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Introdu
tion 3Introdu
tionCon
erning �nite geometry, several methods 
an be used from other �elds ofmathemati
s. The �rst two 
hapters 
ontain mostly 
ombinatorial and geomet-ri
 reasonings, while the last two 
hapters give examples of how algebrai
 results
an be applied.In Chapter 1 a geometri
 
onstru
tion for various minimal planar blo
kingsets is presented. Se
tion 1.1 appeared as [2℄, here we 
onstru
t minimal planarblo
king sets using 3-dimensional proje
tive spa
es. Se
tion 1.2 is the general-ization of the previous se
tion. With minor alteration, the idea of Se
tion 1.2
an be used to 
onstru
t (q + t; t)-ar
s of type (0; 2; t), see Se
tion 1.3. Theresults of the latter two se
tions are from [3℄ and [1℄.Chapter 2 is devoted to higher dimensional blo
king sets and it appearedas [4℄. In PG(2; q), q = ph, Sz}onyi proved that a small minimal blo
king setinterse
ts ea
h line in 1 mod p point. The main result of Chapter 2 is that wegeneralize this result to higher dimensions. Furthermore, we use this general-ization to 
hara
terize blo
king sets.In Chapter 3 we summarize the 
ommon algebrai
 ba
kground used in thenext two 
hapters.In Chapter 4, that is [5℄, Sz}onyi's embeddability result on (k; p)-ar
s is im-proved, it is shown that there are no 
omplete (k; pe)-ar
s of size a little bitsmaller than the size of the maximal ar
.Finally, in Chapter 5 a 
onje
ture of Mets
h on the number of lines inter-se
ting a point set is proved.
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Notation and de�nitions 5Notation and de�nitionsIn this se
tion we give the most important de�nitions and notation that will beused throughout this thesis.NotationWe will work on the Desarguesian aÆne and proje
tive spa
es AG(n; q) andPG(n; q); see [33℄. Hen
e q is a prime power, the letter q will always denote theorder of the Galois plane, while p will always denote the 
hara
teristi
 of the�eld GF(q). Throughout this thesis we use the usual representation of AG(2; q)and PG(2; q).AÆne 
oordinates. The points of AG(2; q) have aÆne 
oordinates (x; y),where x and y are elements of GF(q). The lines of AG(2; q) have equationmX + b� Y = 0 or X = 
, where m is the slope of the line. The in�nite pointsor ideal points 
an be identi�ed with slopes, so (m) will denote the in�nite pointof lines with slope m. Similarly (1) will be the in�nite point of the verti
allines, the lines with equation X = 
.Homogeneous 
oordinates. In PG(2; q) the points are represented by homo-geneous triples (x; y; z), where x, y and z are elements of GF(q), and (x; y; z) 6=(0; 0; 0). Two triples represent the same point i� one is the s
alar multiple ofthe other. Lines are represented similarly, by triples [x; y; z℄. A point is in
identwith a line i� the s
alar produ
t of their 
oordinate ve
tors is 0.Similarly, the points of PG(n; q) are represented by homogeneous ve
tors(x0; x1; : : : ; xn), where the xi's are elements of GF(q), and (x0; x1; : : : ; xn) 6=(0; : : : ; 0). Hyperplanes are represented similarly, by ve
tors [x0; x1; : : : ; xn℄. Apoint is in
ident with a hyperplane i� the s
alar produ
t of their 
oordinate ve
-tors is 0. The (n�k)-dimensional subspa
es 
an be obtained as the interse
tionof k hyperplanes.De�nitionsSubgeometry. A proje
tive spa
e PG(n; q) embedded in PG(ns; qk) is 
alleda subgeometry. When n = 2 and s = 1, it is also 
alled a subplane and when



6k = 2, it is the Baer subgeometry of dimension n. For ns = n = k = 2, they arethe Baer subplanes.Blo
king sets. A blo
king set with respe
t to k-dimensional subspa
es (or an(n � k)-blo
king set) in PG(n; q), is a set B of points whi
h interse
ts everyk-dimensional subspa
e. Of 
ourse, this notion is trivial for k = n or 0, hen
ewe will always suppose that 0 < k < n. A point P of B is 
alled essentialif there exists a k-dimensional subspa
e that interse
ts B in P only. Su
h asubspa
e will be 
alled a tangent of B at P . This means that the point P isessential if and only if B n P is not a k-blo
king set. When the points of B areall essential, B is 
alled minimal (or irredu
ible). In other words, B is minimalif no proper subset of it is an (n� k)-blo
king set. The blo
king set B is trivialif it 
ontains an (n� k)-dimensional subspa
e, otherwise it is 
alled non-trivial.A blo
king set with respe
t to k-dimensional subspa
es in PG(n; q) is small ifits size is less than 3(qn�k + 1)=2. A t-fold (n � k)-blo
king set in PG(n; q),is a set B of points whi
h interse
ts every k-dimensional subspa
e in at least tpoints.When n = 2, blo
king sets are 
alled planar blo
king sets. Observe that herea blo
king set is small if it has size less than 3(q + 1)=2.Ar
s. A (k; n)-ar
 in the proje
tive plane PG(2; q) is a set of k points su
hthat ea
h line interse
ts it in at most n points. It is 
omplete if it 
annot beextended to a (k+1; n)-ar
. It is not diÆ
ult to see that k � qn� q+n. Whenequality holds, a (k; n)-ar
 is 
alled maximal.Note that blo
king sets and (k; n)-ar
s are similar obje
ts. More pre
isely,the 
omplement of a (k; n)-ar
 in PG(2; q) is a (q + 1 � n)-fold blo
king set inPG(2; q).



An overview on blo
king sets 7An overview on blo
king setsIn this se
tion we summarize the known results 
on
erning blo
king sets inGalois planes and in higher dimensional proje
tive spa
es.Blo
king sets in Galois planesAfter the de�nition of minimal blo
king sets, the very �rst question is whetherthere are other blo
king sets than lines. For PG(2; 2), the answer is negative,whi
h was already observed in 1947 by von Neumann and Morgenstern. Notethat for q > 2, the vertexless triangle (that is (`1[`2[`3)nf`1\`2; `1\`3; `2\`3gfor three non-
on
urrent lines `1; `2; `3) is always a minimal blo
king set of size3q � 3. Similarly, if P1 2 `1, P2 2 `2, P1; P2 6= `1 \ `2, and P3 is a point on theline joining P1 and P2, P3 6= P1; P2, then (`1 [ `2 [fP3g) n fP1; P2g is a minimalblo
king set of size 2q.In this subse
tion �rst we list a few 
onstru
tions for planar blo
king sets,then we survey some results on the possible sizes of minimal planar blo
kingsets.Known 
onstru
tionsThe 
onstru
tion below yields a huge 
lass of blo
king sets, but before intro-du
ing this 
lass we need a de�nition.De�nition 0.1 Let U be a subset of AG(2; q). An in�nite point (m) is deter-mined by U , if there are two di�erent points P1, P2 2 U so that P1, P2 and (m)are 
ollinear.Assume that U is a set of q points in AG(2; q). Denote by D the set ofdire
tions determined by U . It is not diÆ
ult to see that if jDj < q + 1, thenB = U [ D is a minimal blo
king set. Hen
e by this 
onstru
tion we obtainminimal blo
king sets of size at most 2q. It is also not diÆ
ult to prove thatif B is a minimal blo
king set of size at most 2q and if there is a line ` so thatjB n `j = q, then B 
an be obtained by the 
onstru
tion above.De�nition 0.2 A blo
king set of size q +m in PG(2; q) is of R�edei type if ithas an m-se
ant line. Su
h a line is 
alled a R�edei line.



8 In appli
ations, the set U is often the graph of a fun
tion f from GF(q) toGF(q). Hen
e it 
an be written in the form of U = f(x; f(x)) : x 2 GF(q)g.Note that now a dire
tion (m) is determined, when there are x; u su
h that(f(x) � f(u))=(x � u) = m. Furthermore, for any set U � AG(2; q) of size q,determining at most q dire
tions, one 
an always 
hoose the 
oordinate systemso that U will be the graph of a fun
tion from GF(q) to GF(q).The next examples are some important 
ases of this 
onstru
tion. Ea
hexample is given by the fun
tion f .Example 0.3 (1) Suppose that q is odd and let f be the fun
tion f(x) =x(q+1)=2. Then jBj = 3(q + 1)=2. This example is 
alled the proje
tivetriangle.(2) Let f be the tra
e fun
tion from GF(q) to a sub�eld GF(q0), that is f(x) =x+ xq0 + : : :+ xq=q0. Then jBj = q + 1+ q=q0. For q0 = 2 this is 
alled theproje
tive triad.(3) Let f(x) = xq0 , where again GF(q0) is a sub�eld of GF(q). Then jBj =q + (q � 1)=(q0 � 1). For q0 = pq, this gives a Baer subplane.For a while it seemed that the minimal blo
king sets of size less than 3(q +1)=2 are all of R�edei type. A wider 
lass of small blo
king sets, 
alled linearones, were 
onstru
ted by Lunardon [39℄, [40℄, Polito and Polverino [43℄. Theyshowed (see [39℄) that this 
lass 
ontains all blo
king sets of R�edei type, andproved that this 
lass 
ontains some (a
tually a lot of) non-R�edei type blo
kingsets (see [43℄).Now we give a de�nition of linear point sets, whi
h is 
ompatible with thede�nition introdu
ed by Lunardon.De�nition 0.4 Assume that S is a point set in PG(2; q), q = ph. EmbedPG(2; q) in PG(n; q) as a subspa
e. Then S is GF(pe)-linear if it is the proje
-tion of a subgeometry (in PG(n; q)) isomorphi
 to PG(n0; pe), from a subspa
edisjoint from the subgeometry.Note that a GF(pe)-linear point set is not ne
essary a blo
king set. A linearblo
king set is a linear point set that is a blo
king set.



An overview on blo
king sets 9Moving towards larger blo
king sets, there are many blo
king sets of sizebetween 2q � 1 and 3q � 3, but no examples of minimal blo
king sets of size
q are known, where 
 is a 
onstant larger than 3. Several 
onstru
tions giveminimal blo
king sets of size 
q log q, see Sz}onyi [51℄, this seems to be the\typi
al 
ardinality" of a minimal blo
king set. Large blo
king sets are diÆ
ultto 
onstru
t. Very re
ently in PG(2; qh), Sz}onyi 
onstru
ted minimal blo
kingsets of size qh+1+1. Finally, on planes of square order the points of a Hermitian
urve, that is de�ned by the equation Xpq+1+Y pq+1+Zpq+1 = 0, is a minimalblo
king set of size qpq + 1.In Chapter 1 we 
onstru
t various minimal blo
king sets, among them thereare also linear but non-R�edei type ones. In PG(2; qh), we also 
onstru
t rela-tively large blo
king sets of size roughly qhpq.Chara
terization-type resultsOne of the most interesting questions on blo
king sets is to determine the pos-sible sizes of the minimal ones. A mu
h harder task is to 
hara
terize them.The �rst result in this dire
tion is due to Bruen [23℄, who proved that anon-trivial minimal blo
king set has size at least q + pq + 1. When q is asquare, minimal blo
king sets of that size exist; these are exa
tly the point setsof Baer subplanes. Con
erning the other end of the spe
trum Bruen and Thas[26℄ showed that the largest minimal blo
king sets have size at most qpq + 1.Again when q is a square, this bound is sharp and in 
ase of equality the sethas to be a unital, that means that there are a unique tangent at ea
h pointof the set and the non-tangent lines meet the set in pq + 1 points. Unitals doexist, e.g. the points of a Hermitian 
urve form a unital.There has been a lot of attention paid on minimal blo
king sets of R�edeitype. Blokhuis, Ball, Brouwer, Storme and Sz}onyi showed that the size of aR�edei type blo
king set lies in 
ertain, relatively short intervals depending on q.Furthermore, they gave an almost 
omplete 
hara
terization of these blo
kingsets. Before stating the result we need a de�nition. Let K denote the �eldGF(q), q = pn. K2 may be mapped to L = GF(q2) by (a; b) 7! �a + �b, forarbitrary �; � 2 L� with �=� 62 K. If F is a sub�eld of K (that is F = GF(pe),where e divides n), then K and hen
e also L is a ve
tor spa
e over F . A subsetV of K2 will be 
alled F -linear, if it is mapped in this way to an F -subspa
e of



10L. It is easy to 
he
k that this property is well-de�ned, that is, it is independentof the 
hoi
e of � and � de�ning the mapping.Result 0.5 (Blokhuis, Ball, Brouwer, Storme, Sz}onyi [17℄) Let U � AG(2; q)be a point set of size q, let D be the set of dire
tions determined by U , and putN := jDj. Let e (with 0 � e � n) be the largest integer su
h that ea
h line withslope in D meets U in a multiple of pe points. Then one of the following holds:(i) e = 0 and (q + 3)=2 � N � q + 1,(ii) e = 1, p = 2, and (q + 5)=3 � N � q � 1,(iii) pe > 2, ejn, and q=pe + 1 � N � (q � 1)=(pe � 1),(iv) e = n and N = 1.Moreover, if pe > 3 or (pe = 3 and N = q=3+ 1), then U is GF (pe)-linear, andall possibilities for N 
an be determined expli
itly (in prin
iple).It follows from the result above easily that U [ D is a linear blo
king set.Considering R�edei type blo
king sets, for planes of prime order, G�a
s provedthe following theorem.Result 0.6 (G�a
s [29℄) Let B be a R�edei type blo
king set of PG(2; p), p prime.Then either B is the proje
tive triangle or jBj � p+ [2(p� 1)=3℄ + 1.For general prime powers not mu
h is known, ex
ept for the 
ase q = p2. Inthis 
ase, using a lemma of Lov�asz and Sz}onyi, G�a
s also showed that any R�edeitype blo
king set in PG(2; p2) of size 3(p2 + 1)=2 has to be equivalent to theproje
tive triangle. Furthermore, he proved that if a R�edei type blo
king sethas more than this number of points, then it has at least 1+ (3p2+ p)=2 points.In Chapter 1 R�edei type blo
king sets of size 1 + (3p2 + p)=2 are 
onstru
ted;whi
h shows that the above bound is sharp.In the general 
ase, for arbitrary small minimal blo
king sets, Sz}onyi proveda similar theorem to Result 0.5. The di�eren
e is that here the sizes of theintervals are roughly double of those in Result 0.5. Furthermore, he also showedthat a small minimal blo
king set interse
ts ea
h line in 1 mod pe points, forsome e depending on the size of the blo
king set. More pre
isely, he proved thefollowing theorem.



An overview on blo
king sets 11Result 0.7 (Sz}onyi, [52℄) Let B be a non-trivial, minimal blo
king set inPG(2; q), q = pn. Suppose that jBj < 3(q + 1)=2. Thenq + 1 + qpe + 2 � jBj � qpe + 1�q(qpe + 1)2 � 4q2pe2 ; (0.1)for some integer e, 1 � e. If jBj lies in the interval belonging to e and pe � 9(or e = 1), then ea
h line interse
ts B in 1 modulo pe points.Later this result will be referred as the 1 mod p result. The upper bound ofthis interval was improved by Polverino [45℄.There is a hope to 
hara
terize small minimal blo
king sets. In some 
asesthis is already done.Result 0.8 (1) (Blokhuis, [16℄) If q = p prime, then there are no small min-imal non-trivial blo
king sets in PG(2; p) at all;(2) (Sz}onyi, [52℄) If q = p2, p prime, then small minimal non-trivial blo
kingsets in PG(2; p2) are Baer subplanes;(3) (Polverino, [45℄) If q = p3, p prime, then small minimal non-trivial blo
k-ing sets in PG(2; p3) have size p3 + p2 + 1 or p3 + p2 + p+ 1 and they areof R�edei type.Case (3) is generalized to planes of order q3, see Polverino, Storme [46℄. Thebound in Theorem 0.8 (1) was 
onje
tured by Di Paola [42℄, who studied thesmallest non-trivial blo
king sets in planes of small order. The lower bound inTheorem 0.8 (3) was 
onje
tured by Bruen [24℄, and proved by Blokhuis [15℄.Con
erning the upper end of the spe
trum, there are not too many results.We have already seen the result from Bruen and Thas, whi
h 
hara
terizes thelargest minimal blo
king sets as unitals. Blokhuis and Mets
h [19℄ showed thatin PG(2; q), q square, there are no minimal blo
king sets of size qpq, whenq � 49. Hen
e the gap between the largest and the se
ond largest minimalblo
king sets is at least 2.A set U of points in the proje
tive plane of order q is 
alled a partial unital,if (1) every point of U lies on at least one tangent line, (2) no line 
ontainsmore than pq + 1 points of U , and (3) there is at least one line meeting U inpq+1 points. Ball [9℄ showed that if a partial unital in PG(2; q) has more than



12qpq + 1 � pq points, then it must be a subset of a unital; so it 
annot be aminimal blo
king set. Hen
e if we only 
onsider minimal blo
king sets that arepartial unitals as well, then the above mentioned gap is at least pq.In a joint result with Sz}onyi [8℄, we proved that for arbitrary blo
king setsthis gap tends to in�nity as q tends to in�nity.Theorem 0.9 ([8℄) A minimal blo
king set in PG(2; q), q square, of size lessthan qpq + 1 have size less than qpq + 1� 13q 16 .Blo
king sets in higher dimensionsCon
erning higher dimensional blo
king sets, again the interesting question is todetermine the possible sizes, the possible interse
tion numbers with subspa
esand des
ribing the stru
ture of 
ertain small blo
king sets. At the moment itseems that there is only 
han
e to handle small minimal (n� k)-blo
king sets.Regarding blo
king sets in higher dimension mu
h less is known than inthe planar 
ase. The smallest minimal (n � k)-blo
king sets in PG(n; q) were
hara
terized as k-dimensional subspa
es (these are the trivial blo
king sets)by Bose and Burton in the sixties. Blo
king sets in higher dimensions werestudied by Beutelspa
her [14℄, Tallini [54℄ and others. Udo Heim [31℄ provedthat the minimum size of a 1-blo
king set in PG(n; q) (n > 2, q > 3) is thesame as in PG(2; q). He also showed that 1-blo
king sets of this 
ardinality(or 1 bigger) are ne
essarily planar. Furthermore he 
hara
terized the se
ondsmallest minimal (n�k)-blo
king sets for q > 2, see [32℄. Su
h a blo
king set isa 
one with vertex an (k� 2)-dimensional subspa
e and with base of a minimal
ardinality non-trivial planar blo
king set. A parti
ular 
lass of blo
king sets,the linear blo
king sets, was studied systemati
ally by Lunardon [40℄ and hisstudents.In Chapter 2 we generalize the 1 modulo p result of Sz}onyi (see Result 0.7)for blo
king sets in PG(n; q) with respe
t to k-dimensional subspa
es.



