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Abstract

Related to a question by Yves Meyer, there was some research interest con-
cerning “time” subordinations of real functions. Given a function g € Lip®,
one obtains a time subordination of g simply by considering the map Z =
go f, where f € M := {f : f(0) =0, f(1) = 1 and f is a continuous
nondecreasing function on [0, 1]} The space £ = M x Lip® equipped with
the L>° (supremum) norm is a complete metric space. In this paper, multi-
fractal properties of the map go f for a generic (typical) element (f,g) € £¢
are investigated, for all a € [0,1). In particular we determine the generic
Holder singularity spectrum of g o f.
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1. Introduction

For a € (0,1), let us denote by Lip® the space of (continuous) functions
f defined on the unit interval [0, 1] satisfying

for every (z,y) € [0,1]%, |f(2) — f(y)] < |z —y|*. (1)

By M we denote the set of continuous non-decreasing functions f defined
on [0, 1], satisfying f(0) = 0 and f(1) = 1. The two spaces Lip® and M are
separable complete metric spaces when equipped with the supremum, L
norm for functions, that we denote by ||.||. Recall that a property is said to
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be typical in a complete metric space E, when it holds on a residual set, i.e. a
set with a complement of first Baire category. A set is of first Baire category
if it is the union of countably many nowhere dense sets. Most often one can
verify that the residual set is dense Gy, that is, a countable intersection of
dense open sets in F. Quite often, typical properties are called generic, and
this will be the case in the following. The generic multifractal behavior of
functions in M has been investigated in [3]. In this paper, we investigate the
generic behavior of g o f, where g € Lip® and f € M. The composition of
functions with monotone functions can be interpreted as time subordination,
hence our result describes the generic local regularity properties of a-Holder
regular functions after time subordination.

Before exposing our results, let us recall how the local regularity of a
function is measured.

Definition 1.1. Let Z € L*>([0,1]). For h > 0 and ty € [0,1], Z is said
to belong to C’g) if there are a polynomial P of degree less than [a] and a
constant C such that, for t close to tg,

|Z(t) — P(t —tg)| < CJt — to|™. (2)
The pointwise Hélder exponent of Z at to is hz(tg) = sup{a > 0: f € Cf}.

Observe that when hz(tg) < 1, the pointwise Holder exponent of Z at
to is also given by the formula

log |Z(t) — Z
ha(to) = lim it 1281200 = Z{to)]
t—to log [t — to]

As proved in many cases (and in generic cases, will be shown below),
the Holder exponent hz(tg) of a given function Z may depend on ¢y. In
order to describe the local behavior of f, it is then relevant to estimate the
singularity spectrum of Z defined by

dz(h) =dim Ez(h), where Ez(h):={t:hz(t) =h}.

Here dim stands for the Hausdorff dimension, and dim () = —co by conven-
tion. The singularity spectrum of Z describes the geometric repartition of
the singularities of Z.

The generic properties of functions in M and Lip® are summarized in
the following theorem, proved in [3] and [9] (Proposition 5). It concerns
both a priori results, i.e. upper bounds for the singularity spectrum of all
functions in M and Lip®, and generic results in M and Lip®.



Theorem 1.2. Consider the space of monotone continuous functions M.

(i) For every f € M, for every h >0, one has dg(h) < min(h, 1).
(ii) There exists a residual set Ry in M such that for every f € Ry,

for every h € [0,1], dg(h) =h

and E¢(h) =0 if h > 1.
Let a € (0,1). The results concerning Lip® functions are the following.

(i) For every g € Lip®, for every h < a, dg(h) = —o0 (i.e. E4(h) =10),
and for every h > «, dg(h) < 1.

(ii) There exists a residual set Ry in Lip™ such that for every g € R,
dg(a) =1 and E4(h) =0 if h # a.

Observe that the first item in Theorem 1.2 serves as a complement of
the Lebesgue theorem, which states that monotone functions are Lebesgue-
almost everywhere differentiable (i.e. they have a.e. exponents greater than
1). Theorem 1.2 deals with the exponents h between 0 and 1.

As a consequence of Theorem 1.2, a generic function Z in Lip® is mono-
fractal, i.e. dyz is well defined for only one value of h, while a generic mono-
tone function is multifractal, i.e. the spectrum dz has its support not reduced
to a single point.

We also remark that generic functions in M, or in Lip® have the worst
possible local behavior, in the sense that the maximal possible values of the
spectrum are reached for generic functions.

Remark 1.3. In [9], Jaffard proves that, in C equipped with its natural

norm || flla = [|flloc + SUP;4y, %, generic functions are monofractal

with exponent a. A rapid argument implies that the same holds true in Lip®
equipped with ||f||cc. Nevertheless one cannot directly infer generic results
in C* equipped with || - ||« from generic results in Lip® equipped with || - ||oo-

Jaffard proved in [8] that similar phenomena occur for Besov spaces
B;yq(Rd): As soon as s —d/p > 0, for every f € B;yq(Rd), one has

for every h > s — d/p, df(h) < min(d,s —d/p+ h/p),

and for generic functions f € B;yq(Rd) there is equality for all exponents
h € [s —d/p,s]. Again, generic functions have the worst possible local
behavior. As Theorem 1.2 for the Lebesgue Theorem, this result provides



Figure 1: Generic spectrum of compositions of Lip® functions with monotone functions
(continuous line), and for monotone functions (dash-dot line).

us with complementary information on the compact Sobolev embedding
B;’,q(Rd) < C*~4/P(R%). For instance, the set of points x at which f €
B;q(]Rd) reaches its worst possible local regularity s — d/p has Hausdorff
dimension at most 0.

In this paper we investigate the generic multifractal properties of com-
positions of Lip®-functions with monotone functions in M. Composing a
Lip®function ¢ with a continuous monotone function f amounts to per-
forming a time subordination in g, i.e. to consider the function g after
a time substitution by f. Processing a time change in a function, or a
stochastic process is a widespread issue in analysis and probability theory
[1, 2, 6, 7, 10]. From a theoretical standpoint, time subordination and its
effect on local behavior has been investigated for instance in [2, 11, 15, 16].
In [7], time subordination is used to perform the local regularity analysis of
the famous Podlya function.

Definition 1.4. Let o € (0,1). We denote by E* the space of couples of
functions E* = M x Lip®. We also set E° = M x C°, where C° is the space
of continuous functions on [0, 1].

The function spaces E* and E® are complete separable metric spaces when
equipped with the L*° norm.:

if (f.9) €€20E%, |I(f, 9|l = max(||f]], [lg]])- (3)

The main theorem describes the upper bounds a priori for the exponents
and for the singularity spectrum of the function g o f (where (f,g) € £%),
as well as the generic local behavior of such a composition.



Theorem 1.5. Let o € (0,1).

(i) Let (f,g) € E*. Then for every h >0, dgor(h) < min(h/a,1).
(ii) There is a residual set R in £ such that for every (f,g) € RY, then

dgor(h) = h/a  for every h € [0, ],

and Egop(h) =0 if h > a.

(iii) There is a residual set R° in £ such that for every (f,g) € RY,
dgof(()) =1 and Egof(h) =10 if h > 0.

Hence, generically, after a composition by a monotone function, a mono-
fractal function is transformed into a multifractal function. The generic
spectrum is the spectrum of a generic monotone function divided by «.

Several questions lead us to the study of local regularity properties of
time subordinated functions. Let us detail some of them.

1. A question raised by Yves Meyer to the second author was the fol-
lowing: given a multifractal real function Z : R — R, is there a monofractal
function g : R — R such that Z can be written Z = go f, where f is a mono-
tone function? In other words, given a multifractal function, does there exist
an underlying monofractal function g such that Z is only g subordinated in
time f7 Partial answers to this question are given in [16], and also in the
rest of this paper.

