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GENERIC BIRKHOFF SPECTRA

ZOLTAN BUCZOLICH, BALAZS MAGA, AND RYO MOORE

ABSTRACT. Suppose that QO = {0,1}N and ¢ is the one-sided shift. The Birkhoff
1 N
spectrum Sy(a) = dimpiw € Q¢ lim — Y f(0"w) = a ¢, where dimy is the
f { N—oo N =1 }

Hausdorff dimension. It is well-known that the support of S¢(a) is a bounded and
closed interval Ly = [zx;’min, a}i,max} and S¢(a) on Ly is concave and upper semicon-
tinuous. We are interested in possible shapes/properties of the spectrum, especially
for generic/typical f € C(Q) in the sense of Baire category. For a dense set in C((2)
the spectrum is not continuous on R, though for the generic f € C(Q) the spectrum
is continuous on RR, but has infinite one-sided derivatives at the endpoints of L £
We give an example of a function which has continuous Sy on R, but with finite
one-sided derivatives at the endpoints of L. The spectrum of this function can be
as close as possible to a "minimal spectrum". We use that if two functions f and g
are close in C(Q2) then Sy and Sg are close on Ly apart from neighborhoods of the
endpoints.
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1. INTRODUCTION

1.1. Background. Let (X, F,u, T) be a measure-preserving system. Birkhoff’s Er-
godic Theorem tells us that for y-a.e. x € X and f € L'(u), the limit

limy_eo % 2}1\]:1 f(T"x) exists, and is a T-invariant function. Furthermore, if T is
ergodic with respect to y, the limit equals the constant [ f dyu. For the ergodic case,
if we let Ef() := {x € X : imn_yeo 3 Lot f(T"x) = a} then p(Ef(a)) = 1 if
a = [ fdu, and 0 otherwise.

Now consider (X, T) to be a topological dynamical system, and f be a continuous
function on X. Instead measuring the level-set E¢(a) by the ergodic measure y,
one gets more interesting values by considering the Hausdorff dimension of the
sets Ef(a) (including the irregular set E} = {x € X : limnooo 5 X0 f(T"X)
does not exist.}). For a given measure y the Birkhoff Ergodic Theorem selects just
one « and gives zero y measure to the other sets E¢(a") for ' # a. The function
S¢(a) := dimpy(Ef(a)) is called the Birkhoff spectrum for f, and it will be the primary
object that we study in this paper.

Such kind of study is referred to as a multifractal analysis. Multifractal analysis
on Birkhoff averages has been initiated by Y. Pesin and H. Weiss [14] for Holder
functions in the context of thermodynamic formalism. Birkhoff spectrum of con-
tinuous functions was studied by A.-H. Fan, D.-]. Feng, and J. Wu [6]. In their
study (which we will recall precisely in Theorem 2.3.1), they have shown a varia-
tional formula between the dimension of the level set and the metric entropy. They
have also shown that S¢(a) is concave and upper semicontinuous (hence contin-
uous by the nature of concave functions; see [16, §10]) on the interior of the set
{a € R?: Ef(a) # @}, while remaining the question regarding the behavior of the
spectrum at the boundary of its support open.

For other studies of the Birkhoff spectrum, we refer to, for instance, [1], [18], [3],
[7], [11], [13], and [9]. For more information on multifractal analysis (especially
with its relationship to thermodynamic formalism), we refer to [2], [15] and to a
survey paper of V. Climenhaga [4].

The main objective of this paper is to better understand the Birkhoff spectrum
for generic continuous functions. We recall that given a complete metric space
(X,d), we say a set A C X is generic (or typical) if A is a complement of a set of
tirst category (i.e. a countable union of nowhere dense sets). The Baire category
theorem asserts that a generic set A is dense in X. In our paper we will work
with the full shift (), ) on the alphabet {0,1} and consider Birkhoff averages of
real-valued continuous functions f € C(Q),R) = C(Q)). One of the main foci of
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Generic Birkhoff Spectra 3

this paper will be on the behavior of the spectrum of a generic continuous function
at the boundary of the support of the spectrum. In case of one-dimensional range
the support of the spectrum of f € C(Q) is always a (possibly degenerate) closed
interval L¢ and concave and upper semiconinuous functions are always continuous
on such intervals. However, it may happen that S¢, as a function defined on R has
a jump discontinuity at the endpoints of S¢. Such functions were called degenerate
by J. Schmeling in [17]. We will show that for the generic f € C(Q) the spectrum is
continuous, with infinite one-sided derivatives at the endpoints of Ly. Continuity
of the spectrum for the generic Holder function was proved by Schmeling in [17]. In
fact, this combined with results in [12] and [6] imply the continuity of the spectrum
for the generic continuous function in our setting. In this paper we give a direct
proof of this fact.

1.2. Summary of the main results, organization of the paper. Let Q = {0,1}F,
and o be the shift map. We assume that (), 0) is the full shift. The space of
real-valued continuous functions on Q) (denoted C(Q)) is equipped with the usual
supremum norm. We denote by a¢max (resp. afmin) the maximum (resp. mini-
mum) value of f € C(Q)). The level-sets of the Birkhoff averages are

(1.1) Ef(a) := {w €O: 1\1]121 — Zf o'w) = oc}
Let zxfmax = sup{a € R: E¢(a) # @}, and "‘fmm = inf{a € R : Ef(a) # O}

We also put Ly = [a} F minv &% max)- The Birkhoff spectrum is defined as S¢(a) :=
dimpy Ef(a), keeping in mind that the empty set has Hausdorff dimension zero S¢
is defined on IR. Results on concavity of Sy and Birkhoft’s Ergodic Theorem imply
that Ly is the support of Sy. It is known, [6], that S is apart from being concave
is also upper semicontinuous and hence it is continuous on the closed interval Ly.
Often, for ease of terminology, we will mention the endpoints of the support of the
spectrum as the endpoints of the spectrum.

In Section 2 after introducing some notation we give some simple examples and
recall one of the main results of [6].

Next we discuss some tools used later. First, we show that given a continuous
function f, any continuous function that is sufficiently close to f would have its
Birkhoff spectrum also close to Sy on Ly except for a neighborhood of the endpoints
of the spectrum. This will be proven in Theorem 3.1.1.

In Subsection 3.2 we prove some results about piecewise constant continuous
(or simply PCC) functions, that is about functions which depend on finitely many
coordinates. Among other results we show that for such functions f there is always
a periodic w in E¢(a fmax)

The next two results will concern the continuity of a Birkhoff spectrum. Given
f € C(Q), we say that the spectrum Sy is continuous if it is continuous on R,
and discontinuous otherwise. Equivalently, S¢ is continuous when Sg(a fmm) =
S¢(a fmax) = 0. We will first show that continuous, in fact PCC functions with
discontinuous spectrum are dense in C(Q)) (Theorem 4.1.1). On the other hand, we
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give a direct proof of the fact that generic continuous functions have continuous
spectrum (Theorem 4.2.1). In [6, §5, Item (2)] a question was raised about continuity
of the spectrum at the boundary of its support. In the one-dimensional case, as
we mentioned the answer is obvious if we consider the restriction of S £ onto L s
however there might be discontinuity from the exterior side of Ly.

In Subsection 4.3 we show that for a dense open subset of C(Q)) the support of
the spectrum is in the interior of [&f min, & £ max]-

It is mentioned in the introduction of [6] that even for Holder regular functions
discussions of S¢(a) for boundary points of Ly are scarce, which is actually a subtle
problem.

In the remainder of our paper, in Section 5 we will discuss one-sided derivatives
of a Birkhoff spectrum at the endpoints/boundary points of the spectrum. Given
¢ : R — R, we denote by 0~ ¢(«) the left-hand derivative of ¢ at « (if the value
exists). Similarly, 0" ¢(«a) denotes the right-hand derivative. We will show that the
spectrum of a generic continuous function f has infinite one-sided derivatives at
the endpoints of Ly, i.e. 8+f(¢x;i’min) = o0, and a_f(zxj;,max) = —oo (Theorem 5.1.1).
We construct a continuous function with continuous spectrum for which the one-
sided derivatives at the endpoints are finite (Theorem 5.2.1). This function will also
have a very small spectrum. By concavity of the spectrum on its support there is
always a triangle which should be under the graph of the spectrum. Our example
will provide an example when the spectrum is very close to this lower estimate.
In [18] Takens and Verbitsky calculated the spectrum of the Manneville-Pomeau
map. It has a Birkhoff spectrum with a finite one-sided derivative at one of the
endpoints.

It is not that obvious that functions with finite one-sided derivatives at the
endpoints of the spectrum exist since for some well-known examples of func-
tions with continuous spectrum, like the one discussed in Example 2.2.1 we have
o f(a% . ) = oo, and 9~ f(a% ) = —oo, however this function does not have

fmin f,max

a “generic spectrum” since uc;} min ;max

mentioned earlier for the generic continuous functions we always have af i, <

equals af min and equals afmay. As we

ocj,’min < ‘X?,max < &fmax see Theorem 4.3.1. In Theorem 5.2.4 we prove that for

PCC functions f with continuous spectrum we always have o™ f (a*

fmin

o f (oc;k,’max) = —oo. This illustrates that for the proof of Theorem 5.2.1 one needs

) = oo, and

to use a more involved construction than a PCC function.

