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Abstract

In this paper we discuss the heuristic background of our result
about divergent squares which states that the sequence {k?}7 is L1-
universally bad. Our goal is to present the main ideas of the proof
without getting distracted by some of the technical details.

1 Introduction

Throughout this paper, a dynamical system is a quadruple (X, ¥, u, T') where
(X, 3, ) is a separable non-atomic separable probability space and T' is an
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invertible measure-preserving transformation on X. By Birkhoft’s Ergodic
Theorem, given a dynamical system (X,%,u,T) if f € L'Y(X), then the
ergodic averages

tim > A1) (1)

converge almost everywhere.
Results of Bourgain [2], [3], [4] imply that if f € LP(u), for some p > 1,
the ergodic means

R
dm 5 3 AT ) (2)

converge almost everywhere. Bourgain also asked in [2], [5] whether this
result is true for p = 1, that is for L! functions. This problem has received
quite a bit of attention, see for example [8], [13]. In Section 6 of [1], V.
Bergelson writes the following about it: “The case p = 1 is still open and is
perhaps one of the central open problems in that branch of ergodic theory
which deals with almost everywhere convergence”.

In [6] we gave a negative answer to this question. Here we present some
ways in which we attacked the problem and illustrate some points in our
proof. Let us recall some concepts related to this problem.

Definition 1. [12] A sequence {n;}?2, is L'-universally bad if for all ergodic
dynamical systems there is some f € L! such that
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fails to exist for all x in a set of positive measure.

To show that the squares are universally bad for L' we used a known
equivalence. By the Conze principle and the Banach principle of Sawyer (see
7], [14], or [13]), a sequence {n;}?, is not L'-universally bad if and only if
there exists a constant C' < oo such that for all systems (X, >, u, T') and all
f € L'(u) we have the following weak (1, 1) inequality for all ¢ > 0

Il ({x:]svuzg >t}> < %/\fldu- (3)
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(By [ fdp we always mean the integral on the entire domain of f, that is,
[y fdp.)

In [6] we proved that the sequence {k*}%2, is L'-universally bad by show-
ing that for each given constant C' there is a positive integer 7y such for the
rational rotation, T'(z) = = + % modulo 1, the weak (1,1) inequality fails
to hold with the given C' for some nonnegative integrable f and number ¢.
This is certainly what one would expect if the sequence of squares is bad.
But, how to produce such 7’s and f’s? One first basic idea is the following.
Suppose for each 0 < 6 and K, M € N we can construct (and up to some
details we can do so):

(i) a nonnegative function f € L'()\),
(i) £ C[0,1) with A\(E) < 4,

(iii) pairwise independent, identically distributed random variables X7, ..., X
with mean approximately M2~ and variance less than 2= such
that if z € F, then there is some N, such that
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Anf(a) = S F(T2) > 3 Xale)
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(iv) [fdX< K -2-M+2,

The leakage process and the properties of the distribution of squares mod
n for particular n’s allows us to (more or less) carry out such a construction.
Before discussing these, let us recall how the proof is completed. For each
p €N, set M = M, = 4P and take § = 1 . For each K, the expected value of

Zh | X, is approximately 2M]\fl and the variance is less than 2 oar- Lhus, by
the weak law of large numbers,

K
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So, for each p, take K = K, so large that for M = M,,
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Take t = t, = {5, From (4) and A\(E) < § = 1/p it follows that A({z :
An,(f)(x) > t}) > 1 — 2. Using this inequality with f = f, and ¢ = ¢, as
p — oo the left hand side of (3) converges to 1 and on the right hand side
we have

—M+2
o [fdA < K2 _ Q’
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which converges to 0 as p increases. So, there can be no such inequality.

