LOWER MATCHING CONJECTURE, AND A NEW PROOF OF
SCHRIJVER’S AND GURVITS’S THEOREMS

PETER CSIKVARI

ABSTRACT. Friedland’s Lower Matching Conjecture asserts that if G is a d-regular
bipartite graph on v(G) = 2n vertices, and my(G) denotes the number of matchings

of size k, then
2 n(d—p)
n d—7p
> i dp)"™?
mi(G) = (k) < 7 > (dp)"™?,

where p = % When p = 1, this conjecture reduces to a theorem of Schrijver which
says that a d-regular bipartite graph on v(G) = 2n vertices has at least

)

perfect matchings. L. Gurvits proved an asymptotic version of the Lower Matching
Conjecture, namely he proved that

Inmi(G) _ 1 d D

2 > (i (S )+ (@=p)m (1-2) =201 - p)In(1 - 1).

OB A +(d—p)ln ¥ (1=p)In(1 = p) | + 0u(c)(1)

In this paper, we prove the Lower Matching Conjecture. In fact, we will prove
a slightly stronger statement which gives an extra c,+/n factor compared to the
conjecture if p is separated away from 0 and 1, and is tight up to a constant factor
if p is separated away from 1. We will also give a new proof of Gurvits’s and
Schrijver’s theorems, and we extend these theorems to (a,b)-biregular bipartite
graphs.

1. INTRODUCTION

Throughout this paper we use standard terminology, but the second paragraph of
Section 2 might help the Reader in case of a concept undefined in the Introduction.

One of the best known theorem concerning the number of perfect matchings of a
d-regular graph is due to A. Schrijver and M. Voorhoeve.

Theorem 1.1 (A. Schrijver [25] for general d, M. Voorhoeve [27] for d = 3). Let
G be a d-regular bipartite graph on 2n vertices and let pm(G) denote the number of
perfect matchings of G. Then

i) > (0

There are two different proofs of Theorem 1.1. The original one is due to A.
Schrijver [25], and another proof using stable polynomials is due to L. Gurvits [13],
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9 P. CSIKVARI

for a beautiful account to this proof see [18|. In this paper we will give a third proof
of this theorem which is essentially different from the previous ones.

In [9], S. Friedland, E. Krop and K. Markstrém, conjectured a possible general-
ization of this theorem which extends Schrijver’s theorem to any size of matchings.
This conjecture became known as Friedland’s Lower Matching Conjecture:

Conjecture 1.2 (Friedland’s Lower Matching Conjecture [9]). Let G be a d-regular
bipartite graph on v(G) = 2n vertices, and let m(G) denote the number of matchings

of size k, then
2 n(d—p)
n d—p
> I np

They also proposed an asymptotic version of this conjecture which was later proved
by L. Gurvits in [14].

k

n-

where p =

Theorem 1.3 (L. Gurvits [14]). Let G be a d-regular bipartite graph on v(G) = 2n
vertices, and let my(G) denote the number of matchings of size k, then

e o () 4 () 2 )
where p = £.

When p = 1 this result almost reduces to Schrijver’s theorem, but Gurvits used this
special case to establish the general case. More precisely, Gurvits used the following
result of Schrijver: let A = (ay;) be a doubly stochastic matrix, and A = (a;), where
a;; = a;j(1 — a;j), then the permanent of A satisfies the inequality

Per(A) > H(1 — ag).

Note that Gurvits [14] proved an effective version of Theorem 1.3, but for our purposes
any 0,(c)(1) term would suffice, as we will "vanish" it. More details on Gurvits’s
results can be found at Remark 3.3.

It is worth introducing some notation for the function appearing in Theorem 1.3,
and with some foresight we introduce another function with parameters a,b which
will be important for us when we study (a, b)-biregular graphs.

Definition 1.4. Let 0 < ¢ <1 and
H(q) = —(qIn(q) + (1 — ¢q) In(1 — q))

with the usual convention that H(0) = H(1) = 0. Furthermore, for a positive integer
dand 0 <p <1 let

Galp) = % (pln (g) #d-pm (1-2) =201~ (1 —p)) ,

and for positive integers a and b, let

a a+b b a+b 1 ab a+b
u — H H —pln(adb) — H ,
Coalp) = 275 (2a p>+a+b (26 p>+2pn(a) atb <2abp)
2a 2b

where 0 < p < min( 2%, 2%
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Note that one can rewrite G, ;(p) as follows:

1 2ab 2ab a+b
Gaslp) = 2 (p.ln((a—l—b)p) + (a—I—b —p) I (1_ 2ab p) B

o 2a ml1_® +bo\ (20 ml1_® +0b
ety P)H 2a ! atrb P)H % V)]
From this form it is clear that for a = b = d, we have G,4(p) = G, (p). Later it will

turn out that G4(p) is the so-called entropy function of the infinite d-regular tree Ty,
and G, (p) is the entropy function of the infinite (a, b)-biregular tree T,.

To show the connection between Conjecture 1.2 and Theorem 1.3, let us introduce
one more parameter. Let p = £ and let p, be the probability that a random variable

n?

with distribution Binomial(n, p) takes its mean value p = k. In other words,

Pu = (Z)p’“(l —p)"*.

With this new notation the function appearing in Conjecture 1.2 is

(Z> | (%)n(d_p) (dp)"™ = P exp(2nGa(p)).

Hence Conjecture 1.2 claims that
m(G) > pi exp(2nGy(p)).
It turns out that a slightly stronger statement is true.

Theorem 1.5. Let G be a d-reqular bipartite graph on v(G) = 2n wvertices, and let
m(G) denote the number of matchings of size k. Furthermore, let p = %, and p,, be
the probability that a random variable with distribution Binomial(n,p) takes its mean
value = k. Then

mi(G) > py exp(2nCalp).

In particular, Conjecture 1.2 holds true. Furthermore, for every 0 < k < n there
exists a d—reqular bipartite graph G on 2n vertices such that

1—p/d
1

my(G) < - puexp(2nGy(p)).

Note that p, ~ \/ﬁ, this means that if p is separated away from 0 and 1,

then we can obtain an extra c,\/n factor compared to Conjecture 1.2. Also note that
Pu = n+r1 > % always holds true. This inequality might be easier to handle in some
cases.

We will practically show that Theorem 1.3 implies Conjecture 1.2. The idea of the
proof of Theorem 1.5 is to convert Gurvits’s theorem to a statement on analytical
functions arising from statistical mechanics. Then tools from analysis and probability
theory together with a simple observation will enable us to replace the term oy (1) in
Gurvits’s theorem with an effective one which is slightly better than the corresponding
term in the original Gurvits’s theorem (see Remark 3.3).

We offer one more theorem for d-regular bipartite graphs.
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Theorem 1.6. Let G be a d-regular bipartite graph on v(G) = 2n vertices, and let
my(G) denote the number of matchings of size k. Let 0 < p < 1, then

S (20 ) o= (-2)"

When p = 1, Theorem 1.6 immediately gives back Theorem 1.1. Indeed, whenp = 1
only the term m,(G) (3 (1 — é))n does not vanish on the left hand side, because of

)2=k) "and we get that

i (- ) (-3

which is equivalent with
d—1)71\"
> (57’

the term (1 —p

Jd—=2

As we mentioned Theorem 1.3 implies Theorem 1.5, but the main goal of this paper
is to give a new proof of Gurvits’s and Schrijver’s theorems with a novel method.
This method will be used to prove Theorem 1.6 too. This new proof shows that
the extremal graph is in some sense the d-regular infinite tree. Indeed, we will
show that the function on the right hand side of Theorem 1.3 is nothing else than
the so-called entropy function of the d-regular infinite tree; the entropy functions
of finite and infinite graphs will be introduced in Section 2. It means that for a
deeper understanding of these theorems, one needs to step out from the universe of
finite graphs. We will do it by the recently developed theory of Benjamini—Schramm
convergence of bounded degree graphs. This new technique also enables us to extend
these theorems to (a, b)-biregular bipartite graphs.

