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Abstract

We denote the local “little” and “big” Lipschitz constants of a function
f:R — R by lip f and Lip f. In this paper we are interested in the following
question. Given a set FCR is it possible to find a continuous function f
such that lipf =1g or Lipf =17

For monotone continuous functions we provide the rather straightforward
answer.

For arbitrary continuous functions the answer is much more difficult,
and a complete answer is not known. We introduce the concept of uniform
density type (UDT) and show that if E is G5 and UDT then there exists a
continuous function f satisfying Lip f = 1g, that is, E is a Lip1 set.

We also verify that there exist weakly dense G sets which are not Lip1.

1 Introduction

Throughout this note we assume that f : R — R is continuous. Then the so-called
“big Lip” and “little lip” functions are defined as follows:

Lip f(w) = limsup My(z,7),  lip f(x) = lim inf M (z,7), a1
e r—0t
where
Mf(x r) = sup{|f(z) — f(y)|: |z —y| < T}.

,
We also define

Ly={zxeR: Lipf(r) <oo}and lf ={z € R : lip f(z) < oo}.

The behaviour of the two functions, Lip f and lip f, is intimately related to the
differentiability of f. For example, the Rademacher-Stepanov Theorem [10] tells us
that if R\ L; has measure zero, then f is differentiable almost everywhere on R. On
the other hand, in ([3], 2006) Balogh and Csornyei construct a continuous function
f R — R such that lip f = 0 almost everywhere, but f is nowhere differentiable.
However, in the same paper, they also show that if R\/; is countable and lip f is
locally integrable, then f is again differentiable almost everywhere on R.

More recently, progress has been made on characterizing the sets Ly and [ for
continuous functions ([5], 2018) and characterizing the sets of non-differentiability
for continuous functions with either Ly = R or [y = R ([8], 2016). There are still
a number of open problems concerning the relationship between Ly (If) and the
differentiability properties of f.

We also mention the very recent result ([I1], 2019) about little Lipschitz maps
of analytic metric spaces with sufficiently high packing dimension onto cubes in
R™.



It is an interesting problem to characterize the functions Lip f and lip f for
continuous functions f. In this note, we take a first step in this direction by inves-
tigating when it is possible for Lip f (or lip f) to be a characteristic function. Given
a set £ C R we say that F is Lip1 (lip1) if there is a continuous function defined
on R such that Lipf = 1g, (lipf = 1g). So we are interested in determining
which sets E are Lip1 or lip1.

It turns out that it is straightforward to decide this in the special case where
f is monotone. We say that E is monotone Lip1 (lip1) if there is a continuous,
monotone function f such that Lipf = 1g (lipf = 1g). In Theorems B.I] and
we show that monotone Lip1 and lip1 sets can be characterized using simple
density conditions. The details for this are laid out in Section Bl

In Section Ml we see that Lipl sets are weakly dense Gj sets (Theorem 1))
and lip1 sets are strongly one-sided dense F,, sets (Theorem [£.7)). In Theorem [£.3]
we show that a certain ternary decomposition is necessary and sufficient for Lip 1.
In Theorem [4.8 it is proved that countable disjoint unions of closed and strongly
one-sided dense sets are lip 1.

In Section [ we consider the more difficult problem of characterizing general
Lip1 sets. Given a measurable set, we introduce a two-parameter family of sets
describing its levels of density and use this to define uniform density type (UDT)
sets.

Definition 1.1. Suppose that F C R is measurable and v, > 0. Let

(z —r,2) NE| [(x,x+7)NE]|

E””‘;:{xER:max{
r r

}27 V'r:0<'r’§5},
where |E| denotes the Lebesgue measure of the set E.

We say that E has uniform density type (UDT) if there exist sequences 7, 1
and &, \, 0 such that B C (N2, U, E™".

Our main result from Section B Theorem [5.5] states that G5 sets which are
UDT are Lip1.

Finally, in Section [0l we show that the UDT condition in Theorem cannot
be replaced with one of the weaker density conditions from Section 3]

2 Preliminary definitions and results

The union of disjoint sets A and B is denoted by ALIB. For any S,T7 C Rand z € R
we define d(.S,T") to be the distance from S to T', that is inf{|z—y| : x € S, y € T'}.
Let d(z,S) = d({z}, S).

In the space of continuous functions defined on an interval I we use the supre-
mum norm ||f|| = sup{|f(x)| : € I'} and the metric and topology generated by
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this norm. In some of our arguments we will need a finer notion, which is not a
neighborhood in the usual sense. We will call it vicinity:

Definition 2.1. By a vicinity U of a function f: R — R we mean a set of functions
of the following form:

U=A{g:Vz|f(z)—g(z)| <r(x)},
where r(x) is a fixed, continuous, nonnegative function, called the radius of U.

Definition 2.2. Given a sequence of non-degenerate closed intervals {I,}, we
write [, — x if x € [, for all n € N and |I,,| — 0.

Definition 2.3. The measurable set E is weakly dense at x if there exists I,, — =
such that ‘E‘?l‘”‘ — 1. The set E is weakly dense if E is weakly dense at x for each
r ekl

The set E is strongly dense at z if for every sequence {I,} such that I,, — x
we have ‘E|?I‘”|

for each z € F.

— 1. We say that E is strongly dense if E is strongly dense at x

Note: E being strongly dense at x, just means that z is a point of density of
E.

In this paper a.e. always means Lebesgue almost everywhere.

Lemma 2.4. Suppose that E C R and f: R — R are such that Lip f = 1g. Then
f is a Lipschitz function and | f(x) — f(y)| < ||z, y] N E| for every x,y € R (where

r<vy).

Proof. Suppose that there exist zo < yo such that |f(yo) — f(x0)| = 7|yo — xo| with
v > 1. Then one can find a nested sequence of intervals [z,,y,], n = 0,1, ... such
that |f(yn) — f(xn)| > 7|yn — zn| and y, — z,, = 27"(yo — xo) hold for any n. Let
x* =N [zn, yn]. Clearly, Lip f(z*) > v > 1, a contradiction.

