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Given point set in plane (or whole plane) and a collection of sets.

k-fold covering - Every point is contained in at least k sets.

Decomposition - A covering is decomposable if the sets can be
decomposed into two coverings.

Plane-cover-decomposable - A set is cover-decomposable if there is
a k such that every k-fold covering of the plane with its translates
is decomposable into two coverings.

Totally-cover-decomposable - A set is totally-cover-decomposable if

there is a k such that every k-fold covering of any point set with its
translates is decomposable into two coverings. (Stronger!)
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Earlier results

Conjecture (Pach)

All planar convex sets are cover-decomposable.

Theorem (Pach '86)

Every centrally symmetric convex polygon is cover-decomposable.

Theorem (Mani-Levitska, Pach '87)
The unit disc is cover-decomposable.

Theorem (Pach, Tardos, Té6th '05)

Concave quadrilaterals are not plane-cover-decomposable.

Theorem (Tardos, Té6th '07)

Every triangle is cover-decomposable.
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New results

Theorem (P., Téth)

Every convex polygon is cover-decomposable.

Theorem (P.)
“Almost all” concave polygons are not cover-decomposable.

Note. If a concave polygon is the union of translates of a convex
polygon, then it is cover-decomposable.

From these, complete classification of polygons with respect to
totally-cover-decomposability.

Deciding plane-cover-decomposability seems harder.
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Decomposition Introduction
Proofs

Division

Divide the plane into small regions.

Every translate intersects a bounded number of regions.
Every translate has each of its vertices in different regions.
We can assume that all the points are in a small region.
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Every translate has only one of its vertices in the region.
Replace translates by wedges.
Instead of translates of original polygon, solve problem for systems

of wedges.
l.e. color points with two colors such that any translate of the given

wedges contains both colors if it contains at least k points.
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Special pair of wedges

Assume we have two wedges, V and W.
Wilog, W has a right angle and “looks right”.

Definition
They form a special pair if their relative position is one of these.

That is, the union of the wedges is in an open halfplane whose
boundary contains the origin, but none of them contain the other.
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Theorem

For any pair of special wedges V', W and for every k, I, there is a
point set of cardinality (k:’) such that for every coloring of the
point set with red and blue either there is a translate of V
containing k red and no blue points or there is a translate of W

containing | blue and no red points.
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Theorem

For any pair of special wedges V', W and for every k, I, there is a
point set of cardinality (k:’) such that for every coloring of the
point set with red and blue either there is a translate of V
containing k red and no blue points or there is a translate of W

containing | blue and no red points.

Proof.
Induction. O
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Theorem

For any pair of special wedges V', W and for every k.|, there is a
point set of cardinality (k;rl) such that for every coloring of the
point set with red and blue either there is a translate of V
containing k red and no blue points or there is a translate of W

containing | blue and no red points.
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Main theorems

Theorem
If a concave polygon has no parallel sides, then it has a special pair
of wedges. Thus it is not totally-cover-decomposable.

Theorem

For a system of wedges we can color the points with two colors
such that any translate of the given wedges contains both colors if
it contains at least k points IFF none of the pairs are special.

Theorem
A polygon is totally-cover-decomposable IFF it has no angles that
form a special pair.
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Main theorems

Figure: Cover-decomposable but not a finite union of translates of a
convex set.

Corollary
Convex polygons are cover-decomposable.

Theorem
Polyhedrons are not cover-decomposable.
Not even space-cover-decomposable.

Démbtor Palvolgyi L J



Decomposition Introduction
Proofs

Decomposition to Multiple parts

my(P) - smallest number m with the property that every m-fold
covering of the plane with translates of P can be decomposed into
k coverings.

Démbtor Palvolgyi L J




Decomposition Introduction
Proofs

Decomposition to Multiple parts

my(P) - smallest number m with the property that every m-fold
covering of the plane with translates of P can be decomposed into

k coverings.
Theorem (Pach, Téth '07)

For any centrally symmetric open convex polygon P,

mi(P) = O(k?).
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my(P) - smallest number m with the property that every m-fold
covering of the plane with translates of P can be decomposed into
k coverings.

Theorem (Pach, Téth '07)

For any centrally symmetric open convex polygon P,
mi(P) = O(k?).

Theorem (Aloupis et. al "08)

For any centrally symmetric open convex polygon P,
m(P) = O(k).
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Decomposition to Multiple parts

my(P) - smallest number m with the property that every m-fold
covering of the plane with translates of P can be decomposed into
k coverings.

Theorem (Pach, Téth '07)

For any centrally symmetric open convex polygon P,

mi(P) = O(k?).

Theorem (Aloupis et. al '08)

For any centrally symmetric open convex polygon P,

m(P) = O(k).