2. Tt is very challenging to understand how the local structure of a
function in a given functional space (here Lip®) is modified after composi-
tion. Here we are going to prove that Lip® functions, which are generically
monofractal, are generically multifractal with a given spectrum after a time
change. Same questions could be asked for instance for subordinations of
functions belonging to Besov spaces.

3. As far as applications are concerned, time subordination has proved
to be an efficient method to generate functions or stochastic processes with
interesting properties, especially used in applications for creating models for
financial data [13, 14], or Physics [11], among other scientific fields.

One of the most encountered subordinated stochastic process, both from
a theoretical and a practical standpoint, is the so-called “multifractal ran-
dom walk”, which consists of the composition of a Brownian motion with
the integral of random multifractal measures. The sample paths of Brow-
nian motions belonging almost surely to all spaces C'/2-¢(R*), & > 0, the



study of the local regularity properties of multifractal random walks natu-
rally leads, again, to investigate the properties of compositions of C* and
Lip® functions with monotone functions.

All these considerations gave rise to this article.

The paper is organized as follows. Section 2 contains preliminary results.
The proof of Theorem 1.5 is divided in several parts:

e Section 3.1 provides us with a residual set RS C £ such that for every
couple of functions (f,g) € RY, the pointwise Holder exponents hgor(x) of
go f are all less or equal than a. It also yields the existence of a set of full
Lebesgue measure on which g o f has exactly exponent o (Proposition 3.6).

e In Section 3.2, we build a second residual set R? C £ such that for
every couple of functions (f,g) € RY, there is an uncountable set of points
with exponent 0 for the composition g o f.

e Then, in Section 4, we exhibit a third residual set R, C £%. For every
couple of functions (f,g) € R, we build simultaneously an uncountable
number of Cantor sets X Jf} 4 On which go f has exponent exactly h. This part
is very delicate. More precisely, we will be able to construct Cantor sets X Jf} p
on which go f has exponent less or equal than h, and by a ” geometric measure
theory” argument (developed in Corollary 4.8), we extract from each of these

Cantor sets a smaller set Yf}fg cX }’} g such that dim Yf’fg = dim X }’} p and every

ES Yf’fg satisfies hgor(y) = h.

e Item (ii) of Theorem 1.5 is finally obtained, since all the claimed pro-
perties hold on R N RY N Ra, which is obviously a residual set in £ as
intersection of residual sets.

e Finally, Section 5 explains how to adapt the proof to the case of £°.

2. Preliminary results

The open ball centered at z and of radius r is denoted by B(xz,r). The
closure of the set A C R is denoted by A, moreover |A| and A(A) denote its
diameter and Lebesgue measure, respectively. A set A is c-dense in [0, 1] if
for any 0 < a < b <1 the cardinality of AN (a,b) equals continuum.

Throughout the paper, we will need the oscillating 1-periodic function
H : R — R defined by

VeeR, H(x)=d(z,Z)—1/4, (4)

where d(z,Z) stands for the distance between x and the set of all integers
Z. The function H has mean 0 on each period, is piecewise affine, and has
everywhere left and right derivatives equal to 1 or —1.



2.1. Hausdorff dimensions of sets and dimension of measures

We refer to [4, 5] for the standard definition of Hausdorff measures H*(E)
and Hausdorff dimensions dimy(E) of a set E.

Recall that the lower local dimension of a Borel measure p at x is defined
as (see [5])

1 B
di—mlocru'(x) = llan_}(r)lf %

(5)

and dim udéf sup{s : dim; .pu(z) > s for p a.e. x}. By Proposition 10.2 of [5]
dim(p) = inf{dim(F) : E C [0,1] Borel and p(£) > 0}.
The following property will be particularly relevant:

if dim(p) > h, then for every Borel set E C [0, 1]
of dimension strictly less than h, u(E) = 0.

(6)
We recall the Mass Distribution Principle, see for example [4], Chapter 4.

Theorem 2.1. Let p be a finite mass distribution (measure) on E C R.
Suppose that for some s > 0, there exist ¢ >0 and § > 0 such that p(U) <
c|U|? for all sets U with (U] < §. Then dim E > dim p > s.

2.2. Oscillations of order 1 and local regularity
Oscillations of order 1 arise naturally in our approach, since by a classical
result they characterize the pointwise Holder exponents strictly less than 1
(see Lemma 2.2). For every interval I C [0,1], consider the oscillation of
order 1 of a continuous function Z : [0,1] — R on I defined by
wi(Z) = sup |Z(t) — Z(')| = sup Z(t) — inf Z(¢).
tt'el tel tel
For every j > 1, k € {0,...,27 — 1}, we will also consider the dyadic
intervals Ijy, = [k-277, (k4 1) - 277), so that Uy_q 91 [jix = [0,1), the
union being disjoint. For every j > 1 and k € {0, ...,27 —1}, for simplicity we
write w;jx(Z) = wy; ,(Z) (which also equals w;—(Z) since Z is continuous).

I]’k
Recall the characterization of the pointwise Holder exponents, which is
very easy to check.

Lemma 2.2. Let Z :[0,1] — R be a continuous function. Assume that for
some t € [0,1], hz(t) < 1. Then

1 VA log, w iz
hp(t) = Timing 18BNy o822 (D))
r—07t | log ’I“| j——+o0 7

(7)



Hence, if « € (0, 1), for every g € Lip®, for every t € [0,1], hy(t) > a.
For our purpose it is natural to investigate what happens for the point-
wise exponents when two functions are composed.

Lemma 2.3. Let f : [0,1] — [0,1] and g : [0,1] — R be two continuous
functions. Assume that for t € [0,1], hy(t) <1 and hy(f(t)) < 1. Then

hgos(t) = hg(f(t)) - hs(t). (8)
Proof: This follows from the trivial remark that when € > 0 and h is small,
90 F(t+h)—go F()] < |f(E+H) - FO2UO)= < p[Cs 00509, O

The case where the exponents are greater than one is more delicate, since
in formula (2) a polynomial may interfere. Such cases will not arise in our
approach hereafter.

2.8. Lip“® functions, and oscillating perturbations of Liph® functions

It is a small technical difficulty that there are C' functions which do not
satisfy (1) and hence do not belong to Lip®.

Definition 2.4. Fora € (0,1) we denote by Lip™® the set of those functions
g € CY([0,1]) for which

l9(x) — g(y)| < |z —y|*, for all (z,y) € [0,1]*, = #y. (9)

We impose strict inequality in (9). When g € Lipt® c C'([0,1]), we
have |g(z) — g(y)|/|x — y|* — 0 as y — z. Hence, letting G,(z,y) =
lg(x) —g(y)|/|z — y|* when x # y and Gy (z, x)déf(), we obtain a continuous

function on [0,1]2. Therefore, there exists a constant v, < 1 such that
|Ga(z,y)| <y for all (z,y) € [0,1]%. This implies

l9(z) = g(y)| < 7g |z — y|* for all (z,y) € [0,1]*. (10)

o

Lemma 2.5. Liph® is dense in Lip®.

The proof is obvious. Indeed, given € > 0 and g € Lip®, one can choose by
uniform continuity of g finitely many points 0 = zg < 1, ..., < &, = 1 such
that the piecewise linear function gg passing through the points (xg, g(zx))
belongs to B(g,e/2) N Lip®. Then it is a small exercise to show that by
smoothing the sharp corners of gy at the points (xy, g(xy)), one can obtain
the required function g. € B(g,e) N Liph©.



Lemma 2.6. For any function g € Lip“®, there exists a constant Wy > 2
such that for any choice of w > W,, 1> o > a and 1 > &”, the function

$(x) = g(x) +w ¥ H(w z) (11)
belongs to Lip® (recall that the oscillating function H is defined by (4)).