Since f is Lipschitz it is absolutely continuous. Therefore f’ exists almost
everywhere and f(y) — =/ Y f'(t) dt. Since |f’| equals 1z a.e. we obtain that
[f(y) — f@)] < [ 1s(t dt—l[af y]ﬂEI O

3 Necessary and /or sufficient conditions for mono-
tone Lip1l and lip1 sets

For monotone Lip1 and lip1 sets it is rather easy to obtain necessary and sufficient
conditions.



Theorem 3.1. The set E is monotone Lip1 if and only if E is weakly dense and
E¢ is strongly dense.

Proof. Assume that E is monotone Lip1. Then we can choose a continuous, mono-
tone increasing function f such that Lip f = 1. By Lemma 2.4] f is absolutely
continuous. Since Lip f = 1g and f is increasing, we conclude that f'(z) = 1g(z)
a.e. and we have

fly)— f(zx) = /y 1p(t)dt = |E N[z, y]| for all x < y. (3.1)

From (BI0) and the definition of Lip f it is straightforward to show that E is weakly
dense and E° is strongly dense.

Now assume that F is weakly dense and E° is strongly dense. Then let f(x) =
f 1p(t) dt by selecting an arbitrary xq. It is straightforward to show that Lip f =
1p and therefore E' is monotone Lip1. O

For the characterization of monotone lip1 sets we need a few new definitions:

Definition 3.2. Suppose that [,, — x. If each I, is centered at x we say that
{1} center converges to x and we write I,, > x.

Definition 3.3. The set F is weakly center dense at x if there exists a sequence

{I,,} such that I, = z, and ‘E‘?l‘”' — 1. The set E is weakly center dense it E' is

weakly center dense at every point x € F.

Definition 3.4. The set E is strongly one-sided dense at x if for any sequence
{I,} = {[x =7, x+72]} such that I,, — z, we have max{Z0z=rnall [EOfr.otraly _,

Tn Tn

1. The set F is strongly one-sided dense if E is strongly one-sided dense at every
point x € F.

Remark 3.5. The observant reader will note that we have not defined strongly
center dense or weakly one-sided dense. The reason for this is that defining these
terms in the obvious way would be redundant since strongly center dense sets
would be equivalent to strongly dense sets and weakly one-sided dense sets would
be equivalent to weakly dense sets. We also observe that the following implications
hold:

strongly dense =- strongly one-sided dense,

weakly center dense = weakly dense .

Note that neither of the above implications is reversible: a closed interval is
strongly one-sided dense and weakly dense, but not strongly dense or weakly center
dense.

Theorem 3.6. The set E is monotone lip1 if and only if E is strongly one-sided
dense and E° is weakly center dense.

Proof. The proof of Theorem is similar to the proof of Theorem 3.1 O
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4 Necessary and/or sufficient conditions for gen-
eral Lipl and lip1 sets

In Theorem [4.1] we give a necessary condition for a set to be Lip1. We will see in
Section [0 (Theorem [6.3]) that this condition is not sufficient.

Theorem 4.1. If EF C R is Lip1 then E is a weakly dense G set.

Proof. Suppose that E is Lipl. Lemma 2.4l implies that E is weakly dense. Let
f:R — R be such that Lipf = 1g. As

~ 1 1
E = n {ZL‘ € R : there exists r € (O, —) such that My(z,r) > 1 — —}
n
n=1

n

and the sets on the right are open, we obtain that F is Gj. U

The next definition will be used to obtain a necessary and sufficient condition
for Lip1 sets in Theorem .3l

Definition 4.2. Let E be a measurable subset of R and suppose that E;, Fy, F_
are pairwise disjoint sets whose union is R. Then we say that Ey, Fy, E_1 is a
ternary decomposition of R with respect to E if the following conditions hold:

Vx € E either F; or E_; is weakly dense at x, (4.1)
XA
|12

If Ei, Ey, E_q is a ternary decomposition of R with respect to E we write
E ~ (Ey, Ey, E_4).

Vo € E° and VI, — x we have — 0. (4.2)

Theorem 4.3. A set E is Lip1 if and only if there is a ternary decomposition of
R with respect to E.

Proof. Suppose that E ~ (Fy, Ey, E_1). Define

fa) = / 1 (1)~ 1p, (0 di.

Then straightforward calculations show that Lip f = 1.

Working in the opposite direction, now assume that Lipf = 1g. Then by
Lemma 2.4 f is absolutely continuous and hence f is differentiable almost ev-
erywhere and wherever f'(z) is defined f’(z) is equal to either 1,0 or —1. For
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i =1,—1 define E; = {x : f'(x) =i} and let Ey = R\(F; U E_;). By absolute
continuity of f we have that

ﬂw:ﬂm+[fmwﬁ:ﬂm+éﬁﬂm—1Eﬁwt

and it is straightforward to show that E ~ (Ey, Ey, E_1). O

Remark 4.4. Suppose that £ ~ (Ey, Ey, E_1). Then we can find Fi, Fy, F__; such
that E ~ (Fh F(], F,l) and £ = F1 U F,l.

To see the truth of the Remark 4] assume that £ ~ (Ey, Ey, E_1). Recalling
that almost every element in a set is a density point of the set, it follows from
the definition of a ternary decomposition that |E;\E| = 0 for i = 1,—1 and
|Eo N E| = 0. Thus, if we define F; = (Ey U Ey) NE, Foy = E_.yNE, and
Fy =R\ E, then we have F ~ (Fy, Fy, F_1) and E = F} U F_;.

Remark 4.5. Although Theorem [4.3 gives a characterization of Lip 1 sets, it is not
always easy to verify whether or not a given set E has a ternary decomposition.
One simple example is £ = (0, 00). In this case, one can verify that Ey = (—o0, 0],
E_y = U2 (5050 5500 By = (Up2y (55, 527))U(1, 00) gives a ternary decomposition
of R with respect to F and therefore F is Lip1.

