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Abstract

We show that the Galois cohomology groups of p-adic representations of a direct
power of Gal(Q,/Q,) can be computed via the generalization of Herr’s complex to mul-
tivariable (¢,I')-modules. Using Tate duality and a pairing for multivariable (¢, T’)-
modules we extend this to analogues of the Iwasawa cohomology. We show that all p-
adic representations of a direct power of Gal(Q,/Q,) are overconvergent and, moreover,
passing to overconvergent multivariable (¢, I')-modules is an equivalence of categories.
Finally, we prove that the overconvergent Herr complex also computes the Galois co-
homology groups.
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1 Introduction

In recent work [36], [37] of the second named author the relevance of p-adic representations
of a direct power of the absolute Galois group Gal(Q,/Q,) to the p-adic Langlands programme
is pointed out. The main result of [37] is that for any finite set A the category of continuous
representations of the group Gg, A = [[,ca Gal(Q,/Q,) over F, (resp. over Z,, resp. over Q,)
is equivalent to the category of certain “multivariable” étale (¢, [')-modules: the coefficient
ring modulo p" is the Laurent series ring Z,/(p")[Xa | @ € AJ[X,! | @ € A] and there is
an operator ¢, and group I'y, = Z7 for each variable X, that acts via usual Frobenius lift,
resp. cyclotomic character on the corresponding variable, and trivially on the other variables
X for all p € A different from a. On the other hand, in [36] a functor DX is constructed
from the category of smooth p-power torsion representations of the Q,-points G of a Q,-split
connected reductive group with connected centre to the category of multivariable (o, T')-
modules (together with a linear action of the centre Z(G)) where the index set A is the set
of simple roots of G' with respect to a choice of Borel subgroup B and maximal Q,-split
torus T < B. The definition of the functor DX builds on earlier work of Breuil [9] and has
some promising properties: compatibility with tensor products and parabolic induction; right
exactness in general and exactness on extensions of principal series; faithfulness on extensions
of irreducible principal series. The reason why we strongly believe that representations of
Go,.a arise naturally in the p-adic Langlands programme for higher rank reductive groups
over @, is mainly that the representations theory of, say, GL,(Q,) (n > 2) is much more
complicated than that of G, having p-cohomological dimension 2. For instance, the work
of Breuil and Herzig [10] suggests that a generalized Montréal functor [9], applied to Hecke
isotypical components of the cohomology of certain Shimura varieties, should not produce the
Galois representation p attached to the Hecke eigensystem, but a certain tensor induction
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of it. The idea is to possibly interpret the higher exterior powers A‘p, too, in this picture as
representations of different copies of Gig,. One hint is that even in the case of GL2(Q,) the
determinant A?p appears on the automorphic side as a central character. What supports this
is that the individual factors A’p indeed appear in the Shimura cohomology of unitary groups
of type U(i,n — i) [11] even though there is no evidence for the appearance of their tensor
product so far.

The goal of the present paper is to further develop the theory of “multivariable (¢, I')-
modules” with an eye on possible applications to p-adic Hodge theory, to the p-adic Langlands
programme, and to Iwasawa theory.

1.1 Outline of the paper

In section we define the (Fontaine—)Herr complex ®I'*(D) of a multivariable (¢, I')-
module D, which is, informally speaking, the Koszul-complex of the (commuting) operators
{(¢a — 1), (7a — 1) | @ € A} acting on D for some topological generator 7, € ', (with
slight modification in case p = 2). We show that the cochain complex ®I'*(D) computes the
Gg,,a-cohomology of the corresponding representation V' = V(D). Our proof is new even
in the classical case |A| = 1 (due to Herr [20]) and is more conceptual than the existing
proofs: Instead of verifying [20] rather intrinsically that the d-functor D + h'®[*(D) (i > 0)
is coeffaceable or directly computing h!®T*(D) [15] we extend the equivalence of categories
D with étale (¢, I')-modules to the category of discrete p-primary abelian groups with con-
tinuous Gg, a-action by taking direct limits. The latter category has enough injectives, so by
dimension shifting and checking h°®T'*(D) = V%2 we may assume that V(D) is injective
in which case the statement follows by a simple spectral sequence argument. Our proof is
self-contained in the case p = 2 (see section [2.2)), too, (which is, to our taste, not satisfactorily
covered by the existing literature in the classical case |A| = 1 either—for a rather sketchy
proof see Thm. 3.3 in [25]).

In order to treat the Iwasawa cohomology groups

Hi,(Go,a V)= lm  H(HV)

Hg,,a<H<,Gg,,a

in this context we develop Tate duality for multivariable (¢, T')-modules (section [2.4)). Note
that the coefficient ring Z,/(p")[Xa | @ € AJ[X;' | @ € A] is not locally compact when
|A| > 1, so we cannot hope for a perfect pairing {-, -} between D and its Tate dual D*(1A).
However, the pairing we construct is non-degenerate and ¢- and I'-equivariant. This allows us
to show that the ¢-complex W*(D) (ie. the Koszul-complex of the operators ¢, — 1 for a € A)
computes these Iwasawa-cohomology groups. Here v, is the distinguished left inverse of the
operator ¢, (o € A). The technical difficulty towards this is to show that the cohomology
groups h"W*(D) are compact and hence the pairing {-,-}: Dx D*(1a) — Q,/Z,—even though
not perfect on the whole D—induces a perfect paring between h*U*(D) and hI2I='®*(D*(14)).

In section we extend the results on the computation of Gg, a-cohomology to represent-
ations over Z, and Q,. Our treatment here is inspired by the recent paper of Schneider and
Venjakob [32]. We finish section [2| by proving the analogue of the Euler—Poincaré character-
istic formula in this context. Even though there is a simple proof using the Hochschild—Serre
spectral sequence and the classical |[A| = 1 case we chose to do this via the complex ¥*(D),



since along the way we also show further finiteness properties of the Iwasawa cohomology
groups that we need later on.

Section 3| is devoted to overconvergence. The fact that all continuous representations
of Gg,a are overconvergent follows rather easily from the one-variable case by induction.
However, in order to show that passing to overconvergent (¢, I')-modules is an equivalence
of categories (ie. this functor is essentially surjective) one needs to introduce multivariable
analogues of “extended Robba rings” in the sense of Kedlaya [21]. In the last section we use
the observation (which follows from the above equivalence of categories) that for any fixed
choice of o in A each multivariable overconvergent (p,I')-module admits a basis in which
the matrices of ¢, and v, € I'y contain only the variable X,, and no Xz for § # a in
A. We combine this with uniform continuity of the operators 7, — 1 and v, — 1 [13] [14]
to verify that the natural map from the overconvergent to the p-completed Herr complex is
a quasi-isomorphism. In particular, the former also computes the same Gg, a-cohomology
groups. Here again, we treat first the Iwasawa cohomology and then deduce the statement
on G, a-cohomology using a quasi-isomorphism between the cochain complexes ®I'*(D) and
U (D).

Throughout the paper we decided to work with the coefficient field Q, (resp. Z,, resp.
[F,) since using a finite extension K/Q, (resp. its ring of integers O, resp. residue field x)
would lead to the same statements as restricting the coefficients to Q, (resp. Z,, resp. F,) do
not change the Gg, a-cohomology groups, nor the overconvergence. We also decided not to
replace Q, by a finite extension (or even by |A| distinct extensions) in Gg,.a. One reason for
this is that the paper [37] only covers representations of Gg, A. Further, group cohomology of
finite index subgroups of Gg, ,a can easily be computed via Gg, a-cohomology using Shapiro’s
Lemma. Regarding the overconvergence there would be two natural ways of passing to finite
extensions F/Q,: one could either work with cyclotomic or Lubin-Tate (¢, I')-modules. The
cyclotomic case is covered in a recent paper [12] of the second named author with A. Carter
and K. Kedlaya. However, there is strong evidence [I7] that Lubin—Tate (¢, T')-modules (or
maybe even (@, I')-modules over the character variety [7]) are better suited for the extension of
the p-adic Langlands correspondence to GLo(F') where F//Q, is a finite extension. We expect
that multivariable versions (for products of Galois groups) of these Lubin-Tate (¢, I')-modules
will play a role in a future p-adic Langlands correspondence for reductive groups of higher
rank over F'. Note that the question of overconvergence is more subtle in Lubin—Tate theory
even in the one variable case. The “one-variable” Lubin—Tate (¢, I')-module corresponding to
a representation of G is overconvergent if it is either F-analytic (Thm. C in [5]) or factors
through I'. Conversely, any overconvergent representation arises as a quotient of the tensor
product of an F-analytic representation and a representation factoring through I'yy (Thm. A
in [6]). It is natural to expect the same results in the product situation, as well.

1.2 Relation to Iwasawa theory

This paper builds up the necessary technical tools to formulate Bloch-Kato exponential
maps and e-isomorphisms in this product situation. The natural next step would be to extend
the equivalence between categories of continuous representations of the group G, A and étale
(pa, ['a)-modules to the multivariable Robba ring R A and show that the Herr complex of étale
(pa,'a)-modules over R still computes Galois cohomology. This should follow similarly as



in the overconvergent case, but we do not pursue this here to keep the length of the article
reasonable. Once we have the multivariable analogue of Dy extending Berger’s work, it
would be possible to define a general Bloch-Kato exponential map of (¢a, 'a)-modules over
Ra following Nakamura [27]. This would interpolate Perrin-Riou’s big logarithm maps in this
setting and would be related to the inverse of the isomorphism as in Theorem which is
a generalization of classical Log* (Theorem II.1.3, [14]). Using the Bloch-Kato exponential
map it would be possible to formulate a conjectural description of e-isomorphisms in the
multivariable setting [28]. We hope to prove many cases of these multivariable e-conjectures
using known one-variable results of Benois [2], Nakamura [29] etc. We speculate also another
possible link with (abelian) equivariant epsilon conjecture as in Benois-Berger [3], Bley-Cobbe
[8]. We hope to relate the multivariable e-conjecture with the abelian equivariant e-conjecture.
Using the results on multivariable e-conjecture, it should provide us with new cases of classical,
one-variable equivariant e-conjectures by restricting to the diagonal embedding of Gg, to

Go,.A-

1.3 Relation to p-adic geometry

Products of local Galois groups show up rather naturally in modern p-adic geometry via
Drinfeld’s Lemma (Lemma 1.1.2 in [33]). In particular, p-adic representations of G, A are in
one-to-one correspondence with certain local systems on the product SpdQ, x - - - x Spd Q, of
diamonds (see Thm. 16.3.1 in op. cit.). The reason why the equivalence of categories between
representations of Gg, o and multivariable (¢, I")-modules is not a direct consequence of this
general theory is that Spd Q, x - - - x Spd Q,, is not the adic spectrum of a fixed ring. However,
using an embedding into the adic spectrum of the perfect closure of Og, /(p) it is possible [12]
to prove the main result of [37] in this fashion (see also Cor. 4.3.16 in [24]) even in a more
general form of classifying representations of a product Gp, X --- x G, where Fi, ..., Fy are
finite extensions of Q,.

1.4 Relation to other notions of multivariable (¢, ')-modules

Our definition of multivariable overconvergent and Robba rings is somewhat different from
that considered in [4, 22] and in the possibly non-commutative version in [35]. Here the func-
tions are required to converge on a full polyannulus whereas in these previous constructions
the modulus of the variables have a fixed relation. The reason for this difference is that we
have partial Frobenii to act on our rings OEA and Ra and the relation of the moduli of vari-
ables changes under these operators. However, R can naturally be viewed as a subring of the
multivariable Robba ring considered in [22]. This relation is expected to have consequences
on the structural properties of Berger’s multivariable Lubin-Tate (¢, I')-modules.

1.5 Notations

For a finite set A let Gg, A == [, Gal(Q,/Q,) denote the direct power of the absolute
Galois group of Q, indexed by A. We denote by Repy (Gg,a) (resp. by Repy (Gg,.a),
resp. by Repr(GvaA)) the category of continuous representations of the profinite group
G, a on finite dimensional [F,-vector spaces (resp. finitely generated Z,-modules, resp. finite



dimensional Q,-vector spaces). On the other hand, for independent commuting variables X,
(v € A) we put

En = F[Xa.|a€A][X ' |aeA],

Ocy = lim (Z,/="[Xa |0 € AJ[X;" [a € A)
gA = OgA[p_l].

Moreover, for each element « € A we have the partial Frobenius ¢,, and group I', =
Cal(Q,(11p=)/Q,) % Z, acting on the variable X, in the usual way

Va(Xa) = (1+ X0 =1, 7a(Xa) = (1+ X, )%0) 1 4, €T,

and commuting with the other variables Xg (8 € A\ {a}) in the above rings. We put
[a := [],ea I'a which is naturally the quotient of the group Gg, a by the normal subgroup
Hg,a = [laea Hopa where Gal(Qp/Qp(pp~) = Ho,o < Go,a = Gal(Qp/Qp). A (0a,Ta)-
module over E (resp. over Og,, resp. over £x) is a finitely generated Ea-module (resp. Og, -
module, resp. Ea-module) D together with commuting semilinear actions of the operators ¢,
and groups I', (v € A). In case the coefficient ring is Fa or Og,, we say that D is étale if the
map id ®p,: i D — D is an isomorphism for all @« € A. For the coefficient ring £o we require
the stronger assumption for the étale property that D comes from an étale (pa, 'a)-module
over Og, by inverting p. The main result of [37] is that Repg (Gg,a) (resp. Repy (Gg,a),
resp. Repg, (Gg,,a)) is equivalent to the category of étale (pa,I'a)-modules over Ea (resp.
over Og,, resp. over Ex).

2 Cohomology of Gg, A via the Herr complex

2.1 Cohomology of p-torsion representations

In order to prove our main result in this section we first extend the functor D originally
defined in [37] for objects in Repy (Gg,a) to the category Rep%ff@om(G@p,A) of discrete p-
primary abelian groups with continuous action of Gg, a. This will be needed in the sequel
as we shall use injective objects in this category which do not exist in the category of finitely

generated modulo p" representations of Gig, A. For an object V' in Rep%ff@om(GQm A) we put

Hg,.a
D(V) := (OgA\ Rz, v)
(see §4.2 in [37] for the definition of ng\r). Any object in Rep%ffzom(GQp,A) is the filtered
direct limit of p-torsion objects in Repz (Gg,,a). Moreover, D commutes with filtered direct
limits since both the tensor product and taking Hg, a-invariants do so. Therefore D is an
exact functor into the category lingfgm(gpA, Ca, Og,) of injective limits of p-power torsion
objects in D(pa,T'a,Og,) by Cor. 4.8 in [37]. On the other hand, for an object D in

et

hﬂ Dtors(gpAa LA, OEA) we define

V(D) := ﬂ (ng\r R0, D)#e=id

aEA

Since V also commutes with direct limits, we deduce
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Corollary 2.1.1. The functors D and V are quasi-inverse equivalences of categories between
discr et

Repr—tO’!’S(GprA> and hﬂ Dtors(@A? I-_‘A’ OgA)
Proof. This follows from Thm. 4.10 in [37] by taking direct limits. O

Put D*% := Oggr ®z, V = Ogg\r ®og, D(V) and consider the cochain complex

@'(DSEP):O—>D56p—>@D5€p—>---—> GB D%P s ... s D%P s ()
a€cA

where for all 0 <7 < |A] — 1 the map dP\-2+1: D% — D*P from the component in the rth

..... ar

term corresponding to {1, ..., a,} € A to the component corresponding to the (r + 1)-tuple
{B1,---,Brs1} € A is given by

dﬁl ,,,,, Bre1 0 if {a17"'7a7"}Z{ﬁh'"?ﬁT-i—l}
At (—1)f(id —pg) if {Bi,..., Bry1} = {an,..., .y U{B},

where ¢ = ¢(ay, ..., ., #) is the number of elements in the set {a, ..., a,} smaller than £.

Lemma 2.1.2. For any object V in RedeZSfQOTS(G@pA) the augmentation map V'[0] — ©*(D*P)
is a quasi-isomorphism of cochain complexes where V[0] denotes the complex with V' in degree

zero and 0 everywhere else.

Proof. By Proposition 4.2 in [37], the augmentation map F,[0] — ®*(EX") is a quasi-
isomorphism. By devissage, the augmentation map Z/p"[0] — @'(O‘g? /p™) is also a quasi-
isomorphism as each term is a flat Z/p"-module in both complexes. Now if V' is a finite abelian
p-group then it is killed by p™ for some n and we have ®*(D(V)*%?) = (13'(@5/&7/]9”) Qz/pn
V. Using again the flatness, the statement follows from the quasi-isomorphism Z/p"[0] —
(I).(OEET /p") by tensoring with V. The case of general V' is deduced by taking the direct limit
which is exact. L

Lemma 2.1.3. We have H!

cont

(HQP,A,OE/Z\T/p”) =0 foralln>1andi > 1.

Proof. By the long exact sequence of cohomology (devissage) we are reduced to the case
n = 1. The case i = 1 is treated in Prop. 4.1 in [37] and the higher cohomology groups vanish
for the same reason: using the notations therein F'\ is cohomologically trivial for all finite
extensions F!, /E, (a € A) as it is induced as an H’-module. O

Proposition 2.1.4. The complex ®*(D(V)) computes the Hg, a-cohomology of V, ie. we
have h'®*(D(V)) = H'(Hg, A, V) as representations of I'a.

Proof. At first assume that V' is finite. By the definition of D(V') the complex ®*(D(V)) is the
Hg, a-invariant part of ®*(D*?). However, the terms of ®*(D*?) are direct sums of copies
of D*? = EX* ®@p, D(V) which are acyclic objects for the Hg, a-cohomology by Lemma
2.1.3l The statement is deduced from Lemma [2.1.2] The general case follows noting that
both A'®*(D(-)) and H*(Hg, a,) commute with filtered direct limits. O



We denote by Ca the torsion subgroup of I'a = [] A Z, and put Hg, A for the kernel
of the composite quotient map Gg, o — I'a — I'j = ['A/Ca. Then Cj is isomorphic to

[I.ca(Z/2pZ)* (which has order prime to p if and only if p is odd). We have
Corollary 2.1.5. The complex ®*(D(V)“2) computes the Hg  A-cohomology of V.

Proof. In case p is odd this follows from the Hochschild-Serre spectral sequence using Prop.
since C is prime to p and therefore has p-cohomological dimension 0. The proof in case
p = 2 is postponed to section [2.2] below. O

We choose topological generators v, € I' :=I',/(I'a N Ca) for each o € A. If A'is an
arbitrary (for now abstract) representation of the group I'\ = [[,.» Z, on a Z,-module we
denote by I'\ (A) the cochain complex

aEA

F'A(A):O—>A—>@A—>---—> @ A—--- > A-0

aEA

.....

in the rth term corresponding to {a,...,a.} C A to the component corresponding to the
(r 4+ 1)-tuple {1, ..., 5821} € A is given by

_{ if {1, ..., .} Z{Bis..., Bos1}
e (—1)F(id =) if {Br.... By} ={oa....,a} U{B},

where ¢ = ¢(ay, ..., ., 3) is the number of elements in the set {«a, ..., a,} smaller than (.

Lemma 2.1.6. The functors A — h"I'\(A) (n > 0) form a cohomological 5-functor. Moreover,
if A is a discrete abelian group with continuous I -action, then we have h°T%(A) = ATa.