Theorem 1.7. Let G = (A, B, E) be an (a,b)-bireqular bipartite graph on v(Q)
vertices such that every vertex in A has degree a, and every vertex in B has degree b.
Assume that a > b, i. e., |A| < |B|. Let my(G) denote the number of matchings of

size k, and p = % Furthermore, let ¢ = %’p, and let p, be the probability that a

random variable with distribution Binomial(|Al, q) takes its mean value p = k. Then

mi(G) > puexp(v(G) - Gap(p)).

Note that if £ = |A|, then p, = 1, and p, > > ﬁ holds true for any p.

M

One can view Theorem 1.7 and the other results as extremal graph theoretic prob-
lems where one seeks for the extremal value of a certain graph parameter p(G) in a
given family G of graphs. In extremal graph theory it is a classical idea to try to find
some graph transformation ¢ such that p(G) < p(¢(G)) (or p(G) > p(p(G))), and
©(G) € G for every G € G. Then we apply this transformation as long as we can, and
when we stop then we know that the extremal graph must be in a special subfamily of
G, where the optimization problem can be solved easily. See for instance the proof of
Turan’s theorem using Zykov’s symmetrization [28]. In our case, the transformation
¢ will be simply any 2-lift of the graph (see Definition 4.1). The new ingredient in
our proof is that the sequence of graphs obtained by applying repeatedly the 2-lifts
will not stabilize, but instead converge to the infinite biregular tree. In fact, most of
our work is related to the graph convergence part, and not the graph transformation
part.
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This paper is organized as follows. In the next section we introduce all the
necessary tools including the density function p(G,t), the entropy function Ag(p),
the Benjamini-Schramm convergence, and the computation of the entropy function
of the infinite biregular tree. In this section we also give various results on the number
of matchings of random (bi)regular graphs which shows the tightness of our results.
In particular, we prove the second half of Theorem 1.5 here. In Section 3 we show
that Gurvits’s theorem is equivalent with certain (effective) statement on the entropy
function. In Section 4 we give the new proof of Schrijver’s and Gurvits’s theorem
together with the main part of the proof of Theorem 1.7. In Section 5 we deduce
Theorem 1.5 from the new version of Gurvits’s theorem, we prove Theorem 1.6, and
we also finish the proof of Theorem 1.7.

Some advice how to read this paper. This paper is occasionally a bit tech-
nical, especially Section 2. In order to make it easier to read this paper we roughly
summarize this paper and give a road map for the first reading. Assuming that the
Reader is mainly interested in the proof of Theorem 1.5 we first give an idea how the
proof works.

Assume that p(G) is some graph parameter related to matchings and it is normal-
ized in such a way that we can compare graphs on different sizes, in particular it
makes sense to compare two d-regular graphs. For instance

(G) = IHS(mG()G>

is such a graph parameter. We will prove that for a bipartite d-regular graph we
have

p(G) = p(Ta),

where p(T,) apriori does not make sense, but can be defined as a limit lim; ., p(H;),
where H; is a sequence of graphs "converging locally" to T4. The plan is the following:
we define a sequence of graphs G; such that G = G and

p(G) = p(Go) = p(G1) = p(G2) = p(Gs) > ...
and
lim p(G;) = p(Ty).

1—>00
This clearly gives that
p(G) = p(Ta).
A technical difficulty arises from the fact it is not really convenient to work with
the parameter

9(G) = —lnzzg;()G)~

Instead we use the entropy function A\g(p) which is strongly related to the parameter
q(G), but is more amenable to any analysis. So Ag(p) will play the role of p(G). Of
course, we need some tools to transfer our knowledge from Ag(p) to ¢(G), but it is
again just a technical problem.

So by keeping in mind our very simple plan and our techincal difficulty we suggest
the following road map for the first reading: (1) first read the alternative definition
of A¢(p), Remark 2.2, this is a definition which is easy to understand, then take
a quick look at its properties, Proposition 2.1 without reading its proof, (2) read
the definition of Benjamini-Schramm convergence, Definition 2.5 and Example 2.7,



6 P. CSIKVARI

(3) jump to Section 4, read it only till the proof of Theorem 1.1 and 1.3 (4) finally
read Section 5. We believe that only reading this core of the paper will give a good
impression of the content of this paper and the novel method applied in this paper.

Let us mention that if the Reader is familiar with Gurvits’s result, Theorem 1.3
and only wants to know how one can derive Theorem 1.5 from it then after step (1)
in the above plan one can jump immediately to Section 3 and then Section 5.

2. PRELIMINARIES AND BASIC NOTIONS

This section is mostly reproduced from the paper [2]. We could have simply cited
this paper, but for the sake of the convenience of the Reader, we also included the
proofs.

Throughout the paper, G denotes a finite graph with vertex set V(G) and edge
set E(G). The number of vertices is denoted by v(G). The degree of a vertex is
the number of its neighbors. A graph is called d—regular if every vertex has degree

exactly d. A cycle C is a sequence of vertices vy, v, ..., vy such that v; # v; if i # j
and (v;,vi41) € E(G) for i = 1,...,k, where vy 1 = v;. The length of the cycle is
k in this case. A k—matching is a set of edges {ej,...,e;} such that for any i and
J, the vertex set of e; and e; are disjoint, in other words, e, ..., e, cover 2k vertices

together. A perfect matching is a matching which covers every vertices. A graph
is called bipartite if the vertices can be colored with two colors such that all edges
connect two vertices of different colors. The standard notation for bipartite graph is
G = (A, B, E), where A and B denote the vertex sets corresponding to the two color
classes.

Let G = (V, E) be a finite graph on v(G) vertices, and my(G) denotes the number
of k-matchings (mo(G) = 1). Let ¢ be a non-negative real number; in statistical
mechanics it is called the activity. Let

lv(G)/2]
M(G,t) = mi(G)t*,
k=0

and
[v(G)/2]

wG,x) = (= 1) ma(G)z 72,
k=0

We call M (G, t) the matching generating function' | (G, ) the matching polynomial
[16, 10, 11]. Clearly, they encode the same information. Let

2t- LM(G,t)

p(G, t) =

o(G) - MG A)"
and
F(G,1) = % - %p(G, £)In(t).

We will call p(G, t) the density function. Note that there is a natural interpretation of
p(G,t). Assume that we choose a random matching M with probability proportional
to t!Ml. Then the expected number of vertices covered by a random matching is

p(G,t) - v(Q).

In statistical mechanics, it is called the partition function of the monomer-dimer model.
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Let 2w(G)
. v

p(G) = (G
where v(G) denotes the number of edges in the largest matching. If G contains a
perfect matching, then clearly p* = 1. The function p = p(G, t) is a strictly monotone
increasing function which maps [0,00) to [0,p*), where p* = p*(G). Therefore, its
inverse function ¢ = t(G,p) maps [0,p*) to [0,00). (If G is clear from the context,
then we simply write ¢(p) instead of ¢(G,p).) Let

Ac(p) = F(G,t(p))

if p < p*, and Ag(p) = 0 if p > p*. Note that we have not defined Ag(p*) yet. We
define it as a limit:

Ac(p") = lim Aa(p).

We will show that this limit exists, see part (c) of Proposition 2.1. We will call Ag(p)
the entropy function of the graph G.

The intuitive meaning of A(p) is the following. Assume that we want to count
the number of matchings covering p fraction of the vertices. Let us assume that it

makes sense: p = %, and so we wish to count my(G). Then
Inmg(G)
A N —.
a(p) o(G)

The more precise formulation of this statement will be given in Proposition 2.1.

Proposition 2.1. [2] Let G be a finite graph.
(a) Let rG be the union of r disjoint copies of G. Then

Aa(p) = Mra(p)-

(b) If p < p*, then
d 1
< — —ZInt(p).
dpAG(p) 5 nt(p)
(c) The limit

Aa(p®) = lim Ag(p)

p/'p*
exists.
(d) Let k < v(G) and p = v?g). Then
Inmg(G)|  Inv(G)
Ve |2 @
(e) Let k = v(QG), then for p* = % we have
In mk(G)
Ao(p¥) = ———=.
G(p ) U(G)
In particular, if G contains a perfect matching then,
Inpm(G)
1)=——"
=)

(f) If for some function f(p) we have
Aa(p) > f(p) + o0u)(1)
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for all graphs G, then
Aa(p) > f(p).
(g) If for some graphs G1 and Gy we have
In M(Gy,t) S In M (G, t)
v(G) T u(Ge)

for every t > 0, then

)‘G1 (p) > )\GQ(p)
for every 0 < p < 1.