Chapter 1Planar blo
king setsIn this 
hapter �rst we give a geometri
 
onstru
tion yielding various minimalblo
king sets in Galois planes. Then we show that these blo
king sets 
an beobtained also by algebrai
 
onstru
tion. Finally, as an appli
ation, the idea ofthe 
onstru
tion is used to obtain (q + t)-ar
s of type (0; 2; t).This 
hapter is based on [2℄, [1℄ and [3℄.1.1 Constru
ting blo
king sets in PG(2; q2)In this se
tion our main 
onstru
tion is presented. Before doing this, someproperties of Baer subgeometries are needed.1. Ea
h plane of PG(3; q2) interse
ts PG(3; q) in a line or a plane.2. Dually: ea
h point P of PG(3; q2) n PG(3; q) lies on a unique line r = rPof PG(3; q).3. If a plane through P 2 PG(3; q2) nPG(3; q) is a plane of PG(3; q), then it
ontains rP .In the rest of this se
tion P always denotes a point of PG(3; q2) n PG(3; q)and r the line rP .1.1.1 The 
onstru
tionConstru
tion 1.1 Let B0 be a blo
king set in PG(3; q) with respe
t to lines,that is a set of points whi
h interse
ts every line. Embed PG(3; q) as a sub-13



14 1. Planar blo
king setsgeometry in PG(3; q2). Choose a point P not in PG(3; q) and proje
t B0 fromthis point onto a plane �. Then the proje
tion B00 will be a blo
king set inPG(2; q2) = �.The 
ardinality of B00 satis�esjB00j = jB0j+ 1� jr \B0j:Proof: Take any line ` of PG(2; q2) and 
onsider the plane � of PG(3; q2)generated by ` and P . This plane interse
ts PG(3; q) in a line or a plane (see 1.of the list above). Sin
e any line (or plane) interse
ts B0, ` must interse
t B00.To 
ompute the size of B00 
onsider a point U 0 2 B0, U 0 =2 r. The line PU 0 isnot a line of PG(3; q) (see 2. above), hen
e there is a one-to-one 
orresponden
ebetween these points U 0 and their proje
tion U 00 2 �. The points of r \ B0 areproje
ted onto the same point R00 = r \ �. 2Of 
ourse, it is not at all obvious that the proje
tion of a minimal blo
kingset is also a minimal one, but under some mild 
onditions we are able to proveit.Proposition 1.2 Let P be a point not in PG(3; q) and let r be the unique lineof PG(3; q) passing through P . Let B0 be a blo
king set of PG(3; q) with respe
tto lines and suppose that through a point S 0 of B0 n r there is a tangent linewhi
h does not interse
t r. Let S 00 be the proje
tion of S 0 onto �, and as usuallet B00 be the proje
tion of B0. Then S 00 is an essential point of B00.If this 
ondition holds for ea
h point of B0 n r, then B00 is minimal. Thepoint R00 = r \ � is always an essential point of B00.Proof: Denote by R00 the 
ommon point of � and r. Let S 0 be our point, anddenote its proje
tion to � by S 00. Then S 00 2 B00, S 00 6= R00. By assumptionthere is a tangent tS0 of B0 through S 0 whi
h does not interse
t r. Consider theline t00 =< tS0; P > \�. We are going to show that t00 is a tangent of B00 atS 00. Sin
e a plane through P whi
h is a plane of PG(3; q) must 
ontain r, theplane < tS0 ; P > interse
ts PG(3; q) in tS0; in other words, it meets B0 only inS 0. This proves that S 00 is essential.Now 
onsider the point R00. Take a point R0 2 r \ B0 that is mapped to R00and any plane through r whi
h is not a plane of PG(3; q). This plane interse
ts



Constru
ting blo
king sets in PG(2; q2) 15B0 only in the points of r \ B0, hen
e its interse
tion with � will be a tangentof B00 at R00. 2It is not easy to 
he
k the 
ondition in the previous proposition, but there aresome parti
ular 
ases when it holds automati
ally. Theorem 1.3 and Proposition1.7 give su
h 
onditions.Theorem 1.3 Let B0 be a minimal blo
king set of PG(3; q) with respe
t to linesand suppose that jB0j � 2q2 � 1. Then the proje
tion B00 of B0 is minimal.Before proving this, one needs some lemmas. The �rst one is essentially dueto Blokhuis and Brouwer [18℄.Result 1.4 (Blokhuis, Brouwer) Let B be a blo
king set in PG(2; q), jBj =2q � s and let P be an essential point of B. Then there are at least s + 1tangents through P .Proof: Let t denote the number of tangents through P . Delete P and putone-one point on ea
h of these tangents with one ex
eption. Choosing the lineat in�nity as this ex
eptional tangent, one gets an aÆne blo
king set of sizejBj � 2 + t. By [22℄, this aÆne blo
king set has size at least 2q� 1, when
e theresult follows. 2We extend this result to blo
king sets in 3 dimensions.Proposition 1.5 Let K be a minimal blo
king set in PG(3; q) (with respe
t tolines). If jKj = 2q2 + q � s, then there are at least s + 1 tangent lines throughea
h point of K.Proof: Take a point P 2 K and a tangent ` of K at P (su
h a line existsbe
ause of the minimality of K). Consider the planes �1; : : : ; �q+1 through `.Let Ki = �i \ K. Ki is a blo
king set in �i and P is an essential point of it.Let si be de�ned su
h that jKij = 2q� si. The previous lemma implies that thenumber of tangents of Ki in �i at P is at least si + 1 (this is trivial if si < 0).Counting points of [Ki gives thatq+1Xi=1(2q � si) = jKj+ q;
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king setsand the total number of tangents through P is at least P si + 1. SubstitutingjKj = 2q2 + q � s yields P si = s. 2The same proof shows that the same assertion holds for essential points ofa not ne
essarily minimal blo
king set in PG(3; q) if its size is 2q2 + q � s.Proof of Theorem 1.3: Ea
h plane interse
ts PG(3; q) in a line or a plane,hen
e it interse
ts B0. This proves that B00 is indeed a blo
king set. To proveits minimality pi
k a point Q00 2 B00. If the line PQ00 is a line of PG(3; q), thenthere is a plane through this line whi
h is not a plane of PG(3; q). This planegives the desired tangent at Q00.If PQ00 is not a line of PG(3; q), then there is a unique point Q0 2 B0 whi
hproje
ts onto Q00 (see the proof for the 
ardinality of B00 in Constru
tion 1.1).By the previous proposition there are at least q + 2 tangents of B0 at Q0, hen
ethere is one that does not interse
t r. So Proposition 1.2 applies and B00 isminimal. 2For the other proposition a parti
ular 
ase of Constru
tion 1.1 is ne
essary.Constru
tion 1.6 Let B be a minimal blo
king set in PG(2; q) and let B0 bethe 
one with base B and vertex V 0 2 PG(3; q) n PG(2; q). Proje
t B0 from thepoint P (=2 PG(3; q)) onto a plane � to obtain B00.Note that the 
one B0 is always a minimal blo
king set in PG(3; q) if thebase of the 
one was minimal.Proposition 1.7 Let B00 be the blo
king set obtained from B using Constru
-tion 1.6. Let V 0 denote the vertex of the 
one and B0 the 
one itself.� Any point U 0 of the 
one B0 whi
h is proje
ted from V 0 onto a point U 2 Bhaving at least two tangents, is proje
ted from P onto an essential pointU 00 of B00.� If the line r does not pass through V 0, then any point U 0 of B0 not belongingto the plane < r; V 0 >, is proje
ted from P onto an essential point U 00 ofB00. If the plane < r; V 0 > interse
ts B0 in more than q + 1 points, thenalso the points of this plane are proje
ted from P onto essential points.



Constru
ting blo
king sets in PG(2; q2) 17� If the line r passes through V 0, and the point U 0 2 B0 is su
h that theplane < r; U 0 > interse
ts B0 in other points than the points of the lineU 0V 0, then U 0 is proje
ted from P onto an essential point U 00 of B00.� The point R00 is always essential.Proof of Proposition 1.7: Note �rst that for a tangent t of B the plane =< t; V 0 > interse
ts B0 in a line through V 0, and if U 0 6= V 0 is a point ofthat line, then the lines of  through U 0 di�erent from U 0V 0 are all tangentsof B0. The �rst assertion follows immediately from Proposition 1.2, sin
e thereare more than q + 1 tangents through U 0. The last assertion was proved inProposition 1.2. So we need to 
onsider a point whose proje
tion from V 0 has aunique tangent t. Denote by  the plane < t; V 0 >. If the line r is not 
ontainedin the plane  , from Proposition 1.2 it follows that U 0 is proje
ted from P in anessential point of B00. Hen
e the se
ond assertion holds, as r 
annot be a line of . The third assertion follows similarly. 21.1.2 Examples obtained by proje
tions of 
onesNow we use Constru
tion 1.6 to 
onstru
t various examples of blo
king sets inPG(2; q2). Some of them will have 0,1 or more R�edei lines, and also their sizewill be in some 
ases smaller than 3(q + 1)=2, 
lose to 3(q + 1)=2, and mu
hbigger than q regarding its order of magnitude. The notation introdu
ed in theprevious se
tion will be used throughout.Let us repeat that by Constru
tion 1.1, jB00j = jB0j + 1 � jr \ B0j, andjB0j = qjBj+ 1, sin
e it is a 
one.The advantage of Constru
tion 1.6 is that it is very easy to 
ontrol theinterse
tion numbers of B00 with respe
t to lines. What we have to do is to
ontrol interse
tions of B0 with planes through P . Sin
e a plane through Pinterse
ts PG(3; q) either in a plane through r or in a line, we have to �ndinterse
tions of B0 with lines and with planes 
ontaining r. As B0 is a 
one, aline not passing through the vertex V 0 of the 
one 
an be proje
ted onto theplane 
ontaining the base of the 
one, thus the interse
tion numbers for B0 arethe same as for B. The only ex
eptions are the lines through V 0, whi
h interse
t
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king setsB0 in either 1 or q + 1 points. For planes 
ontaining r the situation dependson r. Suppose �rst that r passes through the vertex V 0 of the 
one. Then itinterse
ts PG(2; q) in a point W . The planes through r interse
t PG(2; q) inlines through W . When su
h a line ` through W interse
ts B in s points, thenthe 
orresponding plane < `; r > interse
ts B0 in sq+1 points. This means thatthe 
orresponding line of � meets B00 in sq + 2� jr \ B0j points.The situation is similar, if r does not 
ontain V 0. Of 
ourse, for lines every-thing remains the same. For planes through r the only di�eren
e is that theplanes not 
ontaining V 0 meet B0 in exa
tly jBj points. The 
orrespondingline of � meets B00 in jBj + 1� jr \ B0j points. The plane < r; V 0 > interse
tsPG(2; q) in a line `. If this line ` meets B in s points, then again the interse
tionof < r; V 0 > with B0 has size sq+1. The 
orresponding interse
tion number forB00 is again sq + 2� jr \ B0j.These observations 
an be used to prove the following 
orollary, whi
h was(a
tually, more generally) proved by Polito and Polverino [43℄.Corollary 1.8 Let q = ph, h > 1. Then PG(2; q2) 
ontains a minimal blo
kingset of size less than 3(q2 + 1)=2, whi
h is not of R�edei type.Proof: Start from any non-trivial minimal blo
king set B of PG(2; q), whosesize is less than q + (q + 1)=2. Choose a line ` in PG(2; q) whi
h is a tangent ofB. Let r be a line of < `; V 0 >, not through V 0. If P =2 PG(3; q) is a point onr, then the line rP will be just r, and by the dis
ussion before the 
orollary, thelargest interse
tion number of B00 is jBj. Denote this by q + k. Comparing thelargest interse
tion number with the 
ardinality of B00, and supposing that B00is of R�edei type, one getsjBjq + 1 = q2 + jBj; that is kq + 1 = q + k;whi
h implies k = 1, a 
ontradi
tion. 2In [2℄ we prove that starting from a linear B, one always gets a linear B00,that is for small minimal blo
king sets no new examples are obtained. On theother hand, one 
an a
tually see the existen
e of non-R�edei type blo
king setswhi
h were not mentioned expli
itly in [43℄, although they 
an be obtained bythe general 
onstru
tion for linear blo
king sets.



Constru
ting blo
king sets in PG(2; q2) 19The same 
onstru
tion 
an also be used for larger minimal blo
king sets. Forexample, one 
an start from the proje
tive triangle, and obtain various minimalblo
king sets. For a des
ription and some properties of the proje
tive triangle,see [33℄, Chapter 12, [15℄, p. 138, and [47℄, Chapter 36, p. 228.Corollary 1.9 In PG(2; q2) there are minimal blo
king sets of size 32(q+1)q+1,whi
h are not of R�edei type. There are minimal blo
king sets of size 32(q+1)q+1� q, whi
h have exa
tly one or exa
tly two R�edei lines.Proof: Let B be a proje
tive triangle, B0 be a 
one with base B and vertexV 0 as in Constru
tion 1.6. Take r as a line through V 0. If r passes through oneof the verti
es of B, then a blo
king set B00 of size 3(q+1)q=2+1�q is obtainedand it has two R�edei lines (
orresponding to the sides 
ontaining the vertex). Ifr interse
ts PG(2; q) in a point on one of the sides of B whi
h is not a vertex,then the resulting blo
king set B00 will have just one R�edei line. The 
ardinalityof B00 is 3(q + 1)q=2 + 1 � q or 3(q + 1)q=2 + 1, a

ording as r passes througha point of B or not. Finally, if r interse
ts PG(2; q) in a point not lying on thesides of the proje
tive triangle, then the 
ardinality of B00 is 3(q + 1)q=2 + 1,and it has no R�edei line at all. 2As we mentioned earlier using a lemma of Lov�asz and Sz}onyi, G�a
s showedthat if a R�edei type blo
king set in PG(2; p2), p prime, has size greater than3(p2 + 1)=2, then it has at least 1 + (3p2 + p)=2 points. Note that when q is aprime, then the above example shows that this bound is sharp.Finally, let us mention that one 
an obtain mu
h larger minimal blo
kingsets using Proposition 1.7. For example starting from a unital one 
an obtainminimal blo
king sets of size q2pq + 1� something. The potential number ofnon-essential points is small as the next proposition shows.Proposition 1.10 Let B be a unital, B0 be the 
one over B with vertex V 0 andB00 be the proje
tion of B0 from P . Let B� be a minimal blo
king set 
ontainedin B00.1. If V 0 =2 r and jr \ B0j = 1, then q2pq + 1 � jB�j � q2pq + q + 1,2. If V 0 =2 r and jr \ B0j = pq + 1, then jB�j = jB00j = q2pq + q �pq + 1,
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king sets3. If V 0 2 r and jr \ B0j = 1, then q2pq + 1� qpq � jB�j � q2pq + q + 1,4. If V 0 2 r and jr \ B0j = q + 1, then jB�j = jB00j = q2pq + 1.Proof: (Sket
h.) In Case 1, the non-essential points are among the proje
tionsof the points of (< r; V 0 > \B0)nr. Case 2 follows immediately from Proposition1.7. In Case 3 let Q be a non-essential point of B00. It has to be a proje
tion ofa point of B0 n r 
ontained in a plane 
ontaining the line r and a tangent line toB through the point W = r \�, where � is the plane in whi
h B is 
ontained.Sin
e jr \ B0j = 1, W =2 B; so there are pq + 1 tangents to B passing throughW . Hen
e the number of non-essential points is at most q(pq + 1). A similarreasoning gives the minimality of B00 in Case 4. 21.2 Generalization of the 
onstru
tionIn this se
tion �rst we give a possible generalization of the results in Se
tion 1.1,that is we 
onstru
t blo
king sets using higher dimensional proje
tive spa
es.Then we give an algebrai
 des
ription of these blo
king sets.1.2.1 The geometri
 des
riptionOur �rst aim is to extend Constru
tion 1.1 to higher dimensions. To do this,�rst we need to extend the idea of proje
ting from a point to proje
ting from asubspa
e.De�nition 1.11 Let � be an m-dimensional and Q an (n�m�1)-dimensionalsubspa
e in PG(n; q), �\Q = ;. Take a point S from PG(n; q)nQ. The (n�m)-dimensional subspa
e hQ; Si interse
ts � in a unique point S 0, that will be 
alledthe proje
tion of S from Q onto �.It turns out that, in general, it is very diÆ
ult to repeat the 
onstru
tion ofthe previous se
tion in higher dimensions. The main diÆ
ulty lies in 
ontrollingthe proje
tion of a subgeometry from a subspa
e, sin
e in the general 
ase it isnot easy to tell whi
h points will proje
t onto the same point. The next lemmashows that in some spe
ial 
ases this 
an be done easily.



