MALTSEV  CONDITIONS AND
CENTRALITY

Excerpts from the book

The Shape of Congruence Lattices
Keith A. Kearnes,Emil W. Kiss

(in preparatiqn).




MET A-THEOREM:

If a statement can be proved for locally nite va-
rieties using tame congruence theory , then a pos-
sibly weaker form can be proved for arbitrary va-
rieties, via calculations with Mal'tsev conditions.

EXAMPLE:

Theorem (D. Hobby, R. McKenzi€). If a locally nite
variety omits types1 and 5 of tame congruencetheory,
and is residually small, then it is congruencemodular.

omits types1 and 5 ( = satis esa congruencedertity
Theorem (K. Kearneg. If an arbitrary variety satis es

a nortrivial congruencedertity, and is residually small,
then it is congruencemodular.



Fiv e aspects of the classi cation of varieties

(1) congruence-iden tities or implications: dis-
tributivit y, permutabilit y, modularity, meet-and
join-semidistributivit y.

(2) Mal'tsev-conditions: the ,,strength" is mea-
suredby concretevarietiesthat shouldnot satisfy
the given condition (sets, modules, semilattices).

(3) Omitting sublattices: concrete lattices (M 3,
Ns, Dy, D) that cannot occur as sublattices of
congruencdattices of algebrasin the variety.

(4) Omitting typ es: typesof tame congruencehe-
ory that cannot occur as labels on congruence
lattices of nite algebrasin the variety.

(5) Omitting special kinds of congruences or
tolerances: abelian, strongly abelian, orderable,
,,rectangular”, strongly rectangular.



omit 1; D,
SD("™)=mod

omit 1;5; D,
SD(_)=mod

omit D,, M 3
omit 1;2;5; SD()

Distributiv e Permutable

loc nite varieties
D. Hobby, R. McKenzie



Theorem. For any loc nite variety V, t.f.a. equivalert:

(1) The congruencdattice of every algebrain V has
a congruencewhoseblocks are modular, and the
factor-lattice is meet-semidistributive.

(2) V satis esanidempotent Mal'tsev condition that
fails in Ehe variety of sets.

3y D;2S Con(A) ;A 2V.

(4) V omits type 1 of tame congruencetheory.

(5) No algebrain V can have a nortrivial strongly
abelian congruence.

(6) There is a ternary term of V that is Mal'tsev on
the blocks of locally solvable congruences.

(7) Any two locally solvable congruence®n algebras
of V permute.




Theorem. For any loc nite variety V, t.f.a. equivalert:

(1) The congruencelattice of every algebrain V is
meet-semidistributive.

(2) V satis es an idempotent linear Mal'tsev condi-
tion thafi failsin afl nontrivial varietiesof modules.

(3) M3ZS Con(A) ;A2V.

(4) V omits types1; 2 of tame congruencetheory.

(5) No algebrain V can have a nontrivial abelian

congruence.

_—




Theorem. For any loc nite variety V, t.f.a. equivalert:

(1) The congruencelattice of every (' nite) algebra
in V hasa congruencenvhoseblocks are modular,
and the factor-lattice is join-semidistributive.

(2) V satis esanidempotent Mal'tsev condition that
fails in }he variety of semilattices.

(3 D2S Con(A) ; A 2V (A nite).

(4) V omits types1;5 of tame congruencetheory.




Theorem. For any loc nite variety V, t.f.a. equivalent:

(1) The congruencelattice of every ( nite) algebra
in V is join-semidistributive.

(2) V satis es an idempotent linear Mal'tsev condi-
tion that fails in semilatticesand in all nortrivial
varieties of modules.

do(X;y;2) Yax; dan(X;Y;2) Yaz;
i 1(X; Y5 X) Yadai (X, y; X) 5 iy 1(X;Y5Y) Yadai (X Y3 Y) 5
dai; 2(X; X Y) _1/4d2ii 1xy) (- i+ n):
(3) D;:M32S' Con(A)¢; A2V.
(4) V omits typesl1, 2, 5 of tame congruenceheory.



PR OBLEMS:

2 What is the relationship betweenthe listed prop-
ertiesand the existenceof a congruenceadertit y?

2 |sit possibleto removethe nitenessassumptions
related to congruencgoin-semidistributivit y?

Answeredby Keith A. Kearnes

enceshat cannotoccurin varietiesomitting D ,?