Remark 2.2. Part (a) and (d) of Proposition 2.1 together suggest an alternative
definition for the entropy function A\g(p) for p < p*: let (k,) be a sequence of integers
such that ok

i =
rggo m)(G) p

then | )
. nmyg (r

A — lim ——fr )
a(p) = lim (G

In general when we have an infinite graph L, say Z<, then it is a natural idea to
consider a graph sequence G; converging to L and and to take a sequence (k;) such
that

then to consider

e (G
In this sense, this alternative definition is nothing else than to consider the "G-
lattice", infinitely many disjoint copies of G and approximate it with G; = iG, the
union of ¢ copies of G.

This alternative definition is much more natural, especially from a statistical phys-
ical point of view. On the other hand, this definition is hard to work with.

We will need some preparation to prove Proposition 2.1. Among many others we
will need the following fundamental theorem about the matching polynomial.

Theorem 2.3 (Heilmann and Lieb [16]). The zeros of the matching polynomial
w(G,x) are real, and if the largest degree D is greater than 1, then all zeros lie
in the interval [—2v/D — 1,2/D — 1].

We will also use the following theorem of Darroch.

Lemma 2.4 (Darroch’s rule [6]). Let P(z) = >_,_,axz® be a polynomial with only
positive coefficients and real zeros. If

1 P'(1) 1
k — < <k+4+-——
n—k+2 P TRy
then k is the unique number for which ap = max(ay,as,...,a,). If, on the other
hand,
1 P'(1) 1
k k+1— ——
Tree P ST T TETn

then either ay or axyq is the maximal element of ai,as, ..., ay,.
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Proof of Proposition 2.1. (a) Let rG be the disjoint union of r copies of G. Note that
M(rG,t) = M(G,t)"
implying that p(rG.t) = p(G,t) and A.(p) = Ac(p).

(b) Since
_ MG, 1) Jy(g’t) - %p -In(2)

we have

da(p) :< L .aM(GJ)ﬁi(ln(t)w-l-ﬁ)) =3 ln(o),

since

by definition.

(¢) From %Ag(p) = —:1Int(p) we see that for p > p(G, 1), the function Az (p) is
monotone decreasing. (We can also see that Ag(p) is a concave-down function.)

Hence

Lim A\ = inf A\ .
jim Aa(p) = inf | Aa(p)

(d) First, let us assume that k& < v(G). In case of k = v(G), we will slightly modify
our argument. Let ¢t = ¢(G, p) be the value for which p = p(G,t). The polynomial

P(G,z) = M(G,tz) = zn:mj(G)tjxj

considered as a polynomial in variable z, has only real zeros by Theorem 2.3. Note
that
_pu(G) _ PG 1)
2 PG
Darroch’s rule says that in this case my(G)t* is the unique maximal element of the
coefficient sequence of P(G,z). In particular

M(G,t)

ER < my(G)tF < M(G,t).

k

Hence

Inv(G) _ Inmg(G)
— <

Aalb) = = = )

Hence in case of k < v(G), we are done.

If & = v(G), then let p be arbitrary such that

1 pu(G)
k——-<——=<k.
2 2
Again we can argue by Darroch’s rule as before that
~ Inv(G) - Inmy(G)

v(G) —  v(G)

< Aa(p).

Aa(p)

< Aa(p).
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2v(G)

(G and

Since this is true for all p sufficiently close to p* =

Ac(p") = lim Aa(p),

we have

Aa(p) —

Inmi(G)| _ Inv(G)
o(G) ‘ (e

in this case too.

(e) By part (a) we have A\.¢(p) = Ag(p). Note also that if & = v(G), then m.(rG) =
my(G)". Applying the bound from part (d) to the graph rG, we obtain that

o Inmg(G) Inv(rG)
ratr) - e < A
Since
Inov(rG) 0

v(rQG)
as r — 0o, we get that

. Inmy(G

/\G(p ) = U(g) )

(f) This is again a trivial consequence of A\,.¢(p) = Ag(p).

(g) From the assumption it follows that for the relative sizes of the largest matchings,

we have 523 > UEgQ), and if Z Gl) = (22) then

hlmz/(Gl)( ) > lnmu(Gg)(G2)

v(Gh) N v(Go)
So the statement is trivial if p > 2”((6?2) So we can assume that 0 < p < 2"(((;2)) Let

us consider the minimum of the function Ag, (p) — Ag,(p) on the interval [0, 2U”((GG22))}.

This minimum is either attained at some endpoints or inside the interval at a point
where the derivative is 0. Note that Ag, (0) = Ag, (0) = 0. According to the part (b),
the derivative of Ag, (p) — A, (p) is

1 1
—5 lnt(Gl,p) + 5 hlt(GQ,p)
If it is 0 at py then t(G1,po) = t(Ga, po), but then with the notation t = t(G1, py) =
t(Ga, po) we have
In M(Gl,t) 1 In M(GQ,t) 1
A =———""2 — —poln(t) > ————= — —poIn(t) = A :
Gl(po) ’U(Gl) 2p0 H( ) = U(Gg) 2p0 n( ) G2<p0>
So at every possible minimum of Ag, (p) — A, (p), the function is non-negative. So it
is non-negative everywhere. ([l
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2.1. Benjamini—Schramm convergence and the entropy function. In this part
we extend the definition of the function Ag(p) for infinite lattices L, more precisely
to certain random rooted graphs.

Definition 2.5. Let L be a probability distribution on (infinite) rooted graphs; we
will call L a random rooted graph. For a finite rooted graph o and a positive integer
r, let P(L,a, 1) be the probability that the r-ball centered at a random root vertex
chosen from the distribution L is isomorphic to a.

For a finite graph G, a finite rooted graph « and a positive integer r, let P(G, «, r) be
the probability that the r-ball centered at a uniform random vertex of G is isomorphic
to «a.

We say that a sequence (G;) of bounded degree graphs is Benjamini—Schramm
convergent if for all finite rooted graphs a and r > 0, the probabilities P(G;, o, 1)
converge. Furthermore, we say that (G;) Benjamini-Schramm converges to L, if for
all positive integers r and finite rooted graphs a, P(G;, a, 1) — P(L, o, 7).

Note that Benjamini—Schramm convergence is also called local convergence. This
refers to the fact that the finite graphs G; look locally more and more like the infinite
graph L.

Example 2.6. Let us consider a sequence of boxes in Z¢ where all sides converge to
infinity. This will be a Benjamini—Schramm convergent graph sequence since for every
fixed r, we will pick a vertex which at least r-far from the boundary with probability
converging to 1. For all these vertices we will see the same neighborhood. This
also shows that we can impose arbitrary boundary condition, for instance periodic
boundary condition means that we consider the sequence of toroidal boxes. Boxes and
toroidal boxes will be Benjamini—-Schramm convergent even together, and converges
to a distribution which is a rooted Z? with probability 1.

Example 2.7. Recall that a k-cycle of a graph H is a sequence of vertices vy,..., v
such that v; # v; if i # j, and (v;,v;11) € E(H) for 1 <14 < k, where v4; = v;. For
a graph H, let g(H) be the length of the shortest cycle in H, this is called the girth
of the graph.

Let (G;) be a sequence of d-regular graphs such that ¢g(G;) — oo, then (G;)
Benjamini-Schramm converges to the rooted d-regular infinite tree T,;. Note that if
in a finite graph G the shortest cycle has length at least 2k+1 then the k-neighborhood
of any vertex looks like the k-neighborhood of any vertex of an infinite d-regular tree.

