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Homework 1.

(Correction posted on Friday, Oct 17)

Submission deadline: Monday, Oct 27.
Solutions can be submitted on paper or by email, in English or Hungarian.

1 Show by an example that on an infinite graph there may exist a non-constant function
that is harmonic at every node, even if the graph is connected and has finite degrees.
Can such a function be bounded?

2 Let a, b be two nodes of a connected graph G. We define the hitting time H(a, b) as
the expected number of steps before a random walk, started at a, will reach b. Consider
the graph as a rubber band structure, but also attach a weight of d(v) to each node v
(where d(v) is the degree of v). Nail the node b to the wall and let the graph find its
equilibrium. Prove that a will be at a distance of H(a, b) below b.

3 Prove that for every connected graph G, the effective resistances R(i, j) satisfy the
triangle inequality: for any three nodes a, b and c we have R(a, c) ≤ R(a, b) + R(b, c).

4 Show by an example that the commute time comm(a, b) can increase when we add
an edge to the graph.

5 In a rubber band representation, increase the strength of an edge between two non-
nailed nodes (while leaving the other edges invariant). Prove that the length of this edge
decreases.

6 Let L be a finite set of lines in the plane such that no two of them are parallel and
they are not going through the same point. Color each line red or blue. Prove that there
is a point where at least two lines of L intersect and all the lines through this point have
the same color.