2. PRELIMINARIES

2.1. Notation and terminology. Let Q = {0,1}N, and ¢ be the shift map.
We introduce the usual metric d on () defined by

o0

dw,w') =)

k=1

|wi — wi

2k ’
where wy (resp. wy) denotes the coordinates/entries of w (resp. w'). If k € NU {oo}
and A is a finite string of 0s and 1s then A* denotes the k-fold concatenation of
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A and [A] denotes the cylinder set {w : Aw', ' € Q}. Given k,I € N and
w = (wwy...) € Q we put wlk = w...wy and (w)i = WpWpy1 ... wy_qwp, ifk <0
then w|k is the empty string and analogously if k > I then (w)! is also the empty
string. The "conjugate" w is the string which we obtain from w by swapping 0s and
1s, that is wy, = 1 — wy for all k.

The s-dimensional Hausdorff measure of A C Q) is denoted by H°(A) and recall
that H°(A) = lims_,04 Hj(A) where Hj(A) = inf{}_;(diam U;)° : where A C U;U;
and diam U; < J}. The Hausdorff dimension of A C Q is dimy A = inf{s :
H(A) = 0}. From this definition, it is a standard exercise to show that dimy Q) =
1.

The complement of a set A is denoted by A°.

Let PCCA(Q) be the set of those piecewise constant continuous functions in
C(Q), which depend only on cylinders of length/depth k. While the set of piece-
wise constant continuous functions in C(Q}), is denoted by PCC(Q)). Obviously
PCC(0) = U PCCF ().

The (1/2,1/2)-Bernoulli measure, the “Lebesgue measure" on Q) is denoted by
A. In case we write [ f for an f : QO — R we always mean [ fdA.

We denote by Cy(Q) the set of continuous functions for which [ f = 0, and
PCC(Q)) = PCCF(Q) NGy (D).

Given f € C(Q), we denote || f|| = sup, . |f(w)|, and for any 6 > 0, B(f,0) =
{geCQ):|f—gll <é}.

Recall (1.1) and the subsequent definitions of E¢(a), S¢(a). We remark that our
definition of S¢(«) is a bit different from the usual notation in multifractal analysis,
since quite often S¢(a) is defined to be —co when E¢(a) is empty.

As previously defined, we set (x;’max =sup{a € R: E¢(a) # @}, where [X},min =
inf{fao € R: E f(oc) # @}. In general we have &fmin < Dé;,min < zx;},max < zx?max,

and it is possible for the strict inequalities to hold (including the first and the third
inequality), as we will see in an example (cf. Example 2.2.3). In fact, as Theorem
4.3.1 shows this property is true for the generic continuous functions as well.

The c-invariant Borel probability measures are denoted by M,. By Birkhoft’s
Ergodic Theorem, we know that A(E¢( [ f)) = 1. Furthermore, if {C;}{*, are cylin-
ders in Q) of length at least k € N and Ef( [ f) C U2, C; then

1=a (5 (/7)) < L) = X dimic),

which implies that 1 < H, «(Ef([ f)) < Hp+(Q) for any k € N, and thus
S¢([ fdA) = 1. Given f € C(Q) and a € R we will also use the following subsets
of M,

(2.1) Frla) = {yej\/lg:/fdy:zx}.

2.2. Examples. We present a few examples of Birkhoff spectra of certain PCC(Q))
functions. We will first provide an example for a function with continuous spec-
trum.
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Example 2.2.1. Let f € C(Q) be the function given by f(w) = 1 if w; = 1 and
f(w) = 0if w; = 0. Then for any « € (0,1) we have

_alog(a) + (1 —a)log(1l —a)

f () = log2 !
if « ¢ (0,1) then S¢(a) = 0. In particular, f has continuous spectrum, as ucj;,min =0,
oaj,’max =1, and furthermore, 8+Sf(oc;§’min) — +o0 and a—sf(a;;’max) — o

Verification of the properties of Example 2.2.1. We will prove two inequalities using suit-
ably defined Holder functions and the result of [5]. First, let us consider the func-
tion 1 : QO — [0, 1] defined by

00 w;

i=1 2!

That is, h; takes a 0-1 sequence to the number with the corresponding binary ex-
pansion. We claim that /i is a Lipschitz function in fact. Indeed, if ' differs
from w in its nth coordinate, but not before that point, then d(w,w’) > 27", while
1 (w) — hq(w')| < 27", hence hy has Lipschitz constant 2. Moreover, hy (E¢(x))
equals the set of numbers in [0, 1] having a binary expansion in which the density
of 1s equals . Thus due to [5], the dimension of i1 (Ef(a)) is given by the formula
in the statement of the lemma, yielding
alog(a) + (1 —a)log(l —a)

>
S¢(@) log 2

7

as hy is Lipschitz.
Concerning the other inequality, define h; : C — () for the triadic Cantor set
C C [0, 1]: if the triadic expansion of x € C is

=y
L3
then let w = hy(x) have coordinates 3,2, .... That is, ) is a one-to-one mapping
between () and C. Now if x differs from x’ in its nth coordinate, but not before that
point, then |x — x| > 37", On the other hand, d(hy(w), ha(w')) < 271 Tt quickly
yields that h; is a Holder function with exponent %. Moreover, h, ' (E £(a)) is the
set of numbers in [0, 1] having a ternary expansion with no 1s, in which the density
of 2s is & and the density of Os is 1 — a. Hence h, ' (E £(a)) is contained by the set
of numbers in [0, 1] having a ternary expansion in which the density of 2s is & and
the density of Os is 1 — a. Thus due to [5], the dimension of 1, YE £(a)) is at most
alog(a) + (1 —a)log(l —a)
B log 3

Hence as hy is %-Hblder, we obtain an upper estimate for S¢(a), that is the

dimension of Ef(a), notably

_alog(a) + (1 —a)log(l —a)

<
Sf((x) log 2
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This shows that the desired equality holds, and the remaining claims clearly follow.
O

Next, we will see examples of continuous functions with discontinuous spectra.

Example 2.2.2. If f is a constant function, i.e. f = C € R, then S¢(C) = 1 and
S¢(a) = 0 otherwise. The same is true if f is cohomologous to a constant, i.e. there
exists g € C(Q) for which f = C+ g — g oo (we recall that if C is zero, f is called
a coboundary).

Finally, we give an example where a i, < uc;,min < (xj,’max < ¢ max (that is,

strict inequalities are satisfied), and the Birkhoff spectrum is discontinuous.

Example 2.2.3. There exists f € PCC3(Q) satisfying Ofmin < OFpmin < Of oy <
& f max and Sf(“;,mjn)' Sf((x}k‘,max) > 0.

Proof. As f € PCC3(0) we can define it by giving its values on 3-cylinders by abus-
ing a bit the notation for f. We define f by f([000]) = f([010]) = —2, f(][001]) =
=3, f([100]) = —1, and f(@w) = —f(w). Then we clearly have af i, = —3 while

“f,max = 3.

. * *
Now we claim « ¥,min F,max

Xf min < zx?min < zx?max < &fmax- Due to symmetry reasons, it suffices to verify

*
f,min

in the averages & Y1 | f(c"w). In the sequence f(c"w) each value is at least -2,

= —2, while « = 2, which would yield the inequalities

4 = —2. To this end, consider an arbitrary w € ). Now we are interested

except for the cases when the first three coordinates of ¢"w are 001. However, in

n+2

this case the first three coordinates of ¢ "“w contain at least two 1s, or they are 100.

In either case, f(0""2w) > —1. This argument shows that in the sum YN_; f(0"w)
the summands with value -3 can be paired with summands with value at least -1,
except for possibly the last one, whose pair does not appear in the sum. Besides
that, all the other summands have value at least -2. Consequently, the average
% 2,];]:1 flo"w) > =2 — %, hence the limit is at least -2, verifying zx?min > 2.

For the other inequality, we may simply consider the identically 0 sequence, hence

*
f,min

It remains to show that S f(oc;k,’min),S f(‘x;k’,max) > 0. Due to symmetry reasons,

(x = —2. It proves the claim of this paragraph.
these quantities are clearly equal, hence S f((x;,min) > 0 would be sufficient. Con-
sider the following subset of ():

B={weQ:w,=0fork=1,2 mod 3}.

Then for any w € B and n we have that at least two of the first three coordinates
of 0w equals 0. Consequently, f(c"w) < 0. Moreover, similarly to the previous
argument we find that the in the sum Y\, f(0"w) the summands with value -3
can be paired with summands with value -1, except for possibly the last one. All
the other summands have value -2. Hence we find
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It proves that B C E¢(—2), hence dimy B > 0 would conclude the proof. However,
this dimension can be calculated explicitly as B is a self-similar set, which equals
the disjoint union of its 2 similar images, where the similarities have ratio %. Thus

}8%; = % by Hutchinson’s Theorem [&]. 0

dimH B =
2.3. Variational formula. The following result was obtained by Fan, Feng, and
Wu. We present this result in the context of the full-shift on an alphabet of two
symbols (0, o) (in [6], they proved the result for a topologically mixing subshift of

finite type).
Theorem 2.3.1 ( [6, Theorem Al). Suppose that f : Q — R? is a continuous function.
We denote Ly := {a € RY : & = imy_ye0 3 Lney f(0"w) for some w € Q}. There
exists a concave and upper semi-continuous function Ay such that for any a € Ly

S¢(a) == dimp(Ef(a)) = As(a),

and .
Af(a) = —F
f(a) ygréi(oc) 10g2

where hy, is the metric entropy of u, and Fy(a) can be defined analogously to (2.1).

The function Af(a) is defined in the same paper [6, Proposition 5] using the
cardinality of the cylinders of large length that contain at least one point w for
which the Birkhoff average of f of that length is close to a. It was later shown that
the quantity Af(a) indeed agrees with S¢(«) for all « € L¢ [6, Proposition 6].

