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e consider versal deformations of ordinary (non-graded) three dimensional Lie
élﬁebra.s as special strongly homotopy Lie algebras. They correspond precisely to
e 0 even and 3 odd dimensional case. The classification of such Lie algebras is
1l known. As the symmetric algebra of a three dimensional odd vector space
ains terms only of exterior degree less than or equal to three, the construction
sal deformations of these special Lo algebras can be carried out completely.
ve a characterization of the moduli space of Lie algebras using Lo algebra
rmation theory as a guide to understanding the picture.
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ntroduction 4
assification of low dimensional Lie algebras has been known for a long
For example, the classification of ordinary Lie algebras of dimension 3
ars in textbooks such as [10]. More recently, the moduli space of three
nsional Lie algebras was studied in [1, 12]. The problem of finding
| deformation of a given object is a basic question in deformation
¥ because such a deformation induces all other deformations. This
m turns out to be very difficult. Versal deformation theory was first
out for the case of Lie algebras in [2, 3, 5] and then extended to
homotopy Lie algebras—also called L., algebras—in [6]. We apply
general results to construct versal deformations of three dimensional
ary Lie algebras, treating them as examples of L., algebras.
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L algebras are natural generalizations of Lie algebras and superalge-
bras if one considers Zy-graded vector spaces. They were discovered in [11]
and have recently been the focus of attention. An ordinary 3-dimensional
Lie algebra is the same as an Lo algebra structure on a 0]3 (0 even and
3 odd) dimensional Zy-graded vector space. The advantage of considering
Lie algebras as L algebras is that the deformation problem becomes sim-
pler and we get a clearer insight into the moduli space of the variety of Lic
algebras in a given dimension.

For simplicity we will suppose that the underlying vector space is defined
over C.

A detailed version of this lecture will appear in (8].

2. Definitions
2.1. Strongly Homotopy Lie Algebras

Let W be a Zo-graded vector space over a field & and T(W) the reduced
tensor algebra T(W) = @5, We". For an element v = 11 ® ... @ ¥n In
T(W), define its parity [v] = 1|+ + |un, and its degree by deg(v) = n.
With parity T(W) is a Zo-graded space. The reduced symmetric algebra
S(W) is the quotient of the tensor algebra by the graded ideal generated
by u® v — (—1)““v ® u for elements u, v € W.

The symmetric algebra S(W) has a natural coalgebra structure, which
oceurs as a subalgebra of the tensor coalgebra, given by the diagonal map-
ping

n—1
Alwy ... wn) = Z Z €(o)we(1) - - Wo(k) @ Wo(k+1) - - - Wo(n)s
k=1 gcSh(k,n—k)

where we denote the induced product in S(W) by juxtaposition. Here
Sh(k,n — k) is the set of unshuffles of type (k,n — k); that is the subset of
permutations o of n elements such that o(z) < o(i+ 1) when i # k, and
e(c) is a sign determined by o (and w, ...wy) given by

Wa(1) - - wg(n} = E(O’)L‘Jl R

Thus if ¢ interchanges p and p + 1, then e(o) = (=1)"7"+*.

Obviously the kernel of A is W. This mapping is clearly coassociative.
The grading on S(W) is compatible with the coalgebra structure, as for
homogeneous ¢ € S(W), A(c) = 3, u: ® v; where [u,] + |vi| = |c| for all 4,
that is A has degree 0. With this coalgebra structure, and the Z, grading,
S(W) is a cocommutatice, coassociative coalgebra (without a counit).
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A coderivation on the graded coalgebra S(W) is a map 6 : S(W) —
S(W) satisfying
Aob=(6@I+I®J)cA.

et us suppose that the even part of W has basis ey ...€m, and the odd
part has basis fi...fn, 50 that W is an m|n dimensional space. Then
. basis of S(W) is given by all vectors of the form e} ...ekm L L
here k; is any nonnegative integer, and l; € Zz. An Lo structure on w
_13. simply an odd codifferential on S(W), that is to say, an odd coderivation
_whose square is zero. The A-module Coder(S(W)) of graded coderivations
a natural structure of a graded Lie algebra with the bracket (o, ] =
P — (-1)#¥9 o p. On the other hand, this space can be identified
with Hom(S(W), W), and the Lie superalgebra structure on Coder(S (W)
“determines a Lie bracket on Hom(S(W), W) as follows. Let

L., = Hom(S™(W), W)

hat L = Hom(S(W),W) is the direct product of the spaces Li. If
e L, and B € Ly, then (@, 8] is the element in Lm4n—1 determined by

[ﬂ?ﬁl(wl . 'wr;1+n_1) ]

G(J)a{ﬁ(wa(l) * g wcr(n))wa(n—i—l} ces wo’{rr}.-{—n—l))
g€Sh(n,m—1)

e

g€Sh(m,n—1)

E(U)ﬁ(a(wa(l] o -wcr(m))wo(m+]) L wa(m—{-n—l}}»

(1)

If W is completely odd, and d € La, then d determines an ordinary Lie
gebra on W, or rather on its parity reversion which is the same space
ith the parity of elements reversed. This is the case we consider in this
talk.