Let (G;) be a sequence of (a,b)-biregular graphs such that g(G;) — oo, then (G;)
Benjamini—Schramm converges to the following distribution: with probability i itis
the infinite (a, b)-biregular tree T, ; with root vertex of degree b, and with probability
a%b it is the infinite (a, b)-biregular tree T, ;, with root vertex of degree a. With slight
abuse of notation we will denote this random rooted tree with T, as well.

Remark 2.8. Not every random rooted graph can be obtained as a limit of Benjamini—
Schramm convergent finite graphs. A necessary condition is that the random rooted
graph has to be unimodular, this is a certain reversibility property of a random rooted
graph. On the other hand, it is not known that every unimodular random graph can
be obtained as a limit of Benjamini—Schramm convergent finite graphs. This is the
famous Aldous-Lyons problem. The interested Reader can consult with the book
[21].
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The following theorem was known in many cases for thermodynamic limit in statis-
tical mechanics. We also note that a modification of the algorithm ‘CountMATCH-
INGS’ in [4] yields an alternative proof of part (a) and (b) of this theorem.

Theorem 2.9. 2] Let (G;) be a Benjamini—-Schramm convergent graph sequence of
bounded degree graphs. Then the sequences of functions

(a)
p(Gi,t),
(b)
In M (G, t)
v(Gi)
converge to strictly monotone increasing continuous functions on the interval [0, 00).
Let poy be real number between 0 and 1 such that p*(G;) > po for all n. Then

(c)

t(Gza p)a
(d)
are convergent for all 0 < p < py.

Remark 2.10. We mention that H. Nguyen and K. Onak [22], and independently
G. Elek and G. Lippner [8] proved that for a Benjamini-Schramm convergent graph
sequence (G;), the following limit exits:

lim p*(G,).

n—o0

(Recall that p*(G;) = 2;’((5)))

To prove Theorem 2.9, we need some preparation. We essentially repeat the argu-
ment of the paper [1].

The following theorem deals with the behavior of the matching polynomial in
Benjamini-Schramm convergent graph sequences. The matching measure was intro-
duced in the paper [1]:

Definition 2.11. The matching measure of a finite graph is defined as
1
PR )
v(G)
Zit ,u(G,zl):O
where 0(s) is the Dirac-delta measure on s, and we take every z; into account with
its multiplicity.

In other words, the matching measure is the probability measure of uniform distri-
bution on the zeros of u(G, z).

Theorem 2.12 ([1, 2|). Let (G;) be a Benjamini—Schramm convergent bounded degree
graph sequence. Let pg, be the matching measure of the graph G;. Then the sequence
(pg,) is weakly convergent, i. e., there exists some measure py such that for every
bounded continuous function f, we have

i [ £(2)dpe(2) = [ £(:)dpu2)

1—00
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Remark 2.13. This theorem was first proved in [1]. The proof given there relied
on a general result on graph polynomials given in the paper [5]. To make this paper
as self-contained as possible we sketch here a slightly different proof outlined in a
remark of [1].

Proof. For a graph G let S(G) denote the multiset of zeros of the matching polynomial

n(G, ), and
pk(G): Z /\k
AES(G)

Then pi(G)/v(G) can be rewritten in terms of the measure pg as follows:

pr(G) _
WG —/zkdpg(z).

It is known that pi(G) counts the number of closed tree-like walks of length k in the
graph G: see chapter 6 of [10]. Without going into the details of the description of
‘tree-like walks’; we only use the fact that these are special type of walks, consequently
we can count them by knowing all k-balls centered at the vertices of the graph G.
Let TW («) denote the number of closed tree-like walks starting at the root of «, and
let AV}, denote the set of k-neighborhoods . The size of N, is bounded by a function
of k and the largest degree of the graph . Furthermore, let N (G, «) denote the
number of vertices of G for which the k-neighborhood of the vertex is isomorphic to
«. Then

pe(G) =Y Ni(G.a) - TW(a).

OcENk
Therefore
lG) S B(G,a k) - TW ().
U( ) aENk

Hence, if (G;) is Benjamini-Schramm convergent then for every fixed k, the sequence

pk(Gi) .
m = /Zk dpc,(z)

is convergent. Clearly, this implies that for every polynomial ¢(z), the sequence

[ at:)dna,(2)

is convergent.

Assume that D is a general upper bound for all degrees of all graphs G;. Then
all zeros of u(Gy, ) lie in the interval [—2v/D — 1,24/D — 1]. Since every continuous
function can be uniformly approximated by a polynomial on a bounded interval, we
obtain that the sequence (pg,) is weakly convergent. O

Now we are ready to prove Theorem 2.9.

Proof of Theorem 2.9. First we prove part (a) and (b). For a graph G let S(G) denote
the set of zeros of the matching polynomial u(G, z), then

MG =[] a+x)= ] a+x3n7

AES(@) AES(G)
A>0
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Then
1
In M = —In (1 ).
nM(Gt)= Y 5 I (1+%)
AES(GQ)
By differentiating both sides with respect to t we get that
4M(G,t) _ Z I

- —.
M(G,t) N 21+ M\t

Hence

- EM(G) 1 Nt t2?
p(G,t) = v(G) - M(G,t)  v(G) Ae;(}) 14+ 22t / 1+t22 dpe(2).
Similarly,
mM(G,t) 1 1 o [ 1 2
WG a0 2 (N = [ G (1+6) oot

AeS(G)

Since (G;) is Benjamini-Schramm convergent bounded degree graph sequence, the
sequence (pg,) weakly converges to some py by Theorem 2.12. Since both functions

tz?
1+ t22
are continuous, we immediately obtain that

2
lim p(G,t) :/LdpL(z),

n—00 1+ tz2

1
and 3 In (1 + tzz)

and
1
B 0(G))
Note that both functions

In M(Gyt) /%m (1 +t22) dpr(2).

tz?
1+ t22

are strictly monotone increasing continuous functions in the variable t. Thus their
integrals are also strictly monotone increasing continuous functions.

1
and 3 In (1 + tzQ)

To prove part (c), let us introduce the function
tz?
Lit)= [ ——d :
oLt = [ e

We have seen that p(L,t) is a strictly monotone increasing continuous function, and
lim; , p(G;,t) = p(L,t). Since for all G;, p*(G;) > po, we have lim; ., p(G;,t) > po
for all 4. This means that lim; .., p(L,t) > po. Hence we can consider the inverse
function of p(L,t) which maps [0, po) into [0, 00), let us call it t(L,p). We show that

lim t(G;,p) = t(L,p)
71— 00

pointwise for p < pg. Assume by contradiction that this is not the case. This means
that for some pq, there exists an € and an infinite sequence n; for which

’t<L7p1) - t(Gnlaplﬂ > E.
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We distinguish two cases according to
(i) there exists an infinite sequence (n;) for which
t(Gmapl) 2 t(L7p1> + g,

or (ii) there exists an infinite sequence (n;) for which

t(Gnisp1) <UL, p1) —e.
In the first case, let t; = t(L,p1), t2 = t1 +¢ and ps = p(L, t5). Clearly, p, > p;. Note
that
t(Ghyyp1) > t(Lyp1) +e=to
and p(Gy,,t) are monotone increasing functions, thus

P(Gn,, t2) < p(Ghy, t(Gryop1)) = p1 = p2 — (P2 — p1) = p(L, t2) — (p2 — p1).
This contradicts the fact that

lim p(G,,t2) = p(L,ts).

n;—00

In the second case, let t; = t(L,p1), t2 = t1 — ¢ and py = p(L, t5). Clearly, ps < p1.
Note that

t(GTLZ’pl) S t(L7p1) — & = tQ
and p(G,,,t) are monotone increasing functions, thus

P(Gh,st2) = p(Gry, t(Gryy 1)) = p1r = P2+ (p1 — p2) = p(L, t2) + (p1 — p2)-
This again contradicts the fact that

lim p(G,,,t2) = p(L, t3).

n—oo
Hence lim; ,, t(G;,p) = t(L,p).
Finally, we show that Ag,(p) converges for all p. Let ¢t = ¢(L,p), and

. In M G“t 1
) = Jim 2D St

Note that I M (Cot,)
n i tl 1
g, (p) = —————— — —pln(ty),
Gz(p) U(G,L) 2p n( )
where t; = t(Gy,p). We have seen that lim; ,., t; = t. Hence it is enough to prove

that the functions
In M(Gl, u)

v(Gi)

are equicontinuous. Let us fix some positive ug and let

1 1
R(ug,u) = max —In (1 4 upz?) — = In (1 + uz?
(10, ) z€[~2v/D—1,2yD—1) | 2 ( 0 ) 2 ( )

Clearly, if |u — ug| < 9 for some sufficiently small §, then R(ug,u) < e, and

In M(Gy,u)  InM(Giug)| 1 , 1 ,
WGy oG = /iln (14 woz?) dpg,(z) — /5111 (1+uz?) dpg,(2)

S/ dpc,(2) < /R(Uauo)dpai(z) <e.