Proof. Given a short exact sequence 0 -+ A — B — C — 0 of representations of I'n, we
obtain a short exact sequence of cochain complexes 0 — '\ (A) — I'\(B) — I'a(C) — 0
whose long exact sequence yields maps §": h"T'%(C) — h""'T'% (A) that are functorial in the
short exact sequence 0 - A — B — C' — 0.

For the second statement note that the action of Iy on A locally factors through a finite
quotient. Therefore AT = (N, _, Ker(id —v,) = h°T'%(A) as the classes of the elements 7,
(o € A) generate any finite quotient of I'}. O

Proposition 2.1.7. Assume that A is a discrete p-primary abelian group on which I';
acts continuously. Then the complex T\ (A) computes the T\ -cohomology of A, ie. we have

h'TY(A) = H: (TR, A) for alli> 0.

cont

Proof. The case |A| =1 is well-known, see for example exercise 2.2 in [19]. However, for the
convenience of the reader we give a proof even in this case. We proceed in 4 steps.
Step 1: Assume that A is a finite abelian p-group and |A| = 1. Then the complex I'} (A)

reads 0 — A 57 A = 0. Since I\ is generated topologically by v and acts on A via a
finite quotient, we have H? (T, A) = Ker(id —y). Now recall that the continuous cohomo-
logy H) (%, A) is defined as lim H "TA/TA AY5n) where A ,, is the unique subgroup

in I, of index p". Since A is finite, we have A"an = A for n large enough. Now for the
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cohomology of the cyclic group '3 /T'A ,, we have H'(I'; /T4 ,,, A) = Ker(N)/Im(id —v) where
N = Zial vt A — A is the norm map. Again, if n is large enough, then even A, acts

trivially on A where |A| = p* whence N = p* Zﬁﬁgk_l 7% is the zero map on A. The state-
ment follows noting that all the other cohomology groups vanish as Z, has p-cohomological
dimension 1.

Step 2: Assume that A is any discrete p-primary abelian group and |A| = 1. By the
continuity of the action of I'y, A is a direct limit of its finite I"}-invariant subgroups and the
statement follows from Step 1 noting that both H"(I'},-) and A"’ (-) commute with filtered
direct limits.

Step 3: Assume that A is an injective object in the category of discrete p-primary abelian
groups with continuous I"y-action and |A| > 0 arbitrary. We proceed by induction on |A].
For a fixed element v € A consider the double complex I'}, (I'y, , (A)) whose total complex
is the cochain complex I'%\ (A) by definition. There is a spectral sequence

B3 = WPIG(h'T A\ 0y (A)) = h7TTR (A)

associated to this double complex. By induction, F’A\ {a}(A) is acyclic in nonzero degrees
with zeroth cohomology isomorphic to HY (T *A\{a},A) which is an injective object in the
category of discrete p-primary abelian groups with continuous I'}-action. Hence the spectral
sequence degenerates at 7 and I'% (A) is acyclic outside degree zero where its cohomology is
H? (TR, A) by Step 1.

cont

Step 4: By Lemma we have HY .(T%,:) = h'T'%(-), so there is a unique map

H? (I'y,-) = h"T'%(:) of cohomological é-functors as H2 .(I'i,-) is a universal J-functor.

cont cont

The statement follows from Step 3 by dimension shifting. O

Now let D be any object in lim Dit (¢a,Ta, Og,). We define the cochain complex ®T'% (D)
as the total complex of the double complex 'S (®*(D2)) and call it the Herr-complex of D.

Lemma 2.1.8. The functors (W ®IT'%(+))n>0 form a cohomological d-functor from the category
hﬂDet (pa,La, Og,) to the category 2Ab of abelian groups. Moreover, if V is an object in

tors

Rep?*?, . «(Gg,a), then we have h°®TX (D(V)) = VEera,

Zp—tors

Proof. Given a short exact sequence 0 — D; — Dy — D3 — 0 in lim D (o, Ta, Oc,),
we obtain a short exact sequence of cochain complexes 0 — @F'A(%l) — OI'\(Dy) —
®I'% (D3) — 0 whose long exact sequence yields maps §": h"®T'% (D3) — h"T1®T% (D;) that
are functorial in the short exact sequence 0 — Dy — Dy — D3 — 0.

The second statement is a combination of Cor. and Prop. (both only used in
degree 0). O

Theorem 2.1.9. Let V be an object in Repy*”,, (Gqg,a). The Herr complez ®T'%(D(V))

Zp—tors
computes the Galois cohomology of Gq, a with coefficients in V', ie. we have an isomorphism

H'(Gg,a,V) = hOIY\(D(V)) natural in' V' for all i > 0.

Proof. Since (H"(Gg,a;"))n>0 is a universal J-functor, and (h"®I' (D(-)))n>0 is a J-functor
such that H°(Gg,a,-) = h'®I'\ (D(-)), we obtain a natural transformation H"(Gg, a,") —
h"®I'% (D(+)) of 6-functors. Assume first that V is injective in Rep%*”,  (Gg, ). We have a

ZLp—tors
spectral sequence
EY = pPT% (h1D*(D(V)92)) = hPTaTs (D(V))

9



associated to the double complex I'f (®*(D%4)). By Cor. and the injectivity of V
the augmentation map V''%2[0] — ®*(D(V)%2) is a quasi-isomorphism. Moreover, V&2
is injective as a discrete representation of I'y whence Ve a[0] — T'%(V%2) is a quasi-
isomorphism by Prop. Using the spectral sequence we deduce the statement in this
case.

Now the case of general V' follows from Lemma by dimension shifting since the
category Repd* (Gg,.a) has enough injectives. O

Zp—tors

Remark. If V' is a finite abelian p-group with a continuous action of Gg, A then the co-
homology groups H*(Gg,.a, V) are finite for all : > 0. Indeed, this follows from the classical
|A| =1 case by the Hochschild—Serre spectral sequence.

2.2 The case p =2

We treat the case of p = 2 here separately. We take this opportunity to mention that
we find the literature on this a little unsatisfactory even in the classical case as the proof
of the (modified) Herr complex computing Galois cohomology in Thm. 3.3 in [25] is rather
sketchy. In any case, our strategy is different from the one in the Tsinghua lecture notes [15]
by Colmez.

Note that in this case we have Ca =[] oA Co Where C,, is the group of order 2 for each
a € A Put B} = EgA, Oz, = Ogﬁ, and E* := ES» (o € A). Now by a classical theorem
of E. Artin on Galois theory, E,/E? is a Galois extension of degree 2 for each o € A.

Lemma 2.2.1. We have H!

cont

(H@P,Aaogf/pn) =0 foralln>1andi>1.

Proof. By devissage we are reduced to the case n = 1 whence we have ng\r /p = EX". As

an abstract field £ (o € A) is a local field of characteristic 2 with residue field Fy. By
the classification of local fields, E? is isomorphic to the field of formal Laurent series over
Fy, in particular, it is—non-canonically—isomorphic to E,. We fix such an isomorphism
lo: EX = E, once and for all. Further, the natural inclusion Ef C E, C E3% is a separable
closure of E since the extension E,/E? is separable. Hence the absolute Galois group of E
is Hf , which is therefore isomorphic to Hg, o (being the absolute Galois group of E,) for
all « € A. We deduce H@w A = Hg,a by taking products. Moreover, the isomorphisms ¢,
(o € A) yield an isomorphism EX = Ea as topological rings. Putting these together we obtain
an automorphism ¢: EX* = EX* that—combined with the isomorphism Hg A = Hg,a—
induces an isomorphism between the pair (EX”, Hj ) (le. EX” together with the action of
Hg a) and the pair (EX", Hg, o). Once we have this isomorphism of pairs, we may apply
Lemma [2.1.3]in case n = 1 to deduce the statement. O

Now we need the following

Lemma 2.2.2. Put A ={ay,...,a,}. We have
EA g Eal ®E;§1 (EOQ ®E(§2 (. o (Ea” ®E(*¥n EZ))) :

In particular, Ea is a free module of rank 2141 over EX. Moreover, we have Frac(Ea)“> =
Frac(E}).

10



Proof. For the first statement we apply Lemma 3.2 in [37] in the situation EX being the
base, and Ea the extension. The containment Frac(EA)» D Frac(EY) is clear. The other
direction follows noting that the degrees |Ea : Frac(Ea)“2| and |Ea : Frac(E%)| are both
equal to 2141—one by E. Artin’s theorem in Galois theory, the other by the first part. m

Proposition 2.2.3. For any object D in D¢

tors

(pa,La, Og,) the natural map f: Og, ®oz,

DY — D is an isomorphism.

Proof. By devissage we may assume without loss of generality that 2D = 0, ie. D is an object
in D(pa, A, EA). Note that f is a morphism in D% (pa, Ta, EA), so Ker(f) and Coker(f)
are objects in D (pa,['a, Ea). In particular, they are free modules over Ea by Cor. 3.16 in
[37]. Therefore it suffices to show that

Frac(Ea) ® f: Frac(Ea) ®rrac(ey) Frac(D)“4 — Frac(D) (1)

is an isomorphism where Frac(EA) (resp. Frac(EY)) is the fraction field of Ex (resp. of E})
and Frac(D) := Frac(Ea) ®g, D. Now note that the Ca-fixed part of the left hand side of
is also Frac(D)“» which is the socle of the left hand side as a Ca-representation since
Ca is a 2-group and Frac(E}) has characteristic 2. Therefore Frac(Ea) ® f is injective as a
nontrivial kernel would intersect the socle nontrivially. For the surjectivity we show

2lAl dimprac(sy) Frac(D) = dimpac(p,) Frac(D) <
< dimFrac(EA) Frac(EA) ®Frac(EZ) Frac(D)CA = dimFrac(E*A) Fl“aC(D)CA

by induction on |A|. Denote by ¢, € C, the nontrivial element for all & € A. Then
(id ¢4 )? = 0 in Frac(E} )[C,], so as an operator on Frac(D) the image of (id +c,) is contained
in its kernel Frac(D)%. Therefore we have dimpyac(ey) Frac(D)% > %dimprac( E%) Frac(D).
Iterating this for all & € A we deduce the statement. O

Corollary 2.2.4. The complex ®*(D(V)92) computes the Hg, a-cohomology of V', ie. Cor.
holds in case of p =2, too.

Proof. By Lemma and Prop. the proof of Prop. goes through to this statement,
too. [

Corollary 2.2.5. The functor V — D(V)%2 is exact.

2.3 Tate duality

Following II1.7 in [30] we make the following definitions for a proﬁnite group G with finite
p-cohomological dimension n. For a (discrete) G-module A we put D( HY(U, A)Y
where U runs through the open normal subgroups of G and ()Y := Hom Q%Sj stands for
Pontryagin duality. The connecting maps in the inductive limit are the Pontryagln duals of the
corestriction maps. Further, we define the dualizing module of G at p by I := lim, D W(Z)p" 7).
We have the functorial isomorphism

H"(G,A)” 2 Homg(A,I)

11



for all p-primary discrete G-modules A. We call G a duality group of dimensionn if D;(Z/pZ) =
0 for all ¢ < n. In this case the edge morphism for the Tate spectral sequence

EY? = HP(G, D,_,(A)) = H" P79(G, A)"
is a functorial isomorphism
H?(G,Hom(A,I)) = H" ?(G, A)Y

for all p-primary discrete G-module A. This isomorphism is also obtained from the cup
product
HP(G,Hom(A, 1)) x H"P(G, A) = H"(G,1) = Q,/Z, .

A duality group of dimension n is called a Poincaré group at p if the dualizing module
is isomorphic to Q,/Z, as an abelian group. The local duality theorem (7.2.6 in [30]) states
in particular, that the absolute Galois group Gg, of Q, is a Poincaré group at p of dimension
2 with dualizing module I = piy. Further, by Thm. 3.7.4 in [30] the class of Poincaré groups
at p is closed under group extension. In particular, Gg, a is also a Poincaré group at p of
dimension 2d where we put d := |A|. The dualizing module is I = pip A (see Thm. 3.7.4(ii) in
op. cit.) which is by definition the Gg, A-module isomorphic abstractly to pp (ie. to Q,/Z,)
on which each component Gg, . (o € A) acts as on i, (ie. via the cyclotomic character).

Let Z,(1a) = T, (ptpee n) :%nn tyn A be the p-adic Tate module of p,~ A and for a p-
primary discrete Gg, a-module A we define the Tate twist A(1a) := A ®z, Zy(1a) and Tate
dual Hom(A, pipee a) = AY(1a).

Theorem 2.3.1 (Tate duality for Gg, a). For any discrete p-primary Gg, a-module A the
cup product pairing induces an isomorphism H'(Gg, a, A) = H*(Gg,.a, A" (1a))".

2.4 Duality for (¢a,I'a)-modules over Og¢,

Let D be an étale (pa,I'a)-module over Og,. Recall that the étale condition for the
action of ¢, for an element o € A means that the map id®pq: Ogy Qo oo D — D is
bijective. Now Og, is a free module over itself via the ring homomorphism ¢, with generators
{(1+X,)"]0<i<p-—1}. Therefore any z € D can uniquely be written as a sum

p—1

T = Z(l + Xa)igpa(xi) .

1=0

The distinguished left-inverse 1, of ¢, is defined as ¥, () := xo.

Consider the multivariable (¢4, 'a)-module D (s~ a) corresponding to the Gg, a-module
pipoe,a- We may identify D(ppe A) with Q,/Z, @z, (Og,e) = Eae/O¢ e where @, (e) = e and
Ya(€) = Xa(Ya)e for all @ € A and v, € Ty. Here yo: [y = Z,; stands for the cyclotomic
character. Further, we define the residue map

res: D(ppo ) = Q,/Z,,
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by sending an element F'(X,)e € D(f10 ) to the coefficient a_y, € Q,/Z, of XLA =TTea Xo!

_ . F(Xa)
in the expansion of TN

F(X,)
HaeA(l X = Z Qi, H X

ia>—Np,a€A a€A

as

with a;, € Q,/Z, for is = (in)aca € Z~ and some integer Np € Z depending on F. (See 1.2.3
in [I6] for the classical case |A| = 1.)

Proposition 2.4.1. We have

res(7(A)) = res(@a(A)) = res(va(A)) = res(A)
for all X € D(ppo a), v € Ta, and a € A,

Proof. By Z,-linearity and continuity of res we may assume without loss of generality that
A = [l,en Xi2e is a monomial for some r, € Z (v € A). For an element A\, € &£,/O¢, with
some fixed @ € A we denote by res,(\,) € Q,/Z, the coefficient of X! in the expansion of
A1+ Xo) e {3 _ociaiXl | a; € Qy/Z,}. Clearly, we have

res(H Xlee) = H resqy (X1) .

acA acA
So we are reduced to the case |A| = 1 which is covered e.g. by Prop. 1.2.2 in [16]. O

By Lemma 3.8 in [37] we have D(AY (1)) = Hom(D(A), D(pp~ a)). For an étale (pa, T'a)-
modules D over Og, we regard D* = Hom(D,EA/Og, ) as an étale (pa, I'a)-module over O,
the following way. First of all Eo/Og, is a left and right module over Og,, and we regard
D as a left module, so Hom(D,EA/Og,) becomes a right module over Og, by the “right
multiplication on EA/O¢,”. Keeping in mind possible noncommutative generalizations we
make Hom(D,EA/O¢, ) into a left module over Og, via the (anti-)involution #: Og, — Og¢,
sending the “group elements” (1 + X,) (ie. topological generators of N, in the sense of
[36]) to their inverse (1 + X,)~! for all & € A. This extends to an anti-involution to the
whole ring Og, by linearity and continuity. Further, for an Og,-linear map f: D — Ea/O¢,
we define ¢, (f) and v(f) (o € A, v € T'a) by the formulas ¢, (f)(¢a(x)) = walf(z))
and y(f)(v(z)) := v(f(x)). The étale (pa,'a)-module D*(1a) := Hom(D,D(jpe a)) has
the same underlying pa-module as D*, but the action of 'y is twisted by the cyclotomic
character.

Remark. Note that since Og, is commutative, we could have omitted the anti-involution #
when defining the left O, -action on D* as done in [I6]. However, this way we do not need the
modifying factor o_; when defining the pairing {z,y}: D x D*(1a) = Q,/Z,: we can simply
put {z,y} :=res(y(z)) as we see below. Further, the (pa, 'a)-module D* is isomorphic to the
resulting (cpA, ['a)-module not using the involution via the map defined by the multiplication

by [Toeaxa'(=1) € Ta.

The following Lemma might be of independent interest.
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Lemma 2.4.2. Let D be a finitely generated p-power tosion étale (pa,I'a)-module over Og, .
Then D admits a decomposition D = @Y | Og, /(p™) as a module over Og, .

Proof. Since D is finitely generated and torsion, we have p"D = 0 for some h > 1. We have
the following filtration on the part D[p] of D killed by p:

0=p"DNDp] <p" ' DNDIp] <--- <pDN Dp] < D[p]

consisting of étale (pa,I'a)-submodules. By Cor. 3.16 in [37] all the subquotients (p"D N
DI[p])/(p"™*D N Dlp]) are free Og, /(p)-modules (0 < r < h —1). So we may choose a basis
By UByU---U By, of D[p] such that for all 1 < r the set By U---U B, is a Og, /(p)-basis of
the module p"~"D N D[p]. Now for each 1 <r < h and b € B, choose an element ¥ € D with
p" b =band put B, := {V/ € D | b € B,}. There is a surjective Og,-module homomorphism

h

@ @ OgA/<phir+1) — D

r=1 b'cB,

sending the generator of Og, /(p"~"*1) to b.. This map is injective on the part killed by p by
construction therefore it is an isomorphism. O

For an étale (pa, ['a)-module D we define the pairing

{,-}: DxD*(1n) — Q,/Z,
(z,y) = {z,y}:=res(y(x)) .

Proposition 2.4.3. Let D be a finitely generated p-power torsion étale (pa,'a)-module over
O¢.. Then the pairing {-,-} is non-degenerate in the sense that the induced maps D —
Homg, (D*(1a), Qp/Zy) and D*(1a) — Homg, (D,Q,/Z,) are injective. Moreover, we have

{z,00)} = {Ya(2),y},  {pal®),y} ={z,%a(y)} ,
(@), 7))} ={z,y} and  {uz,uy} = {z,y}

forallae A, ye€l,z €D,y D*(1a), u € Nag=[],ea(l +Xo)% C Og,.

aEA

Proof. For any nonzero element x € D there exists an element y € D*(1A) such that 0 #

y(z) € D(f1pee a) by Lemma (also by noting that D = (D*(1a))*(1a) by Thm. and

Thm. 3.15 in [37]). Further multiplying y by a monomial [] ., X (re € Z, @ € A) we may
ensure that the required coefficient {z,y} is nonzero. Therefore the injectivity of the map

D — Homg, (D*(1a),Q,/Zy,). The other statement follows similarly.
By the étale condition we may write z = 37" (14 X, )/00 010 ((1+X4) ~iz) for all @ € A.
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So we compute

3
L

{z,0a(y)} = res(@a(y)(@)) = res(pa(y)(}_ (1 + Xa)'¢a 0 va((1+ Xa) 7)) =

%

I
o

p—

= Zres((l +Xa)" Pay)(Pa 0 Yal(1+ Xa)T'w))) =

1
=0

p—1

=D _res((1+Xa)" pa(y(al((l+ Xo)'2)))) =

7

._.
Il
=)

p—

=D _res(¥a((1+ Xa)' - 0a(y(¥a((l + Xa)7'2))))) = res(y(va(2))) = {¥a(), y}

i

Il
o

using Prop. [2.4.1] and the definition of ¢, on the dual (¢a,T'a)-module D*(1A). The other
formulas follow similarly and more easily. O

Let D be a finitely generated p-power torsion étale (pa,'a)-module over Og,. An Of =
Zy(Xo, a € Al-lattice in D is a finitely generated Of -submodule M C D such that D =
M[X']. We define the duality topology on D using the sets

N —1
> X M[X Ay

aEA

for all N > 0 as a system of neighbourhoods of 0: a subset U C D is declared to be open
if for all x € U there is an integer N > 0 such that = + > A XéVM[X;i{a}] CU. IfD
is a finitely generated étale (pa,I'a)-module over Og, then we define the duality topology
on D as the projective limit topology of the duality topologies on D/p"D (n > 0). The
principal goal of introducing this new topology is to describe the image of the inclusion

D*(1a) < Homg, (D, Q,/Z,) (see Prop. [2.4.6).
Lemma 2.4.4. The duality topology does not depend on the choice of the (’);A—lattice M.