The leakage and asymptotic distributional properties of squares will tell
us that we might possibly take the random variables, X, to be M distributed
by which we mean X () € {0,1,3,...,27"} and X = 55 with probability
2~M+=1 for [ = 0,1,...,M — 1. But, because we use the asymptotic distri-
butional properties of squares taken along square free n, we cannot exactly
get M distributed random variables. In our paper we make the X’s M-0.99
distributed, i.e., X (x) € {0,0.99,0.99-271,...,0.99-2=F11 and X = 0.99.27!
with probability 0.99 - 2=M+-1,

Given 0, K, and M a general idea is to construct component functions f,
such that if x € E, then there is some N, such that for all h

An o) == D FTH0) > X(a) )

and [ f, d\ <T”-27M%2 where I" is some fixed constant. We can then take
f=fi+ ..+ fx. In Theorem 6 of [6] we prove the following result from
which it follows as indicated earlier that the squares are bad.

Theorem 1. Given § > 0, M and K there exist 79 € N, E; C [0,1),
a measurable transformation T : [0,1) — [0,1), T(z) = = + % modulo
1, f:[0,1) — [0,+00), X;, h = 1,...,K which are pairwise indepen-
dent M—0.99-distributed random variables defined on [0,1) equipped with the
Lebesgue measure, \, such that \(Es) < §, for all x € [0,1) \ E; there exists
N, satisfying

1 & o
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and

fd\ < K -27M*2, (7)
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The proof of this theorem is quite complicated and in this note by omitting
many technical details we try to help the reader to understand the heuristics
behind it. Especially, we want to explain in detail the “leakage process”,
which is behind the most tricky part of the proof in [6]. This process is the
simultaneous construction of the functions f; and random variables Xj,.

Since the sequence of integers ny = k£ — 1 is not universally bad for this
sequence there is C' for which (3) holds for all dynamical systems.

Given f:R — R, periodic by p we put

Jr=2 [ty

Given a Lebesgue measurable set A, periodic by p we put A(A) = EA(A N
[0, p))-

Remark 1. It is very easy to convert results obtained for periodic functions
to results of dynamical systems. For example, if we have a function f :
R — R, periodic by p € N such that for every x € R there is N, such that
(1/N,) Z]kvz"l (r + k*) > 1/2 then one can consider the dynamical system
([0,1), L, A\, T), where \ is the Lebesgue measure, £ is the sigma algebra of
Lebesgue measurable sets, T'(z) = x + Il?, modulo 1, and for the function

f(x) = f(pz) for every z € [0,1) we have (1/N,) S0, f(T*z) > 1/2, and
[7=7r.

Similarly, after a suitable rescaling, results from probability theory will
be applied to “random variables” periodic on R.

The authors would like to thank Idris Assani, Christoph Thiele, and An-
drew Yingst for their valuable comments and questions during the prepara-
tion of this article.

2 How to leak a function onto larger sets?

The technically most challenging part of the proof in [6] is a procedure called
the leakage process. To understand it, first we discuss a leakage process when
the sequence of the integers, n, = k — 1 is considered instead of the squares
ny = k2. Of course, this leakage will fail because the sequence k — 1 is good.
But we will see where it fails and where the distribution of squares comes in.
We suppose for the moment that 7y € N is given.
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To S1.0

to F1

Figure 1: The sets appearing in Step 1

Step 0: Put fip(x) =1 on R, Sy =R.

At step L of the leakage process we obtain a function f;; and sets
SL70, ceny SLJJ.

Step 1: Set t_; = 0. Choose 19 < tg € N. Set Fy = Uyez[2kto, (2k + 1)to)
and f11(z) = xg (). Then Tfl,l =1/2. If t_; < n < 79 we have for most
z € F

k=0

To be more precise, we have (8) for = € Sl,odéf Ugkez [2kto, (2k +1)tg —10). We
also put S11 =R. If z € 511, especially if z € Sy \ S1,0 and n > ty, then

We say that in (9) the values of the function f;; “leak” from its support to
a larger set Sj;, especially onto S7; \ Si0, when ergodic averages and the
corresponding maximal operators are considered. In Step 2 we will explain
why the word leakage is used here.