This completes the proof of the convergence of A\, (p). O

<

S0 (14 uez?) — S (14 uz?)
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Now it is easy to define these functions for those random rooted graphs which can
be obtained as a Benjamini-Schramm limit of finite graphs.

Definition 2.14. Let L be a random rooted graph which can be obtained as a limit
of Benjamini-Schramm limit of finite graphs (G;) of bounded degree. Assume that
p*(G;) > po for all n. Let

p(L,t) = lim p(G;,t),

F(L.t)=1 _—
(L) = m — s
for all £ > 0, and
t(L,p) = lim t(Gy,p),
n—oo

A(p) = lim A, (p)
for all p < pg. Finally, let
Ar(po) = lim Ar(p).

»/"Po

Note that the functions p(L,t), F(L,t),t(L,p) and Ar(p) are well-defined in the
sense that if the sequences (G;) and (H;) both Benjamini-Schramm converge to L
such that p*(G;), p*(H;) > po for all i, then they define the same functions on [0, c0) or
[0, po]. Indeed, we can consider the two sequences together and apply Theorem 2.9 to
obtain that the limits do not depend on the choice of the sequence. From the proof of
Theorem 2.9, we also see that p(L,t) and F'(L,t) can be expressed as integrals along
a certain measure py,.

2.2. Entropy and density function of the infinite d-regular tree T,. In this
section we give the entropy and density functions of the d-regular and (a, b)-biregular
trees.

Theorem 2.15. Let Ty be the infinite d—regular tree. Then

(a)
2%t +d—d-\/1+4(d— 1)t

P(Ta,t) = 22t + 2

) 1 1
/an(l +t2%) dpr,(2) = 3 In Sy(t),

where s
1 /d—1\"
Sy(t) = —= ,
d() 77t2 (d_ﬁt>
where
B V1i+4d-1t -1
TETT At
(c) .
pla—p
T = ——
t( dap) d2(1 _p)g

(d)
Ar,(p) = Galp) = % (pln (;—j) +(d—p)ln (1 - g) —2(1—p)In(1 —p)) -
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Theorem 2.16. Let T,; be the infinite (a,b)-bireqular tree. Then for 0 < p <

min (2%, f—fl)) we have
(a)
2abt + 226 2ab /1 1 (2q + 20 — 4)t + (a — b)%t2
p(Ta,b; t) _ a+b a+b\/ )

2abt + 2

(b)

a+b p(l — %é’p)

2ab (1 —%p) (1—%5p)

t(Ta,bap) =
(c)

a a+b b a+b 1 ab a+b
T, (P) = Gap(p) A < % p)+a+b ( 2 p)—|—2p n(ab) a-+b <2ab p)

where H(q) = —(qIn(g) + (1 — ¢) In(1 — g)).

There are two essentially different proofs for Theorem 2.15 and 2.16. We detail the
first proof, and in the next subsection we sketch a second incomplete one.

The first proof of Theorem 2.15 and 2.16 roughly follows the arguments of Section 4
of [1]. For an (infinite) tree, the spectral measure and the matching measure coincide.
This can be proved via Lemma 4.2 of [1], or an even simpler proof is that for trees,
the number of closed walks and the number of closed tree-like walks are the same, so
the moment sequences of the spectral measure and the matching measure coincide
and since they are supported on a bounded interval, they must be the same measure.
For the d-regular tree Ty, this is the Kesten-McKay measure given by the density
function

d\/4(d —1) — a?
fa(x) = (@ — 7)) NlaTavaT):

For the (a, b)-biregular infinite tree, the matching or spectral measure pr, , is given
by

la—b| . aby/—(22 —ab+ (s — 1)) (22 —ab+ (s + 1)?)
dpr,, = a+b 0o+ 7(a + b)(ab — 22)|z| X{Imf\/ﬁlg\xlﬁx/ﬁﬂ/ﬁ}d%

where s = y/(a — 1)(b—1). As a next step one might try to compute the integral of
the functions

22
1+ t22

to obtain p(T,p, t) and F(T,, t). We will slightly modify this argument to simplify it.
Our modification yields that we do not need to compute these integrals, we can work
directly with the moment sequences which are simply the number of closed walks
in the corresponding trees. More precisely, in T,; we have to weight the number of

closed walks starting and ending at a root vertex of degree a with weight a%b, and the

number of closed walks starting and ending at a root vertex of degree b with weight
a

a+

1
and 3 In (1 + tzz)

7
First of all, we need the following lemma on the number of closed walks of T, .
The current author is completely sure that it is well-known, but since we were not
able to find any reference, we give its proof.
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Lemma 2.17. Let W and W;’ be the number of closed walks of length 7 starting and
returning to a root vertex of Toyp of degree a, and of degree b, respectively. Then the
generating function

= 1
— a,j _
Ga(Z) . Z VV] z 1 — aZQFb(Z)
7=0
where
1+ (b—a)z? — /1 —(2a+2b—4)22 + (b — a)22*
Fylz) = 2(a —1)z2
Simalarly,
- 1
=) Wby
() Z i¥ T 1 bR (2)’
7=0
where

1+ (a—0)z% — /1 — (2a +2b — 4)22 + (b — a)22*
2(b—1)z2
Proof. Let us consider the rooted tree Ty ,, where the only difference compared to

T, that the root vertex has degree a — 1 and not a. Similarly, let the rooted tree
T? , be the tree where the only difference compared to T, that the root vertex has

F.(2) =

degree b — 1 and not b. Let WQ be the number of closed walks of length j starting

and returning to the root vertex Ty ,. Furthermore, let UJ be the number of closed
walks of length j starting and returnmg to the root vertex Tg, such that the walk
only visits the root at the beginning and at the end, and the Walk has length at least

2, so it is different form the empty walk. We can similarly define W? and Ug. Let

ZW 27 and, Fy(z ZWz]

7=0

R,( ZU 27 and, Ry(z f:

and

First of all,
1
B 1- Ra(z )7
since every closed walk can be decomposed uniquely to walks which visit the root
only at the beginning and at the end. Similarly,
1
1—Ry(2)

Fo(2) = 14+ Ry(2) + Ro(2)? + Ro(2)* +

Fb(Z) =

Finally,
R.(2) = (a — 1)2*Fy(2) and similarly, Ry(z) = (b— 1)22F,(z),

since every closed walk which visits the root only at the beginning and at the end
can be decomposed in the following way: we erase the first and last step (we can
choose this a — 1 different ways in T¢,), and we get a closed walk in T? . Solving
these equation we get that

1+ (b—a)z? — /1 —(2a+2b—4)z2 + (b — a)?2*
2(b—1)z2 ’

F.(2) =
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14 (a—0)22 — /11— (2a+2b—4)22 + (b—a)?2?

Fy(2) 20— 1) ;
Ra(z) = % (1 F(a—b)22—/1— (2a+20—4)2+ (b— a)224> ,
Ry(z) = % (1 +(b—a)2® —/1—(2a+2b—4)22 + (b— a)224> :

(Note that at some point, we have to solve a quadratic equation, and we can choose
only the minus sign, because of the evaluation of the generating function at the value
z=0.)

