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Abstract

In this paper we continue our study of the micro tangent set system
of typical (generic) continuous functions in C[0, 1]. We show that at a
typical point of any level set of such functions we have two-sided verti-
cal universality. At one-sided accumulation points of the level sets we
have one-sided vertical universality with the exception of Hausdorff
dimension zero of α’s when the level set Lα,f contains one exceptional
one-sided accumulation point where we do not have one-sided verti-
cal universality. Based on the Bruckner-Garg characterization of the
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total level set structure of the typical continuous functions the micro
tangent sets at the local extrema of fγ(x) = f(x) + γx, (γ ∈ R) are
investigated. It is shown that for the typical f ∈ C[0, 1] for any γ ∈ R

we have half-universality at any local extrema of fγ .

1 Introduction

This paper is a continuation of [3]. We consider C[0, 1] endowed with the
topology coming form the supremum norm. In case f ∈ C[0, 1] is differ-
entiable at (x0; f(x0)) its micro tangent set system fMT (x0) consists of one
element, the piece of line y = f ′(x0)x belonging to {(x; y) : |x| ≤ 1, |y| ≤ 1}.
The concept of micro tangent sets is interesting for functions with irregular
behavior, like “fractal” functions, or the typical (generic) continuous func-
tion in the Baire category sense. In [3] we denoted by UMT (f) the set
of those points (x0; f(x0)) where the micro tangent set system of f is uni-
versal. By this we mean that if we take any g ∈ C[−1, 1] with g(0) = 0
then graph(g) ∩ Q2 belongs to fMT (x0). It was an interesting result of [3],
(Theorem 5 of [3]), that for the typical continuous function for almost every
x0 ∈ [0, 1] the point (x0; f(x0)) belongs to UMT (f).

On the other hand, by Theorem 7 of [3] for the typical continuous function
for almost every y ∈ R there is no x0 ∈ [0, 1] such that (x0; f(x0)) ∈ UMT (f)
and f(x0) = y, that is, the projection of UMT (f) onto the y-axis is of zero
Lebesgue-measure. Furthermore, Theorem 2 of [3] implies that for any con-
tinuous function UMT (f) is of σ-finite H1-measure (one-dimensional Haus-
dorff measure). By a result of R.D. Mauldin and S.C. Williams [6] the graph
of the typical continuous function is of Hausdorff dimension one, but is not
of σ-finite-H1-measure.

Therefore, results of [3] are not giving more information about the micro
tangent set system when we consider “most points” on the graph of the
typical continuous function, or we consider level sets.

In this paper we want to explore the behaviour of the typical continuous
function at some of those points where we do not have universal micro tangent
system. We obtain results which apply to all, or almost all level sets and to
points on the graph which are of non-σ-finite H1-measure.

Theorem 2 of [3] shows, in fact, that for any continuous function the
graph-like, or central graph-like micro tangent points are of σ-finite H1-
measure. Therefore, if we are interested in larger sets on the graph of the typ-
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ical continuous function then instead of looking for points (x0; f(x0)) where
the micro tangent set system contains the intersection of the graph of a
continuous function g with Q2 we look for points (x0; f(x0)) where fMT (x0)
contains sets which consist of vertical line segments, that is, sets which are
of the form F × [−1, 1], where F ⊂ [−1, 1] is an arbitrary closed set with
0 ∈ F . From Theorem 18 it follows for the typical continuous function that if
α ∈ (minf , Maxf ) then at a typical point on the level set, Lα,f we have two-
sided vertical universality. This means that at these points any set F×[−1, 1]
of the above form belongs to the micro tangent set system of f .

By the well-known Bruckner-Garg result [2] for the typical continuous
function a level set Lα,f either equals a nowhere dense perfect set Pα,f , or
contains an isolated point corresponding to a local extrema and a nowhere
dense perfect set Pα,f 6= ∅. It is natural to explore the behavior of typical
continuous functions at some specific points of Lα,f . In Section 2 of our paper
we are interested in the local extrema.

Motivated by the Bruckner-Garg total level set structure characterization
[2] we consider local extrema of fγ(x) = f(x) + γx for all γ ∈ R simul-
taneously. At a local maximum we cannot except universality, or vertical
universality but it is natural to ask whether for a function g ∈ C[−1, 1],
g ≤ 0, g(0) = 0, the intersection of the graph of g with Q2 belongs to the
micro tangent set system of f . Indeed, in Theorem 1 we show that for typi-
cal continuous functions for any γ ∈ R at any local maximum of fγ for any
above g, graph(g)∩Q2 belongs to the micro tangent set system of fγ , that is,
we have “half-universality” at this local maxima. Similar results hold about
local minima. The main difficulty in the proof of these theorems is that we
want to obtain half-universality at all local extrema of fγ for all γ ∈ R simul-
taneously. In case we consider one fixed γ we need to consider only countably
many points, while the result concerning all γ’s gives information about the
micro tangent system at points belonging to a c-dense subset on the graph
of f .

Apart from local extrema there are other points on a level set Lα,f

where we cannot expect universality, half-universality, or two-sided verti-
cal universality. These are the endpoints of intervals contiguous to Pα,f . If
(d; f(d)) = (d; α) is the left endpoint of an interval contiguous to Pα,f then it
is a right accumulation point of Pα,f and one can ask whether we have right
vertical universality at (d; α). By this we mean that if we take an arbitrary
closed set F ⊂ [0, 1], with 0 ∈ F then F × [−1, 1] belongs to the micro
tangent set of f at (d; α).
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In Theorem 21 we show that for the typical continuous function for most
level sets at any point of Pα,f which is not a two-sided accumulation point
of Pα,f we have one-sided vertical universality, while there will be a small
(of zero Hausdorff dimension) exceptional set of α’s where there is just one
exceptional endpoint of an interval continguous to Pα,f where we do not have
one-sided vertical universality. These exceptional α’s exist, since the local
extrema of fγ , γ 6= 0 are endpoints of intervals contiguous to Pα,f but we
cannot have one-sided vertical universality for f at these points. This also
shows that the c-dense subset of the graph of f consisting of (x0; f(x0)) for
which there exists γ ∈ R \ {0} such that (x0; fγ(x0)) is a local extrema of
fγ projects on the y-axis into a very small set and each level set Lα,f can
contain at most one such point.

Next we recall some notation and a few definitions from [3]. Points in R2

will be denoted by (x; y), while (x, y) denotes the open interval in R with
endpoints x, y. The closed cube of side length 2δ > 0 centered at (x; y) will be
denoted by Q((x; y), δ), that is, Q((x; y), δ) = {(x′; y′) : |x′−x| ≤ δ and |y′−
y| ≤ δ}. We have already mentioned Q2 = Q((0; 0), 1). The Hausdorff
distance of two compact sets A, B ⊆ R2 will be denoted by distH(A, B).

Given f ∈ C[0, 1], x0 ∈ [0, 1], δ > 0 we put

F (f, x0, δ) =
1

δ

((
graph(f) ∩ Q((x0; f(x0)), δ)

)
− (x0; f(x0))

)
, (1)

that is, to obtain F (f, x0, δ) we translate the part of graph(f) belonging to
Q((x0; f(x0)), δ) into Q2 and enlarge it 1/δ-times. The set F ∗ is a micro
tangent set of f at x0, that is, F ∗ ∈ fMT (x0) if there exists δn ↘ 0 such that
distH(F (f, x0, δn), F ∗) converges to 0 as n → ∞.

2 Half-universality at local extrema

First we recall some results about the level sets of typical continuous func-
tions. For an arbitrary real function f put Lα,f = {(x; f(x)) : f(x) = α},
that is, Lα,f is the horizontal level set at height α.
Denote by Pα,f the accumulation points of Lα,f , by P+

α,f the points in Pα,f

which are only right, and by P−
α,f the points in Pα,f which are only left ac-

cumulation points of Pα,f . Finally, set P±
α,f = P−

α,f ∪ P+
α,f .
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For an f ∈ C [0, 1], minf and Maxf denote the minimum and maximum
of f on [0, 1]. Given a property we say that the typical continuous function
has this property if the set of functions in C [0, 1] having this property is
residual. By the well-known Bruckner-Garg result [2] the typical continuous
function f in C [0, 1] satisfies the following BG-property:

• there exists a denumerable dense set Sf in (minf , Maxf ) such that if
α 6∈ Sf ∪ {minf , Maxf} then Lα,f = Pα,f which is nowhere dense and
perfect,

• Lα,f is a single point if α ∈ {minf , Maxf},

• Lα,f is the union of a single point and Pα,f 6= ∅, a nowhere dense and
perfect set, if α ∈ Sf .

In the latter case the isolated point on the level set corresponds to a local
extremum.

The set of functions satisfying the BG-property will be denoted by BG.
We also refer to [1] for the total level set structure of typical continuous
functions. Given f ∈ C [0, 1] and γ ∈ R put fγ(x) = f(x) + γx. For the
typical continuous function there exists Γf , a countable dense subset in R

such that if γ ∈ R \ Γf , fγ has the BG-property and if γ ∈ Γf then fγ meets
all conditions of the BG-property, with the exception of one level set which
contains two isolated points instead of one.
We denote by BG∗ the set of those functions in C[0, 1] which satisfy the
above property about the total level set structure of the typical continuous
functions.
By C[−1, 1]0,−, or C[−1, 1]0,+ we denote the set of those functions g in
C[−1, 1] for which g(0) = 0 and g ≤ 0, or g ≥ 0, respectively.

We say that f is half-universal at a local maximum, (x0; f(x0)) if

graph(g) ∩ Q2 ∈ fMT (x0)

for every g ∈ C[−1, 1]0,−. One can similarly define half-universality at a local
minimum.

Theorem 1. For the typical continuous function f ∈ C [0, 1] for any γ ∈ R

the function fγ is half-universal at all of its extrema.

5



Definition 2. Given κ ∈ (0, 1
2
) we denote by G(κ) those g ∈ C[−2, 2] for

which

• g(0) = 0, g(x) ≤ −κ|x| for all x ∈ [−2, 2] , g(−2) = g(2) = −1,

• g is piecewise linear without intervals of constancy,

• g has no local extrema on the boundary of Q2,

• all of its extrema are of different y coordinate and

• the graph of g is not going through any of the vertices of Q2.

Clearly, we can choose countable sets gν , κν , ν = 1, 2, 3, ... such that,
κν > 0, gν ∈ G(κν) and gν |[−1,1], ν = 1, 2, ... is dense in C [−1, 1]0,−.

Lemma 3. Given ε > 0 and g ∈ G(κ) for a κ ∈ (0, 1
2
) there exists ηε,g > 0

such that if |φ(x) − g(x)| < ηε,g for x ∈ [−1, 1] and φ ∈ C [−1, 1] then

distH(graph(φ) ∩ Q2, graph(g) ∩ Q2) < ε.