Next we want to find some necessary and some sufficient conditions for lip1
sets. First we state and prove the lip1 version of Lemma 2.4

Lemma 4.6. If E C R and f: R — R such that lip f = 1g then |f(a) — f(b)| <
[[a,b] N E| for every a,b € R (where a < b).

Proof. Let € > 0. For every z € R we fix r, € (0,¢) such that My(x,r,) < 1+e.
We select a finite set H C R for which {(z —r,,z+7,) : * € H} is a minimal cover
of [a, b] that is every y € R is contained by at most two of these open intervals. If
re€R, r>0andy e (r—r,x+r), we have |f(z) — f(y)| < rMy(z,r). Thus

[f(a) = fO) < 2rMp(a,r,) > 2r(146) <2(b+e—(a—¢))(L+e).

xeH x€H

Hence f is Lipschitz as a, b and € were chosen arbitrarily.
Since f is Lipschitz it is absolutely continuous. Therefore f’ exists almost
everywhere and f(b) — f(a) = f; f'(t)dt. Since |f'| equals 15 a.e. we obtain that

1£(0) = f(a)] < [V 1p(t) dt = [[a,b] N E]. O



Theorem 4.7. If E C R islipl then E is a strongly one-sided dense F, set.

Proof. Suppose that F is lipl. Lemma implies that F is strongly one-sided
dense. Let f: R — R such that lip f = 1g. As

~ 1 1
E° = ﬂ {x € R : there exists r € (O, —> such that My(z,r) < 5}
n
n=1

and the sets on the right are open, we obtain that E¢ is G5 hence E is F. U
After the above necessary condition here is a sufficient condition for lip 1.

Theorem 4.8. Suppose that E = L2 | E,, where for each n € N, E,, is closed and
strongly one-sided dense. Then E islip1l.

We should note that simple examples show that Theorem does not provide
a characterization of lip1 sets. For example, non-empty, open sets are lip1, but no
non-empty, open set can be expressed as a disjoint, countable union of closed sets.

Remark 4.9. Note that if F is dense in R and each FE,, is nowhere dense, then F
is not Lip1. Indeed, proceeding towards a contradiction suppose that E is Lip1
and f is a continuous function verifying this property. For every x € E° there
exists d, > 0 such that for any h with |h| < d, we have

Fx 1) = F@)] < 7l

By Baire’s category theorem there exists n € N and an interval (a,b), a < b such
that

1
A, ={ze€E:§ >—-}
n
is dense in (a,b). Then Lip f(z) < % for any = € (a,b) and hence E N (a,b) = 0,
which contradicts the density of E.
The proof of Theorem will depend on the following:

Lemma 4.10. Suppose that E is closed and strongly one-sided dense. Let ¢ > 0.
Then there exists a continuous function f such that

(11) 0 < f(x) <e for all z € R.
Proof of Lemma[{.10. For every i € Z define E; = [(i — 1)e,ie] = [a;—1, a;] and

choose z; € E; such that |E N [a;_1,2)| = |[E N[z, a]]. Foreachi=1,2,...,n
define Ej" = EN[a;_1,2;] and E; = E N [z;,a;] and let EY = U2 ___E' and
E- =Ux__E;. Define f(z) = [ 1p+(t) — 1p-(t) dt. Then it is straightforward
to verify that (i) and (@) hold. O



Proof of Theorem[[.§ Assume that E' = U2 E,, where each E, is closed and
strongly one-sided dense. By redefining Ei, Es, ... we can suppose that if n > 2
then F,, is bounded.

Using Lemma we choose f; such that ({l) and (i) of Lemma hold with
f replaced by fi, E replaced by F; and € = 1. Again using Lemma [4.10] for each
n € NN [2,00) we choose f,, > 0 such that (i) holds with f replaced by f, and E
replaced with £, such that

0< fu(z) <2 "min {1, d(En,UEk) } (4.3)

(we note that the right-hand side is positive, as F,, is compact and UZ;%E,g is
closed). Obviously, for every n € N

fn is constant on each interval contiguous to E,. (4.4)

Let f(x) = 220:1 fu-

Suppose that np € N, ¢ >0 and z € E,,. Let
ny := max{ng + 1, —[log,(¢)|} and r € (O, d({x}, UneNn[l,m]\{nO}En)). (4.5)

For every y € [x — r,z + r] we have

[f(2) = S |fno(2) = Fo(¥)]

r r

O Z sup fn(t)

using (Z4) neN\{no} teR
E.N(z—r,z+1)#£0

< ot Y 2B, Ey) <7t Y 27d(E, {x})

using (@.3) neN\{no} neN\{no}
Enn(z—r,z+7)#0 EnN(z—r,z+1)#0
oo
<yt Z 27 "r < Z 27 =2T" ¢,
neN\{no} using @5) , Z 7y

E,N(z—rz+r)#0

Thus lip f(z) = lip f,, (z) = 1.
Now let = ¢ E. If x is not an accumulation point of F then obviously lip f(z) =
0. Otherwise, set n; := max{1l, —|log,(e)| + 1} and r := d({z}, Unennii,ni) En)-



We have that for every y € [x — r,z + 7]

< Tty supfult)
r using ([@4) neN teR
E,N(z—rz+r)#0

< U 2B, Ukeneo B
using (@3] neN
E,N(z—rz+r)#0

<r! > 27" . 9r < i12.2"22-2"1§5.
n=ni-+

neN
E,N(z—r,z+7)#£0

Since 7 — 0 as n; — oo (and n; — 0o as € — 0), we obtain that lip f(z) =0. O

5 (G5 uniform density type sets are Lipl

Recall that the sets E7® were defined in Definition [[L11
Lemma 5.1. For any v,0 > 0 the set EV° is closed.

