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Abstract. The examination of straightforw ardly de�nable discrete
structures in nucleic acids and proteins turned out to be perhaps the
most important development in our present knowledge and understand-
ing the their form and function. These discrete structures are sequences
of nucleotides and amino acid residues, respectively. Bioinformatics was
born as the scienceof analyzing these sequences.The discretization of
the biological information into easy-to-handle sequencesof 4 or 20 sym-
bols made possible the application of deep mathematical, combinatorial
and statistical tools with enormous success.The tools, resulting from
this process,changed our perception of genetics, molecular biology, and
life itself.

Straightforw ard discrete structures can also be de�ned in the spatial
descriptions of proteins and nucleic acids. The de�nition and examina-
tion of discrete objects, using the spatial structure of proteins instead
of amino acid sequenceswould intercept spatial characteristics, that are
more conservativ e evolutionary than the polypeptide sequences.

In the present work we analyze the Delaunay tessellations of more than
5700 protein structures from the Protein Data Bank. The Delaunay tes-
sellations of the heavy atoms of these protein structures give certainly
a more complex structure than the polymer sequencesthemselves, but
these tessellations are still easily manageablemathematically and statis-
tically , and they also well describe the topological simplicial complex of
the protein.

Our main result is Table 1, describing the relation betweenvan der Waals
and covalent bonds in the edgesof the Delaunay tessellation. Among
other �ndings, we show that there is only a single one Delaunay tetrahe-
dron in the analyzed 5757 PDB entries with more than 81 million tetra-
hedra, where all six edgesof the tetrahedron correspond to atom-pairs
in van der Waals distance, but none of them to atom-pairs in covalent
distance.



1 In tro duction

Recognizing the importance and decoding the rich information of polypeptide
sequencesof proteins and nucleotide sequencesof nucleic acids were the basesof
the exponential growth of the biological knowledgein the 20th century .

Besidethesesequential information, numerousother discretizedor discretize-
able biological data sourceswait to be exploited. One of these is the large, rich
and reliable Protein Data Bank [1], storing the mainly crystallographical infor-
mation of more than 50,000entries (proteins and nucleic acids) today.

In our earlier work [2] we de�ned a certain simplicial decomposition on the
heavy atoms of the protein structures in the PDB, and analyzed geometrical
properties of the tetrahedra of di�eren t atomic composition.

1.1 Delauna y-Decomp ositions

De�nition 1. Given a �nite set of points A � R3, and a H � A such that the
points of H are on the surface of a sphere and the sphere does not contain any
further points of A, then the convex hull of H is called a Delaunay region.

Theorem 1. Delaunay regions de�ne a partition of the convexhull of A. If the
points of A are in general position, (i.e., no �ve of the points are on the surface
of a sphere), then all regions are tetrahedra (cf. Figure 1).

ut
We are interested in the Delaunay tessellation of the point-sets, since it is

well-de�ned, it can be computed easily [3], and the resulting tetrahedra are as
closeto the regular tetrahedra as possible, in the sensethat circumspheresdo
not contain further points from the point-set.

Figure 1 shows an example for the Delaunay tessellation on the plane.
Singh, Tropsha and Vaisman[4] applied Delaunay decomposition to protein-

structures asfollows:they selectedA to bethe setof C� atoms of the protein, and
analyzedthe relationship betweenDelaunay regionsvolumeand \tetrahedralit y"
and amino acid order in order to predict secondaryprotein structure. They gave
the following de�nition:

De�nition 2 ([4]). The tetrahedrality of the tetrahedron with edge-lengths
l1; l2; l3; l4; l5; l6 is de�ned
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where l i is the length of the i th edge.

In a more recent work, Masso, Hijazi, Parvez and Vaisman [5] applied De-
launay tessellation combined with AI tools to predict residue-structure compat-
ibilit y in caseof point mutations of the E. coli lac repressor.

In an earlier work of us [2], we computed the Delaunay tessellationsof all the
heavy atoms of more than 5700 "p erfect" PDB entries from the Protein Data



Fig. 1. The Delaunay decomposition of 5 points on the plane. Note the empty
circumcircles. The �gure was created by using a Java applet, available at
http://www.cs.cornell.edu/home/c hew/Delaunay.html

Bank, where"p erfect" meansthat they contain no missingatoms in their spatial
coordinate section (c.f. Figures 2 and 3 for illustrations.) Next, we examinedthe
protein-ligand complexesby reviewing all ligand atoms in protein-ligand com-
plexes,and characterizing the protein-atoms in the four verticesof the tetrahedra
containing the ligand-atoms ([2], Tables2 and 3). We found intricate geometri-
cal relations in the distribution of tetrahedral vertices. We also found di�eren t
volume-tetrahedrality characteristics of tetrahedra with di�eren t atomic vertex-
sets([2], Figure 3).

2 Materials and metho ds

In what followsA � R3 is always a subsetof the heavy atoms (i.e., non-hydrogen
atoms) of a protein.

To �nd the Delaunay decomposition of a set, we have used the algorithm
qhull. Its implementation sourceis available at: http://www.qh ull.org/ [3].

For visualizing the Delaunay tessellationsof protein structures, we applied
the PyMol software together with the publicly available PyDet plug-in [6].

In an earlier work of us, we applied a rigorous cleaning and re-structuring
procedurefor the entries in the Protein Data Bank [7], and created the RS-PDB
database.We made use of non-trivial mathematical, mainly graph-algorithms:
Computing the InChI TM code [8, 9] applied a graph-isomorphism testing,



Fig. 2. A Delaunay-tetrahedron in a spatial atom set.