3. TooLs

3.1. Norm Continuity Theorem. We first prove that two Birkhoff spectra of two
continuous functions are close (except near the endpoints) if those two functions
are close in the supremum norm.

Theorem 3.1.1 (Norm continuity theorem). Let f € C(Q) for which o . < a

f,min f,max’
and ¢ € (0, (oc;,max - ucjélmm)/ 2) be given. Then there exists 6 > 0 such that for any
g € B(f,6), we have |S¢(a) — Sg(a)| < e forall a € (zx?min +e, oc;i’max — ).

Remark 3.1.2. We will later learn that the generic continuous function satisfies the
hypothesis of this theorem; see Theorem 4.3.1.

If one considers f,g € C(Q)) with continuous spectrum then the above theorem
can be used to show that for given ¢ > 0 one can find § > 0 such that ||f — g|| < ¢
implies that [[Ss — S¢|| < e. On the other hand, if f has discontinuous spectrum, say
S f(”‘jf,max) > 0 then the density of functions with continuous spectrum (Theorem
4.2.1) and Remark 3.1.4 imply that arbitrary close to f one can find functions g such
that HSf — Sg” > Sf(a;k;’max)/z.

To proceed, we first prove the following lemma.

Lemma 3.1.3. Let ¢ > 0 be given. Suppose that f € C(Q), and a € [a% . ,a% ]

fmin’ ™" f,max

Then for any g € C(Q) such that ||f — g|| < e, there exists a’ € (x — ¢, a + €) for which
Se(a') > S¢(). If Sp(w) =0, but Ef(a) # @ then Eg(a’) # @.



10
11
12

13

14

15

16

17

18

19
20
21
22

23
24
25
26
27
28
29

Generic Birkhoff Spectra 9

Remark 3.1.4. This implies that if ||f — g|| < € then |a%
| | <e.

*
Fmax ~ &g max| < € and

fmin g min

Proof. Recall the definition of F¢(a) from (2.1). By Theorem 2.3.1 there exists o €
F¢(«) for which
Sy(a) = o _ e My
log 2 log 2
Set o/ = [gdpg. Since ||f —g|| < & we have «’ € (a« —¢,a+¢). Fora €
[zx?mm, a;},max] we have Ef(a) # @. If S¢(a) = 0, thena € {oc min’ fmax} Consider

the map f. : My — Ly for which that f.(u) = [ fdu. Since the map f, is affine
and continuous, yp must be one of the extremal points of the convex set M,.

This implies that g is ergodic, so we may apply Birkhoff’s Ergodic Theorem to
show that for j almost every w we have limy_c 5 YN 1 g(c"w) = &' and hence
Eo(a') # @.

Hence, from now on we can suppose that S¢(a) > 0. In that case since g €
F¢(a') by Theorem 2.3.1 we obtain that

maXe 7, («) hy - Hyg
log 2 ~ log2

Se(a’) = = S¢(a).

[l

Using this lemma, we will prove the theorem by using concavity of the spectrum.
Proof of Theorem 3.1.1. For some L € IN, we consider a partition
a}/mm =ap <y <---<ap= a;lmax

for which for every i = 1,2,...,L — 1, |a;jy1 — ;| < &/4 is small enough such that
for every t € [0,1], we have

(1 —1)S(a;) +tS(aiv1) > S((1 — t)a; + tajq) — e/2.

For each w;, we choose a positive number §(«x;) < &/8 as follows: For any a] €
(a; — 0(a;), i +6(a;)), and B; > S¢(a;), the line segments connecting the points
(a, B;) and (aj 4, B;,,) are above the graph of S¢(a) —e for i =2,...,L — 2. We can
also suppose that the intervals («; — d(«;), a; + 6(a;)) are disjoint. Then we set

0 = min{e/8,(a1),6(an),...,0(ar)}-

We apply Lemma 3.1.3 with ¢ = § to show that there exists «; € (a; — J,a; +
0) C (a; —d(w;),a; + 6(a;)) such that Sg(aj) > S¢(a;) for i = 1,..,L — 1. Since

) — OF minl = o] —a1| < &/8 and |a] — 0F max] = o] —ap| < €/8 by using
the concav1ty of S¢ one can show that Se(a) > Sf(a) — e for all a € (zx?min -+

(e/2),a 0% max — (e/2)). By reversing the roles of f and g, by an analogous argument
we can conclude that S¢(x) > Sg(a) — ¢ forall w € (ag i, 4 (6/2), &g max — (¢/2)).
Using Remark 3.1.4 we can conclude the proof. U
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3.2. Piecewise constant (PCC) functions. We start with a lemma in which we show
that o

f,max

f € PCCk,

is a uniform upper bound of the limit of the Birkhoff averages of any

Lemma 3.2.1. Assume f € PCC*(Q) and e > 0. Then there exists Ny such that for any
N > Ny, for any w € ), we have

N
(3.1) L F0"w) < 8+,
n=1
which implies that
1 N
(3.2) 111;}1 jup N 21 f(0"w) < & o uniformly for any w € Q.
1) n=

Proof. Choose Ny such that for any N > N

KA+ N@man +8) :
N +k >‘Xf,max+§'
We claim that this Nj satisfies the statement of the lemma. Proceeding towards a

(3.3)

contradiction, assume the existence of a configuration w and N > Ny which refutes
this claim, that is

1Y i
(34) ﬁ Z f(O'nCU) > ‘Xf,max —+ e.
n=1
€

Our goal is to construct w’ , periodic by N + k which will satisfy

N N
(3.5) Z flo"w') = Z flo"w) > N(zx}lmax +e),
n=1

n=1

and this will contradict the definition of uc}lmax

sums we consider, the first coordinate has no importance, thus it is sufficient to
N+k+1

as we will see in (3.7). In the ergodic
construct cw’. Let it be periodic with period N + k (that is o w' = ow'), and
define its first N + k coordinates to be wy, w3, ..., wyx+1- Now if N’ is arbitrary,
express it modulo N + k as N’ = p(N + k) + g, where p is a nonnegative integer,
while 0 < g < N + k. Then the corresponding ergodic sum can be written as

(3.6)

1 N n, .l 1 pINEK) n, ./ 1 d (N+k)4+n,

ﬁzlf(aw):ﬁ Z,lf(UW)JFﬁZlf(Up w')
n= n= n=

Using the periodicity of cw’ in the first sum, and the boundedness of f in the
second one we infer

p(N+k) [ 1 Nk n,) N
N <N+kn§f(“’) +o(N').
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Hence if N’ — oo, the ergodic sum YN f(0"w') converges to ﬁ Y NTE f(omw).

Now by (3.4) and f € PCCk (Q2), we have (3.5). Thus by (3.3), we deduce

1 N+k no _k ||f“ + N([Xj;,max + 8) % €

*

Hence E¢(a) # @ for some a > &% max
concludes the proof. O

+ 5, which is obviously a contradiction. It

Next, we will show that if f € PCC(Q), then there exists a periodic point in ()
for which the limit of the Birkhoff averages of f equals «

*
f,max’

Lemma 3.2.2. Let f € PCCK(QY). Then there exists a periodic configuration w such that

imy_ e % Zrlyzl f((f”w) = [X},max'

Proof. We define a directed graph G = (V, E) as follows: V = {0,1}*, and there is
an edge from u € V to v € V if roughly speaking v is one of the possible shifted
images of u, that is v; = u;;1 fori = 1,..,k —1. Now we can think of the values
of f as weights on the vertices of G, while an arbitrary w € ) corresponds to an
infinite walk I', in G. Moreover, the ergodic averages are simply the averages of
weights along the vertices of finite subwalks of I',.

For technical reasons, it is advantageous to put the weights on the edges and
work with those ones: one of the convenient ways to do so is putting weight f(u)
on all the edges leaving the vertex u. Denote the function E — IR obtained this way
by f, too. Now the ergodic averages can be considered as the averages of weights
along the edges of finite subwalks of w.

Consider now w € Q such that & YN, f(oc'w) — a*

fmax
path I',. As V is finite, there exists a vertex which appears infinitely many times

. Take the corresponding

in I',,. By erasing the first few entries of w, or equivalently, erasing the first few
edges of I',,, we might assume by abuse of notation that the first vertex v of I',
recurs infinitely many times. Now based on the recurrences of v, we can partition
the infinite walk I',, into closed, finite walks FS ), rﬁf ), ... such that each such walk
starts and ends with v, and in the meantime it does not hit v. Now it is simple to
verify that the edge set (counted with multiplicities from now on) of each rﬁj) is the
union of graph cycles, or in other words, it is the union of closed walks containing
each of their edges precisely once. (One cycle might also appear multiple times in
this decomposition.) Indeed, we can find a subpath eje;...e; such that e; = e,, and
there is no other repetition of edges in this subpath. Then eje;...e,_1 is a cycle, and
its removal from rEfP results in a shorter closed walk starting and ending with v.
Thus we can repeat the previous reasoning to find another cycle, if such exists and
this procedure ends in finitely many steps.

Let us note now that there are only finitely many cycles in G as it is a finite
graph. Denote their set by C. By the previous paragraph, up to the last edge of any
rfj), the edge set of I', can be written as the union of these cycles, such that C € C

is used pc; times. Thus the ergodic average corresponding to the subpath of the
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I',, up to the last edge of rﬁ’;) is the following:

YceepciLeec fle)  EceePcilClEeec %

YcecPcilC| Yceepc,ilC|
Notice that it is simply a convex combination of the cycle averages ) . % Hence
the ergodic average in (3.8) can be bounded from above by maxcec Y .cc % Now

(3.8)

*

by the choice of w we also know that this ergodic average tends to « F,max a8 i — 00,
hence
\ f(e)
3.9 < J\")
(39) e < 02X Y 7]
also holds.