Generalization of the 
onstru
tion 21Lemma 1.12 Let M be an (h + 1)-dimensional subgeometry of order q inPG(h+ 1; qh). Assume that R is an (h� 1)-dimensional subspa
e of M and letR� be the unique (h�1)-dimensional subspa
e of PG(h+1; qh) that 
ontains R.(i) There exists an (h � 2)-dimensional subspa
e P in R� su
h that P doesnot interse
t the subgeometry M .(ii) An (h�1)-dimensional subspa
e 
ontaining P , di�erent from R� interse
tsthe subgeometry M in 0 or 1 point.(iii) Proje
t the subgeometry M from P onto a plane � (�\P = ;) of PG(h+1; qh) to obtain M 0. Then there is a one-to-one 
orresponden
e betweenthe points of M n R and their proje
tions. The subspa
e R proje
ts ontothe unique 
ommon point R0 of R� and �.(iv) Let l be a line in �. Then the pre-image of l \M 0 is a hyperplane (of thesubgeometry M) 
ontaining R or a line (of M) skew to R, a

ording asthe point R0 was on the line l or not.Proof: Note that to blo
k every hyperplane of R� we need at least qh + 1points. Now (i) is straightforward, sin
e R has only qh�1q�1 points.Let L be an (h � 1)-dimensional subspa
e 
ontaining P and di�erent fromR�. Assume to the 
ontrary, that there are two di�erent points, Q and S, lyingin L\M . Sin
e P , Q and S are in L, the line hQ; Si interse
ts P and so S is inthe hyperplane H = hQ;R�i. The hyperplane H interse
ts M in a hyperplaneh of the subgeometry (sin
e the interse
tion 
ontains R and the point Q notin R). Considering h only, we get that the subline 
ontaining Q and S mustinterse
t R. Hen
e R� \ hQ; Si 
ontains a point of R and a point of P , too.This means that the line hQ; Si is in R� and so L � R�, whi
h 
ontradi
ts ourassumption.Pi
k a point S 0 of M 0. The pre-image of S 0 is the interse
tion of hS 0; P i andM ; hen
e (iii) follows from (ii).The points of M that proje
t onto a line l of � are the points of hl; P i \M .Remark that this interse
tion always 
ontains a line ofM . To see this note thatover GF(q), hl; P i is an (h+1)h-dimensional,M is an (h+2)- and PG(h+1; qh)is an (h+ 2)h-dimensional ve
tor spa
e, hen
e the interse
tion of hl; P i and M
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king setsis at least a 2-dimensional ve
tor spa
e over GF(q). To show (iv) note that ifhl; P i \M 
ontains a point of R�, then it 
ontains the entire R. 2Now we are ready to generalize Constru
tion 1.1.Constru
tion 1.13 Let B0 be a blo
king set in PG(h + 1; q) with respe
t tolines. Embed PG(h + 1; q) as a subgeometry M in PG(h + 1; qh). Assume thatR is an (h � 1)-dimensional subspa
e of M and let R� be the unique (h � 1)-dimensional subspa
e of PG(h + 1; qh) that 
ontains R. Choose an (h � 2)-dimensional subspa
e P in R�, su
h that P does not interse
t the subgeometryM , (for the existen
e of su
h a subspa
e see Lemma 1.12 (i)), and proje
t B0from this subspa
e onto a plane � of PG(h+ 1; qh), where � \ P = ; .Then the proje
tion B00 will be a blo
king set in PG(2; qh) = �. The 
ardi-nality of B00 satis�es jB00j = jB0j+ 1� jR \B0j:Proof: Sin
e B0 is a blo
king set in M with respe
t to lines, it follows fromLemma 1.12 (iv) that B00 is a planar blo
king set. Using (iii) the size of B00 
anbe 
al
ulated. 2Generalizing Constru
tion 1.1 this way allows us to repeat most of the resultsof the previous se
tion almost literally.As before, in some 
ases the minimality of B00 follows automati
ally.Proposition 1.14 The point R00 = R� \ � is always an essential point of B00.Suppose that through a point S 0 of B0 nR there is a tangent line whi
h does notinterse
t R. Let S 00 be the proje
tion of S 0 onto �. Then S 00 is an essential pointof B00. If this 
ondition holds for ea
h point of B0 nR, then B00 is minimal.Proof: Take a point R0 2 R \ B0 that is mapped to R00 and any hyperplanethrough R� whi
h is not a hyperplane of PG(h + 1; qh). This hyperplane in-terse
ts B0 only in the points of R \ B0, hen
e its interse
tion with � will be atangent of B00 at R00.Now pi
k a point S 0 of B0 n R. Denote its proje
tion by S 00 ( 6= R00). Byassumption there is a tangent tS0 of B0 through S 0 whi
h does not interse
t R.Consider the line t00 = htS0; P i \ �. From Lemma 1.12 (iv) it follows that t00 isa tangent of B00 at S 00, hen
e S 00 is essential. 2



Generalization of the 
onstru
tion 23Theorem 1.15 Let B0 be a minimal blo
king set of PG(h + 1; q) with respe
tto lines and suppose that jB0j � 2qh � 1. Then the proje
tion B00 of B0 (seeConstru
tion 1.13) is a minimal blo
king set.This theorem is a generalization of Theorem 1.3. In Se
tion 1.1 the essentiallemma for proving Theorem 1.3 was a 3-dimensional extension of Result 1.4 dueto Blokhuis and Brouwer. Now we extend this result to arbitrary dimensions.Lemma 1.16 Let K be a blo
king set in PG(h + 1; q) with respe
t to lines. IfjKj = 2qh+ qh�1+ : : :+ q� s, then there are at least s+1 tangent lines throughea
h essential point of K.Proof: Take an essential point P 2 K and a tangent ` of K at P . Considerthe planes �1; : : : ; �qh�1+qh�2+:::+1 through `. Let Ki = �i \ K. Then Ki is ablo
king set in �i and P is an essential point of it. Let si be de�ned su
h thatjKij = 2q � si. The previous lemma implies that the number of tangents of Kiin �i at P is at least si + 1 (this is trivial if si < 0). Counting points of [Kigives that qh�1+qh�2+:::+1Xi=1 (2q � si) = jKj+ qh�1 + : : :+ q;and the total number of tangents through P is at least P si + 1. SubstitutingjKj = 2qh + qh�1 + : : :+ q � s yields P si = s. 2Proof of Theorem 1.15: By Constru
tion 1.13 we only have to show that B00is minimal. Pi
k a point T 00 of B00. When hT 00; P i = R�, then T 00 is essential byProposition 1.14. Otherwise, by Lemma 1.12 (iii), there is a unique point T 0,whi
h proje
ts onto T 00. By the previous lemma there are at least qh�1+: : :+q+2tangents of B0 at T 0, hen
e there is at least one that does not interse
t thesubspa
e R. Applying Proposition 1.14 the result follows immediately. 2Next we generalize Constru
tion 1.6.Constru
tion 1.17 Let B be a minimal blo
king set in the plane � of PG(h+1; q), h > 1. Choose an (h � 2)-dimensional subspa
e V 0, so that � \ V 0 = ;:Let B0 be the 
one with base B and vertex V 0. Remark that the 
one B0 is ablo
king set in PG(h+1; q) with respe
t to lines, hen
e using Constru
tion 1.13we 
an 
onstru
t the blo
king set B00 of PG(2; qh).
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king setsNote that the 
one B0 is always a minimal blo
king set in PG(h + 1; q) ifthe base of the 
one is minimal. Note also that, jB00j = jB0j+ 1� jR \B0j, andjB0j = qh�1jBj+ qh�1�1q�1 .Remark 1.18 When the size of B is less than 2q, then jB0j < 2qh holds; hen
eby Proposition 1.15, B00 is a minimal blo
king set.Now we will use the remark above to 
onstru
t minimal blo
king sets ofPG(2; qh), h � 2, with 
ardinality a little bit bigger than the size of a proje
tivetriangle.LetB be a proje
tive triangle of PG(2; q) and use Constru
tion 1.17 to obtainthe 
one B0 and the blo
king set B00. The 
one B0 has size 32(q+1)qh�1+ qh�1�1q�1 ,hen
e, by Remark 1.18, B00 is minimal. To 
al
ulate the size of B00 (see above)we have to determine jR\B0j. Sin
e R is an (h� 1)-dimensional subspa
e, theinterse
tion of the vertex V 0 of the 
one and R 
ontains an (h� 4)-dimensionalsubspa
e of the subgeometry M .First assume that dim(R \ V 0) = (h� 4). Then there exists a plane � in Rskew to V 0 and so R interse
ts B0 in a 
one with base � \ B0 and with vertexR \ V 0. Let Q be a point of B. Then hQ; V 0i interse
ts � in exa
tly one point,hen
e �\B0 is a proje
tive triangle and the size of R\B0 is 32(q+1)qh�3+ qh�3�1q�1 .Now let dim(R \ V 0) = (h � 3). Then there exists a line ` in R skew toV 0. As before, R \ B0 is a 
one with base ` \ B0 and with vertex R \ V 0.A line skew to V 0 
an be proje
ted onto the plane 
ontaining the base of the
one B0, hen
e the interse
tion numbers for B0 are the same as for B. Hen
ejR \B0j = aiqh�2 + qh�2�1q�1 , where ai = 1; 2; 3 or 12(q + 3).Finally, assume that dim(R \ V 0) = (h� 2), hen
e V 0 � R. Then there areonly two possibilities, R is either fully 
ontained in B0 or R \ B0 = V 0. Hen
ejR \B0j = biqh�1 + qh�1�1q�1 , where bi = 0 or 1.As in Corollary 1.9 in some of the examples above one 
an 
ontrol the exis-ten
e of R�edei lines.Corollary 1.19 There are minimal blo
king sets in PG(2; qh) of size 32(q +1)qh�1+1�qh�1, whi
h have exa
tly one or two R�edei lines. There are minimalblo
king sets of size 32(q+1)qh�1+1, whi
h are not of R�edei type. Furthermore,there exist minimal blo
king sets with 
ardinality 32(q+1)qh�1+1� 12(qh�1+qh�2),32(q+1)qh�1+1�2qh�2, 32(q+1)qh�1+1�qh�2 and 32(q+1)qh�1+1� 12(qh�2+qh�3).



Generalization of the 
onstru
tion 25When jBj � 2q, it is not easy to 
ontrol the minimality of B00. Though thereis a very spe
ial 
ase, where it 
an be done without diÆ
ulties.Constru
tion 1.20 Suppose that B0 is the 
one obtained by Constru
tion 1.17.Assume that Q is a point of the plane � in Constru
tion 1.17. Let R be thesubspa
e spanned by Q and V 0, and again use Constru
tion 1.13 to obtain theblo
king set B00 of PG(2; qh). This 
onstru
tion will be 
alled the generalized
one 
onstru
tion.Proposition 1.21 Let B be a minimal blo
king set of PG(2; q) and assumethat Q is a point of PG(2; q), su
h that through ea
h point of B nQ there passesat least one tangent line of B, not passing through Q. Then the blo
king set B00obtained by the generalized 
one 
onstru
tion is minimal.Proof: By Proposition 1.14, it is enough to show that through ea
h point ofB0 nR there passes at least one tangent line skew to R.Let S 0 be a point of B0 n R and denote the proje
tion of S 0 from V 0 ontoPG(2; q) by S. A

ording to our assumption there is a tangent line tS of Bthat passes through S and that is skew to Q. Hen
e the hyperplane hV 0; tSi ofthe subgeometry M interse
ts the 
one B0 in hV 0; Si and it interse
ts R in V 0,only. Therefore any line of the hyperplane hV 0; tSi through S 0 not 
ontained inhV 0; Si is a tangent line of B0 skew to R. 2Corollary 1.22 Let B be a minimal blo
king set of PG(2; q) and assume thatQ is a point of B. Then the blo
king set B00 obtained by the generalized 
one
onstru
tion is minimal.Proof: From the previous proposition it follows that the points of B00 nQ areessential, sin
e a tangent line of B nQ 
annot pass through Q. Proposition 1.14proves the essentiality of Q. 2Now we will show how the observations above 
an be used to 
onstru
t largerblo
king sets. For planes of square order the following theorem was proved byHirs
hfeld and Sz}onyi.Result 1.23 (Hirs
hfeld, Sz}onyi [34℄) For every � with 1=4 < � � 1=2, thereare 
onstants 
1 and 
2 su
h that in PG(2; q), q square, there are minimal blo
k-ing sets of size k with 
1q1+� � k � 
2q1+� for q > q0(�).



26 1. Planar blo
king setsCombining this with the general 
one 
onstru
tion, for planes of fourth powerorder we get a similar result, but for 1=8 < � � 1=2. The pro
ess 
an be iterated:for planes of eighth power order one 
an get minimal blo
king sets of size q�,where 1=16 < � � 1=2, and so on. As an illustration, the next theorem, that isthe generalization of Proposition 1.10 
an be proved. It is stated for planes oforder qh, not only for planes of order q2.Proposition 1.24 Let B be a unital of the plane PG(2; q), q square. EmbedPG(2; q) into PG(h + 1; q) and 
hoose an (h� 2)-dimensional subspa
e V 0 a
-
ording to Constru
tion 1.17. As in that 
onstru
tion, let B0 be the 
one over Bwith vertex V 0 and let B00 be the proje
tion of B0 from P . Let B� be a minimalblo
king set 
ontained in B00.1 If V 0 � R and R\B = ;, then qhpq+1�qh�1pq � jB�j � qhpq+qh�1+1.2 If V 0 � R and R \ B 6= ;, then jB�j = jB00j = qhpq + 1. 2Case 2. of this Proposition shows how the generalized 
one 
onstru
tionworks for large blo
king sets. A

ording to Corollary 1.22 the subspa
e V 0 andthe point Q 
an always be 
hosen in su
h a way that B00 is a minimal blo
kingset. The size of B00 is qh�1(jBj�1)+1. When jBj � q1+�, then jB00j � (qh)1+�=h.For h = 1, this means that the exponents 
an roughly be halved, as remarkedafter Theorem 1.23. When jBj � 
q, then jB00j � 
qh, so this does not giveanything new about the spe
trum.1.2.2 The algebrai
 des
riptionIn this se
tion we give an algebrai
 des
ription of the blo
king sets obtained bythe generalized 
one 
onstru
tion.First we write up the 
oordinates of the minimal blo
king set obtained bythe generalized 
one 
onstru
tion. The next remark shows that in some 
asesit is enough to give the 
oordinates of the aÆne part of the blo
king set, sin
eit uniquely determines the entire blo
king set.Remark 1.25 Assume that B is a minimal blo
king set in PG(2; q). Choose aline ` of PG(2; q), so that ` is a se
ant line of B or if ` is tangent to B, then



Generalization of the 
onstru
tion 27there exists another line tangent to B through B \ `. Delete the points of B \ `.Note that the unique way to extend B n ` to a minimal blo
king set is to add thepoints of ` to B, through that there passes 0-se
ant of B n ` (di�erent from `),and so we get ba
k B.Assume that B00 is a blo
king set obtained by the generalized 
one 
onstru
-tion and suppose also that the line ` is a se
ant line of B00. Our aim is to
oordinatize B00 n `.Without loss of generality we may assume that � � �. We use the usualhomogeneous 
oordinate representation of PG(2; qh). With a suitable lineartransformation we 
an a
hieve the following:M = f(Z0; : : : ; Zh+1) : Zi 2 GF(q)g;� = f(X0; X1; X2; 0; : : : ; 0) : Xi 2 GF(qh)g;� = � \M = f(Z0; Z1; Z2; 0; : : : ; 0) : Zi 2 GF(q)g;V 0 = f(0; 0; 0; Z3; : : : ; Zh+1) : Zi 2 GF(q)g;Q = (0; 1; 0; 0; : : : ; 0).` = f(X0; X1; 0; 0; : : : ; 0) : Xi 2 GF(qh)g;X2 = 0 will be the hyperplane at in�nity. Note that sin
e the hyperplaneX2 = 0 is mapped to the ideal line of � (that is ` = � \ fX2 = 0g), we areallowed to 
onsider only the aÆne part of B (that is B n `).Finally write f(xk; yk; 1; 0; : : : ; 0) : kg for the aÆne part of B and let �Bdenote the aÆne part of the 
one B0.These 
onditions imply the following:�B = f(xk; yk; 1; z1; : : : ; zh�1) : (xk; yk; 1; 0; : : : ; 0) 2 B; zi 2 GF(q)g.R = f(0; Z1; 0; Z3; : : : ; Zh+1) : Zi 2 GF(q)g;R� = f(0; X1; 0; X3; : : : ; Xh+1) : Xi 2 GF(qh)g.One 
an 
hoose a base for P of the following form:f(0; b1; 0; 1; 0; : : : ; 0); (0; b2; 0; 0; 1; 0; : : : ; 0); : : : ; (0; bh�1; 0; 0; : : : ; 0; 1)g. To seethis, take an arbitrary generating point set of P that lies in R� n V �, whereV � is the unique (h� 2)-dimensional subspa
e of R� that 
ontains V 0. Any lin-ear 
ombination of the generating points is still in the subspa
e P , hen
e usingGauss elimination one gets the required form. Note that P \M = ; impliesbi 6= 0.An easy 
al
ulation shows that proje
ting �B from P onto �, we get
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king setsf(xk; yk + Ph�1i=1 �ibi; 1; 0; : : : ; 0) : (xk; yk; 1; 0; : : : ; 0) 2 B; �i 2 GF(q)g. LetI = fPh�1i=1 �ibi : �i 2 GF(q)g. Hen
e the aÆne part of B00 is :B00 n ` = f(xk; yk + i; 1; 0; : : : ; 0) : (xk; yk; 1; 0; : : : ; 0) 2 B; i 2 Ig (1.1)We show that I is a dire
t 
omplement of GF(q) in the additive group ofGF(qh). Here the dire
t 
omplement means a ve
tor subspa
e I (over GF(q))of GF(qh), where jIj = qh�1 and I \ GF(q) = f0g. One sees immediately,that I is a GF(q)-linear additive subgroup in GF(qh). To prove jIj = qh�1and I \ GF(q) = 0, suppose P zibi 2 I \ GF(q). This means that the point(0;P zibi; 0; z1; z2; : : : ; zh�1) is in P \M , implying z1 = ::: = zh�1 = 0.The next 
onstru
tion shows that I in (1.1) 
an be repla
ed by an arbitrarydire
t 
omplement of GF(q) in (GF(qh);+).Constru
tion 1.26 Let B be a minimal blo
king set in PG(2; q) and let `1 =[0; 0; 1℄ be the line at in�nity. For sake of simpli
ity, suppose that `1 is se
antto B. Choose a 
oordinate system, su
h that (0; 1; 0) 2 B. The points of B n `1
an be written in the form of (xk; yk; 1). Assume that h > 1 is an integer and Iis a dire
t 
omplement of GF(q) in the additive group of GF(qh). Let B� be thefollowing subset of AG(2; qh):B� := f(xk; yk + i; 1) : (xk; yk; 1) 2 B n `1; i 2 Ig:To B� add the points of the line [0; 0; 1℄ � PG(2; qh), through that there passesan aÆne 0-se
ant of B�, and denote the resulting point set by �B. Then �B is aminimal blo
king set. 2Proof: We show that �B n ` 
an be obtained by the generalized 
one 
on-stru
tion starting from the minimal blo
king set B, 
hoosing Q to be thepoint (0; 1; 0) and at the end deleting the points that were proje
ted onto`. It is easy to show that I must be GF(q)-linear, hen
e there are ele-ments b1; : : : ; bh�1 2 GF(qh) su
h that every element of I 
an be written asPh�1i=1 zibi, where zi 2 GF(q). Now we 
oordinatize PG(h + 1; qh) as we didafter Remark 1.25, we build the `same' 
one B0 on B in order to get ba
k thesame setting as we had there. Choosing P to be the subspa
e generated bythe points (0; b1; 0; 1; 0; : : : ; 0); (0; b2; 0; 0; 1; 0; : : : ; 0); : : : ; (0; bh�1; 0; 0; : : : ; 0; 1)we are done.