Proof: The function g being given, we choose 7, as in (10). By assumption,
g € C*([0,1]), hence |¢'| < M, for some constant M,. Let

1—2071\ 1
Cg = min { (T) ! ,5} (SO that MgCgl—Ot + 204—1 S 1)’ (12)
g

and choose Wy so large that
W, <201 —9y)%Cy and My(2W,)* !+ 2071 < 1. (13)
We separate three cases according to the value of |z — y|:

o Cg; < |x—y|<1: Using (10), (12) and (13) and the fact that the
function |H| is less than 1/4, we get (recall that o/ > «)

6(x) — (y)| < |g(x) — g(¥)| + |w™ H(w™" z)| + [w™ H(w*"y)|
< yglr — Y|+ w2 < yglr — y|® + (1= )Y (Cy)”
< Yl =yl + A =)z —y|* <z —y|" (14)

/

o L <|x-y|< Cg: Since o > a, we have by (12)

2w
() — d(y)| < lg(x) — g(y)] + [w™ H(w" z)| + [w H(w""y)|
1, 1 ,
< Mglz —y[+ 5w™ < Myl —y| + 52|z —y[)*

1 _ _
< Mylz =yl + 52l —y)* = (Mgl — y["=* + 227 )] — y|*
< (MyCy~ + 297w — y|* < |z —y|*. (15)
e |x — y| < 5 This implies that w = g —y| e < wl(1/2w) " =
20=1  Using that H is 1-lipschitz (i.e. H € Lip!), the same kind of
computation yields:
[¢(z) = o(y)| <lg(z) —g(y)| +w™* [H(w™ z) — H(w" y)|
< Mlz —y| +w™ "z —y|
< (Mgl =y~ + ™= e = y|' =) |z — y|*
< (My(2w)* ! 20|z —y[* < o -yl (16)

The lemma follows from (14), (15), and (16). O



2.4. Properties of the singularity spectrum for monotone functions

We recall standard results on singularity spectra of monotone functions [3].
Proposition 2.7. Let f € M. Then for every h € [0,1], d¢(h) < h.

Proposition 2.7 allows us to find easily an upper bound for the singularity
spectrum of the composition of functions of £<.

Proposition 2.8. Let (f,g) € €%, for some o € (0,1). Then
for every h € [0, o, dgof(h) < dim{t : hgor(t) < h} < hj/a.  (17)

Proof: Let (f,g) € £ and h € [0,a]. Since {t : hgos(t) = h} C {t :
hgof(t) < h}, the first inequality is obvious. Next, we remark that (8) yields

{t + hyor(t) < h} C {t: hy(F(D)hy(t) < h}.

Moreover, as noticed above, if g € Lip®, then for every t € [0, 1], hy(t) > a.
This implies that

[t hgop(t) < B} C {t: ahy(t) < h} = {t : hy(t) < hja}.

Combining the last inequality with Proposition 2.7 yields the result. U

3. The extremal points of the singularity spectrum in £

Let @ € (0,1) be a real number, and consider £ = M xLip®. This set
£ is a complete separable metric space for the norm (3). Let us denote by
{(fn:9n)}n>1 a dense sequence in £, consisting of pairs of functions.

As explained at the end of the introduction, Theorem 1.5 will be obtained
as the consequence of several results gathered in Sections 3.1, 3.2 and 4.

3.1. Uniform upper bound for hy(x) and existence of points with exponent o

Proposition 3.1. There is a residual set RS in £* such that for every
(f,9) € RS, if we set Z = go f, then hyz(x) < « for every x € [0,1], and
hence Ez(h) =0 for h > «.

In order to establish Proposition 3.1, we need to build the dense Gy set
RS in £ on which the claimed property is realized. Several steps are needed
to find such a set. We first fix ¢ > 0 such that

e<(1—a)/d (18)

10



At first, we build for all j > 1 a dense open set 7, in €% such that for

every couple of functions (f, g) € Q2f_, there exists a positive integer Jy , > j

with the following property: for every k € {0,1,...,277s — 1}, one has
wy,  k(go f) > 2 Tralete), )

Subsequently, the oscillations of go f at scale J; 4 are bounded by below by
the same quantity 27792 for all (f,g) € QF .. The residual set R will
then be obtained as countable intersection of well-chosen sets Q7 ..

Let j > 1, and let n > 1. Consider the couple of functions (f,, gn) € £°.
We are going to find another couple of functions (fn j,gn ;) € £ and a real
number J, ; > 0 such that, with respect to the supremum norm in £¢,

B((Jjsgn3)-005) € B((Jngu) 27 0) (20)

and for every (f,g) € B ((fn,ja Gnj)s 5n,j>, property (19) holds for the couple

of functions (f, g) for some well-chosen integer Jr, > j.

Remark 3.2. Since {(fn,gn)}n>1 is a dense sequence in £, and since oy, ;
decreases to 0 when n — +o0o, the union |J,~, B((fnvj,gn,j),émj) forms a
dense open set in E“. RS will be a countable intersection of such sets.

Let f, ; be a continuous function satisfying the following properties:
e f, j is strictly increasing, f, ;j(0) =0 and f, ;(1) =1,

e there is an integer J; > j+n+2 such that f, ; is affine on each dyadic
interval I, x, k € {0,1,...,271 — 1},

o [Ifn = frgll <2777

The existence of such a function f, ; is just an exercise. See also the left half
of Figure 2. We denote by spyin,; and spyax j the minimal and the maximal
slopes of the affine parts of f, ;, respectively. Observe that one necessarily
has Smin,j <1< Smax,j+

Let g, be any function in Lip"® satisfying ||g, — gnll < 277972 (the
existence is guaranteed by Section 2.3). Denote by W, the constant W,
obtained from Lemma 2.6. We denote by M the maximal value of the
derivative of g,, that is,

o

M := max{|g,(z)| : z € [0,1]}. (21)

11



Let J, ; be an integer satisfying
2°7mi > dmax(M, 27", 1/Smin j Smax,js (Wa)?) and eJ,; >4.  (22)
We define gy, ; as follows: For every z € [0, 1],
Gnj (%) = Gu (@) + 27 F s (273 017D ), (23)

where H is the periodic function defined in (4). By (22), we have 273 > W,
and by Lemma 2.6, g, ; € Lip®. The key property is that the function g, ;
is oscillating at frequency 2/mi1=¢) and g,, plays the role of a slow trend.
The construction of g, ; is illustrated on the right half of Figure 2.

Lemma 3.3. Using fn j, gn,;, and J, j defined above, we have:
for every k € {0,1,..., 27ni — 1}, an,j:k:(gn,j © fmj) > 9~ Inj(atde)

Proof: It is obvious from (18) and (22) that J, ; > Ji, hence any interval

I;, ; k is included in a larger dyadic interval I,  on which fy, ; is affine.
Let k € {0,1,...,2773 — 1}, and let us consider the interval Frg (L, 5 k)
By construction the length of the interval f, ;(I;, ) is smaller than

Smax,;2~ 7™, hence by (22) it is smaller than 27/»s(172)=2 that is, we have
an,j,k(fn,j) < 9= Inj(1=8)=2 o)

Consequently, the interval f, ;(I Jn’jvk-) contains at most one real number
from 27/ (=) =1, 7 .= (. 2= ns(0=e)=1 . c 71
Since fy ;j is increasing, there is a dyadic interval I}, C I, ; x of length
2777572 such that fn,j(I) does not contain any point of 2~=Jni(1-e)=1 .7,
Recall that f, ; is piecewise affine, and is affine on Ij. The length of the
interval f, ;(Ix), that is, | f, ;(Ix)| is greater than smm,jQ*J"vfz. By (22) we
obtain
| fj(I)] > 27 a7, (25)

Finally, recalling the definition of g, ; and its oscillating properties, we
remark that the derivative of g, ; has a constant sign on the interval f;, ;(Ij)
(since it does not contain any dyadic point k'2~/ni(1=6)=1 ¢ 9=/n;(1-)=1.7)

From (4), (21), and (23) it follows that the absolute value of this deriva-
tive is greater than 27mi(1=¢=2%) _ Af. By (18) and (22), we have

|g’:’L,j| > 2Jn,j(1fa72€) M > 2Jn,j(1fa72€) _2Jn,j571 > 2Jn,j(1faf25)fl. (26)

12



Figure 2: Construction of fn ; and gn ;.