Now let us turn back to the original problem. Let U be the number of closed
walks of length j starting and returning to the root vertex T, ; of degree a such that
the walk only visits the root at the beginning and at the end, and the walk has length
at least 2, so it is different form the empty walk. We define U Jb similarly. Let

Gu(z) = Z Wizl and, G(z) = Z WP,
=0 =0

and . .
H.(z) = Z Ufz) and, Hy(z) = Z Uyl
=1 j=1
As before,
1 1
Ga(Z) = 1_—]¥a<z) and, Gb(Z) = 1_—[{})(2)
Finally,

H,(2) = az’Fy(2) and similarly, R,(z) = b2?F,(2)
since every closed walk which visits the root only at the beginning and at the end can

be decomposed in the following way: we erase the first and last step (we can choose
this a different ways in T, ), and we get a closed walk in Tf’l,b. Hence

1 1

Gal2) = 1 — az?2Fy(z) and, - Gy(2) = 1—022F,(2)

O

Proof of Theorem 2.15 and 2.16. Since Theorem 2.15 is a special case of Theorem 2.16,
we will concentrate on the proof of the latter theorem. We only need to work with
part (a), since then part (b) follows immediately and part (c) follows from part (b)
using

d 1

—A = ——Int(T.s,p).

dp Ta,b(p) 2 n ( 7b p)

These are routine computations which we left to the Reader.
To prove part (a), first let us assume that |t| < m. Note that for such a
t, all subsequent series are converging. Then

tu? = o
PTat) = [T dpn ) = [ S (100 dpr, () =
j=1

1+ tu?

=Y (-1 / W dpr, ().
j=1
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Note that b
2j _ a a b
J ot = s
Hence
T,p,—22)=1— | —G, G )
P(Tap, =) <a+bG G+ b(2)>
After some calculation we get that
2abt + 24 — 248 /1 + (20 + 2b — 4)t + (a — b)?t2
p(Ta bs t) = . .
’ 2abt + 2

for |t] < m. On the other hand, both functions appearing in the previous
equation are holomorhic in the region {¢ | |(¢)| < R(t)}, so they must be the same

everywhere in this region. 0

2.3. Random graphs. The goal of this subsection is twofold. On the one hand, we
show that Theorem 1.5 and 1.7 are quite precise, for instance if p is separated away
from 1 then Theorem 1.5 is the best possible up to a constant factor. On the other
hand, we also would like to show a connection between random (bi)regular random
graphs and the entropy function of an infinite (bi)regular tree.

An alternative way to obtain Theorem 2.15 and 2.16 is the following. We can use
Theorem 2.9 to obtain the required functions by choosing an appropriate Benjamini—
Schramm convergent graph sequence. It turns out that it is sufficient to consider
random d-regular or (a,b)-biregular bipartite graphs. Indeed, one can compute the
expected number of k-matchings of a random d-regular or (a, b)-biregular bipartite
graphs quite easily. Such a computation was carried out in [3, 9, 26, 12| for d-regular
bipartite graphs and it easily generalizes to (a, b)-biregular bipartite graphs. We also
note that a random (a,b)-biregular bipartite graph contains very small number of
short cycles. This is a classical result for random regular graphs, but it is also known
for biregular bipartite graphs [7].

First of all, let us specify which biregular random graph model we use. Let the
vertex set of the random graph be V U W, where V' = {vy,..., 04} and W =

{wy,...,wp,}. Let us consider two random partition of the set {1,...,abn}, the
first one P = {Ay,..., Asn} where each set has size b, and a second one P, =
{Bx, ..., Bp,} where each set has size a. Then for every k € {1,...,abn} connect v;

and w; if k € A; N B;. This is the configuration model. Note that this model allows
multiple edges, but it is not a problem for us. In the special case when a = b = d we
can choose V and W to be of size n. The following theorem was proved in [9].

Theorem 2.18. [9] Let G be chosen from the set of labelled d—regular bipartite graphs
on v(G) = 2n vertices according to the configuration model. Then

Em(G) = (Z)2d% (dln).

k

The corollary of this theorem is the second part of Theorem 1.5.

Corollary 2.19. Letp = % There exists a d-reqular bipartite graph G on 2n vertices

such that

1—p/d
l—-p

mi(G) < - Py exp(2nGa(p)).
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Proof. We will show that

2
o\ g 1 < 1—p/d‘ ‘
E-Q)zi(?)_ T, Puoxp2nGa(p)).

Note that

2 n n
E— <”) d2* L () d2* (”) _ (o) a2k Pp ‘
A (R (o RV R G R (R
For the first term we use Stirling’s formula. Let ©,, be defined by the following form
of Stirling’s formula:

m! = v2mm <@>meem.
e
It is known (see [24]) that
! ce,< 1.
12m+1 — — 12m
Then

1 [ k(dn —k
/27T k(n—Fk) n

1—p/d
_ \/le@n—en—k_edn"‘@d"—k - pu - exp(2nGy(p)).
—p

Thus we only need to show that
@n - @nfk - @dn + @dnfk S 0.

This is indeed true:

1 1 1 1
_ _ < — — =
On = Ont = Oan + Otns < 70 20—k +1  12dn+1 @ 12(dn—Fk)
—(12k — 1) 12k + 1
— + <0
12n(12(n — k) + 1) ' (12dn + 1)(12(dn — k) + 1)
ifd>2. O

The following lemma is a straightforward extension of the previous results to (a, b)—
biregular bipartite graphs.

Lemma 2.20. Let G be chosen from the set of labelled (a, b)-biregular bipartite graphs
on v(G) = (a + b)n vertices according to the configuration model.

(a) Then

Emy,(G) = exp(v(G)(Gap(p) + 0u(c)(1))),
where p = 2k /v(QG).
(b) 7] Let c3;(G) be the number of 2j-cycles in the graph G. Then

£0,(0) = (£ D01

(1+ oue)(1))-
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Proof. (a) Note that the number of all partitions pairs (P, P,) is
(abn)!  (abn)!

a!bn ' blan ’

N =

The number of possible k-matchings is

()6
If we fix one k-matching then we need to repartition the remaining (abn — k) elements
into sets of sizes @ and a — 1, and b and b — 1. This can be done in

(abn — k)! (abn — k)!
(a — 1)tkalbn—k * (b — 1)lkplan—k

Vi =

ways. Hence

1 an\ (bn 1
Emy(G) = UV = [ —
Then by the usual approximation of binomial coefficients we get that

Emi(G) = exp(v(G)(Gap(p) + 0u(c)(1))),
where p = 2k/v(G).
(b) We can choose the possible cycles in

- () ()
27 /N3 /) \J

different ways. (We can choose the 'edges’; and vertices in (“;j") (“]”) (b]") ways, then we

choose an ordering on the edges, and on each vertex sets, and we connect the vertices

and ’edges’ along the orderings. Finally, we divide by (2j) since we counted each

cycles in 25 ways.) Next we need to repartition the remaining (abn — 2j) elements

into sets of sizes a and a — 2, and b and b — 2. This can be done in
(abn — 2j)! (abn — 2j)!

5= (a — 2)lialtn=i (b — 2)liplan—

ways. Hence

Ecy;(G) = %Tij = (G 1)221) —UP (1 + 0y((1)).

0

Part (b) of Lemma 2.20 shows that the expected number of cycles of length 2j
is bounded independently of the size of the graph. Note that the (a,b)-biregular
graph sequence (G;) Benjamini-Schramm converges to T, if for all fixed j we have
c2j(G;) = o(v(G;)). Note that by Markov’s inequality:

1
< —
=3,
for y =1,...,9. Hence for any large enough n and fixed g, with probability at least
1/3 we can choose a graph G; on (a+b)n vertices such that G; has a bounded number
of cycles of length at most 2¢g and my(G;) < 3exp(v(G)(Gap(p) + 0u)(1))). This
shows that we can choose a sequence of graphs (G;) converging to T,; such that
Inmy(G})
v(Gi)

Pr(mu(G) > SEma(G)) < % and, Pr(cy;(G) > 3gEes; (G))

+ O”(Gi)(1> = )\Gi(p) < Ga,b(p) + OU(Gi)(l)'
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This implies that

A1, (P) < Gap(p)-
Note that we only proved this inequality for rational p, but then it follows for all p
by continuity.