Another appli
ation 29Let B00 be the blo
king set above obtained by the generalized 
one 
onstru
-tion. By Corollary 1.22, B00 is minimal. Now Remark 1.25 yields that B00 and�B 
oin
ide, hen
e the result follows. 2From the arguments above we have the following 
onsequen
e.Corollary 1.27 The minimal blo
king sets obtained by the generalized 
one
onstru
tion are exa
tly the minimal blo
king sets 
onstru
ted by Constru
tion1.26. 21.3 Another appli
ationIn this se
tion we assume that q is even. A hyperoval in PG(2; q) is a set of q+2points interse
ting ea
h line in 0 or 2 points. A (q + t; t)-ar
 of type (0; 2; t) isa set of q + t points in PG(2; q) meeting every line in 0, 2 or t points. It 
anbe 
onsidered as a generalization of hyperovals or as a small example for a setwithout tangents. We also suppose t > 2 (the t = 2 
ase is just the 
lass ofhyperovals).Kor
hm�aros and Mazzo

a 
onstru
ted an in�nite series of (q + t; t)-ar
s oftype (0; 2; t), whenever the �eld GF( qt ) is a sub�eld of GF(q).Constru
tion 1.28 (Kor
hm�aros, Mazzo

a [38℄) Assume that q is even. Sup-pose g is an o-polynomial over GF(q), that is the point set H = f(g(x); x; 1) :x 2 GF(q)g [ f(1; 0; 0); (0; 1; 0)g forms a hyperoval in PG(2; q) and let T be thefollowing point set of AG(2; qh), h > 1:T := f(g(Tr(a)); a; 1) : a 2 GF(q)g;where Tr(a) = a+ aq + aq2 + : : :+ aqh�1.Then T together with the qh�1 dire
tions not determined by T forms a (qh+qh�1; qh�1)-ar
 of type (0; 2; qh�1) in PG(2; qh).In [1℄ we give a more general 
onstru
tion for (q + t; t)-ar
s of type (0; 2; t)in
luding the Kor
hm�aros-Mazzo

a ar
s by using the idea of the 
onstru
tionin the previous se
tion. This idea 
an be repeated for arbitrary point sets.



30 1. Planar blo
king setsConstru
tion 1.29 [1℄ Choose a plane � in PG(h+1; q), where h > 1. Let Dbe a point set in �. Choose an (h�2)-dimensional subspa
e V in PG(h+1; q)n�.Constru
t the 
one C with vertex V and base D. Now embed PG(h + 1; q) intoPG(h+1; qh) as a subgeometry. Let Q be a point of � and let R be the (h� 1)-dimensional subspa
e in PG(h + 1; q) spanned by V and Q. Denote by R� theunique (h� 1)-dimensional subspa
e in PG(h+ 1; qh) that 
ontains R. Assumethat P is an (h�2)-dimensional subspa
e in R�nPG(h+1; q). (For the existen
eof su
h a subspa
e, see Proposition 1.12 (i).) Proje
t C n R from P onto anarbitrary plane � of PG(h+ 1; qh) to obtain D0. 2As before the advantage of this 
onstru
tion is that knowing the interse
tionnumbers of D with respe
t to lines, it is very easy to 
ontrol the interse
tionmltipli
ities of D0 with lines, so the next 
onstru
tion 
an be proved easily.Constru
tion 1.30 [1℄ Let q = 2r and let the point set D in Constru
tion1.29 be a hyperoval of the plane � or a (q + t; t)-ar
 of type (0; 2; t). Now useConstru
tion 1.29 to obtain the point set D0 of the plane � �= PG(2; qh).(1) When D is a hyperoval and Q (in Constru
tion 1.29) is a point of thehyperoval, then the point set D0 is a (qh+qh�1; qh�1)-ar
 of type (0; 2; qh�1).(2) When D is a hyperoval and Q is a point of � nD, then the point set D0 isa (qh + 2qh�1; 2qh�1)-ar
 of type (0; 2; 2qh�1).(3) When D is a (q + t; t)-ar
 of type (0; 2; t) and Q is the t-nu
leus of D,then the point set D0 is a (qh + tqh�1; tqh�1)-ar
 of type (0; 2; tqh�1). 2As in the previous se
tion this geometri
 
onstru
tion 
an be des
ribed al-gebrai
ally.Constru
tion 1.31 [1℄ Let I be a dire
t 
omplement of GF(q) in the additivegroup of GF(qh), h > 1. Let H = f(xk; yk; 1) : xk; yk 2 GF(q)g � PG(2; q) bethe aÆne part of a hyperoval or of a (q+ t; t)-ar
 of type (0; 2; t). Constru
t thefollowing point set of AG(2; qh):J := f(xk; yk + i; 1) : (xk; yk; 1) 2 H; i 2 Ig:



Another appli
ation 31(A) When H is a hyperoval and (0; 1; 0) 2 H, then J 
an be uniquely extendedto a (qh + qh�1; qh�1)-ar
 of type (0; 2; qh�1) in PG(2; qh).(B) When H is a hyperoval and (0; 1; 0) 62 H, then J 
an be uniquely extendedto a (qh + 2qh�1; 2qh�1)-ar
 of type (0; 2; 2qh�1) in PG(2; qh).(C) When H is a (q+ t; t)-ar
 of type (0; 2; t) and (0; 1; 0) is the t-nu
leus of H,then J 
an be uniquely extended to a (qh + tqh�1; tqh�1)-ar
 of type (0; 2; tqh�1)in PG(2; qh). 2Corollary 1.32 [1℄ The 
lasses of ar
s obtained by Constru
tion 1.30 (1), (2)and (3) are exa
tly the 
lasses of ar
s of Constru
tion 1.31 (1), (2) and (3),respe
tively. 2This algebrai
 des
ription shows that Constru
tion 1.30 is the generalizationof the Kor
hm�aros-Mazzo

a ar
s: among new examples, (1) 
ontains the ar
sin question, while the ar
s 
oming from (2) are all new examples. (3) only givesnew examples if we start with an ar
 not arising from our 
onstru
tion.
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Chapter 2Blo
king sets in higherdimensionsThe main result of this 
hapter is that we generalize the 1 modulo p resultof Sz}onyi (see Result 0.7) for blo
king sets in PG(n; q) with respe
t to k-dimensional subspa
es. This 
hapter appeared as [4℄.For proving this result, algebrai
 
urves asso
iated to the blo
king sets wereused. A natural way of the generalization would be to asso
iate hypersurfa
esto higher dimensional blo
king sets, so that it has the same properties as inthe planar 
ase and so one 
ould \
opy" the proof. Until now it has not beendone. For a while we were also trying this approa
h, but though it is verystraightforward how one should asso
iate a \good" hypersurfa
e we 
ould notrepeat the proof in higher dimensions. The diÆ
ulty seems to lie in the fa
t thatit is not easy to 
ontrol the interse
tion numbers of two hypersurfa
es, while inthe planar 
ase we have the B�ezout theorem.Instead of an algebrai
 approa
h, we used a purely geometri
 approa
h togeneralize the 1 mod p result. Let B be a blo
king set of PG(2k; q), k > 1,with respe
t to k-dimensional subspa
es. Consider a (k�1)-spread W of H1 =PG(2k� 1). It de�nes a plane �W . Let B0 be the point set of �W , whose aÆnepoints are the points of B nH1 and whose ideal points are the elements of Wthat interse
t B. We will 
all B0 the image of B in �W . Note that B0 is ablo
king set of �W . When our blo
king set B is a 
one over a blo
king set ina subspa
e, the 1 modulo p result for �W yields that k-dimensional subspa
esinterse
t B in 1 modulo p points. Using this, we �rst prove the result for 1-33



34 2. Blo
king sets in higher dimensionsblo
king sets (Proposition 2.5). The result for k-blo
king sets (Theorem 2.7)follows by embedding PG(n; q) in PG(n; qn�k) as a subgeometry. This result 
analso be used to 
hara
terize 
ertain non-trivial blo
king sets in higher dimensions(Theorems 2.21, 2.26).2.1 Interse
tion with subspa
esFirst of all we re
all how spreads de�ne translation planes. Take a (k � 1)-spread S of PG(2k � 1; q), that is a partition of PG(2k � 1; q) into disjoint(k � 1)-dimensional subspa
es. Embed PG(2k � 1; q) = H1 in PG(2k; q) as ahyperplane. Then an aÆne translation plane �S 
an be de�ned as follows.1. The points of �S are the points of PG(2k; q) nH1.2. The lines of �S are the k-dimensional subspa
es of PG(2k; q) whi
h meetH1 in an element of S.This aÆne plane 
an be extended to a proje
tive plane with the elements ofthe spread as ideal points. The regular (k � 1)-spreads are the (k � 1)-spreadsthat de�ne the plane PG(2; qk) in this way, see [10℄. For more details see [33℄,Se
tion 4.1, or [39℄. An important property of (k � 1)-spreads of PG(2k � 1; q)is that they are also dual spreads, that is every hyperplane 
ontains exa
tly oneelement of the (k � 1)-spread.A 
ollineation of PG(2k�1; q) 
an be pres
ribed on 2k proje
tively indepen-dent points. Hen
e given any two not interse
ting (k�1)-dimensional subspa
esw1 and w2 of PG(2k� 1; q) and a (k� 1)-spread, one 
an �nd a 
ollineation, sothat w1 and w2 will be elements of the image of this given (k � 1)-spread.Remark 2.1 Any set of two non-interse
ting (k� 1)-dimensional subspa
es ofPG(2k� 1; q) 
an be extended to a regular (k� 1)-spread of (k� 1)-dimensionalsubspa
es.Our �rst aim is to say something about the possible interse
tion numbers ofhyperplanes and minimal blo
king sets with respe
t to hyperplanes. For n = 2the following theorem 
ompletes our task.Theorem 2.2 [52℄ A minimal blo
king set in PG(2; q), q = ph, of size less than32(q + 1) interse
ts every line in 1 mod p points. 2



Interse
tion with subspa
es 35Throughout this 
hapter we will rather use the following 
orollary of Theo-rem 2.2.Corollary 2.3 Let B be a blo
king set in PG(2; q), q = ph, p prime, of sizeless than 32(q + 1). Let ` be a line of PG(2; q), so that ea
h point of B on theline ` is essential to B. Then ` interse
ts B in 1 mod p points.Proof: Delete the non-essential points one by one until a minimal blo
kingset is obtained. The result follows from Theorem 2.2 as none of the points ofthe line ` will be removed. 2To be able to use the idea mentioned at the beginning of this 
hapter, wewill need the following 
onstru
tion to obtain a blo
king set with respe
t tok-dimensional subspa
es from a given blo
king set with respe
t to hyperplanes.Constru
tion 2.4 Let B be a blo
king set of PG(n; q) with respe
t to hy-perplanes. Embed PG(n; q) in PG(m; q) as a subspa
e. Choose an arbitrary(m � n � 1)-dimensional subspa
e P , not interse
ting PG(n; q), and 
onstru
tthe 
one C with base B and vertex P . Then C\PG(n; q) = B. The 
one Cis a blo
king set in PG(m; q) with respe
t to (n � 1)-dimensional subspa
es.Furthermore, if B is minimal, then C is minimal as well.Proof: First we show that any (n � 1)-dimensional subspa
e S of PG(m; q)interse
ts C. If S interse
ts P , then there is nothing to prove, otherwise S andP generate a hyperplane H of PG(m; q). A hyperplane interse
ts PG(n; q) inan (n� 1)-dimensional subspa
e. Hen
e H must 
ontain a point Q of B, as Bblo
ks every hyperplane of PG(n; q). Sin
e the (m � n)-dimensional subspa
ehP;Qi is 
ontained in the hyperplane H, it interse
ts S, and so S interse
tsthe 
one C. If C 
ontained a point x of PG(n; q) n B, then there would bea point b 2 B, for whi
h hb; P i\PG(n; q) 
ontains x; this is impossible sin
ehb; P i\PG(n; q) has dimension 0.Now assume that B is minimal. For the minimality of C, we only have toshow that any point R of C nB is essential. Let R0 be the proje
tion of R fromP onto B. Sin
e B is minimal, there is an (n � 1)-dimensional subspa
e SR0in PG(n; q) through R0, that is tangent to B and so tangent to C. Hen
e any(n � 1)-dimensional subspa
e in hSR0 ; P i through R not interse
ting P provesthat R is essential. 2



36 2. Blo
king sets in higher dimensionsProposition 2.5 A minimal blo
king set in PG(n; q), q = ph, with respe
t tohyperplanes and of size less than 32(q + 1) interse
ts every hyperplane in 1 modp points.Proof: The proof goes by indu
tion on n. For n = 2 it is Theorem 2.2. Nowassume that it is true for (n�1). We wish to show that an arbitrary hyperplaneH interse
ts the minimal blo
king set B in 1 mod p points. Embed PG(n; q) inPG(2n� 2; q) as a subspa
e and 
onstru
t the 
one C, as in Constru
tion 2.4.Now m = 2n� 2, so the vertex P of the 
one C will be an (n� 3)-dimensionalsubspa
e and H \ C = H \ B, by Constru
tion 2.4.By the indu
tion hypothesis we may assume that B is not inH, whi
h meansthat there is an (n�2)-dimensional subspa
e L � H, that does not interse
t B.Let H� be an (n�1)-dimensional subspa
e of PG(n; q) through L, so that thereis only one point Q of B on H�. Su
h a subspa
e exists, otherwise 
ounting thenumber of points of B on the hyperplanes of PG(n; q) through L, we would getat least 2(q + 1) points; whi
h 
ontradi
ts our assumption made on the size ofB. By Remark 2.1, there exists a regular (n � 2)-spread W of the hyperplanehH�; P i, so that it 
ontains hP;Qi and L. Let �W denote the plane de�ned bythe (n� 2)-spread W and C 0 denote the image of C in �W .Sin
e jBj is an integer jBj < 32(q+1) means that jBj � 32q+1. Now, hP;Qiis the only element of the (n � 2)-spread that interse
ts the 
one C, hen
ejC 0j � 32q(n�1) + 1.Note that on the plane �W , the subspa
e H will 
orrespond to a line h, so weonly have to show that the points of h \ C 0 are all essential to C 0, as Corollary2.3 would then �nish the proof. To see this take a point R of H \ B. Sin
e Bis minimal, there exists an (n� 1)-dimensional subspa
e HR through R, that isin PG(n; q) and tangent to B. The hyperplane hHR; P i interse
ts hH�; P i in a(2n � 4)-dimensional subspa
e, hen
e it 
ontains exa
tly one element w of W .We show that hw;Ri \ C = R and hen
e hw;Ri 
orresponds to a tangent lineof C 0 in the plane �W , and so R 
orresponds to an essential point of C 0. If Pdoes not interse
t hw;Ri, then the proje
tion from P is a 1� 1 
orresponden
ebetween the the points of C \ hw;Ri and HR \ C and hen
e the result follows.Otherwise, let S denote a point of P \ hw;Ri (note that S 6= R). The line RSis 
ontained in the 
one C and it interse
ts w as well. Hen
e w interse
ts the
one. From above, this means that w = hP;Qi, so Q is in hP;HRi \ PG(n; q)



Interse
tion with subspa
es 37and so it lies in HR; whi
h is a 
ontradi
tion. 2Now we extend the result of Proposition 2.5 to arbitrary subspa
es.Proposition 2.6 Let B be a minimal blo
king set of PG(n; q) with respe
t tohyperplanes, q = ph, p > 2 prime, and assume that jBj < 32(q + 1). Then anysubspa
e that interse
ts B, interse
ts it in 1 mod p points.Proof: For (n � 1)-dimensional subspa
es this is Proposition 2.5. First weprove that the statement is true for (n � 2)-dimensional subspa
es. On the
ontrary , suppose that an (n � 2)-dimensional subspa
e Z interse
ts B, butnot in 1 mod p points.If jB \ Zj 6� 0 (mod p), then sin
e a hyperplane interse
ts B in 1 mod ppoints, ea
h hyperplane through Z must 
ontain at least two points of B n Z.Counting the number of points of B n Z on the hyperplanes through Z, givesthat B has at least 2(q + 1) points, whi
h is a 
ontradi
tion.When 0 6= jB \Zj � 0 (mod p), the earlier reasoning works if ea
h hyper-plane through Z 
ontains at least two points of B n Z. Assume that there isa hyperplane H through Z 
ontaining only one point P of B n Z. Let Q be apoint in Z \ B. Sin
e B is minimal, there exists a hyperplane HQ through Qthat is tangent to B. The (n� 2)-dimensional subspa
e hHQ \ Z; P i interse
tsB in exa
tly two points. Sin
e p > 2, this is a 
ontradi
tion by the proof in theprevious 
ase.Finally, assume that the theorem is true for any k-dimensional subspa
e,(2 �)k � n� 2. We prove that it is true for (k� 1)-dimensional subspa
es too.Take any (k � 1)-dimensional subspa
e U . If it interse
ts B, but not in 1 modp points, then as before ea
h subspa
e through U 
ontains at least one pointof B n U . Sin
e through a (k � 1)-dimensional subspa
e (k � n � 2) there aremore than q2 k-dimensional subspa
es, 
ounting the number of points of B n Uon the k-dimensional subspa
es through U , we get a 
ontradi
tion. 2Theorem 2.7 Let B be a minimal blo
king set B of PG(n; q) with respe
t to k-dimensional subspa
es, q = ph, p > 2 prime, and assume that jBj < 32(qn�k+1).Then any subspa
e that interse
ts B, interse
ts it in 1 mod p points.Proof: Case k = n � 1 is proved in Proposition 2.6. Now let k < n � 1.Embed PG(n; q) in PG(n; qn�k) as a subgeometry. Consider PG(n; qn�k) as