Proof. Note that if M’ C D is another O;A—lattice in D then there exists an integer k > 0
such that XkM' C M C X "M’ O

Recall that the Iwasawa algebra OZ«'A is a local ring with maximal ideal J ac((’);A) generated
by p and X, (o € A) and residue field F, = OF /Jac(OF, ). Moreover, it is complete with
respect to the filtration induced by the powers of JaC(OgA) therefore it is a pseudocompact
ring (see chapter 22 in [3I]). In particular, any finitely generated Of -module admits a
canonical topology which coincides with the Jac(OgA)—adic topology. Since the residue field
IF, is finite, any finitely generated O;A—module is the projective limit of finite modules hence
it is compact in the canonical topology.

Proposition 2.4.5. The duality topology on a finitely generated p-power torsion étale (pa,T'a)-
module D over Og, induces the canonical compact topology on each finitely generated O;A—
submodule of D. In particular, the duality topology is Hausdorff.
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Proof. By Lemma we may write D as a direct sum D = @le O¢,/(p")e; where e; € D
(1 < i < k) are generators such that Og, /(p")e; = Og, /(p"). Then M, := @le Of /(p™)e;
is an (’);A-lattice in D and by Lemma @ we may define the duality topology using Mj.
Further, the Z,-linear projection map m;: Og, /(p™) — OF /(p™) (1 < i < k) having all
those monomials [], A X7 with j, < 0 for at least one o € A in the kernel induces a Z,-

linear projection map myy,: D — M, whose restriction to M is the identity. Comparing the

coefficients we find that myy, (XCJMVMO[XR{Q}]) = XN My, so we have

Mor (z XédeX&imﬂ) -y x,

aEA aEA

showing that the duality topology induces the natural compact topology on Mj. Similarly,
the duality topology on X;kMO is the usual one for all £ > 0. Finally, the statement follows
noting that any finitely generated (’)zfA—submodule M C D is contained in X&kMO for some
k> 0. O

Proposition 2.4.6. Let D be a finitely generated p-power torsion étale (pa,'a)-module over
O¢, and f: D — Q,/Z, be a Zy-linear map. Then there exists an element y € D*(1a)
such that f(x) = {z,y} for all x € D if and only if f is continuous in the duality topology.
In particular, we have Zy-linear bijections D = Hom3™(D*(1a),Q,/Z,) and D*(1a) =
Hom%op"t(D, Q,/Z,) in the duality topology.

Proof. Using Lemmawe write D as a direct sum @F_, O, /(p™)e; and put h := max; (n;)
so that D is a module over Og, /(p"). Then the pairing {-,-} on D x D*(1) has values in
Z,/(p") = p"Z,/Z, C Q,/Z,. Further, D*(15) = Hom(D,D(u,n )) has a dual basis
bi, ..., by defined by the formula

b(e) — PP Tlaea 25252 € D(ppn n) = O /(0")(1a) ifi =
i) 0 ifisj,

so we have D*(15) = @F | O, /(p")bi. We put My = @, Of /(p")e; and My =
@le Og,/(p")b;. Now if y € D*(1) is arbitrary, then it is contained in X VMg for

some integer N > 0. Let z be in XéVMO[XJ{a}] for some a € A. Then we have

y(r) = ((1+Xa) ™ = 1)Vy)(XTV2) € Xa Mg (Mo X5\ (o)) =

14+ X, -
= Xa H b% O;A (ph)[XAi{a}] C D(ppra)
acA @

so that the exponent of X, is nonnegative in all the monomials contained in the expansion of

%. In particular, {z,y} = 0, ie. {-,y} vanishes on >___ XY M, [X;i{a}]. Therefore
a€e o

the kernel of {-,y} is open in the duality topology showing the continuity of {-,y}.
Conversely, assume that f: D — Z,/(p") is a Z,-linear function that is continuous in the
duality topology. Since the topology on Z,/(p") is discrete, this means that

aEA

Z Xo Mo[X{(y) € Ker(f)

a€EA
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for some N > 0. We define

k

S AT+ X = 1)) T Xoob:

1=1 r=(rq)a€Z8 a€A aEA

y =

Note that if —rq, > N for some o € A then we have [] A((1 + Xo)™' — 1)7e; €
XéVMO[XR{a}] whence f([],ca((1+X5)"t—1)""¢;) = 0 by our assumption on f. Therefore
the above formal sum indeed defines an element y € D*(1). Finally, we have {x,y} = f(z)
by construction: this is true for elements of the form [,  A((1 + X,)™' —1)7"™¢; € D for
some (74)q € Z* and 1 <i < k and any x € D can be written as a finite sum of elements of

this form modulo Y, X2 M, [X;i{a}] by Prop. w O

Even though the pairing {-,-} is separately continuous in the duality topologies on D and
D*(1a), it is not jointly continuous. However, the situation is better in these terms if we
choose the weak topology on both D and D*(1): this is the inductive limit topology of the
compact spaces X "M for some (’);A—lattice M C D. Note that the weak topology does not
depend on our choice of the lattice M either. If D is a finitely generated étale (pa,'a)-
module over Og, then we define the weak topology on D as the projective limit topology of
the weak topologies on D/p™D (n > 0).

Proposition 2.4.7. Assume that D is a finitely generated p-power torsion étale (oa,T'a)-
module over QOg,. The pairing {-,-} is (jointly) continuous in the weak topology.

Proof. By the definition of the inductive limit topology, it suffices to show that the restriction
of the pairing to M x M’ is continuous for any pair of O -lattices M C D and M’ C D*(1a).
However, for any fixed lattice M C D, the proof of Prop. shows that there exists
an integer N > 0 such that {-,-} is identically 0 on M x > A X¥M'[X.!, ] (resp. on

A\fa}
DN XéVM[X&{a}] x M), therefore also on the open subset Y, A XM x > XYM

of M x M. O

Remark. Note that the ring Ea = Og, /(p) is not locally compact for |A| > 1. Therefore the
above pairing is definitely not perfect for |A| > 1 (ie. the map D — Hom%‘;"t’we“k(D*(]lA), Q,/Z,)
is not a bijection) by [26]. Consequently, the duality topology is strictly weaker than the weak
topology.

2.5 Iwasawa cohomology

Let A be a finite p-power torsion abelian group with a continuous action of Gg, A. The
Iwasawa cohomology groups Hj,(Gg, a,A) are defined as the projective limits

H}"LU(GQp,A7A> = 1£1 HZ(H7 A)

Hg,,a<H<,Gg,,a

where the transition maps are the cohomological corestriction maps and H runs through all
open subgroups of Gg, A containing Hg, . The Iwasawa cohomology groups naturally have
the structure of modules over the Iwasawa algebra Z,[I'a]]. By Shapiro’s Lemma we have the
identification H'(H, A) = H'(Gg, a, Zy|Gg, a/H| ®z, A) where Gg, a acts diagonally on the
right hand side.
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Lemma 2.5.1. We have H},(Gg,a,A) = H(Gg, a,Zy[Tal] @z, A) where the right hand
side refers to continuous cochains via the diagonal action of Gg, A on the coefficients.

Proof. This is entirely analogous to the proof of Lemma 5.8 in [32]. O]

By Theorem we may further identify these cohomology groups using the Tate dual
AY(14) as follows:

H'(Gy,.a, Zp[Go,a/H] @z, A) = H* 7 (Gg, a, (Z,|Gg,.a/H] ®z, A)¥(1a))" =
= H*7(Go, a0 ZylGo,a/H] ©, (A (1a)))Y = H* 7 (H, A (14))"

since the index |G, a : H|is finite. The Tate duals of the corestriction maps are the restriction
maps, so we deduce

Hj,,(Go,a, A) = (lim H*7(H, A¥(14)))" = H*7'(Hg, s, A" (1a))" -
H

Moreover, the complex ®*ID(AY(1,)) computes the Hg, a-cohomology of AY (1) by Pro-
position showing
Hi,(Gaya,A) = (B0 D(AY(14)))" -

In particular, H}, (Gg, a, A) = 0 unless d < i < 2d since $*D(AY(14)) is concentrated into
degrees 0 to d. Our goal is to identify the above Iwasawa cohomology groups in terms of the
(¢a,Ta)-module D(A) using the pairing {-, -} defined in section [2.4 For a (o, T'a)-module
D over Og¢, we define the cochain complex

\I/'(D):0—>D—>@D—>---—> @ D—.-.-—D—=0 (2)
aeA {a1,arke()

where for all 0 < 7 < |A| — 1 the map di'»%+1: D — D from the component in the rth

..... ar

term corresponding to {1, ..., a.} € A to the component corresponding to the (r + 1)-tuple
{Br, ..., Brs1} € A s given by

dﬂlw-,ﬂrdrl _ 0 if {a17 s 7057"} g {517 e 7ﬁr+1}
(=1)"(id =) i {P1,..., Bri1} ={a1, ..., .} U{B},

where 7 = n(ay, ..., ., 3) is the number of elements in the set A\ {ay,...,a,} smaller than
[. Note that the sign convention here is different from the one defining the complex ®*(D).
The reason for this is that this way the differentials are adjoint to each other under the pairing
{-,-} as we shall see later on. Anyway, the complex defined this way is quasi-isomorphic to
the complex defined with the usual sign convention ¢ instead of 7.

For a subset S C A with r := |S| we consider the pairing {-, -} between the copy of D*(14)
in degree r in the complex ®*(D*(14)) corresponding to the subset S and the copy of D in
degree d — r in the complex U*(D) corresponding to the subset A\ S. We extend this to a
pairing

[} O7(D*(1a)) X WT(D) > Qy/2, 3)
bilinearly for all 0 < r < d with the convention that the copy of D*(1a) corresponding to S
in ®"(D*(1A)) = @SE(%) D*(14) is orthogonal to all copies of D in ¥4 "(D) = @S'G(f}) D
corresponding to some S different from A\ S. Even though {-,-} is not perfect if |A| > 1,
we have the following main result whose proof will occupy the rest of the section.
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Theorem 2.5.2. The above pairing {-,-} between the cochain complexes ®*(D*(1a)) and
U*(D) induces a perfect pairing

{3 W@ (D*(1a)) X h"U(D) = Qp/Zy (4)
on the cohomology groups for all 0 < r < d. In particular, we have an isomorphism
Hy,(Ga,a,0) 2= (R*704(D((-) (1a))))" 2= h10(D(-))
of cohomological d-functors.

Proof. The proof is long and will occupy the rest of this section. We proceed in 3 steps.
Step 1. We show that the pairing is well-defined. Let (yS)SE(A) € ¢"(D*(1a)) and

(Q;U)UE(dﬁ,l) € W4 r1(D) be arbitrary. We compute

{ds((ys)s), (zv)v} ={ Z > (=1 P yg — 0a(ys))sugay: (xv)v} =

( ),BEA\S

Z D (1 ys — wa(ys), Tavsusn} =
e BEA\S
=D (=1 N ys, zavsugsn — Yal@asuen)} =
Se(?)
ve(, 5,)P
-1

= {uaworen: Y, D (U (ay = dplen))} = {(ys)s 4 (w0)o)}

Ue(, 5 ,) BEAN

YOI yawogsy, Tu — Yslau)} =

)
BEA\S
Z (— 1)€(B,A\(
EA\U

using Prop. 2.4.3, We deduce Ker(dy)* 2 Im(ds "!) and similarly Ker(dy)* D Im(d% ")
(applying the above formula with r replaced by d — r — 1). A simple diagram chasing on the
short exact sequences of cochain complexes

0— ®*D;(1a) — P°D3(1a) = P*Di(1a) — 0, and
0—VY*D; - V*Dy - V*D3 — 0

attached to a short exact sequence 0 — Dy — Dy — D3 — 0 shows that induces a

morphism
hETwR () = (R @*((1)*(1a)))"
of cohomological §-functors.

Step 2. We show the statement in case V(D) is an absolutely irreducible representation
of Gq,.a over some sufficiently large finite field k of characteristic p. This main Step will
require several Lemmas and Propositions which might be of independent interest.

The following general group-theoretic lemma is quite important in the proof. Even though
not all representations of Gg, A over I, are the tensor products of representations of Gg,
(in which case the proofs would be much simpler), every representation becomes a successive
extension of such representations after passing to a sufficiently large finite field of characteristic

p.
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Lemma 2.5.3. Let G; and Gy be finite groups and W be an absolutely irreducible finite
dimensional representation of G x Gy over a field F' of arbitrary characteristic. Then there
exists a finite extension K/F such that K QpW is isomorphic to the tensor product Wy @ Wy
where W; is an irreducible representation of G; over K (i =1,2).

Proof. At first note that since the actions of G; and G5 on W, commute, the Gi-socle of
W is Gg-stable. By the irreducibility of W as a representation of GG; x G5 we deduce that
W is semisimple as a representation of GGy. Further, the G;-isotypical components of W are
also Go-stable therefore there is only one such component. By passing to the splitting field
K of the restriction of W to G; we obtain that K ®@p Wg, = @le W1 is the direct sum of
copies of an absolutely irreducible representation W; of G;. By Schur’s Lemma the ring of
endomorphisms of K®rW,g, is the full matrix ring K kxk Since G acts by Gi-automorphisms
on K ®p W we obtain a representation Gy — GLg(K') (denoted by W3) and an isomorphism
KQrW =W, Qg Ws. ]

Since V(D) factors through a finite quotient of Gg, A, we can apply Lemma to our
situation. By possibly extending s and using induction on |A| we may assume there exists

a finite dimensional representation V,, of G, for all @ € A such that V(D) = @) ca . Vo

We denote by D, := D(V,) the (¢, [s)-module over the 1-variable ring E, = x((X,)) cor-
responding to the Galois representation V,,. Recall (Prop. I11.4.2 in [I6]) that there exists
a unique .- and [,-stable B & k[ X,]-lattice D¥ C D, characterized by the following
properties:

() For all z € D, there exists an integer n = n(z, D) such that ¢"(z) lies in D¥.
(ii) 1o D¥ — D¥ is surjective.

We define D# as the completed tensor product

D¥# .= @Dfﬁ = lim ( ) fo/X;;)

a€EAK n a€A,k

of the D# over k. We regard D¥ as a finitely generated EX := k[ X,, @ € AJ-submodule in
D so that we have D = D#[X ']

Proposition 2.5.4. The natural map V*(D#) — W*(D) induced by the inclusion D¥ < D
is a quasi-isomorphism of cochain complexes.

Proof. By Prop. I1.5.5 and 11.5.6 in [16] the map v, — 1: D,/D¥ — D,/D¥ is bijective for
all @ € A since X —1 € k[X] is a polynomial with invertible constant term. In particular, the
case |A| =1 follows. For a fixed ordering of the finite set A there is an induced filtration on
D (indexed by the ordered set A U{0} with 0 < « for all & € A) by putting Fil* := D#[X]

and Fil” := D# where S, := {f € A | 8 < a} and Xg, = [ses, Xs-
Lemma 2.5.5. The graded pieces of the above filtration split as

gi"D = D¥[Xg]/D¥[X = DX\ (o} X5\ ()] ®x (Da/ DF)

Sa\{a} Sa\{a}

]Z‘gr any a € A. Here Da\(ay denotes the (9a\ia}, I'a\(a})-module D(®6€A\{a}ﬁ V) over
A\{a}-
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Proof. Since the direct limit is exact, we may write
D*[Xg1/DF[Xgh 1)) = 113@(X;ngj\{a}D#)/(X;f\{a}D#) :
i

Further, by construction we compute

X, 'D*/D¥ = D* /X! D¥ = lim Q) Di/X;D} | @« Df/X.DF | =
no\ \pea\(an
~ DJ\(ay @« (X5 DE/DE)

since X, 'D¥ /D¥ is a finite dimensional s-vector space whence - ®, X;"D¥ /D# commutes
with inverse limits. Similarly, multiplication by X a]\ (o} yields the identification

X3 XD 1 X 5y D = X\ oy DR\ (oy @ (XD /DY) -

The statement follows taking the direct limit which commutes with tensor products. O]

In view of the above Lemma the cochain complex W*(gr® D) splits as the tensor product

. # -1 )
\Ij (DA\{Q} [XSQ\{Q}]) ®H \IJ (Da/Df) .

In particular, it is acyclic for any o € A since so is the complex U*(D,/D#). By (finite)

induction we deduce that the cochain complex U*(D/D#) is acyclic, too, whence the inclusion

U*(D#) — W*(D) of complexes is a quasi-isomorphism. O

Corollary 2.5.6. The cohomology groups h'U*(D) (0 < i < d) are compact in the topology
induced by the weak (resp. by the duality) topology on D.

Proof. For each a € A the map v, — 1: D¥ — D# is continuous by construction since it
is continuous on D#. Therefore the differentials in the complex ¥*(D#) are continuous and
even strict by the compactness of D#. The result follows from Prop. noting that both
the duality and the weak topologies induce the natural compact topology on D#. O

We denote by D¥ the (uncompleted) tensor product Dif := Qpca D¥ which is a module
over the ring @,ca . £[[Xo]. It admits operators ¢, for all @ € A acting on the respective

terms. The complex U*(D¥) is by construction the tensor product of the complexes W*(D#)
over k. Note that the natural map D# — D¥ is injective with dense image since D¥ is a finite
free k[ X,]-module for all & € A. This inclusion induces a morphism W*(D¥) — W*(D#) of
cochain complexes.

Proposition 2.5.7. The image of Ker(dy, : W' (DY) — W1 (D¥)) is dense in Ker(d},: U"(D#) —
UHY(D#)) for all 0 < r < d. Consequently, the induced map h™U*(D¥) — h"U*(D#) also
has dense image.
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Proof. In order to simplify notation we identify D with its image in D#. Let (xS)SE(A) €

Ker(dy,: U (D#) — U"+1(D#)) and N € N be arbitrary. By the density of D in D# there

exists an element (Z/S)se( € U (DY) such that yg — zg lies in 3 A XEND# forall S € ( ).

In particular, we have

dy((ys)s) = dy((ys)s — (zs)s) € dy( EB S xevptyc P Y xNp*.

