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tionProofsMain theorems
Figure: Cover-de
omposable but not a �nite union of translates of a
onvex set.CorollaryConvex polygons are 
over-de
omposable.TheoremPolyhedrons are not 
over-de
omposable.Not even spa
e-
over-de
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overing of the plane with translates of P 
an be de
omposed intok 
overings.
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 open 
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overing of the plane with translates of P 
an be de
omposed intok 
overings.Theorem (Pa
h, Tóth '07)For any 
entrally symmetri
 open 
onvex polygon P,mk(P) = O(k2).Theorem (Aloupis et. al '08)For any 
entrally symmetri
 open 
onvex polygon P,mk(P) = O(k).
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tionProofsDe
omposition to Multiple partsmk(P) - smallest number m with the property that every m-fold
overing of the plane with translates of P 
an be de
omposed intok 
overings.Theorem (Pa
h, Tóth '07)For any 
entrally symmetri
 open 
onvex polygon P,mk(P) = O(k2).Theorem (Aloupis et. al '08)For any 
entrally symmetri
 open 
onvex polygon P,mk(P) = O(k).Theorem (Gibson, Varadarajan '10+)For any open 
onvex polygon P, mk(P) = O(k).Dömötör Pálvölgyi De
omposition of Geometri
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tionProofsSlope NumberDe�nitionStraight-line drawing of a graph:1. The verti
es are in the plane.
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De
ompositionSlopes Introdu
tionProofsSlope NumberDe�nitionStraight-line drawing of a graph:1. The verti
es are in the plane.2. Ea
h edge is a straight-line segment 
onne
ting its endpoints.
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ompositionSlopes Introdu
tionProofsSlope NumberDe�nitionStraight-line drawing of a graph:1. The verti
es are in the plane.2. Ea
h edge is a straight-line segment 
onne
ting its endpoints.3. Edges do not pass through verti
es but their endpoints.
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onne
ting its endpoints.3. Edges do not pass through verti
es but their endpoints.Note that edges may 
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De
ompositionSlopes Introdu
tionProofsSlope NumberDe�nitionStraight-line drawing of a graph:1. The verti
es are in the plane.2. Ea
h edge is a straight-line segment 
onne
ting its endpoints.3. Edges do not pass through verti
es but their endpoints.Note that edges may 
ross.Example
A straight-line drawing of P4.Dömötör Pálvölgyi De
omposition of Geometri
 Set Systems and Graphs