Summarizing the above, we find by (22), (25) and (26) that the oscillation
of the composition g j o f, ; on the interval I;, . ) satisfies

Wls, 5k (njo fni) = wi(gngo fnj) = an,j(lk)(gn,j)
> 9/ni(l—a=2e)—1g—Jn ;(1+£)-2
> 97 Jnj(at3e)=3 5 g—Jn j(atde) .

Now we demonstrate that the lower bound we obtained in Lemma 3.3 on
the oscillations of the composition of functions on dyadic intervals of length
277nj is stable with respect to the supremum norm. Arguments analogous
to the proof of the next lemma will be needed later several times.

Lemma 3.4. Suppose f, j, gnj, and J, ; are defined as above. Let

0< by i= min{Q_QJ"’j,min{wIJnjyk( Fug) k€ {0,270 — 1}} /16. (27)
Consider any couple of functions (f,g) € B((fmj,gn,j),(;n’j) C &~
Then, for every integer k € {0, ..., 27nj — 1}, we have

w k(g o f) > 27 maletse),

Proof: We have ||f — fn j|| < 6nj and ||g—gn ;|| < 6n ;. Fixk € {0,...,27ni —
1}, and let us consider once again the dyadic interval I, .. By (24), the
construction ensures that the oscillation of f on I, . j satisfies

(,U[J k(f) S wIJn,j’k (fnvj) + 25717] < 27Jn,j(17€)72 + 26’”7] (28)

n,j°

13



Again, using that d, ; is small enough by (27), such f(I;, ;) contains at
most one real number from 2~ /ni(1=€)=1. 7,

Hence the same procedure as above can be applied: We consider one
dyadic interval I C I, . of length 2777372 such that f(I;) does not

contain any real number from 2~ /ni(1=6)-1 .7,

We now bound by below the oscillation of f on Iy. By (27) and the
piecewise linearity of f,, ; we have wr, (fn ;) > 46, ;. Recalling that ||f —
fnjll < 0n j, we notice that

wi (f) = W (fnj) = 20n5,
which by (27) is greater than wy, (fn,;)/2. Therefore, by (25),

Wy (f) Z 2—Jn,j(1+6)—2/2 — 2—Jn7j(1+€)—3'

J, k

n,j:

We then apply the same argument as in Lemma 3.3 to (f,gn,;) on the
interval I defined in this proof. We find by using (22) and (26) that

wIJn’j,k(gnyj o f) > wr, (gn,j o f) = wf(lk)(gn,j) > 2Jn7j(1,a,25),12,Jn7j(1+€),3

Z 2—Jn"7'(a+36)—4 Z 2—Jn7j(0¢+46).

To find the lower bound for the oscillation of g o f, we only need to use
19 = gn,jll < Onj, (18), (22) and (27) to obtain

wr, (9o f) Wiy, o (9ng 0 F) = 200

>
> 2—Jn,]’(04+4€) _2—2Jn,]’ > 2—Jn7j(0¢+56). O

To keep notation sufficiently simple we did not emphasize that the choice
of fn.j, gn,j and 6, ; also depended on € > 0 fixed at (18).

Definition 3.5. We define the two subsets of £, Q' and Ry, by

Q?ia = U B((fn7j,gn7j),5n7j> and R = ﬂ Qil/j.

n>1 §>1
Let us list the properties of Q7 :
e ()7 is open in £ since it is the union of open balls,

e Qf_is dense in £, since the set of couples {(fy, gn)}n>1 is dense and
the distance ||(fn, 9n) — (fn.j> 9n.j)|| < 2777772 tends to zero when n
tends to infinity,

14



e any couple of functions (f,g) € Q. fulfills the following property:
there is an integer J,, ; > j such that for every integer k € {0, 1, ..., 27mi —
1}, we have

an,jak(g of)> 9—Jn,j(a+5e)

We now have the tools to prove Proposition 3.1.

Proof: By construction, R is a residual set, in fact it is a dense G set in
E* equipped with the supremum norm.

Let (f,g) € R%. Our goal is to prove that g o f has pointwise Holder
exponent less than « at every z € [0,1].

The couple (f, g) belongs to an infinite number of sets Q]O‘ 1/ j > 1. This
means that there exist strictly increasing sequences of integers (jm,)m>1 and
(Jm)m>1 for which Jp, > j,, and the following property holds:

for every k € {0,1,...,27m — 1}, wy, (go f) > 27 /m@ts/in),

Let z € [0,1]. Obviously, for every m > 1, the interval B(x,277m)
contains a dyadic interval of length 277/m hence

WB(z,z—Jm)(gOf) > wIJm,k(gof) > 2—Jm(a+5/jm).

By (7), we obtain that

logw o log Wg(y.9-1my(g o0
hyor(z) = liminf —2 B(a,r)(9 f)Sliminf gWp(p.2-sm) (g0 f)
r—04+ lOg T m—+4o0o lOg 2_Jm
m—0o0

Proposition 3.1 combined with Proposition 2.8 provides us with the ex-
istence of points with Holder exponents exactly equal to «, and even more,
with the fact that such points form a set of Lebesgue measure 1:

Proposition 3.6. Let (f,g) € R%. The set of points {x € [0,1] : hyos(x) =
a} has Lebesgue measure 1. In particular, dgor(a) = dim Egor(a) = 1.

Proof: By Proposition 2.8, for every h < a, dim{z € [0,1] : hgop(z) <

h} < h/a < 1. Hence the Lebesgue measure of such a set, A({z € [0,1] :
hgof(x) < h}) is zero. Observe that

{x €[0,1] : hyop(x) < a} = | J{z € 10,1] : hyop(z) < a — 1/n}.

n>1

15



This yields

AM{z €[0,1] : hgos(z) < a}) < Z)\({x €10,1] : hyos(z) < a—1/n}) = 0.

n>1
Hence, recalling that Egof(a) = {x € [0,1] : hyor(x) = a}, we have

MEgor(@)) = A({z € 0,1] : hyop(x) < a}) — A({z € [0,1] : hyop(z) < a})
= A[0,1])) —0=1. O

3.2. Emistence of points with Holder exponents zero

Proposition 3.7. There exists a residual set Ry in £ such that for every
(f,g) € R§, there is a set of Hausdorff dimension zero, X?g C [0,1] which
is c-dense in [0,1] and hgor(x) =0 for any x € X%g (i.e. qu’g C Egor(0)).

We construct a countable intersection of dense open sets in £¢ on which
the announced property holds.

Let 0 < € < 1 — «. First, we find a dense open set Q?’E for which the

: : 0

following property holds: for every (f,g) € Q;_,

and a real number 0 < r << 27719 satisfying:

there are Jy, > j, some

real numbers (avp)p:Lm’QJf’g71

Q_Jf,.q_l < |:Cp — ;pp+1| < Q_Jf,9+1

for every p € {1,...,27rs — 1}, { < WBE,m@of)
= Tp,T :

(29)

r

Heuristically go f has poor regularity around the real numbers x,, at the
scale r, which is much smaller than |z, — zp41].