Se(2)aea sre(,2)) aea

We claim that there exists an element (y’S)SG(A) € @56(4) > uen XX 7m0 D# for some fixed
integer ng = no(D) depending only on D with di, ((ys)s) = di ((ys)s) so that zs— (ys — %) €
> wen XN D# such that (ys — ys)s lies in Ker(dy: U (DF) — UtY(DY)). Equivalently,
we state

Lemma 2.5.8. We have

i (dy: v (DF) = v (D)) )| P S x?vpg|lca, | B S xVpt

ve(,5,) «€A Se(8) e

for all 0 < r <d and N > ng with some integer ng depending only on D.

Remark. The above Lemma states in a quantitative way that the map dy, from \IJT(D(?E ) onto
its image is open, ie. that the differentials in the complex \II'(DSéé ) are strict. The analogous
statement for ¥*(D7#) is clear from the compactness.

Proof. We proceed by induction on d = |A|. For d = 1 there exists an integer ng such that
X™D# C D+, Soifx € XP*ND# is arbitrary for some p?N > (N >)ng then 2 := 32, ()
converges in D so that 1(z) — z = x. Further, we have z € o(X?*N-m0 Dt+) ¢ XP°*N-pmo D# C
XND#.

Now let d > 1 and pick an « in A. In order to use induction, we separate those subsets
of A containing o from those not containing a. We write \IJ'(D(?E ) as the tensor product

[ 1/"0‘ 1 [
of the complexes W*(D#) = (D# D) and (¥*(DX\ (ay.0)> @A\ () Where DX (0 =
Qsear(a}n D?. So the differential df, : U" (DY) — U +1(D¥) is split into 3 maps (upto sign):

ide ®d2\{a}

® D @® Df (5)

of ()~ agUe(,%)
(wa—1)®idD#
A\{a},0
® Df—0q Dy
aese(®) o ®Iave) aeve(2))

Let " : U"(D¥) — W (D¥) (resp. 7t \I/T“(D#) — U1(D#)) be the projection onto the
direct summands corresponding to those S e ( ) (resp. those U e ( A )) not containing «.
The plan is to use induction on both the horizontal arrows However we can only do so

for elements in ZﬁeA\{a} Xg ND0 , but not for those in Xg ND#. So for any integer j > 0
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we write X2'ND# @V, iy = D# as a s-vector space for some finite dimensional subspace
Vapin C D7 that we fix once and for all. Further, we denote by T<pin (r€sp. by m>pin) the
projection onto the direct summand V,, iy (resp. onto X2’V D#). Using these we find

SOXENDE = XENDE @ Vv @n | Y XPJNDZE\{a}o (6)
BeA peA\{a}

for all j > 0. Moreover, the projections m<,;x and 7>,y all commute with id D# ®d2\ (o} for

all » > 0. Now pick an element (zy)y = dy((ys)s) in @Ue( ) Y aen XP p NDF.

Step 1. We reduce to the case 771 ((zy)y). Note that both components (7, H((zp)v))
and 7T<p2dN(7TT+1<<QTU) )) lie in the image of the differential id,» ®dy, (,, so first of all we

find (yg))s e Xp2 ND¥ with (id pp @dpy 101)((y (1))5) = T iy (Tg 1 ((zy)y)). On the
agSe(%)

other hand, by () = (771 ((zy)y)) must be in

«

Ve P> Xp2 NDE o -

ve()foh) peal{al

<p2d

By induction, there exists an element

) 21N i #
W )s €Vopry® @ D X5 VDK (a0 C Vigein @ V(DL 1a0)
Se(3\() Bea(a)

with (idVMsz ®d2\{a})(yg))s = W§p2dN(7Tg+1((IU)U>>‘ Now put (yfg)s = (ys)s - (yfql))s -
(v5")s and (2)u = di((y/s)s)- So we have

(oo = (@p)o) = idpg Odp oy (9s)s = (45)s) = (dv__, @da @) ((95))s + (0s))s) =

- 7T2p2dN(7TT+1((xU) ) + 7T§p2dN(7Ta+1(( v)v)) = T—H((xU)U)

™

whence 77 ((z},)rr) = 0. Therefore we compute

(zv)v = (a)v = 75" (@) = () = 7 (wo)e) = (o = 1) @idpg Q}«yé“)s +(u5")s)

c D (ZXI;dND#H@U S \ATRERSY Xp D DX\ oy
)

acUe(,3)) \PEA 5€A\{a}

od od—1
+(1he — 1)(XP VD#) @ Df\{am) c P > xi “pf.
aGUG( )6€A

(7)

Moreover, (x},)y = di((y4)s) still lies in the image of dj: W"(Di) — U +(DF).
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) = 0. By the identity 77 odyon”, = 7" ody,

Step 2. We reduce to the case T o1 (( U
a4 (Dﬁ\{a},o) — Wt 1(Dﬁ\{a} o). Hence we may

we obtain 7" ((y%)s) lies in D¥ @ Ker(d",

. A\{a}*
write
)= al @by al) € DI, b7 € Ker(dy oy W'(DX\ay0) = V(DR (ay0)
(46)s — ma(We)s) = > D wed D eDf, el ¢ @ DL ¥ (DL o)
7 aese(?)
so we compute
(v)u = dy((v5)s iz PEL iZ D@ din ()

d—1 —
Recall we have D# = X§2 NDE¥eV, L2d-1y as a k-vector space. Since pP*'N>N>ng:=
maxg(no(Dgs)), we have

d—1 d—1
x2S NDEC X VT C (e — (XN D) C
C (o = DXLV TDE) C (0 — 1)(X2DE) - (8)
In particular, we have

Ty p2d=1 (Z(l/}a — 1)( ® b(Z > Z’]‘{'>p2d 1 - 1)(@&"))) X bg)

i

€ (Ya—1)® 1dDﬁ\{a} (XQVDQ ® Ker(dj\ () \IJT(DA\{QLO) — \pr+1(D§\{a} O))) .

On the other hand

e (ZCJ) ® d oy (m > Z”wﬂd i (e) @ dilay ed)

€ idy ®dy 1o (Xp D, @ VDX, (o), 0)) )

SO WZPQdle((x,U>U) lies in df, (GBSe(f) Y oaen X(iVDa%).
Step 5. Finally, m_ a1 ((2)v) =: (z7))v lies in

d— lN #
Voon® @ > X5 VDX o
acve(2,) Bt}

by . We choose a k-basis vy,...,v; in the finite dimensional vectorspace Im(¢, — 1) N

V, ity C D7 and extend it to a basis vy, ..., v;, V41, . . ., Vg Of V,, pzi-1 - Writing 7T<p2d—1N((77Da—
1)(al)) and T i 1N(cgf)) in the basis vy, ..., vy we find using (8) that the v q,..., v~
components of 7 ity (Yo — 1)(@&?))) vanish for all ¢ whence the v;,1, ..., v y-components
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of m_pa1 (D25 oY A\{a}( el ))) must lie in
# r—1 PN p#
Df® | gy D D X5 DL
sre(A\ie)) Bea (o}

showing that they are in dj Xy D using induction again. Finally, the
v aESE( ) £uBen p

vy, ..., vi-components altogether lie in

2d—1
(Yo — )(DF) @ Ker | dpy oy @ Z X5 NDZE\{a},o—“I’T (Dﬁ\{a}o)
sre(AV1)) BEA fo)

since dg\?{ (e ey )) € Im(dg\}{ 1.0) € Ker(dy, (). We deduce that this part is even in the image

2d N
d\P(®a¢Se( )ZﬁeA § D#)- L
The second statement follows using Cor. noting that the image of a dense subset
under a quotient map is dense. O

Now the inclusion Dff < D# < D induces a composite morphism W*(D7) — ¥*(D#) —
U*(D) of cochain complexes and therefore a composite morphism

KU (DY) — b0 (D) S WD) — (R0 (D*(14)))Y
on the cohomologies for all 0 < r < d.
Lemma 2.5.9. We have

) = @ ®h“‘ , and

SE( )aEA
hd—rq) @ ®h1 o S)(I)o D*<1))
Se ) aeA
1 4 S
as representations of the group I'a where i,(S) = Z_f& < .
0 ifags

Proof. Since W*(D{) is the tensor product of the cochain complexes W*(D#) for a € A, the
first statement is simply the Kiinneth formula (Thm. 3.6.3 in [34]) for cochain complexes
(note that the tensor product is taken over the field ). On the other hand, ®*(D*(1a))
computes the Hg, a-cohomology of V*(1a) = V(D*(1a)) by Prop. 2.1.4 By construction,
V*(1a) is the external tensor product of the Galois representations V(1) = V(DZ(1)) for
o € A. Taking injective resolutions V(1) = I*(V;(1)) as discrete Hg, o-modules over
for all o € A, each tensor product 1" 1= @ cp . ["(Va(1)) (0 <ny € Z for a € A) is a
cohomologically trivial Hg, A-module by the Hochschild-Serre spectral sequence

qu = Hp(H@p’A\{a}, Hq<HQp,a: InA)) = Herq(HQp’A’ [nA)
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Indeed, I™ is isomorphic to the direct sum of copies of I"*(V.*(1)) indexed by a k-basis of
Qsearfays I (V5 (1)) as a representation of Hg, . for fixed v € A therefore HY(Hg,,q, ")
vanishes for ¢ > 0. On the other hand, we have H(Hg, o, ["*) = H°(Hg, a, 1" (V}(1))) ®x
@ searfay. I (V5 (1)) which is Hg, a\{a}-cohomologically trivial by induction on [A|. There-
fore the complex @ I*(V(1)) is a resolution of V*(1a) by Hg, a-cohomologically trivial
terms whence

a€A K

(®rmm>'=®rmm%a

aEAK a€EAK

computes the Hg, a-cohomology of V*(1a). The result follows again from the Kiinneth
formula for cochain complexes. n

Now note that statement of Theorem [2.5.2]in the classical case |A| = 1 (whence the pairing
{-,-} between D and D*(1) is perfect) implies the isomorphism h*W*(D#) = (h1=i®*(Dzx(1)))Y
for i = 0,1 of k[[I'y]]-modules. Further, the Pontryagin dual of the tensor product of discrete
K[[]-modules for & € A is the completed tensor product of the Pontryagin duals of the
terms. We deduce the isomorphism

—

hrUe (DY) S (W@ (D*(1a)))"

for all 0 < r < d. Here ~ stands for the completion @n(')/(ZaeA T7(-)) where T, is the
variable in k[[',]] & x[Z,]] under the identification with k[['s ors][Ta]] Where £[[q ors) is the
group ring of the finite group of torsion elements in I',. By the compactness of h"¥*(D¥)
(Cor. [2.5.6), the map h"U*(D{) — h"W*(D#) factors through the completion h*¥*(D{). By
the discussion above the composite map

o —

hrs (DY) = WU (D¥) — (b7 @°(D*(14)))"

is an isomorphism and the first arrow is onto by Prop. [2.5.7 We deduce that the second
arrow is also an isomorphism.

Step 3. The general case. By Step 1 we obtain a morphism of cohomological §-functors
hi=AWe (1) — R0 ((-)*(1a))Y (d < i < 2d). Now if 0 — D; — Dy — D3 — 0 is a short
exact sequence of p-power torsion étale (¢a,'a)-modules then we have a morphism

-1

c—— (R0 (D}(1a)))Y — (W10 (D5(1a)))" — (W71 0*(D;(La)))Y — -

| T |

hiqujo(Dl) hiid\IJ.(Dg) hifd\:[jo(Dg) +1

between the long exact sequences. In particular, if the statement is true for D, and D3 then
it also follows for Dy by the 5-lemma. Therefore we are reduced to the case when V(D) is
irreducible as a representation of Gig, a. By possibly enlarging the coefficient field x we are
done by Step 2. m
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2.6 Cohomology for p-adic representations

The goal in this section is to show that the Herr complex computes the continuous group
cohomology of objects in Rep; (Gg, a) and Repg (Gg,,a). In the classical |A| =1 case the
proof of this fact is not properly explained in [20]. There is an intrinsic proof in Colmez’s
Tsinghua notes [I5]. Our proof is more inspired by the more conceptual proof of Schneider
and Venjakob [32] for the Iwasawa cohomology in the Lubin—Tate case.

Let T be an object in Repy, (Gg,.a). As usual we define the cohomology groups H "(Gg,a,T)
using continuous cochains.

Lemma 2.6.1. We have H (G, a,T) = Hm H'(Gg,a, T/p"T) and @i H'(Gg,a,T/p"T) =
0.

Proof. By definition, we have an isomorphism C*(Gg,a,T) = Hm C*(Gq,.a,T/p"T) on the
level of continuous cochains. Since the transition maps are surjective, the first hypercohomo-
logy spectral sequence EY? := h? hm? C*(Go,a, T/p"T) = Rp+q(@n(~)G@P’A)((T/p"T)n) de-
generates at Fy. Therefore the hypercohomology groups are simply H i(G@p,A,T). On the
other hand, the cohomology groups H'(Gg, a,T/p"T) are finite, so the projective system
(H(Gg,.a,T/p"T)), satisfies the Mittag-Leffler property for any fixed ¢ > 0 yielding the
second statement of the Lemma. This shows that the second hypercohomology spectral se-
quence E¥? .= JHm” HY(Gg,a,T/p"T) = HP"9(Gq, a,T) also degenerates at L, showing the
first statement. O

In particular, we have

Hy,(Goa D)= lm  H(HT)®  lm L H(HT/pT) =
Hg,,a<H<,Ggp,a Hg,,a<H<,Gg,a n

=~ Jim lim H'(H,T/p"T) = @H}'w(G@p,A, T/p"T) .

n  Hg, ASH<,Gg,,a
Moreover, using again the finiteness of H*(H,T/p™T) and noting that there are countably
many open subgroups of I'a = Gg, a/Hg, a, we deduce @i H; (G, A, T/p"T) = 0.
Theorem 2.6.2. Let T' (resp. V') be an object in Repy, (Gq,a) (resp. in Repg, (Go,,a)). We
have isomorphisms
H'(Gg,a T) = MOLA\(D(T)) 5 H'(Gg,a,V) = HETA(D(V)) ;
H},,(Go,a, T) = H=0(D(T)) 5 Hp,(Goya, V) = H 0 (D(V))
natural in T (resp. in V') for all i > 0.

Proof. Consider the projective system (®I'%(D(7/p"T))), of cochain complexes of abelian
groups. Since the transition maps are surjective, the first hypercohomology spectral sequence
degenerates at F,. Therefore the second hypercohomology spectral sequence becomes

L1 OTY (D(T/p"T)) = K™ STy (D(T)) -
By Thm. and Lemma this spectral sequence degenerates, too, and computes the
continuous cohomology H'™(Gg, a,T).

The proof of the statement on the Iwasawa cohomology groups is entirely analogous using
Thm. instead. The result on V follows by inverting p. O
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Corollary 2.6.3. The functors Hj,(Gg,a,-) (d < i < 2d) form a cohomological §-functor
on RepZP(GQp,A).

Proof. For a short exact sequence 0 — T} — Ty, — T35 — 0 we have a short exact sequence
0 — ¥*(D(Ty)) — v*(D(T)) — ¥*(ID(T3)) — 0 of cochain complexes yielding a long exact
sequence of cohomology groups. O

Note that I's acts Z,-linearly on H},,(Gg, a,T) by construction. The action is continuous
and the Iwasawa cohomology groups are compact (Cor. [2.5.6)) therefore this extends to an
action of the Iwasawa algebra Z,[['a]].

Corollary 2.6.4. Let T be an object in Repzp(GQmA). The Iwasawa cohomology groups
H; (Gg,a,T) are finitely generated Z,[[I"A]]-modules.

Proof. At first assume that 7" is an object in Repy _;,s(Gg,a). By Lemma we have
an identification H},(Gg,a,T) = H(Gg, a, Zy['a]l ®z, T). There is an action of the group
Gg,.axI'a on Z,[TA]|®z, T given by the formula (g,7)(A®z) := (g~ '®(gz) on elementary
tensors (g € Gg,,a with image g € I'a; v € ['a; A € Z,[I'all; and & € T'). The action of I'a
extends to the Iwasawa algebra Z,[[I"a]] making Z,[I'a]] ®z, T into a left module over Z,[I'A]]
equipped with a linear action of Gg, A. Thus the cohomology groups H'(Gg, a, Zy[Tal|®z,T)
are left modules over Z,[[['al]. Pick a topological generator v, of I', for some fixed a € A.
Since Zy[[I'a\{a})] is Zy-flat, we have a short exact sequence

( )

a=1)-
0= Z,[Ta] ®z, T "% Zy[Ta] ®2, T = Zy[Caviey] €2, T = 0

of G, a-representations. Therefore we obtain a long exact sequence

RN H"(GQPA,ZP[[FA]] ®z, T) (751)' Hi(G@p7A, Zp[[T Al ®z, T) —
— H'(Gqg,a: Zp[Taviay] ®z, T) = H* (Go,a, Zy[La]l ®z, T) — -

of compact Z,[[I"a]l-modules. By the topological Nakayama Lemma [I| H(Gg, a, Zy[T'a]] ®z,
T) is finitely generated over Z,[[T'a]] if and only if the cokernel of the multiplication by (7, —1)
is finitely generated over Z,[[I'a\(o}]] which is true assuming that H*(Gg, a, Zp[La\a}]| @2, T)
is finitely generated over Z,[I"a\{a}]]. The statement follows by induction on |A| noting that
H'(Gg,a, Zp[Ty]] @z, T) = H'(Gg,,a,T) is finitely generated over Z,[[I'y] = Z,.

Using the above and the long exact sequence of Iwasawa cohomology applied to the short
exact sequence 0 — Tyops — T — T/Tiors — 0 we may assume without loss of generality that
T is free over Z,. Then we use the long exact sequence associated to 0 — T’ BT /T — 0
and the topological Nakayama Lemma as above to deduce the statement for a general object
T in Repy, (Gg,a)- O

2.7 The Euler—Poincaré characteristic formula

Recall that whenever A (resp. T, resp. V') is a finite p-power torsion abelian group (resp.
finitely generated Z,-module, resp. finite dimensional Q,-vectorspace) with a continuous ac-
tion of Gg, then the Euler-Poincaré characteristic of A (resp. of T', resp. of V) is defined

as Xcyg, (A) := H?:o ]Hi(GQp,A)](_I)i (resp. as XGao, (T) = Z?:O(—l)irkzp H'(Gg,,T), resp.
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as Xaq, (V) := S22 (1) dimg, H'(Gg,,V)). The classical Euler-Poincaré characteristic for-
mula states that

XGQP (A) = |A| > XGQp (T> = I'kzp T ) and XGQP (V) = dim@p V.

We define the Euler—Poincaré characteristic of representations of Gg, a similarly: whenever
A (resp. T, resp. V) is a finite p-power torsion abelian group (resp. finitely generated Z,-
module, resp. finite dimensional Q,-vectorspace) with a continuous action of Gg, o then the
Euler-Poincaré characteristic of A (resp. of T', resp. of V') is defined as

2|A| ‘
XGQP,A(A> = H|HZ(GQ;),A7A)|(_1)Z;
1=0
2/A|
XGo,a(T) = > (=1)'tkg, H'(Gg,a,T) ;
=0
2|A|
XGg, (V) = Z(—l)’dimeHZ(GQpA,V).

1=0

The analogous Euler—Poincaré characteristic formula follows from the classical |A| = 1 case
by induction on |A| using the Hochschild—Serre spectral sequence. However, we present here
a different proof using multivariable (¢a,I'a)-modules as the statements proven along these
lines might be of independent interest.