Unfortunately, with this idea we were not able to establish the inequality Ar, ,(p) >
Gap(p). The problem is the following. In principle, it can occur that a typical
random graph has much smaller (exponentially smaller) number of k-matchings than
the expected value, and a large contribution to the expected value comes from graphs
having large number of short cycles and matchings. Note that Theorem 1.7 implies
that this cannot occur, but we cannot use this result as it would result a cycle in
the proof of this theorem. Instead we propose a conjecture which would imply the
inequality Ar, ,(p) > Gas(p)-

Conjecture 2.21. There exists a constant C' independently of n and %k such that
Emi(G)* < C(Emy(G))%

Note that this conjecture is known to be true for perfect matchings in regular
random graphs [3]. To show that this conjecture implies Ar, ,(p) > G, p(p), We need
the following proposition.

Proposition 2.22. Let X be a non-negative random wvariable such that for some
positive constant C' we have

1
Pr(X >C-EX)< —— and EX? < CO(EX)2

16C
Then . )
— < < > —.
IP’T<4EX_X_CEX) Z 50
Proof. Let A = {w | X(w) < 3EX}, B = {w | ;EX < X(w) < CEX}, and

D ={w | X(w) > CEX}. Then
/Xdp < 1IE:X.
A 4

Furthermore,

2
PT(D)-EXQZIPr(D)-/XQdP:/ 1dP-/X2dP2 </ XdP) .
D D D D

Hence )
L CEX) > PrD)-EX2 > / XdP) .
16C D

In other words,
/ XdP < lIEX .
D 4
This implies that
/ XdP > 1I[‘EX :
B 2

Since

/ XdP < Pr(B)CEX,
B

the claim of the proposition follows immediately. O
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Let us fix a positive number ¢, and let us call a graph typical if
CQj(G) < IGC’gEng(G),

for  =1,...,g9. Note that a typical graph has bounded number of short cycles and
by Markov’s inequality, the probability that a graph is typical is at least 1 — ﬁ.
First case: we find a typical graph G such that mg(G) > CEm(G), then we are
done, because then A\g(p) > G, p(p) + o(1). Second case: there is no typical graph
with my(G) > CEm4(G), then the proposition implies that the probability

1

Pr (iEmk(G) <mi(G) < C’Emk(G)) > Yeh

T6c» We see that there are

Since the probability that a graph is typical is at least 1 —
typical graphs for which

o |

—~

implying again that Aq(p) > Gau(p) + o(1). Hence we can choose a sequence of
typical graphs to show that Ar,,(p) > Gap(p).

In spite of the fact that this proof did not lead to another proof of Theorem 2.16,
we feel that it was instructive to carry out these computations as they showed that
Theorem 1.5 and Theorem 1.7 are tight. This was known for perfect matchings
of d-regular random graphs [3, 26|, and for matchings of arbitrary size [9]. Our
computation for biregular bipartite graphs is the natural counterpart of these results.

3. NEW VERSION OF GURVITS’S THEOREM

In this section we prove the following theorem.
Theorem 3.1. The following two statements are equivalent.

(i) For any d-regular bipartite graph G on 2n vertices, we have

In mk(G)

el > Ga(p) + ou(e) (1),

where p = % and mg(G) denotes the number of matchings of size k.
(ii) For any d—regular bipartite graph G, we have
Aa(p) = Ga(p)-

Proof. First we show that (i) implies (ii). Since both functions Ag(p) and G4(p) are
continuous, it is enough to prove the claim for rational numbers p. Let p = ¢. Let
us consider br copies of GG, and let us consider the matchings of size k = ar. Then

Inmy(brG)  Inov(brG) Inv(brG)

oGy ey = Gl o (L) = =g S

The (first) equality follows from part (a) of Proposition 2.1, the first inequality follows
from part (d) of Proposition 2.1, the second inequality is the assumption of (i). As r
tends to infinity, the last two terms disappear, and we get that

Aa(p) > Ga(p).

Aa(p) = Aora(p) >
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Next we show that (ii) implies (i).

In my(G) Inv(G) Inv(G)
— >\ ——=>G — .
oGy =W — =gy 2 Gl = T
The first inequality follows from part (d) of Proposition 2.1, the second inequality is
the assumption of (ii). Note that —II;?(GC)’V) = 0y(c)(1). So we are done. O
Corollary 3.2. Theorem 1.3 implies that
Inmy(G) Inv(G)
—>G — .
oGy 2 G =
Proof. See the second part of the proof of Theorem 3.1. ([l

Remark 3.3. L. Gurvits actually proved much stronger results than Theorem 1.3.
He proved that for all pairs of n x n matrices (P, @), where P is nonnegative and
@ is doubly stochastic we have

In(Per(P)) = Z (1-Q(i, 7)) In(1 — Q(i, 5)) — Z Q(i, 7)In (Q(i’j)> ‘

1<i,5<n 1<i,j<n P(i’j>

From this L. Gurvits deduced the following inequality: for any doubly stochastic

matrix A we have
Per(A) > [ (1—A(.j) ",
1<i,j<n
Next he showed that this inequality implies that for a d-regular bipartite graph G
we have . e
(1 B §)<1—3)nd (1 B l)(l—;)Zn (1-p)

(5)" n=2n=p)((n(1 = p))H)?
where p = % as before. For fixed p € (0,1) this gives the inequality

me(G) > (1 +0 (1>) O p(@nGu(p)).

n/) ) 2mn(l—p)

Let us mention that M. Lelarge [19] was able to give new proofs to Gurvits’s results
and extending both Gurvits’s results and the results in this paper by combining the
methods of this paper together with new ideas.

4. NEW PROOF OF GURVITS’S AND SCHRIJVER'S THEOREMS

In this section we give a new proof of Gurvits’s and Schrijver’s theorems. We will
prove that for any d-regular bipartite graph G, we have

Aa(p) > Ga(p).

According to Theorem 3.1, this is equivalent with Gurvits’s theorem. For p = 1 we
get back Schrijver’s theorem via part (e) of Proposition 2.1. Note that the function
on the right hand side is nothing else than Ar,(p) according to Theorem 2.15.

Definition 4.1. Let G be a graph. Then H is a 2-lift of G, if V(H) = V(G) x {0, 1},
and for every (u,v) € E(G), exactly one of the following two pairs are edges of
H: ((u,0),(0,0)) and ((u, 1), (6, 1)) € B(H) or ((u,0), (v,1)) and ((u,1), (1,0)) €
E(H). 1 (u,v) ¢ E(G), then none of (u, 0), (v,0)), ((u, 1), (v, 1)), ((t, 0), (v, 1)) and
((u, 1), (v,0)) are edges in H.
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Note that if GG is bipartite then any 2-lift of GG is bipartite too.

Lemma 4.2. Let G be a bipartite graph, and H be a 2-lift of G. Then for any k, we
have

mi(GUG) > myi(H).
In particular, for any t > 0 we have

M(G,t)* > M(H,t).

Proof. Since M(G U G,t) = M(G,t)?, the inequality my(H) < my(G U G) would
indeed imply the second part of the lemma. Note that G UG can be considered as a
trivial 2-1ift of G. Let M be a matching of a 2-lift of G. Let us consider the projection
of M to G, then it will consist of disjoint unions of cycles of even lengths (here we
use that G is bipartite!), paths and "double-edges" (i.e, when two edges project to
the same edge). Let R be the set of these configurations. Then

mp(H) =) |65 (R)|
RER
and
mi(GUG) =) légha(B);
RER
where ¢ and ¢qgug are the projections from H and G U G to G. Note that

|babe(R)| = 2M,
where k(R) is the number of connected components of R different from a double-edge.
On the other hand,

|0 (R)] < 2509,
since in each component if we know the inverse image of one edge then we immediately
know the inverse images of all other edges. The only reason why there is no equality
in general is that not necessarily every cycle can be obtained as a projection of a
matching of a 2-lift: for instance, if one consider an 8-cycle as a 2-lift of a 4-cycle,
then no matching will project to the whole 4-cycle. Hence

05 (R)| < |96La(R)]
and consequently,

By part (g) of Proposition 2.1 we get the following corollary.