Take again a dense sequence {(fy,, gn)}n>1in €. Let n > 1, and consider
the couple (f,,gn). First, let g, be a function in Liph® satisfying

lgn — Gnll < 2797772

We denote by M the maximal value of the derivative of the mapping g,,
that is, M := max{|g,,(z)| : x € [0,1]}. Denote again by W, the constant
W3, obtained from Lemma 2.6.

Then, let f, : [0,1] — [0,1] be a monotone, discontinuous (piecewise
constant) function satisfying:

o | fn— an <27 fn(o) =0 and fn(l) =1,

e there exists an integer J,, > j+n+2 such that f, is constant on every
dyadic interval I, p = [k277", (k +1)27/), k € {0,1,...,27» — 1},

16
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Figure 3: Construction of f, and f, ;.

o for every k € {0,1,...,277 — 1}, fu(k2777) < fu((k +1)277n).

The construction of f, is illustrated on the left half of Figure 3, the details
are left to the reader. We set

Ko = min { f,((k +1)277) = fu(k277") 1 k € {0,....2"» — 1}}.
Then, we select 0 < Kmin < Kl;,/2 such that
(,%min)*1 > W, (/ﬁmin)o‘*l >2M and (nmm)o‘*l > Q(mmin)a“*l. (30)
Finally, we choose an integer J, ; such that
287n.j > 2max{2(‘]”)2,21/(O‘+5)//§min} and eQJn,j > 2. (31)
Definition 3.8. We define the function f,; as follows:

® fnj is continuous, piecewise affine on each dyadic interval Ij, . xs,
K €{0,1,..,27n — 1}, f,,;(0) =0 and f,;(1) =1,

e for every k' € {0,1,...,27 —1} such that (K'+1)277/i does not belong
to 2= .7, In,j 18 constant on I, . and equals fr,

e for every k' € {0,...,27mi — 1} such that (k' +1)277ni € 2770 . 7 i.e.
(K'+1)27 i = IgQ_J", fn,j 18 affine, strictly increasing onile,’k/ and
fnj(K'277) = fr((K=1)277) and fo;((K +1)277m3) = fo(K277).

Heuristically, f,; is a continuous function very close to f., (which is dis-
continuous). Hence the oscillations of f,, ; are very large around the dyadic
numbers 2777 - Z. The construction is illustrated on Figure 3.
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The construction of g, ; is very similar to the one in Proposition 3.1.
We define g, ; as follows: For every x € [0, 1],

9n.j(®) = gn () + (1/Kmin) " H ((1/ Fmin) ), (32)
where H was defined in (4). By (30) and Lemma 2.6, g, ; € Lip®.

Lemma 3.9. Consider the two functions fy, ; and gy, j, as well as the integer
Jnj. For every integer k € {0,1,...,27ni — 1} such that (k + 1)27 7 €
277 . 7. we have

Wi (gnj o fnj) = 9—eJn j(ate)

Jn,jvk

Proof: Let k € {0,1,...,2773 — 1} be such that (k+1)2=/»s € 27/n . Z. By
the construction of f, ; and (31)

Fag((k+1)277m9) — fo 3 (k2779) > Koy 2 26min > 27795

The interval fy, j(1;, ;) contains an interval of the form [p(fmin/2), (p+
1)(Kmin/2)], p € Z. The derivative of the function H((1/kmin)x) has constant
sign on such an interval, and by (30) the same is true for g, ;. By (30), (31)
and (32) we infer

19, = (1/Fmnin)' ™ = M 2> (1/Kmin)' /2 2 (1/ fomin) 77 (33)
Consequently, we have

u)[_;nyj,k (gn,j o fn,j) > Wip(kmin/2),(0+1) (Fmin/2)] (gmj)
(1/F6min)1ia7€(lﬁmin/2) = (’imin)a+5/2 > 275Jn7j(a+5)’

V

the last inequality being a consequence of (31). O

As above, this property on the oscillations of the function g, ; o fy, ; is
stable with respect to the supremum norm in £¢.

Lemma 3.10. Consider f, ;, gn; and Jy ;, as in Lemma 3.9. Let

Op,j = min (27J"v7€(a+5), limin)/4- (34)

Consider any couple (f,g) € E satisfying (f,g) € B((fn,j,gn,j),(Smj).
For every k € {0, ...,27m3 —1} such that (k+1)277mi € 2777 . 7, we have

Wi, ;& (gof)> geTny(ot2e),
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Proof: Fix k € {0,1,...,27%5 — 1} such that (k + 1)2=7/ni € 27/ . Z.
Arguments similar to those of Lemma 3.4 yield that f(I;, ;) contains
an interval I, of the form [p(kmin/2), (p + 1)(Kmin/2)] (just as f, ; does).
We then argue as in Lemma 3.9 for the couple of functions (f, gy, ;) on
the interval I,. We find by (33) and (31) that

wIJn,j,k (gmj o f) > W[P(Hmin/Q),(p—i—l)(f;min/2)] (gmj) > (1/l€min)1_a_6(’%min/2)
> (1/’%min)_a_€/2 > 2_5Jn,j(04+6).

Finally, we observe that

wlm,k(g of) > wIJn,M(gn,j o f) =20,
> 2—Jn,j€(0t+€) _ 2—Jn7‘7'6(04+6)—1 > 2_5Jn,j(04+2€)

where (31) and (34) have been used in the last two inequalities. This con-
cludes the proof. O

Again we remind the reader that f, ;, g, ; and J, ; also depend on e.

Definition 3.11. We define the sets QE{E and RO by

Q?,a = U B((fn7j,gn7j),5n7j> and RY := ﬂ Q?J/J"
n>1 j>1

As in the previous section, QRE is a dense open set in £, and any couple
of functions (f,g) € 9975 has the following property: there are two integers
Jn,j > Jn > j such that for every integer k € {0,1, vy 273 — 11 satisfying
(k+ 1)2*‘]"»1 € 27/» . Z, we have

Wiy, (90 f) 2 97 (a2 — |, |Flot2e),

n,jy
Next we prove Proposition 3.7.

Proof of Proposition 3.7: R is obviously a residual set in £%. Let
(f,9) € RY. We want to find a c-dense set of real numbers z € [0, 1] such
that for every such x, hgor(x) = 0.

The couple (f,g) belongs to an infinite number of sets Q?J /i j > 1
This means that there are strictly increasing sequences of integers (jm)m>1,
(Jm)m>1, and (j,\n)mzl for which the following property holds: for every
m > 1, j;n > Jn > jm > m, and for every integer k € {0,1,...,2@ -1}
such that (k + 1)2*@ € 27/m . 7, we have

(go f) > 2~ Im(@+2/im)/im ~ g=Jm(a+2/m)/m _ | T~ [@+2/mim (35)

L s
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We denote by I 7~ those intervals /7~ for which (35) holds.

Let us consider the limsup set X9 p defined as

X%g = {x € [0,1] : x belongs to an infinite number of intervals ffn,k}

Obviously, when = € X? @ there are infinitely many m’s for which

B(z, 2—fn) contains a dyadic interval of the form ff . Thus
-ty (g 0 f) = 27 mlex2/m/m,

Considering infinitely many m’s by (7), we obtain that hgo¢(z) = 0.