For an object D in D (pa, LA, Og,) or in D (pa,Ta,EA) and a subset S C A we define
the cochain complex (slightly different from the one introduced in (Z2))

\1157S(D):0—>D—>€BD—>---—> @ D—.---—-D—=0

a€esS

.....

term corresponding to {aq,...,a.} € S to the component corresponding to the (r + 1)-tuple
{B1,...,Bry1} € S is given by
dPrBr — 0 if {alv"'var} Z{ﬁl?"wﬁ'r-i-l}
o ’ (_1)n¢6 if {61a~->5r+1}:{041,-~.,Otr}U{B} ,

where n = n(aq, ..., ., 3) is the number of elements in the set S\ {ay,...,a,} smaller than
B. We put W§(D) := W§ A (D).

Lemma 2.7.1. The complex \If(')’s(D) s acyclic in nonzero degrees. In particular, the functor
D = hOWg 4(D) = Ngeg Ker(vp) is evact.

Proof. We proceed by induction on |S|. If |S| = 1 then this is the surjectivity of 15 (S = {5}).
Moreover, if |S| > 1 then for any fixed § € S and S" := S\ {8} the complex ¥§ ¢(D) is the
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total complex of the double complex

0—D—>@PD—...— @ D D——=0
aes’ {041 ..... Oér}6<5;)
s DYs T@wﬁ g
0—sD—>@PD—>...— @ D—s...—>D—>0
a€esS’

where the rows of the above complex are isomorphic to ¥§ (D). By induction W§ (D) is
acyclic in nonzero degrees, so the above total complex is quasi-isomorphic to

0 — hOUE 4 (D) 3 hOW (D) =0 .
Finally, the map 13 is surjective on hO\IJ57S,(D) as it has a right inverse ¢g. Indeed, ¢g
commutes with 1, for any a € S’ therefore maps h°¥g o, (D) = (s Ker(v,) into itself. [

The group I'a is isomorphic to the direct product Ca x Iy where Cx is a finite group
and Iy = [[,ca T = Z2. In particular, the Iwasawa algebra EX(I') := F,[[A] of I'x
over F, is isomorphic to the power series ring F,[Y, | @ € A] where 1 + Y, corresponds
to a topological generator of the group I}, = Z, for all « € A. So we may form the ring
EA(T%) == EX(THY)[Y ' | @ € A]. Finally, we put Ea(Ta) := Ea(T3) Rptry) Fplllall

Proposition 2.7.2. Let D be an object in D% (pa, Ta, Ea). Then h®U8(D) is a free EA(Ta)-
module of rank tkg, D.

Proof. By passing to a finite extension of I, and using Lemma we are reduced to the
case when V' := V(D) is absolutely irreducible as a representation of Gig, o. In this case V' is
an outer tensor product of representations V,, for « € A. Therefore D is the completed tensor
product of D, :=D(V,) (o € A). In particular, R0 (D) is the completed tensor product of
oW (D,) (o € A). The result follows from the case |A| = 1 which is proven in Cor. VI.1.3
in [16]. O

Proposition 2.7.3. Let V' be a continuous IF,-representation of Gg, . The Iwasawa co-
homology groups H},(Gg, a, V) are torsion EX(I'x)-modules for all i > d = |A.

Proof. By passing to a finite extension of IF, and using the long exact sequence of the W*
complex of D := D(V) together with Thm. we are reduced to the case when V' is
absolutely irreducible as a representation of Gg, A. In this case V' is an outer tensor product
of representations V,, for « € A. By Prop. |2.5.4 and |2.5.7| the cohomology groups hi_d\If‘(Dgéé )
are dense in h"~90*(D#) = H} (Gg,a, V). The result follows from the description (Lemma
2.5.9) of h"=4W*(D¥) noting that h'W*(D#) is finite dimensional over F, (Cor. 1.7.4 in [I4])
hence killed by a nonzero element in IF,[I'}]] for all @« € A. Indeed, we find a nonzero element
in @,cnFp[T4]] € Fp[I'A]l annihilating hi=4w* (DY) for any i > d and by continuity this
element also kills hi=?W®(D#). O

Proposition 2.7.4. Let V' be a continuous Fy-representation of Gg, a. The cohomology group
ROW*(D(V)2) has rank dimg, V' over EX(T'R) = F,[T4]l.
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Proof. This follows by a similar argument as in the proof of Prop. However, for future
applications we include a different proof here resembling the classical |A| = 1 case. Put
D :=D(V) and consider the map

[] (o —id): 0T (D) — ROUH(D) .

aEA

By Prop. the right hand side is a free module over Ex(I'y) = EA(T'a)%* of rank dimg, V.
We show that both the kernel and cokernel of [], A (¢a —id) are torsion modules over E (I'%)
so it becomes an isomorphism after tensoring with the field of fractions Frac(EX(T%)) of
EL(T%). However, we have Frac(EL(T%)) Rpt(ry) EA(T%) = Frac(EL(T'%)) so this implies
the statement.

As in the classical case [16] we define D" = {y € D | limy0([Tpcn ¢a)(y) = 0} where
the limit is considered in the Xa-adic topology.

Lemma 2.7.5. For any element x € D and any choice of topological generators v, € I'7,
there exists an integer k > 0 such that [] (Ve — 1)" - @ lies in DT,

Proof. This is similar to the proof of the classical case |A| =1 (see section 1114 in [16]): At
first note that z lies in X" D™ for some n > 0 by Prop. 2.5 in [37]. Moreover, the subspace
M = X;"‘lDJr+ is invariant under the action of I'n. Moreover, for & > p” > n + 1 the
element (v, — 1)*X,, is divisible by X?" in EX by Lemme II1.4.1 in [I6]. Finally, we compute

[[Oe =" 2ze[[(a—D" XaM =[] (va — )" Xa) - M S X3'M C D

a€cA aEA aEA

]

Since the map [, x(pa — id) is formally invertible on D™ and h°U*(D%) is finitely
generated over E{ (') (Cor. [2.6.4)), the statement follows from Lemma O

Remark. The above proof also shows that Ea(I'y)® ¢ (FZ)hO\I!'(DCA) (resp. Ea(Ta)®pi(r,)
hOW*(D)) is a free module of rank dimg, V over Ex(T'}) (resp. over EA(T'a)).

Lemma 2.7.6. Let D be an object in D*(pa,T'a, Ea) and S C A be any non-empty subset.
Then the complex T*(Ker(]],cg ¥a: DY — D)) is acyclic.

Proof. Put DY2¥s=0 .= Ker([] g ¥a: D — D) for simplicity. For any o € S we have
a short exact sequence

0 — DCa¥a=0 y DCaWs=0 &) DAY\ {a}=0 s 0

having a splitting ¢, : DEa¥s\a3=0 <y DCa¥s=0" Gg we are reduced to the case S = {a}
by induction. However, the map -, — 1 is bijective on D% ¥a=0 by m since we have an
embedding

IT (| D2 s+ Xa)ps | - D=0 — (1) Ker(ys) "

pea\fa} \18€Cs pea
with left-inverse [ ] 5o a\ 14y ¥50(1+X 5) 1 making DE%>=0 a direct summand in [ Ker(¢5)“»
BeA
as a Zy[[ya — 1]-module. O
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For an étale (oa, 'a)-module over any of the rings Ea, Og,, or Ea, we denote by ¥I'*(D)
the total complex of the double complex I'*(¥*(D)2).

Theorem 2.7.7. Let D be an object in D(oa,Ta, En). Then the complex WT*(D) is
quasi-isomorphic to ®I'*(D). In particular, both compute the Galois cohomology groups
H*(Gg,.a,V(D)).

Proof. Consider the morphism
P ®°(D)“s — we (D)%

of cochain complexes that is given by (—1)**) [, % on the copy of D corresponding to a
subset S C A with |S| = r in ®"(D)“» mapping onto the copy of D corresponding to S in
U (D)%s. Here £(9) is the sum of the indices of elements of S when the set A is index by the
numbers 1,. .., |A| (ie. after choosing a total ordering of A on which both cochain complexes
depend). This is surjective in each degree therefore by the long exact sequence corresponding
to the short exact sequence 0 — Ker(¢®*) — ®*(D)2 — ¥*(D)Y4 — 0 we are reduced to
showing that the total complex of the double complex I'*(Ker(¢*)) is acyclic. This follows
using the (second) spectral sequence of the double complex since the columns of the double
complex are acyclic by Lemma [2.7.6), n

Lemma 2.7.8. For any finitely generated EX (T} )-module M we have Z;l:o(—l)j dimg, KT (M) =
kgt ry) M-

Proof. Whenever M is a free module, the statement is clear as I'*(M) is acyclic in nonzero
degrees in this case. The general case follows from the long exact sequence of I'* using a free
resolution of M. ]

Theorem 2.7.9. Let A be a finite p-primary abelian group together with a continuous action
of Gg,a- Then we have xcq (A) = [A].

Proof. By the long exact sequence of group cohomology we may assume without loss of
generality that pA = 0. Put D := D(A). By Thm. we have

XG@ (A) — pi‘:%l(—l)l dimﬂrp hi‘I’F‘(D) .
D

By the first F; spectral sequence of the double complex defining WI'*(D) we compute

2|A| d d
> (=1) dimg, K'OT*(D) =Y > " (=1)"" dimg, KT (A W*(D)) =
i=0 i=0 j=0
d
= > (1) tkpg oy K UT(D)7S = gy ) ROV (D) = dimg, A
=0
using Prop. [2.7.3| and 2.7.4] and Lemma [2.7.8] O

Lemma 2.7.10. Let M be a finitely generated Z,-module of (generic) rank r. Then for any

n > 1 we have p»" = M_
N | Tor,” (M,Zp/p™)|
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Proof. This is classical but for the convenience of the reader we include a proof. By the
theorem of elementary divisors we may assume M = Z,/p* or M = Z, is cyclic. The lemma
follows directly using a projective resolution of M: we have M ®z, (Z,/p") = M/p"M and

Tor?(M, Z,/p") = Mp"). =

Corollary 2.7.11. Let T (resp. V') be a finitely generated Z,-module (resp. finite dimensional
Qy-vectorspace) with a continuous action of Gg, a. Then we have

XG@p,A (T) = I'kZp T ) XGQp,A(V) — dlme V
for the Euler-Poincaré characteristic of T (resp. of V).

Proof. The second statement follows from the first one inverting p (which is exact). For the
first statement we may assume without loss of generality that T is free over Z, using the
long exact sequence of G, a-cohomology. In this case ®I'*(ID(T/pT")) is the derived tensor
product of ®T'*(ID(T)) with F, over Z,. The statement is a combination of Thm. 2.1.9] Thm.
2.7.9) and Lemma with the spectral sequence

EY = Tor™ (hor*(D(T)),F,) = hi* eI (D(T/pT)) .

3 Overconvergence

The goal in this section is to construct a multivariable analogue OEA of the ring (’)g and
prove the overconvergence of multivariable (¢, I')-modules (see [I3] for the classical, 1-variable
case). We show, moreover, that the category of étale (¢a, 'a)-modules over OJ;A is equivalent
to the category of étale (pa,'a)-modules over Og, (hence also to the category of continuous
representations of Gg, o over Z,). Finally, we verify that the overconvergent Herr complex
also computes Galois cohomology.

Our definition of multivariable overconvergent and Robba rings is somewhat different from
that considered in [4] 22] and in the possibly non-commutative version in [35]. Here the func-
tions are required to converge on a full polyannulus whereas in these previous constructions
the modulus of the variables have a fixed relation. The reason for this difference is that we
have partial Frobenii to act on our rings (’);A and Ra and the relation of the moduli of vari-
ables changes under these operators. However, R can naturally be viewed as a subring of
the multivariable Robba ring considered in [22].

3.1 Multivariate overconvergent and Robba rings

Recall (Thm. 4.11 in [37]) that the functors

Hq,,a

Vo D(V) = (52 Rq, V)

D — V(D) = ﬂ (EEA Ren D)Wa=id _ h()q)o(Dur)

acA
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are quasi-inverse equivalences of categories between the Tannakian categories Repr(GvaA)
and D(pa,T'a,Ea). Further, this also has an integral version: for Z,-representations 7" of

Gq,.a we define
Hop.a

D(T) := ((’)gx\r ®z, T)

which is an equivalence of categories from Repy (Gg,a) to D (on,La, Og,) with quasi-
inverse T mapping an object D to

pa=id
T(D) == ) (Og}? ®0, D) — B0 (DY
acA
Here we put D" := EX\T@SA D (resp. D" := Og/Z\T ®0,, D) for an object D in D*(pa, 'a, )

(resp. in D(pa,T'a, O, )).
Recall, moreover, that the ring (’)g of integral overconvergent Laurent series is defined as

O; = {Z a; X" | a; € Z, , convergent on p < |X|, < 1 for some 0 < p < 1}

1EL

and we put EF ;= OL[p~!]. Both these rings are subrings of the Robba ring R := Uo<pet R
where we put

RO . {Zaixi | a; €Q, , convergent on p < | X[, < 1} -

i€z
Further, for each real number p < r < 1 we have the r-norm on R given by the formula

| > ez @iX'|, == sup; |a;],r" € R=? (which we extend to the whole Robba ring R by the same

formula possibly taking +o0o as a value). Recall that T (resp. OI:) consists of those elements
f € R such that lim,_,q |f|, < oo (resp. lim,_; |f|, < 1).
Consider a copy OT%, &l and R, of these rings for each o € A using the variable X,. We

define R = Upe(o,l) A R(Ap’l) as the ascending union of the ring of multivariable power series

R(Ap,l) = Z ;X' | a; € Q, , convergent on B

i:(ia)ozGAeZA

where X' := [, X and the polyannulus B»Y for the tuple p = (pa)aca € (0,1)% is
defined as

Bl . {X = (Xa)aca € (CpA | po < |Xalp <1forall ae A} :

For each tuple r = (74)aca € (0,1)® of real numbers with p, < r, < 1 for all @ € A the

) is defined as

| Z a; X, = sup |a;p H rle
1

iezA acA

1
r-norm on R(A
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Note that the r-norm is multiplicative on RX”l) for any tuple p with p, < r, for alla € A. We
extend the r-norm as a function to the whole Robba ring defined by the same formula taking
possibly 400 as a value. We define the rings EL (resp. (’)}A) as subrings of R consisting of
functions that are bounded (resp. bounded by 1) on the boundary. More precisely, we set

€L = {f€Ra| limsup|f|, < oo}
P*}(l)aeA

O;A = {f €Ra| limsup |f|, <1} .
r_>(1)a€A

In other words f € Ra lies in OEA if and only if for each § € R>? there exists an ¢ € (0,1)
such that for each tuple r € (1—¢,1)® we have |f|, < 144. Further, we have £ = (’)}A p~1.

For each a € A we identify (’)}a (resp. £, resp. R,) with a subring of (’)}A (resp. of SL, resp.
of RA)

Lemma 3.1.1. If f =Y. 1 a; X! lies in (’);A then we have a; € Z, for all i € Z*.

iezZ
Proof. Assume that |a;|, > 1 for some fixed j € Z* and choose the real number 0 < § <

laj|l, — 1. Then for r close enough to (1)sea (depending on j and |aj|, — 1 — ) we have
146 < asl, [T, 72 < |f|r showing that limsup,_, _, [flr > 1+ 0 whence f ¢ (’);A. O

Remark. The converse of the above Lemma is not true whenever |A| > 1. For example
the Laurent series ) °) X2' X" has coefficients in Z, and belongs to R, but not to OLA if

a# [ eA.
Proposition 3.1.2. The ring O}A is p-adically separated and its p-adic completion @n O;A/(p”)

is 1somorphic to Og, . In particular, we have an injective ring homomorphism OEA — Og,.

Proof. The p-adic separatedness follows directly from Lemma [3.1.1] Further, it is obvious
that Of = Z,[ X, | € A] C Of and X' € Of for all @ € A whence OF, [X;'] € OF.
Note that we have Og, /(p") = OF [X;']/(p"), and OF, [X;']/(p") — OL /(p") by Lemma
3.1.1] so it remains to show that OF [X1']/(p") — O}A /(p™). Namely, we need to verify that

the monomials in an element f =",/ o X! e (’);A with coefficients not divisible by p™ have
bounded denominators for any fixed n. Assume for contradiction that for some n > 0 and
o € A there exists a sequence i(j);>1 C Z* of indices such that i(j), = —oo and |as(j)|, > p™"
for all j > 1. We claim that f ¢ SL. Choose real numbers 0 < C' and 0 < ¢ < 1. For any
fixed 7, in the open interval (1 —,1), there exists a positive integer j such hat ride S Cp"
since the sequence i(j), tends to —oo. Now for given r, and this chosen j > 1 we may choose

75 € (1 —¢,1) close enough to 1 for all 3 € A\ {a} such that we still have [];. A r;(j)ﬂ > Cp"
whence we have |f[r > |aig)|p [T5ea r;(j)ﬂ > C. O

Remark. We have Ra NOg, 2 LN [Ticza Z,X" = ELNOg, = (’);A where the intersection
is considered in the Q,-vector space [ [;.;a QX!

Proof. The inclusion O}A C Ra NOg, is proven in Prop. m To see that the containment
is proper note that the element 2@1 "X §2n X5 2" belongs to Ra NOg, but not to (’)I;A. Now
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assume that f = ZieZA a; X! lies in SL and a; € Z, for all i € Z”. Then there exist real
numbers 0 < C' and 0 < ¢ < 1 such that |f|, < C whenever 1 —e <r, <1 foralla € A. In

particular, we have |ail, [T,ca e < C which implies

|asp H ,,afxa < ail, H Tglin(()’ia) <C,

aEA acA

too, by letting rz go to 1 for all 5 € A with ig > 0. Now the function

H(x) = suplfai, [ 20

aEA

is monotone decreasing and bounded by C on the polyannulus r € (1 —¢,1)2. So it suffices
to show that limsup,_,; Ho(r) < 1 where Hy(r) := H((r)aea) as a function on the interval
(1 —€,1). Choose a real number 6 > 0 and 1 —e <7’ < 1. Now for large enough integer NV
we have ™ > C for n < —N, therefore there exists a real number ' < r” < 1 such that we
still have (r'/r")™ > C for n < —N. By possibly increasing r” further (for fixed N) we may
assume that r”~" <1+ 4. So for those i € Z* with >, min(0,i,) < —N we have

2
aily [T 700 < (5) Vlaal, T 0o < ¢2c = 1.

a€eA aEA

On the other hand for those i € Z* with Y~ _, min(0,i,) > —N we have

|a'i‘p H 7a//min((),i,l) < |ai’pr//—N <1+ 5.
a€A

All in all we obtain Hy(r") < 14 6, so we deduce f € OEA as 0 was arbitrary. O

We now equip the rings OEA, SL, and R with the action of the operators ¢, for all @« € A

and by the group I'a (as in section . Let p~/®=Y < r, < 1 be a real number. Then by
the ultrametric inequality we compute

0<j<p ]

p—1
o(Xa) = X2 = |3 (p.)xz;m < max |<p.)xz;|m e gn 7,
=1 p

In particular, we obtain |p,(Xa)|r, = |X2|,, = 2. We deduce

i—1
|p(X5) = X2, = H(pa(Xa) — XE) Z Spa(Xa)ng(iilij)’m < Tgrg(iil) = | X%,

J=0

for all i € Z>Y. Further, since ¢, (X,) is invertible in Oj%n it is also invertible in the rings
OlA, 52, and Ra. Moreover, we have

Xgi - @a(Xoc)i

Xl pa(Xa)y S ra” =X | (9)

(X)) — X P = |
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for all i > 0. Therefore if f =), ,a a; X! € Ra is convergent on the polyannulus B®Y) for
some p € (0,1)? with p, > p~/®=1 ) then the formal sum

Spa(f) = Z CLISOOz H XlB

iczA peA\{a}
also converges in the r-norm whenever r, > pé/ Pand rg > pg for all € A\ {a}. This way we
obtain an injective ring endomorphism ¢, : Ra — Ra such that for all f € R and r € (0,1)4
with 74 > p~/®=1 we have oo (f)|r = |f| where 7, = 2 and 1, = r5 for all o # 8 € A.
This, in particular, shows that ¢,(f) lies in the subring OEA (resp. in £)) if and only if so
does f.