Proof. For r > 0 we introduce the notation

Ew:{%R:max{m—r,xmm’|<a:,x+r>mE|} 27}.

r T T

Then we obviously have
Y= () El

r:0<r<é
However, the functions z s (@20 41 q o s (@200 516 obviously continuous
) y
for any r, hence
[(x —rz)NE| |(x,z+71)NE]
T — max . , .

is also continuous, which immediately yields that each upper level set E7 is closed.
Consequently, their intersection E7° is also closed. O

Proposition 5.2. UDT sets are strongly one-sided dense.
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Proof. Suppose x € E and v < 1. Choose k such that 7, > v when n > k. Then
there exists n(y,r) > k such that x € E"G.»)9¢.») and

— E E
o {E=R DO (o, )0

} > Yn(y,z) > 7 holds for 0 < r < yy(4.0)-
r r

Since this is true for any 0 < v < 1 we see that £ is strongly one-sided dense at
T. U

In Definition [T we considered (N, >~ £, which is the limsup of the
sequence £ By taking the liminf we arrive at the following definition:

Definition 5.3. We say that E has strong uniform density type (SUDT) if there
exist sequences 7, 1 and 4, \, 0 such that £ C [J;=, o, E"on.

Proposition 5.4. Let any arising set be a measurable subset of R.
(i) If a set E has SUDT then it also has UDT.
(i1) Any interval has SUDT (and hence UDT).

(iii) If Ey, Es, ... have UDT (resp. SUDT) then E = J.°_, E,, also has UDT
(resp. SUDT).

(iv) There exists E which has SUDT but its closure E is not strongly one-sided
dense and hence does not have UDT.

Proof. The proofs of (i) and (ii) are obvious.

In (iii) we will examine the UDT case, the proof of the SUDT case is basically
the same. Let us choose sequences existing by definition for each set F,,. Denote
such a pair of sequences by (Ym.n)o 1, (Omn)oe,. As we explain it below we can
take sequences (7,)22; and (0,)%; such that ~, A 1 and ¢, \, 0 and for every
m € N there is an n,,, € N for which

for all n > n,, we have 0 < d,, < 0., and v, < Y < 1. (5.1)

Indeed, one possible way to choose 4, and =, so that (5.1 is satisfied is the
following. Choose a strictly increasing sequence 1 = n; < ny < ... such that for
every m € N we have

1
Vimm > 1 ——Tfor j=1,....m.
m

For n,, <n <ny 1 let v, =1— % and 0, = min{dy ,, ..., O }. Then for n > n,,
there is m’ > m such that n,y < n < nyp and Yopn > Y, > 1 — % = Yn.

Moreover, 0, = min{d1 ,, ..., O’ 0} < O

11



Thus for every m € N and n > n,, we have that Emondmn C E”’""S", hence

oo 00 0o 0o o oo o oo
pac (U= () Ui () U= AU

k=1n=k k=nm, n=k k=nm, n=k k=1n=k
This implies
0o oo
pe(\Jrs
k=1n=k

that is £/ has UDT.
Finally, for (iv) consider

oo

E= |J [2n—2"72.

n=—oo

By (iii), £ has SUDT as it is a countable union of intervals. Meanwhile its closure
is E = FU{0}. But in intervals of the form (0,2" — 2"72), n € Z the set F has
density

n—1

1 on—2 1
- 2]672 - -
an _ 2n—2 Z an _ 2n—2 3

k=—o0

Meanwhile for any interval of the form (—r,0) for r > 0 the set E has density 0.
Consequently, 0 € E witnesses that E does not have UDT.
O

Theorem 5.5. Assume that E is Gs and E has UDT. Then there exists a con-
tinuous function f satisfying Lip f = 1g, that is, the set E is Lip1.

In order to prove the theorem we will need a definition and a couple of technical
lemmas:

Definition 5.6. Suppose that f is continuous on the interval [a, b] and f;, f, are
continuous on [a,b] with f; < f < f, on (a,b) and fi(a) = f.(a) = f(a) and
fi(b) = fu(b) = f(b). Then we say that (f;, f,) is an envelope for f on [a,b] and
we write f € (fi, fu) on [a,b].

For each of the following lemmas we assume that E is as in the statement of
Theorem 5.5 and that ¢(z) = [ 1x(t) dt.

Lemma 5.7. Assume that f is continuous and monotone on [a,b] and f € (fi, fu)
on |a,b]. Furthermore, let 0 < § < € <1 and assume that

[f (@) = ()] < (1 = e)o(x) = o(y)| for all z,y € [a,b]. (5.2)

Then, there exists a continuous function g on [a,b] such that

12



e g < (fi,fu) onla,b,
e g is locally piecewise monotone on [a,b],

e On any interval of monotonicity of g there exists a constant K depending
only on the interval such that g = K £+ (1 — §)¢.

Proof. We first note the following useful fact, which follows from the inequalities
0 < § < € and inequality (5.2)):
Given any interval [r, s] C (a,b) we can choose t € (r,s) such that

(=0 (BNt —[EN]ts]]) = f(s) = f(r). (5-3)

Next, we note that in order to prove the lemma it suffices to prove that for any
subinterval [c, d] C (a,b) we can construct a continuous function g such that

(i) filz) < g(z) < fulz) on [c,d],

(i) g(c) = f(c) and g(d) = f(d),

(iii) g is piecewise monotone on [c, d],
)

(iv) g = K £ (1 — 0)¢ on each interval of monotonicity of g, recall that we use
constants K which depend on the interval considered.

Assume that [c,d] C (a,b). Let

v = inf min{(fu(z) - f(2)), (f(z) = filz))} > 0.

c<z<d

Using the uniform continuity of f, and f; on [c, d] choose a positive integer n such
that

d— d—
€ <7 and for zr,y € led], |v—y| < =% we have (5.4)
n 3 n
Y
max{|fu(x) — fu(y)], [fi(z) — fily)]} < 3
For i = 0,1,2...n let ¢y = c+i( = ) sowe have c = ¢p < ca <y < ... <
= d. Using (53) for each i = 1,2,...n we choose ¢9;_1 € (C9;_2, ¢o;) such that
(1 —=0)(|E N [c2i2, c2im1]| — |E N [cai1, cai]|) = flex) — fleaia). (5.5)

Next, for each j =0,1,2,...,2n — 1 we define g in [¢;, ¢j41] by

g(x) =(1—-90) /ﬂ»‘ 1p(t)dt + f(c;) if j is even

J
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and
Ci+1

o(z) = —(1 — 5)/ Lo(t) dt + f(cs4n) if j is odd .