Theorem (Gibson, Varadarajan '10+)

For any open convex polygon P, m(P) = O(k).
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3. Edges do not pass through vertices but their endpoints.
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Slopes Proofs

Slope Number
Definition
Straight-line drawing of a graph:
1. The vertices are in the plane.
2. Each edge is a straight-line segment connecting its endpoints.
3. Edges do not pass through vertices but their endpoints.

Note that edges may cross.
Example

A straight-line drawing of Py.
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The slope of an edge is the slope of the segment representing it.
(So it is a number from [0, ).)
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The slope of an edge is the slope of the segment representing it.
(So it is a number from [0, ).)

Definition

The slope number of a graph G is the smallest number of distinct
slopes a straight-line drawing must have.
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Introduction
Slopes Proofs

Definition
The slope of an edge is the slope of the segment representing it.
(So it is a number from [0, 7).)

Definition
The slope number of a graph G is the smallest number of distinct
slopes a straight-line drawing must have.

The slope number of P, is at most three.
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Slopes Proofs

Definition
The slope of an edge is the slope of the segment representing it.
(So it is a number from [0, 7).)

Definition
The slope number of a graph G is the smallest number of distinct
slopes a straight-line drawing must have.

The slope number of P, is at most two.
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Introduction
Slopes Proofs

Definition

The slope of an edge is the slope of the segment representing it.
(So it is a number from [0, ).)

Definition

The slope number of a graph G is the smallest number of distinct
slopes a straight-line drawing must have.

The slope number of P, is one.
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[d/2].
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Slopes Proofs

If G has a vertex of degree d, then its slope number is at least

[d/2].

Question: Bounding slope number from above by a function of the
maximum degree?
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Barat, Matousek, and Wood and, independently,

Pach and P. proved using a counting argument:

Even for graphs with maximum degree five, the slope number can
be arbitrarily large.
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Barat, Matousek, and Wood and, independently,

Pach and P. proved using a counting argument:

Even for graphs with maximum degree five, the slope number can
be arbitrarily large.

Trivially, every graph of maximum degree two has slope number at
most three.

Theorem (Keszegh, Pach, P., Téth)

The slope number of every graph of maximum degree three is at
most five.
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Barat, Matousek, and Wood and, independently,

Pach and P. proved using a counting argument:

Even for graphs with maximum degree five, the slope number can
be arbitrarily large.

Trivially, every graph of maximum degree two has slope number at
most three.

Theorem (Keszegh, Pach, P., Téth)

The slope number of every graph of maximum degree three is at
most five.

Later this was improved for connected graphs to four slopes by
Mukkamala and Szegedy.
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Slopes Proofs

Barat, Matousek, and Wood and, independently,

Pach and P. proved using a counting argument:

Even for graphs with maximum degree five, the slope number can
be arbitrarily large.

Trivially, every graph of maximum degree two has slope number at
most three.

Theorem (Keszegh, Pach, P., Téth)

The slope number of every graph of maximum degree three is at
most five.

Later this was improved for connected graphs to four slopes by
Mukkamala and Szegedy.

The case of maximum degree four remains open.
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1. Take a set of points in the plane.

2. Choose a set of directions/slopes.

3. Connect every pair of points having this slope.
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The Slope Parameter of a Graph

1
2
3
4

. Take a set of points in the plane.
. Choose a set of directions/slopes.
. Connect every pair of points having this slope.

. Slope parameter of G is least slopes needed to represent G.
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The Slope Parameter of a Graph

1. Take a set of points in the plane.

2. Choose a set of directions/slopes.

3. Connect every pair of points having this slope.

4. Slope parameter of G is least slopes needed to represent G.

Example.
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The Slope Parameter of a Graph

1. Take a set of points in the plane.

2. Choose a set of directions/slopes.

3. Connect every pair of points having this slope.

4. Slope parameter of G is least slopes needed to represent G.

Example.
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The Slope Parameter of a Graph

1. Take a set of points in the plane.

2. Choose a set of directions/slopes.

3. Connect every pair of points having this slope.

4. Slope parameter of G is least slopes needed to represent G.

Example.

The slope parameter of Py is 2.
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The Slope Parameter of a Graph

. Take a set of points in the plane.
. Choose a set of directions/slopes.

. Connect every pair of points having this slope.

o O S R

. Slope parameter of G is least slopes needed to represent G.

Another Example.
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. Connect every pair of points having this slope.

o O S R

. Slope parameter of G is least slopes needed to represent G.
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The Slope Parameter of a Graph

. Take a set of points in the plane.
. Choose a set of directions/slopes.

. Connect every pair of points having this slope.

o O S R

. Slope parameter of G is least slopes needed to represent G.

Another Example.

The slope parameter of Ky is 1.
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The Slope Parameter of a Graph

Take a set of points in the plane.
Choose a set of directions/slopes.