38 2. Blo
king sets in higher dimensionsan (n + 1)(n � k)-dimensional ve
torspa
e V over GF(q). A hyperplane ofPG(n; qn�k) is an n(n� k)-dimensional and PG(n; q) is an (n+ 1)-dimensionalve
torspa
e in V . Hen
e a hyperplane of PG(n; qn�k) 
ontains at least a kdimensional subspa
e of PG(n; q), therefore B is a blo
king set of PG(n; qn�k)with respe
t to hyperplanes.To show that B is minimal, take a point P of B. Sin
e B was minimal inPG(n; q), there exists a k-dimensional subspa
e K of PG(n; q) that is tangentto B. Any hyperplane of PG(n; qn�k) through K that interse
ts PG(n; q) in Kproves that P is essential.To prove the theorem, take an arbitrary subspa
e of PG(n; q). This subspa
e
an be extended to a subspa
e of PG(n; qn�k) of the same dimension. Hen
ethe result follows from Proposition 2.6. 22.2 Appli
ationsIn this se
tion we will show how Theorem 2.7 
an be used to obtain moreinformation on blo
king sets in an n-dimensional proje
tive spa
e.2.2.1 An observationLemma 2.8 Let B be a blo
king set of PG(n; q) with respe
t to k-dimensionalsubspa
es, q = ph, p prime, and suppose that jBj � 2qn�k. Assume that ea
hk-dimensional subspa
e of PG(n; q) interse
ts B in 1 mod p points. Then B isminimal.Proof: Suppose on the 
ontrary that B is not minimal. Let P be a non-essential point of B. This means that ea
h k-dimensional subspa
e throughP 
ontains at least one point of B n P . Sin
e every k-dimensional subspa
einterse
ts B in 1 mod p points, ea
h k-dimensional subspa
e through P must
ontain at least two points of BnP . If there exists a (k�1)-dimensional subspa
eM through P , so that M \ B = P , then by 
ounting the number of points ofB on the k-dimensional subspa
es through M , we get more than 2qn�k points;whi
h is a 
ontradi
tion.Now we show that the above mentioned subspa
e M exists. When k = 1 wetake M to be the point P itself. If k > 2, then sin
e there are more than qn�1



Appli
ations 39lines through P and sin
e ea
h of these lines 
ontain no point or at least twopoints of B n P , there must be a line l through P , so that it does not interse
tB nP . The same argument shows that if there is a (t�1)-dimensional subspa
e(where t < k) through P with no point of B n P on it, then one 
an �nd at-dimensional one (through P ) with the same property. Consequently, there isa (k � 1)-dimensional subspa
e through P , that does not interse
t B n P . 2Next, we give a 
orollary of the previous lemma.Corollary 2.9 Let B be a minimal blo
king set of PG(n; q) with respe
t to k-dimensional subspa
es, q = ph, p > 2 prime. Assume that jBj � 32(qn�k + 1).Choose a t-dimensional subspa
e P , not interse
ting B, and an (n � t � 1)-dimensional subspa
e H, not interse
ting P . Proje
t B from P onto H anddenote the proje
tion by B0. Then B0 is a minimal blo
king set of H withrespe
t to (k � t� 1)-dimensional subspa
es.Proof: Take any (k � t � 1)-dimensional subspa
e � of H and 
onsider thek-dimensional subspa
e generated by P and �. Sin
e B is a blo
king set withrespe
t to k-dimensional subspa
es, h�; P i 
ontains a point Q of B, and so theinterse
tion point of hP;Qi and � is a point of B0 in �, when
e B0 is a blo
kingset in H with respe
t to (k � t� 1)-dimensional subspa
es.Now we prove that B0 is minimal. A point R0 of B0 is the proje
tion of thepoints of hP;R0i \ B, hen
e by Theorem 2.7 R0 is the proje
tion of 1 mod ppoints. So an arbitrary (k � t � 1)-dimensional subspa
e � of H interse
ts B0mod p the same number of points as hP; �i interse
ts B, and this is 1 mod pagain by Theorem 2.7. So by Lemma 2.8 B0 is minimal. 22.2.2 Spe
tra of blo
king setsNote that Theorem 2.2 says that the possible values for the size of a minimalblo
king set in PG(2; q), q = ph, p prime, are those that are equal to 1 modp. (To see this, one has to 
ount the points of B on the lines through a givenpoint.) For simpli
ity, we introdu
e the following notation.Notation 2.10 Let S(q) be the set of the possible sizes of minimal blo
king setsin PG(2; q) with 
ardinality less than 32(q + 1).



40 2. Blo
king sets in higher dimensionsOur goal is to show that the possible sizes of minimal blo
king sets inPG(n; q) with respe
t to k-dimensional subspa
es and with 
ardinality less than32(qn�k + 1) depend on the possible sizes of minimal blo
king sets of proje
tiveplanes.First we handle the 
ase k = n�1; to do that the following lemma is needed.Lemma 2.11 Let B be a minimal blo
king set of PG(n; q) with respe
t to hy-perplanes, n > 2, q = ph, p prime.1. Suppose that jBj < p2q. Then there exists a point Q in PG(n; q), so thatQ does not lie on any of the se
ants of B.2. Assume that p > 2 and assume also that jBj < 32(q+1). Then there existsa point Q in PG(n; q), so that Q does not lie on any of the se
ants of B.Proof: (1) 
omes from simple 
ounting. There are at most �jBj2 � se
ants of B,ea
h 
ontains at most (q � 1) points not from B. Therefore there are less thanq3 su
h points in PG(n; q) nB, that lie on a se
ant of B.(2) 
an be proved by repeating the same argument, taking into a

ountTheorem 2.7. When p > 2, we know that ea
h se
ant of B 
ontains at least(3 + 1) points. Hen
e there are only at most �jBj2 �=�42� se
ants of B and so, asbefore, we are done. 2Now we give two propositions that determine the possible sizes of minimalblo
king sets in PG(n; q) with respe
t to hyperplanes in terms of the possiblesizes of minimal blo
king sets in proje
tive planes of di�erent order. The �rstone extends Heim's result mentioned in Se
tion for small blo
king sets.Proposition 2.12 Let B be a minimal blo
king set of PG(n; q) with respe
t tohyperplanes, q = ph, p prime. If p = 2 let jBj < p2q, otherwise let jBj < 32(q+1). Then jBj 2 S(q).Proof: The proof is again by indu
tion on n. For n = 2, we just get thede�nition of S(q) ba
k. Suppose that the proposition is true for n � 1. LetQ be a point in PG(n; q) n B, not lying on any of the se
ants of B. Thenby Corollary 2.9 proje
ting B from Q onto a hyperplane H, not through Q,we obtain a minimal blo
king set B0 of H with respe
t to hyperplanes (of H).
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ations 41Sin
e ea
h line through Q 
ontains at most 1 point of B, jBj = jB0j; hen
e theresult follows from the indu
tion hypothesis. 2Proposition 2.13 Let B be a minimal blo
king set of PG(n; q) with respe
tto hyperplanes, q = ph, p > 2 prime. Suppose that jBj < 32(q + 1). Then((jBj � 1)qn�2 + 1) 2 S(qn�1).Proof: To prove the proposition we just have to re
all the proof of Proposition2.5 again. By Constru
tion 2.4, the 
one C is a minimal blo
king set of PG(2n�2; q) with respe
t to (n� 1)-dimensional subspa
es. So from Theorem 2.7 every(n�1)-dimensional subspa
e interse
ts C in 1 mod p points. Note that sin
e theway of 
onstru
ting the 
one C, we 
an determine the size of the blo
king set C 0on the plane �W . The points of hP;Qi 
orrespond to the same point, while therest of the points of C 
orrespond to di�erent points, so jC 0j = (jBj�1)qn�2+1.Note also that �W was isomorphi
 to PG(2; qn�1) and the lines of �W 
orrespondto (n � 1)-dimensional subspa
es of PG(2n � 2; q). So from above, ea
h lineof �W interse
ts C 0 in 1 mod p points; hen
e by Lemma 2.8 C 0 is a minimalblo
king set on the plane �W . 2Now let B be a blo
king set of PG(n; q) with respe
t to k-dimensional sub-spa
es. As in the proof of Theorem 2.7, by embedding PG(n; q) into PG(n; qn�k)B be
omes a 1-blo
king set of PG(n; qn�k). So, as before, we 
an extend theresults of the two propositions above.Corollary 2.14 Let B be a minimal blo
king set of PG(n; q) with respe
t tok-dimensional subspa
es, q = ph, p prime. If p = 2 let jBj < p2qn�k, otherwiselet jBj < 32(qn�k + 1). Then1. jBj 2 S(qn�k)2. If p > 2, then ((jBj � 1)(qn�k)n�2 + 1) 2 S((qn�k)n�1). 2In the planar 
ase it was proved that the possible sizes for a minimal blo
kingset of PG(2; q) with 
ardinality less than 32(q + 1) (i.e. the elements of S(q))should lie in some intervals.Notation 2.15 Let l(q; e) (u(q; e)) denote the biggest (smallest) integer so thatfor any minimal blo
king set B of PG(2; q), q = ph, p prime, and of size l(q; e) �



42 2. Blo
king sets in higher dimensionsjBj � u(q; e), e is the largest integer su
h that ea
h line interse
ts B in 1 modpe points.Sz}onyi proved (see Result 0.7) that for a �xed q, these intervals are disjointunless pe = 2; 4; 8, and for q = ph, e � h=2. It was also mentioned in [52℄ that forpe 6= 2; 4; 8 Blokhuis' lower bound is valid, that is q+1+ped(q=pe+1)=(pe+1)e �l(q; e). The best bound for u(q; e) is due to Polverino [44℄.Theorem 2.16 For pe 6= 2; 4; 8u(q; e) � 1 + (pe + 1)(q + 1)�q[1 + (pe + 1)(q + 1)℄2 � 4(pe + 1)(q2 + q + 1)2 :This means that asymptoti
allyjBj � q + qpe + qp2e + 2 qp3e � � � : 2Note also, that jBj � u(q; e) means that the blo
king set B lies in an intervalbelonging to e0, where e0 � e, and so B interse
ts every line in 1 mod pe0 points;when
e B interse
ts every line in 1 mod pe points.Now we generalize the previous theorems for blo
king sets with respe
t tohyperplanes.Proposition 2.17 Let B be a minimal blo
king set of PG(n; q) with respe
tto hyperplanes, q = ph, p > 2 prime. Assume that jBj < 32(q + 1). Let e bethe integer, for whi
h l(qn�1; e) � (jBj � 1)qn�2 + 1 � u(qn�1; e). Then ea
hsubspa
e that interse
ts B, interse
ts it in 1 mod pe points.Proof: The same reasoning as in the proof of Proposition 2.5 proves that anarbitrary hyperplane H interse
ts B in 1 mod pe points. To see this we justhave to note that the blo
king set C 0 in �W (in the proof of Proposition 2.5) isminimal and has size of (jBj � 1)qn�2+1 (see the proof of Lemma 2.13). Hen
eea
h line of the plane �W interse
ts C 0 in 1 mod pe points.To prove that any subspa
e, of dimension less than (n� 1), that interse
tsB, interse
ts it in 1 mod pe points, we just have to 
opy the proof of Proposition2.6 again by writing pe instead of p. 2



Appli
ations 43Again by embedding PG(n; q) into PG(n; qn�k), from a blo
king set ofPG(n; q) with respe
t to k-dimensional subspa
es we obtain a blo
king set ofPG(n; qn�k) with respe
t to hyperplanes. Hen
e we 
an generalize the aboveproposition.Corollary 2.18 Let B be a minimal blo
king set of PG(n; q) with respe
t tok-dimensional subspa
es, q = ph, p > 2 prime. Assume that jBj < 32(qn�k +1). Let e be the integer, for whi
h l((qn�k)n�1; e) � (jBj � 1)(qn�k)n�2 + 1 �u((qn�k)n�1; e). Then ea
h subspa
e that interse
ts B, interse
ts it in 1 mod pepoints. 22.2.3 An attempt to 
hara
terize blo
king setsIn this subse
tion we attempt to 
hara
terize blo
king sets of PG(n; q) withrespe
t to k-dimensional subspa
es, n > 2, q = ph, p prime. First let us see afew examples for blo
king sets.A k-dimensional subspa
e interse
ts a t-dimensional subspa
e T at least in a(k+ t�n)-dimensional subspa
e (now let t � n� k). Hen
e a blo
king set of Twith respe
t to its (k+t�n)-dimensional subspa
es is obviously a blo
king set ofPG(n; q) with respe
t to k-dimensional subspa
es. So the interesting blo
kingsets in PG(n; q) are those, that are not 
ontained in a smaller dimensionalsubspa
e of PG(n; q). Here we follow [49℄ and 
all these blo
king sets non-degenerate. The next remark shows that the 
onverse is also true.Remark 2.19 If B is a blo
king set of PG(n; q) with respe
t to k-dimensionalsubspa
es and if B is 
ontained in a t-dimensional subspa
e T , then B is a blo
k-ing set of T with respe
t to its (k+ t� n)-dimensional subspa
es. Furthermore,if B is a minimal blo
king set in PG(n; q), then B is minimal in T as well. 2The next lemma provides us with a series of examples.Lemma 2.20 A subgeometry S of dimension h(n � k) and of order p is aminimal blo
king set with respe
t to k-dimensional subspa
es in PG(n; ph).Proof: PG(n; ph) 
an be identi�ed with an ((n+1)h)-dimensional ve
tor spa
eV over GF(p) in a natural way. Then a k-dimensional subspa
e in PG(n; ph) is a



44 2. Blo
king sets in higher dimensions((k+1)h)-dimensional subspa
e in V , and the subgeometry S is an (h(n�k)+1)-dimensional linear subspa
e in V . Sin
e (h(n� k)+ 1)+ (k+1)h > (n+1)h, Sblo
ks every k-dimensional subspa
es in PG(n; ph). The minimality of S 
omesfrom an easy 
ounting argument. 2Some spe
ial 
ases were already studied in [7℄. Here, when h is even andp > 3, the blo
king sets with respe
t to hyperplanes of 
ardinality at most thesize of the se
ond smallest minimal blo
king set in PG(2; q) are 
hara
terizedas planar blo
king sets. When h = 3s, p � 5, q > 5, the blo
king sets withrespe
t to hyperplanes and of 
ardinality at most the size of the se
ond smallestminimal blo
king sets of PG(2; q) are 
hara
terized as planar blo
king sets oras a subgeometry PG(3; ps).Theorem 2.21 Let B be a minimal blo
king set of PG(n; q) with respe
t to k-dimensional subspa
es, q = ph and p > 2 prime. Suppose that jBj < 32(qn�k+1)and h(n � k) � n. Assume that B is not 
ontained in an (h(n � k) � 1)-dimensional subspa
e of PG(n; q), then B is proje
tively equivalent to PG(h(n�k); p).Before proving Theorem 2.21, let us have a 
loser look at it. It says, that forh(n � k) < n the only small (that is jBj < 32(qn�k + 1)) minimal blo
king setsof PG(n; q) with respe
t to k-dimensional subspa
es are the degenerate ones.When h(n � k) = n, the only non-trivial minimal blo
king set with respe
t tok-dimensional subspa
es is the subgeometry of order p.Note that this theorem also implies that the blo
king sets in question arelinear. In [49℄ it is proved that every small (n � k)-blo
king set of R�edei type(i.e. a blo
king set with qn�k aÆne points) is linear, and also their shape isdes
ribed. The proof of Storme and Sziklai uses the result of [17℄, where the
ase n = 2; k = 1 is established.Proof of Theorem 2.21: First we prove that every se
ant of B 
ontains (p+1)points. On the 
ontrary, suppose that there is a se
ant `, so that j`\Bj 6= p+1.Then by Theorem 2.7 ` 
ontains at least (2p + 1) points of B. Sin
e B is not
ontained in an (h(n�k)�1)-dimensional subspa
e, there is a point P1 of B n`.The lines 
onne
ting a point of `\B and P1 by Theorem 2.7 should also 
ontainat least p+ 1 points of B. Hen
e the plane hP1; `i 
ontains at least 2p2 + p+ 1