Proof. Since g ∈ G(κ) we can choose η0 ∈ (0, 1/2) such that if 0 < η < η0

then whenever (x0; g(x0)) is a local extremum of g on [−1, 1] then from
(x0; g(x0)) ∈ Q2 it follows that (x0; g(x0)+ η) ∈ Q2 and (x0; g(x0)− η) ∈ Q2,
moreover from (x0; g(x0)) 6∈ Q2 it follows that (x0; g(x0) + η) 6∈ Q2 and
(x0; g(x0) − η) 6∈ Q2.

Put Lη = {(x; y) : x ∈ [−3/2, 3/2] , |y − g(x)| ≤ η}.
Since g ∈ G(κ) we can assume that η0 is chosen so small that for η ≤ η0,
Lη does not contain a vertex of Q2. Then Q2 ∩ Lη can be divided into
parallelograms and triangles so that two sides of the parallelograms are parts
of the graphs of g(x) + η and g(x) − η while the other two sides are parallel
to the y axis, one side of the small triangles is part of g(x) + η or g(x) − η
while the other two sides are parallel to the x, or y axis. See Figure 1. The
horizontal side of these triangles is part of a horizontal side of Q2, the vertical
sides of these triangles are connecting the graphs of g(x) + η and g(x) − η
and hence are of length 2η. Since g is piecewise linear and has no interval of
constancy there exists τ > 0 such that the absolute value of the slope of any
line segment making up the graph of g is at least τ . Hence the horizontal
side of the above small triangles is of length at most 2η/τ .

This implies that the diameter of the small triangles is less than 2η
√

1 + τ−2.
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g(x)
g(x) + η

g(x) − η

Q2

Figure 1: Division of Lη

We choose ηε,g < η0 such that 2ηε,g

√
1 + τ−2 < ε.

Assume that |φ(x) − g(x)| < ηε,g for x ∈ [−1, 1]. Then we consider two
cases. If (x; φ(x)) ∈ Q2 ∩ Lηε,g

and (x; φ(x)) belongs to a parallelogram
in the above subdivision of Q2 ∩ Lηε,g

then (x; g(x)) also belongs to this
parallelogram and dist((x; φ(x)), (x; g(x))) < 2ηε,g.

If (x; φ(x)) ∈ Q2 ∩ Lηε,g
and (x; φ(x)) belongs to a triangle in the above

subdivision of Q2 ∩ Lηε,g
then the intersection point of the graph of g(x)

and the horizontal side of the triangle also belongs to this triangle. Further-
more, the graph of φ(x) also intersects this triangle by our assumption. The
diameter of this triangle is less than 2ηε,g

√
1 + τ−2 < ε.

Hence, for any point of graph(φ) ∩ Q2 there is a point of graph(g) ∩ Q2

of distance less than 2ηε,g

√
1 + τ−2 < ε and for any point of graph(g) ∩ Q2

there is a point of graph(φ) ∩ Q2 of distance less than 2ηε,g

√
1 + τ−2 < ε.

This implies distH(graph(g) ∩ Q2, graph(φ) ∩ Q2) < ε.

Given a perturbation vector (xq, yq, γq) and a function g set g(xq,yq,γq)(x) =
g(x − xq) + γqx + yq.

Lemma 4. Given η > 0, g ∈ G(κ) there exists δη > 0 such that

if |xq|, |yq|, |γq| < δη then |g(xq,yq,γq)(x) − g(x)| < η for x ∈ [−1, 1] .
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Proof. Since g is continuous, it is uniformly continuous on [−2, 2]. Obviously,
if δη < min(1/2, η/6) is chosen so that |g(x − xq) − g(x)| < η/3 for all
x, x − xq ∈ [−2, 2], with |xq| < δη then |g(xq,yq,γq)(x) − g(x)| ≤ |g(x − xq) −
g(x)| + |γq| + |yq| < 3η/3 holds for any x ∈ [−1, 1].

Lemma 5. Given any interval (a, b) ⊂ [0, 1] and f ∈ C[0, 1] there exist α, β ∈
R ∪ {+∞,−∞}, α ≤ β, with the property that for all γ ∈ (α, β), fγ takes its
maximum on [a, b] at a point xMax,γ ∈ (a, b), fγ(xMax,γ) > max{fγ(a), fγ(b)}
and for γ 6∈ [α, β], fγ does not take its maximum on [a, b] in (a, b) .

Proof. Set α = sup{γ : fγ(x) has its maximum on [a, b] at a}, and β =
inf{γ : fγ(x) has its maximum on [a, b] at b}.

It is left to the reader to verify that the interval (α, β) satisfies the lemma.

Definition 6. For a fixed (a, b) and a function f ∈ C[0, 1] we denote by
(αf , βf) the interval given by Lemma 5.

Lemma 7. Assume f ∈ C[0, 1], (a, b) ⊂ [0, 1] and ε > 0 are given. Then
there exists η > 0 such that if f̃ ∈ B(f, η) then αf̃ < αf + ε for αf ∈ R and

αf̃ < −1
ε

for αf = −∞, similarly βf̃ > βf − ε for βf ∈ R and βf̃ > 1
ε

for
βf = +∞.

Proof. Assume αf ∈ R. Choose γ > αf for which γ < αf + ε/2. Then fγ

takes its maximum on [a, b] at a point xMax,γ ∈ (a, b]. Therefore, fγ(xMax,γ) >
fγ(a). Choose η > 0 such that

fγ(xMax,γ) − η > fγ(a) + η.

Then if f̃ ∈ B(f, η) then f̃γ(xMax,γ) > f̃γ(a) and hence the proof of Lemma
5 implies that αf̃ ≤ γ < αf + ε. The other cases of the proof of this lemma
are proved analogously and are left to the reader.

Lemma 8. Assume f ∈ C[0, 1], 0 ≤ a < a′ < b′ < b ≤ 1,−∞ < α <
β < +∞ and we have a finite subset M ⊂ [a′, b′] such that for all γ ∈ [α, β]
either fγ takes its absolute maximum on [a, b], at an x∗ ∈ M, or no absolute
maximum of fγ on [a, b] belongs to [a′, b′]. Given δ > 0 there exists an η > 0
such that if φ ∈ B(f, η) and φγ has an absolute maximum on [a, b] at an
x∗∗ ∈ [a′, b′] for a γ ∈ [α, β] then there exists x∗ ∈ M such that |x∗−x∗∗| < δ.
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Proof. Proceeding towards a contradiction assume that for all m ∈ N there
exists φm ∈ B(f, 1/m) such that (φm)γm

has an absolute maximum on [a, b]
at an x∗∗

m ∈ [a′, b′], for a γm ∈ [α, β], and dist(x∗∗
m ,M) ≥ δ. Turning to a

suitable subsequence we can assume γm → γ∗ ∈ [α, β], x∗∗
m → x∗∗ ∈ [a′, b′]. It

is also clear that x∗∗ is an absolute maximum of (φ)γ∗ on [a, b] and x∗∗ 6∈ M,
a contradiction.

Assume that for a function f ∈ BG∗ the maximum of fγ on [a, b] is taken
at a point xMax,γ ∈ (a, b). If γ 6∈ Γf then it is a strict maximum of fγ on [a, b],
if γ ∈ Γf there can be at most one other point x′

Max,γ ∈ (a, b) where f takes
the same maximum value. In both cases xMax,γ is a strict local maximum of
fγ.

We suppose that

p′ is even and pa, pb are odd, a =
pa

p′
< b =

pb

p′
, (a, b) ⊂ [0, 1] , (2)

and g ∈ G(κ) is fixed.

Definition 9. Denote by Pa,b,Max the set of those f ∈ C[0, 1] which satisfy
the following property:
For any γ ∈ R if fγ has a maximum on [a, b] at a point xMax,γ ∈ (a, b) then
graph(g) ∩ Q2 ∈ fγ,MT (xMax,γ).

Lemma 10. The set Pa,b,Max is residual in C[0, 1].

Proof. First we choose and fix a countable set of {fm}∞m=1 ⊂ C2 [0, 1] such
that {fm}∞m=1 is dense in C[0, 1]. For each m and n ∈ N we choose functions
fm,n ∈ C[0, 1] and ηm,n > 0 such that B(fm,n, ηm,n) ⊂ B(fm, 1

m+n
). We set

Gn = ∪mB(fm,n, ηm,n) and G = ∩∞
n=1Gn. Then the set Gn is dense open in

C[0, 1] and G is residual.
Our aim is to choose fm,n and ηm,n so that any f ∈ G ∩BG∗ has property

Pa,b,Max. Assume m, n are fixed.
We need to choose fm,n and ηm,n. Since fm ∈ C2 [0, 1] its derivative

and second derivative are bounded, so there exist ∆m,1, ∆m,2 ∈ R such that
|f ′

m| < ∆m,1, |f ′′
m| < ∆m,2.

If |f ′
m| < ∆m,1 ≤ γ then (fm)′γ = f ′

m + γ > 0. This implies that fγ

is monotone increasing on [a, b] and hence takes its maximum on [a, b] at
b. Therefore, βfm

< ∆m,1 and similarly, αfm
> −∆m,1, that is, [αfm

, βfm
] ⊂

(−∆m,1, ∆m,1). By the Mean Value Theorem applied to f ′
m we have: |f ′

m(x)−

9



f ′
m(y)| < ∆m,2|x − y|. If x1 < x2 < x3 then there exist x′

1 ∈ (x1, x2), and
x′

2 ∈ (x2, x3) such that:

fm(x2) − fm(x1)

x2 − x1

= f ′(x′
1), and

fm(x3) − fm(x2)

x3 − x2

= f ′(x′
2).

Therefore,

∣∣∣∣
fm(x2) − fm(x1)

x2 − x1

− fm(x3) − fm(x2)

x3 − x2

∣∣∣∣ < ∆m,2|x3 − x1|. (3)

Next using ε(m, n, 1) = 1
m+n

in Lemma 3 choose

η∗ = ηε(m,n,1),g > 0 (4)

such that if |φ(x) − g(x)| < η∗ for x ∈ [−1, 1] and φ ∈ C[−1, 1] then

distH(graph(φ) ∩ Q2, graph(g) ∩ Q2) <
1

m + n
.