Now consider the infinite walk which goes along a cycle Cy over and over again,
where Cj is chosen so that the above maximum is attained. Then Cy together with
a starting point uniquely determines a periodic configuration w* € () for which
o'w* always equals the respective vertex of Cy. Moreover, it is simple to check that

the ergodic averages tend to }_.cc, % Hence this limit must be zx?max by (3.9), as
it is an upper estimate for all ergodic limits. g

4. CONTINUITY, DISCONTINUITY AND SUPPORT OF THE SPECTRUM

By [6], we know that S is necessarily upper semi-continuous for any continuous

* *
fmin’ ** f,;max

of this interval. However it is not necessarily continuous at the endpoints of this

function. Moreover, it is continuous on |« « |, while it vanishes outside

interval.

4.1. Denseness of PCC functions with discontinuous spectra. Recall an example
of a PCC?(Q) function with discontinuous spectrum from Example 2.2.3. In this
section, we will show that functions in PCC(Q)) with discontinuous spectrum form
a dense subset of C(Q}).

Theorem 4.1.1. Functions h € PCC(Q) with Sy (aj, ....) > 0 are dense in C(Q).

Remark 4.1.2. Of course, a similar theorem is valid with Sj(a; . ) > 0 in the con-
clusion and with a little extra technical effort one can show denéity in C(Q) of those
f € PCC(Q) for which Sp,(a;, ... ) > 0and Sy(a; ;) > 0hold simultaneously. As
Theorem 4.2.1 shows functions satisfying the conclusion of Theorem 4.1.1, or any
of its above mentioned variants form a first category set in C(Q2).

The main idea of the proof of Theorem 4.1.1 is to show that given any continuous
function, we can approximate it by a PCC function, and we further "perturb” that
PCC function in an appropriate way so that its spectrum will be discontinuous.

Proof of Theorem 4.1.1. Suppose € > 0 and fp € C(Q2) are arbitrary. We need to find
an h € PCC(Q) such that

4.1) |fo — k|l < eand Sg(aj pnay) > 0.
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By using a suitably large k choose f € PCCX(Q) such that ||f — fo|| < &/2. By
Lemma 3.2.2 select a periodic w’ such that

. 1 n *
(4.2) Hm - ) f(0"w') = af o

In this proof, as in (4.2) we prefer to take Birkhoff sums with indices between 0
and N — 1, when taking limits it makes no difference. We can assume that there
is a finite string of Os and 1s, denoted by A such that w’ = A%, by not necessarily
using the minimal period we can also suppose that k4 = |A|, the length of A is a
multiple of k.

Now we select a string B of length k4. If A # 0% then we let B = 0%4, if A = 0ka
then we let B = 154, Without limiting generality in the sequel we assume that
B = 04,

By using a suitably large number /, to be fixed later, we consider strings X =
(A2)AABAA and Y = (A?")ABAAA.

Set H={X,Y}*.

Observe that

T = .
(4.3) dim Z f(0"w) =t axy < &}y forany w € H.

—00 =0

Put m = £ + 7. We define the following finite union of cylinder sets in ()
(44) Cp = {U1l..Upwows...: U; € {X,Y}, i=1,..,m w;j € {0,1}, j =0,1,...}.

Put P = U!_} ok aC,yy.

Next we define our perturbation function ¢ € PCC"4(Q). If w € P then we set
g(w) = €/4, otherwise put g(w) = 0.

It is easy to see that dimy H > 0, since by Hutchinson’s theorem
2. (2~ (HSkaydimy H — 1 which gives dimy H = 1/((2¢ + 5)k,). Take and fix an
arbitrary w € H. Recall that |X| = |Y| = (2¢ + 5)k4. By our definition of X and Y
we have

1 (2045)ka—1
(45) m 2 f(o']+t(2£+5)kA(U) = Xxy for any t e {0, 1, }
j=0
From the choice of w and A it is also clear that

1 2kl

(4.6) 2k, Y. F(oT TSk ) = 0 max for any t € {0,1,...}.
j=0
Hence,
kaA-DC* X+5kADC i

4.7) axy > fma i — ocj:’max as ¢ — oco.

(20 +5)k 4
Observe that if U; € {X, Y} then there is a maximal substring of U; which con-
sists of consecutive zeros. This is the one which contains B, and of course might
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contain some zeros from the end/beginning of the As before/after B in U;. This
and the definition of P and g imply that for w €¢ H

4.8)  g(0/w) > 0holds iff j = iky + t(2 +5)ka, i=0,..,0 -1, t =0,1,....

Therefore,
1 (2045)ks—1 205k Ve
49) ———— JrEEka ) = ———— f te0,1,..}.
49 Zrrek, ].>_:O 8lo “) = 105 59k, orany FEA0 L
Next we select £. First we have to suppose that
€ 14 1
41 = y — i s S
(4.10) 14 3 > Bk (‘Xf,max [Xf,mm) and 8(2£ n 5) > 3
Then
(4.11) ZEkA[Xj‘,max + 5kAD‘f,min + Z% . ZEkA[X},max + SkA[Xj‘,max + £§
' (204 5)k, (204 5)k,
. €
> ‘Xf,max + 32kA :
From (4.6), (4.7) and (4.11) it follows that if h = f + ¢ then for w € H
1 20+5)ks—1 - .
- ]+ (+ A — K * - —
(4.12) 2075k ];) h(o w) =b" >+ 3k, fort =0,1,....

This obviously implies that H C Ej,(b*) and hence S, (b*) = dimy Ej, (b*) > 0.
If we can verify that b* = aj .. then we are done. We need to show that if

N-1

1| N=
(4.13) Jim n;) h(c"w) = « then a < b*.

Suppose that we have a fixed w € () for which the limit in (4.13) exists and equals
Q.

Now we subdivide w into finitely or infinitely many substrings in the following
way

w = ZoW121W2Z2...

where Zj might be the empty string, the other strings are non-empty. For any j
the strings W; € {X, Y}df, where 1 < d]- < H-00. The strings Z; do not contain any
substring of the form X or Y and they can be finite, or infinite. In case one of the
Z;s is infinite then there exists Ni such that for all n > Ni, g(¢"w) = 0 and hence
0 S 0oy < b

Hence from now on we can suppose that the Z;s are finite.

If one of the W;s is infinite then one can find N; such that cMw € H and hence
& = b* by (4.12).

Hence from now on we can suppose that all the W;s are finite.

Since for any k € N we have w € Ej(a) iff c*w € Ej,(a) we can suppose that
Zy = @ and hence w = W1Z1W,Z;.... Choose k;j, j = 1,2, ... such that the substring
W;Z; of w starts at Wi thatis W;Z; = Wi W 41-+-Whj 1+ We denote by k;. the place

where Z; starts, that is, W; = Wi Whj-+1---WE, 1 and Z; = W W 41 Wy 4 —1-
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Suppose that we have a j for which
(4.14) there exists n € {kj, ..., kj41 — 1} such that g(¢"w) > 0.

We denote the set of such js by J.
Then g(c"w) = e/4. We can assume that 7; is the maximal n satisfying the
inequality in (4.14). Then n; < k}. Moreover, by the definition of g and P we have

1’1]' = k; — m(2€+5)kA + (5 - 1)kA.

Put
k}/ = n]' — (5 — 1)kA + (25 +5)kA.

Then by the definition of g
415) 0" w|(20+5)ka € {X, Y} and Fiw| (k) — k;) € {X, Y} )/ Gk

where (k;-’ —k;)/ (20 4 5)ky is an integer, that is kaw|(k}’ — k;) starts with a long
string of Xs and Y's. Hence

kK'—1
1 ! le

)

It is also clear that

;K
j+1 ] n=k/
Suppose that § > 0 is given. We want to find N; such that for N > N; we have

1 N—-1
il n *
(4.18) N HZ_O h(c"w) < b* + 6.

We can suppose that J is infinite since otherwise there exists N such that h(c"w) =
f(c"w) forn > Nj and a < ucjélmax < b* holds.

Now we split w into two infinite substrings w$, the "good part" of w can be
obtained as the concatenation of the substrings ki w|(k}’ — ki), j€]J.

While w?, the "bad part" of w is the "rest" of w, that is what is left of w if we
delete from it the good part. To be more specific if j ¢ J then we take the string
(kaw|(kj+1 —k;), otherwise if j € J then we take the string (Tk}/w|(kj+1 - k;-’ ) and
concatenate these strings.

Using (4.12), (4.16), and the definition of the strings X and Y it is clear that if
j € ] then

1 k;/_l n *
(4.19) W n;{jh(a w) = b*.
We also know that if n ¢ Uj¢j [k]',k;-’ — ki) then g(c"w) = 0 and hence h(c"w) =

flo"w).
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Moreover, if (t+1)(20 +5)ks < k}’ —kj, for a j € J then

1 kj+(t+1)(20+5)k4—1

(20 +5)ka n=k;+t(20+5)k 5

(4.20) h(c"w) = b*
holds as well.