Appli
ations 45points of B. Now, repeating the above arguments �rst we �nd a point P2 inB n hP; `i, then a point P3 in B n hP3; hP2; `ii... and so on. Hen
e B must haveat least 2ph(n�k) + ph(n�k)�1 + � � �+ p+ 1 points, whi
h is a 
ontradi
tion.Next we show, that if a plane 
ontains three non-
ollinear points of B, thenit 
ontains exa
tly p2 + p + 1 points of it. From above, we know that su
h aplane must 
ontain at least p2 + p + 1 points. Assume that it 
ontains morethan that, that is at least p2 + 2p + 1 points. As before, this implies thatjBj � ph(n�k) + 2ph(n�k)�1 + � � �+ p + 1, but this 
ontradi
ts the upper boundon jBj 
oming from Theorem 2.16 by taking e = 1. Hen
e if � is a plane ofPG(n; q) 
ontaining three non-
ollinear points of B, then � \ B is a subplaneof order p.Every plane of PG(n; q) interse
ts B in 1 point or in (p+1) 
ollinear points orin a subplane of order p, so Veblen's theorem (see [13℄, p.806) implies that B is aproje
tive subgeometry of order p. The result follows, sin
e su
h a subgeometryis a minimal blo
king set by Lemma 2.20. 2In parti
ular when h = 1, h = 2 and h = 3, the theorem above implies thefollowing 
orollaries.Corollary 2.22 A non-trivial minimal blo
king set of PG(n; p) with respe
t tok-dimensional subspa
es, p > 2 prime, has size at least 32(pn�k + 1). 2Corollary 2.23 A non-trivial minimal blo
king set of PG(n; p2) with respe
t tohyperplanes and of size less than 32(p2 +1), p > 2 prime, is a Baer subplane. 2Corollary 2.24 A non-trivial minimal blo
king set of PG(n; p3) with respe
t tohyperplanes and of size less than 32(p3 + 1), p > 2 prime, is a planar blo
kingset or a subgeometry of dimension three and order p. 2Sin
e the blo
king sets of PG(2; p3) are 
hara
terized by Polverino (see Re-sult 0.8 (3)), the 
orollary above gives a full des
ription of the small minimalblo
king sets of PG(n; p3) with respe
t to hyperplanes.Now, we try to say something about the possible non-degenerate blo
kingsets when h(n�k) > n. Similarly to Lemma 2.20 one easily proves the following.Lemma 2.25 Assume that e is a divisor of h. Then a subgeometry S of di-mension he (n � k) and of order pe is a minimal blo
king set with respe
t tok-dimensional subspa
es in PG(n; ph). 2



46 2. Blo
king sets in higher dimensionsWhen our blo
king set is su
h that ea
h se
ant of it 
ontains 1 mod pe points,then similarly to Theorem 2.21 the following theorem 
an be proved.Theorem 2.26 Let B be a minimal blo
king set of PG(n; q) with respe
t tok-dimensional subspa
es, q = ph and p > 2 prime. Assume that e is an integer,1 � e � h2 , and he (n � k) � n. Suppose also that (jBj � 1)(qn�k)n�2 + 1 �u((qn�k)n�1; e) (where u((qn�k)n�1; e) is de�ned in Notation 2.15). Then Bis 
ontained in an (dhe (n � k)e � 1)-dimensional subspa
e of PG(n; q) or B isproje
tively equivalent to PG(he (n� k); pe). 2Proof: Note that by Corollary 2.18 and by the remark after Theorem 2.16every subspa
e that interse
ts B, interse
ts it in 1 mod pe points.Firstly, suppose that e is not a divisor of h. Starting from a se
ant line ofB, similarly as in the proof of Theorem 2.21, one 
an prove that if B is not
ontained in an (dhe (n � k)e � 1)-dimensional subspa
e, then B has at leastpedhe (n�k)e+pedhe (n�k)e�1+ � � �+pe+1 points. Sin
e, now edhe (n�k)e > h(n�k),this means that B would have too many points, hen
e B must lie in a subspa
eof dimension (dhe (n� k)e � 1).Se
ondly, assume that e is a divisor of h. Then as before one may provethat ea
h se
ant of B 
ontains 1 mod pe points and ea
h plane interse
ts B in 1point or in (pe+1) 
ollinear points or in a subplane of order pe. Hen
e again byVeblen's theorem we get that B is proje
tively equivalent to PG(he (n� k); pe).2



Chapter 3Algebrai
 ba
kgroundThis 
hapter summarizes the algebrai
 ba
kground and methods used in thenext two 
hapters.The R�edei polynomialLet ` be the line at in�nity in PG(2; q) and let U = f(ai; bi; 1) : i = 1; :::; ng bea set of points in PG(2; q) n `. Then the R�edei polynomial of U is the followingpolynomial in three variables:H(X; Y; Z) = nYi=1(X + aiY � biZ) = nXj=0hj(Y; Z)Xn�j:Note that hj(Y; Z) is a homogeneous polynomial of degree j. It is not diÆ
ultto see that this polynomial en
odes the interse
tion numbers of U and the aÆnelines.Lemma 3.1 For a �xed (z; y; 0) 2 `, the element x 2 GF(q) is an r-fold rootof H(X; y; z) if and only if the line with equation zY = yX + xZ interse
ts Uin exa
tly r points. 23.1 A bound on the degree of the g.
.d.In this se
tion, �rst we re
all Sz}onyi's results from [53℄, Se
tion 3. There a
ondition was given whi
h guarantees that the greatest 
ommon divisor of twogiven polynomials has a pres
ribed degree.47



48 3. Algebrai
 ba
kgroundResult 3.2 (Sz}onyi [53℄) Let u(X) = u0Xn + u1Xn�1 + ::: (u0 6= 0) be a poly-nomial of degree n and v(X) = v0Xn�1+ v1Xn�2+ ::: be a polynomial of degreeat most n� 1. Denote by Rk the following 2k � 2k matrix:
Rk =

0BBBBBBBBBBBBBBBBBBBB�
u0 0 0 ::: 0 0 0 ::: 0u1 u0 0 ::: 0 �v0 0 ::: 0u2 u1 u0 ::: 0 �v1 �v0 ::: 0... ...uk�1 uk�2 uk�3 ::: u0 �vk�2 �vk�3 ::: �v0 0uk uk�1 uk�2 ::: u1 �vk�1 �vk�2 ::: �v0... ...... ...u2k�1 ::: ::: uk �v2k�2 �v2k�3 ::: �vk�1

1CCCCCCCCCCCCCCCCCCCCAwhere uj, j > n and vi, i > n� 1 supposed to be zero.If the degree of the greatest 
ommon divisor of u and v is n � k, then thedeterminant of Rk is non-zero. When the degree of the greatest 
ommon divisoris greater than n� k, then detRk = 0.Note that detRk plays a very similar role to the resultant. A
tually, deletingthe �rst row and the �rst 
olumn of Rk we get ba
k a submatrix of the resultant,for n = k it is the resultant of the two polynomials. The advantage now is thatwhen the greatest 
ommon divisor of the two polynomials is large, then thematrix Rk is small.Proof: Let r(x) be the greatest 
ommon divisor of u and v. Denote by �
the quotient u=r and let �a = v=r. Sin
e deg(r) = n � k, we 
an suppose that�
(x) = xk + �
1xk�1 + ::: and �a(x) = �a0xk�1 + :::. For these polynomials we haver(x) = u(x)=�
(x) = v(x)=�a(x). In other words, this means that:u(x)�a(x)� v(x)�
(x) = 0; (3.1)and this polynomial equation 
an be interpreted as a system of linear equationsfor the 
oeÆ
ients.More pre
isely, if we 
ompute the 
oeÆ
ient of xn+k�1 in u(x)�a(x)�v(x)�
(x),then it is just u0�a0 � v0 � 1, and sin
e this is zero, we get the �rst equationu0�a0 = v0. Now the 
oeÆ
ient of xn+k�2 is u1�a0+u0�a1� v1 � 1� v0�
1. Sin
e thisis zero, we get the equation u1�a0+ u0�a1� v0�
1 = v1. Continuing in this way, we



A bound on the degree of the g.
.d. 49obtain a system of linear equations. The last equation 
omes from 
omparingthe 
oeÆ
ients of xn�k.Rk(�a0; : : : ; �ak�1; �
1; : : : �
k)T = (v0; : : : ; v2k�1)T (3.2)Note that the right-hand side is non-zero when the greatest 
ommon divisorhas degree at least n�k, sin
e v0 = : : : = vk�1 = 0 would imply that the degreeof r is at most n� k � 1.It is important to note that the solutions of the system of linear equations
orrespond to solutions of the polynomial equation, if we know in advan
e thatthe greatest 
ommon divisor has degree at least n � k. Indeed, if �a0; :::; �ak�1,�
1; :::�
k is a solution of our system of linear equations, then the polynomials�
(x) = xk + �
1xk�1 + ::: and �a(x) = �a0xk�1 + ::: will have the property thatu(x)�a(x)�v(x)�
(x) has degree less than n�k. Sin
e this polynomial is divisibleby r(x), it must be identi
ally zero. Now the polynomial equation (and hen
ethe system of linear equations) has a unique solution if r has degree exa
tlyn � k. To see this, �rst observe that u=r = �
 is a solution of the polynomialequation of degree exa
tly k, so we 
an normalize it; this means that there isat least one solution. Suppose that there are two: �a0; �a00 and �
0; �
00. Then fromu�a0�v�
0 = 0 and u�a00�v�
00 = 0 we get u(�a0��a00)�v(�
0��
00) = 0. Now the degreeof �
0� �
00 is less than k; so we get a 
ontradi
tion after dividing by r. Thereforethe solution is unique if deg(r) = n � k, and it 
an be obtained by Cramer'srule. If the degree of r is stri
tly bigger than n�k, then the above determinantis zero, sin
e the polynomial equation u(x)�a(x) � v(x)�
(x) = 0 
annot have aunique solution. Indeed, we 
an determine �a; �
 with smaller degree and thenmultiply it by anything. 2In the appli
ations we will suppose that the 
oeÆ
ient uj is a homogeneouspolynomial in two variables (Y and Z) whi
h satis�es deg(uj) = tj for a �xedt � 1 or it is the zero polynomial, furthermore, we will also suppose that thesame holds for vj.Similarly as in Result 3.2, we 
onstru
t the matrix Rk(Y; Z). Repla
e them-th 
olumn of Rk(Y; Z) by (v0(Y; Z); : : : ; v2k�1(Y; Z))T to obtain Rk;m(Y; Z).(We imitate the idea of Cramer's rule.) Let us introdu
e the polynomiala(k)(X; Y; Z) = Pk�1i=0 ai(Y; Z)Xk�1�i, where ai(Y; Z) = detRk;(i+1)(Y; Z) andlet 
(k)(X; Y; Z) = Pki=0 
i(Y; Z)Xk�i be the polynomial su
h that 
0(Y; Z) =



50 3. Algebrai
 ba
kgrounddetRk(Y; Z) and 
i(Y; Z) = detRk;(k+i)(Y; Z), when i > 0. Note that iffor the �xed values Y = y and Z = z, the degree of the greatest 
om-mon divisor of u(X; y; z) and v(X; y; z) is n � k exa
tly (so detRk(y; z) 6=0), then it follows from the previous arguments that a(k)(X; y; z) =v(X;y;z)g
d(u(X;y;z);v(X;y;z)) detRk(y; z) and 
(k)(X; y; z) = u(X;y;z)g
d(u(X;y;z);v(X;y;z)) detRk(y; z).Now for the polynomials a(k) and 
(k) a similar proposition to [53, Proposition3.2℄ (where uj and vj were polynomials in one variable) holds.Proposition 3.3 Suppose that the polynomials u(X; Y; Z)=Pni=0 ui(Y; Z)Xn�iand v(X; Y; Z) = Pn�1i=0 vi(Y; Z)Xn�1�i, satisfy deg ui(Y; Z) = ti or ui = 0 anddeg vi(Y; Z) = ti or vi = 0, for a �xed t � 1, and u0 6= 0. Then the determinantof Rk(Y; Z) in Result 3.2 is a homogeneous polynomial (in Y and Z) of degreetk(k � 1) or it is 0. Furthermore, all the subdeterminants of Rk(Y; Z) arehomogenous polynomials.The 
oeÆ
ient of Xk�i in the polynomial 
(k)(X; Y; Z) and the 
oeÆ
ient ofXk�1�i in the polynomial a(k)(X; Y; Z) are homogeneous polynomials (in Y andin Z) of degree tk(k � 1) + ti or they are 0.Proof: To 
al
ulate the degree of the determinant of Rk(Y; Z), observe thatthe degree of the (l; m)-th entry (l; m = 1; :::; 2k) is t(l �m) (or it is 0) if weare in the left-hand side, and it is t(l �m + k � 1) if we are in the right-handside of Rk(Y; Z) (or again that entry is 0). So ea
h term in the expression of thedeterminant has degree exa
tly tk(k � 1). Similarly, one 
an prove easily thatall the subdeterminants of Rk(Y; Z) are homogenous polynomials. If we put(v0(Y; Z); : : : ; v2k�1(Y; Z))T in pla
e of the m-th 
olumn of Rk(Y; Z), then thedegree will be bigger than that of Rk(Y; Z) by t(m � 1) or t(m� k) a

ordingas m is in the left or right part of the matrix, from whi
h the se
ond part of theresult follows. 23.2 An important observationFrom Result 3.2 it follows that if for the �xed value Y = y and Z = z the degreeof the greatest 
ommon divisor of u(X; y; z) and v(X; y; z) is bigger than n� k,then the determinant of Rk(y; z) is 0. Sin
e detRk(Y; Z) is a homogeneouspolynomial, this means that (zY � yZ) is a fa
tor of Rk(Y; Z).



A bound on the degree of the g.
.d. 51As Proposition 3.5 shows a bit more is true, but to prove that the nextlemma is needed.Lemma 3.4 (Sziklai) Let M(Y; Z) be an m � m matrix with entries of poly-nomials depending on Y and Z. Assume that for the �xed values y and z,(zY � yZ)r divides all (m � 1) � (m � 1) subdeterminants of M(Y; Z), then(zY � yZ)r+1 is a fa
tor of detM(Y; Z).Proof: The lemma is true when detM(Y; Z) = 0, hen
e we may assume thatit is not the zero polynomial. LetM�(Y; Z) be the matrix obtained by repla
ingea
h elementmij ofM(Y; Z) by (�1)i+j times the 
orresponding (m�1)�(m�1)subdeterminant ofM(Y; Z). Note that (M�(Y; Z))TM(Y; Z) = (detM(Y; Z))I,where I is the m�m identity matrix; hen
e detM�(Y; Z) = (detM(Y; Z))m�1.By assumption the elements of M�(Y; Z) are divisible by (zY � yZ)r, therefore(zY�yZ)rm divides detM�(Y; Z) = (detM(Y; Z))m�1 and so the lemma follows.2Proposition 3.5 Assume that the polynomials u(X; Y; Z)=Pni=0 ui(Y; Z)Xn�iand v(X; Y; Z) =Pn�1i=0 vi(Y; Z)Xn�1�i are su
h that ui(Y; Z) and vi(Y; Z) arehomogeneous polynomials, furthermore, suppose that deg ui(Y; Z) = ti or ui = 0and deg vi(Y; Z) = ti or vi = 0, for a �xed t � 1, and u0 6= 0. For Y = y andZ = z, let n� k0 be the degree of the greatest 
ommon divisor of u(X; y; z) andv(X; y; z). Assume that k is a non-negative integer su
h that n � k0 � n � kand 
onstru
t the matrix Rk(Y; Z) of Result 3.2. Then (zY � yZ)k�k0 dividesdetRk(Y; Z).Proof: As before, we want to determine the 
oeÆ
ients of the polynomials�a(X) and �
(X), for that u(X; y; z)�a(X) � v(X; y; z)�
(X) = 0, deg �
 = k, (the
oeÆ
ient of Xk is normalized to 1 again) and deg �a � k � 1 hold. Again theprevious equation 
an be interpreted as a system of linear equations with matrixRk(y; z), for the 
oeÆ
ients of �a and �
.Sin
e the degree of the greatest 
ommon divisor of the polynomials u(X; y; z)and v(X; y; z) is n � k0(� n � k), the polynomials �a and �
 are the prod-u
ts �a(X) = v(X;y;z)g
d(u(X;y;z);v(X;y;z)) (Xk�k0 + d1Xk�k0�1 + � � � + dk�k0) and �
(X) =u(X;y;z)g
d(u(X;y;z);v(X;y;z))(Xk�k0+d1Xk�k0�1+ � � �+dk�k0), where di 
an be 
hosen arbit-rary. This means that the 2k�2k matrix Rk(y; z) has rank 2k�(k�k0) = k+k0.



52 3. Algebrai
 ba
kgroundHen
e the (k + k0 + 1)� (k + k0 + 1) subdeterminants of Rk(y; z) are all 0. ByProposition 3.3, all the subdeterminants of Rk(Y; Z) are homogeneous polyno-mials, hen
e (zY � yZ) divides all (k + k0 + 1)� (k + k0 + 1) subdeterminantsof Rk(Y; Z). The result follows by applying Lemma 3.4 (k � k0) times. 2As we will see the above proposition will be 
ru
ial in the next two 
hapters.