By using Lemma 4 with η = η∗/2 choose 0 < δη∗ < 1 such that δη∗ < κ/2,
(recall g ∈ G(κ)) and

if |xq|, |yq|, |γq| < δη∗ then |g(xq,yq,γq)(x) − g(x)| < η∗/2 for x ∈ [−1, 1] . (5)

Using p′ from (2) choose an odd p′′ such that m + n < p′′ and if p = p′p′′

then
1

p
=

1

p′p′′
<

δη∗

8∆m,2
. (6)

Choosing p′′ sufficiently large we can find a piecewise linear f̂m,n ∈ B(fm, 1
2(m+n)

)
such that

• f̂m,n is linear on the intervals [ i−1
p

, i
p
] and the absolute value of the slope

of these linear pieces is larger than max{n, 2∆m,1};

• f̂m,n ≤ fm,;

• f̂m,n(x) = fm(x) if x = i
p
∈ [0, 1] , i odd;

• f̂m,n has its local maxima at x = i
p
∈ [0, 1] , i odd;
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Figure 2: fm, f̂m,n, and φm,n

• f̂m,n has its minimum on the intervals [ i−1
p

, i
p
]∩ [0, 1] and [ i

p
, i+1

p
]∩ [0, 1]

at the points i
p

with i even.

See Figure 2. Choose ∆̂ such that it is an upper bound of the absolute values
of the slopes of the linear pieces of f̂m,n. We also remark that a = pap′′

p
, b =

pbp
′′

p
with pap

′′, pbp
′′ odd and p even.

From (3) and (6) it follows that if 3 ≤ i ≤ p − 3 is odd then

∣∣∣∣∣
f̂m,n( i

p
) − f̂m,n( i−2

p
)

2
p

−
f̂m,n( i+2

p
) − f̂m,n( i

p
)

2
p

∣∣∣∣∣ <
δη∗

2
. (7)

Observe that if γ ∈ [αfm
, βfm

] ⊂ (−∆m,1, ∆m,1) then (f̂m,n)γ has its absolute
maximum on [a, b] at one of the points i

p
with i odd.

Denote by I the set of those odd i for which i−2
p

, i+2
p

∈ [a, b].

For i ∈ I let [α̂(i), β̂(i)] consist of those γ’s for which (f̂m,n)γ(
i
p
) ≥

(f̂m,n)γ(x) holds for all x ∈ [a, b]. If there is no such γ choose arbitrary

β̂(i) < α̂(i), which implies [α̂(i), β̂(i)] = ∅.
Similarly, for i ∈ I let [α(i), β(i)] consist of those γ’s for which (f̂m,n)γ(

i
p
) ≥

(f̂m,n)γ(x) holds for all x ∈ { i−2
p

, i
p
, i+2

p
}. If there is no such γ choose arbi-

trary β(i) < α(i), which implies [α(i), β(i)] = ∅.
Clearly, [α̂(i), β̂(i)] ⊂ [α(i), β(i)].
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Denote by I ′ the set of those i ∈ I for which [α(i), β(i)] 6= ∅ and put

γ(i) = α(i)+β(i)
2

.
For i ∈ I ′ we have

α(i) = −
f̂m,n( i

p
) − f̂m,n( i−2

p
)

2
p

, and β(i) = −
f̂m,n( i+2

p
) − f̂m,n( i

p
)

2
p

. (8)

From (7) it follows that β(i)−α(i) <
δη∗

2
and it is also clear that [α̂(i), β̂(i)] ⊂

[α(i), β(i)] implies β̂(i) − α̂(i) <
δη∗

2
.

We introduce the following auxiliary function φm,n(0) = f̂m,n(0), φm,n(1) =

f̂m,n(1), φm,n(
i
p
) = f̂m,n( i

p
) if i is odd, i

p
∈ (0, 1) and φm,n is linear on inter-

vals [ i−2
p

, i
p
] ⊂ [0, 1] with i odd, and also on [0, 1

p
], [1 − 1

p
, 1]. Observe that

φm,n > f̂m,n if x ∈ (1
p
, 1 − 1

p
), x 6= i

p
, i odd.

Now we interrupt the proof of Lemma 10 by a proposition.

Proposition 11. Assume φ∗ ≤ φm,n on [0, 1], φ∗( i
p
) = φm,n( i

p
) if i

p
∈ [0, 1] ,

i odd, and from x ∈ (1
p
, 1 − 1

p
), x 6= i

p
, i odd it follows that φ∗(x) < φm,n(x),

suppose furthermore that γ ∈ R and (φ∗)γ has its absolute maximum on [a, b]
at a point x∗ ∈ [a + 1

p
, b − 1

p
]. Then x∗ = i

p
for an i odd.

Proof. Assume x∗ 6= i
p

with i odd. Then φm,n(x∗) + γx∗ > φ∗(x∗) + γx∗ ≥
φ∗( i

p
) + γ i

p
= φm,n( i

p
) + γ i

p
for all i

p
∈ [a, b] , i odd. Since φm,n(x) + γx is

linear on intervals [ i−2
p

, i
p
] we infer that φm,n(x∗)+ γx∗ > φm,n(x)+ γx for all

x ∈ [a + 1
p
, b − 1

p
]. But it is impossible since x∗ ∈ [a + 1

p
, b − 1

p
].

Next we return to the proof of Lemma 10. Since g(x) is bounded choose

Mg ≥ max{1, ∆̂, |αfm
|, |βfm

|} such that Mg/2 ≥ |g(x)| for all x ∈ [−2, 2].
Choose q > 6p such that for all i

p
∈ [0, 1] with i odd, the rectangle

Ri =

[
i

p
− 3

q
,
i

p
+

3

q

]
×

[
fm(

i

p
) − 3Mg

q
, fm(

i

p
) +

3Mg

q

]

is a subset of

B∗(fm,
1

2(m + n)
)
def
=

{
(x; y) : x ∈ [0, 1] , fm(x) − 1

2(m + n)
< y < fm(x) +

1

2(m + n)

}
.

12



From q > 6p it follows that Ri ⊂ [0, 1] × R, Ri ∩ Rj = ∅, if i 6= j. We also
put Um,n = {(x; y) : x ∈ [0, 1] , y ≤ φm,n(x)} and for i

p
∈ [0, 1] , i odd we put

Um,n,i = Um,n ∩ ([ i−2
p

, i+2
p

]×R), U∗
m,n,i = int(Um,n)∩ ([ i−2

p
, i+2

p
]×R) ⊆ Um,n,i.

Observe that φm,n has two linear pieces on the boundary of Um,n,i and if

i ∈ I ′ then Um,n,i and U∗
m,n,i are convex. The choice of Mg implies that f̂m,n

intersects the vertical sides of Ri. Recall that fm( i
p
) = f̂m,n( i

p
) = φm,n(

i
p
) if

i is odd. Assume i ∈ I ′. For x ∈ [ i
p
− 2

q
, i

p
+ 2

q
] put

fm,n(x) = −γ(i)(x − i

p
) +

1

q
g(q(x − i

p
)) + fm(

i

p
). (9)

Since g ∈ G(κ) we have fm,n(x) ≤ −γ(i)(x − i
p
) − κ|x − i

p
| + fm( i

p
) for

x ∈ [ i
p
− 2

q
, i

p
+ 2

q
] and fm,n is piecewise linear on [ i

p
− 2

q
, i

p
+ 2

q
].

Since γ(i) ∈ (α(i), β(i));

β(i) − α(i) <
δη∗

2
<

κ

4
, (10)

we infer that fm,n(x) < φm,n(x) if x 6= i
p
, x ∈ [ i

p
− 2

q
, i

p
+ 2

q
]. Hence, the graph

of fm,n(x) on [ i
p
− 2

q
, i

p
+ 2

q
] is a subset of Ri ∩ Um,n,i.

It is clear that the points ( i
p
− 3

q
; f̂m,n(

i
p
− 3

q
)), ( i

p
− 2

q
; fm,n( i

p
− 2

q
)), ( i

p
+

2
q
; fm,n( i

p
+ 2

q
)), ( i

p
+ 3

q
; f̂m,n( i

p
+ 3

q
)) all belong to Ri ∩ U∗

m,n,i.

We define fm,n on the intervals [ i
p
− 3

q
, i

p
− 2

q
], [ i

p
+ 2

q
, i

p
+ 3

q
] so that it is

linear and takes at the endpoints of these intervals the previously defined
four values. Since Ri ∩ U∗

m,n,i is convex the graph of fm,n on [ i
p
− 3

q
, i

p
− 2

q
] ∪

[ i
p

+ 2
q
, i

p
+ 3

q
] belongs to Ri ∩ U∗

m,n,i. See Figure 3.

If x does not belong to [ i
p
− 3

q
, i

p
+ 3

q
] for an i ∈ I ′ then set fm,n = f̂m,n.

The choices of Ri and fm,n imply that fm,n ∈ B(fm, 1
2(m+n)

) and the choice

of Um,n,i, U∗
m,n,i and fm,n imply that fm,n(x) ≤ φm,n(x) and fm,n(x) = φm,n(x)

implies x = i
p

with i odd when x ∈ [1
p
, 1 − 1

p
].

By Proposition 11 if γ ∈ R and (fm,n(x))γ has an absolute maximum on
[a, b] at a point x∗ ∈ [a + 1

p
, b − 1

p
] then x∗ = i

p
with i odd. Also observe

that the definition of I ′ yields that if i ∈ I and (fm,n(x))γ has an absolute
maximum at i

p
on an interval containing [ i−2

p
, i+2

p
] then i ∈ I ′.

By the above definition fm,n is piecewise linear, choose ∆ > 1 such that
the absolute value of the slope of any linear piece of fm,n is less than ∆.
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i
p

i−1
p

i+1
p

i
p
− 3

q
i
p

+ 3
q

i
p
− 2

q
i
p

+ 2
q

Ri

φm,n

f̂m,n

fm,n

Figure 3: Ri and fm,n

Assume that ∆∗ > max{∆m,1, n}, Lemma 8 is applicable to fm,n with α =
−∆∗, β = ∆∗, a′ = a + 1

p
, b′ = b − 1

p
with δ = δη∗

1
4(∆+∆∗)q

.

We obtain an η′ > 0 such that if φ ∈ B(fm,n, η
′) and φγ has an absolute

maximum on [a, b] for a γ ∈ [−∆∗, ∆∗], at an x∗∗ ∈ [a + 1
p
, b − 1

p
] then

∣∣∣∣x
∗∗ − i

p

∣∣∣∣ < δη∗

1

4(∆ + ∆∗)q
(11)

for an i ∈ I ′, this also implies

|(fm,n)γ(x
∗∗) − (fm,n)γ(

i

p
)| < δη∗

1

4q
. (12)

We can also assume that η′ <
δη∗

8q
. If φ ∈ B(fm,n, η

′) we also have

|φγ(x
∗∗) − φγ(

i

p
)| < δη∗

1

4q
+ 2η′ <

δη∗

2q
.
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It can also be supposed that η′ < η∗

4q
with η∗ from (4). Assume now

that φ ∈ B(fm,n, η
′) and for a γ ∈ [−∆∗, ∆∗] , φγ has its absolute maximum

on [a, b] at an x∗∗ ∈ [a + 1
p
, b − 1

p
]. Then there exists i ∈ I ′ such that

|x∗∗ − i
p
| < δη∗

1
4(∆+∆∗)q

. We have φγ(x
∗∗) ≥ φγ(

i−2
p

) > (fm,n)γ(
i−2
p

) − η′ and

similarly φγ(x
∗∗) ≥ φγ(

i+2
p

) > (fm,n)γ(
i+2
p

) − η′.