We introduce the notation N§ = U]'EJ{k',...,k;-’ —1} and N? = {0,1,..} \ N8.
From (4.20) and the boundedness of & it follows that we can select Nj such that for
N > Nj

1 0
(4.21) h(c"w) < b* + <.
#{n e N8 :n < N} HGN;KN 2
Denote #{n € N’ : n < N} by v;,(N).
Next we need to estimate
1 1
(4.22) —— Y, h("w)=—= ). f(c"w).
vp(N) nEN®, n<N vp(N) nENb, n<N
A little later we will show that
1 , 1 Vb( )_1 0 b
(4.23 r'w) = rw
) ay L SO = oo B St

neNd, n<N
Next we show that if we verified this then we can complete our proof. Indeed by

Lemma 3.2.1
N'—1

| N-=
limsupﬁ Y flo"wt) < OF max
n=0

N/ =00
and hence we can select Ny > N g such that if N > Nj then v,(N) is sufficiently
large to have

1 vp(N)—1 b )
n *
I/b(N) yg) f(O' w ) < af,max+ E
By (4.23) this yields that
1 ) )
— c'w) < af = <+ -
vp(N) neN;n<Nf( ) < o 2 2
From this, (4.21), and (4.22), it follows that for N > Nj

1 N=1 o . P
N HZO (c"w) < b* + >
Since a suitable N; can be chosen for any § > 0 we proved that & < b*.

Hence, to complete the proof of the theorem we need to verify (4.23). But this is
not difficult. Since f € PCC¥(Q)) we know that f(c"w) depends only on the string
c"w|k.

Observe that during the definition of w’ we concatenate strings which start with
a string A and A is of length k4 > k. Indeed, if j € J then during the definition we
concatenate the string i w|(kjy1 —kj) = W;Z;, and W; starts with X or Y and they
both start with A.
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If j € J then we take the string Uk;/w|(kj+1 - k;-’ ) and by (4.15) this string starts
with A.

We can define a function ¢ : {0,1,...} — N the following way. For n € {0,1, ...}
if we take w! then this entry corresponded to exactly one entry wWy(y) of w and be-
longed to a concatenated string making up w’. Suppose that ki <n) < kjpq. If
p(n) < kjj1 —k then the strings 0"w"|k and oM w|k are identical and hence
fle"w?) = f(e?Mw). If p(n) > ki1 — k then there is an n’ < n + k such
that p(n') = ki1 By our concatenation procedure it is clear that the strings

"wb|(n' —n) and o¥Mw|(n’ — n) are identical. It is also clear that ¥(n') = i1
and o’ w|k 4 = A, since we take the first k A entries of a string which equals X
or Y. Now recall our earlier observation that w’ was obtained by the concatenation

of strings which start with A. Hence ¢"" w? starts with the string A. This implies
again that f(c"w?) = f(c?Mw). O

4.2. A generic continuous function has a continuous Birkhoff spectrum. We have
seen in the previous subsection that functions with dicontinuous spectrum form a
dense set in C(Q)). Next we will show that the set of such functions is of first
category.

Theorem 4.2.1. For the generic continuous function f € C(Q), we have that S¢ is con-
tinuous on IR.

Remark 4.2.2. This theorem implies that the set of continuous functions with dis-
continuous Birkhoff spectrum is a set of first category. This set includes functions
which are cohomologous to a constant, as we observed in Example 2.2.2, hence this
is a possible way to see that these functions form a set of first category.

To prove Theorem 4.2.1, we need the following lemma, which shows that one
can "perturb" a PCC function so that the new function would have a continuous
spectrum.

Lemma 4.2.3. Let f € PCCX(Q) and let ¢ > 0. Then there exists p € N and g € C(Q)

such that [|g|| <'e, S g vanishes at oy, and o’

g,max f,min —€s [Xf—|— < o]
+e

gmin — 7 f+4g,max <

f max

Proof. Let f € PCC*(Q) and let & > 0. Let w* be a periodic point with prime period

p for which %Zﬁzl flo"w*) = (which exists by Lemma 3.2.2). Suppose

' f max
go(w) = min;—;,_,{d(w,c'w*)}, and let ¢ = —ego + ¢ for some c € (0, ¢) chosen in
a way that [ gdA = 0. Since A(Q)) = diam(Q)) = 1, it is clear that ||g|| < e.

Given E C IN, we denote by d(E) the density of the set E, that is limy_, e #(Emiw

(if it exists). We let
Hy+ :={w € Q: w|g = w* where d(E°) = 0},

where w|g denotes the concatenation of wj, j € E. We will show that E¢, g(oc;i " ) C

g, max
H.+, and then we observe that dimy H,,+» = 0.
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By using (3.2) from Lemma 3.2.1 one can see that a’ + c. Since

f+g,max S a fmax
> o¥ + ¢, and hence a*

go(a w*) = 0 for any n, we obtain a} . . >

f,max f+gmax —

fmax +c. Letw € Efy g erg’max). Then we must have
. 1 al n € al n *
am N ) g L ole) | = e

and this is only possible if + Zn 1 flo"w) — o F,max” and, in particular,

ﬁ Zgo(anw) —0as N — co.
n=1

This implies that the set
Jo:={neN:g(c"w) >2""}

has zero density. Observe that if go(c"w) < 27F forn = j/, ..., j + 1 then there exists
i € {0,..., p—1} such that

(4.24) (")) P = gl 4 p 41

The case when ], is finite is much easier and is left to the reader, we detail only
the case when |, is infinite.

Suppose we enumerate J, = {j1,j2,j3,...} in the increasing order and we set
jo :== 1. Then for each k € IN U {0}, there exists ix € {0,..,p — 1} such that the
(possibly empty) string y(jx) = (w)ﬁf{l equals o'w*|jx.1 — jx — 1. Hence, we
have

wli, = vGo)v()r(2) -+ -
Since w* is periodic we can choose my € {0,..,p — 1} such that if v*(ji) =
o™y (ji), that is we throw away the first m; entries of y(ji), then
P (7 () -+ = @
Put F = Ug{jk, -, jx + mg}. Then F C Up 0 Jo+i(where A+b={a+b:ac A}
for any A C IN and b € IN), which has a zero density. Setting E = F¢, we get
w|g = w*. Hence, w € H+, which shows that Ef+g(”‘jf+g,max) C H,»-.
We now show that dimy H,« = 0. Consider the set Hy := {w € Q : d({i € N :
w; = 1}) = 0}. Due to Example 2.2.1 we see that dimy(Hp) = 0 as it equals S¢(0)

for f defined in that example. Given w € Q) and i € N we set v(i,w) = #{j : w; =
0, j <i}. We define a map h : Q) — Q as follows: h(w) = hihyhs. .., where

hi = { “’i(i,w) ?f wi =9
1-— Wy (i w)+1 if w; =1.

It is easy to see that & is Lipschitz. One can also verify easily that h1(Hp) D He:x.
Therefore, 0 < dimpy(H,+) < dimg(h(Hp)) = 0. O

What remains from the proof of Theorem 4.2.1 is rather standard:
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Proof of Theorem 4.2.1. It suffices to prove that a generic continuous function h has
continuous spectrum at the points aj . and aj .., and due to symmetry reasons,
it suffices to prove the continuity in «j (if it holds in a residual set, the other
also does in another residual set, and the intersection of these sets is still residual).
We will prove in fact that the set

Z = {h € C(Q) : S is not continuous at aj .. }

is meager. Note that we know that Sj, is concave and achieves its maximum at
[ hdA, hence

Z=\]J7,
n=1 "
where
Zy = {h € C(Q) : Sp(x) >0 forall x € [/hd)\,oczlmax} } .

Now it suffices to prove that each Zy is nowhere dense, and clearly it is enough to
consider small enough 6 < 1. To this end, take arbitrary f & PCCk(Q) for some
k, and ¢ > 0. By Lemma 4.2.3, we can find f + g in the e-neighborhood of f such
that it has continuous spectrum at ay o Thenag, . > J(f+g) > 0% o min
necessarily holds, as S¢ ([ (f +g)dA) = 1. Now by continuity, we can take x €

[ [h, ar, g’max] such that 0 < Sy (x) < §. By its concavity Sy, is monotone

*

Fig max) ence we can assume that

decreasing on [ [ h, a

* *
X = [Xf,min > [Xf,max - X

Now apply Theorem 3.1.1 for f + g with

(4.25) ¢ = min {g W max — X}

It guarantees that 0 < Sy(x) < 6 for any h with |h— (f+g)|| < ¢ for some
8" > 0. Moreover, if h and f + ¢ are close enough to each other, we also have
that their integral cannot differ by much, hence we also have that x € [ [h, &) m ax] .
Consequently, if & is in a sufficiently small neighborhood of f + g satisfying both
this integral condition and what is given by (4.25), then h is not in Zy. It yields that
Zy is nowhere dense, as PCC(Q) is dense, and in the neighborhood of an arbitrary
f belonging to this set we constructed an open ball which is disjoint from Zy. It
concludes the proof. O

4.3. Supports of generic spectra are in (« £,min & f,max)' In Example 2.2.1 we saw
a very simple PCC function for which the range of the function [&fmin, &fmax]
;,min’ ‘X;,max
verify that for the generic continuous function this is not true, we have (4.26), in

coincides with the support of the spectrum | ]. In this subsection we

fact we prove a little more, we show that the set of functions having this property
is comeager.
Theorem 4.3.1. For a dense open set G C C(Q)) we have

(4.26) Xfmin < ‘x;k’,min < a?,max < &f,max
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hence the generic f € C(Q) satisfies (4.26).

