fr, = frpr for h =1, .. K—l—l and Xj, = Xp, v for h =1,..., K.

From the induction steps we have Es¥ EL" such that MEs) < (Ii,j:ll 0 <.

There exists T:TL// such that f,, h = 1,..,. K+ 1, X;, h = 1,..., K and
Xg41,r are periodic by 7, X, h = 1,..., K and Xk v are pairwise inde-
pendent X, h = 1,..., K are M—0.99-distributed. By using the distribu-
tional properties of Xk 1~ we will define X, at the end of this section.

For all © ¢ Es there exist w(z) = wpr(x) > a(x) = agr(z) > A, 7(z) =
T (x) < 7 such that w?(z) < 7, % > Qr(z). Setting frxi1 = fr41,07, (see
also (118)) if 7(z)|m then

1 n+m—1
m Z fre(x+ k) > X 0(2). (120)
k=n

When K > 0 one also needs to use (140), see Section 4.2.15.

For all p € Pr» O P, (1(x),p) = 1, (1,p) = 1. For all ¢ Es and for
all h € {1,..., K + 1}, fu(lx +j + 7(x)) = fu(z + j) whenever o?(x) < j <
J + 7(z) < w?(z). Finally,

/fm1 = \NFpn) < 27MH <. o7 MHL (121)

when K > 0 we also need (141) from Section 4.2.15.

We have met all the requirements for a (K + 1) — M family except the
distribution of Xk 1~ is not quite right. We need to replace Xg 17 by a
suitably chosen Xy 1 which is M —0.99-distributed, moreover for K > 0 it
is pairwise independent from X, when h = 1,..., K. By choosing Xx.; so
that X1 < X107 from (120) we infer that if a(x) <n <n+m < w(z)
and 7(z)|m then

1 n+m—1
— 3 (o) > X (o) (122
k=n

Since L" is the first index when A(Fr») < 2™ we have A(Fpr_,) > 2~M
which by (101) implies

A Fpn) > (1 —27)27 M, (123)
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What is the distribution of Xy, L/f? Recall Frn = {z : frii(x) = 1},
1 - 27 <rp= )\(FL)//\(FL 1) <1—2 for L = 1,...,L" and \(F) =
ro-+-rp =11 -rp. By (109) and (60)

1 1 _
ﬂ2 > 1pr(FL,,) > N(Spro) > (1=p)X(Fpn) > (1-3y)27M. (124)

By (98), XK+17L//(.%.> = (1 — ,0/)57 1= (1 — ,0/)57X(F0) if x € SL”,O-
By (98) and (102) if z € Spw; \ Spwy_y then for I =1,..., L",

Xicprp(@) = (1= p)ro - nCy = (1= p)A(F)C,. (125)
This and (61) imply that for z € S \ Sprrr-1
Xiqro0(z) = (1= p)CA(Frn) < 27M(1 = p))C, < 0.999 - 2 M+ (126)

Using (110) we have the following measure estimate:

1

(S >XS// > (1— NS ,
(1—p)7’0---7“1(L’0) (Swra) > ( p)ro---n(L’O)
which by (111) is equivalent to
1 - _
= p)\(SL// 0) > )\(Fl))\(SL//J) > (1 - p))\(SL”p)- (127)
Suppose for [ =0, ..., M — 1, £(I) is chosen so that
Xgcr1,p(x) > 0.999 - 27" when z € Sy o, (128)

but Xgy1z0(x) < 0.999 - 27 for some z € Strea+1, by (126) such an
0'(l) < L" exists. By (125)

(1= P )A(Fraysr)Cy < 0.999 - 271,

and B B
(1= pYX(Fpqy)Cy > 0.999 - 27

hold. Therefore, using A(Fpy+1)/ A Fpqy) > (1 — 27y) we infer

0.999
1 —2y

0.999 - 271 < (1 — p)A(Fp))Cy < 27, (129)
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Set Spr -1y = (. By using (125) and the above definitions, estimates for
l=0,....M—-1,x€ SL”,Z’(Z) \ SL”,Z/(lfl) we have

0.999 - 27" < Xp i1 0(2) < 0.999 - 2701, (130)

J— 1 By
ASreay) < TPA(SL,,’())X(F@(Z)) )

(using (124) and (129))

1
(1—p)?

on the other hand, by using (127)

(1- p,)éw (1— Pl>5w21 oM

A Fpi
(For) 999 21 0.999- (1 —p)2~

— 1 —p) (S
)\(SL”,Z’(Z)) > ( _p) ( L ,0>
AFow)

(using (124) and (129) again)