Lemma 3.1.3. Fiz a € A and let v € (0,1)® with r4 > p~/®=Y  and let v' € (0,1)* such
that v, = 1% and vy =rp for alla # B € A. Let fo,..., fr-1 € Ra.

(1) If fo,-- -, fo—1 are all convergent on the polyannulus B then we have
p—1
o ma‘X|f] v < |Z 1+ X, ) @a(f])l < m?XIfjlr' ~
7=0

(2) If Z?;é(l—l—Xa)jgoa(fj) is convergent on the polyannulus B®Y | then each f; (i =0, ... ,p—
1) is convergent on the polyannulus B*"1)

Proof. The second inequality follows from the from the formula |p,(f)|z = |f|~ by the ul-
trametric inequality noting |(1 + X, )|, =1 for all j = 0,...,p — 1. For the other inequality
we may assume without loss of generality that f; lies in R, since the functions |- |, are defined
termwise. In this case we choose 0 < jo < p — 1 such that | f; | is maximal (if the maximum
is taken at more than one value of j, then we take the biggest j, among them) and choose
the integer i such that the supremum defining |fj, |, is taken on the coefficient of X@. We
claim that the term with X?0tio in Z?;é(l + Xo) 0a(f;) has | - | at least T2~ max; | fj|» =
27 fiole < 12| fjolw. To show this write f; = >0 a;;X: (j=0,....,p—1). By (9) and
our assumption 7, > p~ /0D we have [ga(f;) — 500w aig X2 e < [palfi)le = sl Adding
all these estimates and using the ultrametric inequality we obtain

p—1 p—1 o0 p—1 oo
I 0+ XaV alfi) =D > a1+ X XE L <[>0 D aij(1+ Xo) X2
§=0 §=0 i=—o0 §=0 i=—o0
whence
p—1 0o
| (1+Xa) SDafg |ZZCL”1+X ) XE
7=0 7=0 t=—o00

Now in the infinite sum on the right hand side only the terms aiw(l + X, )7 XEo
contribute to the coefficient of X7o+Pio, .namely the cloefﬁcient 18 D i<i<p1 Yo ( ) Note that
a;, ;X2 is a term in f; whence |a;, j X2, = |ai, ; X2 < |file < |fjolr with strict inequality
at the end in case j # jo by the choice of jo. By the choice iy we have | fj, v = |aiy jo X2 |w, s0

Jo<j<p—1

7j0
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(T xJotpio|  — |q. . XJotpio| — pdolf. i ;
we deduce | Y5 o, Qi j (jo)Xa e = |ai, jo X207, = 1| f; | as claimed since the sum

on the left hand side has a;, j, X" as dominant term with all the others having smaller

|'|r-

For the second statement we may write each f; = Y, 7a axj [Joen X2 (7 =0,...,p—1)
as an infinite formal sum and put f;N) =2 ke@n-naa ik [laea Xk We have

—_

p—

_ N i N
2 max e < 13001+ XY a5

«

i
o

by the first statement since finite sums converge on any polyannulus. Taking the limit as
N — oo we deduce that whenever | Z?;é(l + Xo) @a(f;)|r is finite for some fixed r € (0,1)2

with 7, > p~Y®=Y 5o is |f;| for all j =0,...,p— 1. O
Proposition 3.1.4. For all « € A we have

p—1

Ra = @0+ Xo)ea(Ra)

p—1

SL = @(1+Xa)j@a<g£)

p—
OLA = @(1 +X01)]9001((92A) :

J=0

Proof. By collecting the terms with HﬁeA\{a} X;B for each tuple i = (ig)gea\(a} € Z2\ in

the expansion of any element f in R (resp. in 52, resp. in (’)}A) we may write

f= > n I1 XY

iczAMet  peA\{a}

for some f; in R, (resp. in &, resp. in (’);ﬂ). Since the operator ¢, respects this expansion,
we deduce immediately that the sums in the statement are all direct. In order to prove these
equalities we may write each f; as a sum f; = ?;3(1 + Xo)@alfij) for some fi; in R,
(resp. in &I, resp. in Oga). Now whenever f is convergent on the polyannulus B™Y for some
r € (0,1)” with r, > p~/®=1 then by Lemma|3.1.3|applied to the sum Z?;é(l + X0 0alfij)

for each i € Z* we deduce that the formal sum Y iczavied fij HﬁeA\{a} X;f converges on the

polyannulus B®"V for each j =0,...,p — 1. The statement on the decomposition of 52 and
O;A also follows from Lemma noting that r2~! tends to 1 as r, — 1. O

Now if ¥ = (Va)aca € Ta is arbitrary then we put y(X,) := (1+X,)X*0=) —1foralla € A
and we extend this operator to all monomials X! = [] . X multiplicatively (i = (iq)aca €
Z*). Now note that for any tuple r € (0,1)» and i € Z® we have |y(X!)|, = |XI|,, so this
defines an action of the group I'a on each of the rings Ra, SL, and (’)J;A. This action commutes
with the operators ¢, (which also commute with each other). Now an étale (pa, 'a)-module
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over O:‘EA is a finitely generated free module D' over O}A with commuting semilinear action
of the group I'a and the operators ¢, for each o € A such that the map

id ®pq OjsA ®¢Q7O;A DV — Df

is an isomorphism for all & € A. An étale (oa,T'a)-module over Ra (resp. over £L) is a
finitely generated free module over Ra (resp. over 52) with commuting semilinear action
of the group I'a and the operators ¢, for each o € A that comes as base extension from
an étale (pa,'a)-module over O;A. We denote by Det(@A,FA,OgA), D (pa,Ta, EL), and
D(pa,I'a, Ra) the categories of étale (pa,'a)-modules over the respective rings.

We finish this section by proving certain ring theoretic properties of OEA and by deriving

from them certain consequences on the structure of étale (¢a, I'a)-modules over O}A and over
&l

Lemma 3.1.5. The Jacobson radical of the ring En = Og, /(p) = (Q:I:A/(p) is zero.

Proof. Suppose we have 0 # A € Jac(Ea). By multiplying A by a monomial [, X% for
some k, € Z we may assume without loss of generality that A € E{ :=F,[X, | a € A]] C
Ea = Ef[X:"] and ) is not divisible by any of the variables X, (o € A). Note that the
constant term of A is zero since otherwise A would be invertible. Therefore A + [],ca X is
not invertible in Fo either as it is not divisible by any of the X, and it is not invertible in
E{ either. This contradicts our assumption that A € Jac(Ex). O

Proposition 3.1.6. We have Jac((’)I:A) = (p).

Proof. By Lemma we are reduced to showing that 1 + pzx is invertible in O;A for all
T € O(TSA. Since limy_,(1), ., |#]r < 1 there exists a real number 0 < p = p(e) < 1 such that for
all r € (p,1)® we have |z|, < 1+ ¢ whence |pz|, = p~t|z|, < p ' +p~le < 1 for 0 < ¢ small
enough. In particular, the formal inverse (1 +px)~! = 3°7 ((—px)’ converges in | - |, and we
have |(1 +px)~l|, =1 for all r € (p,1)>. O

Remark. It is also true (and easier to prove) that we also have Jac(Og,) = (p).
Proposition 3.1.7. The ring (’)}A s noetherian.

Proof. This follows the same way as Lemma 1.3 in [22]. We are going to show that the
ring O;A is a weakly complete finitely generated algebra over O;A = Zp[[Xa | @ € Al with
ideal (p) and generator X' in the sense of Fulton [I8], hence O};A is noetherian. Pick an
element f = > aax [[,cn Xio € O;A and for all n > 0 let h,, be the smallest positive
integer such that f modulo p" lies in X " Z/(p")[ X4, @ € A]. In other words there exists
an index ky, = (kp.a)aca € Z* and an «,, € A such that k, ., = —h, and p" { ay, and h,, is
maximal with this property. For a fixed real number € > 0 there exists a p = p(e) € (0,1)
such that |f|, < 1+¢ for all r € (p,1). Now we fix a real number p; € (p,1) and pick
rn = (Tha)aca € (p, 1) such that r,, ., = py and 7, 5 € (p, 1) is arbitrary for all 3 € A\ {a,}
and n > 0. We compute

— kn — —Nn k‘m
Lte> [fle > Jawg oy ™ H rn,éﬁ >p' " H rn,,BB :
geA\{an} geA\{an}
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Now for fixed n we let 7,4 tend to 1 for all 3 € A\ {a,} and deduce 1+ ¢ > p'~"p; .
Taking logarithm we obtain h,, < Jﬁjgp -1+ log(ijg);iogp showing the weakly completeness as

the constants € and p; are chosen independently of n. O]

Corollary 3.1.8. £} = O} [p~!] is noetherian.

Theorem 3.1.9. Let DT be an object in D (pa,Ta, O;A) that is p-torsion free. Then D' is
free as a module over O‘T‘;A.

Proof. D'/pDT is an object in D (pa, s, Ea) therefore DT/pDT is free as a module over
Ea by Cor. 3.16 in [37]. Let ey,...,ex € D be an arbitrary lift of a set {e1,...,ex} of free
generators of DT /pDT. We claim that ey, ..., e, freely generate DT. Since D' has no p-torsion,
the multiplication-by-p map p" 1 DT/p"Dt — p"DT/p"*1 D' is an isomorphism for all n > 1.
Therefore the O;A—submodule M of DT generated by ey, ..., e is free of rank k over (’);A.
On the other hand, the inclusion M < DT induces an isomorphism M/pM = DT/pDT by
construction. We deduce M = D' by Nakayama’s lemma that we may use by Propositions

3.1.60l and [3.1.71 O

Corollary 3.1.10. Any object in D(oa,Ta, EL) (resp. in D (pa,Ta, Ra)) is a free module
over EX (resp. over Ra).

3.2 Overconvergence of Gg, a-representations

Recall [13] that there exists a subfield gur' (denoted by BT in op. cit.) of the field £
(denoted by B in op. cit.) with ring of integers (’)Lm = Eur ! N Oz (denoted by AT in op.
cit.) satisfying certain convergence conditions such that (577’" T)H‘@p = &' (denoted by BTQP in

op. cit.) and (O%)H@P — O (denoted by A&p in op. cit.). The overconvergent (¢, I')-module
corresponding to a continuous p-adic representation V' of Gg, is defined as

D (V) = (O;A Rz, V) Ho,

The main result of Cherbonnier and Colmez (in case K = Q,) states that any such V is
overconvergent, ie. we have dimg: DY(V) = dimg, V. In particular, we have D(V) & & ®g¢+

. il .ot
DT (V). Now we consider a copy ¥ (resp. O%) of the ring £*7 for each o € A and put

T T T T oY) T
OgA,o == ® O 0 ) OS/X?’O = ® OEE\T ; Og\y = O(‘;A ®02‘A7O O@ 5

a€EAZy [ASTAW/S
R _ —1 L o —1
el,= Q) el=0, b, E&v =) & _o;}?o[p ], and
a€A,Qp aEA,Qp ’
/-\T /\T _
EX = EL @y EX, =071
»O A

o~

. ot T . .
The rings (’);u?, O;m, A, and EX admit an action of the group Gg, A and the operators
Ao A ’

@q for all @ € A the following way: Both Gg, .. and ¢, act on the term Oza (resp. é/'gj\r T) in
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. ot .
the tensor product defining O (resp. X', ) and leaves the other terms inert. On the other

1
£X0o
N
hand, the group Gg, A acts on O‘Tf/u\r (resp. on EX") via the second term and all the operators
A

o (v € A) via acting on both terms.

Lemma 3.2.1. We have (@?O*)HQPA — &, (EFYHeas = gl (O )Yiwas = 0L | and

(Ogg)ff@p’A =0},

07

Proof. The first statement follows by induction noting that the tensor product is taken over
a field @, and the action is componentwise. The second statement is also proven by the same

. . . . . . il o .

inductional argument using the identification £% = £ [Toca ®c1 €4 since in the latter

expression the tensor products are again taken over the fields £. The integral versions follow

by taking intersections with (’);/u? , resp. with (9;/@. [
Ao A

We say that an étale (pa,'a)-module over Og, (resp. over Ea) is overconvergent if it
comes as base extension from an object in D(pa, T'a, O}A) (resp. in D (pa, FA,EL)). An
object T" in Repy (Gg,.a) (resp. V in Repg (Gg,.a)) is said to be overconvergent if

HQP’A

Hop,a 1

DT/ T[p>)) := (OLA ®z, T/T[poo])  resp. DF(V) = (537" Rq, v)
A

is a free étale (¢a,'a)-module of rank rkz, T over OEA (resp. of rank dimg, V' over EL). The

overconvergence of p-adic representations of Gg, a is proven in the following multivariable

analogue of the grounbreaking result of Cherbonnier and Colmez [13].

Proposition 3.2.2. Any object T' in Rep;, (Gg,.a) (resp. V in Repg, (Gq,.a)) is overconver-
gent.

Proof. By compactness of Gg, a there is a Z,-lattice T" in any object V' in Repr(GQp,A) that
is stable under the action of Gg, o. In particular, DT(V) = DI(T)[p~], so it suffices to show
the integral statement. Further, we may assume without loss of generality that T is p-torsion
free. We start the proof by a general Lemma of independent interest in group representation
theory that will be important in the sequel.

Lemma 3.2.3. Let R < S be two discrete valuation rings with mazimal ideals p < R and
P <S such that RN P = p and the residue field R/p is infinite. Assume that V and W are
two finite free modules over R with linear actions of a group G such that S QrV =S Qr W
as representations of G. Then V = W,

Proof. This is classical, but for the convenience of the reader (and the lack of reference treating
this generality) we give a proof. Pick a basis vy,...,v, (resp. wi,...,w,) in the R-module
V' (resp. W) and denote by p(g) € GL,(R) (resp. by 7(9) € GL,(R)) the matrix of the
action of ¢ € G on V (resp. on W) in this basis. The isomorphism S ®r V = S @z W
provides us with a matrix B € GL,(S) such that we have Bp(g) = 7(g)B for all g € G.
Now the entries of B together with R = R -1 < S generate an R-submodule of S which is
free since R is a DVR and S has no p-torsion. We pick a basis ug = 1,uy,...,u, € S of
this free R-module, so we may write B = Y ;_, B;u; with matrices B; € M,(R), i =0,...,r.
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Since ug, uy, . .., u, are linearly independent over R, we deduce B;p(g) = 7(g)B; for all i =
0,...,r. Moreover, since B € GL,(S), we have det(>",_, Bju;) € S* = S\ P. Therefore the
polynomial det(By + >;_, B;X;) € R[X1,...,X,] is not identically 0 even modulo p as it has
an evaluation over S with value nonzero modulo pS C P. By our assumption that R/p is
infinite, there exists elements ay,...,a, € R such that det(By + >_,_, Bia;) € R* = R\ p.
Hence B’ := By + >_._, B;a; € GL,(R) gives an ismorphism between V =1®V C S®@p V
and W =1 W C S®g W since we have B'p(g) = 7(g)B’ for all g € G. O

Now we prove the proposition by induction on |A|. The case |A| = 1 is the main result
in [I3]. Let a € A be fixed for some set |[A| > 1 and pick a continuous representation 7" of
Go,.a, free of rank n over Z,. We put

H@pyA
DI (T) := ((9; ~ ®z, T)
Lemma 3.2.4. We have D'(T) = O} R0t DI(T).
Ao

Proof. Since Hg, A acts trivially on O}A, we compute

tor i Hop.a i Hone
D ( ) <08ur ®Zp T) = ((OEA ®OT Ao 051”, ) ®Zp T) =

Hop,a
~ O} Doy, (OZ‘/Z ®z, T) ~ 0L ®, DIT)

SA,O
as claimed. O

By the case |A| = 1 the rank of the (’)za—module DI(T) := (OJ;M ®z, T)"w equals n. In

particular, we have
OL_ &g, T = OT - ®op_ D! (T)

as representations of Gg, . Here ]D)L(T ) is stable under the action of G, A as a subspace of

(’);M ®z, T since Hg, o is a normal subgroup in Gg, o. While the action of G, , is semilinear,

that of G, a\{a} is linear. Note that both (’)2 and OL are discrete valuation rings (see also

Prop. [3.1.6) with uniformizer p and infinite residue ﬁelds E, =F,(X,)) (resp. E5?). So we
may apply Lemma [3.2.3 to deduce the—non-canonical-—isomorphism

O}, ®z, T = D(T)

as representations of Gg, a\{a}. In particular, we find a Z,-submodule Tx\(a} C ID)L(T) of
rank n over Z, such that we have Ta\(oy = T as representations of Gg, a\{a} and Ta\{a}

contains a basis of the Oga—module DI (T). Hence we compute

Hop,a Hoyp,a\{a}
]D)I(T) = (OT,.\ ®z, T) o~ (OT — ®z, (O Q7 T)HQp a) ~~

&%, EX (oo gur

A\ {a}

: ) Hop,a\{a}
= O, @z, (055{\} ®z, TA\{a})

T o
o~ (0817\ ®z, (O}, ®z, TA\{a}))
A\{a},o
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Hap,a\{a}
as mere OZ:A _-modules. By induction ((’)Tu{\ ®z, TA\{a} is a free module of rank
’ A\{a},0
n over O;A\{a}yo, so DI(T) is a free module of rank n over O:‘[‘A,o = (’)l:a Rz, O;A\{a}yo. Hence

DY(T) = O;A ®OI:A ) DI(T) is free of rank n over OLA as claimed.
Finally, the map
DY(T) — DY(T)

id @pa OZ‘F?A ®<PQ,OLA

is an isomorphism for all @ € A by Nakayama’s Lemma and Prop. [3.1.6] since it is an
isomorphism modulo p (we have (’);A/(p) >~ En and DI(T)/pD!(T) =2 D(T/pT)). We deduce

DY (V) = DI(T)[p~"] is an object in D (@A, Ta, EL). -

We end this section by proving a result that will be needed in the last section, but might
be of independent interest, too.
Proposition 3.2.5. Let T be a p-torsion free object in Repy (Gg, a) and put D' := DY(T).
Then for all « € A, we have O;A ®O}a ]D)L(T‘GQpﬂ) >~ DV as (o, Da)-modules. In particular,
there exists a basis (system of free generators) of DT—depending on o € A—such that the
matriz of v, and v, € I'y lie in O}a.