Answer: rectangulation with respect to a partial or-
dering. When the ordering is discrete, we get a concept
related to strong abeliannesgqstrong rectangulation ).
2 To what extert canthis classi cation be general-

ized to the non-locally nite case?

Answer: to a great extert!



What is similar?

(1) Properties of congruencdattices like SD(").

(2) Statemerts about the existenceof Mal'tsev con-
ditions failing in modules, semilattices, etc.

(29 ConcreteMal'tsev conditions.

(3) Omitted sublattices(D 1, D5, M 3).

(5) Characterizationsinvolving omitted special con-
gruencegqstrongly abelian, abelian, rectangular).




Theorem. For an arbitrary variety V, t.f.a. equivalen:

(1) V is congruencemeet-semidistributive.
(2) V satis esanidempotent Mal'tsev condition that
fails in Ell_|| nontrivigl varieties of modules.
(3) M32S Con(A) ;A2V.
(5) No algebrain V can have a nortrivial abelian
congruence/tolerance.
(5") The commutator of any two congruencess their
intersection.
(5") C(®, ;) holdsif and onql:y if

e (Chy s



Theorem. For an arbitrary variety V, t.f.a. equivalen:

(1) The congruencdattice of ewvery algebrain V has
a congruencewhoseblocks are modular, and the
factor-lattice is join-semidistributive.

(1) V satis esa nontrivial congruencedertit y.

(2) V satis esanidempotent Mal'tsev condition that
fails in ‘he variety of semilattices.

(3) D,2S Con(A) ;A 2V.

(5) No algebrain V canhave a nortrivial rectangular
congruence/tolerance.

Very complicated proof, basedon the famousresults by
Keith A. Kearnesconcerningthe locally nite case.



Theorem. For an arbitrary variety V, t.f.a. equivalert:
(1) V is congruencgoin-semidistributive.
(1) V is congruencaneet-semidistributive, and satis-
“es a nontrivial congruencedertity.
(2) V satis esanidempotent Mal'tsev condition that
fails in semilatticesand in all nontrivial varieties
of modules.

do(X;y;2) Yax; don(X;Y;2) Yaz;
Oai; 10X Y3 X) Yadai (X, Y5 X) 5 Qaij 1(X; Y5 Y) Yadai(X; Y5 Y) 5
dai; 2(X; X Y) _1/4d2ii 1Xxy) (- i+ n):
(3) DyxM;z2S' Con(A)¢; A2V.

(5) No algebrain V canhave a nontrivial rectangular
or abelian congruence/tolerance.



What is di®erent?

The methods of the proofs.

No known generalizationof omit-
ting TCT-types.

Only ad hoc methods to exclude
individual sublattices of congru-
encelattices, or to guarartee cen-
tralit y.

the ,,peak"” class(omitting 1; D)
splits: weak di®erence term .




omit D4, Eq,...
Taylor-term

weak di®erenceerm
SD(*)=mod
congr.identity, omit D,

SD(®
SD(_)=mod

omit D,, M3
SD( )

The hierarc hy of Distributive Permutable
all varieties



whereall x;;y; 2 fx;yg, andfx;;yig=fx; yg (sox; 6 y;).
Exists in every variety satisfyingan idempotent Mal'tsev
condition that fails in the variety of sets. (The weakest
possibleidempotent Mal'tsev condition.)

A weak di®erence term d(x;y;z) on A is de ned to
satisfy d(a;a;b) [® ®] b and d(a;b;b) [® ®)] a for every
(a;bh 2 ®2 Con(A).

Exists in ewvery locally nite variety with a Taylor-term
(that is, which omits 1).

Existsin ewvery variety satisfyingan idempotent Mal'tsev
condition that fails in semilattices.



Bad example:

Let A bethe realinterval [0;1] 4 R, equipped with the
basicoperation F (x;y) = (x + y)=2.

F(x;y) = F(y;x) is a Taylor-identity. SinceF is an
atne operation, A is abelian.

Let ® have blocks [0; 1) and f1g. This is a congruence,
and A=® is the two-elemeh semilattice, which is not
ewen sohable.

The variety generatedby A hasno weakdi®erenceerm.
Indeed, A is Abelian, hencea weakdi®erencagerm would
be a Mal'tsev term. But the two-elemem semilattice has
no Mal'tsev term.