De
ompositionSlopes Introdu
tionProofsDe�nitionThe slope of an edge is the slope of the segment representing it.(So it is a number from [0, π).)
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tslopes a straight-line drawing must have.
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ompositionSlopes Introdu
tionProofsDe�nitionThe slope of an edge is the slope of the segment representing it.(So it is a number from [0, π).)De�nitionThe slope number of a graph G is the smallest number of distin
tslopes a straight-line drawing must have.
The slope number of P4 is one.Dömötör Pálvölgyi De
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tionProofsIf G has a vertex of degree d , then its slope number is at least
⌈d/2⌉.
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De
ompositionSlopes Introdu
tionProofsIf G has a vertex of degree d , then its slope number is at least
⌈d/2⌉.
Question: Bounding slope number from above by a fun
tion of themaximum degree? Dömötör Pálvölgyi De
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De
ompositionSlopes Introdu
tionProofsBarát, Matou²ek, and Wood and, independently,Pa
h and P. proved using a 
ounting argument:Even for graphs with maximum degree �ve, the slope number 
anbe arbitrarily large.
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De
ompositionSlopes Introdu
tionProofsBarát, Matou²ek, and Wood and, independently,Pa
h and P. proved using a 
ounting argument:Even for graphs with maximum degree �ve, the slope number 
anbe arbitrarily large.Trivially, every graph of maximum degree two has slope number atmost three.Theorem (Keszegh, Pa
h, P., Tóth)The slope number of every graph of maximum degree three is atmost �ve.Later this was improved for 
onne
ted graphs to four slopes byMukkamala and Szegedy.The 
ase of maximum degree four remains open.Dömötör Pálvölgyi De
omposition of Geometri
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tionProofsThe Slope Parameter of a Graph1. Take a set of points in the plane.2. Choose a set of dire
tions/slopes.3. Conne
t every pair of points having this slope.4. Slope parameter of G is least slopes needed to represent G .
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an be arbitrarily large.
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tionProofsBarát, Matou²ek, and Wood showed that even for graphs withmaximum degree �ve, the slope parameter 
an be arbitrarily large.It is easy to see that for graphs with maximum degree two, theslope parameter is at most three.Theorem (Keszegh, Pa
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h, P., Tóth)Every sub
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ompositionSlopes Introdu
tionProofsBarát, Matou²ek, and Wood showed that even for graphs withmaximum degree �ve, the slope parameter 
an be arbitrarily large.It is easy to see that for graphs with maximum degree two, theslope parameter is at most three.Theorem (Keszegh, Pa
h, P., Tóth)The slope parameter of every graph of maximum degree three is atmost seven.Theorem (Keszegh, Pa
h, P., Tóth)Every sub
ubi
 graph has slope parameter at most �ve.Moreover, these 
an be realized by a drawing su
h that no threeverti
es are 
ollinear.Degree four 
ase is still open.Dömötör Pálvölgyi De
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tionProofsDe�nitionA line is said to be of one of the �ve basi
 dire
tions if its degreewith the horizontal line is a multiple of π/5.
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 dire
tions if its degreewith the horizontal line is a multiple of π/5.Basi
 Dire
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De
ompositionSlopes Introdu
tionProofsDe�nitionA line is said to be of one of the �ve basi
 dire
tions if its degreewith the horizontal line is a multiple of π/5.Basi
 Dire
tions:
TheoremEvery sub
ubi
 graph has slope parameter at most �ve. Moreover,this 
an be realized by a drawing su
h that no three verti
es are
ollinear and ea
h edge has one of the �ve basi
 slopes.Dömötör Pálvölgyi De
omposition of Geometri
 Set Systems and Graphs
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es.A part of the original graph G is omitted yielding a graph G ′ havingfewer verti
es and at least one vertex with degree less than three inea
h 
omponent.
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es.A part of the original graph G is omitted yielding a graph G ′ havingfewer verti
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De
ompositionSlopes Introdu
tionProofsProofThe proof uses indu
tion on the number of verti
es.A part of the original graph G is omitted yielding a graph G ′ havingfewer verti
es and at least one vertex with degree less than three inea
h 
omponent.So by indu
tion, ea
h 
omponent has a drawing using the �ve basi
slopes.Then the omitted part is 
arefully reatta
hed.
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tion G ′ := G \ vhas a drawing using the �ve basi
 slopes.
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tion G ′ := G \ vhas a drawing using the �ve basi
 slopes.We 
an put ba
k v to this drawing.
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tionProofsEasy 
asesIf the degree of v ∈ V (G ) is one, then by indu
tion G ′ := G \ vhas a drawing using the �ve basi
 slopes.We 
an put ba
k v to this drawing.If the graph is not 2-
onne
ted, then it splits into two smallergraphs by deleting a 
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asesIf the degree of v ∈ V (G ) is one, then by indu
tion G ′ := G \ vhas a drawing using the �ve basi
 slopes.We 
an put ba
k v to this drawing.If the graph is not 2-
onne
ted, then it splits into two smallergraphs by deleting a 
ut edge.Then the two parts 
an be drawn using indu
tion, then puttogether by rotating and s
aling one of them to a suitable position.
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De
ompositionSlopes Introdu
tionProofsEasy 
asesIf the degree of v ∈ V (G ) is one, then by indu
tion G ′ := G \ vhas a drawing using the �ve basi
 slopes.We 
an put ba
k v to this drawing.If the graph is not 2-
onne
ted, then it splits into two smallergraphs by deleting a 
ut edge.Then the two parts 
an be drawn using indu
tion, then puttogether by rotating and s
aling one of them to a suitable position.So from now on the following propositon 
an be supposed:
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De
ompositionSlopes Introdu
tionProofsEasy 
asesIf the degree of v ∈ V (G ) is one, then by indu
tion G ′ := G \ vhas a drawing using the �ve basi
 slopes.We 
an put ba
k v to this drawing.If the graph is not 2-
onne
ted, then it splits into two smallergraphs by deleting a 
ut edge.Then the two parts 
an be drawn using indu
tion, then puttogether by rotating and s
aling one of them to a suitable position.So from now on the following propositon 
an be supposed:PropositionThe degree of ea
h vertex is at least two and G is two-
onne
ted.Dömötör Pálvölgyi De
omposition of Geometri
 Set Systems and Graphs
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le C through a degree two vertex v .
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y
le C through a degree two vertex v .This 
an be done sin
e G is 2-
onne
ted.
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ompositionSlopes Introdu
tionProofsMain IdeaTake a shortest 
y
le C through a degree two vertex v .This 
an be done sin
e G is 2-
onne
ted.Note that there are no edges inside C be
ause it is a shortest 
y
lepassing through v .
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ompositionSlopes Introdu
tionProofsMain IdeaTake a shortest 
y
le C through a degree two vertex v .This 
an be done sin
e G is 2-
onne
ted.Note that there are no edges inside C be
ause it is a shortest 
y
lepassing through v .Now let us delete C from the graph and using indu
tion, take adrawing of G ′ := G \ C .
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De
ompositionSlopes Introdu
tionProofsMain IdeaTake a shortest 
y
le C through a degree two vertex v .This 
an be done sin
e G is 2-
onne
ted.Note that there are no edges inside C be
ause it is a shortest 
y
lepassing through v .Now let us delete C from the graph and using indu
tion, take adrawing of G ′ := G \ C .Imagine that G ′ is very small and put ba
k C in a suitable way.Dömötör Pálvölgyi De
omposition of Geometri
 Set Systems and Graphs
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k C = {u0, u1, . . . , u4}
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De
ompositionSlopes Introdu
tionProofsPutting Ba
k C = {u0, u1, . . . , u4}Take the �ve basi
 dire
tions through origin.

