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General question

Suppose we have t vectors, vi , in box (= [−1, 1]d )
whose sum is also in box.

Is it true that there is I such that 1 < |I | < t and
∑

i∈I vi ∈ box?

Denote biggest t for which answer is NO by τ(d).

We have seen that τ(2) = 2.

Similar case analysis shows that τ(3) = 4.

Our goal is to determine the order of magnitude of τ(d).
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Connection to Integer Programming

This notion of τ(d) was introduced by Dash, Fukasawa and Günlük.
Their motivation was to find a pseudo-polynomial algorithm to solve
min{cTx : x ∈ Z

`,Ax = b ∈ Z
d, x ≥ 0}.

This is NP-hard already for d = 1
but if d is fixed and entries of A,b are integers bounded by N, then there
is a pseudo-polynomial algorithm.
First proved by Papadimitriou, this is a new approach based on
generalization of Gomory’s master cyclic group polyhedron.
Degree of polynomial is ≈ τ(d).
Our result is an asymptotics for τ(d).
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Lemma (Steinitz lemma, Grinberg and Sevastyanov version)

Let B be a symmetric convex body in R
d , and let vi ⊂ B be a finite set (or

multiset) of vectors satisfying
∑

vi = 0. Then there is a permutation of
the indices, π such that for all k = 1, 2, . . . , n, we have

∑k
i=1

vπ(i) ∈ d · B.
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Steinitz lemma

Lemma (Steinitz lemma, Grinberg and Sevastyanov version)

Let B be a symmetric convex body in R
d , and let vi ⊂ B be a finite set (or

multiset) of vectors satisfying
∑

vi = 0. Then there is a permutation of
the indices, π such that for all k = 1, 2, . . . , n, we have

∑k
i=1

vπ(i) ∈ d · B.

It is important and interesting to determine best constant for specific B ,
other norms. Little is known.
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Upper bound - τ(d) < 4(2d)d from Steinitz lemma
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(2, 2)

(−2,−2)

Add w := −
∑

vi to our vectors to ensure they sum up to zero.
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(1, 1)
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Dive d · box to small boxes.
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Upper bound - τ(d) < 4(2d)d from Steinitz lemma
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Take ordering such that sk =
∑k

i=1
v′i ∈ d · box.
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Upper bound - τ(d) < 4(2d)d from Steinitz lemma

(1, 1)

(−1,−1)

(2, 2)

(−2,−2)

Two of the sk must be close to each other.
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Upper bound - τ(d) < 4(2d)d from Steinitz lemma

(1, 1)

(−1,−1)

(2, 2)

(−2,−2)

In fact, consider only half without w and take every second endpoint.
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Upper bound - τ(d) < 4(2d)d from Steinitz lemma

(1, 1)

(−1,−1)

(2, 2)

(−2,−2)

Their difference,
∑

2k
i=2j+1

v′i is small.
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Upper bound - τ(d) < 4(2d)d from Steinitz lemma

(1, 1)

(−1,−1)

(2, 2)

(−2,−2)

So we can even get into δ· box if we have enough vectors.
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whose result is based on a result of Håstad.

Dömötör Pálvölgyi Vectors in a Box



Introduction
Upper bound
Lower bound

Methods
Proof

All of our lower bounds are based on a result of Alon and Vũ,
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All of our lower bounds are based on a result of Alon and Vũ,
whose result is based on a result of Håstad.

Theorem

There is a nonsingular d × d matrix with entries ±1 whose inverse has an
entry with value dd/2+o(d) .

Proposition

There exists a d × (d + 1) matrix C of rank d with entries ±1 such that
any nonzero integral solution of Cx = 0 has a large component.

We say that Q is large if |Q| ≥ (cd)d/2 where c > 0 is a fixed constant.

We use this C to construct a large number of vectors in the box such that
there sum is in the box but for all I such that 1 < |I | < t we have∑

i∈I vi /∈ box.
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After flipping signs of some columns of C , z will be nonnegative.

Let cj denote the jth column of C .

Vectors wi : zj copies of cj for each j .
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Let z ∈ Z
d+1 be the smallest nonzero integral solution of Cx = 0.