Chapter 4(k; pe)-ar
s
4.1 Introdu
tionRe
all that a (k; n)-ar
 in a proje
tive plane is a set of k points su
h that ea
hline interse
ts it in at most n points. It is 
omplete if it 
annot be extended toa (k + 1; n)-ar
.Considering (k; n)-ar
s Barlotti [12℄ showed that for 1 < n < q + 1, we havek � qn � q + n and equality 
an only hold when n divides q. Ar
s of sizeqn� q + n are 
alled maximal. In the Desarguesian proje
tive plane of order q,Denniston [27℄ 
onstru
ted maximal ar
s for every divisor of q, when q is even.Ball, Blokhuis and Mazzo

a [11℄ proved that for q odd, there is no maximalar
.There are several improvements on Barlotti's bound, when n is not a divisorof q. Lunelli and S
e [41℄ showed that k � (n � 1)q + n � 3 and if q is largeenough 
ompared to n, then k � (n� 1)q + 8n=13.Let K be an arbitrary (qn � q + n � "; n)-ar
 in PG(2; q). When n dividesq, a natural question is whether K is in
omplete if " is small enough, that iswhether it 
an be 
ompleted to a maximal ar
. For " = 1, this was shownby Thas [55℄. Ball, Blokhuis [10℄ showed it for " < n=2 when q=n > 3, for" < 0:476n when n = q=3 and for " < 0:381n when n = q=2. This result wasimproved by Hadnagy and Sz}onyi [30℄, namely they proved it for " � 2n=3, ifq=n is large enough. In the previous two results the bound on " depended onn, while in the next theorem this is not the 
ase.53



54 4. (k; pe)-ar
sResult 4.1 (Sz}onyi [53℄) Assume that K is a (qp�q+p�"; p)-ar
 in PG(2; q),q = ph, p prime. Suppose also that " � 12 4pq. Then K 
an be embedded in amaximal ar
.For large n = p, the results of Ball-Blokhuis and Hadnagy-Sz}onyi turn out tobe better, while for small p, Result 4.1 is stronger.When n = 2, (k; n)-ar
s are simply 
alled k-ar
s and maximal ar
s are 
alledhyperovals. In this 
ase Segre [48℄ showed that a (q+2� ")-ar
, " � pq, 
an beextended to a hyperoval. When 4 < q is a square, this result is sharp, sin
e thenthere are 
omplete (q + 1 � pq)-ar
s, see Boros and Sz}onyi [21℄ and Fis
her,Hirs
hfeld and Thas [28℄ and Kestenband [37℄.In this 
hapter we improve on Result 4.1, that is we prove the followingtheorem.Theorem 4.16 Assume that K is a (qpe�q+pe�"; pe)-ar
 in PG(2; q), q = ph,p prime. Suppose also that " � 14pq and pe � 12pq. Then K 
an be embeddedin a maximal ar
.The improvement on the result 
omes from studying [53℄. One of the mainobservations is that Proposition 3.5 and so Proposition 4.4 
an be used to im-prove on Result 4.1. Sz}onyi's method is similar to Segre's one in the sense thathe asso
iates an algebrai
 envelope to the (k; p)-ar
. It turns out that a similarenvelope 
an be asso
iated to the (k; pe)-ar
, when e > 1. This envelope is rein-trodu
ed in Se
tion 3. In [53℄ it is proved that the above envelope fa
tors intolinear 
omponents, i.e. line pen
ils, and the ar
 in question 
an be 
ompletedby adding the verti
es of these line pen
ils. Unfortunately, when " > 4pq=2, we
annot use the idea of fa
torizing this envelope, instead we show that 
ertainlinear 
omponents must be fa
tors of it and this will be enough to 
omplete theproof.In general, probably pq is not the right order of magnitude for ", ex
eptfor the 
ase pe = 2. As we saw earlier, in this 
ase Segre showed that " 
an beas big as pq and this is sharp. Note that the sharpness of Segre's result showsthat if " does not depend on pe, the best order of magnitude of " we 
an get ispq. In Se
tion 4.3 we give a new proof of Segre's result.



The main result 554.2 The main resultFrom now on assume that K is a (qpe � q + pe � "; pe)-ar
 in PG(2; q), q = ph,p prime. Assume also that 0 < " � pq=4.The aim is to prove that K 
an be embedded in a (qpe � q + pe; pe)-ar
.By Thas [55℄, the (qpe � q + pe � 1; pe)-ar
s are in
omplete, hen
e we 
anassume that q � 64. Note that when pe > pq=2, then the embeddability followsby the results of Ball-Blokhuis [10℄ and by Hadnagy-Sz}onyi [30℄, hen
e we maysuppose that pe � pq=2.A line interse
ting K in j points is 
alled a j-se
ant. Denote by i the greatestinteger for that ea
h line interse
ts K in 0 mod pi point. Counting the pointsof K on the lines through a point, we get that pij". Sin
e K is not maximal,pi < pe and so pi � pq=4.Lines interse
ting K in not 0 mod pi+1 points will be 
alled irregular. (Notethat su
h a line 
ontains less than pe points but more than 0 point.) The indexof a point is the number of irregular lines passing through it. Let l be the line atin�nity, then the aÆne index of a point P on l is the number of aÆne irregularlines passing through P . (Hen
e when l is irregular then the aÆne index of Pis one less than its index, otherwise the aÆne index and the index are equal.)Note that through a point of K there pass at most "=pi irregular lines. Denoteby Æ the total number of irregular lines of K. The next lemma gives an upperbound on Æ.At the beginning of this se
tion we follow the proof of Result 4.1.Lemma 4.2 The number Æ, of lines 
ontaining at least 1 but less than pe pointsof K, is� at least (q + 1� pe);� at most pe�1pe�pi "pi (q+1), that is less than 2"pi (q+1), furthermore, when pi = 1,it is at most "(q + 1).Proof: To see that there are at least q + 1 � pe irregular lines, take a line `,so that K n ` is not divisible by pi+1. (When K is not divisible by pi+1, then `
an be a pe-se
ant, otherwise it 
an be an irregular line.) Then through ea
hpoint of K n ` there pass at least one irregular line.



56 4. (k; pe)-ar
sFor the upper bound, let rj(P ) denote the number of (pe�j)-se
ants throughthe point P of K. We have thatPpe�1j=1 jrj(P ) = ". When sj denotes the numberof (pe � j)-se
ants, then sj(pe � j) = PP2K rj(P ). Note that now sj = 0 forpi 6 j(pe � j), hen
e for pi 6 jj. So:pi(pe � pi) pe�piXj=pi sj � pe�piXj=pi j(pe � j)sj =Xj j XP2K rj(P ) = XP2KXj jrj(P ) = "jKjHen
e Æ = Pj sj � ("jKj)=(pi(pe � pi)) and sin
e jKj � (q + 1)(pe � 1), we aredone. 2Let ` be the line at in�nity in PG(2; q), for the aÆne points of K writeK n ` = f(ai; bi; 1)g and 
onsider the R�edei polynomial of K n ` introdu
ed inChapter 3:H(X; Y; Z) = jKn`jYi=1 (X + aiY � biZ) = jKn`jXj=0 hj(Y; Z)X jKn`j�jRe
all that hj(Y; Z) is a homogeneous polynomial of degree j. Furthermore,let us introdu
e the following polynomial:U(X; Y; Z) = jKn`j=piXj=0 uj(Y; Z)X(jKn`j=pi)�j;where uj(Y; Z) = hjpi(Y; Z):Remark that uj is homogeneous and its total degree is jpi. Assume that(z; y; 0) 2 ` nK. Then sin
e ea
h line interse
ts K in 0 mod pi point, the lemmaabove implies that H(X; y; z) is a pi-th power of a polynomial. Furthermore,H(X; y; z) = U(Xpi ; y; z) holds. For any element w of GF(q), there is a uniqueelement x 2 GF(q), su
h that xpi = w. Hen
e there is a 1� 1 
orresponden
ebetween the GF(q)-rational points of H(X; y; z) and U(X; y; z). Furthermore,if (w; y; z) is a point of U , then the interse
tion multipli
ity of the line zY = yZand H at the point (x; y; z) is exa
tly pi times the interse
tion multipli
ity ofthe line zY = yZ and U at the point (w; y; z). So at this point 
onsidering Uinstead of H makes no essential di�eren
e.For any (z; y; 0) 2 ` n K, the multipli
ity of the roots of H(X; y; z) aredivisible by pi (see Lemma 3.1). So when i > 0, the derivative of H(X; y; z)(with respe
t to X) is zero, sin
e the 
hara
teristi
 is p. By the 
hoi
e of i, itis not always the 
ase for the polynomial U(X; y; z); this will be the advantageof using U instead of H.



The main result 57From now on U 0X(X; Y; Z) will denote the partial derivative of U(X; Y; Z)with respe
t to X. The fa
t that through a point (z; y; 0) 2 (` n K) there passexa
tly s irregular lines 
an be interpreted by the polynomial U(X; Y; Z).Lemma 4.3 The aÆne index of a point (z; y; 0) 2 (` n K) is s if and only ifthe greatest 
ommon divisor of U(X; y; z) and U 0X(X; y; z) has degree exa
tlydegX(U)� s, that is (jK n `j=pi)� s.Proof: By Lemma 3.1, the multipli
ity of a root x ofH(X; y; z) is not divisibleby pi+1, if and only if x 
orresponds to an irregular line through (z; y; 0). Fromthe argument above it follows that the roots of U(X; y; z) will have multipli
itydivisible by p or they will 
orrespond to irregular lines. The 
hara
teristi
 isp, so 
onsidering U 0X(X; y; z), the roots (of U(X; y; z)) that had multipli
itydivisible by p will have at least this multipli
ity, while the multipli
ity of theother roots will de
rease by 1. Thus the greatest 
ommon divisor of U(X; y; z)and U 0X(X; y; z) has degree exa
tly degX(U)� s. 2Assume that there is a point in ` n K with aÆne index s. For theparameter s and for the polynomials U(X; Y; Z) and U 0X(X; Y; Z) 
onstru
tthe matrix Rs(Y; Z) and the polynomial 
(s)(X; Y; Z) introdu
ed in Se
tion2. Observe that the 
oeÆ
ients of U and U 0X 
an be expressed using the
oeÆ
ients u0(Y; Z); u1(Y; Z) : : : of U(X; Y; Z), that is using the 
oeÆ
ientsh0(Y; Z); hpi(Y; Z) : : : of H(X; Y; Z). First of all note that for any (z; y; 0) 2(` n K) with aÆne index s:
(s)(X; y; z) = U(X; y; z)g
d(U(X; y; z); U 0X(X; y; z)) detRs(y; z):By Result 3.2 and by Lemma 4.3, detRs(y; z) is not zero. Hen
e an elementx is a root of 
(s)(X; y; z) if and only if x 
orresponds to an irregular line through(z; y; 0). Note that the multipli
ity of the roots of 
(s)(X; y; z) is always 1.Our aim is to �nd a typi
al index on `, su
h that most of the points on `nKhave aÆne index s. The next lemma is 
ru
ial for �nding su
h an index.Lemma 4.4 Let ` be a line and assume that the point P in ` n K has aÆneindex k. Denote by nk�h the number of points of ` n K that have aÆne index(k � h). Then Pkh=1 hnk�h � pik(k � 1).



58 4. (k; pe)-ar
sIn [53℄ e = 1 and so i = 0. There it was showed that the number of pointsin ` n K that has index less than k is at most k(k � 1). The lemma above isvery similar to this, the only di�eren
e is that now the points are 
ounted withweights. This will be one of the main observations that helps to improve onResult 4.1.Proof: Let ` be the line at in�nity and for the aÆne point set Kn ` 
on-stru
t the polynomial U(X; Y; Z). Assume that P = (z; y; 0). By Lemma4.3, deg(g
d(U(X; y; z); U 0X(X; y; z))) is degX(U) � k. For the polynomialsU(X; Y; Z) and U 0X(X; Y; Z) and for the value k, 
onstru
t the matrix Rk(Y; Z)introdu
ed in Se
tion 3.1. By Result 3.2, detRk(y; z) 6= 0 and so detRk(Y; Z) 6=0. Furthermore, by Proposition 3.5, if (z0; y0; 0) 2 ` n K has index k � h, h > 1,then (z0Y�y0Z)h is a fa
tor of det Rk(Y; Z). SoPkh=1 hnk�h � deg(detRk(Y; Z))and by Proposition 3.3 it is at most pik(k � 1). 2Proposition 4.5 For every line `, there is a unique value s = s(`) su
h that:(1) s � Æq+1 + 12 ;(2) at least q + 1� q4pi �pq points on ` n K have aÆne index s(`);(3) if a point of ` nK has aÆne index larger than s, then its aÆne index is atleast q+1�pqpi .Proof: Let k be a value su
h that there exists a point on `nK with aÆne indexk. Let nk�h be the number of points on `nK having aÆne index (k�h), h � 0.Then the number Æ of irregular lines ofK is at least (q+1�j`\Kj)k�Pkh=1 hnk�h.By Lemma 4.4, it is at least (q + 1� j` \ Kj)k � pik(k � 1). Hen
e:(q + 1� j` \ Kj)k � pik(k � 1) � Æ (4.1)Sin
e j` \ Kj � pq=2 and "; pi � pq=4, estimating the dis
riminant in (4.1) by(q+1� j`\Kj+ pi� (2pi(Æ=q+1)+ pi))2 from below, we get that k � Æq+1 + 12or k � q+1�2"�j`\Kjpi .Let s be the greatest value su
h that it is at most Æq+1 + 12 and there exists apoint on `nK having index s. The number of irregular lines is less than 2"pi (q+1),so there are at most 2" points having index bigger than s (hen
e index at leastq+1�pqpi ). By Lemma 4.4 the number of points on ` n K with index smaller than



The main result 59s is at most pis(s� 1) � 4"2pi ; so the number of points on ` nK with aÆne indexs(`) is at least q + 1�j` \ Kj� 4"2pi �2". 2The value s(`) above will be 
alled the typi
al aÆne index on `. Furthermore,a typi
al point of ` is a point of ` n K with typi
al aÆne index. Until this pointwe followed the proof of Result 4.1, now we leave that way.By Lemma 4.2, there are less than 2"(q+1)=pi lines 
ontaining at least 1 butless than pe points of K. Hen
e for any line `, there are at least (q+1)=2�pq=2points of ` n K, so that the number of not pe- or 0-se
ants (of K) through thesepoints is less than (4")=pi. Through su
h points there pass at least q+5"pe � 4"pi �pq lines not interse
ting K, sin
e a j-se
ant, 0 < j < pe, 
ontains at least pipoints.Remark 4.6 There are points through whi
h there pass at least pq skew linesto K.Next we will make the bound in Proposition 4.5 (1) more a

urate.Lemma 4.7 The typi
al aÆne index of an irregular line is at most Æq+1 � 12 .Proof: Take a typi
al point P on an irregular line g and denote by s(g) thetypi
al aÆne index on g, thus the total number of irregular lines through P iss(g) + 1. Note that by Proposition 4.5, there is a gap between the values ofthe typi
al aÆne index and the next possible aÆne index after it, so on a linethrough P , whi
h is not irregular, the typi
al aÆne index is at least s(g) + 1;hen
e the result follows from Proposition 4.5 (1). 2By Lemma 4.2, Æ=(q +1) � 2"=pi, furthermore sin
e 2"=pi is an integer, thelemma above says that the typi
al aÆne index of a line is at most 2"=pi whilethe typi
al aÆne index of an irregular line is less than 2"=pi. Proposition 4.5and Lemma 4.7 yields the following 
orollary.Corollary 4.8 � The index of a point is either at most 2 "pi or at leastq+1�pqpi . The latter index will be 
alled big.� The typi
al aÆne index on an irregular line is less than 2 "pi , on the re-maining lines it is at most 2 "pi .



60 4. (k; pe)-ar
sThe next lemma is a very important 
orollary of Lemma 4.7.Lemma 4.9 On ea
h irregular line there is at least one point with big index.Proof: Assume to the 
ontrary, that there exists an irregular line ` su
h thatnone of its points have big index. By Lemma 4.7 and by Lemma 4.5 (3), theaÆne index of any point in ` n K is at most Æq+1 � 12 . Sin
e ` is irregular, theaÆne index of a point in ` \ K is at most "=pi � 1. Hen
e by 
ounting thenumber of irregular lines through the points of ` we get at most:Æ � 1 + ( "pi � 1)j` \ Kj+ ( Æq + 1 � 12)j` n Kj (4.2)Substituting q + 1� j` \ Kj in j` n Kj, we get a 
ontradi
tion. 2In [53℄ a 
urve was asso
iated to (k; p)-ar
s, so that the points of this 
urve
orresponded to irregular lines. Now we introdu
e almost the same 
urve.Proposition 4.10 Let s be the typi
al aÆne index for the line at in�nity. Thenthere is a 
urve 
`(X; Y; Z) su
h that:(1) degX(
`) = pis, deg(
`) � pis2 � (q=4pi);(2) when the point (z; y; 0) 2 ` nK has index s, then x is a root of the polyno-mial 
`(X; y; 1) if and only if the line zY = yX + xZ is irregular.Proof: For the polynomials U(X; Y; Z) and U 0X(X; Y; Z) 
onstru
t the polyno-mial 
(s)(X; Y; Z) introdu
ed in Se
tion 3.1. By Proposition 3.3, the 
oeÆ
ientof Xs�j in 
(s) is homogeneous and if it is not zero, then its total degree ispis(s� 1) + pij. In the polynomials 
(s) substitute Xpi in pla
e of X to obtainthe homogeneous polynomial 
`. Hen
e the result follows by Corollary 4.8 andby Proposition 3.3. 2In [53℄ using B�ezout's theorem it was shown that the 
urve asso
iated tothe (k; p)-ar
 does not depend on the 
hoi
e of the line at in�nity and so itsplits into linear fa
tors, that is into line pen
ils. Finally, it was proved that byadding to the (k; p)-ar
 the verti
es of these line pen
ils we get a maximal ar
.Unfortunately when " � 4pq=2, the degree of 
` is too large so we 
annot useB�ezout's theorem, hen
e we have to do something else.



The main result 61In the rest of this 
hapter we show that by adding the points with bigindex to K we obtain a maximal ar
. Of 
ourse, now this will be done withoutfa
torizing 
`. Note that Lemma 4.9 was the �rst step in this dire
tion. Thoughwe 
annot fa
torize 
`, some of its 
omponents are known. From now on often
` will be 
onsidered as a dual 
urve, that is an envelope.Proposition 4.11 For any line ` 
onstru
t the 
urve 
`. Consider 
` as a dual
urve, so as an envelope. Let P = (ai; bi; 1) be a point in PG(2; q) n `, su
h thatit has big index. Then the line pen
il (X + aiY � biZ) 
orresponding to P is a
omponent of 
`.Proof: By Proposition 4.5, there are at least q+1�pqpi � q4pi �pq irregular linesthrough P whi
h interse
t ` in typi
al points. Hen
e by Proposition 4.10 (2),there are at least this many 
ommon lines of 
` and the line pen
il 
orrespondingto P . When q � 16, this is bigger than deg 
`, so by B�ezout's theorem we aredone. 2Proposition 4.12 The value i must be 0.Proof: Pi
k a point P with big index and for a line ` not through P 
onstru
tthe 
urve 
`. By Proposition 4.11, the line pen
il 
orresponding to P is a
omponent of 
`. By Proposition 4.5, there are at least q + 1 � q=(4pi) � pqpoints on ` n K with typi
al index, hen
e Proposition 4.10 (2) implies thatthrough P there pass at least this many irregular lines. On an irregular linethere are at most pe � pi points. So when pi > 1, 
ounting the points of K onthe lines through P we get mu
h less points than jKj. Therefore i is either 0 orthere is no point with big index at all. Hen
e when i > 0, then by Lemma 4.9,there is no irregular line, whi
h 
ontradi
ts the 
hoi
e of i. 2Note that by Lemma 4.2 and by Proposition 4.5, i = 0 means that the indexof any point is at most " or at least q + 1 � pq. This latter index was 
alledbig. Furthermore, the 
urve 
` in Proposition 4.10 has degree at most q=4, itsX-degree is at most the typi
al index (that is at most ") and the polynomialU(X; Y; Z) is just the polynomial H(X; Y; Z).Corollary 4.13 The number of points with big index is at most ".