Dömötör Pálvölgyi De
omposition of Geometri
 Set Systems and Graphs



De
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tionProofsPutting Ba
k C = {u0, u1, . . . , u4}Put a small 
opy of G ′ into the middle.
G

′
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k C = {u0, u1, . . . , u4}Find a pla
e for u1.
G

′
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De
ompositionSlopes Introdu
tionProofsPutting Ba
k C = {u0, u1, . . . , u4}The neighbor of u1 from G ′ 
an have at most two neighbors in G ′.
G

′
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tionProofsPutting Ba
k C = {u0, u1, . . . , u4}Therefore it has three free dire
tions.
G

′
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e u1 on one of them.
G

′

u1
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e for u2.
G
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u1
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e u2 on one of them that di�ers from the line of u1.
G

′

u1

u2
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De
ompositionSlopes Introdu
tionProofsPutting Ba
k C = {u0, u1, . . . , u4}Pla
e u3 on one of them that di�ers from the line of u2.
G

′

u1

u2

u3
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De
ompositionSlopes Introdu
tionProofsPutting Ba
k C = {u0, u1, . . . , u4}The neighbor of u4 has three free dire
tions.
G

′

u1

u2

u3
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De
ompositionSlopes Introdu
tionProofsPutting Ba
k C = {u0, u1, . . . , u4}Pla
e u4 on one of them that di�ers from the line of u3.
G

′

u1

u2

u3

u4
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De
ompositionSlopes Introdu
tionProofsPutting Ba
k C = {u0, u1, . . . , u4}Find a pla
e for u0.
G

′

u1

u2

u3

u4
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De
ompositionSlopes Introdu
tionProofsPutting Ba
k C = {u0, u1, . . . , u4}Tri
ky but 
an be done if its line does not neighbor the line of u1.
G