Proof. By induction on |A| and the main argument in the proof of Prop. 3.2.2, the Gg, o

Hop,a\{a}
representation <O;u/\ ®z, T ) is isomorphic to (’);A\M _®gz, T. Applying Di =
A\{a},o ’
(O;? ®z, -)"@ = on this isomorphism yields OEA,O Do} D} (Tigy, ) = DYT) as (¢a; La)-
modules. The statement follows from Lemma [3.2.4 O

Remark. The statement of Prop. [3.2.5]is true for étale (pa,I'a)-modules over Og,, too.

3.3 Extended multivariable Robba rings

Now our main goal is to show that the basechange functor from DEt(gpA,FA,EZ) to
D (pa,Ta,EA) is an equivalence of categories. We proceed along the lines of the proof
by Kedlaya (see Remark 1.7.4, Prop. 1.2.7, and 2.5.8 in [21]) in the one variable case. For
this recall that the extended Robba ring R over Q, is the ring of formal generalized Laurent
series Zie@ a;u’ with a; € Q, satisfying the following conditions:

(i) For each ¢ > 0 the set of i € Q such that |a;|, > ¢ is well-ordered.

(47) There exists a real number 0 < p < 1 such that for all p < r < 1 we have sup;eq |a;|,r* <
0.

Remark. Let Y, o a;u’ as above. Then the finiteness of the supremum sup;cq |a;|,(r — 5)2
for some ¢ € (0,7 —p) implies |a;[,r* — 0 as i — —oo, and the finiteness of sup,cq |ai|,(r1 +¢)*
with max(p —r1,0) < & < 1 —ry implies |a|,r} — 0 as i — +oo for all 0 < r; < 1. This
shows that our definition of R is equivalent to that given in Def. 2.2.4 of [21].
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Further we denote by RY (resp. 7%“”) the subring of R with bounded (resp. integral, ie.
bounded by 1) coefficients. The Frobenius ¢ is defined on these rings by sending Zie@ a;u’
t0 Y ;e @iu” and is therefore bijective. By Prop. 2.2.6 in [21] there exists a p-equivariant

embedding ¢t: R — R that preserves the r-norm of each element that is convergent on an
annulus (p, 1) with p™?/®~Y) < p < r < 1. More concretely, the variable X is sent to

lim; ¢;(X) € R™ where for [ > 1 the sequence ¢;(X) is defined inductively by putting ¢1(X) :=

u and
(LI(X>+1)p_ 1_90(Ll<X>>> ] (10)

uP

us1(X) = y(X) +Uzpj90_j_l (

As before, we consider a copy ﬁfl"t, ﬁgd, and R, of these rings (with variable u,) for each

a € A. Now we define a multivariable analogue of these rings as follows. We consider the set
RZ of multivariable generalized Laurent series with coefficients in @, of the form

a:= Z a; H ule € @gA (11)

i:(ia)aeAeQA a€A
satisfying the following conditions:

(i) For each fixed ¢ > 0 and o € A the set of i, € Q such that there exists an i € Q
having i, in coordinate o with |a;| > ¢ is well-ordered.

(41) There exists a real number 0 < p < 1 such that for any tuple r = (ry)aca € (p,1)> we
have |al, == supjeq |ai] [[oen 7 < 00.

(¢4i) limsup,_,q), . lal: < 1.

Note that for any formal sum a € QgA of the form the supremum

afe := supla] T] rie € B2 U {oo)
i€Q a€A

makes sense. We say that a € QSA converges on the polyannulus (p, 1)? for some 0 < p < 1 if

lal, < oo for all tuples r € (p,1)2. Further, a sequence (a,),>1 of formal expressions in @;(?A
is said to be Cauchy in the r-norm if |a,|, < oo for all n > 1 and for all € > 0 there exists
an integer N > 1 such that for all n,m > N we have |a,, — a,|r < € (or by the ultramtric
inequality it suffices to assume this for m = n 4 1 only). Note that if a sequence (a,) is
Cauchy in |- | then so are the coordinates (a;,),>1 for all i € Q2. In particular, any Cauchy
sequence has a unique limit in | - |, and this limit does not depend on r in the sense that
whenever (a,,),>1 is also Cauchy in |- | for some tuple r’ € (0,1)2 then the limit is the same
in|-| asin |-|.. However, a priori it is unclear whether this limit also satisfies conditions
(1) — (i7i) even if it exists and each formal expression a, (n > 1) satisfies these conditions.

Lemma 3.3.1. Assume the above conditions (i) — (iii). Then a; lies in Z, for alli € Q® and
we have |ai| [T ,en e — 0 as maxq([ia]) — co.

Proof. The statement on the integrality of the coefficients a; follows from (iii). The second
statement follows from applying the finiteness of the supremum sup;cq |a| [[,cn 7' with

15 =15+ e and 1, =71, (o € A\ {B}) for all choices of 3 € A. O
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We are going to show that 752’” is in fact a ring with respect to formal addition and
multiplication. Moreover, it is a subring of the ring W (ka) of p-typical Witt vectors of the
perfect ring

ka = {b:= Z bH Uy | by € F, and for all @ € A the set of i,
i:(ia)aeAe@A a€A

s. t. there exists an i € Q2 having i, in coordinate a with b; # 0 is well-ordered }

of characteristic p.

Lemma 3.3.2. ka forms a perfect ring of characteristic p with respect to formal addition and
multiplication.

Proof. The fact that EA is an IF,-vector space with respect to formal addition follows from
noting that the set of well-ordered subsets of Q is closed under finite union and under taking
subsets. The multiplication is well-defined since for two well-ordered subsets A, B C Q the
Minkowski sum A+ B ={a+b€ Q| a € A,b € B} is also well-ordered. Finally, perfectness
follows from the fact that for a well-ordered subset A C Q the set p™*A = {p~la € Q| a € A}
is well-ordered, too. O

Now the ring W(EA) of p-typical Witt vectors of ka is a strict p-ring. For any a € A
and positive integer n we denote by ug Y™ the multiplicative (Teichmiiller) representative of

U/, This is consistent with the notations as we have (uy™™)" = ul/™

for all n,m > 1
by multiplicativity. Further, for any tuple i = (in)a € Q® the product [, uie € W(kA)
makes sense and is the multiplicative representative of [] . Ua'®. In particular, the ring A

of formal expressions || with coefficients a; € Z, satisfying condition (i) above is a strict
p-ring with A/pA = ka whence we have A W(/{;A) by Thm. 1.1.8 in [23]. In particular,
’Rmt can be viewed as a subset of W(kA) by the first statement in Lemma |3.3.1

Lemma 3.3.3. The subset Rmt C W(EA) 15 a dense subring in the p-adic topology. In
particular, we have W (kp) = lim, Rt/ (ph).

Proof. ﬁiﬁt is clearly closed under addition. For a generalized formal Laurent series a of the
form and o € A we define the sets

Io(a) = {i, € Q| there exists an i € Q® having i, in coordinate o with a; # 0} ;
In(a,¢) := {i, € Q| there exists an i € Q* having i, in coordinate o with |az| > ¢}

for all real number ¢ > 0. Assume that [,(a) is well-ordered for all @ € A and some fixed

a € W(ka). In particular, there exists a rational number s such that s < i, for all i, € I4(a)
and for all & € A. Hence |a;| [T carie < [, 7 foralli € Q® and r € (0,1)* as a; € Z,.

In particular, |al, < oo and limsup,_, ) _, e[z < 1. We deduce that a belongs to Rt In
particular, 7%2”2 .= {a € W(ka) | In(a) is well-ordered for all & € A} is a subring in W (ka)
(by the same argument as in the proof of Lemma contained in Rmt on which each
function | - |, (r € (0,1)?) is finite and is a multiphcatlve norm. By construction we have
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7%2"2 /(p™) = W (ka)/(p"), ie. 7%2"3 is dense p-adically in W (ka). Therefore R is also dense
p-adically in W(EA).

Finally, let a,b € ﬁigt be two elements both converging on the polyannulus (p,1)® for
some 0 < p < 1. Then for any tuple r = (ry)aea with p < 7, < 1 for all @« € A we may
write a = lim,,_,, a, and b = lim,,_,, b, convergent in the r-norm with elements a,,, b, € Rmt
such that the sets I,(a,) and I,(b,) are bounded (below and above) for all &« € A and any
fixed n > 0. Indeed, the boundedness can be achieved using a combination of (i) and the
second statement in Lemma applied to both a and b. Now the sequence (a,b,), tends
to ab coefficientwise (ie. for each fixed i € Q® in the coefficient of [] A uie) and is a Cauchy
sequence in the r-norm. We deduce that |abl, = lim, |a,b,|r = lim, |ap|e|by|r = |ale|b]y < 00
whence ab satisfies both (i7) and (7). O

Note that the absolute p-Frobenius ¢ lifts to the Witt ring W (ka) (by the formula ¢(uq) =
uP, for all @ € A) and is bijective. Moreover, it is also bijective on the subring R%*. Further,
we have the partial Frobenii ¢, (o € A) acting on both these rings by the rule ¢, (uy) = u®

and @, (ug) = ug for f € A\ {a}.

Lemma 3.3.4. Assume that a sequence (ay), of elements in 7%”“5 is Cauchy in the r-norm.

Then (an), converges coefficientwise to an element in [[;cqa Zy HQGA ‘e In particular, of it

converges to an element a € W(EA) in the r-norm then a does not depend on r.

Proof. This follows noting that whenever (a,,), is Cauchy in the r-norm for some r then so is
the coefficients of any fixed [],ca ule in ay,. O

Proposition 3.3.5. There exists an embedding ¢: OZ«A — ﬁiA”t that is norm-preserving and
Ya-equivariant for all o € A.

Remark. By ‘norm-preserving’ we mean that for any tuple r € (0,1)2 and \ € (’)}A we have
|t(A)]r = |A|r including that one side is +o0o if and only if so is the other.

Proof. Note that the construction of Rmt is functorial in the finite set A. In particular, we
have a ring embedding Rmt — Rmt sending u, € ﬁmt to Uy € ﬁmt This is norm-preserving
and @,-equivariant. Precomposed by the PYa-equivariant and norm—preservmg embedding
(’)T — Rzam defined by the sequence we obtain an embedding ¢, : (’) — Rmt. On
monomials of the form [[ .. X5 we deﬁne ¢ by putting (], ca X5%) = HaeA La(Xa)”“.
This extends to a ring homomorphism ¢: Z,[X,, X' | @ € A] = 2, aca Lp[Xa, X1 that

is norm-preserving in each r-norm (r € (0,1)?) and g,-equivariant for all « € A. For any
element \ € O‘TSA there exists a tuple r such that A is convergent in the r-norm whence it is
the limit of a sequence (), C Z,[X=' | « € A] in the r-norm. Since ¢ preserves the r-norm,
the sequence ¢(\,) is Cauchy in the r-norm, so it converges to an element in [[;cga Z, [ [, ia
that we denote by ¢(A). We need to show that «(\) satisfies (7), (i), (i27).

By construction I,(ta(Xs)) C [1,2) is bounded. Therefore we have I,(to(X2)) C [n,2n)
for all positive integers n. In particular, any element of 1,,(t,(X2")) is bigger than any element
of In(ta(X2)) if m > 2n. This shows that for any integer N > 0 and real number ¢ the
set U,>n La(ta(X2),c) is well ordered as any strictly decreasing infinite sequence would be
contained in Jy,s, s n La(ta(X?),c) for some integer M which is well-ordered being a finite
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union of well-ordered subsets of Q. Now note that any element A &€ OZ:A has bounded
denominators modulo p" for any h showing that I,(X, c) is contained in |,y Lo(ta(X2), )
for some N (depending on ¢). This shows (i) for ¢(\). -
Since ¢ preserves | - | for all r we deduce that |¢(\)]; = |\, < oo for all v € (p,1)? for
some 0 < p < 1 and
limsup |¢(A)]p < limsup |A[, < 1.

r—(1)aea r—(1)aea

]

Passing to the p-adic completion we obtain an embedding Og, = @h OZ;A/ (p") —
Jm, Rint/(ph) = W (ka) that we still denote by ¢.

Proposition 3.3.6. We have L(O;EA) =1(Og,) N ﬁiA"t as subrings in W (ka).

Proof. The containment L(OI:A) C (O, )NRIM is clear, so let a := D i (in)uencoa @i [ Loea vl
be both in (Og,) and R, In particular, we have a A = > weza A [, XE in Og, with
a = t(\) and we are bound to show that A lies in OEA. Now let 0 < p < 1 be such that
a = 1(\) converges on the polyannulus (p,1)2 and let r € (p,1)® be arbitrary. Assume
there exists an index k € Z* such that |\ [[, X*|, > |al, and choose ko = (kon)aca
such that |Ag,| is maximal among these. We may further assume that ko is minimal for the
lexicographical ordering in some fixed ordering A = {ay < --- < a5} among the indices k
with [\ [T, X%|, > |a|, and | M| maximal (there exists such since for fixed absolute value
of the coefficient the indices are bounded below for elements in Og,). Now note that by
construction we have
1(X%e) = uFe + terms of higher degree

for any @ € A and integer k, € Z. By the choice of ko we deduce |ax,| = |Mg,| hence

lalr < [Ako [, Xa%|, = |ak, [L.ca ue>*|, < |aly, contradiction. We deduce |\ < |aly < oo
(a posteriori we have equality) and limsup,_,q . [Alr < limsup, ), _, [alz < 1 showing

that A belongs to (’)}A. m

3.4 The equivalence of categories

Proposition 3.4.1. Let D be an object in DEt(goA,FA,OI;A) and put D = Og, ®op DT,

Then the natural map .
RO®*(1 ®id): h°®* (D) — h°®*(D)

15 bijective.

Proof. We proceed in three steps as follows. The proof is inspired by the proof of the 1-variable

case (Prop. 2.5.8 in [21]).

Step 1. We pass to the extended rings and reduce to the case when D' is free. Since
Oc,/(p") = OL /(p") for all h > 1, we have Df[p=] = D[p=]. In particular, h'®*(D![p>]) =
h'®*(D[p>]) for all i > 0. Therefore by the long exact sequence of h'®*(-) we may assume
without loss of generality that DT has no p-torsion whence D' is free as a module over O;A
by Thm. [3.1.9, Denote its rank by n and put D := R ®ot Dt and D := W (ka) it D

A
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Hence D' (resp. D) is free of rank n as a module over R (resp. over W (ka)). The injectivity
of h°®*(1 ® id) is clear. Choosing a basis of the free module DT, we need to verify that the
coordinates of elements in h°®*(D) belong to O;A. Therefore by Prop. it suffices to
show that the natural map

h'®* (1 @id): h°®* (D) — h°®*(D)
is bijective. B _
Pick a basis of D' and for each 8 € A we put Bs € GL,,(R%") for the matrix of ¢ in the
chosen basis and Ag := B;' € GL,(RX"). Assume that v € W (ka)" is the coordinate vector

of an element in h°®*(D), ie. we have Agv = pg(v) for all 3 € A. We are going to show that
v € (RN e, it satisfies conditions (i) — (iii). Since v € W (ka)", condition () is clear.
For a matrix A = ((a;;))1<ij<n € GLn (R (resp. column vector v = (vy, ..., v,) € W(ka)")
and r € (0,1) we put |A], := maxi<; j<n|ai]e (resp. |v]y = maxi<icp [vil). We write
Ag = Y ic0n Apj[aen ude and v; = Yo a4, [[aen va™ with Agj € Z7", aj, € Z,, and
1=1,...,n.

Let € > 0 be a real number. Since Ag € GLn(ﬁiA’”) for all 5 € A, there exists a radius
p = p(e) € (0,1) such that we have |Ag|, < 1+ ¢ (apply (ii7)) for any tuple r = (74)aca €
(p,1)2 and for all 8 € A. Pick a tuple r € (p, 1)2

Step 2. We suppose |Ag|r <1 for all € A and show |v|, < 1. Assume for contradiction
that v = (vy,...,v,)7 has |v], > 1. We define

c:= sup sup la,| € [0,1] .

1§i§nji€@A7 |a‘ji HaeA uﬂai,a|r>1
By (i) the set U;o = {jia € Q| |aj,| = ¢} is well-ordered for all 1 < ¢ < n, a € A.

Hence {[].ca = ¢} C R is also well-ordered since ;! > 1 for all @ € A. So the
supremum

T;]i’a | |aji

sup sup |aj;, H ulbe|, = sup sup ¢ H rlie

1<i<n j;€QA, |aji|:c Q€A 1<i<n j;€QA, |aji|:c

(0)
is taken at an index ji(o) = (ji(%))geA € Q* for some 1 < i < n. Since |aji(0) | PN u]o?’a|r > 1,

we have jl.(%) < 0 for some 5 € A. We claim that the coefficient of the monomial

-(0) :(0) :(0)

Ji Pj; 74
oo [Tt =t Tt

acA aeA\{B}

in the ith coordinate of Agv cannot have absolute value as big as |aj;(°)| contradicting to the

(0)
assumption that Agzv = ¢g(v). At first note that ji(,oﬂ) < 0 implies |a; 0 ¥s([[nea wun |y >
(0)
ji,a

a5, [Taen a[r > 1, so the terms in v with |- |, <1 can only produce terms with smaller
| - |¢ since |Agl, < 1. On the other hand, the coefficients a;, of the terms in the coordinates of

v with |a [oea ta®[r > 1 have absolute value at most ¢ = |a; |, so the terms with |a;| < ¢

cannot contribute either as we have Ag; € Z7*". Finally, the terms with |a;| = ¢ all have
(0) (0)
Ji.a Ji,a
|- [r at most [a;,0 [[,en ta™[r therefore cannot add up to a term |a; 0 @p([[oen va™)r >
(0)
Ji,a‘

|a; 0 [Taen wa e (using again [Ag|, < 1).
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Step 3. The general case. For each o € A put n, := [%} +1 € Z>Y and divide

the basis of DT by [Toca upe. Put A, (8 € A) for the matrix of ;' in the new basis. Since
dividing the basis by ug changes Az to Agug_l and does not change Ag (8 # B € A), we

deduce
log(1+¢)

|Aplr = \Ag\rra s < (IT+e)ry PR

u™ in the new

for all 3 € A. On the other hand, the coordinate vector v changes to v ] .. ul

basis. By Step 2 we obtain

10g(1+5) .
ole = [T oo TLwacle < TL v < TLra ™7 =
acA a€A aEA aEA
1+€P1H7“_1 1+€ p'A‘—>1
acA
as ¢ — 0and p — 1. O]

Theorem 3.4.2. The basechange functor from DEt(goA,FA,OgA) to D pa,T'a, Og,) is an
equivalence of categories.

Proof. The essential surjectivity follows from Prop. combined with the equivalence of
categories between Z,-representations of Gg, a and D*(¢a,I'a, Og,) (Thm. 4.11 in [37]).
The faithfulness is clear from Thm. noting that the basechange functor is the identity
on the p-power torsion part. Finally, for objects DI, D; in D (pp, T, OI«A) the OEA-module

HomOEA(DI,Dg) is also an object in Det(gpA,FA,O}A) via the operators ¢, (f)(¢a(z)) =

0o(f(x)) and Yo (f)(Va(2)) == 7a(f(z)) (o € A and 7, € I',). Moreover, the morphisms as
(pa, ['a)-modules are exactly those elements of Homoz (D}, DI) that are ¢, and T'-invariant
A

for all @ € A. The statement follows from applying Prop.|3.4.1|to DT := Homog (DI, D;) ]
A

Inverting p we obtain

Corollary 3.4.3. The basechange functor from D“(gpA,FA,EL) to D(oa,Ta,EA) is an
equivalence of categories.