62 4. (k; pe)-ar
sProof: Let ` be the line at in�nity and 
onstru
t the envelope 
`. By Propo-sition 4.11, a line pen
il 
orresponding to an aÆne point having big index mustbe a 
omponent of 
`. The X-degree of su
h a 
omponent is 1, hen
e by Propo-sition 4.10 (1) and by Proposition 4.12, there are at most " aÆne points withbig index. If there are no points with big index on `, then we are done.Otherwise, there are at most " su
h points on `, so in total there are at most2" points with big index. The result follows by 
hoosing another `, so that itdoes not 
ontain points with big index. 2Corollary 4.14 Let ` be the line at in�nity. Then a line di�erent from ` andpassing through a typi
al point of ` 
ontains exa
tly 1 aÆne point with big indexwhen it is irregular and 0 otherwise.Proof: Assume that (z; y; 0) is a typi
al point on ` and 
hoose g to be a linethrough (z; y; 0). First we show that g is irregular if and only if g 
ontains anaÆne point with big index. Note that by Lemma 4.9, we only have to showthat if g passes through a point having big index, then g must be irregular.This follows from Proposition 4.10 (2), sin
e by Proposition 4.11, any line pen
il
orresponding to an aÆne point having big index is a 
omponent of the envelope
`. We only left to show that when g is irregular, then it 
annot 
ontain morethan 1 point with big index; but this follows from the fa
t that the multipli
ityof any root of 
`(X; y; 1) is 1. 2Observe that the lemma above 
an be translated in terms of the envelope
onstru
ted in Proposition 4.10. For any line ` at in�nity, the envelope 
`
ontains degX(
`) linear fa
tors 
orresponding to the aÆne points having bigindex. The rest of the 
omponents of 
` do not depend on X.Lemma 4.15 On any line ` there exists a typi
al point P , su
h that the aÆneirregular lines through P are all (pe � 1)-se
ants.Proof: Denote by B the set of points having big index. Note that B is notempty, sin
e otherwise by Lemma 4.9, there would be no irregular line, whi
h
ontradi
ts the 
hoi
e of i. For a point b 2 B, denote by r(b) the number ofpe-se
ants and by t(b) the number of at most (pe � 2)-se
ants passing throughb. Let R = Pb2B r(b) and T = Pb2B t(b). Counting the points of K from ea
h



The main result 63point of B, we get jBj(qpe� q+ pe� ") points (with multipli
ity). On the otherhand, we 
ount at most Rpe + T (pe � 2) + (jBj(q + 1)�R� T )(pe � 1) points.Hen
e T � R + jBj("� 1) and sin
e there are at most " points with big indexwe get that T � R+"("�1). Our aim is to show that T is less than the numberof typi
al points on ` (so it is less than 34q + 1�pq, see Proposition 4.5); fromwhi
h the result follows. To do this we prove that R is at most "("� 1); hen
eT is at most 2"("� 1), that is less than q=8.Take a line g that is skew to B. By Proposition 4.5 (3) and by Corollary4.14, the typi
al aÆne index on g is B and a non-typi
al point has index lessthan jBj. Pi
k a point G of g n K that has index jBj � h, h � 0, and 
ountthe pe-se
ants through G, ea
h with multipli
ity the number of points with bigindex on it. This value is at most h, sin
e on ea
h irregular line there must beat least 1 point with big index. Now adding up this value for the points on gnKwe get R, on the other hand by Lemma 4.4, we get at most jBj(jBj � 1), thatis at most "("� 1). 2Theorem 4.16 Assume that K is a (qpe�q+pe�"; pe)-ar
 in PG(2; q), q = ph,p prime. Suppose also that " � 14pq and pe � 12pq. Then K 
an be embeddedin a maximal ar
.Proof: Denote by K0 the union of the points of K and the points with bigindex. We show that ea
h line interse
ts K0 in 0 mod pe point. Pi
k a line`. By Lemma 4.15, there is at least one typi
al point P on ` su
h that theirregular lines of K through P are all (pe � 1)-se
ants. By Corollary 4.14, ea
hline through P 
ontains 1 or 0 point with big index a

ording as it is irregularor not, when
e they interse
t K0 n ` in 0 mod pe point; so jK0 n `j � 0 mod (pe)holds. By Remark 4.6 and by Corollary 4.13, there exists a line g that is skew toK0. When g plays the role of `, then the argument above implies that jK0j � 0mod (pe), from whi
h j` \ K0j � 0 mod (pe) follows.Sin
e there are at most " points with big index, jK0j � qpe � q + pe. Takea point of K0. The lines through this point interse
t K0 in at least pe points,hen
e K0 � qpe � q + pe. So jK0j = qpe � q + pe and any line interse
ts K0 in 0or in pe points, thus K0 is maximal. 2Combining Theorem 4.16 with the result of Ball, Blokhuis and Mazzo

a on
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snon-existen
e of maximal ar
s (and with the results of [10℄ and [30℄), the next
orollary follows:Corollary 4.17 A (k; pe)-ar
 in PG(2; q), q = ph, p > 2 prime, has size lessthan qpe � q + pe � 14pq. 24.3 RemarksFor sake of simpli
ity we proved our main theorem for the 
onstant 1=4. Thesame proof, but a bit more 
ompli
ated 
ounting shows that the 
onstant 
anbe slightly improved. But sin
e in general, ex
ept when pe = 2, the right orderof magnitude is probably not pq, the 
onstant is not really relevant.For pe = 2, Segre showed (see [48℄) that (q + 2 � ")-ar
s, " � pq, arein
omplete. On the other hand, when 4 < q is a square, then there exist
omplete ar
s of size q � pq + 1 (see [21℄, [28℄ and [37℄), whi
h shows that inthis 
ase the result is sharp.We give a new proof for Segre's result using the idea of the previous se
tions.The reason why now the 
onstant 
an be improved to 1 is that in this spe
ial
ase everything turns out to be mu
h simpler. Note that for " � pq, Lemma4.4 remains still true.Theorem 4.18 Any ar
 in PG(2; q), q even, of size greater than q � pq + 1
an be embedded in a hyperoval.Proof: If there is a point, not in the ar
, through that there pass only 0- and1-se
ants, then adding this point to the ar
 we still get an ar
. Repeating thispro
ess until there is no more su
h a point, we obtain an ar
 K. We show thatK is a hyperoval.Assume to the 
ontrary, that K is not a hyperoval, hen
e jKj = q + 2 � ",where 1 � " � pq. First of all observe that there are exa
tly " 1-se
ants passingthrough a point of K, hen
e the total number of 1-se
ants is "(q + 2� ") 6= 0.We show that the index s of a point on any 0-se
ant ` is at most ". As beforeby Lemma 4.4, 
ounting the 1-se
ants through the points of ` we get at least(q+1)s�s(s�1), that is at most "(q+2�"); from whi
h s � " or s � q+2�"follows. Note that there 
an be no point with index at least q + 2 � ", sin
e
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h a point would have index q+2�" exa
tly and it 
ould have been added toK. Furthermore, sin
e through ea
h point outside K there passes at least one0-se
ant, the argument above implies that the index of any point is at most ".Hen
e the 1-se
ants form a dual ("(q+2�"); ")-ar
 and so when 1 � " � pq,the 
ontradi
tion follows by Barlotti's bound. 2



66 4. (k; pe)-ar
s



Chapter 5A 
onje
ture of Mets
hAfter I had �nished the �rst draft of this thesis, I parti
ipated in the 
onferen
e\Combinatori
s 2002", where Klaus Mets
h presented the 
onje
ture below.Realizing that this was one of the most elegant appli
ations of the ideas inSe
tions 3.1 and 3.2, I felt that its proof 
annot be left out from the thesis.Conje
ture 5.1 (Mets
h) Let B be a point set in PG(2; q). Pi
k a point P notfrom B and assume that through P there pass exa
tly r lines meeting B (thatis 
ontaining at least 1 point of B). Then the total number of lines meeting Bis at most 1 + rq + (jBj � r)(q + 1� r).First of all observe that there are point sets for whi
h the given bound issharp. Assume that r� 1 is the order of a subplane � in PG(2; q) and let B bethe proper subset of � 
ontaining r 
ollinear points, hen
e B blo
ks all the linesof �. So the number of lines meeting B is ((r�1)2+(r�1)+1)+ jBj(q+1�r),where the �rst part is the number of lines in �, the se
ond 
ounts the linesthrough the points of B whi
h does not 
ontain a line of �. Choose P to be in� nB, hen
e the number of lines through P meeting B is r and so the bound inthe 
onje
ture is sharp. Note that the following well-known result of Jamison[36℄ and Brouwer and S
hrijver [22℄ is a 
onsequen
e of the statement of the
onje
ture.Theorem 5.2 (Jamison, Brouwer and S
hrijver) A blo
king set in AG(2; q)
ontains at least 2q � 1 points.Proof: Assume to the 
ontrary that there is a blo
king set B in AG(2; q), ofsize jBj � 2q � 2. Embed AG(2; q) into PG(2; q) and let P be an ideal point.67



68 5. A 
onje
ture of Mets
hNow the value r in the 
onje
ture above is q and so the total number of linesmeeting B is at most 1 + qq + (jBj � q)(q + 1 � q) � q2 + q � 1; whi
h is a
ontradi
tion, sin
e B blo
ks all the q2 + q aÆne lines. 2There are blo
king sets of size less than 2q� 1 on 
ertain non-DesarguesianaÆne planes of order q, see [25℄. This shows that the 
onje
ture 
annot be trueover arbitrary proje
tive planes. For the proof of the 
onje
ture the followinglemma is 
ru
ial.Lemma 5.3 Let `1 be the line at in�nity in PG(2; q) and let S be a point setin PG(2; q) n `1. Assume that jSj 6= q and suppose that through the ideal point(z; y; 0) there pass t (aÆne) lines meeting S. Denote by nt+h the number ofideal points through that there pass exa
tly t+ h (aÆne) lines meeting S. ThenPq�th=1 hnt+h � (jSj � t)(q � t).Proof: For the points of S write f(ai; bi; 1)g and 
onsider the three-variableR�edei polynomial of S, that is H(X; Y; Z) = QjSji=1(X + aiY � biZ) =PjSjj=0 hj(Y; Z)X jSj�j. Re
all that deg hj = j or hj = 0. It follows from Lemma3.1, that degX g
d(H(X; y; z); Xq �X) = t.For the polynomialsH and Xq�X and for the value k = max(degX H; q)�t,
onstru
t the matrix Rk(Y; Z) introdu
ed in Se
tion 3.1. By Proposition 3.5, ifthrough (z0; y0; 0) 2 `1 there pass t+h, h � 1, lines meeting S, then (z0Y �y0Z)his a fa
tor of det Rk(Y; Z). Hen
e Pq�th=1 hnt+h � deg(detRk(Y; Z)).To write up the matrix Rk(Y; Z) we have to distinguish two 
ases a

ordingas jSj is smaller or bigger than q. Here we only 
onsider the 
ase jSj < q, theother 
ase 
an be handled similarly and so it is left to the reader. Let jSj = q�a(note that t � q � a), hen
e Rk is the following 2(q � t)� 2(q � t) matrix:
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0 0 ::: 0...Iq�t �h0(Y;Z) 0 ::: 0�h1(Y;Z) �h0(Y;Z) ::: 0... . . .�hq�t�a�1(Y;Z) �hq�t�a�2(Y;Z) ::: ...�hq�t�a(Y;Z) �hq�t�a�1(Y;Z) :::...A ... ...�h2(q�t)�a�1(Y;Z) �h2(q�t)�a�2(Y;Z) ::: �hq�t�a(Y;Z)

1CCCCCCCCCCCCCCCCCCCCCCCCCAwhere A is the zero matrix, when 2(q � t) � q � 1; otherwise the zeros at the(t � 1 + i; i)-th entries of A, i = 1 : : : q + 1 � 2t, are repla
ed by �1. It isnot diÆ
ult to see that the degree of ea
h term of the determinant is at most(q � t� a)(q � t) = (jSj � t)(q � t), hen
e the degree of the determinant is alsoat most this value. 2Proof of Mets
h' 
onje
ture: For the line at in�nity `1 
hoose an m-se
ant,m > 0, of B passing through P . Note that now the line at in�nity meets B,hen
e through P there pass (r� 1) aÆne lines 
ontaining at least 1 point fromB. Again denote by n(r�1)+h the number of ideal points through whi
h therepass exa
tly (r � 1) + h aÆne lines meeting B. Let us sum up the numberof aÆne lines meeting B through the ideal points, in total we get at mostqm+ [(q+1�m)(r� 1)+Pq�(r�1)h=1 hn(r�1)+h℄; where the �rst part 
orrespondsto the points of `1 \B, the se
ond to the points of `1 nB. When jB n `1j 6= q,then the result follows from Lemma 5.3 immediately.Now assume that for ea
h line ` through P , for that ` 
ontains at least 1point of B, jB n `j = q holds. Then either ea
h line through P 
ontains exa
tly1 point of B, hen
e r = q + 1 and so Mets
h' bound gives 1 + q + q2 (whi
his just the total number of lines of PG(2; q)) or it follows that jBj � 2r. Notethat in the latter 
ase r < q + 1, hen
e there is a line `0 through P so that it isskew to B. Sin
e now jBj � 2r, 
hoosing `0 to be the line at in�nity, Lemma5.3 gives a stronger bound than it is in Mets
h' 
onje
ture. 2
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SummaryCon
erning �nite geometry, several methods 
an be used from other �elds ofmathemati
s. The �rst two 
hapters of the thesis 
ontain mostly 
ombinatorialand geometri
 reasonings, while the last two 
hapters give examples of howalgebrai
 results 
an be applied.In Chapter 1 a geometri
 
onstru
tion for various minimal planar blo
kingsets is presented. In Se
tion 1.1 we 
onstru
t minimal planar blo
king sets using3-dimensional proje
tive spa
es. Se
tion 1.2 is the generalization of the previousse
tion. With minor alteration, the idea of Se
tion 1.2 
an be used to 
onstru
t(q + t; t)-ar
s of type (0; 2; t), see Se
tion 1.3. The results of this 
hapter arefrom the works with G�a
s, Polverino and Sz}onyi.In PG(2; q), q = ph, Sz}onyi proved that a small minimal blo
king set inter-se
ts ea
h line in 1 mod p point. The main result of Chapter 2 is that togetherwith Sz}onyi, we generalize this result to higher dimensions.In Chapter 3 the 
ommon algebrai
 ba
kground used in the next two 
haptersis summarized.In planes of order q = ph, the largest (k; pe)-ar
 has size at most qpe� q+pe;ar
s of that size are 
alled maximal. Sz}onyi showed that when e = 1 and" � 4pq=2, a (qpe � q + pe � "; pe)-ar
 
an be extended to a maximal ar
. InChapter 4, this result is improved for pe � pq=2 and for " � pq=4. When pis odd, by Ball-Blokhuis, maximal ar
s do not exist; hen
e the result above saythat for the largest (k; pe)-ar
, k < qpe � q + pe �pq=4 hold.Finally, in Chapter 5 a 
onje
ture of Mets
h on the number of lines inter-se
ting a point set is proved.
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Magyar nyelv}u �osszefoglal�oA v�eges geometri�akban a matematika k�ul�onb�oz}o ter�uleteinek m�odszerei alkal-mazhat�oak: a disszert�a
i�o els}o k�et fejezete nagyr�eszt geometriai �es kombina-torikus m�odszereket haszn�al, m��g a m�asodik r�eszben az algebrai m�odszerek al-kalmazhat�os�ag�ara l�atunk p�eld�akat.Az 1. fejezetben magasabb dimenzi�os projekt��v terek seg��ts�eg�evel minim�alislefog�o ponthalmazokat konstru�alunk Galois s��kokon . Az itt szerepl}o eredm�enyekG�a
s
sal, Polverinoval �es Sz}onyivel k�oz�os munk�akb�ol sz�armaznak. A kon-stru�alt p�eld�ak sok szempontb�ol �erdekesek. A fejezet v�eg�en megmutatjuk, hogya konstruk
i�o �otlet�evel nem 
sak lefog�o halmazokat, hanem (az �otletet ki
sitm�odos��tva) (0; 2; t) t��pus�u (q + t; t)-��veket is el}o�all��thatunk.A 2. fejezetben Sz}onyivel k�oz�osen, Sz}onyi s��kbeli lefog�o halmazokra vonat-koz�o 1 mod p eredm�eny�et terjesztj�uk ki 2 < n dimenzi�oba. Majd ezt n dimenzi�oslefog�o halmazok karakteriz�al�as�ara haszn�aljuk.A 3. fejezet az utols�o k�et fejezet algebrai �otlet�et foglalja �ossze.PG(2; q)-ban, a legnagyobb (k; pe)-��v m�erete legfeljebb qpe� q+ pe, az ilyenm�eret}u ��veket maxim�alisnak nevezik. Sz}onyi megmutatta, hogy e = 1 �es " �4pq=2 eset�en, egy (qpe� q + pe � "; pe)-��v be�agyazhat�o egy maxim�alis ��vbe. A 4.fejezetben ezt az eredm�enyt terjesztem ki " � pq=4-re �es e = 1-r}ol pe � pq=2-re. Ball-Blokhuis megmutatta, hogy p�aratlan q eset�en nin
senek maxim�alis��vek;ilyenkor a fenti eredm�enyb}ol a (k; pe)-��vek m�eret�ere kapunk fels}o korl�atot.V�eg�ul a 5. fejezetben Mets
h egy sejt�es�ere adok bizony��t�ast.
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