Step 2: Choose 7,t; € N such that 2¢y divides ¢; and ¢y < 71 < #;. Set
Fy = Fy NUgez[2kty, (2k 4+ 1)t1) and f12(x) = xp,(2). Then M(Fy) = [fio =
. Set Sy0 = S1,0 N Upez[2kt1, (2k + 1)t1), Sa1 = Ugez[2kty, (2k + 1)t — 1),
and Spp = R. Then A\(Sa0) & 1/4, A(S91) =~ 1/2 and A(S20) = 1. Setting
Sy = 0 we also have A(Sgo \ So,_1) & 1/4 > 1/8, A(Sa,1 \ S20) ~ 1/4 and
)\(5272 \ SQJ) =~ 1/2

If x € Sypandt_; <n <7, then

n—1
%Zng(ijk) = 1. (10)
k=0
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Fy ~ 52,0 52,1 52,2

Figure 2: Leakage in two steps, the Reservoir Example

One should think of £ and n as time. That is, we have a large value on a
small set when averages computed for a small time.
If z € 5271 \ S270 and to <n S T1, then

12 1
— k) ~ —. 11
n;fm(ﬁ ) 5 (11)

Now we have a medium value on a medium sized set, when medium time
averages are computed.
If £ € S5\ S21 and t; < n, then

14 1
— k) ~ =—. 12
nkzzofm(l”r ) 1 (12)

That is, here we have a small average on a large set when large time averages
are computed.

If we set X{(z) =1 on Sy, Xj(z) =1/20n Sy; \ Sop and X|(z) =1/4
on S92 \ S21 then equations (10), (11) and (12) can be combined into one
formula:

n—1
U3 fuale +B) & X{(), (13
k=0

for a suitable choice of n which depends on z. Also observe that M\x :
Xi(z) =1} =~ 1/4 > 1/8, Mz : X|(z) = 1/2} =~ 1/4 and Mz : X!|(z) =
1/4}y =~ 1/2.
Next we discuss the Reservoir Example, which can help to understand
and visualize why we talked about leakage in the above steps. B
Suppose we have a reservoir filled with water which has volume f fiz =
1/4. This water is 1 unit deep and stands approximately over the set Fj
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Figure 3: X; when L =3

during the time interval [t_q, 7], see the left side of Figure 2, (to simplify
our example only the relative sizes of Fy, Sa;, | = 0,1,2 are kept, but not
the actual definitions of these sets given above). Now we have two dams,
one in the middle of the reservoir, and another in the middle of the left half
of the reservoir. First the one in the middle of the left half of the reservoir
breaks, and the water leaks onto the left half of the reservoir as illustrated in
the middle of Figure 2, here it stands 1/2 units high as long as time is much
bigger than t; but less than 77. After some time the second dam breaks and
the water leaks onto the whole reservoir and when time is much bigger than
t; it stays 1/4 high everywhere. Time or the number of iterations in the
construction of one function and one random variable progresses from left to
right.

Continuing the “leakage,” after M steps one can obtain sets Fis, Sar—1 =
0, Saroy -y Sy, To K tg K 1 € 8 € .o K Ty K 1 such that if
finv = Xy then [fiar = NFy) = 1/2M X(Spry) = 2=M-D (1 =0,..., M).
Moreover, if € Sy \ Smy-1, (( = 0,..., M) and ;1 < n < 7, | =
0,...M —1, for | = M we use 1)y = oo here), then we have

12 1
— k)~ —. 14
n%hmﬁﬁ 5 (14)

This also implies that if X;(x) =~ 1/2' when x € Sy \ Sar—1 (in fact, X ()
should be a little less than 1/2') then there exists n, such that

ng—1

1 > hulz+k) > X (). (15)

Observe that A(Syr; \ Say1) &~ 27M+F Y for [ = 1,..., M and A(Syro \
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52,0
Sa.1 Sa.1 S2,1

S| S T ™ N S —

S22 S22 S22

Figure 4: Leakage of two functions

Sy1) & 27M > 27 ML

In order to keep our further computations simple assume that Xi(x) is
M-distributed. By this we mean that its range is {0,27 2=M+1 1} and
M Xy (z) =271 =27 M+=1 for | = 0,..., M. To do so we need to redefine
Xi(x) to be 0 for approximately half of the x’s from Sy .