Corollary 3.4.4. Det(goA,FA,O(TSA) (resp. Det(gpA,FA,gg)) is equivalent to the category of
continuous representations of Go, a on finitely generated Z,-modules (resp. on finite dimen-
sional Qp-vectorspaces). The equivalence is realized by the functor DT,

Corollary 3.4.5. Let D' be an object in D% (o, Ta, OI;A) and o € A. There exists a basis
(e1,...,eq) of D (depending on «) in which the matrices of both p, and v, € Ty lie in the
subring O(Tga C OIJA. In particular, D (o) == 3¢ (’)Tga e; is an €tale (pq,'y)-module over O}a
that corresponds to the restriction of V(DY) to the component Gg, q-

Proof. This follows combining Prop. and Cor. 3.4.4] O]
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3.5 Overconvergent Herr complex

In this section, we extend the definition of Herr complex from Section to objects in
D (pn, FA,SL) and show it computes the Galois cohomology. In the overconvergent case,
we first deal with Iwasawa complex and use it to deduce the results for overconvergent Herr
complex.

We first show W*(DT) (defined below) calculates the Iwasawa cohomology. We have an

injective ring endomorphism ¢, : O;A — OLA and define 1, = ¢ ! o %Trofg Jo(0} ) S 2
A A
distinguished left-inverse of ¢, for any a € A. In more concrete terms 1, is the unique left

inverse of ¢, that vanishes on (1 + X, )’ gpa(OgA) for all j not divisible by p.

For a (pa,'a)-module DT over (’);A and z € D we may write x = Y70 (1 4 X, )ipq ()
for some elements x; € D' (i = 0,...,p — 1) and put 1,(z) := 9. We define the cochain
complex

(oY 0D -PD - P D=5 D=0
acA {al,...,ar}e(e)
where for all 0 < r < |[A] — 1 the map dJ-=2+1: Dt — DT from the component in the rth

term corresponding to {oy, ..., .} € A to the component corresponding to the (7 + 1)-tuple
{517 s 7/87”+1} C A'is given by

d51,~~-,ﬂr-+1 — 0 if {a17 s 7057"} g {517 e 7ﬁr+1}
(=1)"(id =) i {P1,..., Bri1} ={a1, ..., .} U{B},

Qat,...,Qp

where 7 = n(ay, ..., ., 3) is the number of elements in the set A\ {ay,...,a,} smaller than
B.

In order to compute the cohomology of the above complex U*(D') we need mixed rings
that behave like “overconvergent” for a subset S C A of variables and like p-adically completed
rings for the other variables. Recall that Og, consists of Laurent series of the form

f=2 a]lx

kezA aEA

with ¢y € Z, such that |cx|, — 0 as long as min, k, — —o00. For a subset S C A we define
the mixed ring O}A . as the subset of those f as above with the following two convergence
properties:

(i) There exist real numbers 0 < pz < 1 for all § € S such that

k
[flrs = sup [exl, [ [ 7”

kezA Bes
is finite for any sequence rg = (r3)ges With pg < rg < 1.

(¢4) We have limsup, 1), [/les < 1.

Note that we have O}AA = OEA and O;A , = O¢.. We put D:rg = O}AS ®O; Dt.
' ’ ’ A
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C Of

En,s”

Lemma 3.5.1. For subsets S C S’ C A we have OI;AS

!

Proof. We may assume without loss of generality that S’ = SU {a} for some o € A. Pick an

element
_ ko T
f= Z “k H XOC < O€A,Su{a} :

kezZA acA
<l+e

rsu{a} —
for any rsuray € (p 1)5Yed Fixing p < rg < 1 for B € S and letting r, — 1 we deduce
|flrs < 1+ €. This implies both (i) and (i) (the latter by letting ¢ — 0). O

By condition (i7) above there exists a real number p = p(¢) € (0, 1) such that | f|

Lemma 3.5.2. For any two subsets S,S" C A we have OI:A o N oL =0t

Ens En,sus’”

Proof. The containment O;A o N O;A 2 (’)}A s is covered by Lemma |3.5.1} For sequences
rg € (0,1)% and r's € (0,1)% we have

| H X,gﬁf\/msus, = [|ex H X5 |eslex H X5 e,
BeA BeA BeA

where the sequence vrr’gy s is defined in coordinate o € S U S’ by the formula /7,7, where
To (resp. 77) is defined as 1 for all « € S"\ S (resp. for all & € S\ S”). This yields the estimate
’f|\/ﬁsus’ < VIS leslfleg forall f e O?T?A,s/ N (’);A’S and we are done. O

Assume f € R is an element in the one variable Robba ring converging on the annulus
[p,1) and p < p; < po < 1. Then we have |f|,, < max(|f]|,,|fl,,)- Indeed, this is clear for any
monomial and also for any Laurent-polynomial, therefore it is also true for any f converging
on the annulus [p,1) by continuity. We call this the maximum principle for elements of R
which is crucial in the proof of the following Lemma.

Lemma 3.5.3. For any a € A the ring (’):[:A - consists of all Laurent series of the form

f= Y A IT X

kezA\er  peA\{a}

where fyx € Oga for all k € ZAMeY satisfying the following properties:

(a) There exist real numbers 0 < p < 1 and C > 0 independent of k such that fi, converges
on the annulus p < |X,|, <1 and we have |fy|, < C.

(b) We have limsup,_,; | fx|, — 0 as long as mingea\ (o} kg — —00.

Proof. At first note that for any real number 0 < r, < 1 the r,-norm of f (for the subset
S = {a}) equals |f|,, = supyegzavior |fxlr, by definition. Therefore condition (a) follows for
any [ € O}A e Since f lies in Og, , the denominators in f modulo p™ must be bounded, ie. for

any n > 1 there exists an integer k = k(n) € Z such that fi is divisible by p™ in (’);a whenever
mingea\(a} kg < k. However, fy is divisible by p™ if and only if lim sup,_,; | fi|» < p~" therefore

(b) follows for any f € (’)LMQ}.

51



Conversely, let f be a Laurent series as above satisfying (a) and (b). Combining the
maximum principle with (a) we deduce | fi|, < max(C,1) for all k € ZAM*} and p < r < 1.
In particular, |f|,, < max(C,1) for all p < r, < 1 since all the coeflicients of the X,-
expansion of fi lie in Z,. This is condition (i) in the definition of OEA 1y I order to show
(77) we need a quantitative version of the above cited maximum prinéiple: There exists an
integer N = N(C,p) < 0 such that Cp~™™ < 1. So for any € > 0 there is a real number
0 < p1 = pi(e, N) < 1 such that 7 < 1+ ¢ for all py <7, < 1and N < n. On the other
hand, there is another real number 0 < py = py(C, p, N) such that we have Cp) p=™ < 1.
So if we have a monomial X with a € Z, such that |aX|, < C then for any real number
max(py, p2) < ro < 1 we compute

1+¢ formn >N

|a X5, = lalry < NN
Crip " < Cpip ™™ < Cpyp™™ <1 forn< N .

We deduce |fx|., < 1+ ¢ for all k which yields |f|,, < 1+ ¢ showing (iz). Finally, the
coefficient of X" in fi tends p-adically to 0 uniformly in k. Combining this with (b) we

deduce that f lies in Og, therefore by the above discussion it also lies in (’)‘TgA o O

For an inductional proof of the comparison between cohomologies of the overconvergent
and completed Herr complexes our key is the following

Proposition 3.5.4. For any subset S C A and a € A\ S the natural inclusion Dgu{a} — Dg
induces a quasi-isomorphism between the cochain complexes 0 — Dgu {a} e DLU (o} 0 and
0 — DL *5' DI 0.
Proof. By Cor. we may choose a basis (e1,...,e4) of DI in which the matrices of both
1 and v, lie in the subring O;EQ C (’):‘EA and put Df(a) := Zle Ojfu €.

We prove the isomorphism on h° first. Pick an element z = Zle fWe; € Zle Ol e =

En,st

Dg that is a fixed point of v,. Further, we write

=3 K I X

kezA\a} peA\{a}

By Lemma [3.5.2 it suffices to show that x lies in D}a}. Note that for any k € ZA\eh
Ty 1= Zle flii)ei € D'(a) is also a fixed point of 9,. Hence by Prop. I11.3.2(ii) in [14], flgl)
lies in Oga and converges on an annulus (p,(D%),1) (independent of k) for all k € ZA\e},

Moreover, D'(a)¥»=14 is compact (Prop. 1.5.6(i) in [I4]), so we have a uniform bound for | flgi) |
for any real number r, € (po (D7), 1) showing condition (a) in Lemma Condition (b) is
automatic since f lies in Og, (see the proof of Lemma.

For the injectivity on h! pick an element z = 37 fe; € DTSU{Q} such that x = ¥, (y) —y

for some y = >0 g®e; € DL and let A = (a,;);; € (Oga)dXd be the matrix of ¢,. As before,

we write ' 4
=3/ I x7. ¢0= > o 11 x5

kezA\e}l  BeA\{a} kezA\e}l  BeA\{a}
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and put zy = Ele flii)el-, Yk = Elegl(f)ei as elements in DT(«) such that ¥, (y) — v =
z for all k € ZA\Me} Following [I4], we define w,(f) for an element f € Og, as the

smallest integer k such that f lies in X *Z,[[X, + p""1Og,. By definition we have

| flp = sup,sg p~ D ==Dp=n for any 0 < p < 1 (cf. Prop. IIL.2.1 in [14]). Further, we put
wy(A) = max; ; w,(a; ;) and w,(z) for the maximum of the coordinates of z € Df(«) in the
basis ey, ..., eqs. We similarly extend all the functions |- |,: (93;“ — R20U {400} to elements
of D'(a) as the maximum of the values on the coordinates in the basis e;,...,eq. Lemma

1.6.4 in [14] yields wy,(yx) < max(w,(z), F7wn(A) + 1) for all n > 0. By Lemmaw there

exist real numbers pfp%l < p < land C' > 0 such that and |fl£i)|p < C for all k € 7ZAM
and 1 < ¢ < d. By possibly enlarging p and C' further, we may assume that all the entries
of the matrix A satisfy |a, ;| it < Cp. In particular, we have p~%n(@)=n=1p=" < ' and

el

P wp(A)—np—1 7n

p Pt < C for all n > 0. Putting these together we compute

—wn (Yx)—n (p—l)p—n < supp — max(wn (Tk), ;A wn (A)+1)—n(p— 1)p—n <

Y|, = supp
n>0 n>0

< max(sup p_“’"(rk)_”(p_l) " supp pplw"(A)_l_”(p_l)p_”) < (.

n>0 n>0

We deduce using Lemma |3.5.3| that y in fact lies in Di ) whence also in DLU (o} = DJr N DLY}
by Lemma |3.5.2]
For the surjectivity on h' pick an arbitrary x € Dg and write, as before,

k
=2 O] X3
kezd fed\{a}

with 7 in D(a) for any k € ZA\M where D(a) := Ok, B0} D'(a). By Lemma 3.6 in [25]

for each k there are 2, € D(a) and y, € D(«a) such that z, = 2 + ¥a(yk) — Yk Further,
by Prop. 1.5.6 in [14] we may choose all the 2z from a finitely generated Z,-submodule of
D'(a). Hence by a compactness argument the coordinates of 2y in the basis ey, . .., eq4 satisfy
condition (a) in Lemma [3.5.3] Moreover, whenever z lies in p"D(«) for some integer n > 0

then 2, also belongs to p"D'(a). This, on one hand, shows that (b) in Lemma is also
satisfied, so z := > czaver (T gen Xk )zx makes sense and lies in D{ ;- On the other

hand, it also follows that z belongs to D for any € S: For any real number 0 < pg < 1,

we have i . .
H X" )axlps = PP " < |( H X5" )kl o
BeA\{a} peA\{a}
where n is the largest integer such that z, € p"Df(a). Using Lemma we conclude
z € DSU{a} Now x — z is coordinatewise in the image of ¥, — 1, so it remains to show that

Yk glue together to an element of D:rg. Using again Lemma 1.6.4 in [14] we find that w,, (yx)
is bounded for any fixed n > 0. Moreover, since D(a)/ (¢, — 1)(D(«)) is finitely generated
over Z,, there is an integer r > 0 such that the Z,-torsion part of D(a)/(¢, — 1)(D(«)) is
killed by p". In particular, whenever xy — zy is divisible by pn then y, can be chosen so that
it is divisible by p"~". We deduce that y := ZkeZA\{D‘}(HBeA\{a} Xgﬁ)yk makes sense in D.
Finally, the above discussion also yields the estimate

k , k
H Xﬂﬁ)yk’pﬁ <p"[( H Xﬂﬁ)xk‘/oﬁ

BeA\{a} peA\{a}
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for any real number 0 < r3 < 1 and 8 € S, so we obtain y € D} by Lemmata and
3.0.2) O

Proposition 3.5.5. Let D' be an object in D% (o, Ta, O}A). The natural morphism U*(DT) —
U*(D) is a quasi-isomorphism.
T

INUN

natural inclusion \IJ'(DLU (o)) = W*(DL) is a quasi-isomorphism for all S C A and a € A\ S.
However, this follows from Prop. [3.5.4 noting that \If'(D;U{a}) (resp. W*(DL)) is the total

Proof. Since we have O = O;A and O;A@ = Og¢,, we are reduced to showing that the

complex of the double complex 0 — @Z\{a}(DLU{a}) vyt \II‘A\{Q}(DEU{Q}) — 0 (resp. 0 —
° "poc_l ° ° [

\I/A\{a}(Dg) — \I/A\{a}(D;) — 0) where qu\{a}(Dgu{a}) (resp. \I/A\{a}(Dg)) denotes the

Koszul complex of the operators v5 — 1 (8 € A\ {a}) on D;U{a} (resp. on DL), ie. it is the

subcomplex of W'(D;U (a}) (veSp. Of W*(DL)) consisting of the direct summands D;U {a} (TESD.

DL) in each degree r corresponding to subsets a ¢ {as,...,a,} C A. O
Theorem 3.5.6. We have an isomorphism
H},(Gg,a,-) = W70(D()) = B04(DY())
of cohomological d-functors.
Proof. The left isomorphism follows from Theorem [2.5.2] and the right from Prop.[3.5.5] O

Let DT be an object in D% (pa, T, O}A). we denote by WI'*(DT) the total complex of the
double complex I'*(W* (D)),

Proposition 3.5.7. The complex WT'*(D') is quasi-isomorphic to WI'*(D). In particular,
both compute the Galois cohomology groups H®(Gg, a,V(D)).

Proof. This follows from the quasi-isomorphism in Prop. and definition of the complex.
The second statement follows from Theorem 2.7.7] n

Let D' be an object in D% (pa,Ta, (’)EA). Analogus to Section , we define the cochain
complex

o*(DHY: 0D @D - @ D=5 D=0

acA {1,y ar}e(f)

.....

term corresponding to {a, ..., .} C A to the component corresponding to the (r + 1)-tuple

{B1, -, Bria} © A is given by

dPLPre1 — 0 if {al""7a7’} < {617--‘7ﬂr+1}
(=D(id—gg) i {f,..., 01} ={ar,..., e, }U{B},
where ¢ = e(ay, ..., ., 3) is the number of elements in the set {«, ..., «,} smaller than £.
Further, the cochain complex ®I'%(D') is defined as the total complex of the double

complex I'y (®*(D"2)) and is called the Herr-complex of DT, where ' is defined in Section
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Lemma 3.5.8. For each o € A the map (7o — 1) on (Ngep Ker(vg: D — DY) is bijective.

Proof. Since (v, — 1) divides (y2" — 1), it suffices to check the bijectivity of the latter for
some large enough n € Z. Further, (5 Ker(¢g: D' — D7) C Ker(,: DT — D) is a direct
summand (with projection [ s a\ o) (1—9p0%5) : Ker(vo: DT — D) — s 5 Ker(ys: D —
D') commuting with (y2" — 1)), so we are reduced to showing the bijectivity of (72" — 1) as
a map on Ker(¢,: DT — DT). By Prop. and Cor. there exists a basis (eq, ..., eq)
of D in which the matrices of both 1, and 7, lie in the subring O‘Tga C O}A. In particular,

Di(a) =37, O;aei is an étale (4, [')-module over Oga that corresponds to the restriction
of V(D7) to the component Gg, o. Therefore the injectivity of (2" — 1) follows directly from

the one variable case (Prop. I1.6.1 in [13]) as D' C [xezaver ((Tpeay X \Di(a)). For. the
surjectivity, we are going to use the same principle, but we need to show that the obtained
preimage under (72" — 1) indeed belongs to the subset DT (ie. it has the required convergence
properties). So we pick an element z = Zle f@e; € Ker(¢q: DF — D) where f( ¢ O;A

have expansion
P TL

kezAMa}  BeA\{a}
for all i = 1,...,d converging on a polyannulus (p,1)*. By Lemma we have 1, =
S flgi)ei € D(a) for all k € ZA\}. Using again Prop. I11.6.1 in [L3] there exist real numbers
0 < pa(D') < 1 and 0 < ¢(DT) not depending on x and an element g, = Zf 1 gk)ez € Df(a)
with (v2" — 1)(y) = 2y for all k € ZAMe} such that

(DT)

max g, |, max| £,

for any real number r, € (max(p, p,(D7)),1). In particular,

> 4T

kezAMe} peA\{a}

lies in (’);A and satisfies max; |g@|, < ra®") max; \fk | for any r = (rg)gea satistying rg €
(p,1) for all 8 € A and, in addition, 7, € (pa(D1),1). Putting y := 3¢ | g¥e; € Dt we find
(72" = 1)(y) = z as desired. O

Theorem 3.5.9. Let D' be an object in Det(gpA,I’A,O}A). Then the complex WIS (D) is

quasi-isomorphic to ®T\(DT). In particular, both compute the Galois cohomology groups
H*(Gg,a,V(D)).

Proof. The proof follows closely the proof of Theorem Consider the morphism
P*: @°(DN)“s — ¥*(DF)“

of cochain complexes that is given by (—1)*) ] _¢%a on the copy of D! corresponding to
a subset S C A with |S| = r in ®"(D)“» mapping onto the copy of DT corresponding to S
in U*(D")% . As this is surjective in each degree via similar argument to Theorem we
are reduced to showing that the total complex of the double complex I'*(Ker(1)*)) is acyclic.
This follows the same way as Lemma using Lemma instead of Prop. Finally,
the second statement is a consequence of Prop. [3.5.7] O]
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Combining all the previous discussion, we can summarize in the following

Corollary 3.5.10. 1) Let T' be an object in Repy (Gq,.a). We have isomorphisms

H'(Gg,a,T) = R'OIA(D(T)) = Ay (DY(T)) = h'UTy(DY(T)) ;
H;,(Gg,a,T) = B™0(D(T)) = K0 (DN(T))

natural in T for all i > 0.
2) Let V' be an object in Repg (Gg,a). We have isomorphisms

I

H'(Gg,.a,V) WOTA(D(V)) 2= M'eTR (DN(V)) =2 hUTA(DY(V)) ;
H,(Go,a, V) = HT0(D(V)) = 240 (DN(V))

natural in V' for all i > 0.

Remark. The arguments in this section relied heavily on Prop. which is only valid a
priori for objects in the essential image of the functor Df. So one cannot, at least trivially,
replace the use of extended Robba rings with the arguments in this section in order to show

Prop. (and hence Thm. [3.4.2)).
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