We also have |(fm,n)γ(
i
p
) − φγ(x

∗∗)| ≤ |(fm,n)γ(
i
p
) − φγ(

i
p
)| + |φγ(

i
p
) −

φγ(x
∗∗)| ≤ η′ +

δη∗

2q
.

Hence

−δη∗

2q
− 2η′ ≤ (fm,n)γ(

i

p
) − (fm,n)γ(

i − 2

p
) = (13)

(fm,n)γ(i)(
i

p
) − (fm,n)γ(i)(

i − 2

p
) + (γ − γ(i))

2

p

and
δη∗

2q
+ 2η′ ≥ (fm,n)γ(

i + 2

p
) − (fm,n)γ(

i

p
) = (14)

(fm,n)γ(i)(
i + 2

p
) − (fm,n)γ(i)(

i

p
) + (γ − γ(i))

2

p
.

By using (8) and recalling that fm,n( i
p
) = f̂m,n( i

p
), α(i)+β(i)

2
= γ(i) for

i ∈ I ′ with

β(i) = −
fm,n( i+2

p
) − fm,n( i

p
)

2
p

,

α(i) = −
fm,n( i

p
) − fm,n( i−2

p
)

2
p

,

we have by using (10)

|(fm,n)γ(i)(
i

p
) − (fm,n)γ(i)(

i − 2

p
)| <

2

p

δη∗

2
,

|(fm,n)γ(i)(
i + 2

p
) − (fm,n)γ(i)(

i

p
)| <

2

p

δη∗

2
.

Using q > 6p, (13), and (14)

|γ − γ(i)|2
p
≤ 2

p

δη∗

2
+

δη∗

2q
+ 2η′ <

2

p
δη∗ .
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This implies |γ − γ(i)| < δη∗ < 1.

By (11) and (12) we obtain

|(fm,n)γ(i)(
i

p
) − (fm,n)γ(i)(x

∗∗)| <

|(fm,n)γ(
i

p
) − (fm,n)γ(x

∗∗)| + |γ − γ(i)| · |x∗∗ − i

p
| <

δη∗

1

4q
+ δη∗

1

4(∆ + ∆∗)q
< δη∗

1

2q
.

Set φ(x) = q(φγ(
x

q
+ x∗∗) − φγ(x

∗∗)).

Then
|φ(x) − g(x)| ≤ q|φγ(

x

q
+ x∗∗) − (fm,n)γ(

x

q
+ x∗∗)|+

q|φγ(x
∗∗) − (fm,n)γ(x

∗∗)| + |q((fm,n)γ(
x

q
+ x∗∗) − (fm,n)γ(x

∗∗)) − g(x)| ≤

A1 + A2 + A3.

Since i ∈ I ′ by our definition of fm,n on [ i
p
− 2

q
, i

p
+ 2

q
] in (9) for x ∈ [−2, 2]

we obtain

(fm,n)γ(i)(
x

q
+

i

p
) = −γ(i)((

x

q
+

i

p
)− i

p
)+

1

q
g

(
q((

x

q
+

i

p
)− i

p
)

)
+fm(

i

p
)+γ(i)(

x

q
+

i

p
),

and

(fm,n)γ(i)(
i

p
) =

1

q
g(0) + fm(

i

p
) + γ(i)

i

p
= fm(

i

p
) + γ(i)

i

p
.

Therefore,

g(x) = q((fm,n)γ(i)(
x

q
+

i

p
) − (fm,n)γ(i)(

i

p
)),

for x ∈ [−2, 2].
Choose xq = q( i

p
−x∗∗), yq = q((fm,n)γ(i)(

i
p
)−(fm,n)γ(i)(x

∗∗)), γq = γ−γ(i).

Then |xq|, |yq|, |γq| ≤ δη∗ and

g(xq,yq,γq)(x) =

g(x − q(
i

p
− x∗∗)) + (γ − γ(i))x + q((fm,n)γ(i)(

i

p
) − (fm,n)γ(i)(x

∗∗)) =

16



q((fm,n)γ(i)(
x − q( i

p
− x∗∗)

q
+

i

p
) − (fm,n)γ(i)(

i

p
)) + (γ − γ(i))x+

q((fm,n)γ(i)(
i

p
) − (fm,n)γ(i)(x

∗∗)) = q(fm,n)γ(i)(
x

q
+ x∗∗)+

q(γ − γ(i))
x

q
− q(fm,n)γ(i)(x

∗∗) = q

(
(fm,n)γ(i)(

x

q
+ x∗∗)+

(γ − γ(i))((
x

q
+ x∗∗) − x∗∗) − (fm,n)γ(i)(x

∗∗)

)
=

q((fm,n)γ(
x

q
+ x∗∗) − (fm,n)γ(x

∗∗)).

Therefore, A3 = |g(xq,yq,γq)(x) − g(x)|.
Now |A1| < qη′, |A2| < qη′ and for x ∈ [−1, 1] by the previous compu-

tation and (5), |A3| < η∗

2
. This yields |φ(x) − g(x)| < 2qη′ + η∗

2
< η∗ when

x ∈ [−1, 1]. Set ηm,n = min{η′, 1
2(m+n)

}.
Assume f ∈ G ∩ BG∗. Then for each n there exists an mn such that

f ∈ B(fmn,n, ηmn,n). Suppose that fγ has an absolute maximum on [a, b] at
x∗∗ ∈ (a, b).
By the choice of ηmn,n and (6) there exists p = pn such that pn > m+n > n.
We can assume that n is so large that x∗∗ ∈ [a + 2

n
, b − 2

n
]. We denote by qn

the q chosen for p = pn. By our previous argument used with φ = f

|qn(fγ(
x

qn

+ x∗∗) − fγ(x
∗∗)) − g(x)| < η∗ holds for x ∈ [−1, 1] .

By Lemma 3 and the choice of η∗ we have

distH(graph(qn(fγ(
x

qn

+ x∗∗) − fγ(x
∗∗))) ∩ Q2, graph(g) ∩ Q2) <

1

mn + n
.

This implies that graph(g) ∩ Q2 ∈ fγ,MT (x∗∗).

Lemma 12. Let g ∈ G(κ) be fixed. For the typical continuous function
f , for any γ ∈ R and any local maximum xMax ∈ (0, 1) of fγ we have
graph(g) ∩ Q2 ∈ fγ,MT (xMax).

Proof. Denote by A the set of those (a, b), a < b in [0, 1] for which a = pa

p′
, b =

pb

p′
with p′ even and pa, pb odd. By Lemma 10,

⋂

(a,b)∈A

Pa,b,Max is residual in
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C[0, 1]. But if xMax is any local maximum of fγ then there exists (a, b) ∈ A
such that xMax ∈ (a, b) and xMax is the absolute maximum of fγ on [a, b].
Hence, f ∈ Pa,b,Max implies that graph(g) ∩ Q2 ∈ fγ,MT (xMax).

Lemma 13. For the typical continuous function f, for any γ ∈ R and any
local maximum, xMax ∈ (0, 1), of fγ we have that for all g ∈ C [−1, 1]0,− ,

graph(g) ∩ Q2 ∈ fγ,MT (xMax).

Proof. Use the countable set gν ∈ G(κν) with gν|[−1,1] dense in C [−1, 1]0,−.
Taking countable intersection, by Lemma 10 for any gν for the typical con-
tinuous function f for any γ ∈ R and any local maximum, xMax ∈ (0, 1) of
fγ we have graph(gν) ∩ Q2 ∈ fγ,MT (xMax). The triangle inequality and the
density of gν |[−1,1] in C [−1, 1]0,− , then implies the lemma.

Remark 14. It is clear that Lemma 13 holds for local minima as well.

Proof of Theorem 1. Denote by F+ the set of those f ∈ C[0, 1] for which for
any local maximum of fγ , xMax ∈ (0, 1) we have that for all g ∈ C [−1, 1]0,− ,

graph(g) ∩ Q2 ∈ fγ,MT (xMax). Similarly denote by F− the set of those
f ∈ C[0, 1] for which for any local minimum of fγ, xmin ∈ (0, 1) we have that
for all g ∈ C [−1, 1]0,+ , graph(g) ∩ Q2 ∈ fγ,MT (xmin). By Lemma 13 and
Remark 14 the set F+ ∩ F− is residual and hence Theorem 1 holds.

3 Vertical universality

In this section we will assume that [c, d] denotes the closed interval with
endpoints c and d (even when c > d).

Assume f ∈ C[0, 1], r ∈ [0, 1]. Denote by πx the projection onto the x
axis.
Put P+

f =
⋃

α∈R πx(P
+
α,f), P

−
f =

⋃
α∈R πx(P

−
α,f), P

±
f =

⋃
α∈R πx(P

±
α,f) and

Pf = πx(
⋃

α∈R Pα,f \ P±
α,f).

We also put P+
f,r,≤ = {x ∈ [r, 1] : x ∈ P+

f , f(x′) ≤ f(x), ∀x′ ∈ (r, x)},
and P−

f,r,≤ = {x ∈ [0, r] : x ∈ P−
f , f(x′) ≤ f(x), ∀x′ ∈ (x, r)}, one can define

similarly the sets P+
f,r,≥, P−

f,r,≥.
Next observe that

P+
f =

⋃

r∈Q∩[0,1]

(P+
f,r,≤ ∪ P+

f,r,≥) and P−
f =

⋃

r∈Q∩[0,1]

(P−
f,r,≤ ∪ P−

f,r,≥).
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It is not difficult to see that f |P+
f,r,≤

is monotone increasing. Hence, being

the graph of a function of bounded variation, the H1-measure of f |P+
α,r,≤

is

finite, [4], p. 146. Using this, one can easily see that ∪α∈RP±
α,f , that is, the

set of those (x0; f(x0)) which are only one-sided accumulation points of Pα,f

is of σ-finite-H1 measure.

Lemma 15. For the typical continuous function λ(P+
f,r,≤) = 0.

Proof. If λ(P+
f,r,≤) > 0 then there exists an x which is a Lebesgue density

point of P+
f,r,≤ such that f |P+

f,r,≤
is differentiable at x. This would imply that

f is approximately differentiable at x. But [1] p.212 tells that the typical
continuous function does not have at any point a finite upper aproximate
derivative and hence it is not approximately differentiable at any point.

A similar argument shows that λ(P+
f,r,≥) = 0 for the typical continuous

function. This implies λ(P+
f ) = 0 and similarly λ(P−

f ) = 0.