In fact, as mentioned earlier, the X; we could use in (15) is only “approx-
imately” M-distributed. One can visualize X; when M = 2 in the Reservoir
Example on Figure 3, observe that on the first interval of length 1/8 we de-
fined X7 = 0 to keep it M = 2-distributed, though we could have defined
X7 = 1 on the whole first interval of length 1/4. We have more or less
constructed an f and an X with the desired properties (i)-(iv) for K = 1.

Given the time windows for which (14) holds one might try to obtain
other nonnegative functions fj 5, and M-distributed X, h = 1,..., K, all
periodic by the same period, such that [ f, = 1/2M, X}, is independent
from X if h # h' and for x € R there exists n, such that

ng—1

L > fam(z+ k) > X () (16)

e 20
forh=1,..., K.

For the L' good sequence of integers ny = k — 1 the above choice of fj,
and X}, as we have indicated earlier, would contradict the weak (1, 1) inequal-
ity (3). However, if in (16) we use the square averages i Sorry fom(x 4+ k)
then the analogous result holds.



Figure 5: Independent X; and X5

Next we want to illustrate by our Reservoir Example when K = 2 how
can one think of the simultaneous leakage of two functions. See Figure 4.
The passage of time or many iterations in the construction of our functions
and variables is indicated from top to bottom, left to right. In the upper half
we illustrate what happens during the time interval when the first leaking
function, indicated by the lighter shaded area, stays in the left half of the
reservoir. This corresponds with the period of time represented by the second
frame of Figure 2. The darker shaded area corresponds to the leaking second
function. One can see on the upper left image that the second function has
already leaked over Ss, but has not started to leak on the sets Sy 1 \ Sy 0 and
S92\ S21. In the other two images on the upper half of Figure 4 one can see
the second function gradually leaks over Sy \ S2 while it stands still over
Soo \ Sa2,1. The leakage of the second function onto Syo \ Sz is illustrated
on the bottom half of Figure 4. We wait until the first function leaks over
S92\ 52,1 and after this in three steps we allow the second function to leak
also onto this set. Figures 4 and 5 illustrate the two component functions
and two random variables generated in attempting to satisfy property (5).
In Figure 5 we illustrate for the Reservoir Example independent X; (dotted
line) and X, (thick line).

For the sequence of the integers, n, = k — 1 this leakage procedure must
break down since we know the the weak maximal inequality (3) holds. The
main difficulty is that one cannot do a leakage process of the second (darker)
function on S \ Sz, while keeping this function “unleaked” on Sss \ Sa1
as it is illustrated on the upper half of Figure 4. On the other hand, for the
sequence of the squares this is possible.

We can use this construction to show that no weak (1,1) inequality can
hold for the sequence of the squares, that is, for nj, = k? the above argument
can be used to show that this sequence is L!-universally bad. This is exactly
what happens at the end of Section 5, “Proof of the Main result” of [6].
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3 M — 0.9 distributed variables and K — M
families

In the previous section for ease of computational details we dealt with M-
distributed “random variables”, Xj,. Working with the squares we had to
do some technical adjustments of this definition to obtain the definition of
M — 0.99 distributed “random variables”:

Definition 2. For a positive integer M we say that a periodic function or a
“random variable”, X : R — R is conditionally M—0.99 distributed on the
set A, which is periodic by the same period, if

o X(z)€{0,099,099-1 ...,0.99-27M+1} and

e \({z € A: X(x)=0.99-27"}) = 0.99-2"M+H=IX\(A) for [ = 0,..., M —1.

(We regard R as being periodic by 1 with A(R) = 1 and if A = R then we
just simply say that X is M —0.99-distributed.)

By an obvious adjustment this definition can also be formulated for ran-
dom variables X defined on [0,1) equipped with the Lebesgue measure .
If we have two “random variables” X; and Xs, both conditionally M —0.99
distributed on A, then they are called pairwise independent (on A) if for any

Y1, y2 €R
Mz e A: Xi(z) =y and Xo(2) = 12} /A(A) = (17)
A{z € A Xu(2) = )/AN)A{z € A Xo(@) = y2}) /A(A)).