′

u1

u2

u3

u4

u0
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De
ompositionSlopes Introdu
tionProofsPutting Ba
k C = {u0, u1, . . . , u4}This 
an be a
hived by using the freedom that we had earlier.
G

′

u1

u2

u3

u4

u0
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De
ompositionSlopes Introdu
tionProofsPutting Ba
k C = {u0, u1, . . . , u4}This �nishes the proof of the sub
ubi
 theorem.
G

′

u1

u2

u3

u4

u0
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ompositionSlopes Introdu
tionProofsProof for Cubi
 GraphsTheoremEvery 
ubi
 graph has slope parameter at most seven.
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De
ompositionSlopes Introdu
tionProofsProof for Cubi
 GraphsTheoremEvery 
ubi
 graph has slope parameter at most seven.Proof for 
onne
ted graphs.
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De
ompositionSlopes Introdu
tionProofsProof for Cubi
 GraphsTheoremEvery 
ubi
 graph has slope parameter at most seven.Proof for 
onne
ted graphs.Delete any vertex.
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De
ompositionSlopes Introdu
tionProofsProof for Cubi
 GraphsTheoremEvery 
ubi
 graph has slope parameter at most seven.Proof for 
onne
ted graphs.Delete any vertex.Draw rest of graph using theorem for sub
ubi
 graphs.
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De
ompositionSlopes Introdu
tionProofsProof for Cubi
 GraphsTheoremEvery 
ubi
 graph has slope parameter at most seven.Proof for 
onne
ted graphs.Delete any vertex.Draw rest of graph using theorem for sub
ubi
 graphs.Put ba
k deleted vertex.
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De
ompositionSlopes Introdu
tionProofsProof for Cubi
 GraphsTheoremEvery 
ubi
 graph has slope parameter at most seven.Proof for 
onne
ted graphs.Delete any vertex.Draw rest of graph using theorem for sub
ubi
 graphs.Put ba
k deleted vertex. Carefully.
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De
ompositionSlopes Introdu
tionProofsProof for Cubi
 GraphsTheoremEvery 
ubi
 graph has slope parameter at most seven.Proof for 
onne
ted graphs.Delete any vertex.Draw rest of graph using theorem for sub
ubi
 graphs.Put ba
k deleted vertex. Carefully.Proof for non-
onne
ted graph is very te
hni
al.Dömötör Pálvölgyi De
omposition of Geometri
 Set Systems and Graphs



De
ompositionSlopes Introdu
tionProofsPlanar Slope Number
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De
ompositionSlopes Introdu
tionProofsPlanar Slope NumberDe�ned only for planar graphs.
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De
ompositionSlopes Introdu
tionProofsPlanar Slope NumberDe�ned only for planar graphs.Additional 
ondition: Edges must be non-
rossing.
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De
ompositionSlopes Introdu
tionProofsPlanar Slope NumberDe�ned only for planar graphs.Additional 
ondition: Edges must be non-
rossing.Theorem (Keszegh, Pa
h, P.)The planar slope number of bounded degree graphs is bounded.
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De
ompositionSlopes Introdu
tionProofsPlanar Slope NumberDe�ned only for planar graphs.Additional 
ondition: Edges must be non-
rossing.Theorem (Keszegh, Pa
h, P.)The planar slope number of bounded degree graphs is bounded.Note.The number of slopes used is exponential in the maximum degree.
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De
ompositionSlopes Introdu
tionProofsProofTheorem (Koebe '36)Any planar graph 
an be represented by dis
s.
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De
ompositionSlopes Introdu
tionProofsProofTheorem (Koebe '36)Any planar graph 
an be represented by dis
s.Theorem (Malitz-Papakostas '94)The ratio of the radii of any two adja
ent dis
s is bounded by afun
tion of the maximum degree for triangulated graphs.
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tionProofsProofTheorem (Koebe '36)Any planar graph 
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s.Theorem (Malitz-Papakostas '94)The ratio of the radii of any two adja
ent dis
s is bounded by afun
tion of the maximum degree for triangulated graphs.
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ompositionSlopes Introdu
tionProofs
Thank you for your attention!
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