We see that for j = 0,1,2,...,n—1 we have g is monotone increasing on [ca;, €2j11]
and monotone decreasing on [caj11, C2j+2]. Furthermore, g = K £ (1 — )¢ on each
interval [c;, ¢;41] fori = 0,1,2,...2n—1. We also see that (ii) holds and (i) follows
from inequality 5.4l This concludes the proof of the lemma. O

Lemma 5.8. Suppose that f is continuous on |a,b|, f € (fi, fu) on |a,b], and H
is a closed set such that H C (a,b)\E. Furthermore, assume that 0 < 6§ < e <1
and (22) holds. Then there exists a function g continuous on |a,b] with

(i) g € (fi, fu) on [a,b],
(i) g(a) = f(a), g(b) = f(b),
(iii) ¢ =0 on H,
(iv) |9(x) — g(y)| < (1 = 0)[d(x) — ¢(y)| for all z,y € |a, b].

Proof. Write (a,b) as a countable union of non-overlapping closed intervals [c, d]
which satisfy

filz) <min{f(c), f(d)} < max{f(c), f(d)} < fu(x) for all z € [c,d]. (5.6)

Assume that [c,d] is a closed subinterval of (a,b) satisfying (5.6). We treat the
case where ¢,d € H. The case where either ¢ or d is not in H is handled similarly
and is left to the reader. It suffices to show that we can define g on [c, d] such that

9(¢) = f(c) and g(d) = f(d), (5.7)
¢ =0on HNled, (5.8)
(iv) holds with [a, b] replaced by |[c, d], (5.9)
and
fi(z) < g(z) < fu(z) for all z € ¢, d). (5.10)

We note that if £ N (c,d) = 0, then from inequality (5.2)) it follows that f is
constant on [c, d| and we simply define g = f on [¢, d]. Thus we may as well assume
that EN (c,d) # () and therefore |E N (¢, d)| > 0. We also assume without loss of
generality that f(d) > f(c). Next we choose finitely many intervals I; = (cg;_1, ¢2;),
i=1,2,...,n which are contiguous to H N [e,d] and such that ¢ < ¢; < ¢3 < 3 <
e < ... < Copoq < Cop < d and

(1 =0)EN(ULilcai1, ca])| > A=) |EN[e,d]| = f(d) — f(c). (5.11)
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Furthermore, we choose v such that

YIE N UL [eai-1, cal)| = f(d) — f(c),

and note that v < 1 —¢. Using this fact, on each interval [co;_1, ¢o;] one can define
a monotone function g; so that

gi(c2i-1) = gi(c2) =0

gi(c2i—1) = 0 and g;(c2:) = Y| E N [cai-1, cail|,

and
9i(7) — g:(y)| < (1 —=0)|p(x) — ¢(y)] for all x,y € [eai—1, il

We also extend g; to the entire interval [c,d] by defining g; = 0 on [c, c9;—1] and
gi = g(ca;) on [c;,d]. Finally, we define g = f(c) + > 1, g; on [¢,d]. Then using
(B0 it is straightforward to verify that (5.7)-(5.10) hold and we are done with the
proof.

U

Proof of Theorem[52.4. In this proof again we will use a constant K which will
depend on the interval considered. Fix sequences 7, and 9, witnessing the UDT
property of E. Let E = (", G,,, where each set G,, is open and G, C G,, for all
n € N. We also assume, as we may, that each component of Gz, intersects £. We
also denote the complement of G,, by F,. Thus (F,)22, is an increasing sequence
of closed sets. Let ¢(x) = [ 15(t)dt be the integral function of the characteristic
function of E. We will construct a sequence of functions (f,)32, together with
a sequence of vicinities (U,)%; with the following properties: (Recall that the
vicinity was defined in Definition 2.1].)

(i) fn is differentiable on F,, and its derivative vanishes there.

(ii) For any m > n we have f,, [g,= fu IR

n

)
)

(iif) For any 2,y € R we have | fu(x) — fu(y)| < (1 —277")|¢(z) — 6(y)]-
)

(iv) If (a, b) is an interval contiguous to Fy,, then for any z € E"°» N (a,b) there
exists y,(z) € (a,b) such that |z — y,(x)| < 6, and |fu(x) — fu(yn(z))] >
(1 —272")y,|z — yn(z)|. Moreover, y,(x) may be chosen so that |y,(z) — |
is bounded away from 0 on compact subsets of (a,b). Additionally, f, is
locally monotone on (a,b) and on each interval of monotonicity we have
fo=K =+ (1— 2736,
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(v) Each U, has a continuous radius r, satisfying r,(z) < min{27",d(z, F},,)*}
for all z € R and r,(x) > 0 for all z € G,, and 7,(x) < 272"y, |z — y, ()|
for all x € B9 Moreover, f, € U, for all m > n and U, C U, for all
n € N.

(vi) For any m > n and x € G,, N EY*" we have
() = fon(yn(2))] > (1= 27") ]z = ya(2)].

(vii) For any g € U,, we have ¢ =0 on F),.

Assume for the moment that we have established (i)-(vii). From (v) it follows
that the f,s converge uniformly to some function f. Then, f € U, for all n € N so
by (vii) we may conclude that f' =0 on U2, F,, = R\FE and therefore Lip f = 0
on R\E. On the other hand, if + € E, we have x € E"° for infinitely many
choices of n as E has UDT. Hence by (iv) and (vi) there exists y,(z) satisfying
2= yal@)] < by and [fn(2) — fnlgn(@)] > (1 — 2"z — ()] for all m > n,
which yields | f(z)— f(yn(x))| > (1=2"")y,|z—yn(z)|. As we have (1—-27")y,, — 1,
we deduce that Lip f(z) > 1. On the other hand, by (iii), Lip f < 1 everywhere
and we have Lip f(z) = 1 for x € F which concludes the proof.