To construct the function f of Theorem 1 for which (6) and (7) hold for
K, M eN, 6 >0, >1 we had to find periodic functions f; : R — [0, 00),
and periodic pairwise independent M — 0.99 distributed random variables
X, : R — R for h = 1,..., K such that there is an exceptional set Ej
with A(FE;) < 0 and for all # ¢ FEjs there is a sufficiently large time inter-
val [o(z),w(z)] and a number 7(z) < w(x) — a(x) such that if a(z) <n <
n+m < w(z) and 7(z) divides m then for all h =1,..., K

n+m—1

1

- > hule+E) > X(x), (18)
and _
/fh <T .27 M+2 (19)
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In [6] in Definition 6 we define K — M families living on sets A C R which
are periodic by ¢ € N. The above paragraph contains the most important
features of K — M families living on A = R. We omit here those technical
details of the definition of K — M families which are needed to accomodate
the proof of existence of such families by induction on K, for the details we
refer to [6]. In fact, the most difficult part of [6] is the proof of the existence
of K — M families, (Lemma 4 of [6]). Assuming that K — M families exist on
R in Lemma 5 of [6] we show that one can also obtain K — M families which
live on suitable periodic sets A C R. To give a rough understanding what
this means, one needs that the “random variables” X}, appearing in (18) are
conditionally M — 0.99 distributed on A and we have to replace (19) by

/fh <Dy -27%% (20)

where the constant 4/ approximately equals A(A).

On the Reservoir Example on Figure 4 the set A may correspond to the
set Sa1 \ S20 and by Lemma 5 of [6] we are able to do the leakage of the
second, darker function only onto this set as it is pictured on the upper half
of Figure 4.

4 Definition of the sets K/(q)

Next we need some definitions and facts related to number theory:

For each ¢ € N and n € Z set (n,q) = 1 if n is congruent to a square
modulo ¢, and let £(n, ¢) = 0 if not. We denote by o, the number of squares
modulo ¢. If pis an odd prime, then o, = 1%1. If g =py---p. where py, ..., Dw
are distinct odd primes, then (by the fact that something is a square modulo
q if and only if it is a square modulo each p; plus by using the Chinese
remainder theorem) o, = []i_, 2. Since £(n,q) = 1 when n is congruent
to 0 modulo ¢ we will regard 0 a quadratic residue (or square) in this paper.
For the purpose of our proof it is sufficient to use square free numbers g,
however some of the number theoretical background results hold for other
numbers as well, see [9] and [10].

Put Ao(q) = {n : e(n,q) = 1}, the set of quadratic residues modulo q.

Clearly,

#(Ao(q) N [0,q)) = 04 > QQ—K, with o, = 4

o (21)
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For later arguments we now introduce some parameters. We will need
a suitably small “leakage constant” v € (0,1) of the form v = 27 where
¢y € N. Then we work with £ > ¢,.

Definition 3. Assume ¢ = p; - - - p,., where p; < ... < py are odd primes.
Set Ay(q) = —No(@) +{j € Z:0 <3 <~2°}, Ag) = A(q) +1[0,1) =
—Ao(q) +{z: 0 <z <~2"}.

Moreover, we put

Ay(q) ={n € Ao(q) : p; [n, forall j =1,... K},
AN (q) = =Ag(q) +1{j €Z:0<j <25},
K (q) = Ny(g)+[0,1) = —Ap(q) + {w: 0 <z < 727},

The main motivation for the definition of Aj(q) and other objects marked
by ' is that if n € A}(q), then there are exactly 2 many solutions of z*> = n
mod ¢ and this makes some computations much easier in [6].

For fixed k

#(Ao(q) N[0, q))
#(Ao(q) N[0, q))

This means that we do not make too much mistake by using Aj(q) instead
of Ap(q) when p; is large.