We remark that XJQ’ g has a structure of a limsup set, and it is easy to see
that it is c-dense, since [ Tk contains more than two intervals of the form
fj;/ P if m’ > m. Using this property repeatedly, any fj;/ & contains a
Cantor subset of X%g. Moreover, X%g C {z : hgos(x) = 0}. By Proposition
2.8, 0 =dim{x : hyos(x) = 0} > dim X?,g' This concludes the proof. O

4. The interior points of the spectrum of generic functions in £:
the case 0 < h < «

At this point, we have obtained an upper bound for the spectrum of
a generic composition of functions in £%, ie. dgyr(h) < h/a for every
0 < h < a. We proved that, generically, all exponents are less than «,
Lebesgue almost-all exponents equal «, and there are uncountably many
points with exponents 0. We now need to complete the spectrum, i.e. we
need to build simultaneously for every 0 < h < « a set of dimension h/«
which contains points with Holder exponents exactly equal to h.

4.1. Construction of a suitable residual set R,

Let 0 < e < 1/2 and j > 1. Let n > 1, and consider the couple
(fnsgn) € E*. The procedure is similar to the ones of Sections 3.1 and 3.2,
but the way we obtain simultaneously different Holder regularities is more
delicate than in the previous sections.

Consider g, a function in Liph® satisfying ||gn — gn|| < 2777"72. Denote
by M := max{|g,,(z)| : x € [0,1]} the maximal value of the derivative of g,
and by W,, the constant Wj, which can be obtained from Lemma 2.6.

Then, let f!:[0,1] — [0, 1] be a C? strictly increasing function satisfying:

o Ifn— fall 2777772, f1(0) = 0 and f;(1) =1,
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o if we set kpmax = max{(f})(x) : x € [0,1]}} and Amin = min{(fl)(z) :
x € [0,1]}}, then Kpyin > 0.

We then choose a sufficiently large integer J,, ; > j and a second function
f2:[0,1] — [0,1] satisfying:

o 7= fall 277772, f2(0) =0 and f2(1) =1,
e f2 is piecewise constant on every dyadic interval I I gk
e for every k € {0,1,...,2773 — 1}, we have

(Kmin/4)27 73 < F2((k +1)277m3) — f2(k277m0) < (4dkimax)2” ™7, (36)

This second function f2 is still close to f,, with respect to the supremum
norm. We assume without loss of generality that J, ; is chosen so large that

(11— ) _ ) K )
2/mi(1=6) S W, 259mi > dpay and 275m0 < gy /4 < 1< 222 < 98 ng

Rmin
(37)
We set
Smax; = max{f2((k+1)27/mi) — f2(k27/mi) k€ {0,1,...,27 —1}}
Sming = min{f2((k+1)277i) — f2(k277m9) k€ {0,1,...,27m — 1}}.
Obviously, the larger J, ;, the smaller syay,; and smin j. By (36),
(F‘?min/4)27‘]ﬂ’j S Smin,j S Smax,j S (4/<‘3max)27‘]n’j (38)
and hence by (37)
2_Jn’j(1+€) < Smin,j < Smax,j < 2_Jn’j(1_6) < Wn_l (39)

By (38) we can also assume that .J, ; is chosen so large that

(2/8ming) "% = M > (2/5min ) "2 and (smin )7 < 1/16.  (40)

Next, we transform f2 into a continuous piecewise affine function fn,j as
in Definition 3.8. We choose an integer .J,, ; >> J,, ; such that

2Jn,j > 2€Jn,j > maX{Qj(Jn,j)Q’ 2/5min,ja (2/5max,j)j}~ (41)

Definition 4.1. We define f,, ; as follows:
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® fnj is continuous, piecewise affine on each dyadic interval I7—

n,jvk/7
K €{0,1,..,27n — 1}, f,,;(0) =0 and f,;(1) =1,

e for every k' € {0,1, _._72@ — 1} such that (K + 1)2*551 ¢ 2 Ini. 7,
frnj(@) = f2(x) = f2(K'277ni) forx € I@,k’ (hence it is a constant)

e for every k' € {0,1, _._72@ — 1} such that (K + 1)2*551 €2ni. 7,
that is, (k' + 1)277ni = K27Jni  the function f, ; is affine strictly
increasing on I~ ., and satisfies fnj(K27mi) = f2((K — 1)277n)

n,js

and fo (K +1)27n5) = f2(K27na).

As in the previous sections, f, ; is continuous and close to f,, with respect
to the supremum norm, but it has a very particular behavior on the dyadic
intervals of a certain generation.

Finally, we define g, ; as follows: For every = € [0,1],
gn,j(x) = gn(x) + (Z/Smin,j)iaH((2/5min,j)‘T)a (42)

where H is defined in (4). By (39) we have 2/syin j > 2W,, > W, and hence
by Lemma 2.6, g, ; belongs to Lip®. The construction of the oscillating
function g, ; is the same as in Sections 3.1 and 3.2, and is illustrated Figure 2.

Remark 4.2. A key feature is that the functions (fy ;,gn,j) are the same
for all h € (0,c). This will be crucial later, since we aim to construct
simultaneously an uncountable number of Cantor sets Xjf}g, forallh € (0,a).

Definition 4.3. Consider the functions f, ; and g, ;, as well as the integer
Jnj = j defined above. Let

dp,j := min (27‘]"77', Smin,js (smaxvj)j/Q) /4, (43)

where jm\] was the integer defined by (41). We define Q. and Ry by

Qe = U B((fnvj,gn,j),én,» and Rg:= ﬂ Qj1/5-

n>1 j>1
The set €2 is a dense open set in £¢, and R,, is a residual set.

Remark 4.4. Observe that, as announced, R, does not depend on h. It is
noticeable that all functions in R, have the same multifractal behavior.
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4.2. Oscillation properties of the composition g o f when (f,g) € Q174
The procedure is slightly different from the one developed in the previous

section. Here we exhibit several dyadic intervals I, j(h) on which the oscil-

lations of gy ; o fn ; have various behavior, for the same couple (fn j, gn ;)-
Let h € (0,«). Suppose that j is so large that we have

j>a/h and (1—-1/j)a/h > 1. (44)

We construct intervals I, j(h) on which the oscillations of g, j o f, ; (as
well as those of the composition of (f,g) € R,) will be controlled.
Let p € {1,...,27%5 —1}. We set

Lo (h) = [P2777 = (s} P27 = (s )/2]. - (45)

The length of the interval I, ;j(h) is by (38) less than %(4mmax2_‘]”’f)o‘/h,

which by (37) and € = 1/j is less than %(2_‘]"71'(1_1/]'))0‘/’1. Hence, by (44),

|1, ;(h)| is smaller than 277=i /2, and these intervals are mutually disjoint.
By (39) used with € = 1/j we also have

o= hs (DML < |1 ()] = L

2

Lemma 4.5. Suppose that f, ;, gn; and J,; are defined as above. For
every integer p € {1,...,27n3 — 1}, for every x € I, j(h),

Jo/h < 9= Ty (=1/De/M =1 (46

Smax,j

wB(x,2\1p,j(h)|)(9n,j © fn,j) > ’Ip,j(h)\h(lﬂo/(aj))

when j is sufficiently large.
Proof: Let p € {1,...,27%i — 1}, and consider z € I, (h). Suppose that
p2~Imi = (K'+1)2=/i. By (41), ’IJ/n\,jyk'/‘ = 27 /nj is smaller than %(smax,j)j,
which is less than 3(Smax,;)®/" when j > a/h. Then, we have I~ ., C
n,j»
[p2~Imi — % . (smax,j)a/h,p2*‘]"»i]. By (45), p2~/n belongs to the closure of
B(x,2|I,;(h)|), and hence by continuity of f, ;,
WBe2t,,0) (frg) = Fag®27m) = fu (@)
> fag (K +1)2770) = fo j(K'277m9) > sin .