In the following we construct the f,s and U,s and verify that (i)-(vii) are valid.
We begin by constructing f; and then define the other functions recursively.

To begin we set fo = fj = 0 and we also define f; =0 on Fj. Set

ENx) = d(x, F1)* and & (x) = —d(x, F})*

Now, consider an interval (a,b) contiguous to Fj see Figure[ll We need to ensure
that f; has derivative 0 at @ and b. Note that f, € (£1,E') on [a,b]. Now applying
Lemma 5.7 with f = f5, 6 =273 e =1 and (fi, fu) = (&1, E') we can define f; on
[a, b] so that

f1 € (&,EY) on [a,b] (5.12)

f1 is locally monotonic on (a,b), (5.13)

and on any interval of monotonicity [c, d] of f; we have
fi=K+(1-2%¢. (5.14)

Note that by defining f; in this fashion on each contiguous interval of F} we
ensure that f; is differentiable on F} with f{ = 0 on Fj. It follows that (i) is
satisfied for n = 1 and it is easy to see that (iii) holds as well. (In the upcoming
steps of the construction we will require that f,, € (£1,&") on [a,b] as well. This
will make sure that the limit function f is differentiable on F; and its derivative
vanishes there as desired.)
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Figure 1: definition of f; on (a,b)

We next demonstrate that (iv) holds. We assume without loss of generality
that v, > % and let € E"% N (a,b). Then choose an interval of monotonicity
[e,d] of f1. We can assume without loss of generality that x is in the left half of
[c,d] so that x € [c, “t9]. Let [e, c| be the adjacent interval of monotonicity of f.
Choose

1
§= mmm{c—e,d—c,él}. (5.15)
Suppose first of all that x € [c+ 6, <t4]. In this case f; is monotone on [z — 4§, z+ ]
and using the definition of f;, the fact that € E7° and the fact that § < 0y,
we see that | f1(z) — fi(y)] > (1 =273 y|z —y| > (1 —272)y |2 — y| must hold for
either y=x —§ or y = x + 6.

Now suppose that z € [c,c + §]. Since 2 € E"°t and 1005 < §; we have that
max{|E N [z, + 1000]|, |E N [z — 1004, z]|} > 1007,0. Suppose first of all that
|EN[z, z+1006]| > 100716 and let y = x41000. In this case, since [z, y] C [c, d], by
the definition of fi, we obtain | f1(z)— fi(y)| > (1-273)y|z—y| > (1-272)y|z—yl.
Now suppose that |E N [z — 1004, z]| > 100~,6. Note that [z — 1004, ] C [e, c].
Setting y = 2 —1000, Sy = [7(1-27)1p(t) dt and Sy = [7(1-27°)1p(t) dt, we get
|fi(x) = f1(y)] > S1—Ss. On the other hand, we know that Sy < (1—-273)(z—c) <
(1—27%)¢ and S1+ S5 = (1—-27%)|EN|y, ]| > 100716. Using the fact that v, > 3,
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Figure 2: f, ; on (a,b)

we see that
|fi(z)=fi(y)] > S1—=S5 > (1-27%)(1007,—2)6 > (1-272)100716 = (1—272)y1]x—y].

Summing up, we see that in each of the two cases considered: = € [¢, ¢+ §] or
x € [c+ 6, 4], we can choose y = y;(z) such that § < |z — y| < & and | fi(z) —
fi(y)] > (1 =27z — y|. Note that the definition of § in (5.15) ensures that
|z — y1(x)| is bounded away from 0 on compact subsets of (a,b). This establishes
(iv).

Using the fact that |z — y;(x)| is locally bounded away from 0, we see that
we can define a continuous, non-negative function r; < £! so that r; = 0 on F},
71> 0on Gy and r(r) < 27 2|z — yi(z)] for all z € B9 NGy and ||r||ee < 1/2.
Letting Uy, be the vicinity of f; with radius r; we see that for any g € U; we
have g € (=&, &) on any interval [a, b] contiguous to Fy. It follows that (v)-(vii)
have been established provided that we assume that at later steps f,, € U,,CU;
for m > 1.

Now assume that we have already defined the functions fi, fo, ..., fn_1 and the
decreasing sequence of vicinities Uy, Uy, ..., U,,_1 with radii r1,rs, ..., r,_1 for some
n > 2 so that they have the prescribed properties. Since r,_; is continuous and
positive on G,,_1, it follows that r,_; is bounded away from 0 on all compact
subsets of GG,,_1. Now we would like to define f, and U,. First we define an
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auxiliary function f. Roughly f» will be defined so that it has the same increase
as f,_1 in any interval of monotonicity of f,_;, but has vanishing derivative on
F,.

To this end consider an interval (a,b) contiguous to F,_;. See Figure 2l On
this figure the function f,_; is drawn with a continuous line, the boundaries of
the vicinity U,_; are marked with dotted lines, the envelope boundaries &, ; and
E" ! used in step n— 1 are marked with dashed lines, finally the auxiliary function
fr_, used at the previous step is marked with dash-dot line.

By assumption we have

[fami(2) = famr(y)] < (1 =270 D)[(2) — (y)| in [a, b (5.16)

and clearly f,—1 € (fu—1 — =5%, fac1 + 252) on [a,b]. Let ¢ satisfy 277" < ¢’ <
2-3(=1)  Then by Lemma [ used with z—: =27 3(” D and § = &' we can define f*
on [a, b] so that

fi € (faa — 2 o) on [a,b) (5.17)
f;i(a)zfnfl()andfn()anfl(b) (5.18)
(5.19)

)

(f) =0on F,N(a,b) 5.19
[fa(@) = o) < (1= 8)|p(x) — ¢(y)] for all z,y € [a,b]. (5.20

Now define €,(z) = min{d(z, F},,)?, W} and let &, = fF — ¢, and £" =
¥+ €, Let (d/,V) be contiguous to F, in (a,b) so we have f* € (£,,E") on
[a',b]. See Figure Bl Noting that (5.20) holds, we can apply Lemma [E7] with
e = ¢ and § = 273" to define a function f, such that on each [a’,] we have that
fn € (En, E™), that f, is locally monotone and that on each interval of monotonicity
we have f, = K + (1 —273")¢.