After flipping signs of some columns of C , z will be nonnegative.

Let cj denote the jth column of C .

Vectors wi : zj copies of cj for each j .
∑

wi =
∑

zjcj = Cz = 0.
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Construction of vectors

Let z ∈ Z
d+1 be the smallest nonzero integral solution of Cx = 0.

After flipping signs of some columns of C , z will be nonnegative.

Let cj denote the jth column of C .

Vectors wi : zj copies of cj for each j .
∑

wi =
∑

zjcj = Cz = 0.

If
∑

i∈I wi ∈ interior of box, it must be 0,

so
∑

i∈I wi =
∑

z ′jcj = Cz′ = 0, contradiction.

Dömötör Pálvölgyi Vectors in a Box



Introduction
Upper bound
Lower bound

Methods
Proof

Construction of vectors

Let z ∈ Z
d+1 be the smallest nonzero integral solution of Cx = 0.

After flipping signs of some columns of C , z will be nonnegative.

Let cj denote the jth column of C .

Vectors wi : zj copies of cj for each j .
∑

wi =
∑

zjcj = Cz = 0.

If
∑

i∈I wi ∈ interior of box, it must be 0,

so
∑

i∈I wi =
∑

z ′jcj = Cz′ = 0, contradiction.

There are several ways to modify proof to work for boundary too.
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i = wi with replacing −1’s by −(1 − ε)’s.
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w′

i = wi with replacing −1’s by −(1 − ε)’s.

w′′

i = wi with replacing +1’s by (1 − ε)’s.

vi = w′

i ◦ w′′

i .
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A possible trick to finish proof

w′

i = wi with replacing −1’s by −(1 − ε)’s.

w′′

i = wi with replacing +1’s by (1 − ε)’s.

vi = w′

i ◦ w′′

i .

So wi = (+1,+1,−1) becomes vi = (+1,+1,−(1 − ε),1 − ε, 1 − ε,−1).
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i = wi with replacing −1’s by −(1 − ε)’s.

w′′

i = wi with replacing +1’s by (1 − ε)’s.

vi = w′

i ◦ w′′

i .

So wi = (+1,+1,−1) becomes vi = (+1,+1,−(1 − ε),1 − ε, 1 − ε,−1).

If
∑

i∈I wi ∈ box, then |I | is odd.
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w′

i = wi with replacing −1’s by −(1 − ε)’s.

w′′

i = wi with replacing +1’s by (1 − ε)’s.

vi = w′

i ◦ w′′

i .

So wi = (+1,+1,−1) becomes vi = (+1,+1,−(1 − ε),1 − ε, 1 − ε,−1).

If
∑

i∈I wi ∈ box, then |I | is odd.

First half or second half of
∑

i∈I vi /∈ box.
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A possible trick to finish proof

w′

i = wi with replacing −1’s by −(1 − ε)’s.

w′′

i = wi with replacing +1’s by (1 − ε)’s.

vi = w′

i ◦ w′′

i .

So wi = (+1,+1,−1) becomes vi = (+1,+1,−(1 − ε),1 − ε, 1 − ε,−1).

If
∑

i∈I wi ∈ box, then |I | is odd.

First half or second half of
∑

i∈I vi /∈ box.

Being a little more careful, each vi can be a ±1 vectors.
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We have proved dd/2+o(d) ≤ τ(d) ≤ dd+o(d).
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We have proved dd/2+o(d) ≤ τ(d) ≤ dd+o(d).

If O(
√

d) suffices in Steinitz lemma for B = [−1, 1]d , then
τ(d) = dd/2+o(d) .
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If O(
√

d) suffices in Steinitz lemma for B = [−1, 1]d , then
τ(d) = dd/2+o(d) .

For unit ball of the `1 norm, this constant cannot be smaller than d
2
.
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Conclusion

We have proved dd/2+o(d) ≤ τ(d) ≤ dd+o(d).

If O(
√

d) suffices in Steinitz lemma for B = [−1, 1]d , then
τ(d) = dd/2+o(d) .

For unit ball of the `1 norm, this constant cannot be smaller than d
2
.

For Euclidean ball and box, not even o(d) is known.
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Thank you for your attention!
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