Proof. 1t suffices to prove that each inequality in (4.26) holds in a dense open subset

f,min < afmax and
oaj,’max < @&fmax hold in dense open subsets, respectively. Given Remark 3.1.4, it

of C(Q)), and due to symmetry, it is sufficient to prove that a’

immediately follows that each of these inequalities holds in an open subset, thus
we only have to keep an eye on denseness.

Consider first a7} Fmin < oy fmax- BY Theorem 4.2.1 we know that S is continuous
for f € G; with a dense subset G; C C(Q). However, for ) = [ fdA we have

S¢(ap) =1, and Sf(zx;,mm) S¢( fmax) 0, hence
(427) D‘f min < DC; max*

It yields that for any f € G; we have a} < aj thus this inequality holds in

fmin f max’

a dense subset indeed.
Let us consider now zx?max < &fmax- We know that functions f € PCC(Q)

are dense in C(0}). Consider such a function f, we have f € PCC*(Q)) for some
k > 0. By Lemma 3.2.2 we know that there exists a periodic configuration wy with
limpy_eo % YN f (c"wg) = oc;,max. If a}k‘,max < &f max then we are done. Hence we
can suppose that a’

f,max
wy is neither identically 1% nor 0®. Then we can choose a substring A of length k

= &fmax- Assume first that wy can be chosen such that

such that f is maximal on [A] and A is neither [11---1] nor [00 - - - 0] (i.e. cylinders
of k many 1s or 0s, respectively). Now for given ¢ > 0 define ¢ € PCC(QQ)
such that f = g except on the cylinder [A] where ¢ = f +e Set wg to be a
periodic configuration for which limy_, e, = N YN g(o" wg) = g max, Which is again
guaranteed to exist by Lemma 3.2.2. The relative frequency of the substring A in
wyq is strictly smaller than 1, as A contains both Os and 1s, hence at least 1/k of the
substrings start with a binary digit different from the first entry in A. Thus we can

conclude
lim — c"w,) — lim — oc"w =
Jim S Zg g) — lim Zf P <lg—fl=¢
hence
a;,max - ‘X;,max <&
However,

Xgmax — &f max = €
by definition. Hence we can find g arbitrarily close to f with ag ., < &gmax in this
case.

Assume now that the only possible choices for wy are amongst 1% and 0%. If A
can be chosen as in the first case, differing from the identically 1 and identically 0
strings of length k, then the previous argument might be repeated, thus it suffices
to observe the cases when wy and A can only be identically 1 or identically 0.
Clearly without loss of generality we can assume that the former one holds. In this
case we perturb f as follows: let ¢ € PCC¥1(Q) such that it equals f everywhere,
except on the (k + 1)-cylinder which starts with k many 1s and ends with a 0. On
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this cylinder let ¢ = f + € such that ¢ is very close to f. Then agmax — &fmax = €
as previously. Moreover, if ¢ = ||g — f|| is sufficiently small, by the conditions
of this case the only maximizing periodic configuration for g is 1*°, too. Hence
Ny max = O F max” which immediately yields ag . < ttg;max again.

Thus in both cases we showed that any f € PCC¥(Q) can be approximated by

functions satisfying a < &g max- It yields that such functions also form a dense

g,max
set, which concludes the proof. O

Remark 4.3.2. In ergodic optimization, a function f € C(Q) for which a7 Fmax =

& max 18 called revealed (cf. [10, §85]). Theorem 4.3.1 tells us that the set of revealed
functions in C(Q)) forms a nowhere dense set.

5. ONE-SIDED DERIVATIVES OF THE BIRKHOFF SPECTRA AT ENDPOINTS

In this section for functions with continuous spectrum we are interested in the
one-sided derivatives of the spectrum at the endpoints of its support in the direc-
tion of the interior of the support.

5.1. One-sided derivatives at the endpoints of spectra for generic functions. For
the generic continuous function we have already seen in Theorem 4.2.1 that the
spectrum is continuous at these endpoints, and as in the direction of the exterior
of L f the spectrum is constant zero, the one-sided derivative is also zero. On the
other hand, towards the interior of the support it is of infinite absolute value as we
see in the next theorem.

Theorem 5.1.1. For the generic continuous function f € C(Q)), we have 9~ S¢(a i % max) =
—oo, while 0S¢ (« Fmin) = -

We start with a lemma which will be the building block for the proof of the above
theorem.

Lemma 5.1.2. Let fop € C(Q)), e > 0, and v € IN be given. Then there exists f, € C(Q))
and 6 > 0 such that || fo — f2|| < €/2, 6 < €/2, and for any f € B(f2,0) C B(fo, ) there

exists o' < a* F,max such that

S S
(5.1) f( ) f( fmax) < v
o — ocfmax

Remark 5.1.3. As S is concave on the interval Ly, the inequality (5.1) in the lemma

implies 0~ Sg(af ) < —v.

fmax

Proof. Using Theorem 4.1.1 choose f; € PCC(Q) with |[fo — f1|| < €/4 such that

€1 = Sfl (a?l,max) > 0.
Set & = min{eq, 5,1/2}.
Using Theorem 4.2.1 choose f, € C (Q) such that

Ifi = f2ll < 15, and S5, (87, max) = O-
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By Lemma 3.1.3 and Remark 3.1.4 applied to f1 and f, we obtain that a’ fymax <
(x;k’l,max + 1& and there exists a’ > a7} Fymax — 1% such that
(52) sz(DC ) Z Sfl (afl,max) =& Z &.
Then
€
(5.3) ch?z,max o <2 00"

Keep in mind that Sg, (a} b, max) 0 and choose d; > 0 such that

(5.4) Sp(a) < % holds for a € (&}, max — 61, &%, maxl-
Observe that from (5.2) it also follows that a’; F, min <a <at Fpymax — 01. Now choose

0> > 0 such that

Ypmax — % 81 e }

10 "5720v )"
Using this 6, as € in Theorem 3.1.1 select 6 € (0, ;) such that for f € B(f,6) we
have

(5.6) |Sf(0() — sz (Dé)| < forua € (D‘j‘z,min + 0, ‘X}k‘z,max — (52).

Suppose f € B(fz,0). Then by Lemma 3.1.3, Remark 3.1.4, (5.3) and (5.5) we
obtain

(5.5) 0y < min{

|zx;2,max — a}zlmax| < &, and hence |a’ — a}/max| < 1.1(04322,maX o) < 1.1- 5—1/
By (5.4), Sy, (a} Fpmax —01/2) < €/20 and then by (5.6), Sg(a} Fpymax —61/2) <

€2/10 < 1. By concavity of S f and S¢([ f) = 1 itis clear that Sy is monotone

decreasing on [a}  —61/2,a% | and hence

f max f,max

€

(5.7) Sf (‘X;,max) 10

Using (5.2), (5.5) and (5.6) we infer
Sf(DC/) > sz((X/) — 0y > 0.9¢,.
By this, (5.7) and (5.3)

Sf( ) Sf( fmax) < — 0.8¢e»
11-2

o _afmax

O

Remark 5.1.4. We remark that due to symmetry reasons a version of Lemma 5.1.2
of the spectrum yielding that for any f €
such that

also holds at the other endpomt o ¥,min
B(f2,6) C B(fo,¢) there exists &’ > a

fmin

Sf( ) Sf( fmm)>v

o —

(5.8)

f ,min
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As we observed earlier in the one-dimensional case Sy is continuous on [} oy

fmin’ ™ f,;max

hence even in case of discontinuous spectra one can consider 9~ S¢( fmax) and
0" Ss(a 7, % nax), one might have a one-sided discontinuity only in the direction point-
ing towards the exterior of the support of the spectrum.

Lemma 5.1.2 easily implies Theorem 5.1.1:

Proof of Theorem 5.1.1. Consider an arbitrary fy € C(Q)) and € > 0. Fix v € N.
We may apply Lemma 5.1.2 and Remark 5.1.3 to see that B(fy, €) contains a smaller
open set B(f2,9) of C(Q)) such that for any f € B(f,,6) we haved™ S¢(a} ) < —v.
It implies that the complement of

= {f € C(Q) : a_“;f(o‘}k‘,max) < _V}
is nowhere dense for any v. Hence A = (J;~; Ay is a residual set of C(Q2), yielding
that for the generic continuous function f € C(Q2), we have 9~ S¢( fmax) = —oo.

fmax

However, by Remark 5.1.4 we may conclude the same way that for the generic
continuous function f € C(Q)), we have 075 (« fmin) = o Thus for the generic
continuous function, we have both of these prescribed equalities, which concludes
the proof. U

5.2. Finite one-sided derivatives at the endpoints of the spectrum. Now our goal
is to construct a continuous function f with the property that the spectrum S is
continuous, but it is not generic in the above sense, that is the one-sided derivatives
are finite.

in the endpoints &} . and a7}

f,min f,max

Theorem 5.2.1. There exists f € Co(Q) such that Sy is continuous, a}

fmax =1, and 9~ Sf( f,max
tives can be arbitrarily close to —1 and 1, respectively.

Fmin = = —1 and

o ) > —oo, while *S¢(a fmm) < oo, Moreover, these deriva-

The first step in this direction is the following lemma, in which we give up-
per bounds on a value of the spectrum for a suitably defined function. Since
S¢([ fdA) = 1 if we have a function with continuous spectrum then by con-
cav1ty of the spectrum 97 Sg(a}, ) < —1/(aF oy — [ fdA) and 07 S¢(w Fmin) =

1/ ([ fdA — ”‘fmm)

In the next Lemma we define a PCC function with "very small" spectrum. This
type of functions serve as building blocks in the proof of Theorem 5.1.1.