Connect every pair of points having this slope.

R

Slope parameter of G is least slopes needed to represent G.

The slope parameter of Ky is 1.

But for triangle free graphs always bigger than slope number.
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Barat, Matousek, and Wood showed that even for graphs with
maximum degree five, the slope parameter can be arbitrarily large.
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slope parameter is at most three.
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Barat, Matousek, and Wood showed that even for graphs with
maximum degree five, the slope parameter can be arbitrarily large.

It is easy to see that for graphs with maximum degree two, the
slope parameter is at most three.
Theorem (Keszegh, Pach, P., Téth)

The slope parameter of every graph of maximum degree three is at
most seven.
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Barat, Matousek, and Wood showed that even for graphs with
maximum degree five, the slope parameter can be arbitrarily large.

It is easy to see that for graphs with maximum degree two, the
slope parameter is at most three.

Theorem (Keszegh, Pach, P., Téth)

The slope parameter of every graph of maximum degree three is at
most seven.

Theorem (Keszegh, Pach, P., Téth)

Every subcubic graph has slope parameter at most five.
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Barat, Matousek, and Wood showed that even for graphs with
maximum degree five, the slope parameter can be arbitrarily large.

It is easy to see that for graphs with maximum degree two, the
slope parameter is at most three.
Theorem (Keszegh, Pach, P., Téth)

The slope parameter of every graph of maximum degree three is at
most seven.

Theorem (Keszegh, Pach, P., Téth)
Every subcubic graph has slope parameter at most five.

Moreover, these can be realized by a drawing such that no three
vertices are collinear.
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Slopes Proofs

Barat, Matousek, and Wood showed that even for graphs with
maximum degree five, the slope parameter can be arbitrarily large.

It is easy to see that for graphs with maximum degree two, the
slope parameter is at most three.

Theorem (Keszegh, Pach, P., Téth)

The slope parameter of every graph of maximum degree three is at
most seven.

Theorem (Keszegh, Pach, P., Téth)
Every subcubic graph has slope parameter at most five.

Moreover, these can be realized by a drawing such that no three
vertices are collinear.

Degree four case is still open.
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Definition
A line is said to be of one of the five basic directions if its degree
with the horizontal line is a multiple of 7/5.
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Definition
A line is said to be of one of the five basic directions if its degree

with the horizontal line is a multiple of 7/5.

Basic Directions:

AR
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Definition
A line is said to be of one of the five basic directions if its degree
with the horizontal line is a multiple of 7/5.

Basic Directions:

AR

Theorem

Every subcubic graph has slope parameter at most five. Moreover,
this can be realized by a drawing such that no three vertices are
collinear and each edge has one of the five basic slopes.
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Proof

The proof uses induction on the number of vertices.
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Proof

The proof uses induction on the number of vertices.

A part of the original graph G is omitted yielding a graph G’ having
fewer vertices and at least one vertex with degree less than three in
each component.
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Proof

The proof uses induction on the number of vertices.

A part of the original graph G is omitted yielding a graph G’ having
fewer vertices and at least one vertex with degree less than three in
each component.

So by induction, each component has a drawing using the five basic
slopes.
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Proof

The proof uses induction on the number of vertices.
A part of the original graph G is omitted yielding a graph G’ having
fewer vertices and at least one vertex with degree less than three in

each component.

So by induction, each component has a drawing using the five basic
slopes.

Then the omitted part is carefully reattached.
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Easy cases

If the degree of v € V/(G) is one, then by induction G’ := G \ v
has a drawing using the five basic slopes.
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If the degree of v € V/(G) is one, then by induction G’ := G \ v
has a drawing using the five basic slopes.

We can put back v to this drawing.
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Easy cases

If the degree of v € V/(G) is one, then by induction G’ := G \ v
has a drawing using the five basic slopes.

We can put back v to this drawing.

If the graph is not 2-connected, then it splits into two smaller
graphs by deleting a cut edge.
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Easy cases

If the degree of v € V/(G) is one, then by induction G’ := G \ v
has a drawing using the five basic slopes.

We can put back v to this drawing.

If the graph is not 2-connected, then it splits into two smaller
graphs by deleting a cut edge.

Then the two parts can be drawn using induction, then put
together by rotating and scaling one of them to a suitable position.
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Easy cases

If the degree of v € V/(G) is one, then by induction G’ := G \ v
has a drawing using the five basic slopes.

We can put back v to this drawing.

If the graph is not 2-connected, then it splits into two smaller
graphs by deleting a cut edge.

Then the two parts can be drawn using induction, then put
together by rotating and scaling one of them to a suitable position.

So from now on the following propositon can be supposed:
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Easy cases

If the degree of v € V/(G) is one, then by induction G’ := G \ v
has a drawing using the five basic slopes.

We can put back v to this drawing.