Earlier results by Keith A. Kearnes,AgnesSzendrei.
Main tool: symmetric = linear comrmutator.

Theorem. Let V be avariety with a Taylor-term.

(1) The abelian algebrasin V are quasi-atne (subal-
gebrasof reducts of modules).

(2) V satis esa congruenceequationin *; _;+.

(3) If V has no abelian congruencesthen it is con-
gruencemeet-semidistributive.

Let V be a variety with a weak di®erenceerm.

(4) The abelianalgebrasin V areatne (polynomially
equivalert to a module).

The existenceof a weak di®erenceterm is the weak-
estpossibleidempotent Mal'tsev condition implying that
abelian algebrasare atne.



Theorem. For an arbitrary variety V, t.f.a. equivalen:

(1) V satis es the following congruenceimplication:
(x"y)=(x_y)"z=) (x*y)=(x_2)"y.

(2) V satis esanidempotent Mal'tsev condition that
fails in tlhe variety of sets(= hasa Taylor-term).

(3 D;2S Con(A) ;A 2 V.

(5) No algebrain V can have a nontrivial strongly
abelian congruence/tolerance.

(5") No algebrain V can have a nortrivial strongly
rectangular congruence/tolerance.

1)

All excluded



Theorem. Supposethat V hasa Taylor-term, A 2 V.
(1) If ®& 2 Con(A), then C(®,® ®" ) is equiva-
lent to C(®_ ;®_ ;).
(2) If®, ;°;£2 Con(A)suchthat C( _°;® 1) and
®\( £°)\(°x )u ztpu ®u _°,thent= ®.
(3) The following lattices with the given certrality
relations cannot occur as sublattices of Con(A):

S Al

C(;®4) or C(uan¥)
C(, . "9



Sketch of proof of (2). Needed: if C( _°;® ) and

®\( )\ (°x )uzpu ®u _°,thent=®.

Suppose(u;Vv) 2 ®; + Then thereis a chain like

U=Up U;°Us U3°Us Ug=V:

Let F(x;y) = F(y;x) be a Taylor-term, then

F(ui;uUo) ° F(uzug)  F(us;ug) ® F(usu)  F(us;ug)

is a shorter chain betweenF (uq; u) and F(v;u,). But
r:= F(ug;u) = F(u;uy) ®F(v;uy) = s:

Thus (r;s) 2 ® can be connectedby a shorter chain.
By induction we may assumethat (r;s) 2 + (If the
original chain is of length 2, then we usethe assumption
®\ ( £°)\ (° £ ) xinsteadof the trick above).



Now usethe certrality C( _ °;®;%): from
r=F(uuy) tF(v;uy) =s
we obtain that
u=F(uu) xF(v;u):

Switching the variablesof F the sameargumert implies
that F(v;u) v, sou v and we are done.



A congruence® of A is 1 -solvable, if there exists an
ordinal - , and congruences®, (i - -) sud that

(1) ®& =0, and ® = ®,

(2) ®+1=® is abelian for every i;

(3) if j isalimit ordinal, then® = f®& ji<]jag.

If ® 2 Con(A), then they are solvably related (in
notation ® » ), if (®_")=(®" 7) is an 1 -sohable
congruenceof A=(®" ).

It is important to have a well-orderedchain: a noncom-
mutativ e free group is a subdirect product of nite solv-
able groups (the comnutator seriesintersectsto zero),
but it is not 1 -sohable.

The variety of rings de ned by x? ¥4 0 hasthe property
that each menberis 1 -sohable.



Theorem. Supposethat V hasa weak di®erenceerm.

(1) The relation » is a congruenceon the congru-
encelattice of every A 2 V, which is compatible
with the completejoin operation. Eadh block of
this congruenceis modular, and Con(A)=>» is a
completemeet-semidistributive lattice.

(3) If N5 - Con(A), A 2 V, thenits bottom elemert
is not sohably relatedto ~ (labeling as above).

(3) If D, - Con(A), A 2V, then no two elemeits
of D, can be sohably related.

(6) Homomorphicimagesof abelian (1 -sohable) al-
gebrasand congruencesre abelian (1 -sohable).

(7) Any two sohably related congruencegpermute.

(8) Every 1 -solable re°exive compatible binary re-
lation is a congruence.




Photos by Piotr Zgodzinski (http://www.jubi.buum.pl)
and Adgm Pethp.