An alternative way of verifying that λ(P±
f ) = 0 is by using Theorem 5

from [3]. If x0 ∈ P±
f then one can easily see that (x0; f(x0)) 6∈ UMT (f). In-

deed, let g(x) = sin(2πx). If (x0, f(x0)) ∈ UMT (f) then we have graph(g)∩
Q2 ∈ fMT (x0) and this implies that (x0, f(x0)) is a two-sided accumulation
point of Lf(x0),g. By Theorem 5 of [3] for the typical continuous function the
projection of UMT (f) onto the x-axis is of full measure in [0, 1]. Since P±

f

is a subset of the complement of this projection it is of zero measure.
Given −1 ≤ x1 < x2 < ... < xν ≤ 1, set Vx1,...,xν

= {(xj ; y) ∈ Q2 : y ∈
[−1, 1] , j ∈ {1, ..., ν}}.

Definition 16. Assume f ∈ C [0, 1] , x0 ∈ P+
f , that is, letting α = f(x0) the

point (x0; f(x0)) is a right-sided accumulation point of the level set Lα,f . We
have right vertical universality at x0 ∈ P+

f if for any choice of 0 = x1 < x2 <
... < xν ≤ 1 we have

Vx1,...,xν
∈ fMT (x0). (15)

One can define similarly the left vertical universality at x0 ∈ P−
f .

We have two-sided vertical universality at x0 ∈ Pf if for any −1 ≤ x1 <
x2 < ... < xν ≤ 1, 0 ∈ {x1, ..., xν} we have (15). If F ⊂ [0, 1], 0 ∈ F then
F × [−1, 1] can be approximated in the Hausdorff-metric by sets of the form
Vx1,...,xν

with 0 = x1. Hence if we have right vertical universality at x0 then
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F × [−1, 1] ∈ fMT (x0). Similar statement holds for left-, or two-sided vertical
universality, with 0 ∈ F and F ⊂ [−1, 0] or F ⊂ [−1, 1], respectively.

Assume V = Vx1,...,xν
is fixed with 0 ∈ {x1, ..., xν}, −1 < x1, and xν < 1.

Lemma 17. For the typical continuous function f, for all α ∈ R if Pα,f 6=
∅ then there exists Pα,f(V ) ⊂ Pα,f dense Gδ in Pα,f such that if x0 ∈
πx(Pα,f(V )) then V ∈ fMT (x0).

Theorem 18. For the typical continuous function, f , for all α ∈ R if Pα,f 6=
∅ then there exists P̂α,f ⊂ Pα,f , dense Gδ in Pα,f such that if x0 ∈ πx(P̂α,f)
then we have two-sided vertical universality at x0.

First we prove Theorem 18 based on Lemma 17.

Proof. Choose the sets {x1(k), ..., xν(k)(k)} for k ∈ N so that 0 ∈ {x1(k), ..., xν(k)(k)}
and any finite sequence of rational numbers in (0, 1) which contains zero ap-
pears among the sets {x1(k), ..., xν(k)(k)} for a certain k. Then for the se-
quence V (k) = Vx1(k),...,xν(k)(k) we have 0 ∈ {x1(k), ..., xν(k)(k)}, −1 < x1(k),
xν(k)(k) < 1, and if 0 ∈ {x1, ..., xν} for an arbitrary choice of −1 ≤ x1 <
x2 < ... < xν ≤ 1 then there is a subsequence kl such that V (kl) → Vx1,...,xν

in the Hausdorff metric. Suppose Pα,f 6= ∅. Apply Lemma 17 for each
k to obtain for all α ∈ R sets Pα,f(V (k)) which are dense Gδ in Pα,f . If
x0 ∈ πx(Pα,f(V (k))) then V (k) ∈ fMT (x0).

Set P̂α,f =

∞⋂

k=1

Pα,f(V (k)). By using the triangle inequality in the Haus-

dorff metric we infer that for an arbitrary Vx1,...,xν
with 0 ∈ {x1, ..., xν}, −1 ≤

x1 < x2 < ... < xν ≤ 1 for any x0 ∈ πx(P̂α,f) we have Vx1,...,xν
∈ fMT (x0).

Now we turn to the proof of Lemma 17.

Proof of Lemma 17. Choose fm dense in C[0, 1] consisting of piecewise lin-
ear functions which all have their extrema at different heights and are non-
constant on any interval. Assume m, n ∈ N are fixed and [a, b] ⊂ [0, 1] is a
maximal interval on which fm is linear. Choose a subdivision a = β0 < β1 <
... < βκ = b. We will assume that if [a′, b′] is a different maximal interval of
linearity for fm with subdivision β ′

0 < ... < β ′
κ′ then fm(βi) 6= fm(β ′

i′) for i ∈
{0, ..., κ}, i′ ∈ {0, ..., κ′}, βi 6= β ′

i′ . Let δmin = minβi 6=β′
i′
|fm(β(i)) − fm(β ′

i′)|
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...

...

...

...

..fm

fm,n

Q((x0; fm,n(x0)),
δ
4
)

Ri

βi−1γi − 2δ γi − δ x0 = γi γi + δ γi + 2δ βi

Figure 4: Definition of fm,n

where the minimum is taken for all subdvisions of all maximal intervals of lin-
earity of fm. We also suppose that βi − βi−1 < 1

m+n
for i = 1, ..., κ, moreover

if Ri = [βi−1, βi] × [fm(βi−1), fm(βi)] then

Ri ⊂ B∗(fm,
1

m + n
) =

{(x; y) : x ∈ [0, 1], fm(x) − 1

m + n
< y < fm(x) +

1

m + n
}

for all i.
Next choose δ ∈ (0, 1

m+n
) such that taking any two intervals [a, b] and

[a′, b′] with corresponding subdivisions as above for δ < δmin/4 we have

[fm(βi) − 2δ, fm(βi) + 2δ] ∩ [fm(β ′
i′) − 2δ, fm(β ′

i′) + 2δ] = ∅ (16)

for i ∈ {0, ..., κ}, i′ ∈ {0, ..., κ′}, βi 6= β ′
i′ . In addition, we also suppose that

δ < βi−βi−1

4
, i = 1, ..., κ for all subdivisions of intervals of type [a, b]. Assume

γi = βi+βi−1

2
, denotes the midpoint of [βi−1, βi].

Recall that we have a fixed V = Vx1,...,xν
. Choose δ′ > 0 so that xj − δ′ >

xj−1 + δ′ holds for j = 2, ..., ν and δ′ < 1
2(m+n)

. Set x−
j,i = γi + δ

4
(xj − δ′),

x+
j,i = γi + δ

4
(xj + δ′), j = 1, ..., ν. We can also assume that 2δ′ < min{x1 −

(−1), 1 − xν}.
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Assume j is odd. Set fm,n(x−
j,i) = fm(βi−1), fm,n(x+

j,i) = fm(βi). If j is
even set fm,n(x−

j,i) = fm(βi), fm,n(x+
j,i) = fm(βi−1). Set furthermore fm,n(γi −

δ) = fm,n(x−
1,i), fm,n(γi + δ) = fm,n(x+

ν,i). If x ∈ [βi−1, βi] \ (γi − 2δ, γi + 2δ)
set fm,n(x) = fm(x).

Finally, extend the definition of fm,n to points of [βi−1, βi] such that it is
linear on the subintervals where we have not defined it yet. See Figure 4 (on
this figure there is a slight distortion, since δ/4 would be too small and hence
the dotted square and the central part of fm,n is slightly enlarged). Observe
that for any x ∈ [βi−1,βi] we have (x; fm,n(x)) ∈ Ri.

Since 0 ∈ {x1, ..., xν} there exists j0 such that xj0 = 0. Thus x−
j0,i =

γi − δ
4
δ′, x+

j0,i = γi + δ
4
δ′. Suppose x0 ∈ (γi − δ

4
δ′, γi + δ

4
δ′) and

fm,n(x0) ∈ [fm,n(βi−1) ± δ, fm,n(βi) ∓ δ] (17)

(if fm,n(βi−1) < fm,n(βi) then ± means +,∓ means −, while for fm,n(βi−1) >
fm,n(βi) ± means −,∓ means +).

It is not difficult to compute that distH(F (fm,n, x0,
δ
4
), V ) < 2δ′ < 1

m+n
.

Clearly, if ηi ∈ (0, δ) is sufficiently small then

distH(F (f, x0,
δ

4
), V ) <

1

m + n
(18)

for any f ∈ B(fm,n, ηi) and x0 ∈ (γi − δ
4
δ′, γi + δ

4
δ′) satisfying (17).

Do the above steps for all subdivisions of all maximal intervals of linearity
of fm until fm,n is defined on [0, 1] and choose ηm,n > 0 such that it is less
than any of the ηi’s needed for any subdivision to have (18).

If Pα,f 6= ∅ then by (16) there are at most two consecutive subdivision
intervals [βi−1, βi] for which (17) does not hold when α = fm,n(x0). In the
next property the exceptional interval Eα,f,m,n corresponds to such intervals.

Now by (18) the following property holds: If f ∈ B(fm,n, ηm,n) for each
α there exists Eα,f,m,n, a possibly empty, exceptional interval of length less
or equal than 2

m+n
such that if t0 ∈ πx(Lα,f) \ Eα,f,m,n then there exists an

open interval I(t0) ⊂ (t0 − 1
m+n

, t0 + 1
m+n

) such that for all x0 ∈ I(t0) there

exists δx0 < 1
m+n

for which

distH(F (f, x0,
δx0

4
), V ) <

1

m + n
. (19)

Now set Gn =
⋃

m B(fm,n, ηm,n) and G =
⋂

n Gn.
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If f ∈ G then there exists mn such that f ∈ B(fmn,n, ηmn,n). Assume
Pα,f 6= ∅. Denote by Hf,mn,n,α the union of all intervals I(t0) for t0 ∈ πx(Lα,f ).
Then Hf,mn,n,α is open and if t0 ∈ πx(Lα,f ) \ Eα,f,mn,n then (t0 − 1

mn+n
, t0 +

1
mn+n

) ∩ Hf,mn,n,α 6= ∅.
Given n′ ∈ N set H ′

n′ =
⋃

n≥n′ Hf,mn,n,α and H ′ =
⋂

n′ H ′
n′. Then H ′

n′ is
dense and open in Pα,f and H ′ is dense Gδ. Furthermore, (19) implies that
for all x0 ∈ H ′ we have V ∈ fMT (x0).

Denote by V MT (f) the set of those (x0; f(x0)) for which we have two-
sided vertical universality.

Theorem 19. For the typical continuous function V MT (f) is of non-σ-finite
H1-measure.