For ease of notation in the sequel if we have a fixed v and we do not want
to emphasize the dependence on « we will write A(q), A(q), A'(q) and K/(q)
instead of A,(q), A,(q), A’(¢) and K;(q), respectively.

The big difference between the sequence of the squares and of the integers
is that by Lemma 5 of [6] if ¢ is a suitably chosen highly composite square
free number then there are K — M families living on A = A'(§) while if in (18)
the sequence ny, = k is used instead of n;, = k? then an analogous statement
concerning suitable A’s does not hold.

if p; — oo, then — 1. (22)

5 The leakage process of one function onto
sets of K/(q)

Next we want to illustrate/explain how to do leakage on a residue class.
Assume a leakage constant v € (0, 1) is fixed.

13
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A (q) with large v

e +
72"

A (q) with small

Figure 6: A'(v) for different s

Take foo(x) =1 on R. Set Fy = Sy = R.

Suppose we have 7y given. Choose k1 such that 42" > 73. Suppose
G =DP11 " Pea Withpr 1 < ... < pg, 1. If k1 and p; are sufficiently large then
the average gap length between consecutive points of Ag(g) is approximately
27 > 1.

By results of [9] we have property
(1) the distribution of the normalized difference between consecutive elements
of Ao(q1) approzimates a Poisson distribution, with exponential limiting dis-
tribution as k1 — 0.

From our point of view the most important feature of the above property is
that the limiting distribution is continuous.

Set F; = R\ K/(ql) and f11(x) = xp (z). Then K/(ql) is the union of,
possibly overlapping, intervals of length 4251, Due to these overlaps X(K/(ql))
turns out to be a little less than ~, however, given the fact that we have
property (1), if v is small, x; and py; are large then A(A'(q1))/y is close
to one. This is illustrated on Figure 6 where the thick dots correspond to
elements of —A{(q). The fact that for larger 7’s we have some unwanted loss
due to overlaps forces us to use smaller +4’s in our leaking process over residue
classes.

If [x,2 + 10] C Fy and n? < 7 then

1 n
= fulr+ k) =1 (23)
"=

We want to obtain an estimate analogous to (9). In order to obtain this

14



estimate we need that, at least for most x € K,(ql) we have for large n’s
_Zfll (z 4+ k) = ZXFl (z+k?) ~ (24)

A(Fl) ~ AR\ N (q1)) ~ (1 —7)
when v is small, k; and p;; are large. This is the motivation for Lemma 2
in [6].

Set S1o = R\K/(ql) = [} and S;; = R. We can find a small exceptional
set Fy such that for each z € R\ E; there is a time interval [a;(z),w;(z)]
and a number 71 (2) < wi(z) — a;i(x) for which if x € S\ Ey, n,n+m €
[aq(x), w1 ()] and 71 (z) divides m then

— Z fll.%'—FkQ (25)

moreover, if z € Sy \ (S1,0 UEl), n,n+m € [ag(x),w(x)] and 7 (z) divides
m then

1 n+m—1
k=n

We can also assume that our functions and sets are periodic by 7, and 7, >
wi(zx), for all x € R\ F.

For the next step of the leakage we choose a large ko such that 272 > 7
and g = p1a- - Puy2 With 71 <p1o < ... < Py 2-

Set Fy = Fy \ X' (ga), f12(2) = Xr(2), Sa.0 = S10\A'(@2) = R\ (K(q1) U
N(g)), So1 = R\ A'(g2), S2o = R. Then A(F) ~ (1 — )% We again have
a small exceptional set Ey and for each € R\ E, there is a time interval
[a2(z), ws(x)] and a number 7 (z) K we(zr) — az(z). For x € Sy \ E2 we can
use the “old time interval and 71 (x)”, that is, as(x) = a1(x), we(x) = wi(x),
(x) =1 (x). ff & € Sop\ Ex C Sa1\ Ea, n,n+m € [as(x),ws(x)] and 72(x)
divides m then we want to have

— Z f12$+]€2 (27)

if v € 931\ (S20U E1), n,n+m € [az(x),ws(x)] and () divides m then
we want to have