Corollary 4.3. If G is a bipartite graph, and H is a 2-lift of G, then Ag(p) > Au(p)
for every 0 <p <1.

Lemma 4.4. (Nathan Linial [20]) For any graph G, there exists a graph sequence
(G;)2y such that Gy = G, G; is a 2-lift of G;—1 for i > 1, and g(G;) — oo, where
g(H) is the girth of the graph H, i. e., the length of the shortest cycle.

Proof. We will show that there exists a sequence (G;) of 2-lifts such that for any k,
there exists an N (k) such that for j > N(k), the graph G, has no cycle of length at
most k. Clearly, if H has no cycle of length at most k£ — 1, then any 2-lift of it has
the same property. So it is enough to prove that if H has no cycle of length at most
k — 1, then there exists an H' obtained from H by a sequence of 2-lifts without cycle
of length at most k. We show that if the girth g(H) = k, then there exists a lift of
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H with less number of k-cycles than H. Let X be the random variable counting the
number of k-cycles in a random 2-lift of H. Every k-cycle of H lifts to two k-cycles
or a 2k-cycle with probability 1/2 — 1/2, so EX is exactly the number of k-cycles of
H. But H U H has two times as many k-cycles than H, so there must be a lift with
strictly less number of k-cycles than H has. Choose this 2-lift and iterate this step
to obtain an H' with girth at least k + 1.

OJ

Corollary 4.5. (a) For any d-regular graph G, there exists a graph sequence (G;)2,
such that Go = G, Gy is a 2-lift of G;_y for i > 1, and (G;) is Benjamini—Schramm
convergent to the d—regular infinite tree Ty.

(b) For any (a,b)-biregular bipartite graph G, there exists a graph sequence (G;)2,
such that Go = G, Gy is a 2-lift of G;_y for i > 1, and (G;) is Benjamini—Schramm
convergent to the (a,b)-biregular infinite tree T, .

Proof of Theorem 1.1 and 1.3. Let 0 < p < 1. Choose a graph sequence (G;)2,
such that Gy = G, G; is a 2-lift of G,;_; for ¢ > 1, and (G;) is Benjamini-Schramm
convergent to the d-regular infinite tree T4. Then by Corollary 4.3

Ao (P) = A (p) > Ay (p) > ...
and
}E& e (p) = Ar,(p)

since G; converges to T, (see Theorem 2.9). Hence Ag(p) > Ar,(p) for 0 < p < L.
Finally, for p = 1 we have

Aa(l) = })l_fg Aa(p) > Iljlg% Aty (p) = Ar,(1).

Note that by part (e) of Proposition 2.1, the inequality Ag(1) > Ar,(1) is equivalent

with
1 _ 1)d-1
npm(G) > lln (d—1)
v(Q) 2 di—2
which completes the proof of Theorem 1.1. O

One can prove the following theorem the very same way.
Theorem 4.6. For any (a,b)-biregular bipartite graph G we have
Aa(p) = Gap(p)
for every 0 < p < min(;4, a%b)

With the same technique one can prove the following theorem.

Theorem 4.7. Let G be a d—reqular bipartite graph, and t > 0. Then

[+ 2) dpo() = [ S0 (14 67) don, ).

Proof. Note that

In M(G,t) :/1
2

o(G) —In (14 t2°) dpc(z).
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Let us choose a graph sequence (G;)$2, such that Gy = G, G; is a 2-lift of G,;_; for
i > 1, and (G;) is Benjamini-Schramm convergent to the d-regular infinite tree Tj.
By Lemma 4.2 we have

In M(Go,t) _ In M(Gq,t) _ In M(Ga,t)
WG = G = o)

and by the weak convergence of the measures pg, (see Theorem 2.12) we have

zliglo —U(Gi) — }E&/ 3 In (1 + tzZ) dpg,(z) = /iln (1 4 tz2) dpr,(2).

Hence

1 1
/5 In (14 t2°) dpa(z) > /5 In (1 4+ t2*) dpr,(2).
O
Next we prove Theorem 1.6 which is a direct consequence of the previous theorem.

Proof of Theorem 1.6. We can assume that 0 < p < 1, for p = 1 the claim follows
from continuity. We have seen that for ¢ > 0

In M(G,t 1 1
vé)):/gmu+w3WmZ/§m@+m3@m

Note that by Theorem 2.15 we have

1 1
511”1 (1 +t22) dp'ﬂ‘d = §1HSt(d),

where
1 /d—1\""?
Sy(t) = —= ,
d( ) 77t2 (d— 77t>
where
B V1i+4d-1t -1
TETT W
Hence
M(G,t) > Sy(t)"
for all £ > 0. Now let
(d—p
= t(Td:p) = d2(1 _p;Q
Then
_1-p
77t 1 _ p/dv
and
d
g (Zf) _ ( B g)
4 1—p)?
Hence

u (6 pi=a) 2w (-8

After multiplying by (1 — p)?", we get the claim of the theorem. O
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We end this section with another corollary of Theorem 4.7. The so-called matching
energy was introduced by I. Gutman and S. Wagner [15], it is defined as follows:

ME(G) = Z |Zi|7

zi:p(G,zi)=0

where all zeros are counted with its multiplicity. With our notation this is nothing
else than

ME(G) = v(G) / 12l dpa(2).

The following theorem shows that if we normalize the matching energy by dividing
by the number of vertices then among d-regular bipartite graphs its "minimum" is
attained at the infinite d-regular tree Tj.

Corollary 4.8. Let G be a d—regular bipartite graph. Then

[ oot > [1eldpro).

Proof. Note that for any z we have

1 [*~1 9 9
]z\:;/o (14 122 dr

/|z|dpG :/(% /Oootlzln(wrt?z?)dt) dpa(z) =
— %/Omtlz </ In(1 + ¢22%) dpg(z)) dt >
> %/Oootlz (/ln(1+t222)dpqyd(z)) dt:/|z|ded.

Since we integrated a non-negative function, it was allowed to interchange the inte-
grals. ([l

Remark 4.9. Note that

/|z| dpr, (=) = % (wdT— (d — 2) arctan (% e 1)) |

5. PROOF OF THE LOWER MATCHING CONJECTURE

Hence

In this section we prove Theorem 1.5. Here the main tool is that the matching
polynomial has only real zeros, this gives sufficient information about its coefficients
so that together with our results on the entropy function we can finish the proof
of Theorem 1.5. Let us mention that the argument in this section is more or less
standard, a survey on related methods and results can be found in [23].

Proof of Theorem 1.5. We can assume that 0 < p < 1 since for p = 1, the statement
reduces to Schrijver’s theorem. Let t be chosen such a way that p(G,t) = p = %
Then

mi(G) = — ="~ exp(v(G)Ac(p))-
Let



30 P. CSIKVARI

Then the probability distribution (ag, ai, . .., a,) has mean p = k. By the Heilmann-
Lieb theorem, > a;x’ has only real zeros. Then it is known that it is a distribution
of the number of successes in independent trials. Indeed, let

n

M(G,t) = [ +7t),

i=1
where v; = A? with our previous notation, and

ot
P T
If I; is the indicator variable that takes the value 1 with probability p; and 0 with
probability 1 — p;, then
Pr(ly+- -+ 1, =j) = a;.
The advantage of this observation is that there is a powerful inequality for such
distributions, namely Hoeffding’s inequality.

Theorem 5.1 (Hoeffding’s inequality [17]). Let S be a random variable with prob-
ability distribution of the number of successes in n independent trials. Assume that
ES =np. Let b and c integers satisfying b < np < c. Then

Prib< X <c)> ; (’;)Ml —p)".

In the particular case when np = k, we get that

n _
ag > (k>p’“(1 —p)"F=p,

with our previous notation.
Putting everything together we obtain that

my(G)t?
mi(G) = % exp(v(G)Aa(p)) > puexp(2nGy(p)).
In the last step we used that Ag(p) > G4(p) by Theorem 3.1. O

Proof of Theorem 1.7. The proof is completely analogous to the previous one. We
have to use the inequality Ag(p) > Gg(p), see Theorem 4.6. O
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