(1 = p)* A(Fpr) (1 — p)Cy (1 — 29)
0.999 - 2-1

>

(using (123)) N
(1= (1 — 29227 M . 2(1 - )G,

Thus using (62) for l =0,...,M — 1

S ey \ Swrea-1y) > (131)

_ (1 — /0/>CW
0.999- (1 —p)
By (130) if | = 0,....M—1,z € SL”,E’(Z) \ SLH?g/(l_l) we have XK+1’L//(3L’) >
0.999 - 2=,
By (125), X411 takes different constant values on the set Sp o and on
the sets SL//J \ SL”,lfl for [ = 1, ceey L.
When K > 0 we also know that Xpq 1 is pairwise independent from

Xy, for h =1, ..., K. Hence, any function which is constant on the sets Sy g,
Spra\Spr—1, 1 =1,...,L" is still independent from each X, for h =1,..., K.

(1—p)*(1—29)27 M (1 p)C,

527 M > 0.99. 27 M
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Set X}(_H(IL‘) = 0.99 - 24 if x € SL//,g/(l) \ SLnyg/(l_l) for [ = O, ...,M — 1.
Set Xy 1(z) = 0if 2 & Sprpm—1y. Now Xy < Xgqqypv. When K >
0, Xk, is still independent from each X, h = 1,...,K and it takes its
values in {0,0.99, ...,0.99 - 2711 But it is M—0.99 super distributed. By
Lemma 4 we can choose an M —0.99-distributed X1 < Xj,, which is still
independent from X} for each h = 1, ..., K. This completes the part of our
proof when we build the 1 — M family, that is for K = 0 our argument ends
here.

4.2.9 The K > 0 cases of our induction
Step L = 0 of our leakage

Next we assume that K > 1 and we can define X — M families.

We use the definitions of the first paragraph of Subsection 4.2.2. After
the definition of Xk ;¢ we argue this way:

Choose a K — M family on R with input constants dy = 4(L,+1), Qo =,
I'vC, < T, Ag = A, Py. Then there exist a period 79; functions fyo :
R — [0, 00), pairwise independent M —0.99-distributed “random” variables
Xpo:R =R, for h =1,..., K, aset Es, periodic by 7, with \(Ej,) < do.
Moreover, for all x ¢ Es,, there exist wo(z) > ag(x) > A, 1o(z) < 70 such
that wi(z) < 79, 2248 > Q7 () = Q7o(), if ap(x) < n < n+m < wlw),
and 7o(z)|m then for all h = 1,..., K + 1 (for h = 1,..., K by the definition
of the K — M family, for h = K + 1 by the definition in the first line of
Subsection 4.2.2) there exists 0 < fj, o such that

n+m-—

1
— Z .’L’-'-]i] >Xh70(l').

For all p € Py, (1o(z), ) 1, (r9,p) = 1. Forallz € Es, andallh =1, ..., K+
L faolz +j+70(x)) = 0(:c+j) whenever of(z) < j < j+ m(z) < wi(z).

Finally, o
1 [™ _
—/ fh,O:/fh,0<C'yFO'2 ML
70 Jo

forh=1,.., K.
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4.2.10 Case K > 0, the setting after step L — 1 of the leakage

We can repeat almost exactly the argument of Subsection 4.2.3. We only
need to add after the paragraph ending with (65) that for h=1,..., K

1

TL—1

TL—1 r
/ Jno-1= /fh,L1 < Ty - 27 MH (132)
0

We emphasize that we do not expect that (132) holds for h = K + 1 and
continue with the paragraphs of Subsection 4.2.3 concerning the distribution
of X K+1,L—1-

4.2.11 Case K > 0, rearrangement with respect to 7;_,, choice of
L1
This subsection is again almost completely identical to Subsection 4.2.4. The

only extra remark we need after the first line of the last paragraph of Sub-
section 4.2.4 is the following: We also have

/ff/L,Ll < /fh,L—1 < O, - oMt (133)
forh=1,.., K.

4.2.12 Case K > 0, choice of x;, qr, 1, V1, and X} on R\K/(QL)

This subsection is identical to Subsection 4.2.5.

4.2.13 Case K > 0, putting K — M families on K,(qL)

This is the subsection where we have a huge difference. This is where we
need to use the results from the previous step of the induction on K.

The first four paragraphs until the definition of P, are identical to the
ones in Subsection 4.2.6.