1 n+m—1
- Z frale + &) =1 -7, (28)
k=n

15



moreover, when x € Spo \ (S21 U Ey) =~ N (g), n,n+m € [az(z), ws(x)] and
To(z) divides m our desire is to have

1nm 1TLm N
2 DB =53 xn ) B~ = (29

To have (29) we need that for “most elements”, x of A’ (¢2) ~ So1\ (S20UEY)
we have

1 — — —
q—#{k:0§k<@m, r+E e R\A ()} =1—y~= AR\ A(gq)).
2

This will be ensured by Lemma 2 of [6]. Moreover, we also need that when

2+ k2 € R\ A'(gz) then it hits Fy = F} \ A'(go) for sufficiently many &’s in
order to have

; Z ol + k) & XA\ N (02) ~ (1)

To ensure this we need to modify Fj slightly by a procedure called 7-periodic
rearrangement, this is discussed in Lemma 3 of Section 3 of [6].

6 Termination of the leakage process, exis-
tence of K — M families

After L many leakage steps we end up with sets Fr, Er, Sro,...,Sr, and

with the function f;; = xr, such that A\(F}) ff1L ~ (1 -yt ~27M
A(Sro) =~ (1 =)L and for x € Sp; \ (SL,Z 1 UEL), Where [ =0,..,L and
Sr.—1 = 0, there exist ar(r) < wr(x), 7o.(x) € wr(z) — ar(z) such that if
n,n+m € |ag(x),wr(z)] and 77 (x) divides m then

1 n+m—1

—~ S hule+E) = (11— (30)

Set X1r(z) =1 —~)ifx € Sp;\ Spi—1. As we remarked earlier we need
to use small values of . Then X; ;(z) is not M — 0.99 distributed but (see
Figure 7) can be estimated from below by an M — 0.99 distributed “random
variable” Xj. This is done in Section “Finishing the leakage” (4.2.8) of [6].
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Figure 7: Schematic view of X, ; and X,

By using “independence” properties of residue classes with respect to
relatively prime bases, one can “put K — M families” on residue classes
see Sections “Putting K — M families on quadratic residue classes” (4.1)
(especially Lemma 5) and “Putting K — M families on A'(¢)” (4.2.6) in [6].

The existence of K — M families on R (Lemma 4 of Section “K — M
families” in [6]) is proved by induction on K.

If we know that K — M families exist on R then by Lemma 5 of [6] we
can “put K — M families” on residue classes. This will provide us functions
fi,-.., fx and Xi,..., Xg. By the leakage procedure a function fx,; and
the M — 0.99 distributed “random variable” Xy i can be defined so that
Xk41 is independent from any function in {Xj,... Xk} and we have (18)
and (19) for h=1,..., K + 1.

7 How to build a 2 — 2 family

To have a better understanding of how to build K — M families next we give
more details of how to build a 2 — 2 family.

First we say a few words about Lemma 5 of [6].

Suppose first that an odd prime, ¢ is given. Set f(x) = ¢ if [z] is divisible
by ¢ and f(z) = 0 otherwise. Then ff = 1. Suppose x € R and there exists
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k # 0 modulo ¢ such that [z + k%] = [z] + k? = 0 mod ¢, that is, [z] = —k?
mod q. Then there are k; # ky mod ¢ such that k¥ = k3 = k. Therefore,
for large N we have

N
%Zf(x + k%) = 2 when [z] € —Ao(q), [2] # 0 mod ¢

k=1
and

Zf(:p + k%) =~ 0 when [z] € —Ao(q).