Proof. By Theorem 18 for any typical continuous function f there exists
an interval I of positive length such that for any α ∈ I the intersection
of the horizontal line `α = {(x; α) : x ∈ R} and V MT (f) contains a set
of cardinality continuum. Proceeding towards a contradiction suppose that
V MT (f) ⊂ ∪∞

n=1Vn where H1(Vn) < ∞. Denote by V ′
n the set of those α ∈ I

for which `α ∩ Vn is infinite, and hence H0(`α ∩ Vn) = ∞. By Theorem 10.10
of [7], H0(`α ∩ Vn) < ∞ for almost all α. Therefore V ′

n is of zero Lebesgue
measure. Hence ∪∞

n=1V
′
n is also of zero measure and does not equal I. This

would imply the existence of an α ∈ I such that `α ∩ V MT (f) is countable,
a contradiction.

The next theorem is about a c-dense set in the level set where we do not
have two-sided universality.

Theorem 20. For the typical continuous function f , for all α ∈ R, if Pα,f 6=
∅ then there exists P̂ ′

α,f ⊂ Pα,f , c-dense in Pα,f such that if x0 ∈ πx(P̂
′
α,f)

then we do not have two-sided vertical universality at x0.

Proof. Choose a dense subset {fm}m∈N in C[0, 1] consisting of piecewise linear
functions such that all their extrema are at different height and they do not
have intervals of constancy. Suppose a, b ∈ [0, 1]∩Q, a < b are fixed. Assume
that n ∈ N is given. Put

L′
α,fm,η = {x ∈ [a, b] : |α − fm(x)| ≤ η}.

Observe that L′
α,fm,η consists of finitely many closed (possibly degenerate)

intervals. Denote by ∆α,m,η the maximum of the lengths of these intervals.
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The smaller η, the smaller ∆α,m,η and it goes to zero as η → 0+. There are
two open half lines and finitely many open intervals contiguous to L′

α,fm,η.
Denote the (possibly infinite) length of the shortest and the second shortest
of these by ∆α,m,η,1 and ∆α,m,η,2, respectively. The smaller η, the larger
∆α,m,η,1 and ∆α,m,η,2. If α is close to an extremum then ∆α,m,η,1 might be
short compared to ∆α,m,η. Given n ∈ N, using that all the extrema of fm are
of different height, and there are only finitely many of them, we can choose
ηm,n < 1

n
so small that for all α ∈ R from πx(Lα,fm

)∩ [a, b] 6= ∅ it follows that

∆α,m,ηm,n,2 > 100∆α,m,ηm,n
and ∆α,m,ηm,n

<
1

n
. (20)

If ∆α,m,ηm,n,1 ≥ 8∆α,m,ηm,n
then put Lα,fm,ηm,n

= L′
α,fm,ηm,n

.
If ∆α,m,ηm,n,1 < 8∆α,m,ηm,n

then L′
α,fm,ηm,n

has two different components
I ′
1 and I ′

2 which are separated by a distance of ∆α,m,ηm,n,1 and any other two
components of L′

α,fm,ηm,n
are separated by a distance of at least ∆α,m,ηm,n,2 >

100∆α,m,ηm,n
, by (20). Denote by I ′ the shortest interval containing I ′

1 ∪ I ′
2.

Then λ(I ′) < 10∆α,m,ηm,n
, where λ denotes the Lebesgue measure. Put

Lα,fm,ηm,n
= L′

α,fm,ηm,n
∪ I ′.

Both ways Lα,fm,ηm,n
consists of intervals of length at most 10∆α,m,ηm,n

,
moreover we have
Property †: if I = [xI , yI ] is a component of Lα,fm,ηm,n

then the intervals (or
half lines) (x′

I , xI) and (yI , y
′
I) which are contiguous to Lα,fm,ηm,n

and have
one endpoint in I are of length at least 8λ(I).

Now, set Gn =
⋃

m B(fm, ηm,n/2) and G =
⋂

n Gn. Assume f ∈ G∩BG.
Choose mn such that f ∈ B(fmn

, ηmn,n/2). Assume πx(Pα,f) ∩ (a, b) 6= ∅ for
an α ∈ R. Then πx(Pα,f) ∩ [a, b] ⊂ Lα,fmn ,ηmn,n

.
Choose a subsequence n(k) → ∞ as k → ∞ such that letting m(k) =

mn(k), η(k) = ηmn(k),n(k) we have

η(k + 1) < η(k)/4, and ∆α,m(k+1),η(k+1) < ∆α,m(k),η(k)/2. (21)

If x′ ∈ L′
α,fm(k+1),η(k+1) then |α − fm(k+1)(x

′)| ≤ η(k + 1). We also have

|fm(k+1)(x
′) − fm(k)(x

′)| ≤ |fm(k+1)(x
′) − f(x′)|+ |f(x′) − fm(k)(x

′)| < η(k +
1)/2 + η(k)/2, this implies |α − fm(k)(x

′)| < |α − fm(k+1)(x
′)| + |fm(k)(x

′) −
fm(k+1)(x

′)| < 2η(k + 1) + η(k)/2 < η(k). This implies L′
α,fm(k+1),η(k+1) ⊂

L′
α,fm(k),η(k).

From (21) and the definition of Lα,fm(k+1),η(k+1) it follows that Lα,fm(k+1),η(k+1)

is a subset of Lα,fm(k),η(k). It is also clear that πx(Pα,f) ∩ [a, b] ⊂ Lα,fm(k),η(k)

for all k.
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Denote by LP
α,fm(k),η(k) the union of those components of Lα,fm(k),η(k) which

contain points of πx(Pα,f) ∩ (a, b). Then LP
α,fm(k),η(k) consists of the union of

finitely many disjoint closed intervals. Assume that I is such an interval. Now
I ∩ LP

α,fm(k+1),η(k+1) consists again of finitely many intervals and πx(Pα,f) ∩
(a, b) ⊂ LP

α,fm(k+1),η(k+1) implies that there is at least one such interval.

Denote by `∗(I) the (possibly infinite) length of the interval contiguous
to LP

α,fm(k),ηm(k)
ending at the left endpoint of I. Since LP

α,fm(k),ηm(k)
consists

of some components of Lα,fm(k),η(k) we have `∗(I) ≥ 8λ(I) by Property †.
CASE A:
If I contains only one component of LP

α,fm(k+1),η(k+1) then define the set

L̂α,fm(k+1),η(k+1) so that L̂α,fm(k+1),η(k+1) ∩ I equals this component of

LP
α,fm(k+1),η(k+1) ∩ I.

CASE B:
If LP

α,fm(k+1),η(k+1) ∩ I consists of more than one component of LP
α,fm(k+1)η(k+1)

then define the set L̂α,fm(k+1),η(k+1) so that L̂α,fm(k+1),η(k+1) ∩ I consists of the

two most left components of LP
α,fm(k+1),η(k+1) ∩ I.

Set P̂ ′′
α,f =

⋂∞
k=1 L̂α,fm(k+1),η(k+1) and P̂ ′′

α,f,K =
⋂K

k=1 L̂α,fm(k+1),η(k+1). Then

P̂ ′′
α,f,K consists of some components of LP

α,fm(K+1) ,η(K+1).

Observe that η(k) → ∞ as k → ∞ and by (21), ∆α,m(k+1),η(k+1) → 0 as

well. This and f ∈ BG imply that if x ∈ P̂ ′′
α,f for the component I(k, x) of

LP
α,fm(k),η(k) containing x we need to apply CASE B infinitely often.

Clearly P̂ ′′
α,f,1 = L̂α,fm(2),η(2). If I is a component of P̂ ′′

α,f,K−1 then it is a

component of LP
α,fm(K),η(K) and I ∩ Pα,f 6= ∅. Thus I contains at least one

component of LP
α,fm(K+1),η(K+1) and hence of P̂ ′′

α,f,K . Repeating this argument

in subcomponents of this component we can see that I ∩ P̂ ′′
α,f 6= ∅.

Since for any x ∈ P̂ ′′
α,f we need to apply for I(k, x) infinitely often CASE

B, we also obtain that I contains more than one point of P̂ ′′
α,f .

Hence P̂ ′′
α,f is nonempty and perfect. From η(k) → 0 it also follows that

P̂ ′′
α,f ⊆ Pα,f ∩ [a, b].

Since f ∈ BG, P̂ ′′
α,f is nowhere dense.

Assume x0 ∈ πx(P̂
′′
α,f) ∩ (a, b), x1 = −1, x2 = −0.5, x3 = 0. We claim

that V = Vx1,x2,x3 6∈ fMT (x0).
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Proceeding towards a contradiction suppose that V ∈ fMT (x0). Then
there exists arbitrarily small δ > 0 such that we can choose

x′
1 ∈ (x0 − 1.01δ, x0 − 0.99δ), x′

2 ∈ (x0 − 0.51δ, x0 − 0.49δ), x′
3 = x0

with x′
1, x

′
2, x

′
3 ∈ πx(Pα,f) ∩ (a, b).

We can also assume that δ is so small that x′
1, x

′
2, x

′
3 belong to the same

component of L̂α,fm(1),η(1). Since η(k) → 0, f ∈ BG there is k1 such that

x′
1, x

′
2, x

′
3 do not belong to the same component of L̂α,fm(k1+1),η(k1+1), but

they belong to the same component, I of L̂α,fm(k1),η(k1). Components of

L̂α,fm(k1+1),η(k1+1) are components of LP
α,fm(k1+1),η(k1+1). From x′

1, x
′
2, x

′
3 ∈ Pα,f

it follows that x′
1, x

′
2, x

′
3 ∈ I ∩ LP

α,fm(k1+1),η(k1+1).

Denote by I(1) and I(3) the components of I∩LP
α,fm(k1+1),η(k1+1) containing

x′
1 and x′

3 respectively. Thus I(1) 6= I(3). This is possible only if at step
k1 we apply CASE B and I(1), I(3) are the two most left components of
I ∩ LP

α,fm(k1+1),η(k1+1). Hence x′
2 either belongs to I(1), or to I(3). This is

impossible since this would imply that λ(I(1)) > 0.48δ, or λ(I(3)) > 0.48δ
and the gap between I(1) and I(3) less than 0.52δ, contradicting Property †.

Now for each a, b ∈ [0, 1]∩Q, a < b we can find a residual set Fa,b ⊂ C[0, 1]
such that for each f ∈ Fa,b, and α ∈ R if πx(Pα,f) ∩ (a, b) 6= ∅ then there

is a non-empty perfect set P̂ ′′
α,f,a,b such that if x0 ∈ πx(P̂

′′
α,f,a,b) \ {a} then

V 6∈ fMT (x0).
Denote by F the countable intersection of all the above Fa,b’s. Then F

is still residual. If f ∈ F and for an α ∈ R, Pα,f 6= ∅ then denote by P̂ ′
α,f the

union of the sets P̂ ′′
α,f,a,b \ {(a; f(a))} for all a, b ∈ [0, 1]∩ Q, a < b. This will

provide the c-dense subset of Pα,f required by the Lemma.