/ Contrary to the K = 0 case now we have to put a K — M family on

A(qr)-

For the choice of the K — M family living on K/(qL) use Lemma 6 with
fL, 5L = 5/4([/ + 1), QL =Q. qLT£—17 FO and A.
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(1)

(i)
(iv)

(v)

We obtain functions ?hyL, X, periodic by Trqp, for h =1, ..., K, where
71 is a suitable natural number. The functions yh,L : R — R are
pairwise independent and conditionally M —0.99 distributed on K/(qL).
There exists Ej, periodic by Tpqr. For h=1,...,K and x € Z(qr) =
Ujezliar, jai +72") we have f,, ;(z) =0.

We have \(FEj;,) < 0, = 6/4(L' +1). For all 2 ¢ FEj,, there exist
wr(r) > ag(z) > A, Tr(w) < Trqr, ©1(x) <Traw,

wL(.’L')
@L(:c)

> QTr(x) = Qqrry_ 7r(z).

Moreover, if @r(z) < n <n+m < wg(z) and Tr(z)|m then for h =
1,.. K,

n+m—1

— Z Tnp(e+E) > Xy (). (134)

For all p € Py, (Fr(x),p) = 1, (Frqr,p) = 1.
For all x € K,(qL) \ Es,, forallh =1, ..., K,

7h,L($ +i+7L(x)) = ?h,L(x +7),
when o4 (z) < j < j+T7r(z) < Wi (x).

Finally, forall h=1,..., K

/Th,L <Tg-vy-27M (135)

We now define the functions X j, on K,(qL) for h =1, ..., K, by setting
Xpo(z)=Xpp(x)ifx € K/(qL), h=1,.., K; also define

S = fhi_1-Xo, + fopforh=1 K. (136)

Where f; ;; is defined in Section 4.2.4 and @, in Section 4.2.5. It is impor-

tant that by (90), (1), which contains the support of f, ; is disjoint from
®;, which contains the support of f, ; ;- xa,

Recall from (133) that Tf}’thl < Tfh,L_l forh=1,..., K.
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Using (135) and that f; ; ; is periodic by 77, and &, C R\ K/(qL)
consists of blocks of length 77

i < o Y —M+1y [ x — (%
/fh,L < MNPyp) - /fh,L—l + T (m) 27NN (qr)) = (). (137)

Since ¢ C R\K/(q,;) by (133) we have

(/th 1) m <Ty-C27 M+

Hence, we can continue our estimation by using (55)

(®) <o\ T M1y R
(/th 1) —R\A @) ARN A (qz)) +ToC,2 AA(qr)) <

Ty-C, - 27 M+ (138)

After these observations we can return to Section 4.2.6, to the definition
of Pr and read everything until the paragraph marked by a 7.

When K > 0 we need to add the following estimate to the case when
zeR\ (N (q)UEEF) Cc d, C dy.

If ap(x) <n<n+m < wr(z) and 77(x)|m then by (85) and (96) for
h=1,..,K

1 n+m—1 n+m—1

1
— Z frpa(z+ k%) = Z frp(@ + &) > Xy 1 () = X 14 (2).
(139)
Next suppose z € K’(qL) \ Bt C K/(qL) \ Es,. For h = 1,...,K the
estimates which we have for the K — M family put on K/(qL) can be ap-
plied. In other words, for these z, set wL(x)d:ewa(:c) > aL(:c)défaL(x),
TL(x)déf?L(:p)qLTifl <71 =qT17) 4. Then w?(z) < 77, and
wi(z)
ap(z)

> Qp7(x) = Qrp(z).

Furthermore, if ar(z) <n <n+m < wg(z) and 7 (x)|m, then 71, (x)|m and
by (134) and (136) we have for h =1, ..., K

n+m—1
1

~ > fn@+ k) > Xy (o).
k=n
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For all p € P, C Pr we have (71(z)qr7)_,p) = (70(x),p) = 1 and for
h=1,..K,if a2(z) < j < j+ 70(2) < wi(z) then o (z) =a%(z) < j <
J+70(z) < ... <j+qur_7Tr(z) < wi(z) = wi(x) and hence f,r(z +j +
(7)) = frplz+J+ TL({)) = forl@+j+aqr 7(x) = frole+5+
(g — D7L(@) = ... = fr (@ + ) = farlz + ).

4.2.14 Case K > 0, properties of fxi; 1

This section is again identical to Section 4.2.7.

4.2.15 Case K > 0, finishing the leakage

We start to argue as in Subsection 4.2.8. We need to insert just before the
sentence containing (120) the remark: Moreover, if a(z) < n < n+m < w(x)
and 7(z)|m, then for all h = 1,..., K letting f, = fy 1 (see also (65) which
is used with L = L" + 1)

1 n+m—1

- > fulw+#) > Xi(2). (140)
k=n

Before (121) we need to add the comment that by (137-138) for h =

1 K

PIRRED)

/fh < C, T2 Mt <. 27 M+ (141)

The rest of the argument is identical to Subsection 4.2.8 and this way we
can complete our induction.
O

5 Proof of the Main Result

Lemma 5 yields the next theorem which, as we will see, easily implies Theo-
rem 1.