If the graph is not 2-connected, then it splits into two smaller
graphs by deleting a cut edge.

Then the two parts can be drawn using induction, then put
together by rotating and scaling one of them to a suitable position.

So from now on the following propositon can be supposed:

Proposition
The degree of each vertex is at least two and G is two-connected.
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Main Idea

Take a shortest cycle C through a degree two vertex v.
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Main Idea

Take a shortest cycle C through a degree two vertex v.

This can be done since G is 2-connected.

Note that there are no edges inside C because it is a shortest cycle
passing through v.
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Main Idea

Take a shortest cycle C through a degree two vertex v.
This can be done since G is 2-connected.

Note that there are no edges inside C because it is a shortest cycle
passing through v.

Now let us delete C from the graph and using induction, take a
drawing of G’ := G\ C.
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Slopes Proofs

Main Idea

Take a shortest cycle C through a degree two vertex v.
This can be done since G is 2-connected.

Note that there are no edges inside C because it is a shortest cycle
passing through v.

Now let us delete C from the graph and using induction, take a
drawing of G’ := G\ C.

Imagine that G’ is very small and put back C in a suitable way.
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Putting Back C = {uwg, u1, ..., us}
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Putting Back C = {ug, u1, ..., us}

Take the five basic directions through origin.
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Putting Back C = {ug, u1, ..., us}
Put a small copy of G’ into the middle.

el
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Putting Back C = {ug, u1, ..., us}

Find a place for u;.
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Putting Back C = {ug, u1, ..., us}

The neighbor of u; from G’ can have at most two neighbors in G'.

o'
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Putting Back C = {ug, u1, ..., us}

Therefore it has three free directions.
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Putting Back C = {ug, u1, ..., us}

Place u; on one of them.

el
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Putting Back C = {ug, u1, ..., us}

Find a place for uy.

el

Uy
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Putting Back C = {ug, u1, ..., us}

The neighbor of uy has three free directions.

5r Palvolgyi L J



Introduction
Slopes Proofs

Putting Back C = {ug, u1, ..., us}

Place up on one of them that differs from the line of wu;.
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Putting Back C = {ug, u1, ..., us}

The neighbor of uz has three free directions.
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Putting Back C = {ug, u1, ..., us}

Place u3 on one of them that differs from the line of ws.
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Putting Back C = {ug, u1, ..., us}

The neighbor of uy has three free directions.
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Putting Back C = {ug, u1, ..., us}

Place ug on one of them that differs from the line of wu3.
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Putting Back C = {ug, u1, ..., us}

Find a place for up.
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Putting Back C = {ug, u1, ..., us}

Tricky but can be done if its line does not neighbor the line of wu;.
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Putting Back C = {ug, u1, ..., us}

This can be achived by using the freedom that we had earlier.
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Putting Back C = {ug, u1, ..., us}

This finishes the proof of the subcubic theorem.
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Proof for Cubic Graphs

Theorem
Every cubic graph has slope parameter at most seven.
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Every cubic graph has slope parameter at most seven.

Proof for connected graphs.
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Draw rest of graph using theorem for subcubic graphs.
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Every cubic graph has slope parameter at most seven.

Proof for connected graphs.
Delete any vertex.

Draw rest of graph using theorem for subcubic graphs.

Put back deleted vertex. Carefully.
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Proof for Cubic Graphs

Theorem
Every cubic graph has slope parameter at most seven.

Proof for connected graphs.
Delete any vertex.
Draw rest of graph using theorem for subcubic graphs.

Put back deleted vertex. Carefully.

Proof for non-connected graph is very technical.
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Planar Slope Number
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Planar Slope Number

Defined only for planar graphs.
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Defined only for planar graphs.

Additional condition: Edges must be non-crossing.
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Planar Slope Number

Defined only for planar graphs.

Additional condition: Edges must be non-crossing.

Theorem (Keszegh, Pach, P.)
The planar slope number of bounded degree graphs is bounded.
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Planar Slope Number

Defined only for planar graphs.

Additional condition: Edges must be non-crossing.

Theorem (Keszegh, Pach, P.)
The planar slope number of bounded degree graphs is bounded.

Note.
The number of slopes used is exponential in the maximum degree.

Démbtor Palvolgyi L J




Introduction
Slopes Proofs

Proof

Theorem (Koebe '36)
Any planar graph can be represented by discs.
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Proof

Theorem (Koebe '36)
Any planar graph can be represented by discs.

Theorem (Malitz-Papakostas '94)

The ratio of the radii of any two adjacent discs is bounded by a
function of the maximum degree for triangulated graphs.
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Theorem (Malitz-Papakostas '94)

The ratio of the radii of any two adjacent discs is bounded by a
function of the maximum degree for triangulated graphs.
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Thank you for your attention!
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