From our construction we see that (i)-(iii) hold. On the other hand, (iv) is
verified in a similar way to its verification in the case n = 1. Finally, we consider
(v)-(vii). As f, is piecewise monotonic, for given & € E¥* we can choose ¥, ()
in (iv) so that |z — y, ()] is locally bounded away from 0 on (a’,V'), where (a’, V)
is contiguous to F,. Consequently, we can define r, € C|a,b] such that r, <
min{2~",€,} and r,, > 0 on each interval (¢, ") contiguous to F,,. Moreover we can
suppose that if the vicinity U, has radius r,, we have for any function g € U,, that
lg(x)—g(yn(x))] > (1—=2"")y,|z—y,(x)|. Note that r, < €, guarantees U,, C U,_;.
Thus, if we select a sufficiently small 7, such that condition r,, < 272"y, |z — 1y, (z)|
is also satisfied for all x € E" property (v) is verified. Moreover (vi) and (vii)
follow easily as well.

By our earlier observations this concludes the proof: (v) guarantees that the
sequence (f,) has a uniform limit function f, for which Lip f(z) =1 in E by (iv)
and (v). On the other hand, Lip f(z) = 0 in the complement of E by (ii) and (v),
as f has a vanishing derivative there by the choice of the vicinities. O
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Figure 3: f, 1, f on (o, 5)

Note that sets of full measure are trivially UDT sets so an interesting conse-
quence of Theorem is that Gy sets of full measure are Lip1. This tells us, for
example, that the set of irrationals is a Lip1 set!

6 A weakly dense G set which is not Lip 1

Recall that in Section [ we proved that Lip1 sets are weakly dense, G sets (The-
orem [A.1]). In this section (Theorem [6.3]) we show that weakly dense, G5 sets need
not be Lip1. For the proof of the theorem we will need the following:

Lemma 6.1. Suppose that E C R, f: R — R and Lipf = 1. Then for every
x € E and e > 0 there is ay € EN(x —e,x +¢) for which |f(x) — f(y)| >
(1—¢)lz -yl

Proof. Take y' € R such that |f(z) — f(y/)| > (1 = %) |z —y/| and |z —¢/| <e. We
can assume that ¢ < 1 and 3y’ < x. By Lemma 24 there is a y € EN (v, z) for
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which |[E N (v, y)| < 5f(z) — f(y)] and
(@) = fWl | 1f @) = F@OI=IEn 9l |f(x) = f()] = 5|f(z) = fF(¥)l
lz—yl |z — 9] |z —yl
(=5 -y
[z — /|

>1—c¢

0

Remark 6.2. Recall Definition 2.3 It is easy to see that the following two state-
ments are equivalent:

e F is weakly dense at =,

e for every € > 0 there is an r € (0, ¢) such that

ENn(z— E
r r

Theorem 6.3. There exists a weakly dense, G5 set E C R which is not Lip1.
Proof. We use recursion to define . Set F; := [0,1]. Suppose that n is a non-

negative integer and for some (ig,...,7,) € {1} x...x{1,...,4"} we have already
defined a non-degenerate closed interval F;, ;.. Let U, ;. be the left half of
F.. i, that is
. min F; , +maxkF;,

U@'O,___,in ‘— |min F1i07,,,7in7 20;--5tn 2 20,--n
For every i,,1 € {1,...,4" "'} let
. Uy 1 F11 F1 2 F13 F1,4
I Ui,z Fll,z,l I 216

Figure 4: The first two steps of the recursion

(2 . 4n+1 — Qin+1 + 1) max Uio i+ (2’in+1 — 1) max Fio i

e seensln yeenyin
Fio,...,in,in+1 T 2 . 4n+1 ’

(24" — 24, ) max Uy, i, + (26n41) max Fyy ;.
2. qn 1
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We define Uy, ;, and F;, _;, recursively in this way for every n € N and (i, ..., i) €
{1} x{1,...,4} x ... x{1,...,4"}. We are now ready to define E. First define

T={1} x{1,2,3,4} x ... x {1,2,...,4"} x ...
and let 7y = {(i;) € Z|i; =1 for infinitely many j € N}. Set
F = Ugyer, ey Fiyia,..in (6.2)
and
U :=Ugjyer YizoUipin,is-

The set F'is a Cantor set minus countably many Cantor sets, hence it is Gj.
For every n € N and (ig,...,4,) € {1} x ... x {1,...,4"} there is an open set
Uiy, such that Uy, ;. C Uj C R\U)UU. 4, Thus U is also Gs. This
implies that

B

E=UUF

is also Gj.

If + € U then F is clearly weakly dense at . If + € F and € > 0 then
using ([6.2) take n € N and (ig,...,i,) € {1} x ... x {1,...,4"} such that z €
Fy.ipa and € > min{|F,, _; |,4™"'}. By the definition of Fj, _; ; we have
44"V Fyioq| = | F. |, hence

(VRTEE)

‘(mln Fio,--.,in7 .T) N E| > ‘Ui07~~~7in| — % ‘Fio,...,in‘
r —min Fj, T max [y, g0 —minFy . % | Fig.in| + 2| Fig.in 1l

% | Fig...in | gntt

7Z'n

_ _ (6.3)
(% + 4427"'1) |EO?"'7i”| 4n+1 + 1
1

By (min Fj, ;,,2) C (x —¢,z) and (6.3) we obtain that E is weakly dense at .
Proceeding towards a contradiction assume the existence of a function f: R —