Fig. 3. The Delaunay decomposition of the PDB entry 1n9c.

transforming aromatic notation to Kekule-notation useda non-bipartite graph-
matching algorithm [10], breadth-�rst-search graph traversals [11] were used
throughout the work [7], depth-�rst search [11] was used in building the ligand
moleculesand identifying ring structures, kd-trees [12] were applied for com-



puting covalent bonds, and hashing [11] were utilized for the fast generation of
protein-sequenceID's.

We applied the qhull algorithm for those PDB [1] entries, that contained

{ at least one protein molecule,
{ with no missing atoms,
{ the resolution of the structure is at least 2.2 �A.

We have found 5757 such entries in the RS-PDB database.Note, that the
requirement for the missing atoms is perhapstoo strict, but in this study we do
not intend to deal with stabilit y questions,i.e., the e�ects of the missing atoms
for the whole tessellation.

In contrast with the article [4], we have taken A to be the set of heavy atoms
of the protein, in the recent work as well as the in the [2]. Note that in that
casewe can not supposethat points are in generalposition, as for example in a
(perfect) benzenering at least 6 carbon atoms lie on a sphere.However, we have
found that - probably due to imprecision of data in the PDB, all regions turn
out to be tetrahedra.

Our present work alsousethis set of �ltered data for characterizing the bond
graphs in spatial protein structures.

3 Results: Van der Waals edges vs. covalent edges in
Delauna y tetrahedra

We suggestthat the Delaunay tessellationcould be a discretestructure catching
somedeepproperties of the 3D protein data. In [2], we analyzedprotein-ligand
complexeswith the help of Delaunay tessellations.

Here we characterize the edgesof Delaunay tetrahedra into three classes:

i Edges,longer than the van der Waalsbond distanceof the two atoms in the
vertices;

ii Edges,shorter than or equal to the van der Waals bond distance of the two
atoms in the vertices;

iii Edges,shorter than or equal to the covalent bond distanceof the two atoms
in the vertices.

Clearly, type (iii) edgesare also type (ii) edges,but the reverseis not true.
Heuristically, the Delaunay tetrahedra will contain lots of atom pairs in bond

distance. Our main result in the present work is Table 1.
The columnsof Table1 correspond to the graphs,with verticescorrespond to

the verticesof the Delaunay tetrahedra, and edgesof type (ii). The rows of Table
1 correspond to the same4-vertex graphs in the sameorder as in the columns,
but his time with type (iii) (i.e., covalent) edges.The very �rst row and the last
column describes the degreesof the vertices in the 4-vertex graphs.

For example,on Table1, in the intersection of column 1111and row 0011,the
number 126,110meansthat from the more, than 5 million tetrahedra with two



Table 1. The columns correspond to the Delaunay tetrahedra where the connected
vertices are in van der Waals distance, while the non-connected ones are longer than
the atom-speci�c van der Waals distance. The rows correspond to the samegraphs in
the same order, but there the edgescorrespond to vertices in covalent distance, and
the non-edgesvertex-pairs in non-covalent distance. The �rst row and the last column
contains the degree sequencesof the bond-edges in the tetrahedra. The item in the
intersection of a row and in a column contains the number of tetrahedra satisfying the
de�nition both of its row and its column. Sincevan der Waals distancesare larger than
covalent distances, the lower left half of the table is empty.

van der Waals edgeswith degree-sequence1111, only 126,110contain exactly
one covalent edge.

It is worth to mention, that while there are - albeit very few - length-3 and
length-4 cycles in the van der Waals graphs, there is no a single one in the
covalent graphs (c.f., the highlighting in Table 2), this observation correlates
well with facts from basic biochemistry.

Rows with degree-sequences1113 and 1122 show that tetrahedra with at
least 3 covalent bond edgesdo not admit further van der Waals edges.

Row with degreesequence0112shows that its intersection with column 0222
is 0, that is, a length-2 path of covalent edgesprohibits a third van der Waals
edgeclosing the path to a triangle.

On the other hand, the shadedpart of Table3 shows that almost all complete
4-vertex van der Waalsgraph hastwo non-adjacent covalent edges.There is only
a singlecomplete4-vertex van der Waalsgraph without covalent bonds,depicted
on Figure 4.



Table 2. The highlights show that there are no 3- or 4-cyclesin the covalent graph (it
is not surprising), but there are numerous such cycles in the van der Waals graph.

Fig. 4. The single complete 4-vertex van der Waals graph without covalent bonds in
PDB entry 1qiz. The vertices are carbon atoms, each from di�eren t polypeptide chains;
more exactly, the van der Waals tetrahedron is formed from the C� 2 atom of the LEU 13

of chain E, the C� 2 atom of the LEU 13 of chain K, the C� 2 of the LEU 17 of chain L,
and C
 2 atom of the VAL 18 of chain F.



Table 3. The highlighted column shows that almost all complete 4-vertex van der
Waals graph has two non-adjacent covalent edges. There is only a single complete
4-vertex van der Waals graph without covalent bonds.

This singleexceptioncan be found in an interesting con�guration in the PDB
entry 1qiz, in a human insulin hexamerstructure. As wedepictedon Figure 4, the
four vertices of the tetrahedron consistsof four carbon atoms, each in di�eren t
polypeptide chains. More exactly, from the C� 2 atom of the LEU13 of chain E,
the C� 2 atom of the LEU13 of chain K, the C� 2 of the LEU17 of chain L, and
C
 2 atom of the VAL 18 of chain F.

In [2], we examined the relation between the tetrahedralit y and the volume
of the tetrahedra in the Delaunay tessellationsof the protein structures. We give
here the triple logarithmic plot of the complete data set in Figure 5.

We have found that the volume-tetrahedrality relation is strongly dependent
on the bond-graph of the Delaunay tetrahedra examined. Figure 6 gives the
highly di�eren t triple-logarithmic color-coded plots, that is a decomposition of
Figure 5, according to bond-graphs.
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