Theorem 8. Given § > 0, M and K there exist 79 € N, E; C [0,1),
a measurable transformation T : [0,1) — [0,1), T(z) = = + % modulo

1, f:[0,1) — [0,+00), X;, h = 1,..., K which are pairwise indepen-
dent M—0.99-distributed random variables defined on [0,1) equipped with the
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Lebesgue measure, \, such that \(Es) < 0, for all z € [0,1) \ E; there exists
N, satisfying

N K
1 2 _
N Zf(Tk (z)) > ZXh($)>
T k=1 h=1
and f[o y fAN < K- 2~ M+2,

Proof. Use Lemma 5 with §, Q = 1000, ' = 1.1, A =1, P = 0 to obtain a
K — M family with Ejs, f;, and X, periodic by 7 = 7. Set Es = T—IOE(; N10,1)
and for x € [0,1) set f,,(z) = 1.01- fu(70 - z), Xpn(2) = Xp(70 - 7).

Assume x € [0,1) \ Es. Since Qa(ry - 2)7(70 - ) < w(7 - ¥) we have
alrp-z)=n<n+(Q—1a(rn-2)7(1 - x) < w(m - x) and (37) used with
n=a(m-z)and m = (2 — 1)a(mn - x)7(79 - ) implies

a(ro-z)+H(Q—1)a(ro-z)7(10-2)—1

> fulro - (TF'z)) =

k=a(m-x)

1
(Q—1Da(rg - z)7(10 - x)

a(to-z)+(Q—1)a(ro-z)T(10-2)—1
Z fu(ro -z + k) > Xp(10 - 2).
k=a(r0-x)
Since fp, > 0, if we let N, = a(m-x) + (@ —1)a(ry - z)7(79 - ) — 1, then since
2 =1000, N,/(2—V)a(r-z)r(0-x) < 1.01, forall h =1, ..., K

1
(Q—Da(ry - x)7(70 - )

1 Q& 1.01 &= . —
N Y (T e) = N > fulmo - (TF2)) > Xn(2). (142)
T k=1 T k=1

Let f(z) be the restriction of 3°h | ,(z) onto [0,1). Therefore, using (39)
with v/ = 1 from Lemma 5 we obtain

1 K —
/ f(z)d\(z) = 1.01Z/fh <1.01-I - K-27MF < .27 M+2
0 h=1

For all z € [0,1) \ E5 by (142) there exists N, such that

1 Nz , K L
F d AT x) > ) X(a).
T k=1 h=1
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Now we can complete the proof of Theorem 1.

Proof. For each p € N set M, = 4. On the probability space ([0,1), \)
consider M, — 0.99-distributed random variables X, for h =1,....K for a
sufficiently large K. Assume that u denotes the mean of these variables. An
easy calculation shows that

Mpy—1

u = Xp(z)d\(z) = Z 0.99% .27 27 Motl=1 5 0. 9. 0, . 27 ML,
[0.1] 1=0

By the weak law of large numbers

A{

Fix K so large that

and let

We have A\(U;) > 1 — %. By Theorem 8 used with § = %, M, and K there
exist 79 € N, Ey/, C [0,1) and a periodic transformation 7" : [0,1) — [0, 1),
T(x) =z + % modulo 1, f : [0,1) — [0,+00), X pairwise independent
M, —0.99-distributed random variables defined on [0, 1) such that A(£/,) <
% and for all z € [0,1) \ Ey, there exists N, such that

1 & ) t
- S AT x) > X
¥ k=1 h=1

and f[o y fAA < K- 27Mrt2 Put U, = U\ E1/p. Then A\(U,) > 1 —% and for
x € U, there exists N, such that

1 = 0.9
2: k2 2:— : —Mp—1
Ek:1f(T {L')>h:1Xh(l')>K'7'Mp'2 .

o7



Thus letting ¢, = K - 02;9 - M, - 27Me=1 and

N
U, = {x : sgfp%Zf(Tka) > tp}

we have U, C U, and hence A(U,) > 1 — 2. On the other hand
p

S _ JIflaxy K2t 3
tp tp K% . M, -2-M—1 " M,

Hence, A(U,) — 1 and [|f|dA/t, — 0 as p — oco. Therefore there is no C
for which (2) holds with x = X. This implies that the sequence ny = k? is
L'-universally bad. O
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