1

LN
N
ke

Ifg=p1--pu,p1 < .. < pxthen the average spacing between consecutive
quadratic residues mod ¢ is about 2%. Set f(z) = ¢/2% if [z] is divisible by ¢
and f(z) = 0, otherwise. Then [f = 1/2". Suppose = € R and there exists
k., # 0 mod ¢ such that [z + k2] = [z] + k2 = 0 mod ¢, that is, [z] € —Ay(q).
If we assume in addition that none of the p;, (j = 1,..., k) divide n, = k2
then there are exactly 2% many solutions of 2> = n, mod ¢. This implies
that if [z] € —Ké(q) then for large N we have

1 N
NZf(:chkz) ~ 1. (31)
k=1

Suppose next that we set f(x) = ¢/2% if x € ¢Z + [0,72") and f(z) =0
otherwise. Then we have Tf = v and if [z] € A’(q)cng;(q), that is, = €
K/(q) then for large N’s we have (31). The set K/(q) consists of intervals
of length v2%. By Property (}) if v is small, x and p; are large then most

of these intervals are disjoint. This_m_e;%mns that ig/this case if we take into
consideration (22) as well, we have A(A'(¢)) = A(A,(q)) =~ 7. Therefore, we

have obtained a function f with [f & v and for z’s belonging to a set of
approximate size v we have (31).

In Lemma 5 of [6] we need to put a K — M family onto a residue class.
Here we just outline how to put a 1 — 2 family onto a residue class. Suppose
that we have a 1 — 2 family on R. Then we have f; : R — [0,00) and a
suitable 2 — 0.99 distributed X;, both periodic by 7, such that (18) and (19)
hold for h = 1, M = 2 and n,n + m with m divisible by a suitably chosen
7(x). For further reference we restate (19) in this special case

7f1 <I[.27%"2 =T. (32)
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We also suppose that ¢ is given so that
(1,q) =1 and (7(x),q) =1 (33)

for all x € R which do not belong to a small exceptional set.

The 1 — 2 family living on K’(q) will be periodic by 7¢. We define f,(z) =
fi(x)q/2% if © € qZ + [0,72%) and otherwise we put f,(z) = 0. Then [f, =
I'y = FX(K/((])), which yields (20) with 7/ = v. We set X;(z) = X;(z) for
S K/(q) and otherwise we set X;(z) = 0. Then f, and X, will give us the
1 — 2 family living on K/(q).

Next we outline how to build a 2 — 2 family. To simplify this argument
we suppose that v = 1/2 and we also suppose (although it is not true) that
K,(q) = K;/Q(q) consists of disjoint intervals if ¢ = py---pe, P1 < ... < Pa,
k and p; are large. This simplification makes it possible that we need to
discuss only one step of leakage, instead of L-many steps. This way we can
skip discussing the procedure of obtaining X, from Xy ;, as it is discussed in
Section 6 and is illustrated on Figure 7.

With the above simplifying assumptions one can quite easily build a 1—2
family living on R. So, first by a one step leakage process we choose a
1 — 2 system periodic by 71, consisting of fi and X;. Then we choose &,
q=p1 P, P1 < ... < pgsuch that 2° > 7, (¢,71) = 1, (¢, m10(x)) =1
for all z € R, where 7y o(z) is the auxiliary function for our 1 — 2 system,
see (33). We also suppose that 7; (not being necessarily the smallest period
of fio and X ) is so large that wy o(z), which is now our w(x) appearing
above (18), satisfies w{ () < 7 for all z which do not belong to a small
exceptional set. This means that “all the needed action” of the 1 — 2 system
associated to fi 9, X is “done” in intervals of length 7.

We set foo =1, Xopg =1, Fy = Soo =R.

To obtain fy; we do a one step leakage of fs( onto K/(q)défxllﬂ(q), that
is, fo(t) = foa(2) = Lif and only if o & X'(q), Fy = R\X(q), 510 ~ R\X'(¢)
and S;; = R. We define fi(x) = fio(z) if z € R\ AN (q). To define f;(z)
on K/(q) we put a suitable 1 — 2 family onto this residue class as described
above. Similarly, X;(x) can be chosen to be equal to X ¢(z) for most points
of R\'A’(¢) and for most points of A'(¢) this will equal the function we obtain

when we put a suitable 1 — 2 family onto A,(q). This will mean that for our
2 — 2 system “all the needed action” will take place for most z € R\ A'(¢)
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quite “early”, before “time” 7y, while for points in K/(q) the “needed action”
takes place in a time interval [a(x),w(z)] with 7 < a(z).
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