The interval [f, ;(@), fy,;(p277m7)] contains a smaller interval of the form
[K (Smin,j/4), (K + 1)(Smin,;/4)], for some K € N. On such an interval, the
derivative of g, ; has constant sign and it satisfies by (40) and (42)

|9;z,j| > (Q/Smin,j)l_a - M > (2/5m1n7j)1—a—1/j.
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Tpi® o1

Figure 4: Illustration of f, ; and the relative positions of the intervals I, (h).

Consequently, by using (40) again we infer
WhG211,; () (9n.i0Fng) = (2/Sming)' ™ (Sming /4) > (Sming) T2, (47)
Applying (39) twice with e = 1/j and remembering (45), we see that
Sming > (Smax;) YD/ A0 > (50 NI3/3 > | (h)|a (O+3/9)
when j is sufficiently large. This and (47) yield

N . i
WB(a 211 (W) (9.3 © fg) 2 |Lpg ()| CFHDOXID > |1 5 () HI+10/0D . O

As above, this property of the oscillations of g, ; o fy ; is stable with
respect to the supremum norm in £¢.

Lemma 4.6. For sufficiently large j, consider any couple of functions (f, g) €
B((fn7j,gn7j),5n,j), where 0, ; is defined in (43). For every integer p €
{1,...,27% — 1}, and for every x € I, ;(h), we have

Wh @21, 5 (my)) (9 0 £) = [Ty (h)|MH2/@DHLT, (48)
Proof: The proof is similar to the ones of Lemmas 3.4 and 3.10. U

4.83. Statement of the properties of the Cantor sets X}}},g and the measure p"

For a given exponent h € (0,«) we are going to construct a Cantor set
of dimension h/a containing points with Holder exponents less than h for
the composition g o f, where (f,g) € Ro. In Section 4.7, we explain why
this is achieved simultaneously for all A’s.
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Proposition 4.7. Let (f,g9) € Rq and h € (0, ).

There is a set X]’}’g of Hausdorff dimension h/a such that for every
T € X?,g7 hgof(x) < h.

More precisely, there is a probability measure " supported on X ]’} g such
that dim(u") > h/a and ,uh(X}‘g) =1.

Proposition 4.7 is proved in Sections 4.4, 4.5 and 4.6.

Assume for a while that Proposition 4.7 is proved. We deduce the exis-
tence of points with exponents exactly equal to h (almost as in Proposition
3.7). Observe that in the next statement, the existence of the measure p" is
crucial: the sole knowledge of the Hausdorff dimension of X J’} g would not be
sufficient to guarantee the existence of points of exact Holder exponent h.

Corollary 4.8. Let (f,g) € Ro. Let h € (0,0).
There is a set Yf}fg of Hausdorff dimension h/a such that for every x €

Y] hgop(z) = h, i.e. Yf}fg C Egor(h). This implies that dgor(h) = h/c.

59’
Proof: By Proposition 4.7, there is a measure p” and a set X ]’} 9 such that
uh(Xj}’g) =1, dim(u") > h/a, and every point of X?,g has an exponent less
than h for the composition g o f. Since dim(u”) > h/a, the property (6)
recalled in Section 2 implies that any set £ of Hausdorff dimension strictly
less than h/« satisfies y*(E) = 0. Let us consider the set

Vi, =X\ J{z €[0,1] : hgop(x) < h—1/p}.

p>1

By construction, Yf}fg contains only points x at which the pointwise Holder
exponent of g o f is exactly h.

We know by Proposition 2.8 that for every p > 1, the set {z € [0,1] :
hgof(r) < h —1/p} has dimension less than (h — 1/p)/a. Hence p'({z €
0,1] : hyoy(x) < h— 1/p}) = 0, and

i (\JLe €0.1) ho(a) <h —1/p} ) =0,

p>1
and thus

(V) = u" (X, \ UHw € 0.1]: hyop(@) < h—1/p}) = " (X},) = 1.

p>1
Since dim(u”*) > h/a and uh(Yf’fg) =1, dime’fg > h/a. We know that
dim thg < h/a by Proposition 2.8, we conclude that dim thg =h/a. O
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4.4. Construction of X‘?g and p"

Let (f,g9) € Ro and h € (0,). The couple (f,g) belongs to an infinite
number of sets §2; /5, 7 > 1. We apply Lemma 4.6 for a suitable subsequence
of integers depending on (f,g). In the sequel, the notation from Lemma 4.6
will be adjusted /simplified: J,, will play the role of the integer J, ;, k will be
used instead of p, and I} will play the role of I, j(h). We can also suppose
that when we choose our suitable subsequence then at the m’th step we
use sets €;/; with j > m and from (48) we will be able to deduce (52).
Therefore, we select a strictly increasing sequence (Jp,)m>1 for which the
following properties hold:

e for every m > 1, Jy,i 1 > e/m, J; > 1, which also implies J,,,/m > 1,

e for every m > 1, there exist intervals IT", for k € {1,2,...,27m — 1},
which all have the same length, and which satisfy:

— by (45) for every k € {1,2,...,2/m — 2}
there is exactly one interval I} in each interval I, r_1, (49)
and 277 VM) < dist(I" 17 ,) < 20270 = 270t

where the left inequality holds for large m’s
— by (46) and Jﬁ -3 > 1, for every k € {1,2, w27 — 1}, we get

27Jm%(1+2/m) < 27Jm%(1+1/m)71 < |I.Z;n| < 27Jm%(172/m)’ (50)

Since a/h > 1 for sufficiently large m’s, I;* and I;; do mnot
intersect, and are far from each other (relatively to their size).
We can also suppose that J,, is increasing so fast that

27 Imt1 < |1 /100. (51)
— by (48) for every k € {1,2,...,27m — 1}, for every x € I}",
Wi (g o f) > [T/ em)et/m, (52)

These intervals I;* (more precisely, some of them) will constitute the basic
intervals of a Cantor set X }’} 4> on which we will build a measure p” such
that the Mass Distribution Principle (Theorem 2.1) is applicable. We shall
keep in mind that the intervals I} depend on h, but since h is fixed in this
section, for sake of simplicity we omit to denote explicitely this dependence.

The Cantor set X J’} g and the measure p/* are built recursively as follows:
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e The first generation of intervals of X h consists of the intervals I}.

Then, a measure pp is defined as fOHOWb for every interval I} 0 k€
{1,2,...,271 — 1}, we set

1

p(Iy) = o g

The probability measure p; gives the same weight to each [ ,i (which

all have the same length). We call F; the set of these intervals, and
we set Ay = #F7.

The measure p; can be extended to a Borel probability measure on
the algebra generated by Fi, i.e. on o(L : L € Fy).

e Assume that we have constructed the first n > 1 generations of inter-
vals Fi, Fo, ... , Fp, and the measure p,, on the algebra O'(L L e fn).
Then we choose the intervals of generation n + 1 as those intervals of
the form I}""' which are entirely included in one (and only one) in-
terval I}' of generation n. By abuse of notation, we still denote them
by I,?H, and we call F,, 1 the set consisting of them. We also set for
every I' € Fy,

Al =#{leF 1T}

Then we define the measure p,41: For every interval I € F, 11, we set

1

I/ b
AnJrl

NnJrl(I) = ﬂn(I/)

where I’ is the unique interval of generation n such that I C I'.
Observe that we can use (49), (50) and (51) to obtain

1 1A
(1) < (1) =gy — < () 1] Lo et (53)

The probability measure p,+1 can be extended to a Borel probability
measure on the algebra o(L : L € F,,11) generated by F, 1.

By construction, for every n > 1, for every k, properties (50) and (52) are
satisfied by the intervals I;’. We set

XJ}”L,g = ﬂ U 1.

n>1 I€F,

By the Kolmogorov extension theorem, (uy,)n>1 converges weakly to a Borel
probability measure p" supported on X }’} g, and for I € F, p(I) = pn ().
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4.5. Hausdorff dimension of X‘?g and p"

We start by proving that the measure p” has an almost monofractal
behavior on the intervals belonging to J,, F.