Suppose that § : S(W) — S(W') is a coalgebra morphism, that is a
1ap satisfying

Alog=(G®§) oD

fd and d' are Lo algebra structures on W and W', resp., then g is a
omomorphism between these structures if gjod = d'0g. Two L structures
‘dand d’ on W are equivalent, and we write d’ ~ d when there is a coalgebra

‘automorphism § of S(W) such that d' = g*(d) = g~ odo g. Furthermore,
if d = d’, then § is said to be an automorphism of the Lo algebra.
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2.2. Versal Deformations

For the classical theory of formal deformations we refer to [9].

Here we need a more general concept of deformation. A deformation
with a base for a Lie algebra was introduced in [2] and worked out in [3]. An
augmented local ring A with maximal ideal m will be called an infinitesimal
base if m? = 0, and a formal base if A = lim, A/m™. A deformation of
an L. algebra structure d on W with base given by a local ring A with
augmentation € : A — £ is an A-L structure d on W & A such that the
morphism of A-L, algebrase, = 1®€¢: La=L® A — L®K = L satisfles
e.(d) = d. (Here W & A is an appropriate completion of W ® A.) The
deformation is called infinitesimal (formal) if A is an infinitesimal (formal)
base.

In general, the cohomology H (D) of d given by the operator D : L — L
with D(¢) = [¢.d] may not be finite dimensional. However, L has a natural
filtration, which induces a filtration H™ on the cohomology. That means
if W is finite dimensional, H(D) is always of finite type, that is H"/H"!
is finite. A set 6; will be called a graded basis of the cohomology, if any
element d§ of the cohomology can be expressed uniquely as a formal sum
5 = (5,‘&‘.

For each §;, let u' be a parameter of opposite parity. Then the infinites-
imal deformation d! = d + &;u*, with base A = R[u;]/(uiu;) is universal
in the sense that if d is any infinitesimal deformation with base B, then
there is a unique homomorphism f : A — B, such that the morphism
fo=1® f: La— Lg satisfies f.(d) ~ d.

For formal deformations, there is no universal object in the sense above.
A wersal deformation is a deformation d*° with formal base A such that
if d is any formal deformation with base B, then there is some morphism
f: A — Bsuch that f,(d®) ~ d. If f is unique whenever B is infinitesimal,
then the versal deformation is called miniversal. In [6], we constructed a
miniversal deformation for L., algebras with finite type cohomology.

The method of construction is as follows. Define a coboundary oper-
ator D by D(y¢) = [p,d]. First, one constructs the universal infinitesimal
deformation d' = d + 8;u’ as before. The infinitesimal assumption that the
products of parameters are equal to zero gives the property that [d',d'] = 0.
Actually, we can express

[dljdl] i {—1)51(5"“)161,éj}u*'uj i 6kafju-iu'? + 5@%11“-”'?':

where the 3; form a basis of the coboundaries, because the bracket of d*
with itself is a cocycle. Note that the right hand side is of degree 2 in the
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sarameters, so it is zero up to order 1 in the parameters.
If we suppose that D(v;) = —13;, then by replacing d' with

d*=d + kai‘juiuj,
_one obtains
(@2, ) = Grabutud + 20, bl utnd] + Pyeblyuted, bl uted]

_Thus we are able to get rid of terms of degree 2 in the coboundary terms
'ﬁi, but those which involve the cohomology terms §; can not be eliminated.
_This gives rise to a set of second order relations on the parameters. One
continues this process, taking the bracket of the n-th order deformation d",
ding some higher order terms to cancel coboundaries, obtaining higher
order relations, which extend the n-th order relations.
b Either the process continues indefinitely, in which case the miniversal
deformation is expressed as a formal power series in the parameters, or after
. a finite number of steps, the right hand side of the bracket is zero after
Ql;plying the n-th order relations. In this case, the miniversal deformation
mply the n-th order deformation. We obtain a set of relations R; on
parameters, one for each d;, and the algebra A = C[[u']]/(R:) is called

the base of the miniversal deformation. For details see [5, 6].

3'.: Equivalence Classes of 3-Dimensional Lie Algebras

Suppose that W = (f1, f2, f3). Then S{(W) decomposes into three pieces.

SY(W) = (f1, f2, fa), dim(S (W) = 0|3
S2(W) = (fif2, f1f3, faf3), dim(S*(W)) = 3]0
S} (W) = (f1fafa), dim(S3(W)) = 0|1.

Let L = Hom(S(W), W) and L, = Hom(8™(W),W). Then

Ly(W) = {¢} | I € {100,010,001},5 =1...3}, dim(L,) = 9|0
Lo(W) = {¢} | T € {110,101,011},j=1...3},  dim(L2) = 019
- Ly(W) = {pi" |j=1...3}, dim(L3) = 3|0

ollows that the only candidate for an odd codifferential is of the form

<110 110 110

L= a)+y a2ty az+

' 1 101 101
o1%as + 3 as + @3 as +

Aar + oflas + ¢flas (2