Lemma 5.2.2. Let b > a, and let f : O — R be such that f(w) = b if the first L
coordinates of w is 1, otherwise f(w) = a. Moreover, fix ¢ > 0and 0 < B < 1. Then if L
is sufficiently large, then

5.9) Se(t) <B+e

fort = Ba—+ (1 —B)b.

Remark 5.2.3. Observe that in the above lemma if L is large then [ fdA =b-27F +
a(1—2"")and hence S¢(b-2"%+a-(1—-271)) = 1. Thepointb-27L +4a-(1-271)
is very close to @ = afmin. It is also clear that E f(b) # @, since 1% belongs to it.

By also considering 0% we see that [a,b] = [a% . &%

£,min’ fmax]' Hence the line segment

]
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connecting (b-27t4a-(1—-271),1) to (b,0) should be under the graph of S5; on
b-27L4a-(1—271)]. If B is small then t is very close to b and by concavity
of the spectrum on [b-2"F +a- (1 —271),t] the graph of Sy should be under the
line segment connecting (t,f +¢) = (Ba+ (1 — B)b, B +¢) to (b,0). This implies
that for small B and large L apart from a very short interval near the endpoint 4
the spectrum Sy is very close to the line segment connecting (4,1) to (b,0) and on
[a, b] approximates the upper part of the boundary of the right angled triangle with
vertices (a,0), (a,1) and (b,0).

Proof. Let t = Ba+ (1 — B)b. Clearly it suffices to prove the statement of the lemma
for small enough ¢, thus we might assume that g* = g+ 5 < 1. We would like to
estimate the dimension of

Ef(t) = {w: lim % if(a”w) - t}.

N—oo

This set contains w if and only if it contains ¢(w), thus we can shift the sum by
one for technical convenience. Moreover, if we replace the lim by a liminf, we can
deduce that this set is contained by

1 N=1
tliminf — "w) >ts.
{w hz\lrrlg}fN n[;)f(a w) > t}
If w is in this set, then for large enough N the corresponding ergodic average

exceeds t* = f*a+ (1 — p*)b < t, that is

00 00 N-1
(5.10) Ecyc U N {w : % Y. flo"w) > t*}.
n=0

m=1 N=m

In the sequel for ease of notation we will use {% 22]:_01 (c"w) > t*} instead of

{w : % 22]:_01 (c"w) > t*} . The union in (5.10) is the union of a growing sequence
of sets, thus the dimension is simply the limit of dimpy A, where

= 1 = n *
A= {N Zf(a w) >t }
N=m n=0

Now we focus on estimating the dimension of this set. To this end, we would like to
count the cylinder sets of length N + L — 1 which intersect {% YN fo"w) > t*}
for large N, as they give a cover of A, for any N > m. (We are concerned with
cylinders of length N + L — 1 instead of the ones with length N as the first N + L —1
coordinates affect 27172—01 f(c"w).) For our purposes it suffices to choose N such that
LIN + L — 1, as we can diverge to infinity with N even under this restriction and
we need an upper estimate of the dimension.

The number of blocks consisting of at least L consecutive 1s is at most % If
L > 2, and there are i such blocks, the number of ways to place them among the
N + L — 1 coordinates is at most (¥ +2%_1), since the placement of each block can be
uniquely specified by the coordinates for which the first and the last coordinates

of the block occupy. (We note that it is indeed an upper estimate: this expression
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does not deal with the length of the blocks, neither with the fact that blocks are
separated from each other with at least one intermediate coordinate.) Moreover, if

N+L-1
L

L > 5, then for the largest possible value of i, that is for i = we still have

N+L-1 - N+L-1
L 2 '
Thus the number of ways we can arrange the blocks of at least L consecutive 1s is

21 =2

at most
LN+ L-1 N+L-—1 N+L—1
YL— YL- YL—
o (Y () (Vi)
N+L—1>

S(N+L—1)'<2_N+L—1
L

as the binomial coefficients are increasing until the middle ones.

We should also give a bound on the number of ways we can choose the other
coordinates. Since % ZnNz_Ol (c"w) > t*, we know that most of the coordinates
belong to one of the above blocks. More specifically, in the first N coordinates
there are at most B*N not covered by them, as otherwise the number of terms in
YN} f(0"w) with f(0"w) = a exceeds B*N, which yields that

1 N=1

—Zfaw <Bfa+(1-p b=t

Thus a raw upper estimate for the number of the ways we can choose the remaining
coordinates in order to have an N + L — 1-cylinder intersecting

1 N=1
{ Zfaw >t*}

is 28"N . 2L=1 where the last factor is simply the number of ways we can choose the
last L — 1 coordinates.
Combining the results of the preceding two paragraphs yields that

1 N=1
{ Zfaw >t*}

is covered by at most
N+L-1 ;
(N+L—-1)- (2 .—'1_\J+L—1) QP NHL
L

many cylinders of diameter 2~ (N*+L=1) By using the standard (5) < (%) bound
on the binomial coefficients, we can relax this upper bound to

2N+L 1

2k
(5.12) (N+L-1)- (ezL) B N4L-1 _ | (%) b oBk (1) (1)

where k = N + L — 1. Notice that for large enough L (and consequently, large

2
e T
27>\"/E<%> ,

enough k) we have
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as both factors on the right tend to 1. Fix L to be sufficiently large in order to
guarantee this. Consequently, (5.12) can be estimated from above by

(5.13) 2 (B +3)k o (1=p")(L-1)

Hence
1 N=1
_ n > t*
{N ¥ s }

can be covered by at most 2(8"+2)k . 2(1=F")(L.=1) many cylinders of diameter 2* for
any k with L|k. It immediately yields

w5 (LN fome) > ¢ L) <2000y
2—k N nZ:Of(U CU) - =

where N = k — L + 1 as before. However, this set contains A, for large enough
k, N, thus

Hé%i:_§ (Ap) < H(1-p*)(L-1)

As k, N can be arbitrarily large, it shows that in fact
HE T (A,) < 20701
and consequently,
dimp (Am) < B+ % =pB+e.
Consequently, by our initial observations
S f(t) < B+eg
as stated. O

We do not know whether there is a PCC function with finite one-sided deriva-
tives at the endpoints of the spectrum. The following theorem might make one
believe that the answer to this question is negative:

Theorem 5.2.4. Assume that f € PCC(Q)) and Sy is continuous. Then 0~ S¢(a} .. ) =
—o0, while a*sf(oc;k,’min) = 0.

Proof. Choose k such that f € PCC(Q)). By symmetry, it clearly suffices to prove
0~S f(a?,max) = —oo. Consider the directed graph G = (V, E) defined in the proof
of Lemma 3.2.2, and the set C of its cycles. By that reasoning it is clear that there
exist cycles with distinct weight averages as otherwise for any infinite path I' we
would get the same weight average in limit, which means that the ergodic averages
have the same limit for all configurations, hence Sy cannot be continuous. More-
over, as G is connected as a directed graph, the graph of cycles G¢ is also connected,
in which the vertices are the elements of C, and two of them are connected if they
have a common vertex. This, together with our previous observation implies that
we can choose cycles C and C’ such that they have a common vertex v, the cycle C
has maximal weight average amongst the elements of C, while C’ does not. Now
consider the set of infinite paths in G denoted by Hg which consists of the paths
which start from v, and can be partitioned into finite pieces I';, Iy, ... such that each
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I'; equals either C or C’, and the density d ({i : T; = C}) = B. Then it is obvious to
see that the Weight average along any I' € Hg tends to

e SIO+ (=B 17 S0 = b+ (1= B,

ecC ecC’

where &/ < af by the choice of C’. Thus if we take the corresponding config-

f,max
uration w(T'), and in the ergodic averages we shift the indexing again by one, we

see that -

1 2 ) = B e + (1= )
That is, if ()5 denotes h y et of w(I')s for which T' € Hg, we have
(5.14) Qp S Ef(Baf max + (1 — B)a).

However, the dimension of ()g is easy to estimate from below using the following
mapping: for w(I') € Qg define h(w(T)) = hiho... by

1 ifT;=C
]’liI: . v
0 1f1“i_C.

Now h is a Holder-mapping. Note that the starting point of I' determines the
first k coordinates of w(I'), and then going along C (resp. C’) determines the next
|C| (resp. |C’|) coordinates. By reversing this argument, if K = max{|C|,|C’|},
the first k + mK coordinates of w(I') uniquely determine the cycles I'y, ..., I';; in the
decomposition of I'. In other words, the first m coordinates of h(w(T')) are uniquely
determined by the first k + mK coordinates of w(I'). From this, one easily obtains
that /1 is a Holder-1/K mapping.

Moreover, by the definition of Hg and (g, it is clear that 1(Qp) equals the set of
configurations in which the density of 1s equals . Thus by Example 2.2.1, we can

deduce that . ) loo(1
dimH(h(Qﬁ)) — _ﬁ Og(IB) + (10;5) Og( _IB)

Hence as h was Holder-1/K:

dimH(Qﬁ) > _,Blog(ﬁ) + glggﬁz) log(1 — ﬁ)

Thus by (5.14):

S (B (1 — )y = — P18+ %;gﬁz) log(1— )

Consequently, also using that by continuity of S¢ we have S¢(a 7, % max) = 0 we infer

Sf( fmax) Sf(lB[Xfmax (1 - ﬁ)(X ) < ,BlOg(,B) + (1 — ‘B) log(l — ‘B)
[Xf max (IBDCf max (1 - IB)D‘/) N (1 - ﬁ)(“}lmax - “')KIOgZ

However, the right hand side can be estimated from above by omitting the negative

tirst term, and after simplifying by 1 — 8 we see that it tends to —co as B — 1.
Hence the same holds for the left hand side, showing that 0~ S¢(a 7, Fmax) = —o°. O
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Given Theorem 5.2.4, it seems to be reasonable to look for a function verifying
the statement of Theorem 5.2.1, which is not in PCC(Q)). Hence we need to “iterate"
the idea used in Lemma 5.2.2.