A function φ : [0, +∞) → [0, +∞] is called a Hausdorff function if it is
monotone increasing, continuous from the right and φ > 0 for x > 0. (See
[8].) By results of Kirchheim [5] for the typical continuous function Lα,f is
of zero Hausdorff dimension. In fact, if φ is an arbitrary Hausdorff function
satisfying lim

x→0+
φ(x) = 0 then Hφ(Lα,f ) = 0.

Theorem 21. Assume φ is a Hausdorff function φ with lim
x→0+

φ(x) = 0. For

the typical continuous function, f ∈ C[0, 1] there exists Ef with Hφ(Ef ) = 0
such that
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(i) if α 6∈ Ef then f has right, or left vertical universality at (x0; α) for all
(x0; α) ∈ P+

α,f , or P−
α,f , respectively;

(ii) if α ∈ Ef then there is one exceptional point (x∗
0; α) ∈ P+

α,f ∪ P−
α,f where

f does not have right, or left vertical universality and for other (x0; α) ∈
P+

α,f ∪ P−
α,f (i) holds.

Remark 22. All extrema of fγ with γ 6= 0 belong to Ef showing that the
above exceptional points are c-dense on the graph of f .

Definition 23. For δ > 0, f ∈ C[0, 1], (x0; y0) ∈ R2 put

F (f, (x0; y0), δ) =
1

δ

(
graph(f) ∩ Q((x0; y0), δ) − (x0; y0)

)
.

Observe that F (f, x0, δ) = F (f, (x0; f(x0)), δ).

Q((x0; y0), δ/2)

(x0; y0)

B

f̂a,δ

A

a a + δ′ a + δ

Q((x0; y0), δ/2)

(x0; y0)

B

f̂a,δ

A

a a + δ′ a + δ

Figure 5: The definition of f̂a,δ and its modification.

Lemma 24. Assume ν ∈ N is odd, ε0 ∈ (0, 1), A 6= B, V = Vx1,...,xν
are given

with x1 = 0 and xν < 1. Furthermore, δ > 0 and [a, a+δ] ⊂ [0, 1].Then there
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exists δ′ > 0 and a piecewise linear continuous function f̂a,δ : [a, a + δ] →
[A, B] such that f̂a,δ(a) = A, f̂a,δ(a + δ′) = f̂a,δ(a + δ) = B, f̂a,δ is linear on
[a, a + δ′] and if x0 ∈ [a, a + δ′], y0 ∈ [A, B], |y0 − A| ≥ δ, |y0 − B| ≥ δ then

for any continuous function f : [a, a + δ] → [A, B] satisfying f(x) = f̂a,δ(x)
when x ∈ {a} ∪ [a + δ′, a + δ] we have

distH(F (f, (x0; y0),
δ

2
), V ) < ε0. (22)

Proof. Without limiting generality assume A < B. Choose δ′ > 0 so that
4δ′

δ
< ε0 and δ

2
xν + δ′ < δ

2
. Set

f̂a,δ(a +
δ

2
xj) =

{
A if j is odd;
B if j is even

f̂a,δ(a +
δ

2
xj + δ′) =

{
B if j odd;
A if j even.

Since ν is odd we have f̂a,δ(a+ δ
2
xν +δ′) = B. Extend the definition of f̂a,δ

onto [a, a+ δ
2
xν+δ′] so that it is piecewise linear. For x ∈ [a+ δ

2
xν+δ′, a+δ] set

f̂a,δ(x) = B. It is left to the reader to check that f̂a,δ satisfies the assumptions
of the lemma, see the left side of Figure 5.

Remark 25. Observe that by a small alteration (see the right side of Figure

5) on the intervals of constancy of f̂a,δ one can obtain functions which are
piecewise linear and non-constant on any subinterval of [a, a + δ] and still
satisfy the conclusion of Lemma 24. Indeed, if |y0 − A| ≥ δ and |y0 − B| ≥
δ then Q((x0; y0), δ/2) contains no points (x1; y1) with |y1 − A| < δ/2 or

|y1 − B| < δ/2. Hence, if we alter the definition of f̂a,δ for some of those x’s
for which

|f̂a,δ(x) − A| < δ/2, or |f̂a,δ(x) − B| < δ/2 (23)

and after the alteration at these points we still have (23) then we can preserve
the validity of (22).

One can choose η̂a,δ sufficiently small such that if f ∈ B(f̂a,δ, η̂a,δ) then
from α ∈ [A, B], |α−A| ≥ δ, |α−B| ≥ δ it follows that if x0 denotes the left
endpoint of πx(Lα,f ∩ [a, a + δ]) then

distH(F (f, (x0; α),
δ

2
), V ) < ε0. (24)

28



Next choose and fix a sequence V (n) = Vx1(n),...,xν(n)(n), such that x1(n) =
0, xν(n)(n) < 1, ν(n) is odd and for any V = Vx1,...,xν

with x1 = 0 there exists
a subsequence nk such that V (nk) → V in the Hausdorff metric.

Lemma 26. Assume f0 ∈ C[0, 1] is piecewise linear and non-constant on any
interval, its local extrema are at different heights, ε0 > 0, and φ is a fixed
Hausdorff function. Then there exists f̂0 ∈ B(f0, ε0), piecewise linear, con-
tinuous and non-constant on any subinterval of [0, 1], η̂0 > 0, an exceptional
set E0 consisting of finitely many intervals Jβ such that

∑
β φ(λ(Jβ)) < ε0.

Moreover, if f ∈ B(f̂0, η̂0), α 6∈ E0, Pα,f 6= ∅ and (c, d), c < d is an interval
contiguous to πx(Lα,f) with d− c > ε0 then from d ∈ (0, 1) it follows that for
any j = 1, ..., n there exists δj,d ∈ (0, ε0) such that

distH(F (f, (d; α), δj,d), V (j)) < ε0,

and from c ∈ (0, 1) it follows that there exists δj,c ∈ (0, ε0) such that

distH(F (f, (c; α), δj,c),−V (j)) < ε0.

If α ∈ E0, Pα,f 6= ∅ then we have the above property with the possible exception
of at most two intervals (c1, d1), (c2, d2) defined as above. In case we have
these two exceptional intervals c1 < d1 < c2 < d2 then c2 − d1 < 2ε0 and the
endpoints c1 and d2 are not exceptional.

Proof. Since f0 is piecewise linear denote by Γ0, and γ0 the maximum and
minimum of the absolute values of the slopes of f0, respectively. By our
assumptions 0 < γ0 ≤ Γ0 < ∞ . Denote by Ef0 the extrema of f0 and by
Dextr the minimum of the distances between different points in Ef0. Choose
da such that

Γ0

γ0
da <

min{Dextr, ε0}
8

. (25)

First divide [0, 1] into subintervals determined by 0 = a0 < ... < at = 1
so that

ai − ai−1 < da <
γ0

Γ0

min{Dextr, ε0}
8

≤ min{Dextr, ε0}
8

, (26)

f0(ai′) 6= f0(ai) if i 6= i′, f0 is linear on all intervals [ai−1, ai], i = 1, ..., t, and
each closed rectangle

Ri = [ai−1, ai] × [f0(ai−1), f0(ai)] ⊂ (27)

B∗(f0, ε0) = {(x; y) : x ∈ [0, 1], f0(x) − ε0 < y < f0(x) + ε0}.
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Next choose δ1 > 0 such that,

[f0(ai′) − 4δ1, f0(ai′) + 4δ1] ∩ [f0(ai) − 4δ1, f0(ai) + 4δ1] = ∅ for i 6= i′ (28)

and φ(8δ1)(t + 1) < ε0
2
.

Set E0 = ∪t
i=0[f0(ai) − 4δ1, f0(ai) + 4δ1]. We can also suppose that

ai − δ1 > ai−1 + δ1 holds for i = 1, ..., t. (29)

We are going to apply a similar procedure on all intervals of the form [ai, ai +
δ1], (i = 0, ..., t− 1) and [ai − δ1, ai], (i = 1, ..., t).

So assume i is fixed and without limiting generality consider [ai, ai +
δ1]. First set V = V (1), A = f0(ai), B = f0(ai+1) and use Lemma 24

to find δ′1 > 0 and the piecewise linear function f̂1 : [ai, ai + δ1] → [A, B]

such that f̂1(ai) = f0(ai) = A, f̂1(ai + δ1) = f0(ai+1) = B, f̂1 is linear on

[ai, ai + δ′1], f̂1(ai) = A, f̂1(ai + δ′1) = f̂1(ai + δ1) = B and if x0 ∈ [ai, ai + δ′1],
y0 ∈ [A, B], |y0 − A| ≥ δ1, |y0 − B| ≥ δ1, then for any continuous function

f : [ai, ai+δ1] → [A, B] satisfying f(x) = f̂1(x) when x ∈ {ai}∪[ai+δ′1, ai+δ1]
we have with δ′0 = δ1

distH(F (f, (x0; y0),
δ′0
2

), V (1)) < ε0. (30)

Assume that 2 ≤ j ≤ n and the piecewise linear function f̂j−1 is defined

on [ai, ai + δ1], 0 < δ′j−1 < δ′j−2 < ... < δ′1 < δ′0 = δ1, f̂j−1(ai + δ′j′) = B, j′ =

0, ..., j−1, f̂j−1(x) ∈ [A, B], for all x ∈ [ai, ai+δ1], f̂j−1 is linear on [ai, ai+δ′j−1]
and if x0 ∈ [ai, ai + δ′j′−1], y0 ∈ [A, B], |y0 −A| ≥ δ1 ≥ δ′j′−1, |y0 − B| ≥ δ1 ≥
δ′j′−1 then for any continuous function f : [ai, ai + δ1] → [A, B] satisfying

f(x) = f̂j−1(x) when x ∈ {ai} ∪ [ai + δ′j−1, ai + δ1] we have

distH(F (f, (x0; y0),
δ′j′−1

2
), V (j′)) < ε0

for j′ = 1, ..., j − 1.
Next apply Lemma 24 with V = V (j), A = f0(ai), B = f0(ai+1) on the

interval [ai, ai + δ′j−1] to find δ′j > 0 and the piecewise linear function f̂j :

[ai, ai+δ′j−1] → [A, B] such that f̂j(ai) = A, f̂j(ai+δ′j) = f̂j(ai+δ′j−1) = B and
if x0 ∈ [ai, ai + δ′j], y0 ∈ [A, B], |y0−A| ≥ δ1 ≥ δ′j−1, |y0−B| ≥ δ1 ≥ δ′j−1 then
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for any continuous function f : [ai, ai+δ′j−1] → [A, B] satisfying f(x) = f̂j(x)
when x ∈ {ai} ∪ [ai + δ′j , ai + δ′j−1] we have

distH(F (f, (x0; y0),
δ′j−1

2
), V (j)) < ε0.