R such that Lipf = 1. We will show that there is a point x* € R for which
0.1 < Lip f(z*) < 0.9. We will define (ig,1,...) € {1} x{1,...,4} x...recursively
such that {z*} = N Fj, ... Set ap := 0 and ¢y := 1. Suppose that n € N
and we have already defined a non-negative integer a,_; and i,, € {1,...,4™}
for every m € {0,...,an—1}. Let {y.} = M Fy 4, 1, where 1 =1,..,1.
n ——

[ many times

Observe that y, = min (F N Fig,.ia, ) € FE. By Lemma used with = = y,

1
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and 0 < ¢ < min{|F;
and

|,1/10} we can find an z,, € E satisfying |y, —x,| < ¢

0s5-+sbay, 1

[ (@) = f(yn)| > 0.9z — ynl. (6.4)

This implies that z,, € Fig..ia, .- Since x,, # vy, there exists a, > a,_1 such that
Ty € Fig i 2. \Fio,..ia, _11 While y, € Fj 1. The property z, € F;
defines i, for m € {a,_1 + 1,...,a, — 1}. We might be able to find many z,s
satisfying the above property but we select an x,, for which a,, is minimal among
the possible choices. Then i,, =1 for every m € {a,—1 + 1, ...,a, — 1}.

Itk e N, (o,....gk) € {1} x ... x {1,..., 4%}, jrpa,dpq € {1,..., 457,
Jer1 < Jrg1s 2 € Fio,jrges, and 2 € Fj then by Lemma [2.4] and the
elementary fact

yeenslap 05--5%an—1

07---7jk7j]lc+17

0§a<band0§cimplies%§(;j:2 (6.5)
we obtain
f(z) = fCD] _ [EN [ 2
|z — 2| |z =Z
z —min Fjo,---7jk7jk+1 + ‘E N [27 Zl” + max Fjo,---,jk,j;c“ — 7
< fa - (6.6)
mMaX Lo, e,y — DI Lo ke

(|jlig+1 - jk+1| + 1) }Fj()y---yjkvjk-kll < g
N (Q‘jl,c—f—l - jk+1‘ + 1) ’Fj07---7jk7jk+1’ 3
This applied with z = z,, 2/ = y, and k = a, — 1 would imply that for z, &

Uio,....ia, 1 we would have | f(z,) — f(yn)] < 2|2 — yal, contradicting ([@.4). Hence
Tn € Uio,...,

'ianfl °

For every z € U; and y € Fj, ;. 4 again Lemma 24 and (G.5)

Oy---yian—l
imply that
[fy) = f@)] _ [EQfzy]]
y—x Y-

0 ey 1) T (MaxFiy i, —y)
) + (max F’i07---7ianf1 - y)

- |EN[z,y]| + (z — min F;
- y—x+(:p—minFi

05 ytan—1
49n
’Uz‘o,...,z‘an,l} + > ’F’io,...ﬂ‘an,hm} 3
m=1
< =-.
‘E07~~~7ian—1‘ 4

Next we define i,,. We select an integer i,, € {1,...,4%} (let it be the least one)
such that for every = € U; and y € Fj;, ;. we have

0y--lban—1 a

w <0.9. (6.7)
y—z

23



Since x,, € Uy, 4, _, and y, € ENE . 1 by ([6.4) we have that i,, is
larger than one.

As there are w € Fj; i, ., —1 and v € Uy, ;. _, for which
M > (0.9 and hence
w—0
w— v
o, W\ El =w —v —o,w]NE| Sw —v—|f(w) - f0)] < (5=, (6:8)

for every y € Fj,, i, Wwe obtain

~~~~~ a

Uio,..‘,ianfl Eo,...,inﬂ
I t 5 e
(% wy

Figure 5: The position of v, w and y

@) = f@)l o [f(w) = f)] = [EN[w ]|
y—v - y—w+w—uv

[f(w) = f) = [E N [w, 3]

>
T max F, i, —minF .+ w—v
o f(w) = f)] = [EN[w, 3|
T 3| Fiia, |+ (w =)

‘f(w) - f(v)‘ - 2 }FlO ----- ian Og(w - U) - 2 }FlO ----- ian (6 9)
N 3}‘F;0 ----- ian +(w_v) N 3}‘F;0 ----- ian +(w_v)

0.9(w —v) =2 |Fy, i, 0.9-10|[v,w] \ E| = 2 |F,. ..
- 4(11) — U) using_m 4- 10‘[,U7 U}] \ E|

0.9 10 (min Fy,... 5, i1 — maxUsy, o 1) — 2| Fig.oin
- 410 (min F},

0.9-10 |Fy,y..... 2\Fy, .. 7

RTINS TN
410[Fy, 40

We define a,, and 7, ...,1,, recursively for every n € N.

Set {x*} =N Fj, . .- From (69) we have Lip f(z*) > 0.1. We claim that

.....

@) = @I g (6.10)

[T -2 T

for every z € R\ {z*}. Suppose that an Z does not satisfy (6.I0). Since f is
continuous and it is constant on every complementary interval of the closure of
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E, we can assume that © € E. By (6.6) there is a k¥ € N such that 7 € Uy, 4,1

and x* € Fj, i —14,. Since i, > 1 for n € N we have 2* # min (F N F}, ;1) =
N2 F,. . i.—11- This implies
@) =16 _
z -
< max |f(@) = f(min (FNFy -] [f(@) = f (min (FNF, 1)l .
- T —min(FNF, ;-1 = |o*—min(FNEF, ;1)

(6.11)
Since (6.7) shows that k # a, for any n € N, from the definition of (a,)5>, we

obtain R .
|f (@) = f (min (F0 Fy,_i-1))]
|/.’,U\—1’I111'l (FQEO ..... ik*1)|
Moreover (6.6]) implies that

<0.9. (6.12)

|f(:L’*) — f (mln (F N EO ..... ikfl))‘ S 2 (613)
|z* —min (F N EFyyi-1)] 3
Hence by (6.11), (6.12) and (613) we have
@) - 1) _ g
|7 — |
which is impossible.
Thus Lip f(z*) # 1g(2*), which is a contradiction. O
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