Proof of Theorem 5.2.1. We define f to be a more elaborate variant of the function
appearing in Lemma 5.2.2. More specifically, we will define a strictly increasing
sequence (t;) with terms in (0,1) such that t; — 1, and we will also define a
strictly increasing sequence (L;) of positive integers, to be fixed later and chosen
recursively. We can suppose that L; > 5.

Now we let f(w) = t; if w starts with a block of 1s of length at least L;, but
less than Lj 1. Moreover, f(w) = —t; if w starts with a block of Os of length at
least Lj, but less than L; ;. Finally, let f(1°) = 1 and f(0%) = —1 for the constant
sequences, and let f(w) = 0 for any remaining w. Due to symmetry, it is clear
that [ f = 0, and it is straightforward to check continuity. It remains to prove
that the relevant derivatives are finite. By symmetry again, it suffices to verify
0~ S f(a?,max) > —oo. To this end, we will use an argument similar to the one seen
in the proof of Lemma 5.2.2. The importance of the actual choice of the sequence
(t;) is limited to technicalities, in the following we will choose t; =1 —27/.

As in (5.10), we can deduce

0o 00 1 N-1
Ef(tj—H) C U m {N Zof(anw) > t]} .

m=1 N=m
This union is the union of a growing sequence of sets, thus the dimension is simply
the limit of dimy A, where

o (1 N=1

A= {N Y flo"w) > t]}.
N=m n=0

In order to estimate this dimension, we first introduce an auxiliary function, which

is easier to examine. Explicitly, we let f] =0, if f <0, and we let f] =1if f > t.

In any other case we let f; = f. Then f; > f, consequently

o0 1 N-1
Anj= ) {N ) fild"w) = f;}
N=m n=0

contains A,,. Thus it suffices to estimate the dimension of Am,]-. The argument is
similar to the one in the proof of Lemma 5.2.2. We would like to count the cylinder
sets of length N + L; — 1 which intersect {% Yoo filo"w) > t]'} for large N, as
they give a cover of A, j for any N > m. In order to avoid the inconvenience caused
by integer parts, we will only consider Ns with certain divisibility properties, as
before.

First of all, the number of blocks consisting of at least L; consecutive 1s is at most

N+L;j—1 o . e
+L? , which is an integer for infinitely many N. Thus the number of ways we
]
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can arrange the blocks of at least Lj consecutive 1s is at most

N+LL]-71
L (N+Lj—1 N+Lj—1 N+Li—1
(5.15) 2 ( 21.] )§<L7+1>< N+Lj—1)
i=0 ] 2. L
N+L;j—1
§(N+L]-—1)-( N+Lj—1)
2. —

]

using L; > L1 > 5, as in (5.11). We call these blocks j-blocks.

The novelty of cylinder counting in this proof compared to the previous one is
that we have to take into account the blocks responsible for the values of f; between
0 and tj_1. As g YN fij(c"w) > t;, in the first N coordinates there are at most

1—_t]- E 1N = I not covered by the j-blocks, as otherwise the number of terms in
YN f(o"w) with f(o"w) < t;_1 is too large and we have NZ N flo'w) < t.
Thus beside the already placed j-blocks, there are at most 1 i =N -|— Li—-1= N+
L; — 1 coordinates remaining, which might contain some (j — 1)-bloc1<s of at least
L]-_l consecutive 1s. By a similar estimate to (5.15) we find that the number of

possible arrangements of these (j — 1)-blocks is at most

¥+LJ»71

L1 /N N_ 7. _ Nir.—1
~+L:—1 +L;—1 2 ]

16 2 1 <|2—1—+1)-
(5-16) 1;)( 2i )-( Li4 + 5. ZHL-1
- I

N
N 7+L]—1
§<E+Lj_1)'<2,¥+%‘—1>’
Lj—l

using Lj 1 > L1 > 5.

Suppose that jo € {0, ...,j — 1}. Proceeding recursively, by the same argument we
can conclude that the union of the (j — i)-blocks taken for i = 0,1, ..., jo — 1 cover all
= of the first N coordinates. Thus beside these blocks there

are at most _— —|— Lj— 1 coordlnates remaining, which yields similarly to (5.16) that

2]0
the number of p0551b1e arrangements of the (j — jo)-blocks is at most
+L;i—1 +Lj—1
N 2J0 ] 2J0
(5.17) (5 +Li-1) (2‘ 2%+L_1) <(N+Lj—1) (2. i 1)
i~Jo Lj—jy

We can use this bound for jo = 0,1,...,j — 1. (We note that for infinitely many
values of N each number appearing in the above binomial coefficients is an integer.)
Finally, there can be coordinates which are not contained by any such block. At
most (1 — ;)N of them in the first N coordinates, and arbitrarily many of them in
the last L; — 1 coordinates. Thus they can be chosen at most 2(0=HNFL=1 different

ways. Hence the number of cylinders which intersect {% ZnNz_Ol filc"w) > t]'} can
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be bounded by taking the product of the estimates in (5.17), and multiplying it by
2(1=)N+Li~1 Hence {% Yoy filo"w) > t]'} can be covered by at most

‘ j-1 s+ Li—1
(5.18) (N+Lj—1) - 20 5)NL-1 T (20 Nop 1)
jo=0 \2. 210L7

i=Jo
many cylinders of diameter 2~ (N+Li=1) " Observe that the jo = 0 case in (5.18)

includes the estimate (5.15). By the standard estimate of binomial coefficients we
can estimate it further from above by

(5.19) (N +L;— 1) - 20-H)N+L-1 H ( j ]0) i~io

jo=0
Introduce the notation k = N + L; — 1 again. By factoring out constants depending
on Ly, ..., L; into a constant denoted by C(Ly, ..., L]-), and rearranging (5.19) one can
obtain that it equals

2k
(5.20) C(Ly, . Lj) - K - 2011 kH ( i JO)ZJOL “io .

jo=0

This formulation leads us to a suitable choice of L,: for an arbitrary fixed T > 0,
define L, large enough to guarantee that

2
L\ in .
(5.21) (%) < 2T/,

With this choice, (5.20) can be estimated by

, j-1 .

(5.22) C(Ly, ., Lj) -k - 200K TT 27/270 < (14, ., L) - K - Ptk
jo=0

< C(Ly, ., Ly) 20K

where the last inequality holds for large enough N, k. It immediately yields

1—p. 42T N-1
Hz_k1+2] ({ 1 Zf] o"w >t}> SC(Ll,,L])

where N = k — L; + 1 as before. However, this set contains A, ; for large enough
k, N, thus

2T

1-ti+=
H, 7 (Am) < C(Ly, ..., Ly).

As k, N can be arbitrarily large, it shows that in fact
1—t42T
H T (Am) < C(Ll,..., L])
and consequently,

dll’nH(A )<1—t—|—22—T
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Consequently, by our initial observations

2T
Sp(t) <1—tj+ 25
that is, using t; =1 — 27/ we have

1+ 27

Sf1—-277) <

Thus if we calculate the left derivative of Sy at 1 by going along the sequence ¢;, we
find that it is at most — (1 + 27) > —oo, which concludes the proof. O

Remark 5.2.5. We note that as the spectrum is concave, for any function f € Cy(Q)
such that oc;,min = —1 and zx;lmax = 1 we have that the graph of S; is above the
triangle graph with vertices (—1,0),(0,1),(1,0). On the other hand, it must be
below the constant 1 function in the interval [—1,1]. It is natural to ask whether
these extremes can be attained /approximated. We do not give the complete answer
for these questions, but make a few observations.

First of all, Theorem 5.2.1 easily yields that S; can be arbitrarily close to the
triangle graph: notably for the function f constructed in the previous proof, Sy is
contained by the triangle with vertices (—1,0), (0,1 + 27), (1,0) due to concavity.
Thus the theoretic minimum can be approximated.

On the other hand, if we would like to construct some f such that Sy is con-
siderably large, we can consider a function similar to the one in Example 2.2.3.
More explicitly, let f € PCC**1(Q) be such that it takes the value -1 on cylinders
which contain more 0Os than 1s in their first 2k + 1 coordinates, and f(w) = 1 oth-
erwise. As in the proof of Example 2.2.3, we can show by Hutchinson’s theorem
that S¢(—1) = S¢(1) is at least ﬁ Thus the piecewise linear graph determined
by the vertices (-1,1/2), (0,1), (1,1/2) can be arbitrarily close to a lower estimate of
the spectrum, which means that S¢ is considerably large, even though it is far from
what we strived for.

We also provide another example, which displays that S f(”‘jf,max) can be arbi-
trarily close to 1 even for nonconstant functions, if we drop the condition that

o — 1. Notably, let f € PCCF(Q) such that it takes the value —1 if the first

f,max

1
k-1
least one 1. Then similarly to the previous argument we have that S, (2,}—_1> > k_Tl

k coordinates equal 0, while it takes the value if these coordinates contain at

It would be interesting to see how large S f(oc;,max) can be if f € Co(Q) such that
= 1.

*

a f,max
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