Extend the definition of f̂j onto [ai + δ′j−1, ai + δ1] so that f̂j = f̂j−1. We

have f̂j(ai + δ′j′) = B for j′ = 0, ..., j, f̂j(x) ∈ [A, B] for all x ∈ [ai, ai + δ1], f̂j

is linear on [ai, ai + δ′j ] and if x0 ∈ [ai, ai + δ′j ], y0 ∈ [A, B], |y0−A| ≥ δ1 ≥ δ′j′ ,
|y0 −B| ≥ δ1 ≥ δ′j′ then for any continuous function f : [ai, ai + δ1] → [A, B]

satisfying f(x) = f̂j(x) when x ∈ {ai} ∪ [ai + δ′j , ai + δ1] we have

distH(F (f, (x0; y0),
δ′j′−1

2
), V (j′)) < ε0

for j′ = 1, ..., j.
We repeat the above steps for all j ≤ n.
Next we define f̂n on [0, 1]. We define it as above on all intervals [ai, ai +

δ1], (i = 0, ..., t− 1) and by a “mirror” procedure, using −V (j), (j = 1, ..., n)

on [ai − δ1, ai], (i = 1, ..., t). Finally, we extend f̂n to intervals of the form
[ai−1 + δ1, ai − δ1], (i = 1, ..., t) so that it is linear on these intervals. This

implies that if x ∈ [ai−1, ai] then f̂n(x) ∈ [f̂n(ai−1), f̂n(ai)] = [f0(ai−1), f0(ai)],

that is (x; f̂n(x)) ∈ Ri. Hence, by (27), f̂n ∈ B(f0, ε0). We put f̂0 = f̂n. For
x ∈ [ai−1, ai] we have

|f̂0(x) − f0(x)| =|f̂n(x) − f0(x)| ≤ |f0(ai) − f0(ai−1)| ≤ (31)

Γ0|ai − ai−1| < Γ0da.

Analogously to Remark 25 we can adjust our function so that f̂0 is not
constant on any subinterval of [0, 1], we still have (31), and can choose

η̂0 > 0, satisfying η̂0 <
min{δ1, γ0Dextr, γ0ε0}

16
(32)

such that for all i = 1, ..., t if f ∈ B(f̂0, η̂0) then from α ∈ [f̂0(ai−1), f̂0(ai)], |α−
f̂0(ai−1)| ≥ δ1, |α− f̂0(ai)| ≥ δ1 it follows that if x0,` denotes the left endpoint
of πx(Lα,f ) ∩ [ai−1, ai] then for all j = 1, ..., n there exists 0 < δx0,j < ε0 such
that

distH(F (f |[ai−1,ai], x0,`, δx0,j), V (j)) < ε0.
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Similarly if x0,r denotes the right endpoint of πx(Lα,f )∩ [ai−1, ai] then for all
j = 1, ..., n there exists 0 < δx0,j < ε0 such that

distH(F (f |[ai−1,ai], x0,r, δx0,j),−V (j)) < ε0.

By (31) for all x ∈ [0, 1]

|f(x) − f0(x)| < Γ0da + η̂0. (33)

Now assume that α 6∈ E0, Pα,f 6= ∅, and (c, d), c < d is an interval con-
tigous to πx(Lα,f) with d− c > ε0. Without limiting generality we work with
the endpoint d, a similar “mirror” argument works for c as well.

Assume d ∈ (0, 1). There exists an i such that d ∈ [ai−1, ai], d 6= ai−1.
First we show that ai−1 6∈ Ef0. Indeed, proceeding towards a contradiction,
without limiting generality, assume that (ai−1; f0(ai−1)) is a local maximum
of f0. Then f0 is increasing and linear on [ai−1−Dextr, ai−1] with slope greater
or equal than γ0 and on [ai−1, ai−1 + Dextr], f0 is decreasing and linear with
slope greater than −Γ0. This, (25), (26) and (33) imply that

|f(d) − f0(ai−1)| < |f0(d) − f0(ai−1)| + Γ0da + η̂0 ≤ (34)

Γ0|ai − ai−1| + Γ0da + η̂0 < 2Γ0da + η̂0 < γ0
min{Dextr, ε0}

4
+ η̂0.

From α = f(d) 6∈ E0, it follows that |f(d)− f0(ai−1)| > 4δ1. Hence, using

f0(ai−1) = f̂0(ai−1), |f̂0(ai−1) − f(ai−1)| < η̂0 we have

f(ai−1) − f(d) > 4δ1 − η̂0 > 3δ1 > 0.

Set c′ = ai−1 − min{Dextr,ε0}
2

. Then d − c > ε0 and (26) imply c ≤ c′ < d and
f0 is increasing and linear on [c′, ai−1] with slope greater than or equal to γ0.
Using this, (25), (32), (33) and (34) we infer

f(c′) < f0(c
′) + Γ0da + η̂0 ≤ f0(ai−1) − γ0

min{Dextr, ε0}
2

+ Γ0da + η̂0 <

f(d) + 2η̂0 −
1

8
γ0 min{Dextr, ε0} < f(d) = α.

This would imply f(c′) < α = f(d) < f(ai−1) and hence the segment con-
necting (c; α) and (d; α), would intersect the graph of f somewhere on the
segment [c′, ai−1] × α, contradicting our assumption that (c, d) is contiguous
to πx(Lα,f ). Hence we can assume that ai−1 6∈ Ef0 .
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From f(d) = α 6∈ E0 it follows that |α − f̂0(ai−1)| = |α − f0(ai−1)| ≥ 4δ1

and |α − f̂0(ai)| = |α − f0(ai)| ≥ 4δ1. We also have |f̂0(d) − α| < η̂0 <

δ1, f̂0(d) ∈ [f̂0(ai−1), f̂0(ai)], which implies α ∈ [f̂0(ai−1), f̂0(ai)]. Therefore,
d = x0,`, equals the left endpoint of πx(Lα,f ) ∩ [ai−1, ai] and hence for all
j = 1, ..., n there exists δj,d < ε0 such that

distH(F (f |[ai−1,ai], d, δj,d), V (j)) < ε0.

By (25), (26), (29) and δj,d ≤ δ1 we have d − δj,d ∈ [ai−2, ai] and we need
to see that Qd = Q((d; f(d)), δj,d) = Q((d; α), δj,d) does not contain points of
the form (x; f(x)) with x ∈ [ai−2, ai−1].

Since ai−1 6∈ Ef0, f0 is linear on [ai−2, ai]. Thus Ri−1 and Ri intersect
each other only in their vertex at (ai−1; f0(ai−1)). From this, δj,d ≤ δ1 and

|α − f̂0(ai−1)| ≥ 4δ1, it is not difficult to see that (x; f(x)) 6∈ Qd when
x ∈ [ai−2, ai−1]. Hence

distH(F (f, d, δj,d), V (j)) < ε0

for j = 1, ..., n.
Now if α ∈ E0 and Pα,f 6= ∅ then there is at most one i′ such that

α ∈ [f0(ai′) − 2δ1, f0(ai′) + 2δ1]. If (c, d) is an interval continguous to Eα,f

and the endpoint d (or c) does not belong to [ai′, ai′+1], (or to [ai′−1, ai′],
respectively) then we can argue as before. Since d − c > ε0 there can be at
most two intervals with endpoints in [ai′−1, ai′+1] and the distance of these
endpoints is less than 2ε0.

Next we turn to the proof of Theorem 21.

Proof. Choose a dense set fm in C[0, 1] consisting of piecewise linear func-
tions such that the extrema of these functions are at different height. Set
εm,n = 2−(m+n) and using Lemma 26 choose functions f̂m,n ∈ B(fm, 2−(m+n)),
and η̂m,n < 2−(m+n) with exceptional sets Em,n consisting of finitely many
intervals Jβ,m,n such that

∑
β φ(λ(Jβ,m,n)) < 2−(m+n). Moreover, if f ∈

B(f̂m,n, η̂m,n), α 6∈ Em,n, Pα,f 6= ∅ and (c, d), c < d is an interval contiguous
to πx(Lα,f) with d − c > 2−(m+n) from d ∈ (0, 1) it follows that for any
j = 1, ..., n there exists δj,m,n,d ∈ (0, 2−(m+n)) such that

distH(F (f, d, δj,m,n,d), V (j)) < 2−(m+n) (35)
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and from c ∈ (0, 1) it follows that there exists δj,m,n,c ∈ (0, 2−(m+n)) such that

distH(F (f, c, δj,m,n,c),−V (j)) < 2−(m+n). (36)

If α ∈ Em,n, Pα,f 6= ∅ then we have the above property with the possible
exception of at most two intervals (c1,m,n, d1,m,n), (c2,m,n, d2,m,n) defined as in
Lemma 26. In case we have these two exceptional intervals c1,m,n < d1,m,n <
c2,m,n < d2,m,n then c2,m,n − d1,m,n < 2 · 2−(m+n) and the two other endpoints
c1,m,n and d2,m,n are not exceptional.

Put Gn =
⋃

m

B(f̂m,n, η̂m,n) and G =
⋂

n

Gn.

Assume f ∈ G and choose mn such that f ∈ B(f̂mn,n, η̂mn,n).

Set Ef =

∞⋂

N=1

⋃

n≥N

Emn,n. Obeserve that Emn,n consists of finitely many

intervals Jβ,mn,n with
∑

β φ(λ(Jβ,mn,n)) < 2−(mn+n). Therefore, Hφ(Ef ) = 0.
If α 6∈ Ef , Pα,f 6= ∅ and (c, d) is an interval contiguous to πx(Lα,f ) then we
can apply (35) and (36) for infinitely many n and hence for any n′ we have
V (n′) ∈ fMT (d) when d ∈ (0, 1) and −V (n′) ∈ fMT (c) when c ∈ (0, 1). This
implies half universality at c and d.

Assume α ∈ Ef , Pα,f 6= ∅ and e0 is an endpoint of an interval (c0, d0)
contiguous to πx(Lα,f ) and we cannot apply (35), or (36) at e0 infinitely often.
For each n there can be at most one other interval (c′0,n, d

′
0,n) contiguous to

πx(Lα,f ) such that we cannot apply (35), or (36) at one endpoint, say e′0,n of

this interval and |e′0,n−e0| < 2 ·2−(mn+n). Since 2−(mn+n) → 0 as n → ∞ this
e′0,n cannot be the same endpoint for infinitely many n’s. Thus if e′0 6= e0 is
an endpoint of an interval contigous to πx(Lα,f ) then we can apply (35) or
(36) infinitely often at e′0 showing that we have half-universality at e′0.
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