Lemma 4.9. When n is sufficiently large, for every interval I € F,,
|]|§+7uogluu <ph) < |]|§*7\ Tog 171 (54)

Proof: Due to the inequalities (49) and (50), for every interval I € F,,, the
number of intervals of generation n + 1 included in [ is bounded by

1/4- 9/n1(1=1/(n41)) o= Jn(5)(A1+2/n) < A’{L+1 < 2. 2/nr1tlo=JIn(5)(1=2/n)
Using that J,, ;1 > e’n and 2-(a/h) < 1 it can be simplified into
2Jn+1(172/(n+1)) < A{L+1 < 2Jn+1’ (55)

when n is large enough, that is n > ng. Suppose that I € F,,, and for p < n
denote by I, the unique interval in 7, containing /. We obtain

W) - (T &)™ = w0 (56)
p=no+1

The key property is that in equation (55), the bounds are uniform in
I € F,. Hence, by (55) and (56),

i (L) 11 2) < 1) < () - 11 -2,
p=no+1 p=ng+1

Recalling that J, > e’r=1 for every p, we see that there exists nq > ng such
that for n > n; we have

Q*Jn(1+1/’n) S ,Ufh(-[) S 2*]71(1*3/”).

This means that, the measure p” is almost uniformly distributed on the
intervals of the same generation. Since these intervals I € F,, have same
lengths, we use (50) to get

|]|§(1+1/n)/(1*2/n) < ,U’h(I) < |I|g(173/n)/(1+2/n). (57)
We can choose ng > ny such that for n > ny — 1 we have

|04 < (1) < |12 (=60, (58)
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Finally, we remark that by (50) and J, > e’r=1, n = o(|log |I||) when I € F,
is arbitrary, hence (58) yields (54). O

We will need later that from (58) and from (53) used with n — 1 instead
of n for the limit measure ;" we obtain that for n > ng, if I' € F,_1, I € F,,
and I C I’, then

() < |1 07750) g P = et ST (5)

In order to apply the Mass Distribution Principle to u" and X ]}} g We
need Lemma 4.10, which allows us to extend (54) and Lemma 4.9 to all
Borel subsets of [0, 1].

Lemma 4.10. There is a continuous increasing mapping 1 : Rt — RT,
satisfying 1(0) = 0, and there is dprpp > 0, such that for any Borel set
B C [0,1] with |B| < éppp we have

h_
uh(B) < | BIAVED, (60)
Using B = B(z,r) in (60) and recalling (5) we obtain that dimy,.u(x) >
h/a for p" a.e. x and hence dim(u”) > h/a.
Proof: Fix e; = 271, a Borel set B C [0,1] with |B| < 2772 = §y. Let
n > no be the unique integer such that

27/ < |B| < 271, (61)

e [B| > 27 Jn-1(142/(n=1))(a/h) . By (61), B intersects at most two in-
tervals I € F,_1. If there is no such interval then p"(B) = 0. Otherwise
denoting by I one of these intervals, using (50) and (57), we find that

,uh(B) < 2. Hh(f) < 2. |]|%(1*3/(n*1))/(1+2/(n*1))
< 2. (Q*Jn—l%(1*2/("*1)))%(1*3/(n*1))/(1+2/(”*1))
< 2. 9—Jn-1(1-3/(n—1)) <2. |B|*Jn—1§ %

When n is sufficiently large, the last term in the above inequality is less
than ‘B’§—51_ Recall that n is related to the diameter of B (the smaller |B|
is, the larger n becomes). We can thus choose §; € (0,dp) so that

when |B| < 8y, p"(B) < |B|a—*.

e |B| < 2~ In-1(1+2/(n=1))(a/h); for large n’s, B intersects at most one
interval I’ € F,_;. If there is no such interval then p"(B) = 0. Hence we
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need to deal with the case when such an interval I’ exists. By (50), |B| < |I|
for large n’s. By (49), B can intersect at most 2'_%'71 +2 < 4-|B|-27" intervals
I € F,. Recalling that h/a < 1, using (59) and (61) we can bound by above

the pP-measure of intervals I € F,, in the following way:

6

,Ufh(B) < 4|B|2Jn X ,U’h(I) S |B|2Jn+2 X 27Jn+1 |I/|§(1—m)—1

h 6 h 6
= 8|B| ’ |I/|E(1_E)_1 < |B| . |B|E(1_ﬁ)_1 < |B|%—51’
the last inequality being true for large n, i.e. for Borel sets B of diameter

small enough (by the same argument as above).

Fix now €5 = 272. By the same method as above, we find 0 < §; < &;
such that if |B| < 49,

h

uh(B) < |Bla~=.
We iterate the procedure: V p > 1, there is 0 < 6, < d,—1 such that
if |B] <4,, p"(B)< \Blg_":p, where €, = 27P.

In order to conclude, we consider a map @ built as an increasing con-
tinuous interpolation function which goes through the points (0p41,¢€p)p>1
and (91,€1). The shift in the indices in the sequence is introduced so that
ep < YP(x) < ep—q holds for x € [6py1,6,]. Hence (60) holds true for every
Borel set B satisfying |B| < dypp := 1. O

Obviously, X j} g 18 the support of . From Lemma 4.10, we see that for
all € > 0 we have .
u"(B) < |Bl«"%,
for B of diameter small enough. The Mass Distribution Principle allows us
to deduce that dim X}Lyg > dim p/ > % — ¢. Letting ¢ tend to zero leads to
dim X }’} g2 dim g > g, which finishes the proof of Proposition 4.7. U

4.6. Regularity properties of g o f when (f,g) € Ra
To conclude, we must prove the composition g o f has pointwise Holder
exponent less than h at every x € X Jf} . This is relatively easy.

Lemma 4.11. For every x € X}’}’g, hgor(x) < h.

Proof: If x € X” | then x belongs to an infinite number of intervals I
whose lengths tend to zero satisfying (50) and (52). Therefore,

wB(z,2\I\)(g o f) > ‘I‘h(1+12/(am))+1/m'

Since h(1 + %) + % — h when m — oo, Lemma 2.2 yields hgor(x) < h. O
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4.7. Simultaneous construction of all Cantor sets Yf}fg when (f,9) € Ra

Here we just observe that the residual set R, constructed above does
not depend on the exponent h. Hence, when (f, g) € R, is fixed, the result
of Corollary 4.8 is true for every h € (0,«). This simple remark is the
consequence of the careful choice of the functions f,, ; and g, ;.

5. The case of continuous functions: Last part of Theorem 1.5

Here, all we need to prove is that there is a residual set Rg € &Y, such
that for every couple (f,g) € R, for every x € [0,1], hyoy = 0. In other
words, for every couple (f,g) € R, Egor(0) = [0, 1].

To this end, we only need to establish the analog of Proposition 3.1 with
a = 0. We explain how to adapt Proposition 3.1 to the context of Y.

Denote oj = 1/(j + 1), for every j > 1.

Fix e > 0 and 7 > 1. Applying the method developed in Section 3, we

construct the functions f,; and g, ; and then the set Qj"e exactly as Qie

was built. The only difference is that exponents «; are used instead of a.

Consider then the set

0._ Q;
RY = () 955,
j>1

Obviously R{ is a Gs-set, and since «; tends to zero when j tends to infinity,
the same arguments as in Section 3 yield that for every couple (f,g) € RY,

for every x € [0,1], hgor(z) < lim o =0.

j=-+oo

Since g o f is continuous, we conclude that for all z € [0,1], hgor(z) = 0.
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